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ABSTRACT

We present a numerical study of the large-time asymptotic behavior of solutions to the

one-dimensional complex Ginzburg-Landau equation with periodic boundary conditions.

Our parameters belong to the Benjamin-Felt unstable region. Our solutions start near

a pure-mode rotating wave that is stable under sideband perturbations for the Reynolds

number R ranging over an interval (Rsub, Rsup). We find sub- and super-critical bifur-

cations from this stable rotating wave to a stable 2-torus as the parameter a_ is decreased

or increased past the critical value .Rsub or a_3u p. As R > Rsup further increases, we

observe a variety of dynamical phenomena, such as a local attractor consisting of three

unstable manifolds of periodic orbits or 2-tori cyclically connected by manifolds of connec-

tion orbits. We compare our numerical simulations to both rigorous mathematical results

and experimental observations for binary fluid mixtures.
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' I. Introduction

An important tool in the theory of phase transitions and instability waves is the time-

dependent complex Ginzburg-Landau equation (CGL, for short)

O,A = (I + iu)O_,A + (R- (I + i#)IAI2)A, -co < z < co, _ >_0, (1)

where x and t are the spatial and temporal variables, respectively, and the unknown

complex-valued function A(x, t) represents an order parameter or a wave function. Here,

#, u and R E (-co, c_) are parameters. Originally discovered by Ginzburg and Landau

[1] for a phase transition in superconductivity, this equation was subsequently derived

for instability waves in hydrodynamics such as the nonlinear growth of Rayleigh-B&nard

convective roils (Newell and Whitehead [2]), the appearance of Taylor vortices in the

Couette flow between counter-rotating cylinders (Stuart and Di Prima [3]), and the de-

velopment of Tollmien-Schlichting waves in plane Poiseuille flows (Blennerhassett [4]).

Also instability waves for perturbation concentration in chemically reacting and diffusing

systems are described by the CGL equation (Kuramoto and Tsuzuki [5]). In these ap-

plications, Eq. (1) describes the small and slowly varyinff (in space and time) amplitude

and phase of a mode that bifurcates via an oscillatory instability from a homogeneous

basic state (Newell [6]). The parameter R corresponds to a Reynolds number; we use

it as the bifurcation (or control) paranaeter. We impose periodic boundary conditions

A(z + l,t)= A(z,t), -oo < z < oo, t > O. (2)

For example, periodic boundary conditions are appropriate for experiments with

Rayleigh-Bfinard convective rolls in a binary fluid mixture contained in a cell of annular

geometry, where the complex amplitude A(x,t) describes the wave moving along the

boundary between two concentric convective rolls, cf. Janiand et al. [7, 8]. The oscilla-

tory instability of the two convective roils develops as the control parameter R increases

and crosses a critical value R0 > 0. At R = % the boundary between the two concen-

tric rolls is a circle. A genetic point on this circle is determined by its azimuthal angle

0, 0 _<0 < 2,'r. Hence x = 0/2,'r in Eq. (1, 2). For/i_ > R0 near R0, after a transient, a

wave rotating either clockwise or counter-clockwise settles along the circular boundary

between the two rolls. The complex amplitude A(z, t) of this rotativ 2 wave is a solution

of Eq. (1, 2) given by

= =0,+1,+2,... , (3)
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where k. = 2n_r is the wavenumber of the annular spatial pattern with In I wavelengths,

a,, is a complex constant satisfying [a.I 2 = R - k_., and w. = _R + (u - _)k2.. The

real constants # and u are determined by measuring the angular frequency w,, for

several values of R. As R further increases from R0 = Ro,,, and crosses a critical value

R1 - RI,,, >/?m, the spatial pattern of the rotating wave starts to exhibit an amplitude

modulation of the form

IA(=,t)l= -  on t, (4)

with a second frequency c = c(R) near c. = c(R1) 1k 0 for R > R1 near R1. This

temporally biperiodic pattern is characterized by the complex wave function

A(x,t)= + v(x- (5)

where U is a small relative perturbation of the rotating wave ane i[k"(x-cO-wtl and aa is

a small perturbation of w,,, for R - R1 > 0 small.

