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CHAPTER I 

INTRODUCTION 

i* Content and Scope 

1*1* This paper Is primarily concerned with developing 

the theory of real-valued functions of bounded variation and 

those ideas whioh are closely related to this sain topic. 

In addition to this* some emphasis has been plaoed on the 

relationship of the theory of functions of hounded variation 

to speoifio areas of analysis* In partioulart integration 

theory has been ohosen as the thiols to demonstrate this 

connection. 

In this thesis the notion of bounded variation has been 

treated primarily with respeot to funotlons of a real variable* 

Furthermore» the domain of suoh funotlons is usually taken to 

be an interval* Unquestionably this somewhat limits the soope 

of this study* but the fundamental theorems of J 7 indicate 

that the olass of functions whioh admits of this property is 

indeed quite large* For those readers who might desire a more 

abstraot approach, certain sections of Chapter III might be of 

particular interest. In addition, Salts* Theory of the Integral 

(1) indicates in considerable detail how this Idea might 1m 

generalized* 

1*2* In Chapter I the saltus funotlon and functions whioh 

possess certain monotonlclty properties are desoribedf and 



several theorems are proved concerning the nature of such 

functions. Ihen In ^5 t close connection between these con-

cepts and. 11emann integration la demonstrated. 

In Chapter II the notions of absolute continuity and 

bounded variation are defined and discussed In considerable 

detail. Complete oharaoteriratIons of funotlons having these 

properties are given In this chapter. In addition, oertaln 

decomposition theorems and oonvergenoe theorems are Included 

here, then In ^8 the Rlemaxm-Stleltjes Integral Is defined, 

and some significant theorems are proved Indicating how the 

notion of bounded variation might apply to a study of Inte-

gration. 

In Chapter III the Ideas of bounded variation and abso-

lute continuity are generalized, lased on one of these 

generalisations, a short dlsousslon Is given of a olass of 

funotlons which Is Blemana-Stleltjes integrable In a broader 

context than that usually considered. In addition, the 

Burklll Integral of a real-valued Interval function defined 

In Euclidean n-spaoe Is discussed; ami several theorems are 

proved Indicating the relationship of this Integral to some 

of the generalisations given In this ohapter. 

2. Definitions 

1.3* the term point set will be used Interchangeably 

***** 21 £2*1 numbers. 

1.4. Ehe closed Interval £a,b] will denote the set of 

all real numbers x so that a - x ̂  bf the open Interval (a,b) 



will denote the se t of all real numbers x a© that «<x< bf 

[*•*>) will denote th© set of all x so that a £ x< b| and (a,b] 

will denote th© set of all x s© that a < x £ b« 

1»5» If I « (a,bj is a ol©s©d Internal, then ̂  will 

*« •» 222* eubinterml w|th reapeot to X <©2©n relative t£ X) 

if, and only If, is th© intersection ©f am ©pea interval 

with I* 

1*6. If S is a point set, then S Is bounded if, and 

only If# there exists a real lumber K > 0 so that if x € S, 

then Ixl < E. 

J is a Halt Point of the point set 8 means that if 

I is an open interval containing S, then I ©©ntains at least 

on© point of 8 other than S * 

i*8« The statement that the point s©t 8 is 

that $ contains all of its limit points § th© closure of i is 

the set 9 itself together with all of Its Unit points. 

1*9. Sh© statement that K Is an upper bound for th© 

point sot & aeans that if x € s, then x < 1$ I is a lower henna 

for 3 aeana that if x£S, than K< x. 

1 «10» Xh© stat©a©nt that I is the least upper hound 

(greatest lower bound) for the point set S Mans that 

1) K is an upper bound {lower bound), and 

ii) If €>0, then there exist® an x€S so that 

x > K- £ (x < K+ €). Least upper bound will b© denoted by lab 

or sax, and greatest lower bound will be denoted by gib or nin. 



1*11. If S la a set, then i is countable if, and only 

If, S can be aated biunlquely with * subset of the positive 

integers* 

1.12. The statement that f is a funotlon from (gg) & 

set A into a set B aeatts that f is a ©orrespondenoe which 

associates with each element of the set A a unique element 

of the set 1* 4 is sailed the doaain of f# and the oolleotlon 

of sates of elements sf A is sailed the range of f • 

i.13* If the fuastlon f is defined m the set A* then 

to nay that f is bounded on A aiean® that the range of f is 

bounded. 

1.1** If ACB| then A is everywhere dense, in B means 

that 1 is a subset of the elosmre of A. 

1*15* fsr# Intervals 2 and J are said to be abutting if, 

and onlr 1ft the? haw only one point in ooamon and that 

point is an end point* 

1*16* If the funotlon f is defined* exeept possibly for 

the point j | in MM open interval I containing «S» then 

lis f(x) • «C asans that if C > 0, then there exists a S>0 
x—* 5 

so that if 0 < lx~ 6 l< $ and x €I» thsn lf(x)-«< I < € » 

Mxytix) ® •< aesns that if € > 0, then there exists a $> 0 

so that if 0 < x~ J * 3, then lf(x)- °(l < £• Lia f (x) - °< 
K~» $ 

means that if € is ehossn positive* then there exists m 

%> 0 so that if 0 * S 5 , then lf(x).« I < £ . It should 

be understood that if f is defined on [a,b] and 5 » a or 

S • b, then XI* f(x) will be interpreted in tews of the 



appropriate ona~aidad llalt*, him f(x) will ba danotad by 

f(J+)» and lis f<z) will ba danotad bjr f( J-)• 
*-» 3~ 

1.17. If f is daflnad at x » o * than f la ecmtlnuous 

at x » <5 if, and only if# lin f(x) » f< 5)» where it la 
*-» 5 

understood that the limit doaa axlat. If f la daflnad on 

tha interval X, tha atatanant that f la oontinstooa on Z aeana 

that f la aeatlaaaua at aaah point of X. 

1»18« Iha atatanant that tha fnnotlon f la imlfonaly 

oonfcinuous on I « [a,b] means that If € > 0» then there 

axlata a £ > 0 so that if x^ and x2 are in X andhcj-xjl < ̂  $ 

than lf(x|)-»f(x2)| < C . 

* *»<«**»*• A -fa^ a2» ...» ...}l« naraly 

a funstlon f daflnad on tha sat of positive Integers ao that 

f(l) « alf t{Z) 
m *2* 

f<n) « aa# ... . 

1.80. I*t |fn] b. . « « » » « of fonstlona. .11 of whloh 

are daflnad on [a»b]. Xf f la a funotlon daflnad on {a,b]t 

than tha stateaant that tha seqmenoe ̂ fa] mmmttms to f on 

[a,b] mean* that if x € [a,b] and € > 0, than there axiata a 

positive integer 1 ao that If a > 1» thenifB(x)*f(x) I < € . 

Bio ittMBM \rn] la 8a 14 to aoaT»r«» nnlforaly to f on [»,b] 

provided that for aaah € > 0 thara axlata a positive Integer 

K (depending on € only) ao that if n> H and x €(a»b], than 

|fa<x)~f(x)l < £ . 

1.21. 4 daaoandlng. Infinitesimal sequence of S M M 

latorr.1. [!„] - {[«n.bn]] is . wqu.no. of intorml* so that 



1) fop aaoh posltiira latagar a, ln¥l Clgi 

11) ths laagth of (3̂ ), daaotod tiy !(%)» appxoaohas 

8«jp® a# a laaraaaas without fcouaft# liajidu) * 

1.22. If S is a point sat, thaa S has d̂̂ t̂aaâ O 

if, aa& only If* for aaoh € > 0 thara exists a flalta ool-

laotioa I « {%» Z2« • ••» !»} af aoa-owlapplag opaa 

Interrals so that 

1) Sc.y(It»aal 

11) ."51 l(Xl) < € t «hart 1(I|) daaotas tha laagth 

1h« tan exterior Jordan*-Oontent'»© may ha asad inter-

ohaassably with Jordaa?>Coataat*0• 

1.23. If $ is a sat of raal atnfcara, thaa S has astarlor 

LobtsgaâaasûO if, and oaly If, for aaoh €>0 thara oxlsts 

* oountabl® oollaotioa J of aon-overlapplng opaa intervals X so 

that 

i) 8 C ^ I , aad 

u) X itx)« £• 
I € T 

It should ha aatad that Lsbosguo-Kaasarâ O 1® afaivalaat 

to axterlor iAbasgaa-Haasure-O aad that aa? ooaatahla sat is 

of Leb8fig»«-M®asur«-0. 
1.2*. If tha faaotloa f Is daflaad oa [a.fc], tha state-

art that t has a SaBSflSi MttMff'tfi SB [••*>] 

that thara axlsts a posltlTo aoaibar H so that If a* a< d£b, 

thaa 

1 f<d)~f(o) 1 

hrr 



1.25* A subdivision o- of [*»k] *• 11 ••* of 

points {x0, x^, x2i .#.» %"{ 8® that 

A m Xq < Xj < *2 < • * • < % * 

9» notation o-1 a « x0 < x± <xg <.•••<% * b Is sometimes 

used to refer to the subdivision <r~. fhe norm of the sub-

division o-v dona tad by II <rllt is defined to be the aax of 

{(Xj-Xo), (X2-Xi), ...» (Xjj-Xjj.i)). 

1.26. To say that the subdivision ^ is a refinement 

of the subdivision <r means that if x €<r» then x € <rj, 

£.e. eaoh subdivision point of <r is a subdivision point of <rx, 

Hie notation r will indleate that is a refinement 

of o~« 

1.27• Zf f is a bounded function defined on Z * [atbjt 

then 9(f|X) is by definition nax{f (x)|x € z|, L(f jl) is 

mln{f(x)|x € l\$ and S(f|X) is aaxfdld * I f(x1)"f(x2)l, where 

X| and x2 are arbitrary points of l]. 

Zf Z » (a»b) is an open interval» the definitions are 

made in a similar fashion. 

1.2S« Let f be a bounded funotlon defined on (a*1*!* 

Let $£(a,b). fhe following definitions are then madet 

U(f|5 ) » rain {u(f|Z)| where Z Is an open Interval ©ontalnlng 

S and lying in [a,bfj, t(ff 5 ) « nax {L(f jl)| Z is an open 

intertal containing 3 and lying in [a»b]̂ » and 

8(t$S ) • min^S{f;I) I Z 

Is an open interval oontalnlng S and lying in [a»b3j. Zf 

5 •» a or S « bf the intervals Z are taken open relative to 

[«,!>]• 



1.29* % • funotion f defined on is mild to be 

S2a-affiE25£SS& (aq^tone S2EwlaaEESM> on £*•*! 

pro-Tided that If X| and x2 belong to [ft»b] and x^< x2» then 

f(xx)S f(x2)(f(xt)£ t(^z)). 

1*30* Let f b® a bounded function defined on 

Lot or t a<BX0<Xi<».o<xn>*bbo an arbitrary subdivision 

of [ftibl. X« will denote the sax of f on fxi^itx.lt and m« 

will danotc the ain of f sb Khar* 1 - (1, Z, . . . , a) 

!Bmb lat 
n 

- X *1 
•ad lat 

TLj - X 
» I »I 

These sumnatlons are oalled the upper and lower trans, 

respeotlvely, of f with respeet to <T". fhen define the 

upper Iloaann Integral of f on (a*bj» denoted by \ f, to be 
-*•—* /Qu 

the ain of 2^_f for all 0" of (a^b]. 8iailarly» define the 

IgliS S&SEB integral of f on £a,b], denoted by jjr# to be 

the max of lEf for all c~ of {atb]• then^f is said to be 

mam lntaniafcla on [a.fc] Khan C f - ( f | MU tha aamum 
f b f b -i* rfc '®-

value of JjP and i f Is denoted ̂  I f and oalled the 
Slemann intencml of f on [a9b]« 

3* Assumed theoreas 

1.31* If IXal • [5*n»bnVl is a descending* Infinites 1m1 

sequence of olosed intervals* then there is a unique point 

whloh belongs to % for erexy n. 



