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~ Spatially Variant Tomographic Imaging:

Estimation, Identification, and Optimization

By
John Robert Baker

Abstract

This thesis is an investigation of methods for processing multidimensional signals
acquired using modern tomography systems that have an anisotropic or spatially
variant response function. The main result of this research is the discovery of a new
method to obtain better estimators of an unknown spatial intensity distribution by
incorporating detailed knowledge about the tomograph system response function and
statistical properties of the acquired signal into a mathematical model. In this model,
data acquisition is represented by a linear transformation, Fy, of functions, b, on a
continuous domain object space to functions, pgk, on a discrete domain observation

space as described by

pok = Fop b = /Rdyfndﬂ?fek(l"y) b(z,y).
This data acquisition model and the singular value decomposition,
Foo = UgS-VT,

of this model into the left singular vectors, U, right singular functions, V, and the

singular value operator, S, form a common, unifying structure for the three areas of



this work: identiﬁcation, estimation, and optimization. For system identification, the
model is easily adapted to represent tomography systems that are spatially invari-
ant, spatially variant with symmetry, or spatially variant without symmetry. Least
squares, normal maximum likelihood, and Foisson maximum likelihood estimators
and the corresponding covariance have been formulated to compensate for all three
types of spatial responses. While bias is reduced by these estimators, undesirable
statistical and systematic fluctuations can rgsult, due to pixelization effects. To re-
duce these fluctuations new estimators such as the filtered singular value least squares

estimator

with diagonal filter matrix, D, were developed. These new estimators use an or-
thonormal pixel basis decomposition of the unknown spatial distribution to eliminate
systematic error and minimize statistical errors that occur using square or polar pixel
bases. Characterizing the effects which sampling density has on reconstructed image
resolution and noise using singular value analysis has led to a method to optimize
sampling strategies to obtain better estimates of the unknown spatial distribution
given bounds for noise and resolution. Symmetries in the data acquisition process

lead to very efficient implementations of the new inverse problem algorithms.
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Chapter 1

Introduction

1.1 Statement of thesis

My thesis is that by incorporating detailed knowledge about the tomograph system
response function and statistical properties of the écquired signal into a mathemati-
cal model, better estimators of an unknown spatial intensity distribution will result.
These estimators, which are based on a generalized orthonormal pixel basis decom-
position that is fundamental to the tomograph, will have reduced local bias, will
minimize systematic error due to pixelization, and will simplify error propagation
when used as input to quantitative models of physiologically important processes

such as the in vivo density of neuroreceptors.
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1.2 Motivation

Many emission tomography systems have an anisotropic or spatially variant response
function; i.e., resolution varies throughout the field of view. Traditionally, estima-
tion (reconstruction) algorithms have not included knowledge about the processes
that cause spatially variant resolution. When images reconstructed with a spatially
invariant algorithm are used as input to a physiological model, significant bias can
be introduced into the parameters of the physiological model. Consider the images
shown in figure 1.2 which were reconstructed from data taken with a position emis-
sion tomograph (PET). The upper imége was reconstructed using a backprojection
of filtered projections 1] algorithm that does nbt account for spatial variance and
the lower image was reconstructed using a new separable algorithm [2] that includes
spatial variance in the system response function. Qualitatively the lower image is a
better representation of the 37-point phantom, shown in figure 1.1, which it depicts

and will introduce less bias in the physiological model.

1.3 Previous work

For continuous space noiseless measurements of line integrals from parallel projec-
tions, an inverse Radon transform (3! [4] [5] can be used to perform reconstruction.
An inverse of the attenuated or exponential Radon transform can be used for single
photon emission computed tomnography (SPECT) with known attenuation and con-
tinuous space parallel line integral projections [6] [7]. The reconstruction approach

proposed by O [8] includes a continuous space model for detector response in addition
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Pigure 1.1 Schematic diagiam of a phantom with 37 line sources in a 20 em diameter
cylinder of lucite,

Lo known attenuation,

Most physically realizable tomography systems however acquire discrete projection
data, Approximations using a sampled Radon transform can be applied [9] [10] [11].
The filtered backprojection and backprojection of filtered projections algorithms are
the most. commonly used methods for reconstructing discrete parallel line integral
projection data [12) [13]. Efficient implementations of these algorithms [14] using
fast. Fonrier transforms [15] has led to their widespread use. Mare [16] developed
a reconstruction method using orthogonal polynomials that results in what he calls
pixels that are nalwral to the system, In his case, the system is modeled by line
integrals on a circular domain.,

I'or svstems that do not acquire line inteeral proiections e complex technioues
orsystems that do nol acquire e mtegral projections, more complex techniques



Figure 1.2: Tmages reconstructed from data taken with a positron cmission tomograph
with spatially variant system response function.  Upper) backprojection of filtered
projections reconstruction. Lower) new separable spatially variant reconstruction.



have been developed which include direct and optimization techniques [17]. The di-
rect reconstruction methods are usually implemented as linear matrix algorithms;
e.g., the pseudo-inverse [18], and the statistical properties of the resulting images are
straightforward. Conversely, the optimization or series expansion methods are gen-
erally implemented as iterative algorithms; e.g., iterative least squares [19] algebraic
reconstruction techniques [20], and maximum likelihood estimation [21] [22]. The
statistical properties of images reconstructed using optimization techniques are often
difficult to characterize [2]. Both techniques ab initio discretize the object space into
square or sometimes polar pixels [23] [24]. Substantial systematic errors or artifacts
in the reconstructed images can result from pixelization [25] [26)].

Buonocore, et al, [27] also worked on a natural pixel decomposition that uses each
projection ray as a pixel. Buonocore'’s definition for a pixel eliminates systematic
errors due to pixelization; however, it usually leads to pixels that are not spatially
orthogonal. This can be an undesirable property especially for interpreting covarianﬁ:e
between estimates of the intensity at two different pixels that may spatially overlap.

Several researchers have used regularization techniques to de-emphasize recon-
struction artifacts due to pixelization and ill-posedness of the tomographic inverse
problem. The method of sieves by Snyder and Miller [28] [29] is one example. The
sieve or blurring function modifies the expectation maximization (EM) [30] maximum
likelihood approach of Shepp and Vardi [21] by constraining the estimate to a set of
images where the likelihood is bounded. The choice of blurring function is object

dependent and is found by trial and error. Evaluating the statistical properties of

G e R



their estimators is extremely difficult even in an asymptotic sense. The computa-
tion acceleration scheme of Lewitt and Muehllehner [31] can also be classified as a
regularization technique.

Incorporation of prior information about the spatial properties of the distribution
to be reconstructed has received attention by several researchers [32]. In their maxi-
mum a posteriori (MAP) algorithm, Levitan and Herman used a normal (Gaussian)
prior [33] to reduce “irregular high amplitude patterns.” Their MAP EM algorithm
is a special form of penalized EM algorithm. Leahy et al have used Markov random
fields as a prior in their MAP algorithm which includes depth dependent resolution
in SPECT [34]. The Markov property ensures that values at nearby pixels do not
differ too much from each other. This tends to smooth the reconstructed image and
may add significant bias.

An extensive bibliography on tomographic reconstruction was presented by Ran-

gayyan et al [35].



Chapter 2

Theoretical Framework

2.1 Data acquisition

Projection formation can be described by the discrete-continuous model [36], [37],

[32]

pok = Fp-b (2.1)

= [ dy [ da farlz,y) blz,) (2:2)

where ppx 1s the measured projection at angle index 6 and bin position k. Fy is a
second order tensor functional operating on the two dimensional object distribution
b. The operation of equation 2.1 represents the integration of the product of the
impulse response fgi(z,y) and the object distribution b(z,y) over the imaging field
as depicted in figure 2.1. The symbol - indicates integration over the imaging field.

The impulse response function is the spatial response of a projection at angle 8 and

-1



b

bin k to a point source moved to every position within the sampling domain. There
are O different angles and A projection bins at each angle.

To simplify notation!, the projection formation equation is written in vector form

p = F-b (2.3)

by combining the 6 and k indices into one index. Specifically[38],

b € L[R?, (2.4)
p € R®X | and (2.5)
F : L, [RZ]HR@"'. (2.6)

Because the model is based on the fact that the detection process is defined on a
discrete domnain and the original distribution is defined on a continuous domain, the
model is easily adapted to include a variety of physical effects found in many imaging
modalities. For positron emission tomography (PET), Fy can include radioactive
decay, positron range, non-collinearity of photons, sampling geometry, attenuation,
inter-crystal scatter, crystal penetration, and detection efficiency [2].

The singular value decomposition of the tomograph system response function is
F = Us- V7. (2.7)

U is an orthogonal matrix containing the left singular vectors of F' and is defined by

the eigenvalue decomposition of the projection normal matrix.

'Lower case bold symbols denote vectors. lower case script symbols denote functions or scalars,
upper case bold symbols denote matrices, and upper case script symbols denote operators.



Figure 2.1: Schematic of projection formation.
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A = F.FT (2.8)

= US.STyT, (2.9)

An element Agygy is the projection at angle ' and bin A’ of the backprojection at
angle # and bin & of a unit projection value, pgp = 1. A schematic of this operation
is shown in figure 2.2. As shown in section A.l, the projection normal matrix is
symmetric and positive semidefinite. V' are the right singular functions of F' and are

defined by the relationship

FTp = v.sTg. vl (2.10)

A proof of equation 2.7 is given in appendix A.l.
For the real Hilbert space operator F', the corresponding adjoint operator denoted
by the symbol FT is defined by equating the inner product in the range space of F

with the inner product in the domain space of F' as follows

(p, F-b) = (FTp,b) (2.11)

which is the sum in the projection space and the integral in the object space

G111 O-11-1

> vex / dy /Rdr Jor(x,y) b(a,y) = /Rdy/Rd-T S5 Fala,y) pe blayy).

=0 k=0 JR =0 k=0

(2.12)

1] I
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Figure 2.2: Schematic of projection normal matrix.
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After exchanging the order of summation and integration,

©-1 k-1 0-1K-1
S 3 pue [ dy [ defue,n) bo,y) = XX puk [ dy [ de Fli(e,y) bleyy).
=0 k=0 =0 k=0

(2.13)

Fquation 2.13 must hold for an arbitrary object, b, and an arbitrary projection, p,

except for a space of measure zero. Therefore, the adjoint of /' is almost everywhere

Fale,y) = fox(o,y) (2.14)

which is just the impulse response function. F' can be interpreted as a column vector
of integral functions and FT as a rows vector of functions; hence, the use of the
symbol 7. The adjoint operation for a real matrix is the transpose of the matrix.
The functional S operates similarly to F' in that it maps continuous domain {unc-
tions to discrete domain samples. Thus, V' performs an infinite dimensional rotation
on the continuous domain object space, S selects and scales a finite number of the
rotated functions, and U performs a finite dimensional rotation into the discrete

domain projection measurement space as shown in equations 2.15-2.17,
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A geometric interpretation is given in figure 2.3. In the next chapter, this singu-
lar valué decomposition will be used to define pixels and formulate reconstruction
algorithms. To my knowledge, this work is the first time that a singular value decom-
position has been formulated for a system that maps continuous domain functions to

discrete domain samples.

Figure 2.3: Singular value decomposition of the projection operator. The operator
VT performs an infinite dimensional rotation on the continuous domain object space,
S selects selects and scales a finite number of the rotated functions, and U performs
a finite dimensional rotation into the discrete domain projection measurement space.

As a simple example, consider the spatial sampling system of figure 2.4 that has

three projection angles and two projection bins at each angle. The angles are equally

spaced between zero and 7 radians. The impulse response functions are defined by

1 ifk—1<—zsin(6%)+ycos(6Z) < kanda?+y* <1
fox(z,y) = ( d> ( ‘5) (2,18)

0 otherwise
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and are shown in figure 2.4, The projection normal matrix and the singular value

decomposition of the projection normal matrix are

A = F.FT
(30 21 1 2
031221
_r|l213021 (2.19)
61120312 '
1 22130
21120 3|
= US. STUT
11 1 1 1 1] >
I -1 =1 =1 1 1 7
11 -1 -1 0 =2 =
o1 -1 1 1 0 =2 G
1 0 -2 1 -1 1 .
1 0 2 -1 -1 1] e
_i .1 - -
6m
A
67
4
6n
e
6nr
0
- 0-4
NG 101 1 1 1 1]
NG 1 -1 1 -1 0 0
1
1 =1 =1 1 =2 2
EE (2.20)
= 1 -1 =1 1 1 =1
1
% 11 0 0 =1 =1
1 -9 -
_ S L1 -2 -2 1 1

where the left singular vectors, U, are given as the product of a matrix and the inverse
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Figure 2.4: Schematic of spatial sampling functions for a simple parallel beam tomo-
graphic system with three equally spaced projection angles and two projection bins
at each angle.
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of the norm of that matrix. There are four non-zero singular values for this example
parallel beam sampling system meaning that of the six measurements only four are
linearly independent. For parallel beam sampling on a circular domain using uniform
impulse response functions with © angles and I\ bins at each angle, there will be at
most O(A — 1) + 1 singular values that are non-zero. This new result is proved by
considering all the impulse response functions at two different angles, Recall, that the
impulse response function, fex(x,y), is the spatial response of a particular detector
at angle 6 and bin k to a point source moved to every position, (x,y), within the
sampling domain. By subtracting all but one of the impulse responée functions at
one angle from all of the impulse response functions at the other angle, the resulting
difference is equal to the impulse response function that was not included in the

difference; e.g., for the system of figure 2.4,

Jool) + o1 ) = fiole) = fuley o). (2.21)

For one angle paired with the other ® — 1 angles paired this will be true: thus, at
least © — 1 of the impulse response functions are linearly dependent. Since there are
ON measurements, there will be at most OK — (@ — 1) = O(K — 1) + 1 linearly
independent impulse response functions each corresponding to a non-zero singular
value.