In our numerical simulations we fix the constants # = -1 and u = 5, and thus, by

the Newell criterion [9] we are in the Benjamin-Feir unatabIe region 1+ #u < 0. We focus

on the large-time asymptotic behavior of the solutions A(z, t) to Eq. (1, 2) starting from

an initial distribution A(z, 0) near the rotating wave (3) for n = 1. In particular, we

investigate the sideband instability of this rotating wave, el. Eckhaus [10]. We have

performed numerical simulations for a large range of values of the bifurcation parameter

/g E (0, oo). We report here only those cases which clearly exhibit local attractors of

special interest. For particular values of R, we have obtained stable rotating waves, 2-

tori, and periodic orbits that have a temporally constant modulus which becomes time-

-periodic as R passes a critical value. We identify several critical values of R at which

a bifurcation from a stable periodic orbit to a stable 2-torus takes place. We have also

obtained local attractors consisting of two or three unstable manifolds of periodic orbits

or 2-tori cyclically connected by manifolds of connection orbits, where the manifolds

of periodic orbits or 2-trri have distinct dimensions. We compare these periodic orbits

and 2-tori with those ones previously obtained by rigorous analysis and/or numerical

simulations, cf. Newton & Sirovich [11, 12], Sirovich & Newton [13], and Takg5 [14].

This comparison provides some analytic background for our numerical simulations. We

emphasize that our simulations using periodic boundary conditions (2) are different

from those performed in Moon et al. [15], Keefe [16] and Doelman [a71 with Neumaxm

boundary conditions. Since we are also interested in the stability of the solutions to Eq.

(1) in a suitable Banach or Hilbert space of smooth 1-periodic functions f • R ---+ C,
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' we do not presuppose any special form of these solutions. The numerical simulations

presented in this article are the first ones studying the stability of 2-tori for the full

system (1, 2). As usual, we write R = (-co, co) and C = R (9 iR to denote the real line

and the complex plane, respectively.

Our numerical integration of the evolution equation (1) uses a pseudo-spectral

method (PSM, for short) for sufficiently long time (from t = 0 up to t = 1000). This

PSM consists of an approximation by Fourier series in space (with -N th through /¥th

Fourier modes, N = 15, 31 and 63) combined with a fourth-order Runge-Kutta dis-

cretization in time (with the time step h = 0.0001, 0.0002 and 0.0005). We have imple-

mented this method on an Ardent Titan Supercomputer with four parallel processors

using a FORTRAN code with bothvector and parallel optimizations. All computations

have been carried out in double precision complex arithmetics.

This article is organized as follows. In Section 2 we study bifurcations from rotating

waves (3) to the 2-tori (5) together with their stability. In Section 3 we observe certain

periodic orbits that have a temporally constant modulus which becomes time-periodic

as R passes a critical value. In Section 4 we obtain local attractors consisting of two or

three unstable manifolds of periodic orbits or 2-tori cyclically connected by manifolds

of connection orbits. Finally, Section 5 contains a discussion.

2. Bifurcations from rotating waves

In this section we investigate bifurcations from stable rotating waves of the form (3) to

the 2-tori (5) together with the exchange of stability, for n = 1. We find a 3table 2-torus

(5) for 137.9 < R < 139.7 which bifurcates 3upercri_icalIy from a stable rotating wave

(3). A perturbation of the rotating wave (3) can be written as

A(z,t) = (1 + B(z,t))a,e i(k"*-_"'), (6)

where B is small enough. The sideband instability analysis is carried out by inserting

Eq. (6) i to (1) retainingo ly B (¢f. [t4]
Doering et al. [18]):

c0,B - (1 + iu)O2=B + 2i(1 + iu)k,O=B - (1 -F i#)[a,,12(S + B*), (7)

where la_l2 =/_- ]¢_. The asterisk * denotes the complex conjugate. The sideband

stability of the zero solution of Eq. (7) to perturbations of a discrete wavenumber

km - 27rm, m = +1, i:2, ..., is determined by writing

B(z,t) = b+(t)e ikm_ + b-(t)*e -ik':. (8)
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' The evolution equations for the complex amplitudes b+(t) and b-(t) have the form

d (b+) ( C+ (1+il_)'a"'2) (b+)d-7 b- -- (Z-i_)la.I 2 C-" b- (9)

where

C + = (1 + iu)k2m 4- 2(1 + iu)kmtc, + (1 + i#)lanl 2. (10)

The neutral _abiti_y curve8 (R,k_) for the zero solution of Eq. (9) satisfy the relation

(_f.[14,lS])

4k__+ k_m+ R - k_ = 2(_+ ,_)(R- k_)+ (_+ "_)_m (ll)

where the continuous variable k replaces the discrete wavenumber k = k,,. For (#, u) =

(-1, 5) these curves are plotted in the (v/R, k)-plane in Fig. 1. Each curve corresponds

to a fixed value of [m[ = 1,2,.... For a fLxed value of R > 0, the rotating wave (3) is

stable to sideband perturbations (8) if and only if exactly one solution k of Eq. (11)

satisfies k > Ik.I. In particular, the rotating wave for n = 1 is stable to all sideband

perturbations if and only if the Reynolds number R belongs to an interval (Rsub,/Lsup).