1*32* If ths ftraotioa f Is ooatiauoas on I» C*#k]t 

thsa f is bounded oa I* 

i.33» Xf ths fuaotioa f is ooatlaaous oa [a»b3» thsa f 

is uniformly continuous oa [*•*>]• 

i.3*» If the fuaotioa t is ooatiaaous oa thsa f 

asstnss its max as a value, sad assumes its aia as a Talus. 

1*35* If a and b ars rsal numbers, thsa 

| | a|«|b{ j £ |a*»b| < |a|+|bf• 

i«36« A asosssary and sufficient ooaditioa that a 

fuaotioa f be ooatiaaous at x » S is that t($~) aad f(J +) 

exist aaA f(£-) « f(£ ) « f(£+)-* 

1.37• Any aoa-sapty sst S of rsal numbers that is 

bounded from above (below) has a Isast upper bound (greatest 

lower bound). 

1*3@* If T Is a oollsotioa of opea intervals covering 

the closed, bounded sst 8, then there exists a finite sub-

oollsotioa T* of T vhioh also oovsrs 3. 

i«39» If ths functions f aad g are bouadsd oa a,b 

aad °( and $ are rsal numberst thsa 

i) If aad a~i ars subdivisions of [afb] so 

that rC thsa 51 f - X f aai 2 * - "21 ft * <r «-| —o-, —cr 

li) if saoh of 0** aad c~j axe subdivisions of [atb], 

thsa I f f 51 f| 

ill) j£f * [** 

IT) If f am g ars Rlsaaaa iatsgrabls oa [a»bj» thsa 

f+̂ (?g is Riemann iatsgrable oa [a,b]. 
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A neoessary and sufflolent oondltlon that the 

bounded funetlon f be Hismann lntegrable on £atb} is that; 

for eaoh € > 0 there exists a subdivision <r of [a,b] 8® 

thtt !E f* ]<EL3f < € » 
or cr-

4. Monotonlolty and the S&lfcue Function 

1.41. IT th» function f Is bounded on I » {*»*]» then 

S<ffX) - tf<f|I)~L{f|X). 

Proof* Suppose that 3(f|I) > U(f|I)«L(fjl). Hence there 

•zliti an € > 0 so that 8(f|X)« € • U(f jI)-L(f fl). Ihen by 

1.27 there exist points x^ and x2 In X so that 

|ffx1WCxa)| > s<f§X)~ € • 

That if (X| )»f(x2)| > V(f| X)-L(f ? X)» Bat then either 

lf(x1^f(x2)| « f<xx)-f(x2) 

er lf{xjL)«f<x2)| m t(x2)"t(x1), Without loss of generality* 

suppose that |f(x^)-f(x2) I • f(xi)*f(x2)« But f(xj)£ U(fjl) 

by 1,2?. Similarly, f(x2)> L(f}I). therefore 

f(xi)*f(x2) < U(f|I)-.L(f|I), 

a contradiction of our assumption. 

Hence S(fjl) S U(f|I)-L(fjl). fhe assumption that 

3(f|X)< 0{f|I)-L(fjl) leads to a slallar eontradlotlon* 

®ms 8(ffl) * U(fjI)-L(f;I) and the theorem Is proved. 

1.4-2. Zf the funotlon f le bounded on the Interval X 

(open or closed). then f Is continuous §£ J € X lft AH&, only 

|£# 8{t}S ) - 0. 

Proof* Denote S(f;5 ) by 8( 5 ). Without loss of gen-

erallty9 suppose that S € X ® (a»b)« 



li 

Let f be continuous it z « 5 . Choose £ > 0. ©aerefore 

there exists a § > 0 8© that 1f i€I and |x» 5 I * 5, then 

| f(z)»f( S ) | < 

Then let Xj, » (5 - S, 5 + S). It follows that if x^ and Zj 

belong to Ẑ » then ' 

| f(z^ )~f(Xg)! < •*»&** 

Henee € • Clearly S( S ) £ 8(f|X̂ )« Iherefere 

S( S ) « 0* 

Mow suppose that 8 ( 3 ) » 0* Ihen ohoose £ > 0* Sy 

Definition 1.23 there exists an interval « (o,d) lying in 

I anA eontaining 3 39 that 8<f|Ẑ > < € » Let 

% m mint ̂-cfd-<5 )• 

fhen ohoose x€Z ao that |x- ̂  f < J» Senoe x €%* Thus 

|f(x)-f( 5 )l - S(ttlx) < € . the eoatimlty of f at *5 la bow 

apparent. 

1.43. It la well Known that If a function f la monotone 

non-de creasing {monotone non-inoreasIng) on [a»b] and x €(a,b)» 

then the one-sided Holts f(x*») and f(x*) exist (2)* Similarly» 

f(a-f) and f(b*) exist* 

m faet» If x € (a,b), f(x-) la aerely the aax of f(y) far 

all y In [a»b] a# Miat y < x. Likewise, f(x+) is the mill of 

f(y) for all y In [a»b] ao that y >x. It Mien follows easily 

that f(x-) £ f(x)£ f (x+). nils faot together with the following 

lemma proves quite useful* 



i t 

Lemma. «&£ function f | £ Mf f f f t l M l S2Sr 

decreasing fl| [ft#1>]» 5 t -Sg 1 » IS [M»]» SSi ^ i *• ^2* 

thoa t( $ i+) - f (<§2-) • 
Proof* Lst B » {*!*€ ( S l f ^2) • ®*»a 

f ( S i*) m lain Eiaax 1 « f t 

l*JMi. Ttmemm. J£ J&o f«a®tlQ** * l £ S i MMr 

ton* a>nxj«or«*airm (aonotona M r t j f f W M M SS I***!' S»B 

tha w t af ralnta j £ dHaontlnttltg 2 i f 2£ [».*] i £ MTOWtlt-

Proof, Suppose that f i s aonoton® non-dooroasiiig on 

[» tu]» mad lo t D dojooto tho sot of points of Aisoontinaity of 

f on [a#b] . 
Lot S € D# 9am. Tar i»3^ «n& 1-^3 t(S») £t(S ) £ f(*5V) 

and f ( 5 « 4 <fC J + ) . *•* bo a rational mmbmv oontainod in 

tho opon interval (f( J - ) » f ( ! • ) )# 

Uien suppose that S^ and S 2 a3?® dist inct eloaonts of D» 

Lot < Jg« nr i*%3# f (5*+) -1{ S2r^* S*»«® 

( f<5 1 - )»f (3 i '» - ) ) r \ ( f (32- )»f ( «%•>> • # • 

thus r j t 4 rsz* ®» ©©ratability of © follow* f w » tho faiit 

that th© sot Of rational motfbors i s ootmtablo. 

1.^5. f M ******* M l ao«o»oo« Sffi-i22$SSSlBS 

(monotone nfln~lnoreaalna:) gg [*•%]* J&jffi 
s ( f j S ) •» f ( 5 * ) - f ( 5 - ) ( 8 ( f t S ) * t(S-)-t(S•))• 
Proof* fho proof i s giron for th© case wlioa f i s aono» 

tons aon-deoreasing. 

Suppose that 5 £ (a»b) in o*dor that "both one-sided 

l imits may l» considered. m m suppose by way of contradiction 
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that S(5) V f(5+)~f {«$-)» and oojsslfter the om« where 

S{«5 ) > t{ S+)-t(S -)• therefore Midi® «xl«ti an €> 0 m 

tiutt 8( 5 ) *• f (5 +)«^(3 •)+ € * t{S •)+ «y» -[f( 5•)« • 

But then there exist points xt and * 2 in (a,h) so that 

*X< 5< x2»
 f(*i) > f(5-)- *|-f aai f(x2) 4 - H e n c * 

S( 5 ) > f (r2)-f ( x ^ - • « oentradietion. 

5he remainlsig ease leada to a sinilar eoatradtoticm. 

Wmmf&te the theoxe* ia proved* 

i*%6« If f la defined and mono tone aen*»deere&al3yg on 

[••*]» 2S& f%* *2t *»} H ft flttlta iSl J8& Paints so 

that &<*%< xg < •••<****• than 

f(a+)*f<a)4.2[( 

h w f . Lit [yit y2» «•** y»fi} *• * finite eolleetien 

of points so that a< y^< x^ < y2 < x 2 <y^< ... < yn< Xg< y ^ < fe. 

»aa lay i.fc3, f(y^)-f(a) £ f(a+)-f{a)v f<y2)-f(yj>)£ «<*i)» 

ftr^MrCy2)*sfx^), ...» Mty*)£ i ( % b and 

fOO-ffrn+i)* f |fe)-f Ch-K 

Adding thaiia taws* the ©onolusion of the theorem is obtained. 
n 

gorollazr. .51 atx^)i f(W)«f(a*). 

1*^?« Let f ha dafinad and monotone non-deoreasing on 

Qaf b]» Let D ha tha sat of points of diaeentlmlty of f on 

(a,h)» Define tha interval f«nation F as followsi 
n 

P[a#x3 • aaxjAlA. * f{a*J«*fCaH .X 3<Xjj4f (x)«»f(x-)f 

where x^» x2» •**« % Is any finite oolleation of points in 

on<atx)] if x >a, and F[a*e] m o. It JtMralA ha remarked that 



the f in i te oolleoti©iis of points la D eonld fee e v t m d with-

eat altering the definition* 4s a result of 1*46 i t 1® elear 

that F[a,x] Is well defined for any x in [«,b] • 

She following leas* will be helpful# 

Lemma. J£ f jys defined and monotone aon»4o»;g»a»lait 3 

[a,b] a<o<b # then F[a,c]-fF[o#b] « P[atb3# 

f m f » aippoee that p[a«e]+F[e#b] <f[a#b]» therefore 

there exist* an € > 0 a© that f[a»e] •?[©#'&]• € » F[a»b]» 

Hhen p[a#e]+p[e,b] » P[a,b]* €. * But then there exists a 

f in i te eolleetion of points Jxj t x2» «#** x | |9 e} in [a,b] so 

that 
n 

f|a+)~fC&H Z. S<x1)48(e)4f(b)-f(b-) 

w f(a*)-f(a)+ ^ 8(x^)+(f (e+)«f (e)+f (o)«f (e»)) 

• f(b)»f(V») > p[a#b] • € . 

Sense* F[ate]+F[e#b] < X ( a f x ^ U (»+)•* (*•»))*f (b)-f <b-)• 

Uten l e t denote those mines of 1 so that x^< @« and 

l e t Aj denote those .tallies of 1 so that X|> ©• Ihen 

[f (a+KfCaH^Z^SCx^)^ (e)-f (o»)] 

• f (e+MIe)* .^A3<xl)4f (b)-f<W) 

< F f r 9 4 * ' M ] » 

a eontradletlton. 

®ie assumption that f [afo]#F[efb] > p[a tbl leads to a 

similar contradiction. Sins P[at®]*F[e#bl « F [a»b]> as was to 
I k f c * mil 'iM* M WMffi null lift 

®N§ PIMWM&* 
OomUmscr. i t * 1 s f i . * 2 a s M [ • • * ] a a & * 1 < * 2 . H m 
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i.M.saaaa. M. * M M M aa& amiaas. mar - -

d•tmaaiaK m [*•*]> «*»•» S&£ twmttan h - t-t J£, 

pan-a«are«atng eanttonw ££ [«•*>]• 
f M N M M B W iJLI u - - ^ , .., —- -

Proof* Ch*os« ̂  «ai x2 in [a,b] mi that H + H * ®i*» 

h(x2)^i(x1) « f(x2>*F[«,*2]-(f(*1^f[atXi]) 

» fCxgWCxjI-f [xt»x2] 
* 0 

by 1«46» 

»*at without Idea of gaasfallty, amppoe© that S €{»»¥). 