Figure 2.5 shows images of the impulse response functions, fox(x,y), for a paral-
lel beam sampling of a circular domain using sixteen projection angles and sixteen

projection bins at each angle. Images across a row correspond to different. projection



bing al a fixed projection angle and cach row of tmages corresponds Lo a different
projection angle for a total of 266 images, e impulse response functions have heen
discretized for display purposes only: in fact, these functions have a continuous do-
main on the unit cirele, A plot of the singular values of the system is shown in
figure 2,6, The singular values weve oblained by performing the singular value de-
composition of the projection normal matrix as in equation 2.8, 16 i interesting to
note that the singular value changes by grealor than two orders of magnitude between
projection indes 240 aud projection index 241 which agrees with the theoretical re-
sull of 241 non-zero singular values for sixteen angles and sixteen bins (the projection
index starts al zero). The detadls of this plot with be discussed further in chapter 3
and chapter 4, Figure 2.7 shows images of the left singular vectors, U, lach singular
vector is represented by an image in sinogram l‘omm(‘.i pixels across a row correspond
Lo different projection hins al a fixed projection angle and cach row corresponds Lo a
dilferent. projection angle for an iimage size of sixteen by sixteen, The singular vector
images have been ordered from left to right and top to bottom to correspond with
Lhe standard non-decreasing ovder of singular values; the image at the top left corre-
sponds Lo the Targest singular value and the image al the bottom right corresponds
to the smallest singular value, Fach left singular vector image has been scaled to give
the Targest. contrast. within the image; therefore, information about. relative intensity

hetween images has been lost.,
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Figure 2.5: Images of spatial sampling functions for a parallel beam tomographic
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FMigure 2.6: Singular value plot for a parallel beam tomographic system with sixteen
cqually spaced projection angles and sixteen projection bins at each angle,
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2.1.1 Separable product operators

Separation of the tomograph system response into product operators has significant
computational advantages when solving the tomographic inverse problem. There are
two classes of physical effects that can be represented by a product decomposition
of the tomograph response function [39]. The first of these, denoted by the operator
H, can be interpreted as a modification of the object distribution before an ideal
experiment; e.g., radioactive decay and the positron range effect. The second class of
effects, denoted by the matrix G, can be interpreted as modifying the dataset from an
ideal experiment; e.g., attenuation in PET, intercrystal scatter, crystal penetration,
and instrumental effects such as detection efficiency and dead-time. For these two

classes of physical effects the non-ideal data acquisition process is represented by

p = Gro-H-b (2.22)

where Fp represents line integral parallel projection.

2.1.2 Rotational invariance

When the elements of the projection normal matrix are a function of only the dif-
ference Af = 8 — 6 modulo © as shown in equation 2.23, the system is rotationally
invariant. If it is not a function of the difference between k£ and A" modulo K, then
the system is radially variant. The system is spatially variant if it is rotationally or

radially variant.
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Aewor =  A[(6-6')modeIk'0k (2.23)
= Alaomodo]k'ok (2.24)
= /l;dyfﬂdl‘ fiaomodoik (2, y) for(z,y) (2.25)

When the system is rotationally invariant, the projection normal matrix can be writ-

ten in block circulant form. The block circulant structure is

4 A A4, Ao-2 Ae-1
o1 Ao A Ae-z Ae-2
A - Ap-2 Ade-1 Ao .. Ae-g Ae-z ‘ (2.26)
A, As b PR Ao Ay
A A A deny Ao |

There are © x O blocks each of size ' x A’
Let fi(x.y) denote the impulse response of a rotationally invariant, radially variant

svstem, then equation 2.1 can be rewritten as

2n . /2T
Dok = /Rdy/’adr.fk[ a cos(()—@—) + y sin (9—§>

) 27\ "
—2 sin ((fg) + y cos (9%>J b(a,y). (2.27)

The block circulant projection normal matrix has elements given by
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2 ,
Aelklek = /Rdy-/';d:r fkl [ I COSs <0!_(:)7£> -+ 3 sin (6 6) s
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= /Rdy/Rd:c S l T cos (AG%) + ysin (AG%),

—zsin (AH%) + y cos (AQQW)]

Ji(z,y) (2.29)

By using the rotational invariance properties of this matrix, computationally fast
and efficient algorithms can be implemented for the procedures described in chapters 3
~ and 4. One such fast algorithm is described in chapter 5.

For the simple system of figure 2.4 the projection normal matrix can be written
in block circulant form by reversing the direction of the projection axis for projection

angle § = 1. With this change,

A = (2.30)

o3

L J

There are three blocks each of size two by two.
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2.2 Organization of models

The data acquisition model presented in section 2.1 and the novel singular value
decomposition of that model form a common, unifying structure for the reat of the
material in this work. In chapter 3, it will be used for identification of the tomo-
graph system response function and estimation of the unknown spatial distribution.
Chapter 4 will discuss optimization of the system response function to obtain better

estimates of the unknown spatial distribution using this formalism.

2.2.1 Identification

The first task is to identify the important phenomena in the data acquisition process
for a particular imaging modality. The response of the tomograph is found using a
combination of deterministic and stochastic simulations and measured point response
data. For positron emission tomography, the effects modeled include radioactive
decay, positron range, sampling geometry, attenuation, inter-crystal scatter, crystal

penetration, and detection efficiency.

2.2.2 Estimation

An estimator for the unknown spatial distribution is formulated using the known re-
sponse function and the statistical characteristics of the acquired data. Several of the
above pheriomena lead to position dependent resolution and reconstruction algorithms

based on the spatially variant model have reduced bias when compared to spatially
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invariant methods. Least squares, normal maximum likelihood, and Poisson maxi-
mum likelihood estimators and the corresponding covariance have been formulated ﬁo
compensate for a spatially variant response. While bias is reduced by these estima-
tors, undesirable statistical and systematic fluctnations can result due to pixelization
effects. To study the effects of basis selection, each of the three estimators has been
implemented using three different pixel bases; square pixels, projection ray natural
pixels, and new orthonormal basis determined from the singular value decomposition

of the tomograph response function.

2.2.3 Optimization

The data acquisition system may be optimized so better estimates of the unknown
spatial distribution will result, The criterion used is to minimize the norm of the

covariance matrix while keeping the estimator unbiased.



Chapter 3

Estimation and Identification

3.1 Pixel Basis Representation

The goal of tomography is to reconstruct the unknown distribution, b, from one real-
ization, p, of the projection measurement process p. Reconstructing the true contin-
uous space distribution, b, from sampled projections is probably impossible without
prior information about the distribution. Instead, a discretized representation, ¢pn,

is estimated from the measurements where By, (z,y) defines a generalized pixel.

b(:ﬁ,y) ~ ZBZ;,I(JJ,H)QM (3])

mn

In vector form the pixelization is

b ~ BTe. (3.2)

26
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" A set of generalized pixel coeflicients can be found by minimizing the square of
the L, norm (38] of the difference between the continuous space object, b, and the
generalized pixel representation of the object, B ¢, over all possible generalized pixel

coeflicients, ¢; i.e.,

¢ = argmin {Hb — B¢ Z} 4 (3.3)

&~

Iollowing the derivation of section 3.2, the generalized pixel coefficients are given by

c = (B -BT)*B.b. (3.4)

The operator * is the Moore-Penrose pseudo-inverse and satisfies the following rela-

tions [40] [41] [18).

MM*M = M (3.5)
MMM = M* (3.6)
MM* = (MM*) (3.7)
M*M = (M*M)T (3.8)

The explicit representation of the object by the generalized pixel basis of equation 3.1
has not. appeared previously in the tomography literat ire.
The basis set used to describe the pixels influences the types of artifacts that

appear in the reconstructed image. In this work, three bases are evaluated. The
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first, Bl, is the traditional square pixel or Heavyside basis. The second basis set,
B2, consists of the set of functions that comprise the tomograph system response
functional and was proposed by Buonocore [27]. The third, B3, is original to this
work and is composed of the right singular functions V/, defined by equation 2.7, that

have been selected by S and normalized by the Ly norm.,

Bl = Heavyside (3.9)

B2 = F (3.10)
3 .

B3 = {(.5"5"")1”5'.\/'7 (3.11)

Note that the basis set B3 can be calculated from linear combinations of the basis

set. B2 as follows

(Sl

B3 = {(aﬂ)*] U B2, (3.12)

This result can be proved by replacing the definition definition of the natural pixel

basis from equation 3.10 in equation 3.12: whereby
| ) ,

1
2

B3 = [(as”f)*} U (3.13)

and after substituting the singular value decomposition of the tomograph system

response function from equation 2.7,

f—

0

utus . v7, (3.14)
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Removing the identity U TU yields

B3 = [(S . ST)+]% S VT (3.15)

which is equivalent to equation 3.11.

3.1.1 Example

Figures 3.1-3.3 show, respectively, a possible set of basis functions for square pixels,
Buonocore's natural pixels, and orthonormal natural pixels using the sampling defined
by the impulse response functions of figure 2 4,

Consider the wedge shaped object of figure 3.4 which is defined as

1 if ¥l < fand @ > 0and 2? +y? < 1,
blz,y) = B (3.16)
0 otherwise.
The pixel coefficients using the square pixel basis of figure 3.1 are
T
= |1 1 :
c—[aoog] (3.17)

and were found by solving equation 3.4, ln Buonocore’s natural pixel basis of fig-

ure 3.2, the pixel coefficients are

1
¢ = () 4 4 13 =5 13 =5 (3.18)
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Figure 3.1: Square pixel or Heavyside basis for a simple parallel beam tomographic
system with three equally spaced projection angles and two projection bins at each
angle.
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B24(X,)’) BZS(X,Y)

Figure 3.2: Buonocore's natural pixel basis for a simple parrllel beam tomographic
system with three equally spaced projection angles and two projection bins at each
angle.
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B3,(x,y)

Figure 3.3: New orthonormal pixel basis for a simple parallel beam tomographic
system with three equally spaced projection angles and two projection bins at each
angle.
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Figure 3.4: Wedge shaped phantom object.

and for the orthonormal natural pixel basis shown in figure 3.3

Vil IR
e ——— ’ — . r'l;
c Tl % —Hx 000 (3.19)

Figure 3.5 shows, respectively, the continuous space representation of the wedge
shaped object using square pixels, Buonocore’s natural pixels, and orthonormal nat-

ural pixels with the sampling defined by the impulse response functions of figure 2.4,

3.1.2 Reprojection

When an object is pixelized by bases such as Bl or polar pixels [24] the projections of
the pixelized object; i.e., F'- BT ¢, will not, in general, yield the same set of projections
as the original object. This results in a systematic error in the estimates of unknown

spatial distribution when algorithms that require backprojection and/or reprojection
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1
0 3
1
0 3

Figure 3.5: Representation of a wedge shaped object using top) square pixels, middle)
Buonocore’s natural pixels, and bottom) orthonormal natural pixels.
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are used. Eliminating this systematic error is especially important in iterative algo-
rithms [1] [42] [43]. When the wedge shaped object shown in figure 3.4 is sampled by

the system of figure 2.4 gives projections

p = 101 0] - (3.20)

1 =
(I

oyl A

Projecting the square pixelized version of the wedge yields

. ]T. (3.21)

A~

]
oA
1im
20—
(s,1144]
Dl
(28141}
O f—s

Projection of a pixelized object using Buonocore’s natural pixel basis, B2, is

p = F-Bec (3.22)

Substituting the definition of Buonocore’s natural pixel basis from equation 3.11 gives

p = F-Flc (3.23)

and after substituting equation 3.11 into equation 3.4,

p = F-FI(F-F)"F b (3.24)

Using the properties of the pseude-inverse in equations 3.6-3.7,
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p = F.b (3.25)

which from equation 2.3 yields

p = p. | (3.26)

Thus, the projections, p, of the Buonocore pixelized object are identical to the pro-

jections, p, of the original object. For the wedge example,

T
101 0] - (3.27)

3

i

!
(N1
[

Likewise, for the orthonormal natural pixel basis, B3, projection of the discretized

object is

p = F B3Tc (3.