From a magnification of the graph in Fig. 1 (cf. Tak£a [14]) for m = n = 1 we have

found the numerical values (precise up to computer round-off errors)

/L_uu = 84.96 and /Lsup = 137.90. (12)

Fig. 1 here

The existence and uniqueness (up to shifts in space and time) of the 2-tori having

the form (5) has been proved by Tak£a [14] using bifurcation theory for R_us - R > 0

and R- P_up > 0 small enough. The second frequency c = c,_ for the critical values

R -_ 2_u b and R = /_up can be computed in a similar way as the neutral stability

curves. We insert Eq. (5) into (1) and retain only the terms of first order in U (cf.

_:as_[a41)

(1 + iu)U" + (c,., + 2i(1 + iu)k,.,)U' -(1 + im)la,.,12(u+ u') - 0, (13)
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where la,.,I2 = R- k_. This equation has a nonzero solution of the form

U(a:) = b+e ik''r + b-'e -ik_'_ (14)

if and only if the linear system

(1- i,)1=.1= c-' - ikm . b- = 0 (15)

has a nonzero solution, where C + is defined by Eq. (10). This is the case if and only if

R satisfies Eq. (11) and
R- k2

= 2k(u - ,)k_ m + 2- k _" (16)

The numerical values (12) for m = n = 1 yield the respective frequencies

Csub = 40.36 and C,up = 53.81. (17)

To study the stability of the 2-tori from Eq. (5) we have used numerical integration

of the evolution equation (1). Applying our pseudo-spectral method (PSM, for short,

described in the Introduction) for sufficiently long time (from t = 0 up to t = 1000) we

have obtained the following numerical results for # = -1 and u = 5:

_.i. A supercriticaI bifurcation at R = P_up

The numerical value of P_up obtained by PSM coincides with its value from (12) within

the indicated precision, Rhum = 137.9 For R = R"urn the numerical solution of (1)-"sup ' --sup

slowlyloosesallFouriermodes exceptforthefirstone,thusconvergingtowardsthe

pure-mode rotatingwave (3)with n = 1.Variousinitialvaluesatt - 0 ledtoa fast

transitionbeforet= 1 intoa statewiththefirstFouriermode more than103largerthan

theremainingoneswhich alsodecayedexponentiallywith theincreasingwavenumber.

The decay ofthesesidebandFouriermodes (n _ l)thenslowlycontinuedthroughout

the entireevolution(0 _<t _< 1000). On the other hand, forR = 138.0a similar

transitionwas observed,but aftert= 1 thedacayingsidebandmodes startedtosettle

away from zerountilt - 100 when theirdecayceasedcompletely.The firstmode was

on the orderofl05 timeslargerthan thezerothand secondmodes. From thegraph of

theamplitudemodulation(4)thefrequencycwas foundtobe %up-hUm= 1/0.0186= 53.76.

IncreasingR up to the valueR - 139.7we observeincreasingsideba_ndmodes. The

amplitudesofthesemodes areconstantintimewithnearlylinearlogarithmicdecay(Fig.
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2(a)). The graph of the amplitude modulation (4) in Fig. 2(5) gives the frequency

c = 1/0.0194 = 51.55 at R = 139.7. For 137.9 <__R <_ 139.7 the stability of this

temporally biperiodic motion (2-torus) was tested by various small perturbations. At

R = 139.8 this torus becomes unstable. The zeroth Fourier mode slowly increases and

becomes the dominant one. Eventually the amplitudes of all modes become constant in

time with nearly linear logarithmic decay again (Fig. 3(a)). The graph of the amplitude

modulation (4) in Fig. 3(b) is time-independent (c = 0). During the transition from a

2-torus to a limit-cycle, the amplitude (4) decreases to zero at one point where a phase

slip occurs.

Fig. 2(a,b) here

Fig. 3(a,b) here

2./2. A subcriticaI bifurcation at R = £4ub

The numerical value of/_up obtained by PSM differs from its value from (12), ,_num,sub ----

84.99. Similarly to the case R = R hum for R = _num the numerical solution of (1)- -sup , "_"sub

slowly looses all Fourier modes except for the first one, thus converging towards the

pure-mode rotating wave (3) with n = 1. For R = 84.98 a stable 2-torus (5) was

observed with _b m = 1/0.0248 = 40.32. At R = 84.97 this torus becomes unstable.

Again, the zeroth Fourier mode slowly increases and becomes the dominant one with

the remaining ones approaching zero, and thus the rotating wave (3) with n = 0 is

obtained.
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To summarize the results of this section, we have found a _able 2-torus (5) for

137.9 < R < 139.7 which bifurcates supercri_icalIy from a stable rotating wave (3) for

n = 1. Although several previous works [7, 8, 19-21] studied solutions similar to (5),

their stability under time evolution was not known.

