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Post-inflation increase of the cosmological tensor-to-scalar perturbation ratio
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We investigate the possibility that the amplitude of scalar density perturbations may be damped
after inflation. This would imply that CMB anisotropies do not uniquely fix the amplitude of
the perturbations generated during inflation and that the present tensor-to-scalar ratio might be
larger than produced in inflation, increasing the prospects of detection of primordial gravitational
radiation. It turns out, however, that the damping of density perturbations is hard to achieve.
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Inflation [1] has become the dominant paradigm for
understanding the initial conditions for structure for-
mation and for Cosmic Microwave Background (CMB)
anisotropies. In the inflationary picture, primordial den-
sity and gravitational-wave fluctuations are created from
quantum fluctuations, “redshifted” beyond the horizon
during an early period of superluminal expansion of
the universe, then “frozen” [2, 3]. Perturbations at
the surface of last scattering are observable as tem-
perature anisotropies in the CMB, as first detected by
the Cosmic Background Explorer satellite [4, 5]. The
last and most impressive confirmation of the inflationary
paradigm has been recently provided by data from the
Wilkinson Microwave Anisotropy Probe (WMAP) satel-
lite, which marks the beginning of the precision era of
CMB measurements in space [6]. The WMAP collabo-
ration has produced a full-sky map of the angular vari-
ations of the CMB to unprecedented accuracy. WMAP
data support the inflationary mechanism as the mecha-
nism for the generation of super-horizon curvature fluc-
tuations.

The amplitude of cosmological perturbations on large
scales can be expressed in terms of a gauge-invariant
variable, ζ, describing density perturbation on uniform-
curvature slices [3]: ζ = −ψ −Hδρ/ρ̇, where the density
perturbation δρ and the curvature perturbation ψ are
defined on a generic slicing, H = ȧ/a is the Hubble rate
(a is the scale factor), and the dot stands for differen-
tiation with respect to cosmic time, t. If the pressure
perturbation is non-adiabatic, the comoving curvature
perturbation ζ may evolve on super-horizon scales as [7]

ζ̇ = −
H

ρ+ P
δPnad, (1)

where P is the pressure of the fluid and δPnad = δP −
(Ṗ /ρ̇)δρ is the non-adiabatic pressure.

In the standard slow-roll scenario associated with
single-field models of inflation, the observed density per-
turbations are due to fluctuations of the inflaton field as
it slowly rolls along its potential V (φ). When inflation
ends, the inflaton φ oscillates about the minimum of its
potential and decays, thereby reheating the universe. As
a result of the fluctuations, each region of the universe
goes through the same history, but at slightly different
times. The final temperature anisotropies are caused by
the fact that the duration of inflation was different in dif-
ferent regions of the universe, leading to adiabatic per-
turbations.

It is usually assumed that ζ remains constant on super-
horizon scales, so the curvature perturbation ζ calcu-
lated shortly after Hubble exit (k = aH) during infla-
tion determines the curvature perturbation until that
scale re-enters the Hubble radius during the subsequent
radiation- or matter-dominated phase. Therefore, in the
conventional inflationary scenario, the amplitude of the
comoving curvature perturbation generated during in-
flation may be directly related to the large-scale tem-
perature anisotropies through the Sachs-Wolfe relation
δT/T = −(1/5) ζ. The power spectrum of curvature per-
turbations in slow-roll inflationary models is predicted to
be [1]

Pζ(k) =
k3

2π2
|ζk|

2 =
1

2M2
p ǫ

(

H∗

2π

)2 (

k

aH∗

)nζ−1

, (2)

where nζ ≃ 1 − 2η + 6ǫ is the scalar spectral index, ǫ =

(φ̇2/2H2M2
p ) ≃ (M2

p/2) (V ′/V )
2

and η = M2
p (V ′′/V )

are the slow-roll parameters, Mp = (8πG)−1/2 ≃ 2.4 ×
1018 GeV is the reduced Planck mass, and H∗ indicates
the Hubble rate during inflation.