Lo
0

which after replacement with equation 3.11 becormes

1

p = F. V.87 [(H - ST)+] e (3.

o
<o

Substituting for ¢ the result of combining equation 3.11 and equation 3.4,

3
—
!f,

[
| ——]
N
fj)
s
e
—

+
-
i
—
P
s
)
=
~——
+
—
i
I
—
~
(e

(3.30)
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Replacing F with the right hand side of equation 2.3 gives

p = US VT.v.5T(5.87)"5.vT b (3.31)

and since the operation of the adjoint of the right singular functions on the right

singular functions is the identity operator,

5 = US-ST(s.sT) 5. vT ., 3.39
b

The properties of the pseudo-inverse in equations 3.6-3.8 can be used to show

p = US VT.p, (3.33)

Upon substitution of equation 2.7,

p = F-b (3.34)

il

which from equation 2.3 yields

P = p (3.35)

The projection of the wedge example using the orthonormal natural pixel basis, B3,

1S
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T
1010/ - (3.36)

c
(ST
(SR

All systematic reprojection errors due to pixelization are eliminated using a basis like
B2 or B3 as showh‘in table 3.1 for the wedge phantom. While this is true in particular
for B2 and B3, any bésis that spans the subspace of functions defined by S - V7T
will also have this property. A geometric interpretation of the error associated with
computing projections of pixelized object is shown in figure 3.6. Many of these basis
may represent the original object distribution, b, better than B2 or B3. However, no
information about the coefficients for the functions that are outside the space S-V7T is
available from the projection measurements. By using apriori information about the
continuous space distribution of b, the formulation of Bayesian estimators that use
basis functions not in S - V7 is an exciting area for future research. Thus, the basis

subset contained in S V7 is from a channel model for F' and the subset contained in

VT — 5. VT is from a process model for b.

3.2 Least Squares

In this section. a least squares estimator (LLSE) is formulated to estimate the mean in-
tensity of the generalized pixels, ¢, used to described the unknown spatial distribution
from one measured projection dataset, p. While the resulting LSE formula is quite
general, specific application to image reconstruction using square pixels, Buonocore’s
natural pixels, and the new orthonormal natural pixels is shown. The least squares

estimator for the mean intensity of the generalized pixel image is found by minimizing
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Basis | Object Estimate | Projection Estimate
Squared Error Squared Error
posrel | oo
Bl 1 z
B2 : 0
B3 7 0

39

Table 3.1: Errors due to pixelization for a wedge shaped phantom sampled with a
parallel beam tomographic system with three equally spaced projection angles and

two projection bins at each angle.

Figure 3.6: Simplified geometric representation of the systematic error that results
from computing model projections from pixelized versions of an object. Pixel bases

that include the subspace S - VT eliminate systematic pixelization error.
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the square of the Ly norm of the difference between the projection vector, p, and the

estimated projection, '+ B¢, over all possible image vectors, ¢; i.e.,

}. (3.37)

2
2

¢ = argmén{”p—-F~BTc

After substituting the definition of the Ly norm,

¢ = arg.mén{(p-F~BTc>T (p—F-BTc)}. (3.38)

Finding the gradient vector with respect to unknown parameters, ¢, and equating it

with the zero vector, yields a O A" x ©@\" system of simultaneous linear equations.

¢ = arg { [(F ~ BT)T (p - F. BTC>] = 0} (3.39)

Upon rearrangement, the equations in normal form are

B-FT'r. B¢ = B FTp. (3.40)

The solution for this system using the second property, equation 3.7, and the third

property, equation 3.8, of the pseudo-inverse is

¢ = (B-F'F.B")"B.F'p, (3.41)

Substitution of the singular value decomposition of the projection formation operator,

equation 2.7, vields
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¢ = (B-v.sTs.vT.B") B.V.5TUp. (3.42)

By equation 3.7, the minimum Lo norm least squares estimator (LSE) for the mean

value of the intensity of the generalized pixel image is

¢ = (5-vT.B7) Up. (3.43)

Using the measured projection vector, p, as a single sample estimate of the mean

projection vector gives

¢ = (S.v7.B")"U"p, (3.44)

The fluctuations of the generalized pixel least squares estimator due to random
variations in the measurements can typically be characterized in terms of the co-
variance between pixel estimates. The covariance matrix for the generalized pixel

estimator is defined by



Applying the relationship for the transpose of a product yields

S = E H (svr. B uTp-E (s vT. BT)* UTp} (3.47)

{pTU (B.v.s") ~Ep'U(B.V. ST)*}] .

The reconstruction filter can be brought outside the expectation so

2, = (5VT B UTE|(p- Ep) (p" - Ep")|U (B-V . 5T)" . (3.48)

Again using the relationship for transpose,

. = ($VT-BY)'UTE|(p- Ep)(p- Ep)|U (B-V-ST)". (3.49)

The term inside the expectation is the covariance of the projections; i.e.,

Tp = E[(p-Ep)(p~ Ep)’], (3.50)

therefore, the covariance matrix for the generalized pixel least square estimator is

2 = (VT BN UTSU (B-v. 5T (3.51)

The estimator for the mean of the intensity of the object in continuous space

is found by applying the adjoint of the basis operator, B, to the generalized pixel
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estimator of the intensity mean. For the continuous space object, the least squares

estimator for the mean of the intensity is

S
ii

BT : (3.52)
\ .‘.

= BT (s v'.B")"Up. (3.53)

When using the Heavyside basis, the generalized pixel least squares estimator for

the mean of the intensity, the covariance for that estimator, and the continuous space

least squares estimator for the mean of the intensity become

e = (V7. B1") U | (3.54)
2, = (V. BT UTE,U (Bl.v . 8T (3.55)
b= BIT(s V. BI") UTp (3.56)

and for Buonocore’s natural pixel basis

¢ = U(s 5T UTp (3.57)
Ze = U(S 8T UTBU (587 U7 (3.58)
b= v.8"(s ) U'p. (3.59)

Finally, the estimators and covariance for the orthonormal natural pixel basis are

& = [(AS'.ST)'*']?U"'p (3.60)
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S 2 = [(s:5") T vru|(s-s7)] (3.61)
b= v.sT(s 5" UTp. (3.62)

Note that the least squares estimator for the mean of the continuous space distribu-
tion, b, using both Buonocore's natural pixel basis and the orthonormal natural pixel

hasis are the same,

3.2.1 Singular Value Filtering

4
1 . ' ' \ 4 A +12 U . 1
Small singular values in the singular value filter, [(.5 ' 51) ] , of equation 3.60 can
lead to large statistical errors in the reconstructed image, b. By applying a diagonal
weighting matrix, D, to the f.ier, the mean square error of the object estimates may

be decreased [32]. The resulting estimates and covariance are

1
¢ = D{(S s‘")*]"U"‘E (3.63)
5, = D [(s . .S'T)J’]%' UTE,U [(s - s"f')"*r D (3.64)
b = v.5"D(s.5") UTp, (3.65)

Determining the weighting values is the subject of ongoing rescarch, Since basis
vectors are assumed to be arranged so the singular values are in non-increasing order,
one possibility is to truncate the number of singular values used in the singular value
filter so only the J largest singular values will be included. A weighting matrix with

clements



1 if7=gandj < J, A
Dj; = (3.66)
0 otherwise |
will select only the J largest singular values. Since the basis is orthonormal, the

resulting object estimate is the sum of the estimates of each pixel that was multiplied

by one; i.e.,

J-1

b = 5. B3l (3.67)
j::O

— Lx ST (58T UTp. (3.68)
1=0

3.2.2 Noiseless Example

Returning the example of figure 3.4, the estimated pixel coefficients using the square

pixel basis of figure 3.1 are found from equation 3.54 to be

,
& = | & 1 1 5| (3.69)

In Buonocore's natural pixel basis of figure 3.2, the pixel coefficients are found from

equation 3.57 to be

) | T ,
¢ = |44 13 =5 13 -5 (3.70)

and for the orthonormal natural pixel basis shown in figure 3.3 the solution of equa-

tion 3.60 is



LoV , T ‘ -
¢ = |1 & = 000] (3.71)

Figure 3.7 shows, respectively, the continuous space reconstruction of the wedge
shaped object using square pixels, Buonocore's natural pixels, and orthonormal nat-
ural pixels with the sampling defined by the impulse .response functions of figure 2.4.
The object and projection estimate squared errors when using the least squares es-
timator are shown in table 3.2, In all three basis there is zero projection estimate
error for the wedge object. However, the natural pixel and orthonormal natural pixel

estimates have smaller object error than the square pixel estimates.

Basis | Object Estimate | Projection Estimate
Squared Frror Squared Error
p-sef | oo r o]
B1 -}—’; 0
B : 0
B3 0

Table 3.2: Least squares reconstruction errors for a wedge shaped phantom sam-
pled without noise by a parallel beam tomographic system with three equally spaced
projection angles and two projection bins at each angle.

3.2.3 Noisy Example

The previous example computations were done using a known value for the projec-

tions, i.e., no noise. To test the LSE in the presence of noise, a noisy projection
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IMigure 3.7: Least squares reconstruction of a wedge shaped object using top) square
pixels, middle) Buonocore’s natural pixels, and bottom) orthonormal natural pixels.
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dataset,

T
p = [0.8579 0.2920 1.4252 0.0000 0.4829 o.oooo] (3.72)

will be used. This projection dataset was created by sampling an independent multi-
variate normal (Gaussian) distribution with mean and variance equal to the noiseless
projections of equation 3.20. The estimated pixel coefficients and the covariance of

those estimates using the square pixel basis of figure 3.1 are

¢ = | 05508 -0.3602 0.0981 1.0092 (3.73)

0.1738  0.0014 -0.0854  0.087

0.0014  0.0677 -0.0191 -—0.0854
Yo = . (3.74)
—0.0854 -0.0191  0.0677 0.0014

0.0870 —-0.0854 0.0014  0.1733

In Bucnocore's natural pixel basis of figure 3.2, the pixel coefficient estimates and

covariance are

=1
n
N

¢ = | 0.1534 0.0629 0.5383 —0.3220 0.1336 0.0827 (3.
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and for the orthonormal natural pixel basis shown in figure 3.3

Figure 3.8

shaped object
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(3.76)

(3.77)

shows, respectively, the continuous space reconstruction of the wedge

using square pixels, Buonocore’s natural pixels, and orthonormal nat-

ural pixels with the sampling defined by the impulse response functions of figure 2.4.

Table 3.3 shows the mean and observed object squared error and the the observed

projection squared error for these reconstructions. The natural pixe! and orthonor-

mal natural pixel estimates have better observed squared error than the square pixel

estimates. The square pixel estimator has better mean squared error characteristics

than the unfiltered estimators based on natural pixels or orthonormal natural pixels



for the wedge shaped object.

Basis | Mean Object | Observed Object | Observed Projection

Squared Error | Squared Error Squared Error
Elo- sl | |Bo-B7e | |Ep-F B¢
Bl 1.1775 3.2636 0.3001
B2 1.3571 2.6294 0.2348
B3 1.3571 2.6294 0.2348

Table 3.3: Least squares reconstruction errors for a wedge shaped phantom sam-
pled with noise by a parallel beam tomographic system with three equally spaced
projection angles and two projection bins at each angle.

Table 3.4 shows the effects of using the diagonal weighting matrix defined in
equation 3.66 with the value J varied from one to four for the example of figure 3.4.
The projection estimate error decreases with the inclusion of each orthonormal natural
pixel basis function; however. adding the image corresponding to the third basis
vector, J = 4, increases the mean object squared error. The increase in mean object
squared error i1s due to noise being added to the reconstructed image while no new
information about the object is being added since the wedge phantom ouly has non-
zero projections onto the first three orthonormal natural basis vectors as shown in

equation 3.19,
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-0.2306 0.8269

-0.2169 0.8406

Figure 3.8: Least squares reconstruction of a wedge shaped object using top) square
pixels, middle) Buonocore’'s natural pixels, and bottom) orthonormal natural pixels.
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Truncation Index | Mean Object | Observed Object | Observed Pro‘jection
Squared Error | Squared Error Squared Error
J glp-BTel | ||Eo- BT | |Ep-F. BT
1 1.4762 1.9655 1.5270
2 1.3839 2.8223 0.5360
3 0.8571 2.4571 0.2584
4 1.3571 2.6294 0.2348

Table 3.4: Effects of truncating the number of singular values included in the singular
value filter on orthonormal natural pixel least squares reconstruction errors for a
wedge shaped phantom sampled with noise by a parallel beam tomographic system
with three equally spaced projection angles and two projection bins at each angle.