3. Bifurcations from some periodic orbits

In this section we are concerned with primary and secondary bifurcations from the

S_okes wave A(z,t) = a0e -i'°°t which is the special case of a rotating wave (3) for

n = 0. In the next section we will need these bifurcations in order to be able to

explain the dynamics on some local attractors for the CGL equation. Some analytic

and computational background for these simulations can be found in Newton & Sirovich

[11, 12] and Sirovich & Newton [13]. Therefore we present here only those results that

axe either new or necessary for good understanding of the next section. The reader is

referred to Guckenheimer & Holmes [22] for general facts about dynamical systems and

bifurcations.

3.i. Separable periodic orbitz

We begin with the stability of the Stokes wave for (#, u) = (-1, 5). Similarly as in the

previous section, the Stokes wave (n = 0) is stable to all sideband perturbations if and

only if the Reynolds number R belongs to an interval (0, RI), where

Rz= -2_(1 + ._)/(1+ _.) - 12s.3049 (18)

is the value of R satisfying Eq. (11) for k = 0 and rn = !1, see Fig. 1. According to

Newton & Sirovich [11], as the parameter R crosses RI, the Stokes wave bifurcates to

another periodic orbit of the separable form

A(x,t) = F(z)e -m'. (19)

Here _2 is a real number, and F" R ----+ C is a 1-periodic function satisfying

(m+ i_)F" + (R+ ia -(m + iv)iFI2)F = 0, -oo < • < _, (20)

by (1, 2) and (19). Our numerical simulations show that the periodic orbit (19) is stable

for all R from an interval (Rt, RH), where we have observed the value

Rfz - 162.4. (21)

7
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In particular, we have F _ const. As R crosses Rzz, the periodic orbit (19) loses its

stability and bifurcates to a stable 2-torus. An analytic approximation of the value

RzI is presented in Newton & Sirovich [12]. More precisely, we have obtained a local

attractor .4 of real dimension 2 consisting of all functions f • R _ C such that

f(_) =F(_- _0)__'o fo_som_ _0,toe R. (22)

Hence, A is a 2-torus. Furthermore, for all

R e (139.7, RH)= (139.7,162.4)

(see §2.1 and (21) above), our simulations show that the solutions A(x,t) to Eq. (i,

2) starting from an initial distribution A(z, 0) near the rotating wave (3) for n -- 1 are

attracted to A.

3.2. 2.tort with periodic modulus

As R increases past the critical value Rzz, the separable periodic orbit (19) bifurcates

aupercriticaIly to a 2-torus. Our simulations show that also ezchange of stability takes

place. The col'responding stability analysis for this bifurcation has been carried out in

Sirovich & Newton [13]. The 2-torus has the form

A(z,t) = (F(x) + G(x,t))e -mr -- _(z,t)e -m', (23)

where the perturbation function G • R × R _ C has small values for/_- Rzz > 0

small, and it is 1-periodic in z and r-periodic in t, for some _" > 0. The half-period

r/2 coincides with the time-period of the zeroth Fourier mode of the square modulus

IA(m,t)l _ = I_(z,t)l _. As this mode is always real and nonnegative, 7- can easily be

determined from the graph of this mode versus the time t. For all

R e (Rxz,RzI + 0.1) = (162.4, 162.5),

we have observed approximately the same value of r,

rH = 1.23. (24)

The 2-torus (23) then remains stable for all values R E (Rzz, 180.0]. More precisely,

we have obtained a local attractor A of real dimension 3 consisting of all functions

f" R _ C such that

f(=)= ¢(=- =0,-t0)__'° forsome =0,toe R. (%)

8
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Hence, .4 is a 3-torus. Furthermore, for all

n E (nzz, 180.01 = (162.4,180.0],

our simulations show that the solutions A(x,t) to Eq. (1, 2) starting from _:minitial

distribution A(x, 0) near the rotating wave (3) for n = 1 are attracted to A.

It is remarkable that the angular frequency f_ in both cases (19) and (23) ataya

near the angular frequency of the Stokes wave

with a relative error of less than 1.5%, for all R E (Rz, 180.0].