Wmn *hooae € > O. ®w»§f@i« «*•*• exists a S> 0 ao that if 

x>5 ani x- 5 < ? » than lf(x)-f(S*)l < € • m m m 

|f (xl~*L*#xMf C S M?[** I]) I * I H * M 1 5 )-» W ,x] I 

« f(x)~f(3 )»F[Sgx] 

by i,46« If {%# % } is. any fiaifca o©lle®tion ©f points 

in on[«,x] fwitatiaa a® ia.ltty}* then 

-[ff 5 •}•#( 5 )* X 8<xl)+f(x>*f(x»)] > -F [S #x]# 

I©**©® 
a 

f(x)-f( 5 kf [5#x] £ f(x-)p.f(3 *b>.Z, »<*i)1 *(»->-*( S +)• 

Bat by 1**3# f(x*)*f($ *) * | f(x**)«*f ( S+) I < € • 

the oas« wfen* x < 5 laads to a eiailar argument* Hest&e 

h is ooatisnums at x « S . 

5. fflie Bieaaxm B»t#gml 

[«.*1. SJSE * A« M n w m ( S - m f m H f ) m [«.»] • 

Proof. If f<«) - t Is Martant «a [«.*>] *a4 * " 

theere* fellows* Ifcerefore suppise that f(b) >f(a)* 



u 

Choose t> 0. then 1 s u b d i v i s i o n of [a»b] 

s o t h a t e 
II <7- II < II I Hill mill •Iini'i.mm, 

men @«ald«i» ZLf<* Z j * ?L I • 

where l(It) Annates ( x ^ ) . Bat 

«. * » 

.(ffbWCa)) 
f(b)-.f<a> 

• € . 

B~integmblllty follows from i.^0. 

1.50. fheorea. £ neoeasary §^L qonflltlqn 

fog a *"«*«* function f defined ̂  [a.b] to be R-intertable 

on ja»b3 jy» that for eaoh K > 0» Eg € [a#bl ls{x)- be 

of Jordan-Content^O. 

Proof. Seeesslty. Suppose that f la &-integ*able on 

[a.b]. then suppose by way of oontradiotion that there 

exists a K > 0 so that S K is of exterior Jordan-Content greater 

than € v for eoao positive number € . Userefore# if X « 

la any finite oolleotion of open intervals covering % t then 

the length sua of the eleaents of I la greater than € • then 

tf <r la any subdivision of [a,b]# the points of % not 

eoourrlng as subdivision points of <r will hare exterior 

Jordan-Content greater than £ . Henoe ^ f - X / > K * € » 

a oontradlotlon of l.*0. lenoe, for eaoh K >0, % wast haw 

Jordan-Cont«nt-0• 



If 

Sufficiency. Since f la bounded on [a»b]f there exists 

a poaltlti ntrnber M so that if x € [a»b] , then I f (x) 1 < H. 

Thus, S(ff [a»b] ) ̂  2M. 

Choose € > 0. Let k1 bt * poaltlve number w that 

*• < — . 

2{b>t} 

Then, by hypothoaia# ia of Jordan-Contont-G• Mm ean 

bo 09f»z*l by a finite lumber of non>-©verlapping ©pan iatarfnis 

relative t© [a»b] with length an* as snail as Is desired. 

Furthermore, this collection m b be chosen a© that a© element 

of Ejj.* other than a or b could possibly bo an end point of an 

interval in this collection. Choose one such collectIon 

V * [xjj ® [(a^b^} with length sun loaa than 

kn * 

than lot 1 • fl^ « ([•n»bnl] Aonota the collection of closures 

of elements of I*, than the elementa of I hava length ma laaa 

than 

e 

m 
Lot (x̂ j ba tha eollaotlon of and polnta of ©laments of Z* 

than U [atb] forms a subdivision r • of [a,b]. 

Let H denote the ©olleation of oloaad subintorvals of 

[a#bj introdnaod by o~* vhitii do not belong to I» lot H|€ H« 

Sien I 4ni k f « 0, therefore, around each aidant X€H^ thar® 

exists an opon interval (relative to 1|) Zg » (Ox»dx) so that 

s(ff [oXfdx]) < *•• the oollootlon of all sueh Z* for xeH 1 

forms an opan covering of than by 1.38 there exists a 
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finite mtboovoriug If » •••• **nl# ®*# of #ai 

potato of olowmto of I* together with tho •ad points of % 

forma ft subdivision <r"Hl of % so that if I| € <r*H|» then 

S(ffIi)<icS 

m«a let <r » <r »on©ef <*"" fo»s ft aub~ 

Utlilw of [»,b]. B»«n 

I f - H £ -
cr —<r ifri Hi* " 

where 
(IL-aullUj) 

HiTH 
denotes ttio ftpproprlftto sua token over £®r «11 % € H. 

But 

X {%•%)!* %>* 
1 i. c 1 H«-€ " 

< 2K(Js—)» '£ ;(b-ft) 

« e . 
B-integmbility follows toy 1^0. 

1.51* Theorem. 2ho bounded function f defined on [ft»b] 

lc R-integmble on [»tb] if, *nd M l Mi Ifet III * ft£ M M & 

of aisoonttnnttr of f on [«,b] Is of 

Proof. Suppose th»t f Is B-iatoap»blo ©a [ft#b] . tot 

I - {%» Kg, bo the oof of ftll positive mtionol aai&boiw* 

®ion» bar 1.50, for every positive integer n» 

ig. «{xla(x)> % 1 

hfts Jord&n-Content-O. Ihen, W 1#^§ s* 
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®toxt oovor with a M t of opta intarral* of 1 M|tt 

c m loo* t h u >|»( whoro € l« mi arbitrary poeltiv* satfbor. 

Coror B^2 •t** IntorralB of lo&sth m i lo«8 

than «£g»» la g«mxml» § ® w t with a set of ©p«s& imtarmle 

of longth mm looa than ««£»* Qloarly* a« a vomit of l.42» 
2®' 

D c U l y . i aa& tho «1»t« pmoott girts an open oovtrlBs of 

U 
KitK *4 

of loagth c m loo# than £ • Qtoroforo* 9 lo of Lftboogno* 

Moaouro-Q. 

low smi»pos« that B bus 3U"b®®gm«»«@aarart-0• Sh©«8« £>©• 

Br prorloao voaaxka, % » |xls(x) > e] I* a mibmt of D tad 

has Libeagao-Moaauro-O • It follow* that % Is 0l0Md» and 

otarleuely % la feoaadod. thoa 1*38 lapllo* that Sg 1» of 

JoxdaaMSoatoat^O* Boaoo, f Is B*lntograblo by 1*50> aad tho 

proof la flalahod* 



cuAFSSi 

i . Sates# Stanislaw, aw»«r f £ the latg«ral« lew Tork, 
@# S« St«oh«rt « M Qrnmw, 19J7* 

2* * * ! » . j to*lrsla-
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CHAPTER II 

COKTIKGIff AND 

BOOJIBBD VABIATION 

6# Definitions 

2.1* If the function f is defined on [a»bl ((a,b))f the 

•tetcMB* that f ta rtwolnfUr oontlaaoas on [»,1>] ((».b)) 

means that for each € > 0 there exists a % > 0 s© that if 

{(x£9x£)t(x2»x!)» {*»•*»)] is any finite oolleotion of 

non^overlapping open intervals in Iatb]((a,b)) so that 

.T,1*! " 'l1 4 S 

then IfCxp-ffx^)! < £ • 

2«2» If f is defined on [atb] and 

<r i a «• Xq<x^<X2<*»* < % « b 

is a subdivision of [a,b], Mien the variation g£ f with res* 

geot ta <r» denoted by Vjf|[atb]) or Tit)* is defined to 
9% 

.IE |3f(X|J-fCx^|)| • fhe notation or 

21Jf(x1)-f(x1-1)| 

is sometimes used to indioate this sum* 

2«3» If the function f is defined on [*»*]» the total 

variation of f on [a,b] , denoted by V(f| (a»b])t is defined 

to be the sax of V(f) for all o- of [a»b]* the total 

variation of f on [a«b] is sometimes denoted by 7(f). 

21 
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2*%* If the foaotioa f li defined oa then f is 

of bounded variation on {*«b] if, and ©sir if § the total 

nrtotlra of f on [a»b] li finite. 

2*5* If X « <a»b) Is m ©pan interval, a subdivision. <r~ 

of (a,b) will be a finite Mt of points {x$» x*, x2t »..» 

ooataiaed in (a*b) so that x@ < *j_ < Xg < •. * < x̂ # 

2*6. Xf the fuaotioa t is defined on tho opea iaterval 

X * (atb) aad <r~ is a subdivision of I» then the variation 

SL f wifeh gt«l*e&t Jat <r"» ******* *T V(fj(a,b)), and the 

total variation of f oa X ar® defined us In 2*2 and 2«3* 

Similarly, f io of bounded v&rlatlea on X if* ant only if* 

tho total variation of f oa X is finite. 

2»7# Xf the fnaotioa f is defined m soae ©pea iaterval 

X containing 5 t then the stateaeat that f is of bounded 

variation at x » X m m m s that there exists aa open interval 

J" » (M)CZ so t!»at f is of boaaded variation oa <7« 

2.8. Xf the funotion f is defined oa the interval X 

(open or olosed), thea the statement that f is of unbounded 

variation oa X means that f is aot of bounded variation oa X. 

2*9* the stateaeat that f is of unbounded variation at 

x « J means that if X is aa opea interval containing S »o 

that f is defined oa X* them f is of unbounded variation oa X* 

2.10* Xf tho funotion f is deflaod oa [a»b]« then 

means that for eaeh £ > 0 there exists a S > 0 so that if o~~ 
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l i a a u M l T t s l o n o f E « f b ] m t h a t 1 1 r 1 1 < 5 , t h o n 

I r j t w U € . 
2 . 1 1 . I f t h o f u n o t l o n f l a d o f l n o d o n [ a , b ] a n d < T J a n d 

a s o t w o s u b d i v i s i o n s o f ( V » b ] • t h o n w i l l d o n o t o o n l y 

t h o s o t o r a a o f % | ( f ) i d i l o h a x * t a f e o n o v o r tatorml® o f 0 " 3 [ 

w h l o h % i m o n t l r o l y w i t h i n s # * o I n t e r v a l o f « * 2 » 

2 « 1 2 « L o t a a n d b b o t w o r o o t x a a i b o r s s o t h a t » ^ b . L i t 

f t a n d f 2 b o b o m i s d o d f u n o t l o n s ' d o f l n o d f o r e w s r • r o a l s m t t b o r fc» 

t n ^ , s o t h a t f j ( t ) • x a n d f 2 ( t ) » y . t h o f n n o t l o n * f | 

a n d f 2 & r © t o r a o d o a r a i a i o t o r f a n o f c l o n i i . s a d i s t t o r t e l £ « # b ] l a 

o a l l a d » M s m * I t s » a » t e » « « » © s a o r o d 

s o t A » { ( x » y ) l x « f t f t ) a n d y » f 2 ( t ) } l s s a i d t o b o a s i a p l o 

a r o a n d l a d o n o t o d b y a r o ( a » b ] • 

2 * 1 3 * L » t < r * a « t 0 < t t < t 2 ^ < t j j » b b o a s u b -

d l r l s i o a o f t h o p a r a a o t o r l n t o r v a l [ * * % ] » « i # a t h o l e n g t h o f 

a r o Q k f b } * d o n o t o d b y X . ( a r o { a * b ] ) « l a d o f l n o d t o b o t h o a a x o f 

t, - l f or-

f o r a l l < r o f £ a » b ] • A r o [ a » b ] I s s a i d t o b o g 0 « M f l A % l 0 v i f * 

a n d o n l y i f , L ( a r o [ a t b ] ) l i f i n l t o . 

2 . 1 f c » L o t f b o a f n n o t l o n d o f l n o d o n [ a , b j , a n d l o t 

o - | a « x q K x ^ < x n * b b o a s u b d i v i s i o n o f j j a , b ^ . 