3.3 Normal Maximum Likelihood

The least squares estimator in the previous section did not use any information about
the variance of the measurenients. In this section, it is assumed that the projection

measurements are samples from multi-normal random variables with known variance.

The likelihood for the measurements is given by

L(c) = Pr{plc} (3.79)
TN Y
= @) Xy ?
1 T
exp [——;Z-(p—F~BTc> x5! (p~—F-BTc)]. (3.80)

The normal maximum likelihood estimator (NMLE) can be found by maximizing this

expression or alternatively the log-likehood,



() = log{L(c)} (3.81)
ON 1
= ———5—“ 10g (271') - 5 log lEp’
1 AT I .
~=(p-F B'c) ;' (p-F B"c), (3.82)

since the natural logarithm is a monotonically increasing function. Derivation of the

NMLE follows.

arg max [(c) (383)

(o)
il

= argmax {—9?21—\— log (27) — % log Ep'
1 , T , .
—~5(p-F B) 55 (p- F ‘ch)} (3.84)

As was done for the least squares estimator, the gradient vector with respect to
unknown parameters, ¢, 1s computed and equated with the zero vector, yielding a

ONL x ON system of simultaneous linear equations

& = arg {(F 8" 5, (p-F.B"c) = 0} . (3.85)

In normal form, the system is

B-F'2;'F-B" = B-F'x;'p. (3.86)

Applying the pseudoinverse of the the normal matrix yields

T I
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¢ = (B-FT3;'F.B") B . FT5;'p

which is equivalent to

: = (s3ir.87) 5.
& P p’P
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(3.88)

The estimator shown in equation 3.88 is commonly called a weighted least squares

estimator because it is equivalent to the least squares method with the model and

measurements preweighted by the inverse of the concomitant standard deviation.

The covariance for the normal maximum likelihood estimator is

s = (B-F's5'F.B")"

For the Heavyside basis, the estimators and the covariance become

ol

¢ = (Zpirom7) Etp

. = (B1 FTx;'F.B17)"

+ -1
7

<
Il

B1T(5-vT.B1T) UTp

and for the natural pixel basis

[o}3
il

Ty T T T T e
Uls sTUTE;Us ST s sTUT S p

(3.89)

(3.93)
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5, = U[s- sTU"spUs 7 UT (3.94)

b= V.5T[s.STUTE;'US - 8T] S STUT S p, (3.95)

The normal maximum likelihood estimators and covariance for the orthonormal nat-

ural pixel basis are

e = |(8 ST)%UTE;,‘U(S ST %]+(S.ST)%U7‘2;,1B (3.96)
1 19+
2. = (s ;T)5U'Tz:;U(5'~ST)”] (3.97)
b= Vst |(s 5T (s ST)%UT.E;,‘U(5‘.5”)%]+
(5 %f‘) UTx;'p. | (3.98)

When the system is non-singular, the matrix S - S7 is invertible and the natural
pixel estimator and orthonormal natural pixel estimator will not depend on the co-
variance of the projections. The same is true when the projection data acquisition
process is homoscedastic; i.e., the covariance matrix is a constant times the identity
matrix. In these cases, the least squares solution and the normal maximum likelihood
solutions are equivalent. But, most importantly, the estimators can be precomputed
and applied to multiple projection datasets for time-series analysis of dynamic pro-

cesses. Singularities in the system response will be considered further in chapter 4.

3.4 Poisson Maximum Likelihood

In emission tomography, the expected number of photons counted in a sampling time

interval may not be large enough to justify approximating the measurement process
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as multi-normal. When the count rate is low, a more realistic model is to assume
the measurements are samples from a multi-variate Poisson random distribution. The
measurements are assumed to be statistically independent and the resulting likelihood

function is

L) = ] exp ("Fe)k ° Bi;jz'(pbk , BTC>”"”
ok ‘

(3.99)

As in section 3.3, the Poisson maximum likelihood estimator (PMLE) can be found

by maximizing this expression or alternatively the log-likehood,

l(e) = 3 [Fon B"e~ log poi+ pow log (Fui - BT (3.100)
ok

over all possible image vectors, ¢; 1.e.,

¢ = arg mgmxl(c) (3.101)

[

= argmax 12 [Fnk - BT¢ — log pok + pex log (ng : BTC>]} . (3.102)
ok

Computing the gradient vector with respect to the unknown parameters, ¢, and equat-

ing it with the zero vector results in a set of @ A" non-linear equations

S ol [V Y Y O
¢ auj{;k[ ok B e 0 (3.103)

There are no known closed form solutions for the Poisson maximum likelihood es-

timator (PMLE) of equation 3.103. Instead, an iterative solution is used. A technique
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by Dempster [30] known as expectation maximization (EM) was first applied to to-
mography by Shepp and Vardi [21], Their algorithm has been extended to generalized

pixels as

A(tH1)  _ A(t) B . pT Pk (3.104)
C = ¢ J.
ZoAB Fak%; ngGk BT&!l

The iteration step is denoted by t. Under appropriate conditions [44], the covariance

matrix for the generalized pixel estimates is approximated by

~0%(e) 17
PIF E o 3.105
¢ [ Ocmint Ocyn ( 2
= (B-F'Q'F.B" (3.106)
where @Q is a diagonal matrix given in tensor form by
Qoox = Fox - BT¢ 6ppbp. (3.107)

For the Heavyside basis, the Poisson maximum likelihood estimators and the

covariance become

. 1 .
(1) A(t) Dok - -
c = W - SN"B1.F} — 3.108
‘ ZBkBl'FBkE(): OAFM B1T&M ( )
5, = (B FQ'F BIT)’ (3.109)
Qowex = Fyo- B17e bpobion (3.110)

and for the natural pixel basis
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1 N Ty rT Pok .
gt = el S US STUY, : 3.111)
¢ S US  STUG, % KU wS  STUTE0 (
¥, = U(s s'U'Q'us.s7) UT (3.112)
Qoo = UgeS  STUTE 8pobiy. (3.113)

The Poisson maximum likelihood estimators and covariance for the orthonormal nat-

ural pixel basis are

1 g i D0 ke
A1) All) ZU ¢.qT\? Pok (3.114)
¢ ¢ " S.87) p e 3.
Z()k U (S . ST)(%A. on ( )()I. U o (b .51 )Q C(t)
— T 713 TAH-1 T % *

X, = |(s 8" UTQ'U (s 57) (3.115)

N -
Q("/\"W\‘ v [J()k <S‘ ‘ 37)2 C 60/()6klk. (\:’).1[6)

3.5 Separable Inversion

In section 2.1.1, a separable model for projection formation was proposed. Estima-
tors for the unknown spatial distribution for systems that are separable have special
properties that lead to computationally fast and efficient implementations. Substi-
tuting the model of equation 2.22 into the generalized pixel least squares estimator

in equation 3.43 yields

¢ = (B-H" F[G"GFy - H - 13’1‘)+ B-HT. F{GTp. (3.117)



When the basis set chosen to represent the object has the property that BB is
the product of delta functions, e.g., the basis is composed of unique point samples,

the least squares estimator becomes

¢ = (B.H" B"B.F'G"GF,-B"B-H .B")" B.H" . B"B . i{G"p.
(3.118)

If the matrix B+ H - BT which is a pixelized version of the object blurring operator,

H, is invertible, then

¢ = (B-H.B") (B.FIG"GF,-B")" B FIG"p. (3.119)

Haber’s [45] spatially invariant method to correct for positron range blurring in PET

with no projection blurring, i.e., G is an identity matrix, is an example of this least

squares technique even though it was not expressed forfnally as equation 3.119,
Additionally, if the projection blurring matrix, G, is invertible, an estimate for

the mean of the generalized pixel representation of the object distribution is

¢ = (B-H-B") (B-FIF,-B")"B.FIG'p (3.120)

and the covariance of those estimates is

(G"‘)TFO B (B F) Fy - BT)+ [(B ‘H BT)“’]T. (3.121)
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This suboptimal estimator has many desirable computation properties. The matrix
G~! can be precomputed and is sometimes rotationally invariant, G~ is applied to a
projection dataset which is then processed by a discretized Radon inversion algorithm
such as filtered backprojection to form an image. The resulting image is then filtered

by the inverse of the pixelized version of H.

3.6 Simulation studies

A series of simulations was performed oﬁ a cylindrical phantom, shown in figure 3.9.
The phantom has non-zero constant intensity inside a circle with diameter v/2 and is
zero outside that circle. The cylindrical phantom studies were performed to compute
regional bias and squared error between the estimate of the mean of the intensity
and the true mean of the intensity. In these studies, a noiseless set of projections
was created using the paralle] beam tomograph model described in figure 2.5. The
sinulated projections for the cylindrical phantom were then scaled to a fixed image
intensity, Two noisy sets of projections were created using either a normal or Poisson
pseudo-random number generator with the mean and variance set to the value of the
noiseless projections [46]. These three sets of projections were then reconstructed
using the least squares estimator of section 3.2 using square pixels, natural pixels,
and orthonormal natural pixels which are shown in figure 3.10, The continuous space
representation of the cylindrical phantom using orthonormal natural pixels is shown
in figure 3,11, The simulation and reconstructions for the noisy projections were

repeated for 16 sample paths of the pseudo-random number generator. The results



prescuted are averages of all samples,

The continuous space representation of the squate pixel truncated least squares
estimate, equation 3.56 and equation 3.66, for the mean of the intensity of the cylin-
drical phantom as the truncation index or equivalently the number of generalized
pixels reconstructed is varied is shown in figure 3,12, Tigure 3.13 shows the contin-
tous space representation of the truncated least squares estimate, equation 3,68, for
the mean of the intensity of the cylindrical phantom using orthonormal natural pixels
as the truncation index is varied, The images in both figure 3.12 and figure 8.13 were
reconstruched l.l;s‘il‘lp,' the are averages ol 16 reconstructions of projection data with
vatfance parameter equal to 16, The images are ordered from left to vight and top to
bottom to correspond with the standard non-decreasing ovder of singular values; the
image al the top left. corresponds to the largest singular value and the image at the
bottom right correspouds to the smallest singular value, Bach image has been scaled
Lo give the largest, contrasl within the tmage; therefore, information about relative
intensity between images has been lost.,

IFigure 3,14 shows the obscrved bias,

Ih — B3"e, (3.122)

for the reconstructed images of figure 312 and figure 3,13, Since the original projec-
Lion model has little spatial variance, the normalized bias is small for both pixeliza-
Lions. However, the normalized bias for Lthe orthonormal natural pixel least squares

estimate is about an order of magnitude sinaller than the square pixel estimate, Tor



Figure 3.9: Cylindrical phantom used for sinulations.
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Figure 3.10: New orthonormal pixel basis for a parallel beam tomographic system with
L6 equally spaced projection angles and 16 projection bins at each angle. The pixels
have been arranged to correspoud to a non-increasing ordering of the the singular
values from left to right and top to bottoul,

e
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Fioure 3.0 Representation of a eylindrical phantom using the orthonormal natural
pixels shown m figure 3010 as more pixels are used to represent the object,
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Figure 3.12: Square pixel least squares reconsteuction from noisy projections of eylin-
drical object. The number of generalized pixels used in the reconstruction increases
left to right and fop to bottom,
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Fieure 3.13: Orthonormal natural pixel least squares reconstruction {rom noisy pro-
jections of eylindrical object. The number of generalized pixels used in the recon-

struction mereases left to right and top to bottom.
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tomography systems that have more spatial variance, the observed bias is generally

more pronounced. o

: {
' )
i

The effects of using the Jiagopal singular value filter matrix defined by equa-

tion 3.66 on the projection sum of squared errors,

|Ep—F - B¢|, (3.123)

9
4
(2]
-

are shown in figure 3.15 and on the cbject integral of squared errors,

Eb— BTE|’ 3.124
H . (3.124)

are shown in figure 3.16. The solid line corresponds to a noiseless simulation; the
other three curves are for simulations that used a projection dataset sampled froxﬁ a
multivariate normal distribution with variance parameter, as defined in equation 4.8,
equal to 1 (dotted line), 4 (long dashed line), and 16 (short dashed line). In this
context, the variance parameter is equivalent to a signal to noise ratio for the projec-
tion measurements. Each curve was normalized by the total expected object intensity
squared to compare simulations with different object intensities.