3.3. A $-torua with periodic modulua for R = 180.0

Now we will closer examine a transparent case of a 2-torus (23) for R = 180.0. We write

A(x,t) = r(z,t)e i[a(_'O-_°'l, (26)

where r(x,t)= IA(x, e(=,E R, = -180.0theangularfrequencyofthe
Stokeswave. In our figuresbelow we limitthevaluesofthephase angle#(x,t)to the

interval(-_r,7r],thusadmittingjumps ofsize-I-2_inthe valuesof#(z,t).Gi-en a real

functionf(x,t),we make its3-dimensionalplotasfollows.The originofour coordinate

system is in the middle of the left side of our window, the axis x (a_xis t, respectively)

runs from the origin towards the right lower (right upper) corner, and the values of f

are plotted on the vertical axis.

Fig. 4(a,b) here

Fig. 5(a,b) here
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By (23), the modulus r(x, t) is 1-periodic in x and r-periodic in t. The graphs of

r(z, t) for (z,t) e [0, 1] x [0, r] and (z, t) e [0, 11x [r /2, 3r /21, respectively, are plotted in

Fig. 4(a,b). From magnifications of these plots we have obtained the period r = 0.116.

Analogously, the graphs of the negative phase angle -O(z, _) are plotted in Fig. 5(a,b).

Again, from magnifications of these plots we have deduced that the relative error

la - _o01 10(=,t + r) - 0(z,t)l

i<,.,ol I<,.,oI',-

is less than 1.5%. We will derive this estimate also from the following study of the
,.

complexFo._ mod_s_.(t) of th_f..¢tio. A(_,_)of_ e [0,_1.
It follows from (23) that c,,(t)e int is a r-periodic function of t. In Fig. 6(a,b) we

plot the trajectories of the functions c,(t)e i_°t (0 < t < 25r) in the complex plane for

each n = 0 and n = 1, respectively. The phase angle of the function

¢.(t)eia'lc,,(t)ei_°'= eicn-<.,o),

is equal to (f/-w0)t. By (an animation leading to) Fig. 6(b), it takes approximately

21 time-periods of length r for this angle to increase or decrease from 0 to :h2rr. Thus,

the relative difference between gt and w0 can be estimated by

If'/-a;ol 2:rr 27r< - < 0.015.
I<.,.,ol- 21--1<.,.,ol21.0.116. 180.0

Consequently, the period 2_/lal • 2_/180• 0.035 corresponding to f_ is more than

3-times smaller than r = 0.116.

Fig. 6(a,b) here

To smmmarize the results of this section, we have found a st,able 2-torus (23) for

162.4 < /i_ _<180.0 which bifurcates _upercrit, ically from a stable periodic orbit (19) at

Rsz = 162.4.

10
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4. A few complicated local attractors

We have observed that the 2-torus (23) collapses as R is increased from 180.0 to 181.0.

rvVehave not detected any signs of a bifurcation from this stable 2-torus to a stable

3-torus for R E (180.0,181.0). What we have detected for a number of values of/R E

[181.0,185.0] is an interesting local attractor which we analyze below.

4.1. A local attractor for R = 185.1]
.

We start our simulations from an initial distribution A(z, to) near the rotating wave (3),

where n = 1, kl = 2rr,

lax[= (185.0-(2 )2)x/=" 12.0632, (27)

and wl = -185.0 + 6. (27r)2 - 51.8701. For a later comparison, the period rl corre-

sponding to the angular frequency wx has the value

rl = 27r/w1 -- 0.1211. (28)

After a transient time interval of 2 units we set our time variable t to t = 0 (i.e. to "-" -2)

and begin our observations. Our simulations show that the modulus IA(z,_)l remains

both spatially and temporally constant for a relatively long time,

Ex_ini_g _,o th_ ph_,_ _g1_ e(=, _) _rom (_6), *_ _o,¢i_d¢ that A(=, t) i_ v_ry _lo,_

to th_ rotating w_v_ (3) with, = -1, _or _I t E [0, 0.37], s_ (_7).

Fig. 7(a,b) here

As the time t increases past 0.37, the instability of the rotating wave causes both

spatial and temporal deviations of the modulus IA(x,t)l from the value 12.063. By

11
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Fig. 7(a,b),thesedeviationshave the form ofan increasingtravellingwave with a

sine-likeshape moving from therighttotheleftwith thevelocityc-I - -61 (approxi-

mately).AlthoughthepresentparameterR - 185.0isfarbeyond thebifurcationvalue

P_up - 137.90from (12),formula(16)from our instabilityanalysisinSection2 yields

a comparablevalueofthevelocity(form - +1, n - -I)

185.0

The deviationscontinuetoincreaseup tot - 0.744when a phaseslipoccursatx - 0.40

where A(x,t) = 0, seeFig. 8(a,b). After this moment, A(z,t) starts approaching a 2-

torus apparently having the form (23). This 2-torus can clearly be seen for 0.80 <

t < 0.95 in Fig. 9(a,b). It is very similar to the 2-torus in Fig. 4(a,b), but its period

r = 0.06 is about twice smaller than in the latter case (r = 0.116).