© { f l j x ^ t x j ) 

w i l l d o n o t o t h o s a l t u s o f t h o f u n c t i o n f o n [ x ^ f x j * S h o 

g M r a r l a t l o n g f f w i t h r t s p o o t t £ < r - # d o n o t o d b y IE. S < f ) » i s 
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defiaed to b e . J ^ f f t x ^ x J ) . TM total S - S S M M ®f 

f on [a,bj I® defiaed to bo the aax of •" 

[a,b]. Shea f is said to tew bounded o a [a*b] 

if, and only iff too' total a-wUtioa of f on [a,b] is 

finite. 

2.15. Lot f aad g be botiaded fuaotions defined ©a tho 

oloood iaterval I * fa,b]. I*t 

<r t a » *0 **i < *2< • • • < xn * b 

bo a subdivision of [a»b]. Choose a point 3 * € for 

1 » t, 2, ...» a. Ihea defiae Z^fdg to bo 

.IE. f C S J ) (&t*% )) * 
fhea, If there exists a roal awaber I so that.lia^^Lfds • I# 

independently of tho ohoioo of subdivision and tho ohoioo of 

S % 9 I is oallod tho <or 

Stioltjos Integral) of f with rospoot to g ©a [a,b] • And f 

is said to be S-iategmble w|& rospeot fe g» or f is merely 

said to bo g-lntegrable» I is denoted by 

•'cc 

fhe following properties of tho Stioltjos integral follow 

from tho definition and will be stated here without proofs* 

It eaeh of flt fg» slv and g2 li * fuaotioa defined ©a [a,b], 
k and 1 are real timberst and ^ 

Jfidfi, jfadgi. and m d s a 
'a. 

exist, then 

r\> (*> f b 
t) \ (fl+*2W«l - U 148l+ \f24BlI 
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II) (44^^82 ̂  88 ^ 

III) l̂lfjddgj,) • fcl ̂  fi4(gi)| 

IT) ( d ^ ) « ̂ (bJ^Cah 
f̂t>» C |> f> 

T) If \fl4«l * 
/a 'c ^ 

2.16. Ijftt the fanotion f be defined and be of bounded 

vwUttra <m [a»b] • Xf xt£a#b] 

<r* t a «• Zq < • • • <. XQ » x 

la a taMlTlflioa of [m]» define p(x) to be the sax of 

whose hJLQiwtes the latex**!* of <r~ so that f (x̂ )»f (x,^) - ® 

And the sex: la taken with reapeot to all sttbdlrlalona cr of 

£a,x], Define n(x) to be the *ax of 3yf|XiM1*i*»iH* 

where 0̂ .denotes the interval® of r so that (fCx^-f (x^))* 0 

tmA the n*** la taken with reepeet to all subdivision® <J~ of 

[a#*]. Define r(x) to be the total variation of f on [*#*)• 

It aho&ld be noted that p(a) * **(a) • t(») * Q and 

r(b) » V(f|[atb]). 

jfee Interval fnnotlon v la oalXod the 33&£2s&£k£S fi83fi«S«JiS5& 

2.17. Let f be a fraction defined on [a»b]» and auppoae 

that SeO,b]» the atataaent that f la differentiate at x • <S 

means that ther* exlate a real number I a© that 

f(x)-f(S) 
11a ' ̂"""•"*| » K. 
*-• 5 x«* 5 
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ft, Absolute Coatlanlty and Bounded Variation 

2*18* Bsaark* Because of the close ©oaaootloa botwooa 

the notion® of absolute ooatlimlty and bounded wrlatloat the 

two ooaoopts will bo handled la the sootloa* However, 

the first fart of will be devoted priaarlly to a study of 

absolute oontlnultjr, while the latter part will bo oonoemod 

aalnly with a dlsonssloa of bounded tarlatloa. 

2*If* Boiaarfe* It should too mentioned hero that a con-

siderable portion of tho motivation aad arraageaeat for tho 

reaala&er of this ofaapter Is duo to Bataasoa (!)• 

2*20* J£ jg|£ funotlon f defined absolutely ogn-

tlnuous [a,b]» then for oath £ > Q there exists a S >0 §& 

that jyi & oomtably infinite oolleotloa 

palrwlse disjoint open Intervals that ,2lx|*«|l < S • thorn 
©o * * I 
X . /fUjWUjM<• C . 

Proof, Suppose that tho faaotloa f dofiaod oa [a»!>] Is 

absolutely continuous by 2*1* Urns# If € Is a posltlro xm&<~ 

ber» thoro oxlsts a S > 0 so that If ^(x^*x^^ Is a oollootloa 

of aoat-owerlapplag opoa taterrals so that 

&xrx0* *• 
thoa .IE I f (xj>»f(x|) I < £ • Biea lot I m m Tsmo 

a setaoaoe of palrwlso dlsjolat opoa Intervals so that 

t r | * * 

aaea consider tho following aoaotoao sequence of non-negative 
2. 

aaaberss W% « If (x{)-f(xi)| , fg « .lL lf(xj)-»f(x̂ )l, • • •» 



a? 

n I ^ 1 

F » * • • • • 

Sim* t Is absolatoly ooatianous« Fn < € , and fn± fo r 

®T«ry positive imtoger a« l«ae« tho s©t«o»6o F • [p b } <so»-

vorgeit to a positive aaabffiy C* 5 C • ®wa» 
f . If<*i ).r<*,) I s e . 
1*1 * ' ^ 

But € 1ft arbitrary* sad tho assertion follows. 

2.21. Jf H £ tmQ%%Qn t | £ defined on [a,b] and hae £ 

oontlmotis derivative f f ®u |s ib] f thoa f sa t i s f ies & 

MpseMtg Condition £n [a,b] . 

Proof. Since f # i s oontianoas on [a»b] t f» Is bounded 

on [a,b] • I*t K be a bonaA for f f . a*en ohoooo %i and x2 in 

|a#b3 so that x^< x 2 . Br tho Mean Valve Hiooasw of d i f fer* 

tmtial oalomlms# there exists a point x* € <x^»x2) so that 

#% mzhtin) 
f»(X#) ® iiiiMiiii iiiiniii iiiimim mi ...» 

*f~x l 
But IfMxMl < K* lease 

I XZ«.X% I 

and the thoorea i s proved* 

2.2«. 3L Ma. t M t H f t w a HUPBttiW 2SBiiUSB 

OB rw.bl. th«n t 1« «b.olut.lT ttonttamaa* an 

Proof. Let K>0 bo a bound for tho difference quotient 

of f on Let € bo a positive lumber. then ohoooo S>© 

so teat 5 < 4jr». list {( bo a finite oollootioa of 

non-overlapping opon intervals so that 51 (x«*x*) < a . ttien, 
Hi * * 
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If01? & 1>§ 'ft# 

I I t - I l - 1 I 
Hob*W 

. Z t ( x j ) - f ( * t ) < k • T . I * r x i ' « * • 

ftms th# In pxwrod* 

2.23* Jf J&« fmatioa f afrgolmtgly. mntimmm g& 

[«.*]• j&sb f m k m a a l aa [»#'»] • 

Proof, 2*t a m 1 intk® definition of absolute ©on-

tinaity. Bras* f i s aooa to bi oontisiaoufl on jatb]# B*o» 

f i« boundod by 1*32. 
2 i f j f a i s M a mfaiMm' 

fwaetloa. doflaod gg [a*b], ttion 

1) f*g 1® abftolutol? OOAtilUlOllfl OS 

It I f*g Is Abnolatoljr ooAt insures 921 [a#!*] I 

i l l ) f*g i s absolutely oo&tixmotui on [a tbjj 

l v | If «4» 1® 4oftno4 m& boundod on [a»b]s thou 
Hi 

•X. i s absoimtoly oontlxmotts on £a»b] • 
15 

Proof* Proofo of (1) and ( i l l ) wi l l bo g l n a . *ho 

proof* of the otHos? pmyt© art similar to the &ms gtrvn* 

i ) Oioooo € > 0* ®*mm oxist positivo mtMbors audi 
s a 80 that i f oaoh of |S i « A {frl» y i>l i»l u • 

f i a i t o ©ollootion of t»ti<»oir«a&appiim opon iatovYals so that 
n m -

< * i « d . X C T ^ i ) < ®2# m m 

t s I C = * 

;!EL 1 f C*i>-f<*3^)1 < ~ 
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art . T < -§** I*t J - mla( S z ) t art Xot 

ho * f l a i l * ooXXootion of paiiwts# disjoint opon 

Intervals of Xongth sum Xoss than 5 . Si#» 

- ^ lf(*i>-f<x1)l+ 21ltCxJ)»«CX|)l 

< «JL» * ^ 
2 2 

» € . 

i i i ) % 2.23 both f and g are bounded on [a»b]# Let 8 | 

bo a boort for f , a r t l o t % bo a bound tar g* 

Chooso € > 0. those oxists a > 0 so that i f 

la am* f ini te ooXXootion of aoii-ovoylappta® opon iatorml® ®o 

tha t ^ (xJ-x*) < L # thou 
i s i • ^ n ^ 

5" | f(Zi)«f(xi) | < <•$*»• 

i . S I 2 M g i 

iiaiXarXy, tfeoro oxists a S2 > 0 »o that 

any f in i to ooXXootion ** imnrrorlappiag epos iatorml® of 

Xoiigth sum Xoss than S9» then 
ft\ * 

.ZL ! «(*{)-«(**)! < 
c~1 **1 

Lot 5" « Min( S | i S~2)» art Xot f (x | # xj ) j bo a f in i to ooX-

Xootion of noiwrrarlapping opon iatorvaXo of Xongth sua Xoao 

than S • tbon 
X If(*I)«(*J)-f(*4)*(*«) I 
I t | «S* 4* <ik 

A « • 
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- X^lfCX|)I lt(xJi*gCx t)| • £ |g(xj)l !fCaeJ^ir{X|) | 
A Jt"' 

< B i Z l*<*J>-sC*t)) + % 31 I t i x l ^ t ^ ) ! 

^ Mi if "V 4*ffU "f \ 
m — --«- M # m 1WfPWiWPiPfPW^fPW <M 

21^ 2% 
• C , 

S«M» f«« la Absolutely ooatiimoua on and tti# proof 

i s aoapi®t#&. 

2.25. SWUM' m. m f m t t r n * i» w w sa& as ia-
2a$S2Z ooatHroam & [a,l>], th«3 f •*£• seljs j £ ortariag 

l s S s a t o * t i M H ' i s i s fis££ s£ toeaeBHassm-o. 

. tornf» VittMmt loss of g iasml l ly , suppose that EC{» tb) 

a r t tii&t ® ton exterior me&aura o, denote tho exterior 

measure of I tgr a»(B)» 

Chaos® € > 0. % 2«20 sad 1,34 ttier® txlala a S >© so 

that it t m i s a mwoMbl# inf in i te eolledtlon (sequence) 

ot^mn~QmTU.wtem «P*a intervals ao that ^ , 1 ( % ) < % % th«n 

Jr, < € * wti#3Pt % and a^ denote tit* mm. and a&A ras-

peetirely of f on %» Lot jr « |jra"j " {(*a»*a)] ^ a 

of peiatwlee disjoint opea la t s r fa l* covering B so tot Wis 
oo 

leagt^saa of J i s lees than 4 . Clearly, f ( » ) c Uf(0%#%]5 
4ya^ oM U, {Kg-a^} < £ * Beaae 

m*f(E) < C , aa& the theor®* 1® pawfei. 
2 # 2 6* i t £ & * M M I M i £ i •feaolutaly eon-

tlaaous oa [a,b] <<a.b))t then f ii. of baaa&ad mria t lon m. 