The projection error decreases with the inclusion of each orthonormal pixel basis
function independent of noise level. However, for square pixels, the projection error
will increase with the inclusion of more generalized pixel basis functions with the
most rapid increase at high noise levels, i.e., small variance parameter. For the noise-
less simulation, the projection error for square pixels does not become zero because

there is systematic error in the representation of the cylindrical object in the square
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Figure 3.14: Observed bias of least. squares estimate of cylindrical object versus dis-
tance from center using upper) square pixels and lower) orthonormal natural pixels.
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Projection Sum of Squared Errors
(normalized by total object intensity squared)
Intensity: nolseless solid line, 256 dotled line, 4096 long dashed line, 85536 short dashed line
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Figure 3.15: Sum of squared differences between the projection of the least squares
estimate and the projection of cylindrical object versus number of generalized pixels
reconstructed as the expected intensity is varied using upper) square pixels and lower)
orthonormal natural pixels.
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Object Integral of Squared Errors
(normallzed by total objeat Intensity squared)
Intensity: nolseless solki line, 256 dotted line, 4086 long dashed line, 65536 short dashed line
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Figure 3.16: Integral of squared differences between the least squares estimate and
cylindrical object versus number of generalized pixels reconstructed as the expected
intensity is varied using upper) square pixels and lower) orthonormal natural pixels.
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pixel basis. For display purposes only, a lower limit of 1071 was imposed on the
projection sum of squared errors for orthonormal natural pixels in figure 3.16. The
projection sum of squared errors was 10~%® when 256 orthonormal natural pixels were
reconstructed; i.e., there is very little systematic reprojection error using orthonormal
natural pixels,

The average of the object integral of squared errors decreases and then increases
for both pixelizations in the noisy simulations as more generalized pixels are included
in the reconstruction. The increase in object squared error is due to statistical noise
being added to the reconstructed image while no new information about the object
is being added. An additional systematic error is present in the square pixel recon-
struction and since this error is not stochastic, it will also be present in noiseless
simulations. When using square pixels, the object error decreases and then begins to
increase rapidly as the truncation index is in‘creased in the noiseless simulation. By
using orthonormal natural pixels, the systematic error due to the mathematical model
is eliminated as evidenced by the non-increasing object integral of squared errors for
the noiseless simulation. With noise present, reconstructions using either pixeliza-
tion undergo a rapid increase in object integral of squared error beyond a particular
truncation index that corresponds to fixed resolution. A detailed discussion of the
dramatic increase in the object error and its relationship to statistical fluctuations in
the measured projection data is in chapter 4,

When datasets sampled from a Poisson distribution were used, similar results
were observed. Typically, the number of generalized pixels needed to observed a

rapid increase in object error is somewhat less and the projection sum of squared

b
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errors is almost always greater,

3.7 Experimental studies

An example of the identification procedure used for a positron tomograph follows,
Attenuation in the tissue due to photon absorption was measured by performing a
transmission experiment. In this experiment, a positron emitter is orbited around
the object and a set of projections was measured with the position of the source
known {47]. A projection dataset was acquired without the object present, e.g, in air,
to compute detector efficiency. A reconstruction of the attenuation coefficients was
performed as described by Huesman et ‘ol [12]. It was assumed that attenuation of
photons within the object varies slowly such that attenuation can be considered con-
stant across a projection ray and therefore a line integral approximation was justified.
Also, the statistical quality of these measurements was assumed to be such that the
fluctuations of F' do not need to be considered during emission reconstruction.
Crystal penetration was studied under the assumption of separability as described
in section 2,1.1 [2]. Stochastic and deterministic simulations were used to determine
the projection blurring matrix G of equation 2.22. A lower triangular circulant block
form for G' was obtained by arranging the elements of the projection vector, p, accord-
ing to the distance from the center of the tomograph and by ordering the elements
within each block according to angle. G was inverted using a fast algorithm that
uses both the lower triangular and the circulant block properties. This inverse was

applied to an attenuation and detector efficiency corrected emission dataset of the 37
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point hot spot phantom, shown in figure 1.1, acquired using the Donner 600-Crystal
Positron Tomograph [47]. The resulting projection dataset was reconstructed using
the backprojection of filtered projections algorithm and the reconstructed image is
shown in the lower part of figure 1.2, Points thal are on the outer edge are clearly
improved over those shown in the upper image of figure 1.2 which have not been
corrected for crystal penetration.

Also visible on the penetration compensdt»ed image are artifacts due to the correc-
tion procedure, These artifacts arise from the fact that in the stochastic simulation of
the projection blurring matrix, G, the elements of G' are computed as average transi-
tion probabilities between two projection bins and the measured projections of a point
source will have different transition probabilities than the average. The method ap-
pears to amplify statistical noise a great deal in order to gain a modest improvement
in radial resolution. Further work to characterize the statistical correlations between

pixel estimates is under way.



Chapter 4
Optimization

The generalized pixel estimators in chapter 3 were derived for a tomograph with
known systemn response, F. It was shown that the fluctuations of these estimators
due to random variations in the measurements can be characterized in terms of the
covariance between estimates, In this chapter, a technique to characterize the effects
angular and lateral sampling density have on reconstructed image resolution and
noise is developed and used to examine an example system. These results lead to a
method to optimize sampling strategies given bounds for noise and resolution, The

optlimization procedure uses a criterion that is a function of the covariance matrix.

4,1 Covariance

The least squares, normal maximum likelihood, and Poisson maximum likelihood gen-
eralized pixel estimators for the mean of the unknown distribution, b, have asymp-

totically a covariance matrix

74
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e = p(B PR BT (4.1)

if the measurements are assumed to be independent and homoscedastic with variance
D,

To bound the statistical error associated with the reconstruction process, the Ly
norm of the covariance matrix is computed using induced norms. To compute the
induced norm, a unit vector ¢ is multiplied by the covariance matrix and the norm of

the resulting vector is calculated. The length of the unit vector is scaled up or down

and the largest scale factor is the induced norm. Symbolically, the operations are

NZel, = max ||Facll,. (4.2)

icllz=1

Substitution of equation 4.1 into the definition of induced norm yields

[P2F

(B FTF.BT)" ¢

, = max
lICilz=1

2

which for the orthonormal natural pixel basis, B3 of equation 3.11 is
Ry
U -y 2
”‘-‘jé”q = maxX (|p [(g , .S,T) ]
' lI€llz=1

After simplifying the terms of the pseudo-inverse by substituting the singular value

i -+
Sovlh.opTp. oy, o [(Q : ,5'7‘)*'] } el (4.4)

decomposition of the projection formation operator,
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p(s-57)"e (4.5)

BIP = max .
1Zell, = e, 2

The induced norm of a diagonal matrix is equal to the maximum of the absolute value

of the matrix elements; therefore,

1
3. = m 7 4.6
|| C||'2 ?’Xp(s . ST)ii ( )

and since the maximum of a reciprocal is the reciprocal of the minirnum

p
||Eé||2 = mini (S . ST)H s (4-7)

From the induced norm, it can be seen that the bound on the noise amplification
during reconstruction is inversely proportional to the square of the smallest singular
value of the projection formation operator. Thus, it is necessary to find the square
of the singular values of F' to compute the error bound. This differs from the deter-
ministic error propagation approach where the noise amplification is the ratio of the

largest singular value to the smallest singular value; i.e., the condition number [14]
[18].
4.2 Simulation studies

A parallel beam tomographic system with equally spaced projection angles and lateral

projection bins similar to the one in figure 2.5 was simulated to examine the effects
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of angulq,r and | “eral sampling density on reconstruction. The number of angles
sampled, ©, was varied from 1 to 80 while keeping the number of lateral sampling
bins, A, fixed at 16 in one set of simulations. A family of plots of the norm of the
covariance matrix versus the number of generalized pixels reconstructed or equiva-
lently the truncation index, J, is shown in figure 4.1. Recall that the truncation ind~x
defined in equation 3.66 is the index of the smallest singular value included in the
reconstruction; thus, according to eduat.ion 4.7, the norm of the covariance matrix
will be equal to the inverse of the singular value of the projection normal matrix at
the truncation index. To compare the simulations with a different number of angular
samples, the variance parameter, p, was varied such that all the simulations are noise

equivalent; i.e.,

Tr (S,,) = OKp = constant. (4.8)

Therefore, p is inversely proportional to the total number of projection measurements,
OK, and the covariance norin plots have been divided by the value of O K" used in
the simulation.

When the number of projection angles is 16 or greater the moving average of the
norm of the covariance matrix increases almost linearly with a slope of approximately
0.6 on a log-log plot as the truncation index increases until there is a more rapid
increase at truncation index 150. In other simulations, not shown here, that had 8
and 24 lateral sampling bins, a similar increase in the moving average of the norm of

the covariance matrix with approximate slope 0.6 and then a rapid increase is observed
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Figure 4.1: Norm of covariance matrix versus number of generalized pixels recon-

-{1,2,4,6,8, 10,

structed for a set of parallel beam tomographic systems with ©

12, 14, 16, 18, 20, 24, 28, 32, 40, 48, 56, 64, 80 } equally spaced projection angles

and K" = 16 projection bins at each angle.
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‘when thg number of projection angles is greater than or equal to the number of lateral
projection bins. Note that norm of the covariance matrix changes most significantly
over only a three order of magnitude range implying that numerical error from the
robust technique used to compute the singular values should be negligible.

There is a correspondence between the point where the moving average of the
norin begins to rapidly increase and the total number of projections measurements.
The analysis used to obtain equation 2.21 where the number of linearly independent
projection measurements was found to be ©(A — 1) + 1 was based upon the zeroth
spatial moment of the mean of the object distribution. By considering the higher order
spatial moments of the mean of the object distribution using a technique similar to
that proposed by Ein-Gal et al [48], there will be ©® — 1 degrees of freedom lost for the
zeroth moment when each angle is paired with one angle, @ — 2 degrees of freedom

are lost for the first moment when each angle is mated with two angles, and so on up

to the A" — 1 moment. Thus, there aie approximately

KN-1 2 e
OK -3 (@—k—1) = & 2”‘ (4.9)
k=0

measurements that are independent in the zero through A" —1 moments. This analysis
relies upon continuous lateral sampling and is therefore only a lower bound on the
number of independent measurements for discrete lateral sampling.

The important feature of figure 4.1 is for reconstruction spatial resolutions coarser
than a well defined resolution threshold, increasing the number of angles sampled will

decrease the noise in images reconstructed from data acquired by a system that has
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more angular samples than the number of lateral samples. For resolutions finer than
that resolution threshold, very little improvement in resolution is obtained without
a large increase image noise. For K = 16, the lower bound from equation 4.9 is 136
generalized pixels arid the number observed from simulations is 150 generalized pixels.

Huesman [49) wés one of the first to realize the implications of finite angular and
lateral sampling on statistical reconstruction noise. He performed a detailed study
of these effects using a projection model based on parallel line integrals sampling a
circular grid of square pixels. His analysis suggests the number of projection angles
should be 1.5 D/d and the number of lateral samples should be 2.0 D/d to maintain an
appropriate bound on reconstruction noise amplification. D is the linear dimension
of the reconstruction region and d is the linear dimension of the cells into which
the reconstruction region is subdivided (resolution length); therefore, the number of
square pixels should be 5O, For K = 16, Huesman would predict 67 square pixels.
This bound is much more conservative than the bound from the moment analysis or
the bound from the simulations of figure 4.1. It is possible that while trying to study
only statistical errors, Huesman was also experiencing significant deterministic errors
due to line integral model sampling of square pixels and the numerical instability
of the matrix inversion technique being used. These deterministic errors may have
influenced his choice for the angular and lateral sampling bounds.

Figure 4.2 shows & family of plots of the norm of the covariance matrix versus the
truncation index, J, for a set of simulations where the number of lateral sampling
bins was varied from 1 to 80ywhile keeping the number of angles sampled fixed at 16.

When the number of laterally sampled bins is less than or equal to the number of
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angles sampled, a sharp increase in the moving average of the norm of the covariance
matrix is again observed above the index predicted by equation 4.9; e.g., for K = 8,
moment analysis yields 36 generalized pixels and the value from simulation is 38
generalized pixels. When the number of laterally sampled bins is greater than the
number of angles sampled, there is a less abrupt change in the slope of the covariance
norm moving average.

By increasing‘ the number of lateral projection bins, resolution and reconstructed
image noise are always improved. However, for any angular and lateral sampling
density, there is a resolﬁtion threshold beyond which improvements in resolution are
only achieved with a large increase in image noise. Furthermore, the number of
generalized pixels corresponding to that resolution threshold are far fewer than the
total number of projection measurements.

To elaborate the utility of this method to optimize sampling, consider a parallel
beam tomographic system with equaily spaced angular and lateral sampling that has
the number of angular samples constrained to be © = 16. The desired resolution for
a reconstructed image is 100 pixels. From figure 4.2, the number of lateral sampling

bins should be K = 14 to obtain a reasonable bound on reconstructed image noise.
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Figure 4.2: Norm of covariance matrix versus number of generalized pixels recon-
structed for a set of parallel beam tomographic systems with © = 16 equally spaced
projection angles and K’ = { 1, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 24, 28, 32, 40, 48,
56, 64, 80 } projection bins at each angle.