Fig. 8(a,b) here

Fig. 9(a,b) here

As the time t increases past 0.95, the instability of the 2-torus becomes visible. For

0.95 < t < 1.06 we observe a connection orbit from this 2-torus towards a periodic orbit

having the form (19), see Fig. 10(a,b) for the modulus IA(z,t)l. This modulus remains

temporally constant for an t e [1.06,1.29] (Fig. ll(a)). It has a shape close to that of

the function I sinkl(x-x0)l, where kx = 27r and x0 = 0.31. Inspecting also the negative

phase angle -_(z, t) defined in (26) (Fig. 11(5)) we conclude that A(z,t) has a form

close to

A1 (T,, t) "- ge -il2t sinkx(z - zo), (29)

12
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where lel = 14.0 and

e(=,t+ T)- O(=,t) 2_
= Wo - = -185.0 -l- _ " 66.33.

T 0.025

The corresponding period is 2_r/f_ - 0.095. It is worth a mention that this solution

A(z,t) very well agrees with the following analytic solution to Eq. (1, 2) obtained in

Tak£_, [14] by rigorous bifurcation analysis,

-el if_tA(x, t,) =

• s (30)

el_l= (_!_1=32(3sin3knx + sin 5knz) + O(l_l'),
sin knz 32k2 sin 3k,x + \32k 2 ]

where e is a complex bifurcation parameter whose square modulus [e[2 > 0 measures

1+i. and R + if2 is related to l_l2 by _,the smallness of R- k_ > 0, k,_ = 2nr # 0, _ = x+i_,

R+ m - (_+i_)k_. 3_
x+ i# = _I_i=(x ° I_i2+ o(1_14)). (31)32k_.

Together with the rotating wave (3), the solution (30) bifurcates from the zero solution

as R increases past k 2.

Fig. 10(a,b) here

Fig. ll(a,b) here

As the time t increases past 1.29, also this sepaxable periodic orbit shows its in-

stability. For 1.29 _< t _<_1.43 we observe a connection orbit from this periodic orbit

13
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4

towards a rotating wave (3) with n = -1, see Fig. 12(a,b). This rotating wave is iden-

tical (up to multiplication by a complex unit reflecting a phase shift) with the one we

have started from at t = 0. Again, our simulations show

IA(z,_)l = 12.063 for all = e [0, 1] and _ e [1.43, 1.91].

From this point on the entire scenario repeats as we have just described it. This can

also be seen from the complex plots of the zeroth and first Fourier modes of the function

IA(z, t)l 2 of x E [0, 1], see Fig. 13(a,b). It takes a time-interval of (app:oximate) length

1.55 units for this scenario to repeat.

Fig. 12(a,b) here

Fig. 13(a,b) here

It is somewhat amazing that the scenario repeats after approximately the same time

interval. This fact strongly suggests that our numerical simulations have produced a

homoclinic periodic orbit (of period T = 1.55) which shadows three heteroclinic connec-

tion orbits, the first one running from the rotating wave (3, n = -1) towards the 2-torus

(23), the second one running from this 2-torus towards the periodic orbit (30), and the

third one returning from this periodic orbit towards the rotating wave (3, n = -1).

Furthermore, even if we have started our simulations from A(z,to) near the rotating

wave (3) with n = 1, the simulated shadowing periodic orbit has never returned to

this rotating wave again. We are unable to explain why our approximating dynamical

system prefers the rotating wave (3) with n = -1 to the one with n = 1. Notice that

14
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the approximatingdynamicalsystem usesthe same number ofpositiveand negative

complex Fourier modes eik_, Jr:I < N, for the spatial approximation, i.e. A(x,t) is

approximated by the truncated Fourier series

= (39.)
I,,I<N

In particular, the corresponding truncation of Eq. (1) yields a system of 2N + 1 ordinary

differential equations (ODE's, for short) for cn(t), t >_ O, cf. Doelma_ [17]. Thus, the

only possible reason for n = -1 being preferred to n = 1 we can think of are some

round-off computer errors, despite of double precision complex arithmetics used in our

computations. In any event, the local attractor A suggested by our simulations must be

symmetric with respect to the reflection x _-+ -x (i.e. n _-_ -n) because it contains the

periodic orbit (30) having this reflection symmetry, and this periodic orbit is connected

to all, the 2-torus (23) and the rotating waves (3) with n = +1.