[»,!>]( <«,b)J. 
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Proof, doppoaa by way of oontradiotion that f Is not of 

boundod variation on [atb] • Chooaa € » i# thara wtili a 

5>0 ao that if is any finite oollaotio* of pair* 

via* diajoint opon intorrala ao that I E . (x^xg) < S t than 

t ( V I < e . Hioa f»» a amMivisio® a- of fa»b] 

ao that II <r- II« S, Zt follows that thara axiata an interval 

^ cr so that f is not of bounded variation on 

s®*3l0e thara axiata a subdivision 

o - n » f ® < F t * F 2 < . . . < y n
K X t 

ao that T0_<(f|[x1->lfxJl])> 1. Bat JT (Fi-Fi«*) < S * Honoo, 

fro* abort* X 1 ̂ CF^J-ftFj^i)! <• t» * oantradietien* Biua, f 

ia of boon&od variation on [a»b]« 

fh« proof goo® thrombi ainilarly if (atb) ia talsan to tea 

open, 

2 , 2 ? . J£ $hg. fuaetlon f |£ deflatd. & & abnelntely ogg~ 

tianottg on domain* fch£ Amotion g 1b aba@lm.ta oontiaaoga 

and [a#b]e g^d jgg m m * f£ g £a 

& wifaio* ££ Mi®. *«•*!» of f, than the eo&pogtltloa fwmtim 

F(x) « f (g(x)) ja eofifelnaottg $1 [**4* 

Proof. Ohooaa € > 0* 3here axiata a ® ao that if 

(fri^iOiHl la * finito oollootion of palnrlae disjoint opon 

intarvala oontainad in tha doaain of f ao that Z(Fi-fi) < $x* 
n 1 

than < € • How g ia abaolatoly oontinaoaa en 

[a9b] • Therefore thara axiata a Sg > © so that if ' 

ia a finito oollootion of aon^wrlapplag opon interval® of 

mailto:aba@lm.ta
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c A f c 

length mm 1©«® thaa ©g* *hwl ^ < *£• ®»* 

g in monotone a©n»d©or©*aiag m Ea»*Q • ®*©*©f®*» 

f|g(3Ê )itC*|)̂  1*4 

la a finite o©Xl©«tl©a ©f non-©rerlappin« ®F®» iatMrwrt* in 

the doaala ©f f with Ungth rai l©aa thaa SJ* I M U M 

."Z IFCS^-FC^M « .T |f<e<x[>)-f<*(*i>)l < € • 

and F Is absolutely ©©atlas©!*® m [*»fe] * 

*•**. I M S * Clearly, if the fmi®tl@a f la absolutely 

©©atlaoeu® ©a [a*b]» tit®a f I®. o©atlaa©B® m [a»b] • Further-

sore, 2.25 ®h«w® that an ab®alat«ly ©©atiaiuwa f » W ® a «*P® 

sets ©f exterior ltab©Egu®~ll»asur®*.0 1st© ®©t® ©f ©xt©rl©r 

tebeegae-lfeasure-Oj and 2.26 shows that an abs@lutely ©on-

tla»®fta fuaotloa 1® ©f b©««9A®i. variation# &etnallyt thee# 

three ©®atllti®tts f©x* a «©apl©t© ©ha*a©t©ri*ati©a ©f th© 

©1M© ©f absolutely eontinneua faaatloaa. mat la, ?»rb#rg 

(2) girov»s that «ar ©©atlawwa f®a®tl©a t defined ©a [a,b] 

whioh la ©f bounded variation and naps ®©t® @f *®a®w© «©m' 

into a©ta ©f WMMIUK mm LA ab®©lat©ljr ©a [a,B]. 

Hi© proof #f ttol® theorta iavolv®® ©easidembl® Material 

about Jjeb«sgtt# &e»«mr® and the &i»b#®gme Integral whioh la a®t 

discussed la thl® th«al®. For thl® *©aa©a th© pstof will b© 

©mittad. 

2,29. UBIBII. Sh© purp©a© of this exaaple 1® t© ALLOW 

that th© ©oarers© ©f 2.26 i® not tru©. An example 1® glwa 

of a fuaatloa defined ©a [o,l] whl©h Is monotone non-deoreasins, 

continuous, and not absolutely oontiauous* iialtttdljr• th© 
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funotlon dlooooood horo ie not tho mmt ofcvlotui mm whloh 

dlopraros tho wmmrm of 2.26* 

to t 1 » [o»l] • Cone i t e r tho point* of £o,l] to 1m 

whlto* BXaek#u tho opon sMdlo thlxA of Iy «ad oal l th i s 

blftOfco&oA lntosrmX %|» Blaokoa tho ©pern mlddl® th l id of 

tho two mm$Mm whit© in t a rml s and ©all thoa and Xgg. 

I%1 Is uniowtood to ho tho opoa Intorvnl with th« smallest 

l o f t oad point. Gontlnao l a th i s fashion* Lot 

% « ^ U C I ^ U ^ I U C I ^ U ^ U ^ D ^ U . . . 

whoro tho paronthosos l&dioato tho hlaok intorvala fomod a t 

tho various otagos* ft# sot of whlto points Pg « [o0i] «G0 

i» oallod tho Cantor «®t. Hie blaolconod ltttosTals of % ar® 

oallod the ooaplonontaxy Intortal* of tho Cantor oot* 

Bio eo^>loaoatazy latonrals mm mm mood to tof lao * 

ftwotlon tm Boflno f (x) « § If x € l n « Doflno f (x) * $ if 

* £121* *** 4«fli»i f<x) * ^ if * € 122* 3te gMMSttlf ooasiMor 

the «®t of blafclc l a t o rml s foxood a t tho a®4 ategot , , 

Inl* ^*2* •••• In2a~ i* 
Mt%m f{x) * Jjg If *€ ! ,£» doflno f (x) « ^ If * € 1 ^ , 

and doflno 
2®»i 

2n 

if x e x ^ i . Ut f<0) ~ 0 and f{ l ) « 1. thon lo t x0CC@tl) 

oo that x 0 £ P 0 , Dofino f (x 0 ) to ho tho max of 

{f(x)lx €<J0 and x< x0]« 
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It i® asserted that the funotioa f Is Monotone s®»* 

©a [o#i]» Choose xt and x2 la [o,l] m that xi<x2* 

If xt aaA x2 belong t© «*© mm complementary lat©rf*l of %» 

then f(xx) » f<x2) «** «*• «©wit©tti©ity foU©w«. If x* a**d 

xt belong t© ©wlea©ata*y internal© formed at the mm ©tage* 

then f(xt) < f(x2) tar dafiaitUa. »©a BUPP©«© that X| and % 

belong t® % bat that til© internal ©oatalalag x^ was px*dtt©©d • 

at th© 3 th stag© and th© internal ©obtaining x2 was produced 

at til© It** itad* L»t a * aaxU»fc). *h©a at th© a** ©tag© 

there will b© 2-1 total Mae* iatarfal©# X*t 

i A * {%» la# •••» 

denote thl© ©ab©©t ©f G0. m® hImb that f asstna©© ©a th©«© 

Intervals will b© 

1 2 3 2̂ 1 
*8* Jl» 51* ••• 

reepeotirely. Xt 1© th«a apparent that f(x̂ ) < f(x2)« *h©a 

cuppas© that aaA XgCC^. Bat If x €00 and x<x2, 

f(x) £ f(Xg) by th© preceding argument. It fellows iaaaedlatelir 

that f(xt)*f(x2) «la©« t(%i) is th© mx of all x€00 so that 

X < xt« If X1 € % and x2 ̂ 00» th©a W d©flaltl©a f<xA) i f{x2)* 

Th©a suppose that and x 2^%. If « [xCo0lx<x1"} 

and Bjjg • {x€%lx<x2]t It is laa©dlat© that ̂ C S ^ . Henoe, 

f la mono torn n©n~de®reaelng ©a Co#1! * 

If x Ca0, it Is apparent that f is ©oatinaous at x. 

Suppose that x^00. By deflaitioa, f(x) « f(x-). Purth©ri»or©, 

by th© 09aatru©tl©a ©f Oq» there ©xiat© a bla©k interval la <S0 



with loft owl point gvootor than z but a® oloso z m li 

dooirod* loraio, f<x> » f<*0» «aft ooatiwiity follow# by i.42 . 

and i»%3* 

to Addition* It if Mfr to Ht thot P0 1® of JordAH* 

oontont~0« $&tosi ohooso £ • |» X*t ^ pooitlTo Btxabor* 

Hoatoo thoro oxioto m fiaito oollootion I «* m 

of una-oTeflniifpiag opoa i»tor?»l® (relative to Qhl]) 

f0 c u xt •ad .ZI1(1^) < C. Parthoraoro, lot tho oloaonto 

of Z bo ordorod ia tonw of tkoir loft oad potato* 4»&* 

< *i+i • 01oorlyt «| * §« Wow % € % aiuoo Hi# latortmlo 

of I aro non-overlapping. Am** og CGq. Furthoraorot b| and 

§2 oast belong to tit# saao oflftplontzitmzf lafeorv&l* for ot&oav 

wloo there oxioto * point of *0 botwoon \ and a2» and 1 

would not oovor ?0. M gosoml* fCb^) « f(**+i) for 

1 * if 2f •••t • 

lira* 
n _£L 
.X. If^J-f^)! « z_ (f(i>i)«»f<*̂ )> 

* f(b̂ )« 

Bat % snot bo i. ®mo» ̂ lf|b|J-*fC«|)I • ftt) • 1 > € • 

Therefore, f is not absolutely oontisnouo on [a,b] • 

2.30. M M , 3f M M 2 M H i MWftHM Mir 

decreasing (monotone «oii»i&orefeglag) on [atb], then f j& fg 

s a m M 

Proof, for deflnit#a®ss, ouppoee that f is aonofeoiio mm.* 

dooroaolag oa [a,b]• Let <r t a « *(,<x1 <... < % » b be a 
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a«M i r i s ion of C«»b3» ®t«m 

« f(%)«f(*)« 

f&t® thooroa follow* iasadlatoly. 

2*3i» Jfc J M l o t t o s f M MM$& aM a£ a s -

Utlan a* [• .*], S»S Ifl fe S£ k B B M SSl C«.*>]• 
Vroot. I*t <ri • - x0 < xi < 

of £a»b]« then 

t r I . J J . i « h 

jr. | i f ( i t ) i - l f ( x i . i ) i | ' - T i f t M ) , 

aad tho thoorat follows. 

2.32-

UAAm M C*»b] • then f i£ MJffljtl 01 C*»*3 * 
Proof, & p*oof of tho ooatxapoelttTo U gi*»*u ®*ooso 

X > 0« thou rn«r® ixia ts «a x f £ (a,h) ®o that 

lf(x»)l > K>(f (a)| . 

rnm, | f (x ' ) |» t f (a) l > K. Bat Jf(x')«f(A)l > l f (x # )Ul*U)l • 

Thtn lo t o~% a * *g < x^ < x$ » b bo a aubdiYtalon of C®»bl w 

that a *», ftims 

V<f) • | f (x 1 ) - f (x 0 )Ulf<x 2 ) - f (x 1 ) | 

- |f<x*}-f<a)l+lfO>)-f(x*)l 

> )f(x ')~f(a) | 

> K. 

Ho&oo, f i« not of teraaioA •mriatlom <m C*»bJ • and tho proof 

is flnlthod* 
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Corollary* J£ fmsfettom f defined £ & abSQlmfrsly 

mn.%%xmm& oa (atb)» tkon f is b®tmdM. g§ (a,b). 

Proof* lb# oorollary Is an iwtedlat® Gomrnqprnm® of 

2*2? u d 2«32« 

2«33« Example* thooro* 2*32 shovsd that bouadod mav 

iation lapllss botuadodnsss. fh« esatflfse is not trao, for 

oonsldar th* function f(x) » x sin 2C if x <0,2̂  and f(0) «• 0, 

fit® ftmotion f la boondod and oontissootte on [p**]* Bat f la 

sot of bounded m l i U o a on [o,2] <3, p.100). 

2.3*K it Sat Amotion f If dof.togj H [*tb3» <*" jtf °1 

« » tiro mtMlrlalong of U.W1. S9i <rc°i. i&Sa V > S 

Proof. $*o proof follows Inaodiatoljr fro* tho faot that, 

crcoj aal t»35* 

2.35* 1£ saoh of H & fimotlons f Aud g le defined and of 

bounded variation gg &»*>] • flMtt 

1) T+e 'Is of botta&od variation m [a#b] t 

11) f»g in of boundod variation on £atb31 

111) f*g Is of boundod variation on [a»b]| 

It) If JL* is doflnod and boundod on fa*bl • thon 
8 

-X* is of boundod variation on [a,b] • 
S 

Proof* Proofs of (1) and (ill) will bo glvon* » • proofs 

of tho ronalnlng two parti aro siailar. 