Chapter 5

Implementation of Algorithms

5.1 Orthonormal Least Squares

The continuous space representation of the truncated minimum L, norm least squares
estimator for the mean value of the orthonormal natural pixel image is from equa-

tion 3.68

>
i
<
A

v.sT(s-s7)" UTp. (5.1)

‘ ool

<.
1]

This image is converted to a square pixel representation by performing the operations
of equation 3.4 using the Heavyside basis operator, B1, of equation 3.9. The resulting

square pixel representat on is

J-1
¢ = Y BLV-ST(s 8T UTp (5.2)
=0
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and after substituting equation 3.12 into equation 5.2,

J=-1
¢ = Y B1-FTU(S-S7) UTp (5.3)
=0

JJ -

In general, the computation of the projection normal matrix requires @(9*K?)
integral evaluations! 2. An Q(©3K?) singular value or eigenvalue decomposition rou-
tine is used to compute U and S - S7. After the singular value decomposition of
the projection normal matrix is known, evaluation of eQuation 5.3 uses O(O*K?)
operations. \

For a rotationally invariant system, described in section 2.1.2, the evaluation of the
projection normal matrix requires iny O(OAR?) integral evaluations and its singular
value decomposition requires (@A) operations using the block circulant singular

value decomposition algorithm described in section 5.2. The rotationally invariant

'Let n,np € N and e € R,e > 0. Also, f,g: N — R. Then, define
1)

1. Upper bound
O(f(n)) = {g(n):g(n) <ef(n)Vn>no}
2. Lower bound

Q(f(n))

il

{9(n) 1 g(n) > ef(n) Vn > ng}
3. Combined bound
O(f(n)) = O(f(n))NQf(n))

4. Asymptotic

f(n) ~ g(n) & lim )

g(n)

2Using the symbol © for the number of projection angles measured and the combined bound
- function ©(') is somewhat confusing but parenthesis distinguish between the two uses.
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orthonormal least squares estimator is computationally tractable on current com-

| ‘ ‘ , .
puter systems. The separable estimators discussed in section 3.5 also have similar

f

computational properties.

5.1.1 Implementation

The C prograxﬁming language [50] function call

(S5

orthols (¢, F+ B1", B1- FT,svd(A), (S - ST)* integration.factor)

will compute the estimator of | equation 5.3. '[he source code for a seqqential imple-
mentation is given in section B.1 and a block diagram of the algorithm is shown in
figure 5.1. The first argument is a vector of square pixel image amplituiles that will
be computed by the function. The second and third arguments are, respzctively, the
projector and backprojector functions which are compatible with the RIZCLBL [12]
reconstruction software. The fourth argument is a routine that will return the singu-
lar value decomposition of the projection normal matrix, A; an example C language
routine is given in section B.2. The fifth argument is the minimum singular value to
be used in the reconstruction and the last argument is an integration factor as defined

by RECLBL.
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Figure 5.1: Block diagram of orthonormal natural pixel least squares estimation al-
gorithm.
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5.2 ‘yBlock Circulant Singular Value Decomposi-
tion

A special class of matrices have the block circulant structure shown in equation 5.4.
There are M x M blocks each of dimension m x n. This form of rﬂat;rix arises quite |
frequently when a function is invariant under rotation. As an example for the rest of
this secﬁion, the case where ]\(i = m = n = 64 shall be used because it is representative

of typical SPECT reconstructions.

Ap Ay Ay .. Apmog Apo
Am-1 Ao Ay .. Ayz Apm-o
4 - Am—2 Am-a1 Ao .. Apm-y Apm-s (5.4)
A, As Ay .. A Ay
i A, A Az .. Ama1 Ao |

A ©(mnM log M) fast Fourier transform (FFT) technique [15] [52] and an
Q(M min(m,n)mn) singular value decomposition (SVD) algorithm are used to com-

pute the factorization [53]

A = (Fuol.)' D (Fuel,) (5.5)
= (Fu® I.) UpSpVY (Fu o I,) (5.6)
= USpV! (5.7)

= USV! (5.8)
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where fM is a normalized M x M discrete Fourier operator matrix, I, is an m xm
identity matrix, and I, is an n X n identity matrix. U and V are unitary matrices
whose célumns are respectively the left and right singular vectors of A3 S is a
generalized diagonal matrix containing the singular values of A. The operator
is conjugate transpose and ® is the outer product operation. A proof is given in

section A.2.

5.2.1 Implementation

The C language function call

zbcsvde (A, M,m,n,S,Up,V p,compute_uv, status)

is used to compute the singular value decomposition of A that is shown in equa-
tion 5.6. The source code for a sequential implementation is given in section B.3.

Each of the mn discrete Fourier transforms of equation 5.6 can be computed
independently; i.e., each sum does not need the result or input of another sum. The
SVD of the blocks of D also do not have input/output dependencies with other blocks
and can be computed without explicit synchx'onization. Therefore, parallel processing
implementations of the block circulant singular value decomposition valgorithm are
possible.

Two parallel versions of the BCSVD algorithm were implemented and tested on

a Cray-2 supercomputer using macrotasks [53]. The ©(M log M) grain size of FF'T

3The matrix A of equation 5.4 is more general than the one defined by equation 2.26 because
the matrix in equation 5.4 has rectangular blocks and complex elements. Also, the symbols U, V,
and S have different meanings than in equation 2.7.
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tasks is extremely small. For the example, it takes about 0.45 ms [54] [55]. This is
comparable to the 0.31 ms necessary to synchronize with a server process and is much
smaller than the 2.63 ms necessary to create a new process. It is thus advantageous
to increase the grain size of FFT tasks by computing m FFTs per task. The resulting
granularity of @(mM log M) is about 29 ms. The task granularity of an SVD process
is 2(min(m,n)mn) which is 428 ms for the example problem.

A prescheduled algorithm was impler ented by creating one process for each of
the n FFT tasks and another processes for each of the M SVD tasks. The parent
task starts k processes with either an FFT or an SVD task. All of the k processes run
to completion before another k processes are started. This method is very easy to‘
implement because all synchrenization is implicit in the fork and join like paradigm
[56).

To overcome the process creation overhead, a self-scheduling algorithm was con-
structed [57]. This method is more complex than the prescheduled algorithm but has
a smaller time overhead. It requires explicit synchronization between server processes
and a task manager. k server processes are created and each waits for a start signal
after initial setup of local state information. After receiving the start signal from the
task manager, a server checks what part of the matrix it is to work on next. When
finished the server sends a ready signal to the hibernating manager. The manager

then reassigns each of the server processes until the task queue is empty.
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5.2.2 .Results |

Figure 5.2 shows the computation time for different sizes of input matrices. The
speedup of the algorithm, shown in figure 5.3, increases as the size of M, m, and n
are increased. The prescheduled algorithm is faster for very small matrix sizes because
the self~scheduléd algorithm server processes have a larger startup overhead than a
process started by the prescheduled aigorithm. The self-scheduled algorithm is faster
for medium sized problems that have small grain sizes but the prescheduled algorithm
again approaches the speedup of self-scheduling as the problem size increases.

The efficiency, shown in figure 5.4, does not approach unity as quickly as expected.
This might be attributed to the timesharing scheduling algorithm used by the CTSS
operating system and not to synchronization overhead because the overhead, shown
in table 5.1, is less than 1.0% for M, m, and n larger than 64 [58] [59]. It was not

possible to verify this conjecture by usihg the machine without other users present.

M=m=n prescheduled self-scheduled
‘ overhead (ms) | % overhead | overhead (ms) | % overhead
4 25.7 29.9
8 46.8 42.77 32.3 5.09
16 80.2 10.89 37.3 1.29
32 155.7 2.66 47.2 0.32
64 306.8 0.61 67.1 0.07

Table 5.1: Synchronization overhead versus problem size.

The process creation time was found to be 2.63 ms. Task synchronization in the
self-scheduling algorithm was 0.31 ms. A typical procedure call was measured to take

4.7 ps. Self-scheduling has less time overhead than prescheduling but is still 66 times
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Execution time versus Matrix size
Sequential algorithm solid line
Prescheduling algorithm dotted line
Self-scheduling algorithm short dashed line
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Figure 5.2: Computation time versus problem size with four tasks and four processors
available to service tasks.
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Multitasking speedup versus Matrix size
Prescheduling algorithm dotted line
Self-scheduling algorithm short dashed line
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Multitasking efficlency versus Matrix size
- Prescheduling algorithm dotted line
Self-scheduling algorithm short dashed line
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more exp‘ensiye‘than a procedure invocation.

Data memory usage and overhead is shown in table 5.2, Very little memory is
necessary for the synchronization of tasks. Each of the processes needs some local
working storage for computing FFTs and SVDs. Code memory usage ahd overhead
is shown in table 5.3. The code space sharing was small due to a problem in the

Fortran compiler that made code replication necessary.

M =m =n | sequential prescheduled self-scheduled
usage (kB) | usage (kB) | % overhead | usage (kB) | % overhead
8 112 409 265.2 475 324.1
16 240 533 130.4 604 151.7
32 1648 1946 18.1 1948 18.2
64 12400 12698 24 12888 3.9

Table 5.2: Data memory usage and overhead versus problem size with four tasks.

k | sequential prescheduled self-scheduled
usage (kB) | usage (kB) | % overhead | usage (kB) [ % overhead
1 404 450 11.4 447 10.6
2 404 489 21.0 492 21.8
3 404 530 31.1 537 32.9
4 404 570 41.1 582 44.1

Table 5.3: Code memory usage and overhead versus number of active tasks.

Dynamic merory allocation costs are basically independent of the block size be-
ing allocated for small blocks. The cost depends almost entirely on the number of
blocks being allocated. Each block takes approximately 0.68 ms to allocate. The
server processes of the self-scheduling algorithm avoid this overhead by reusing their

local storage during each activation. The prescheduling algorithm originally allocated
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local storage blocks within eaéh child process. This was deemed to be unsatisfactory
and another parameter with working storage was passed to each child to avoid the
overhead of dyiiamic memory allocation.

The BCSVD algorithm p.ovides orders of magnitude speedup by utilizing the
circulant structure of matrices. A further speedup was obtained using macrotasking.
This does not reduce central processing unit charges because time on all processois is
billed to the job [59]. However, a substantial savings in memory charges is achieved
because the program memory residency time is reduced by the multiprocessor speedup
[60] [61]. For typical problems M, m, and n are approximately 256. This requires
approximately 800 megabytes of memory which can be quite costly to use.

Self-scheduling is useful when the task granularity is small. As the task granularity
increases, prescheduling overhead becomes less important. Prescheduling is much
easier to implement and debug. There are no explicit synchronizations to consider
since the operating system handles the process allocation and scheduling. The parent
only has to wait for the operating system to signal that the child has finished. Self-
scheduling needs explicit synchronization with the server tasks and is therefore more
difficult to implement and dcbug.

The Fortran compiler does not allocate local variables on the stack properly. It
puts some local variables into static storage. Thus, code sharing is not possible for
the Fortran subroutines. Each process must have a separate copy of the code and
local data space. This was done by creating cupies of the subroutines and giving
each copy a unique name space by appending tlie process number to the name of the

subroutine and all of its descendants.



Chapter 6

Summary and Conclusion

The work for nﬁy dissertation has focused on novel configuration space models (CSM)
for processing multidimensional signals acquired using modern tomography systems
that have an anisotropic or spatially variant response function. A motivation for the
project is accurate estimation of radiotracer distributions from emission tomograph
data. Accurate estimates are necessary for use in quantitative models of physiologi-
cally important processes such ‘as the in vivo density of neuroreceptors. My research
of algorithms and architectures for reconstructing tomographic data has three distinct
parts: identification, estimation, and optimization.

An identification procedure is performed where the response function of the tomo-
graph is found using a combination of deterministic and stochastic simulations and
measured point response data. Because the model assumes the detection process has
a discrete domain and the original distribution has a continuous domain, the model

is easily adapted to include a variety of physical effects found in positron tomography
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(PET), single photoﬁ emission compuﬁed tomography (SPECT), and nuclear mag-
netic resonance imaging (NMRI). For PET, the response function model can include
radioactive decay, positron range, non-collinearity of photons, sampling geometry, at-
tenuation, inter-crystal scatter, crystal penetra;tion,“and detection efficiency. Several
of these phenomena lead to position dependent resolution.