The generation of gravitational waves (tensor per-
turbations) is another generic prediction of an accel-
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erated de Sitter expansion of the universe. Gravita-
tional waves, whose possible observation might come
from the detection of the B-mode of polarization in
the CMB anisotropies [8], may be viewed as ripples of
spacetime around the background metric gµν = dt2 −
a2(t) (δij + hij) dx

idxj . The tensor hij is traceless and
transverse and has two polarizations (λ = +,×). Since
gravitational-wave fluctuations are (nearly) frozen on su-
perhorizon scales, a way of characterizing them is to com-
pute their spectrum on scales larger than the horizon.

In the conventional slow-roll inflationary models where
the fluctuations of the inflaton field φ are responsible
for the curvature perturbations, the power spectrum of
the gravitational waves is PT (k) = (k3/2π2)

∑

λ |hk|
2

=

(8/M2
p ) (H∗/2π)

2
(k/aH∗)

nT , with nT = −2ǫ. Since the
fractional changes of the power spectra with scales are
much smaller than unity, one can safely consider the
power spectra as roughly constant on the scales relevant
for the CMB anisotropy and define a tensor-to-scalar am-
plitude ratio

r = 0.86
PT

Pζ
= 13.7ǫ ≃ −6.8nT . (3)

This expression provides also a consistency relation be-
tween r and the tensor tilt nT . The present WMAP
dataset yields the upper bound r <

∼ 0.5 [9]. Since
the scale of inflation in slow-roll models is fixed to be
V

1/4
∗ ≃ 3.7 r1/4 × 1016 GeV, in order to match the ob-

served amplitude of CMB anisotropies one can already
infer an upper bound on the energy scale of inflation of
about 4× 1016 GeV. The corresponding upper bound on
the Hubble rate during inflation, H∗, is about 4 × 1014

GeV. A positive detection of the tensor modes through
the B-mode of CMB polarization (once foregrounds due
to gravitational lensing from local sources have been
properly treated) requires r >

∼ 10−3, corresponding to

V
1/4
∗

>
∼ 3 × 1015 GeV and H∗

>
∼ 2 × 1012 GeV [10].

Let us now consider inflation-model phenomenology in
the light of these considerations [1]. Large-field models of
inflation characterized by power-law potentials V ∝ φp

give a value of r = 7(1 − nζ)p/(p + 2), making gravita-
tional waves potentially detectable. However, for small-
field models of inflation with potentials of the type V ≃
V0[1− (φ/M)2], one has r ≃ 3.5(1−nζ)e

−(1−nζ)N <
∼ 1/N

which is undetectable (N is the number of e-folds); for
potentials of the form V ≃ V0[1 − (φ/M)p], with p > 2,
one has r ≃ 7 p2(M/Mp)

2p/(p−2)[Np(p−2)]−(2p−2)/(p−2),
which is detectable only if M is much larger than Mp.
Similar results hold if V is a mixture of terms, say
quadratic at small φ and quartic at larger φ, provided
that all terms have the same sign. Hybrid models of
inflation, where the inflaton field is accompanied by an-
other field responsible for most of the potential energy,
also typically have small r.

Another way of posing the same problem was suggested
in Ref. [11]. The slow-roll paradigm gives, using the defi-

nition of ǫ and Eq. (3), |dφ/dN | /Mp = (r/6.9)1/2, where
dφ is the change in the inflaton field in dN = Hdt ≃ d ln a
Hubble times. The range of scales corresponding to
the relevant multipoles in the CMB anisotropy corre-
sponds to ∆N ≃ 4.6, and therefore the field variation is

(∆φ/Mp) ≃ (r/0.2)1/2 [10]. This is a minimum estimate
because inflation continues for some number N of e-folds
of order of 50. The detection of gravitational waves re-
quires in general variation of the inflaton field of the order
of the Planck scale [11], and it is therefore difficult to con-
struct a satisfactory model of inflation firmly rooted in
modern renormalizable particle theories. There is, there-
fore, a theoretical prejudice against the likelihood of ob-
servation of gravitational-wave detection within slow-roll
models of inflation where the curvature perturbation is
due to the fluctuations of the inflaton field itself.