More precisely, given the symmetries of the CGL equation, we have obtained a

local attractor A consisting of

(i) two 1D manifolds (circles) A_ and ALx of rotating waves (3) for n = +1, respectively;

(ii) a 3D manifold (a 3-torus) A" of 2-tori (23);

(iii) a 2D manifold (a 2-torus) A'" of separable periodic orbits (30); and

(iv) manifolds of connection orbits, g_._, g" and g_:'x. Here, g_.x connects from A_._ to

A" and has real dimension 3, g" connects from A" to A"' and has 3D, and C_ connects

from A'" to A_I and has 2D.

_._. A local a_tractor for R = 250.0

This case is a simplification of the previous one from §4.1. Ag_n, our simulations start

from an initial distribution A(z, to) near the rotating wave (3), where n = 1, k_ = 27r,

lall- (250.0- (2rr)2) 1/2 -:-' 14.51, (33)

and wl = -250.0 + 6. (271")2 " -13.13. After a transient time interval of about 2 units

we set t to t = 0 and begin our observations. For 0 < t < 0.005, the modulus IA(z, t)l

stays within the interval (14.4, 14.6) for all z E [0, 1], see Fig. 14(a). Examining also the

phase angle O(z,t) from (26) in Fig. 14(b), we conclude that A(z,_)is very close (with

relative precision < 1%) to the rotating wave (3) with n = -1, for all t E [0,0.005],

see (33). However, Fig. 14(a,b) suggest that an unstable 2-torus may be present. This

15
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2-torus may be the reason why the computed orbit does not get closer to the rotating

wave.

Fig. 14(a,b) here

Fig. 15(a,b) here

As the time t increases past 0.005, we observe both spatial and temporal deviations

of JA(z,t)l- i4.5 from 0 forming an increasing travelling wave with a sine-like shape

moving from the right to the left with the velocity c-1 = -50 (approximately), see Fig.

15(a,b). The deviations continue to increase up to t = 0.085 when a phase slip occurs

at z = 0.51 where A(x, t) = 0. In this case we observe no sign of A(z, t) approaching a

2-torus (23). Rather, after the phase slip occurs, A(x,t) starts approaching a periodic

orbit having the form (30), see Fig. 16(a,b). The modulus IA(x, t)J remains temporally

constant for all t 6 [0.23, 0.251. Moreover, in (29) we have Icl= 17 and

O(z, t + T) - O(z, t) 27r
f_=a_0- =-250.0+_ " 1.33.T 0.025

Fig. 16(a,b) here
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@

Fig. 17(a,b) here

As the time t increases past 0.25, also this separable periodic orbit shows its in-

stability. For 0.25 < t < 0.315 we observe a connection orbit from this periodic orbit

towards a rotating wave (3) with n = -1, see Fig. 17(a,b). This rotating wave is iden-

tical (up to multiplication by a complex unit reflecting a phase shift) with the one we

have started from at t = 0. Again, our simulations show
-..

IIA(=,*)I-1451< 01 forall z E[0,11and_ e [0.315,0.320].

From this point on the entire scenario repeats as we have just described it. This can

also be seen from the complex plots of the zeroth and first Fourier modes of the function

]A(x,t)] 2 of x E [0, 1]. It takes a time-interval of (approximate) length 0.316 units for

this scenario to repeat.

Given the symmetries of the CGL equation, we have obtained a local attractor ,4

consisting of

(i) two 1D manifolds (circles) ,4_ and .4'_ 1 of rotating waves (3) for n = 4-1, respectively;

(it) a 2D manifold (a 2-torus) A" of separable periodic orbits (30); and

(iii) four 2D manifolds of connection orbits, C_1 and C_1. Here, C_.1 connects from ..4_1

to A" and C", ±1 connectsfrom ,4" to ,4_1"

4.3. Separable periodic orbit_ for R = 300.0 and R = 350.0

Both these cases are analogous to the case R E (RI, R_x) = (128.3049,162.4) from

§3.1. The separable periodic orbits (19) have the angular frequencies f_ = -161.30 for

/t = 300.0 and f_ = -257.87 for R = 350.0. The shape of their modulus IA(x)l and the

phase angle ]0(z)l from (26) suggest that these periodic orbits should lie on the same

bifurcation branch of separable periodic orbits as those in §3.1.

To summarize the results of this section, for each R = 185.0 and R = 250.0, we have

found an interesting local attractor ,4. For R = 185.0, ,4 consists of two 1D manifolds

(circles) of rotating waves (3) for n = 4-1, a 3D manifold (a 3-torus) of 2-tort (23), a

2D manifold (a 2-torus) of separable periodic orbits (30), and manifolds of connection

orbits. For R = 250.0, ,4 consists of two 1D manifolds (circles) of rotating waves (3)
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for n = 4-1, a 2D manifold (a 2-torus) of separable periodic orbits (30), and four 2D

manifolds of connection orbits.