An estimator for the unknown spatial distribution is formulated using the known
response function and the statistical characteristics of the acquired data. Generalized
pixel least squares, normal maximum likelihood, and Poisson maximum likelilood
estimators and the corresponding covariance have been formulated to compensate for
a spatially variant response. Reconstruction algorithms based on the spatially variant
model have reduced bias when compared to spatially invariant methods. While bias
is reduced by these estimators, undesirable statistical and systematic fluctuations due
to pixelization effects can result. To reduce these fluctuations, an algorithm that uses
a orthonormal pixel basis decompusition of the unknown spatial distribution was de-
veloped. The pixel basis functions are chosen from the right singular functions of the
system response operator and therefore are fundamental to a particular tomography
system. With this pixel basis, systematic error is zero and statistical error can be re-
duced by filtering the singular values of the impulse response function as evidenced by
analytical calculations and simulation studies. Additionally, these simulation studies
suggest the existence of a resolution threshold beyond which improvements in resolu-
tion are achieved only with a large increase in image noise. The convergence rate and
the computation time for each iteration of iterative algorithms can also be adjusted

by weighting the singular values without adding systematic error which is in contrast
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to square and polar pixel multigrid approaches. However, some estimator bias will
usually result for this suboptimal estimator, Computation burden is sometimes re-
duced when using the orthonormal natural pixel basis because symmetries in the data
acquisition process are preserved. For some systems, further computational efficiency
can be achieved using suboptimal separable estimators,

The third part of the work is to optimize the 'jystem so better estimates ‘of the
unknown spatial distribution will result. The criterion used is to minimize the norm
of the covariance matrix while keeping the estimator unbiased. This is typically done
by simulating a change in one of the parameters used to identify the system response
function and evaluating the criterion; closed form solutions are not usually possible.
In the orthonormal pixel basis described previously, the norm is readily computed
from the singular values of the projection normal matrix. For emission tomogra-
phy, the system parameters that are most easily changed are the angular and lateral
sampling density. The important result for parallel sampling with equally spaced
angles and bins is that for spatial resolutions coarser than a well defined resolution
threshold, increasing the number of angles sampled will decrease the noise in images
reconstructed from data acquired by a system that has more angular samples than
the number of lateral samples. For resolutions finer than the resolution threshold,
very little improvement in resolution is obtained without a large increase image noise.
By increasing the number of lateral projection bins, resolution and reconstructed im-
age noise are always improved. However, for any system configuration, there exists
a resolution threshold beyond which improvements in resolution are achieved only

with a large increase in image noise. Furthermore, the number of generalized pixels
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corresponding to that resolution thresnold are far fewer than the total number of
projection measurements. In fact from moment and singular value analysis, the num-
ber of generalized pixels is approximately equal to one-half the number of projection
measurements.

The identification, estimation, and optimization methods déscribed abéve all re-
quire fhé solution of large systems of linear and non-linear equations. For example,
the Donner 600-Crystal Positron Tomograph takes 120,200 projection measurements
and the resulting linear system is 120,200 x 120,200, The computational complex-
ity of the CSM has led to the use of a distributed computing environment in whi:h
‘workstations are used to aalyze results from our identification, estirﬁation, and opti-
mization algorithms running on supercomputers. Several of the algorithms have been
implemented using large grain parallel processing and also remote procedure calls,

The block circulant singular value decomposition (BCSVD) algorithm uses dis-
crete Fourier transforms to rotate the blocks of a block circulant matrix into block
diagonal form. Each block on the diagonal is then factored using a general singu-
lar value decomposition (SVD) algorithm. The BCSVD algorithm provides orders of
magnitude speedup over general SVD algorithms. For a 642 x 642 block circulant ma-
trix, computation time decreased from 12 hours to 23 seconds on a Cray-2. Because
the BCSVD algorithm is easy to partition, a further speedup can be achieved using
parallel processing. The orthogonality properties of multidimensional fast Fourier
transforms (FFT) allows the FF'T portion of the algorithm to partition into macro-
tasks. The SVD of the blocks of the block diagonal matrix can be computed indepen-

dently and a macrotask can be assigned to each SVD. A multiprocessor speedup of
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3.06 was achieved for prescheclﬁling and for self-scheduling a multiprocessor speedup
of 3.25 was observed using four processors on a Cray-2. Relative time overhead was
0.5% for the prescheduled algorithm and 0.07% for the self-scheduled algorithm. Rel-
ative memory overhead was 4% for both cases. Self-scheduling is useful when the
task granularity is small. As the task granularity increases, prescheduling overhead
becomes less important. The ﬁrescheduled algorithm is satisfactory for most emission
tomography problems because all the dimensions of the matrices are greater than 64
and the task granularity will therefore be large when compared to the synchronization
overhead.

Multitasking the block circulant singular value decomposition algorithm decreases
overall computation costs by reducing the time large sections of memory are in use.
Little or no gain comes from reduced central processing unit charges since processing
time on all processors is charged to a job.

The data acquisition model presented in this work provides a mathematical frame-
work to incorporate detailed knowledge about the response function of a tomography
system and the statistical properties of the signals acquired using that system. Us-
ing this mathematical model, it is easy to represent systems of varying complexity;
e.g., simple spatially invariant systems, systems with spatially variant response that
have symmetries, and the most general linear case, a spatially variant system with-
out symmetry. The novel singular value decomposition of the projection formation
operator used in the data acquisition model is a powerful mathematical description

of a tomography system and is fundamental to the identification, estimation, and
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Projection formation

p = F:b
Projection formation singular value decomposition
F = US.VT
Projection normal matrix
A= F.FT
Us-sTut

Generalized pixel representation
bx BTc
Orthonormal natural pixel basis
B3 = [(s : ST)*]% S.vr
Generalized pixel least squares estimation
¢ = (5-vT.B") UTp
2. = (s-v7. B UTZU(B.V.sT)
b = BY(s-vT.BT) UTp

Orthonormal natural pixel filtered singular value least squares estimation

¢ = D[(SvST)+]%UT]_J
¥y = D [(9 . S'T)+]% UTE,U [(5 . .S“T)+J% D

~

b

v.S™TD(s-sT) UTp

Variance bound

‘ 5
2“ 2] = ' "y
1Zell, min; (S - ST),;

Block circulant singular value decompesition

A = (FyolIy)! UpSpVh (Fu @ I,)

Table 6.1: Summary of major mathematical results.
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‘optimizatipn methods developed here. While the results presented for several repre-
sentative tomography systems are not inconsequential, the mathematical techniques,
which are summarized in table 6.1, used to obtain these results are the primary contri-
bution from this work. These techniques should find the most utility in modeling the
spatial sampling of each unique tomograph. Extensions of the model to include sam-
pling in three or more spatial dimensions as well as time should be straightforward;
but, in practice, higher dimensional applications may be limited by computational
tractability without using special computing technology.

Because the data acquisition process is represented as a linear map from a con-
tinuous domain object space to a discrete domain observation space, it is a more
physically realistic model of many systems than approximations using continuous-
continuous maps or discrete-discrete maps. Thus, the validity of many results that
were obtained using these approximations, e.g., angular and latera: sampling density
in emission tomography, may need to be reexamined using the new, more robust
techniques presented in this work. While the verification of old results is worthwhile,
it is the unanswered questions such as the efficacy of iterative algorithms and stop-
ping rules, the formulation of Bayesian estimators that use basis functions in the null
space of the projection formation operator, the representation of object functions that
are convex cones, and the efficiency of algorithm implementations that provide chal-
lenging new research opportunities for the application of the mathematical methods

resulting from this thesis.
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Appendix A

Singular Value Decomposition

A.1 Projection Formation Singular Value Decom-
position

The projection normal matrix is symmetric and positive semidefinite because for an

arbitrary projection vector, p,

O-1 /=1 -1 1\’:—1
pTAp = Yo D pow Y. Y AskiokDPer (A1)
9!=0 k'=0 #=0 k=20
O—1K-1 O—1I -1 |
= ). 2 Pek Y Z/dy/dwfw(w,y) for(z,y) por (A2)
6/=0 k'=0 =0 k=0 /R R
@:\1 1\'-—] @'—‘\1 ]\":1
= [dy [de 5% Jowle) pow 3o 3 Sor(ww) oo (AD)
R R p=ok=0 =0 k=0
, O-1K-1 2
= [dy [ de [}, 3 fgk<:v,y>m] (A4)
R R 0==0 k=0
> 0. (A.5)
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Since A is positive semidefinite, the eigenvalues, § « ST, are non-negative, Let the

eigenvalues be ordered such that

(5o 2+ 2 (5°57)

0,0 r—=1r-1

> 0:(5-._‘5}'T) = e -_—(5'.‘3T

ra

(A.6)

)@1\'-1.@/\'*1 '
Also, let U, be the submatrix of orthonormal eigenvectors corresponding to the

non-zero eigenvalues, (5' - ST)O - (5 5'7) ey and Uq be the submatrix of or-

,0 p—1,0=

thoriormal eigenvectors corresponding to the zero eigenvalues,

(S . ST) e (.S' \ ST) ~such that
e ON~1,0~1

-

U= |U, U, ] and (A7)
m AS' 'S'T O
§.87 = |70 (A8)

= , (A.9)
0 0
Therefore,
uTau, = 8,87, (A.10)
UTAU, = 0and consequently (A.11)
ulr = o, (A.12)

Choose V] so
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s vl = UTF | (A.13)
and choose V4 such that
V= [ % 1| and (A.14)
‘ RV
vovr = | (A.15)
0 Vi VT
= (e’ —a)b(y ~y). (A.16)
- T
UTF.v = U, Ug] }?.[v1 ‘,3,] (A.17)
u? ,
- Folw v (A.18)
UT

UTF. v, UTF. v,
= (A.19)
UTF. v, UTF. v,

SO VIV S VE

= (A.20)
0.V 0 Vi
-
Sy 0
= (A.21)
0 0
= S (A.22)

Finally, the singular value decomposition of F is
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o= US. V7, (A.23)

A.2 Block Circulant Sihgular Value Decomposi-
tion

Let A,’_,‘:;,L be the p, ¢ element of the K, L block of the matrix A in equation 5.4, Since

A is block circulant,

AKE = gLt (A21)
= AL (A.25)

and it can be decomposed as follows

. | - -2 y
A;IJ\.;]L - . eIV 3] 3 ewb%l}
M D M 3
1 M}:‘l 1ul\"%’?’- 1 Aéil --wb'%} 41\" L' (A 2(*)
— € — € / ! 20
\/M K'=0 \ A4 L'=0 P
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A/[ u==0 \4 AJ v=0
1 ' 3R 1= ~wlL'3% 40,L'~K'+M -
S 3 LS i g (A.27)
K'=0 L'=0
1 M-1 M-1 )
= ___i_ Z e—tul\'%’- ___L_‘ e”"l‘%
% M u:=0 \% A4 v=0
g 1 -
1 M) w2 1AM —w(L'+K'-M)2Z 40, L 00
— e Yo e MAD (A.28)

1Y My
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Thus, in matrix form, the block circulant decomposition of A is

A = (Fu®I,)'UpSpVh (Fu@l,). (A.33)
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Appendix B

Software and Documentation

B.1 orthols.c

/*
A sk
* %
*K
*%
* Kk
*%
*k
*> ok
* %
*ok
* K
* %
* %
* K
* %
* %
*k
*%
% %
*k
*%
*%
-k
*
*%
*F
*k
K
* %
* %

Header: o(#) orthols.c 1.5 91/10/29 16:12:21 baker penguin UCB/LBL
Name: orthols
Purpose: The subroutine orthols reconstructs the array image

using the orthonormal natural pixels least squares method.
Input parameters:

PTrj entry point of projector
bck entry point of backprojector
fftsvd entry point of singular value decomposition routine

min_sing minimum singular value to be used in the solution
int_fac integration factor

OQutput parameters:

image orthonormal least squares solution
image[parm.ipar .ndimu] [parm.ipar.ndimu]
Dependencies:
libreclbl.a
cemesg error message routine
clgtxt print text banner
memst memory management
rchek  initialization check
orthobck
orthonormal natural pixels backprojection
orthosquare

—-
-
<D



ok orthonormal natural pixels <-> square pixels conversion
* : '

*/

#include <stdio.h>
#include <errno.h>
#include <sys/types.h>
#include “error.h"

#include '"math.h"
#include ''reclbl.h"

int
orthols (image, prj, bck, fftsvd, min_sing, int_fac)

double *image;
int (*prj) ();
int (*bek) O ;
int (xf£tsvd) () ;
double *min_sing;
int xint_fac;
{
static char ScesId[] = "0(#) orthols.c 1.5 91/10/29 16:12:21
baker penguin UCB/LBL';
static int name(] = { ’E’, 'N’, 'D’, ' ’,
)0)' )a)‘ )T)’ ’Hl‘ )O)’ )L)’ )S)
3
double *proj, *proj_pointer;
double *error, *error_pointer;
double *ortho_image, *identity;
double *1, *sst;
double min_sst;
double sum;
int pix_index, proj.index, angle_index;
int number_of_proj, size;
int maxfw, length;
int status;
int one = 1, two = 2;
/*
** Check that setup has been called.
*/

if (setchk() < 0)
cemesg(&one, name[4], &ome);

length = 7;
clgtxt(&name[4], &length);

printf ("\n\n\n\n PARAMETERS FOR SUBROUTINE ORTHOLS\n\n'");
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printf (" DESCRIPTION\n");
printf ("MINSING - %10.3e MINIMUM SINGULAR VALUE\n",

*min_sing) ;

printf ("INTFAC - %7d INTEGRATION FACTOR\n",

/*

xint_fac);

*%x Check the backprojector and projector to see if they match.