1) Lst r t a*x 0<x 1<,,,<.x n"«bbo a subdivision of 

£a»b]• Thsn 

IlJ (f (*i )+s(h > >-{f<H-i )+g(*i.i fl 

- Y If<*!>-'1EXi-i > >•(«<*!>-«<*!_!)) I 
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s ll<rlf<2Cl)«.f(Xl_1)|+ 

- v(ft [••*} )+V<gj [a#b]). 

Part (1) followo. 

ill) Br 2*32# f and g boundad ©» [a,b]. U t % b» 

a bonad for f, and Xat Ha bo a bound for g, I*t 

<r I «t » X 0 < X 1 < X 2 < M . < % » ^ 

bo * arabdivlaion of Ca»bl« ®t®» 

"Eljf{x1)8(*l).f<xl-.1 ) 1 

a )+*{*!,*)(* (*i)*f ) >1 

- ZJf(*!,)( lc(X|)«s(xM)( ̂ tsCx^i) I lf(x1)'-f<xl«,i) I 

- *t ZJ«Cx||-gCx^iH+*a 

* % W « GM>]». 

Bum the thoorom foXXow» 

2.36, CeroXXagy, K ? *&l * M 1 M & Mft 

variation on [a,b], fig ® *£i d l£t M l nwibprq, B S S 

••f<xH*-6(x) M t£ IhyfflfMft « C a » • 

2.37. RTMffita, In 2,35 the funotion g w&s rostriofcad so 

that it® raoipsttoaX wan 4#flai4 and boundad. this oxaapXo 

indioataa that tho bouadodnot* roatriotion oaanot bo ronovod. 

I*t f (x) « i for all x € (§#*] • <Jl*arXy» f l» of bonndod 

variation on [$»&] • Than oonaidar tha foXXowing funotion hi 

h(x) * x If x £ <0,i] » and h(0) * 1. I*t 

<r- t a * XQ<x i<..»<x n » b 

be a subdivision ©f £a,b]. ®a#» 
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Vh> -
« U^x^l+lhCxgJ-Mx^l 

-fjh(x^)»h(x2)l +•»••|h(l ) I 

* 2[{l«h<x1))] < Z4 

In faat, it follows aaailjr that V(hj [o»l]) • 2. 

Ihaa let g to » function daflaad on [»»b] ao that 

X 

if x 6(0,1}, and s(0) • 1. Claarly, « i» net boaadad on 

[p,l] • then g 1© aot of bouaded -rariation on [p»l] by 2*32. 

Bat 

1 f(x) 
g(l| « — at — 

h(x) h(x) 

whore both f audi g ham© prrrloasly totes to b« of 

b@«a&®d tmrlatloa da [o,l] * 

2.38. jgg the • function f Jfi <t»flaM a [•»*) * than ft 

aeeaaeary m ^ | ^ t ooadltloa & g | f 1& t£ MS8i«& a b -

lation ow [a#b] |§, that J£ « € (a,b], then f b« of bounded 

variation jgg (*»©] [e,b]. 

Proof. Suppose that f la ©f bounded variation oa [a,b]. 

Clearly* If o « a or o « b, thea f Is of boaaded variation 

oa [a,a] aad [o,b]. ebvioiwly, V(f|[e,oJ) » 0, Ĵ .ju the vwv 

la t ion of f a 1« ©# ; • 

thea eappoae that © €<afb). Let cr"i be a subdivision 

of [a#®]# and let r 2 t e i aabdlvlaloa of [o,b]. Shea 
<T" » cT| U dg 
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fozas * subdivision ©f C*»*] • Bat 

y f ) « Vi<f* [a,0] ) « % - 2
C f * 5 5 V ( f* 

Thus, f l i of bonadad variation on [a,e] and Co#*]* 

Hdw supposo that f is of bouiidat variation on [a,c] and. 

[o,b]. Lst <r ba a subdivision of [a»b] • Lot 

<r2t a » x0< • <X2 » b 

ba a subdivision of (a**] • fiion, sotting (Tj a cr U (Tg, br 

2.3fct 

£ * S f ( f * 

i V(f$[a#a])+V(ft 

thus, f is of beundad variation on fa,*] • 

2.39* If f U of boundad variation on [a,b] and a < o < b, 
^ " '̂ mWprIÎ  mSSSSmm IplflBHIr IPwPPPSIWIPPPi^^W^P^t t p iiwiuuijpw 

than Y(f| [••©] )+*(fl Cofb]) - V(f| fa,b]). 

Proof. By 2.38» f 1® of bouadad variation ©a [a#©J and 

[©ib]. Lot <T| be a subdivision of fa,o], and lot <r2 ba a 

subd It is ion of [o,b]. ffion lat <r * (TjUffg. 

f^fflCatb]) • ^ ( f j [a,o] J+V^Cfi [o,b]). Hanoa 

fhus 
V<ff(a,b])>?(f|[a,o] )+V<f| Ca,b]). 

m a similar fashion i t ©an ba sham that 

• ( f t (a,b] )< V(fj l>t©3)*V(f| 0>»fc]) • 

Hanoa, V(f|[a,b]) « V(f I [a,o])+?<ff [©#bl), and tfaa proof is 

flnishad# 
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Note. Hi 2.4-0, 2.*2, 2«43t 2*4fc» 2#&5» *»& 2«46t 

oonploto otuttftotorixationa «n giVOtt Of tho OlaM Of fttnOtiOSUi 

ifhleh are of bomniod m r i a t l o n . thoao theorems am especially 

Important# and wi l l bo made to the® poriodioally 

throughout the xonainder of t h i s papor# 

S l S I S * A tmmtim t defined on Qa»b] ie of 

bounded mriat lom g | C«»b] J£# only |£» t ®an Jw wri t ten 

S i l i f t ftlfflMPitt— j £ &0L aoBotoa® nonj-deoroaalmg functions* • 

Proof* Suppos« tha t f i s of bounded var ia t ion on t a t b ] . 

Lot v(x) bo tho var ia t ion ftmetien of f whioh i* defined in 

2*i6« A« ft r e su l t of 2.38 ani 2.39» i t i s c lear tha t t i t 

well-defined and monotone ma4t©reas lag on Ea tb]. ftien con-

s ider the function h * iMP defined f o r *11 * € |je#b]• Choose 

X| sad z 2 in £•»!»] m that X| *2* 

h<x2)«h(x i) » t (x 2 ) - f (*2>- frCxi)-f (*i 0 

» v(x 2 ) - , r (x 1 Mf{x 2 )« . f{x i ) ) . 

But t ( x 2 ) - V<f | [a.XjJ )+V(f | C*i»*23 > •** •<*!) « V(fi[«»x 1]) . 

therefore 

h(x2)*h(x1) 

• v ( f j [*,XX] H f C f I [xj f x a ] ) -V(f | [«»X|] )*(f(x2)« 'f(x1)) 

® V U i f x ^ x ^ M f ( x 2 ) - f ( x t ) ) . 

Obviously, V(f | [x^ t x 2 ] ) > f{x2)*f{x^) • Henoe, h i s aonotone 

non-deereaeing on [a ,b] • Hotioing tha t f (x) * v(x)-h(x), the 

f i r s t par t of tho proof i s ©oaplefced. 

Xf f i s expressible as tho difforenoo of two aonotono 

noiMUioroftiting functions, the eonolusion follows iiraied la te ly 

f roa 2»30 and 2.35* 
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2.»1« Shooroa. It tho tomttm t l« Aoflaod ma& of 
bona&oa r&T%M%im on £*#b] • ttlftll jtyfc set 0 gfc noting of fjyf 
ipPHRPMifRIPillM -•-< --•-•* •*•• — « - • -

oantuuitT at * aa [••*] ia «ym«.»i«. 

Proof. By 2.40 thoro txlit mm%mm twm%%.®m g and h 
•& that f « g*t*. Clo*rly( if f i« dlooonttnaoiw «t 

x « j € [a»b] » 

tbon olthor g or h aust bo dlooontixntowi ot x « J . tt« ®#a» 

oluolon of tho tfeooroa thon follows tmm l.*4 and tho foot 

that tho union of two oott&tablo sots Is ®$wlaM#» 

2.42* Btooroa. 4 fimotlon f dofUiBd fg [»»*>] j& 2£ 

fcwurtftd wU&io* ffi [*»b] |£» £ & jy£» oxigte & 
^ W P P * jimniiiNujiiiMvwun —-•* - -*-r — • •-"* ~"*,T/ ""1'v'"T'r 

monotone •mm»&mmm%am function g doftaod gg [*§̂ 1 I£ J2Sfi| 

it *i sa4 *2 aaa A [*>4 *2» &sa 

f(*2)-̂ <*i) i «<*2)~*<H) * 

Proof, ftsppooo that V(ft[*t*]) !• finito. fhoroforot 

lay th® theorem of 2**t0» $h«a?e «zl«t mmt&m ms^Ammmim 

funotlona b| and h2 dofinod on [a»b] «o that 

f|x) » bt<x)*h2(x) 

for *11 xc [a#b]. m m ohoooo *j cut x2 in [«tb] to that 

x% < x2» fhott 

f(x2)-f(xj) «* h^(X2)^2^*2^l)
ll^x1^2^xl^ 

* h1(x2)«h1<x1KCb2(X2)^i2^
zl^ • 

But bg Is monotone non-dooroaaing on [a*b] * Shaw 

f(x2)-f(x1)^ h1(x2)-hi(x1). 

Sotting b| » gi tho first port of 2.42 1® oonplotod. 



*3 

mm suppos* thore oxists suah a ftmation g as IS d«»* 

oribed in tho hypothesis* Ohmm x% tad xg In [a#b] so that 

c X£« !•»»#> - ©• Bat 

g ( x 2 ) ^ ( x l ) ~ ) ] « g(x2)»f(x2[gCx^MC% |] » 

Heaos th<s ftmefclom h « g«f is monotone »&»*>&@ea?«ai®tiig ©a 

[a»b]« Bat f » g*h» snA f Is of boua&od variation by 2**0# 

2*43# SEBM*' * » » — th>» e. i f: < b is a mmraater 

iatorwfl, anA that f i ( t ) « x agd fz(t) m y are amotions 

de^iaad f a r jash t e [«,b]. a«B * " M l tt m s i f i l t i a i U s 

ana oh&r i£« % fg a^£ • hoaaAaft nurtafrUa £ft [a#n]« 

' 2Sttl* Buppos® that fj_ sad f 2 a*» of boun&ad variation 

©a fa»b], fSmmt&m ttmm oxiat «aal anaboYs V(f t j [&*"b]) 

aad V(f2i [a tb]) so that if cr* Is as? subdivisioa of £a§b]» 

thoa %-CfiH Wii[«#b]} « * T ^ f ^ i V(fai£a»bJ>. 

1st $m& ha roal wmlmm in. [a fb] so that t ^ < 

fhaa» bjr th# Hiakaiifski inequality, 

« I ^ ( t i ^ f j C t ^ ) ! • | f2{t1)^f2( t l <„1) I • 

Xoaao 

*V w i? i 
f .21 . 21 ' 

i f 1%I [h**] >«*<*21 c*.*] > • 
9ms* are [a»b] i s xeotifiablo* 

Haw suppose that aro |a«b] i s motif iable aad that i i t h i r 

f | or f 2 1® of aabotiaded variation ©a [a»b]. Hithout loss of 



w 

mmmliW* mw&&m that tt la not of botmdad variation m 
[*»%] • ChMN I > ©. Hanaa thara ©xlsta & ittMtTiiloa <r of 

[a*b] so that 

Bat . 

9ltt* ' ' 

2 X 

> K» 

ttiarafora a oontxadlotlon is aohlawd alnoo X was arbitrarily 

ahosan, and la xaotlflabia. ma thaoxa* follows. 