5. Discussion

For the supercritical bifurcation at R = R, up = 137.90 we have obtained a stable 2-

torus for 137.9 < R < 139.7. For the subcritic31 bifurcation at R = P_ub our results

are qualitatively similar to the experimental and numerical results obtained by Jardaud

et al. [7, 8] who observed a 2-torus given by Eq. (5) persisting for long time before it

collapsed. We have observed its instability outside the tiny interval 84.97 < R < 84.99;

the stability for R = 84.98 may be due to numerical errors, cf. (12).

Finally, the numerical simulations studying the stability of the 2-tori having the

forms (5) and (23) suggest that these 2-tori may bifurcate into (possibly unstable) 3-tori

having the following form,

A(z,t) - B(x - ct, t/v)e -in', -c_ < z < c_, t >_O, (34)

where c ¢ 0, _2 # 0, T > 0, and B(x,_) is 1-periodic in both z, _ E R. Namely, given

the symmetries of the CGL equation, the 2-tori (23) form a 3D manifold which itself is

a 3-torus (25) invariant under the semiflow generated by Eq. (1, 2). Hence, it is very

reasonable to expect the possibility of a bifurcation that preserves this 3-torus, but the

2-tori (23) bifurcate into a triperiodic motion (34). In particular, inserting (34) into

tl) we obtain the following boundary value problem for the unknown (1,1)-periodic

complex-valued function B(z, _),

_'-lO(B - (1 + iu)O_B - cO_B - (_ + if_)B = -(1 + i )IBI2B, x, ( E R. (35)

Here, suitable values for the real constants # # 0, v :fi 0, _" > 0, c # 0, R > 0, and

f_ :# 0 are to be found so that Eq. (35) admits a (1, 1)-periodic solution B(z,t) such

that its modulus [B(z,t)[ is nonconstantin both x and t. A different 3-torus motion

was obtained in Moon et al. [15] by numerical simulations.
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FIGURE CAPTIONS

Figure 1. NeutrM stability curves in the (v/'R,k)-plane [or the parameter

__ (_,_)= (- 1,5).

Figure 2. For R = 139.7, (a) logarithmic decay of Fourier modes; (b) ampli-

""rude modulation.

Figure 3. For R = 139.8, (a) logarithmic decay of Fourier modes; (b) ampli-

tude modulation.

Figure 4. For R = 180.0, the modulus [A(z,t)[ for (a) 0 < t <_0.116; (b)

0.058 __t _ 0.174.

Figure 5. For R = 180.0, the negative phase angle -O(x,t) for (a) 0 _<t <__

0.116; (b) 0.058 _<t _<0.174.

Figure 6. For R = 180.0, the complex plots of cn(t)e i_'ot (0 < t < 2.9) for

(_)_ =o;(6)_ =1.

Figure 7. For R = 185.0, the deviations IA(z,t)l- 12.063 for (a) 0.49 _< t <

0.50; (b) 0.70< t < 0.75.

Figure S. The phase slip for R = 185.0, (a) modulus; (b) negative phase

aglgle.
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Figure O. For R -- 185.0, the modulus IA(z,t)l t'or (a) 0.80 < t _<0.90; (b)

o.9o< t < 1.oo.

Figure 10. For R = 185.0, the modtdus IA(_,_)1fo_(_)1.00 < t < 1.05; (b)

1.05__<_ __I.I0.

Figure 11. For R = 185.0, (a)modulus for 1.06 < t _<1.29; (b) negative

phase angle for 1.09 < t _ I.I0.

Figure 12. A connection orbit for R = 185.0 and 1.30 < t _< 1.40, (a)

modulus; (b) negative phase angle.

Figure 13. For 1_ = 185.0 and 0 _<_ _<10.0, (a) zeroth Fourier mode (reaJ,

on verticaJ axis) versus _ime (on horizontM axis); (b) t]rs_ Four/er mode (complex

Wo_)of_h__qu_ mod_u_IA(_,_)I=

Figure 14. For R = 250.0 and 0 < t < 0.005, (a) modulus; (b) negative

phase angle.

Figu_ _5. Fo_R = 250.0,th_d_i_tio_ IA(_,_)1-14.5for (a) 0 < t < 0.05;

(b) 0.05 <__t < 0.10.

Figure 16. Fo, R = 250.0, (a) modulus t'or 0.23 _< _ < 0.25; (b) negative

phase angle for 0.24 _ t _ 0.25.

Figure 17. A connection orbit t'or/_ = 250.0 and 0.25 < t < 0.30, (a)

modulus; (b) negative phase angle.
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