*/

rchek(bek, prj, &ome);

/%

* ok

*/

Compute maximum storage size needed.

number _of _proj = trgcom.nang * trgcom.kdimu;

size

/%

*x
*/
if

if

if

if

if

if

/%
*%k
*%

*/

number_of _proj * number_of_proj;

Allocate dynamic memory

((u = (double *) malloc(size *

) == NULL)

Perror(''unable to allocate u'");

((sst = (double *) malloc(number_of_proj *
== NULL)

Perror("unable to allocate sst");

((proj = (double *) malloc(number_of_proj *
== NULL)

Perror('unable to allocate proj");

((error = (double *) malloc(number_of_proj *

) == NULL)

Perror('"unable to allocate error");

((ortho_image = (double *) malloc(number_of_proj *

) == NULL)

Perror("unable to allocate ortho_image");

((identity = (double *) malloc(number_of_proj *

) == NULL) ‘

Perror('"unable to allocate identity");

Get the right singular vectors and singular values
the projection normal matrix.

status = (*fftsvd)(u, sst, prj, bck, int_fac);

/%
* K

*/

Eliminate singular values less than the minimum.

‘min_sst = MAX(0.0, *min_sing) * *min_sing;
for (proj_index = O; proj_index < number_of_proj; proj_index++)

¥
/*

*x
*/

if (sstlproj_index] < min_sst)
sst[proj_index] = 0.0;

Get projection data and errors.

sizeof (double))

sizeof (double))

sizeof (double))

sizeof (double))

sizeof (double))

sizeof (double))

of
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proj_peinter = proj;
error_pointer = error;
for (angle_index = 1; angle_index <= trgcom.nang; angle_index++)

getum(&angle_index, proj_pointer, error_pointer);
proj_pointer += trgcom.kdimu;
error_pointer += trgcom.kdimu;

+
/%

*% Backproject from projections to orthogonal natural pixels.

** Normalization is incorporated in the singular value filter.

*/

for (pix_index = 0; pix_index < number_of_proj; pix_index++)
identity[pix_index] = 1.0;

orthobck(ortho_image, proj, u, identity);

/%

*% Singular value filter. Singular values smaller than the
*x minimum have already been zeroed,

*/

for (pix_index = 0; pix_index < number_of_proj; pix_index++)

if (sst[pix_index] > 0.0)
ortho_image[pix_index] /= sst[pix_index];
else
ortho_image[pix_index] = 0.0;

if (prtcom.tprint[3] == TRUE)
for (pix_index = 0; pix_index < number_of_proj; pix_index++)

if (sst[pix_index] > 0.0)

printf("sst[%4d] "+ = %18.10e\n", pix_index, 1.0/sst[pix_index]);
else

printf ("sst[%4d] "+

%18.10e\n", pix_index, 0.0);

/%

*% Convert from orthogonal natural to square pixels.

** Normalization is incorporated in the singular value filter.
*/ ‘

orthosquare(ortho_image, image, prj, bck, u, identity, &one);

/%

*; Free dynamic memory.
*

free(u);

free(sst);

free(proj);
free(error) ;
free(ortho_image) ;

length = -1,

memst (&maxfw, &length);

printf ("\n\n MAXIMUM SIZE OF BLANK COMMON THUS FAR=Y%7d ", maxfw);
printf ("FLOATING POINT WORDS.\n");

/*
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** Qutput trailer.

*/

length = 11; )
clgtxt (émame[0], &length); '

/%

** Return SVD status. v
w/ : ‘

return(status) ;

B.2 fitsvd.c

A

%% Header: ©(#) fftsvd.c 1.5 91/10/29 16:08:26 baker penguin UCB/LBL
%* %k :

** Name: fftsvd

* %

** Purpose: Compute the singular value decomposition of the
% projection normal matrix generated using the backprojector
*ok bck and the projector prj.

*ok

** Input parameters:

ok

*k PTj entry point of projector

ok beck entry point of backprojector

ok int_fac integration factor

*k

** Qutput parameters:

* %k

*k u left singular vectors of projection normal matrix
ok u[parm.ipar.nang] [parm.ipar kdimu]

*k (parm.ipar.nang] [parm.ipar .kdimu]

*k sst singular values of projection normal matrix

*k sst [parm.ipar .nang] [parm.ipar .kdimu]

ok

** Dependencies:

* %

*k libreclbl.a

*k setup

*k fftgen

*ok liblinpack.a

*ok dsvdc ‘
* %

*/

-

#include <stdio.h>
#include <errno.h>
#tinclude "error.h"

#include "math.h"
#include "linpack.h"
#include "reclbl.h"
#include “ftf.h"



int ' '
fftsvd (u, sst, prj, beck, int_fac)
double *u
double sst
int (*pr3) )
Cint (*bck) () ;
int : *int_fac;
{
static char Scesld[] = "0(#) fftsvd.c
baker penguin UCB/LBL";
double *fft;
double LA
double ‘ *e, *work;
double *angles;
double phantom_pwid, image_pwid;
int fft_size, f_rows, f_cols;
int ) ft_rows;
Template *template;
int phantom_pixels, image_pixels;
int phantom_dim, image_dim;
int number_of_bins;
int angle_index;
int bin_index;
int offset;
int compute_uv;
int status;
int one = 1, zero = 0;
/*
*% Compute maximum storage sizes.
*/
image_dim ptrcom.ndimy;

image_pwid
image_pixels

ptrcom.pwid;
image_dim * image_dim;

phantom_dim
phantom_pwid
phantom_pixels

image_dim *x *int_fac;
image_pwid / *int_fac;
phantom_dim * phantom_dim;

Houu

number_of_bins = trgcom.nang * trgcom.kdimu;

f_rows = number_of_bins;
f_cols = phantom_pixels;
fft_size = f_rows * f_rows;

/%

1.5 91/10/29 16:08:26
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** Compute projection usage template.

*/

if ((template = (Template *) malloc(trgcom.nang * sizeof (Template))
) == NULL)
Perror('unable to allocate template"); ‘

if ((template[0].data = (int *) malloc (number_of _bins * sizeof(int))

== NULL)
Perror('unable to allocate template data");

offset = 0, :
for (angle_index = 0; angle_index < trgcom.nang; angle_index++)

template[angle_index] .data template[0] .data + offset;

template[angle_index].count = trgcom.kdimu;

for (bin_index = 0; bin_index < trgcom.kdimu; bin_index++)
template[angle_index] .data[bin_index] = bin_index;

offset += trgcom.kdimu;

R

}

/%

%** Allocate dynamic memory.

*/

if ((£ft = (double *) malloc(fft_size * sizeof (double))) == NULL)
Perror("unable to allocate fft'');

if ((angles = (double *) malloc(trgcom.nang * sizeof (double))) == NULL)

Perror ("unable to allocate angles');

/%

** Compute projectiocn normal matrix, F . F-t,.
*/

parm.ipar.ndimu = phantom_dim;

parm.par.pwid phantom_pwid;
setup(&parm.ipar, &parm.par, angles) ;

fftgen(fft, template, prj, bck);

parm.ipar.ndimu = image_dim;

parm.par.pwid = image_pwid;

setup(&parm.ipar, &parm.par, angles);

/%

** Allocate storage for SVD.

*/

it ((e = (double *) malloc(f_rows * sizeof (double))) == NULL)
Perror ("unable to allocate e");

if ((work = (double *) malloc(f_rows * sizeof(double))) == NULL)

Perror('unable to allocate work');

/%
** Compute right singular vectors and singular values.
x/
compute_uv = 01;
v = f£ft;
dsvdc(fft, &f_rows, &f_rows, &f_rows,
sst, e,
v, &f_rows,
u, &f_rows,
work, &compute_uv, &status



/%

*; Free dynamic memory.
*

free(template[0] .data);
free(template) ;
free(fft);

free(e) |

free(work);

/% .
** Return SVD status.
*/

return(status);

B.3 zbcsvdce.c

/%
*k
ok
ok
¥
ok
LEJ
L3
L2
L2
* %
"ok
*ok
>k
*k
* %
*ok
* %
*%
L2
* K
*k
* %
* K
*ok
* %
ok
* %
* %
* %k
* %
*x
* %
ok
*k

Header: ©(#) zbcsvdc.c 1.2 91/11/01 17:39:16 baker penguin UCB/LBL
Name: zbcsvdce
Purpose: Compute the singular value decomposition

of a complex square block circulant matrix,

H *

a = Fusv F ,

where F_kl = I x exp(-i k1 2PI/block_count)

and I = identity(block_m),
Input parameters:

block_count
number of blocks in a column of the BC form
block_m number of rows in a block
block.n number of columns in a block
a complex BC matrix described by a column of
block_count blocks consisting of
block_m x block_n elements,
i.e., alblock_count][block_m] [block_n]
compute_uv
| 00 compute s
if compute_uv = | 01 compute s, v
| 10 compute s, u
| 11 compute s, u, v

Qutput parameters:
8 singular values of a

s[block_count] [MAX (block_m,block_n)]
u Fourier transformed left singular vectors of a
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ok ulblock_count] [block_m] [block.m]

"ok v © Fourier transformed right singular vectors of a
L v[block_count] [block_n] [block_nl]

ok status number of invalid singular values

ok

** Dependencies:

ok

wok libeft

Lhs 2fftki initialize complex 1D base-n FFT

ok zfftkf forward complex 1D base-n FFT

ok zfftkb inverse complex 1D base-n FFT

ok liblinpack ‘

ok zsvdc  complex singular value decomposition
ok ztranc complex conjugate transpose

ok

*/

#include <stdio.h>
#include <errno h>
#tinclude "erroxr.h'

#include '"math.h"
#include "fft .h"
#include "linpack.h'

int
zbcsvde (a, block_count, block_m, block_n, s, u, v, compute_uv, status)
COMPLEX *a )
int ¥block_count ;
int *block_m;
int *block_n;
COMPLEX *g 3
COMPLEX "y
COMPLEX *y
int *compute_uv;
int - *status;
{
static char ScesId[] = "@(#) zbesvde.c 1.2 91/11/01 17:39:186
baker penguin UCB/LBL";
COMPLEX *a_pointer;
COMPLEX *u_pointer
COMPLEX *y_pointer;
COMPLEX *s_pointer;
COMPLEX e, *e_pointer;
COMPLEX *work;
double *wsave,
int . a_size, block_size;
int compute_u, compute,v, compute_vu;
int internal_status;

int i,



/%

%4 Determine which singular vectors to compute,
*/

compute_u = %compute_uv / 10;

compute_v = scompute_uv % 1;

compute_vu = compute_v * 10 + compute_u;
/% ‘

*% Compute submatrix and total sizes.

*/

block_size = *block._m * *block_n;

a_size = ¥block_count * block_size;
/%

%% Allocate the FFT working storage.

®/

wsave = (double *) malloc((4 * *block_count + 1B) * mizeof (double));
if (wsave == NULL)
Perror ("unable to allocate FFT working storage');

/%

*; Initialize FFT.

®

zfftki(block_count, &block_size, wsave):

/%

*; Transform a to block diagonal form.

*

a_pointer = a;

for (i = 0; 1 < block._size; i++)

{
zfftkf (block_count, &block_size, a_pointer, wsave);
a_pointert+;

}

/*

*; Allocate storage for SVD routines.

* ‘

if ((work = (COMPLEX *) malloc(MAX(*block_m, *block.n) * sizeof (COMPLEX))

) == NULL)
Perror("unable to allocate SVD working storage");
if ((e = (COMPLEX *) malloc(MAX(*block_m, *block_n) * sizeof (COMPLEX))
) == NULL)
Perror('unable to allocate SVD working storage");

/%

*; Compute the SVD of each block on the diagonal.
*

a_pointer = a;

u_pointer = u;

v_pointer = v;

s_pointer = s;

kgtatus = 0;

for (i = 0; 1 < sblock.count; i++)

{

zsvdc(a_pointer, block_n, block_n, block_m,
s_pointer, e,
v_pointer, block_n,



u_pointer, block.m,
‘work, &compute_vu, &internal_status);
if (compute_u == 1)
ztranc(u_pointer, block_m, block_m, u_pointer)
if (compute_v == 1)
ztranc(v_pointer, block .n, block_n, v_pointer);
a_pointer += block_size;
u.pointer += block_size;
v_pointer += block_size;
s_pointer +z= MAX(#block_m, *block_n);
*gtatius += internal_status;

}

/%

¥

*% Free up some storage.
*/

free(wsave)
free(work);

free(e);

return(0) ;
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