This picture sounds fairly pessimistic. The detection
of gravitational waves requires large values of r, but the
large majority of single-field models of inflation are char-
acterized by the hierarchy ǫ ≪ η, and therefore by tiny
values of r. The pessimism relies, however, on the stan-
dard assumption that the comoving curvature perturba-
tion ζ remains constant on large scales from the end of
the inflationary epoch down to the matter-dominated era.
The goal of this Letter is to raise the possibility that,
within well motivated particle physics scenarios, the am-
plitude of the curvature perturbation may be damped
during the evolution of the Universe after inflation. If
this is possible, the amplitude of CMB anisotropies on
large scales does not immediately fix the normalization
of the comoving curvature perturbation generated dur-
ing inflation, ζinf = −ψ − Hδφ/φ̇. In other words, the
comoving curvature perturbation on large scales at the
matter-dominated epoch, ζm, is not equal to the curva-
ture perturbation during inflation, but it is smaller by a
damping factor δ < 1:

ζm = δ ζinf . (4)

What might be the origin of this damping? The total
curvature perturbation is the weighted sum of the indi-
vidual perturbations, ζi = −ψ−Hδρi/ρ̇i, associated with
the various fluids present in the Universe:

ζ =
∑

i

ρ̇i

ρ̇
ζi . (5)

If after inflation the energy density of the Universe is
dominated by some fluid “F” other than radiation, and
this fluid is not perturbed, then ζF = 0 and the to-
tal curvature perturbation is given by ζ ≃ (ρ̇γ/ρ̇F)ζγ ≃
(ργ/ρF)ζinf , where we have identified the curvature per-
turbation of radiation ζγ with the curvature perturba-
tion ζinf generated during inflation. When the fluid F
decays into relativistic degrees of freedom commencing
conventional radiation domination, the total curvature
perturbation (and therefore the CMB anisotropies) on
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large scales is damped with respect to the curvature per-
turbation generated during inflation by a factor

δ ∼ (ργ/ρF) (6)

computed at the decay time. In simple words, the damp-
ing arises because the fluid releases entropy during its de-
cay, but does not change the perturbations since ζF = 0.
Therefore, the amplitude of CMB anisotropies on large
scales does not uniquely fix the normalization of the co-
moving curvature perturbation generated during infla-
tion, and the energy scale of inflation would be fixed by
CMB measurements to be

V
1/4
∗ ≃ 7.1

ǫ1/4

δ1/2
× 1016 GeV. (7)

This energy can be rather large even in single-field models
where the slow-roll parameter ǫ is tiny, thanks to the
damping factor δ < 1.

An important fact is that gravitational waves are not
similarly damped on super-horizon scales. The theoret-
ically predicted value of the tensor-to-scalar amplitude
ratio would then be larger than what is commonly pre-
dicted using Eq. (3),

r = 0.86
PT

Pζ
= 13.7

ǫ

δ2
≃ −6.8

nT

δ2
. (8)

Correspondingly, the consistency relation of Eq. (3) is
violated and the field variation of the inflaton field is
given by (∆φ/Mp) ≃ δ (r/0.2)

1/2
. The parameter r can

be within the detectability range even in those single-
field models of inflation, such as small-field models and
hybrid models, where otherwise the detection would be
a hopeless task. Moreover the detection of gravitational
waves would not require embarrassing variations of the
inflaton field as large as the Planckian scale.

Let us now discuss the possible source of the damping
factor. Suppose that, beyond the inflaton field, there
is another (set of) complex scalar field(s), generically
denoted by Φ. For instance, in the context of either
supergravity or superstring theories, many models of
supersymmetry breaking predict the presence of parti-
cles with Planck-suppressed couplings to ordinary mat-
ter [12]. These particles are generically called moduli.
(Warped) Calabi-Yau compactifications possess a large
number of moduli, such as complex structure moduli,
Kähler moduli, and dilaton moduli, corresponding to the
deformations of the compact manifold. Flux compactifi-
cations can classically stabilize the moduli [13, 14], and
their masses mΦ are typically much larger than the weak
scale [15]. This also holds in scenarios such as split su-
persymmetry [16], in which the scale of supersymmetry
breaking is orders of magnitude larger than the weak
scale and moduli are expected to acquire masses between
1010 and 1013 GeV.