2.«t. S8$8llsffi' IB th« wwl«l »»»« «h«r« t - i . th« 

r m '<*> i s s£ SS5B6S4 w r u t l a n ££, •£& 2SU i£, 
111 fwa&tlon f |g' r»otIflabia. 

2.»5. m m - a s i M t i n * ' aarnsa m &•»] i s a£ 

t w M w m s t w as [*•)>] u> sas. sssSx. ii> * is, at Ssmn 
8-r«rl«tton on [»,1»] • Farth«xnor». i£ 1" i« £f TffllTfl •" 

variation on £atbj» titan %Cfi [a»b]) * V(fj |a»b]). 

froof. Claarly* If f Is of bounded S*marlatlon on £a9bl, 

thon f la of boundad variation on fa«b] • 4haroforo» suppose 

that f la of boundad variation on (a,b] • Lot 

or i a * XQ < < . . . -c XQ • b. 

Consldar *£.̂ {1%}* Ohooaa € > 0« thora axlst nuabsrs and 

y{ la [*o»*i] w « » • lf(y|)-f(yi)l > »(fi[*o»*i] >• *|r# 
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Bepeating this process with respeet to each Zg 6 rs a sub-

t m i t u «r* of [>#b] is formed so that ̂ #{f) > X<rs(X1)« e » 

finoe C wag arbitrary* It follows that 

V f s )*•(*! B^4)* 

Eenoe» f is of bounded S-variation 0a £a»b] • She pre-

eating remarks make the equality of V(ft[a«b]) and %(ff{a»b]) 

obvious* therefore the theorem has boon proved. 

Corollary* 4 funetlon f defined on [a»b] Is g£ 

bounded g*varlatlon ̂  £a#b] jy*» ggd Mf exist 

monotone non-dccreaslng functions g h defined §q [a»b] fa 

ffisat f » ®-h* 

2.^7. Several oharaoterissations have bean given of 

funotions of bounded variation. the next theorem gives some 

indieation of the behavior of a funotion whioh is not of 

bounded variation on the olosed interval [a«bl# 

theorem* J£ the funotion f |s defined and unbounded 

variation on [a,b] t .Mien there exists % point $c[atb) so 

that f Jft ft£ unbounded variation at r » Furthermore. 1£ 

8 - fx£ &*b]It{x) ia of unbounded variation at *}# then I 

aaass4« 

Proof. Divide I • [a#b] in half* f must be of unbounded 

variation on at least one of the halves bjr 208. Xf f is of 

unbowed variation on both closed halves* ohoose the ri^it 

olosed half and oall it % » [altb*]. Otherwise, ohoose the 

left olosed half and oall it 1%. "Ehen divide % in half and 

ohoose that olosed half Xj of 1% having the largest right end 
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paint so that f la of unbounded variation on Continue 

this prooess. Br lnduotion, a desoeBdtng, infinitesimal 

intt«8M {x^ of closed intervals U formed so that f is of 

unbounded variation on % for eaoh positive integer n. man 

by 1.31 there exist® A unique point J which belongs to Xg 

for every n» 

than let fo»d) be am open interval (relative to X • 

ooKtalalmg £» 81nee la Infinitesimal, there exists a 

positive integer B so that %C{o*d)# Henoe, f la of unbounded 

variation m (o#d). Shexefore, by definition, f is of unbounded 

variation at S • 

low lot y be a limit point of 1 « (x € [a#b] If la of 

unbounded variation at x|* Let J* be an ©pen Interval con-

taining y • Sims* J Hi ^ gf, a M f la of unbounded variation on 

J» therefore, y€K # and the theorem is proved* 

2.fc8. theorem* If function f j|g, defined and of bounded 

variation on Jja.b]« a M x£ [a#bj• than f £s oontlimoua i& x J£» 

aod only if, the function v(x) • V(f|[a,x]) |£ oontlnuous at x. 

Proof* Bather than appeal dlreotly to the dafinltlon of 

oontlBulty* an attempt has boon made to indicate an application 

of some of the material of Chapter X* Furthermore» in order 

that both one-sided limits may bo oonsidaradY suppose that 

£€(a»b)« the body of tha proof makes it clear how tha and 

points ©ould bo handled. 

Suppose that f is continuous* Choose € > 0. 8f definition, 

there exists a subdivision cr of [p» S 3 so that 
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A 1 s o , tlimm i x l s t f l a 5 > 0 s o t h a t I f x € [ a , b ] a n d f x - .§ I < S 9 

t h o n i f ( x ) - f ( S ) I < € * C o n s i d o r t h o r o f i n o s o n t o - 1 e f r 

w h i o h I s f o n w d bjr a d d i n g a p o i n t x * t o <r* s o t h a t 

*B-i <X* <• S 
• a d t i « - J I < $ . ftu V j C J J S J ) - € • B t w , 

S J ) . e . a n t 

l f < x l ) - f ( * 1 _ 1 ) l + l f ( * M - f ( * B _ 1 ) l + l f ( 5 ) - f ( x , > l . 
n - 1 

« Z 
t =i 

U t o r o f o r ® 
n - l 

> VCf|[a»S 31-2 € . 

T h u s , i f I s aa j * s t m b o r s o t h a t * • i < S » 

V ( f I [ » # * * ) > V ( f § [ a , 5 ] ) - 2 € . 

t h e r e f o r e , "togr i « 4 3 » v ( § - ) > • ( J ) • 

? h « p r o o f o f t h * f a o t t h a t r ( 5 • ) - • ( S ) d i f f e r s m u « 

w h a t f r o m t h ® w o r k i i o a e t i a t e l y afeov®« IShoro e x i s t s a su"b« 

d i v i s i o n o - o f [S # h ] s o t h a t %.(t) > t ( t f £ S , h ] ) - € » w h e r e 

€ i s a n a r b i t r a r y p o s i t i v e a m b e r . t h e r e o x i s t s a p o s i t i v e 

n w a b e r § s o t h a t i f S < x < S + $ » t h e n l f ( x ) - f ( « f ) I < € » 

L o t <r 1 b e a r e f i n e m e n t o f or f o m e t tor a d d i n g a p o i n t , x * s o 

t h a t S < x * < X j a n d x f - 5 < § . S i e n 

V ( f ) « I f < * • I f ( i fc ) - * < * • ) ! 

• . J f ( * i W < * | ^ i > ' * € > T i f f [ S t b J } 

« V < f | C S t X ^ J + V t f i f x S b ] ) , 

B u t | f ( x M - f < S ) ! < - € a n d 

| f ( x t ) - f ( x ' ) U . Z j f ( * i ) - f < * i . i ) l £ V ( f | [ x * , b J ) . 
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Hence, 2 C > V(f| [5 ,*•] ). Shus 

nti [ft# S ] Ha € > T<f i [a»x»]) > n S 

•( S •(!•)• ft# eontiaaity of • fellows fro® 

1*36* 

low suppose tshafc v Is continuous at x « 5 € £a»b]* 

Choose € > 0. Shore exists a 3 > 6 so that if x€ fe#b] tad 

tx- SI < S , then 1T (X ) -T( S ) | 4 € • fte definiteness, 

suppose that x > 5 • Hunt 

Ir(x)^r( S)l « |?|fS [S #xl) I « *(f, 

Hut obviously If I S £ V(f> [$ »x])» J,.£, f(x>~f< 5)< C . 

2»^* Example. 1$*«©r®m 2.*8 denonstmted that a fuaotien 

f of bounded variation HA® exaetl/ TH* SUM points of dis~ 

eoatJtoitr as it® variation function Hsis exeqple show® 

that a function of bounded vtrlatiw and lt« variation function 

mod not bo differentiate at the sane potato* Consider tho 

following amotion f defined on [0,2]» f(x) « x if Oixi i, 

and f(x) « 2-x if l<ji2. Clearly# f &o of boua&ed variation 

on but not differentiate at x « 1. How-

ever, v(x) • x for wiry x€ [0,2]. «ms, • lo differentiate 

at all potato of £0,2]. 

Zf f to a funotlon doflnod and of bounded variation 

on [a,b]« then, by 2.^§f f can bo written ae the dlfferenee of 

two monoton* non-d«ereaslng funetions, nay s « M h# £•&« 

f • «-h. t*t G(x) - ®[a#x] bo tho interval fanotlon of t.4? 

that lo obtained fro* «, and let H(x) • H{a»x] be the interval 

funetion that lo obtained fro* h. Zf xe [atb], define 



» f#<x) to bo a(a,x]-.H[a»x]. Hi# Interval funotion 

f* than laada to another doooatposltloa of fonotlona of 

boaadod variation* 

Jb®2££2* J£ jfe£ ftmotlon f |f deflnod and g£ bounded 

•motion aa [••'O. Ssss * sffiSamiite «t & £ s a & & 

continuous funotion of bounded variation e prô deterBilttod 

irtiwil function f*. 

Proof* lr f - g-h» whero both g and h ami mono• 

tone aon»de*xeaaiag m [a#b]. kot a ant I b® tho interval 

fnaotlona of 1»*7 dlaouased above* Wum% by 1»%8# both f»a 

and h-1 art monotone non-deoreaslng and continuous m [a»b] • 

l«me both fmnotloaa are of bounded variation on fa*b]. 

Furthermore* the fanotloa f~f# « («-0)»(h«»H> la oo»tia»e«® 

and of bounded variation on [a#b] • Bwat f « and 

tho proof la through# 

2.51# Corollary* If tho function f |g b<awaad«d vmr*» 

mmsa I*.*]. j&bms.rn.atmm.at at 

f ag [a,b] I S & i S t i S t S S M B 9£ St f SB 

[»•*>] • 

2.52. Hie following two theorems indioate a m oon~ 

ditlonc under whioh tho total variation of a function saf bo 

defined bf a Uniting proeeae* 

fheoreia* Xf the function f la oontinuoaa and of bounded 
•WIAPWA®W$W ÂÂ A1 <AIIP#M̂II<WIIAITIIOAAWAAPAAIA FJPAAPWIFS IWPPIMWIPWBWWIIIWWP* 

variation on Ia#b]» then 11m X (f«U.b]) exists and is tho 
mmm ^ ~ mmmmm H y H ^ O rnmmmmmmm mmam r- mm* mmmm 

total variation of f m £a#b}# 
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froof* Choose € > 0. %$> definition* there ntits a 

mbdliiiloa crfi a • *§<X|< • •• < Xg « b of »yl» so that 

T<r*(f)> V(f|[a*b])• <r# ha« a finite nxatber of sub* 

division points* ear 1* Also* by 2«*t8» the variation 

fsnetlon • la continuous on [a*b]« ©*e*efero there oxlata 

a S|> 0 ®o that If 7i and jr2 belong to [a*b] and 

Iri-Tal 4 &t, 

then 

•(ri)-r{r2) < ~ 

Choose a positive amber S<«ln( men lot 
t t t 2 

<ri » « *0 <*1 < ... <xn « b b i angr subdivision so that 

II <r II < Z • 

Shen lot 1 bo the largest positive integer ao that x[£i|< 

If xj » X|» then ? (ft[a»xj[]) £ If (x^-f (x0)l. But suppose 

that x[< %i* then 

V (ff[*»xjj)+^j>v<r(f| [a,xj] HlfCxi)«f|X|)l 

> lfC*|Kffx0)U 

then let j be the largest positive Integer so that xjlz2t 

It fallows that 

2(-|j-.H7<r<f|[xj»xp) >lf(xl)-f(xj4.1)l 

+^(f )+ lf(x2)-f(xj) I 

> f(x2Kf(xi) • 

Bat slnoe there exist B-»l subdivision points of <r In (a*b), 

It follows that 
7a- e 

o- • ** ^ 
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ObTlOMlr, VJt)i % y > - 8«na., >•£_»<*)> V(f>-

Therefore, 1V(f J-V^f)! < €. , and the proof 1* finished* 
2-53. !hio»«. JUI funotlon f If defined. mmtimms* 

m. M. Ifflisi m [»•*»]• Exl~i»xJ > 

exists fiSi |£ the total. variation of f on [a,b] * 

Proof* Choose £ > 0. Sy 2*52 there exists a 0 so 

that If <r Is; a subdivision of Gft,b] m that II <r II < E, then 

V0-(f)> 7{f|[a#t0)- € . X»« o~|| a « X0<*1<Xg <•». < i^ • fe 

bo * subdivision of pi*b] so that 11 o- | 11 < S• Sinoe f if 

oontlnueus on £a,b] t f M « O M I i t s «ax and *ln on * 

say a t $%l and SZi* Lot x ^ f 5it £ ̂ 2t-*i» !•£• tho 

extreme points aro labeled aooordlag to tho natural ordering 

of the ra&l numbers. fo reiterate, no mention has boon made 

of whether f ( or f{ $2^) i« tho aax or mln. This ©on-

ventIon Is maintained in tho remainder of the proof. 