Let us first analyze the case of those moduli which re-
ceive a large mass during inflation because of the super-
symmetry breaking driven by the vacuum energy driving
inflation [12]. Barring cancellations, one expects that
the mass of Φ would be larger than the Hubble rate dur-
ing inflation. For example, a supergravity Kähler po-
tential of the type δK = (Φ†Φφ†φ/M2

p ) induces a mass
squared for Φ equal to 3H2

∗ . For the same reason, a
modulus is expected to be displaced from its present-
day minimum. Because of its large mass, the quantum-
mechanical fluctuations of the field Φ generated during
inflation, ζΦ = −ψ − HδρΦ/ρ̇Φ, can be safely taken to
vanish. After the end of inflation, when the Hubble pa-
rameter becomes smaller than mΦ, the field Φ rolls to-
ward its present value and oscillates about it with an ini-
tial amplitude Φ0, approximately equal to the distance
between the minima of the effective potential at large
H during inflation and small H after inflation. During
oscillations the energy density of the modulus Φ scales
like non-relativistic matter, and is therefore expected to
dominate rather quickly over the radiation energy den-
sity produced during reheating after inflation. At later
times the modulus will decay into relativistic degrees of
freedom.

However, no damping of the comoving curvature per-
turbation can occur in this case. The reason is that the
modulus starts to oscillate in different parts of the uni-
verse when the local value of the Hubble rate is equal to
mΦ. But there are local variations in H due to ζinf , and
consequently a nonvanishing ζΦ = ζinf will be induced.
To see it more concretely, one can analyze the equations
for the background modulus field Φ and for its fluctuation
δΦ

Φ̈ + 3HΦ̇ + V ′ = 0 ,

δ̈Φ + 3H ˙δΦ + V ′′δΦ = 4Φ̇ψ̇ − 2V ′ψ , (9)

where we have assumed that the potential can be ex-
panded linearly, δV ∼ V ′δΦ. The modulus Φ may start
moving either when the universe is still dominated by
the energy stored in inflaton oscillations (with equation
of state w ≃ 0) or after reheating when the energy den-
sity is mainly due to the thermal bath (with equation of
state w ≃ 1/3). In both cases, the gravitational potential
ψ can be considered to be constant. The solution of Eq.
(9) then reads HδΦ ≃ (2/3(1+w))Φ̇ψ. This leads to the
initial condition ζΦ = −(5+3w)/(3(1+w))ψ = ζinf when
the modulus starts oscillating, and no non-adiabatic pres-
sure is available to change the total comoving curvature
perturbation [17].

Let us consider, in turn, those moduli which typically
do not receive a large mass during inflation, the stringy
axions [18]. If the Kähler potential does not depend upon
the imaginary part of the modulus field, call it σ, then
the mass of the axion-like field may be exponentially sup-
pressed and the condition m2

σ ≪ H2
∗ does not require
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any particular fine-tuning [19]. The field σ is quantum-
mechanically excited during inflation, δσ ∼ (H∗/2π).
However, if the scale fσ appearing in the periodic po-
tential V (σ) is smaller than H∗, then the linear approxi-
mation of the fluctuation of the potential V (σ) fails and
δρσ is basically zero. This is because any long-wavelength
fluctuation of the axion field σ does not change the aver-
age distribution of V (σ) [20], thus suppressing δV . This
suppression due to the non-linearities of the potential
leads to

δρσ ≃ 0 (10)

at the beginning of the radiation phase after inflation.
The suppression of this entropy perturbations is basically
due to the fact that the perturbations do not follow the
background because of the non-linear potential. How-
ever, again, the background value of the σ field will start
oscillating around the minimum of the potential at differ-
ent times in different separated Hubble volumes because
of the presence of the adiabatic perturbations generated
by the inflaton field. Therefore, adiabatic initial condi-
tions will be inherited by the field σ leading again to
ζσ = ζγ .

While the cases analyzed in this short note lead to a
negative conclusion, it would be most interesting to see if
there are (less obvious) sources of damping of the primor-
dial curvature perturbation generated during inflation.
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