Then lot cr*2 be the reflaesent of cr| formed by adding 

the points J and Jgj, to C*i.i»*|] for 1 « 1, 2, . . .» n. 

Clearly, 11 <T| II < S . Thus, ^_g<f)> V(f;(a»b])- € • But 

I f ( S i ^ ) * f ( x i « i ) & l ^ ) J * l f (*i)-f ( 5 2^) I 

* lf( ^ *i^ 

then Z^SCff [*i.i«*i] > i V«r2<f) * V<f|(a,bJ). But 

V * ) > W » [•#*]>- € . 

Therefore, V(f|[a,b])~ e < Z ® ( f i [xi-4»xj ) < Vtff[a»bJ }• € » 

and the theorem is proved. 
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2.5** Baa funations p and n dafinad in 2»16 an* oallad 

tha poaitiva «a& nagatira variation*, reapeotivaly, of f on 
[»•*]• 

It i® «Mtl7 oaan that If <r Is t aubdiriaion of Ca»b] 

and *• Is a point in [a,b], thon 

Similarly 

lamoa# if crf is a rafinanant of <r, than 

mrfA 

.J£, lf<xi)-f<xui)| - Z-JfU^-fCx^JU 

ffeaaa obaarvatlons simplify tha proof of tha following thaoran* 

fhooraiu J£ thg, fraction f j|£ dafinta a£ bonadtd 

variation on [a,b], then 

1) f(x)-f{a) * p(x)-n(x)j and 

U ) tha total variation of tha function f on [a»x] 

ia ma sm of tha poaitiva nagatiira imrlationt of f on 

[•tx]* t(x) « p{x)+n(x). 

Proof* (i) dappoaa by wqr of oontxadlation that thara 

exists an x C [afb] ao that f(x)~f(a) >p(x)-n(x). Hanaa thara 

exists an € > 0 so that f<x)~f<a) » p(x}«a(x}+ € - p(xMa(x)-0* 

Thara oxists a subdivision <r of E*»x3 w that 

^_|f|x^)»fCx|.|)| > n(x)<* C * 

Cartainly, 1EL (f (xj>f(x^)) £ p<x). Hanaa 
a «-



S3 

f(x)-f(*)> (f(*1)-f(at1̂ 1 >)~ Z_l f 

« f(x)«.f(a), 

&M * oontrodletioa I# aehleved* 

A* assumption that f{x)-f(a) < p(x)-n(x) leads t* a 

similar oentradiofclon. Whence, f(x)-f(a) ** pfx)#»ii(x|« 

(11) 2»t er$ m • x@ <X| <x2<<»« < % • fc to * «ub» 

division nf Uisn 

f^Cf) « Z lf(x1)-f(*1<wl)) 
<T" cT" 

s p(x)-m(x). 

Henoe, V(f|[*»xJ) • r(x) £ p(x)4s(x}« 

ttswnt 1st cr̂  and <Tg be suMl^ieloas of [jfc#x]* Hence 

A Z (f(i1)-f(x1.1))+ £ilr(xj>f<xj._1)| 

* z (»(n!-f(iw))+5: 
r>Uri °cr u <r. 

- ViU o-2(f) 

Tbu«t p(x)4n(x)5 r(x)» sad the thM*M Is proved# 

2.5S. ffisam- It A - l£ a, «wma» gf ftmetlWM 

defined g£ [afto] * eaoh function ££*!£&£ TmwaM 

m C*t%] * Jfefc, total variation g£ £tt |£ 3.««g then a ftatft 

n.n.iiM» mustier I for n»»&&lvi .tê tWBg »# a"| 

t»3»h .1®, a function, f defined m [a#b]# mm f |£ £f tawasded 

2S [»•"]• Farthwaw. the total variation a£ f ® 

[a.fc] g£« grwtar Burn K. 

?mf* Choeee € > 0t let c r t a « x 0 < x i < z 2 < * * * < x ] t • *> 

tee a smMlvlsion of fliere exists a poeltiv* Integer % 
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*o that if »>J%* thoa 

«t«j» •xlcti a losltlT* Iatogtr % *o that if a > %# thoa 

| (*!)!< ...| 

thmm •xUte a pooitiT* iatogo* «• that if &>%**» thoa 

a K * 1 2(k+i) 

Lefc V » iaaxC%# % t .»«» ŝ )* and ohoooo a>H. 1fco»fo*® 

I f ) I • I ) I 
5 lrB(xiWCxi)^C3EWWaCxw)| 

- I *nt*i)«•* (*t) I • f(*i-X)~*a{*i«4, * I 

M 

* f(x4)^f<*1->1 )| < I tn(xt)I* — . mmixtg 

m*T <r , V^f) < V^f*)* € < T(fm| [a#b])*e < «* € . BiflM, 

V<fl(it#b3) fs, and tho proof i® fiaiohod. 

2#5&. SMttft* #*•**•• 2.55 the variations of tho < 

fuaotioas te tho sequence A • [%] woro bounded ia a uaifom 

fashioa, i»e. tk«3f® existed a pmttlm number & so that 

V<fB! [a#b])< K f®3? •Tory pooitivo iatogor a. Oil® thooroa 

eaaaot tea stroagthoaod to tho oxtoat of oaittiag tho uaifom 

bound of tho variilit&it for ooaai&or tho following aô aoaoo 

of functions defined on [o,l] t 

1 i 
f̂ («M«.) * lf f^(x) m 0 if X |< -—j 

2 2 
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- 1» 
4 2 4 

,ft t 3") 
f(x) m © if Zf i—., — * . •} f U 2 * J 
® H 
) • 1 if ii * l| 2§ • • • $ 2»i | fg(z) • 0 

.... u» - f, «i»» f<x> - i if 

x € [otl] «Hd x * whovo s ia a» luteal* tai alii pot--

fttro latogzal powor of if oaA f(x) « 0 othorvloo* Otarlonaly, 

f' i» sot of botuAod mitttoa on' £©*1] • 

2*5?« fhoogftffi*- II E Is an Infinite oollootAoB of 

fmaetlpiaa dofiaod |g 1. * £*»*]» ftn& A£ •»&**• ft Mi* 

Ittfy aWbor 1 tltat f € 1 Irolloo that f |g toownftoa. ̂, K» 

thoa for any oogntably tafHilto oolloottBa 1* of mints of I 

and for oaoli ooaatafely iaftall* oonootloa W §£ I. thoro 

sslsM & awawMtt,E t£ niillfii semi s* bmr. imbmbm. it 

rtnisr BQtet g£ I*. 

Proofs t*t I* » Jx|# X2» m*, %# .»«]» and lot B» bo a 

oooatafel? Infinite ouboolloottoa of 8*. Bioa Slot tho oXowmts 

of m* !•£• m m [f1# f2# ,.*•* fmi • *."{• .tot 

2̂̂ *1)« 

To oltaiaato t&o trirlal ©as#* m§mm tHat Is Ixtffta&to* 

®j«it if tho MBaaMVfc&osfttXMf Ihmmm thmm oxtsts a ©on* 

format Mfnonoo of point® in %• Ooaoto this W 

% * {fn^xi>» fi2(*i)» •••» fia(*i)# • &ot 
B1 • (fU* *12* •••• fia» •••}• 



^ ®2 * ^12^*2^• • • •» îyi(3Cg)i ««*"j« A|>to> 

tlimm exist* « ooovargeat mfitenee of p*i»ts ftm l 2 # say 

^2 * {̂ 2X *̂2̂ » *22(*2)» •••» fgff(3Cg)> ••»!* tst 

®2 m ^21» ^22» *••» ^2n» *M]» 
Continue In this faahion. 

®*tn§i a nested seqpeaoe ^8,^ of eolleotions of ftutetloas 

Ha® been f n w d . Sot f ^ i Xot % 1® tti« anxt saallost 

$ositl¥» integer M that fljsjg ̂  *at l«t &3 be the next ' 

satlXest positive Integer so Until f ^ C B - j t **« * Consider 

N|MBM f ® {%m» ftjggf o« f lB l» • •• j» ebTiOUSljr, 
?cs»« 

Shea le t j be * po i l t l f i Integer* there exists only s, 

f in i te mtaber ef eleaents of F not la Sj* M that sab» 

sequeaoe of f la Bj Msv^tgii at x^ alnoe aqr rearzaagesent 

of Sj will M i i p at ST|# Putting ? » Sf» the proof is 

f l a i l e d . 

2 * 5 8 * ffaeoreau ^ S | | § Infinite oolleetlon of 

S& M S K i £ t t W X * « « " » 2B [«.*"]. 

S2& 1£-JltSt •**»*» £ posl l i f t aaaber I so. f € 1 Implies 

M i f M *«"»*»* & £t a s s «»«*» ssis ia & s£ 

ftrarttiaa »f S whloh w m w j g £ aonetara non-d«<m»aBliig 

famotion « g£ vnrr paint s£ [•»*]. FarBmaaia. J£ s c j a , * ] , 

than fgtx)l - I . 

Proof. bet 1 * rjg» • be the set of rational 

numbers la [a»b] together ulth the number cu If 2.57 there 



5? 

•*i*ta * ®mrnnm ? « { f ^ of fttnatioa* of B whioh oo»va*«aa 

at «nrr point of H. Set % •»! x2 **• oloaaata of B ao 

that *x< I2, I«« - U s o d let 

*** 

anp@®« that AX2 < 4gi# Sanaa thar* oxlata an € > 0 ao that 

%2-f € « But tfeasa exists a poaltiro iatager S m that 

If then I fn(xt I ̂  *y» and I fn(x2}~Aac2l < 

0 I f)|(X2}wf||(X]! )^X^"*Ak2 ̂  * fl***fR (%1 *"̂ gg ̂  € < 

ttuwafoyo, - feting] » 0# a oontmdiotion of 

tt» swaotonleity #f fa# »««* ptUitet g*|%) «nlia 

#* is m m . to t» m m t & m on [a,is] * if x^H, 

daft®# g*fx| to be the nax of gMr^) for nil r|€ H ao that 

*i <*• It follows oaallr that g» la monotone nea»»deereaalag 

on [*»!»]• 

®*an W 2.41 Hit sot of points of diaeontimtltjr of g( on 

[*#*] is ooantable* Let % doisoto this aet. Let % denote 

tho sot of potato of fatb| on nhioh g» ts oontlxmoua, *.£. 

% a [**b]«3»i« mmme that XX € % a M i ^ S . ©loos© € > Ot 

Biora exlata a S"> 0 ao tliat it x € Ea.b] and lx»x i ( < S"f than 

lf#C*)»gfCx||| < <4^, Choose xg and x-) t* a ao that 

^ 5 < x 2 < x 1 < x 3 < x i + £. 

Sberefoxot ^g
>(x^)«g*(x2)( < «£» aai lgf CX|.)»##CX|) 1 < *£»• 

ft* ll« {i^x2}] » f» 

(*2) oaiJUa ^fgCx^ * S'^)* Senee 

there exlata a poaltlve integer W ao tot if n H, them 
I V*2)"«' (*2) I * 

2 



5® 

*a4 'fn(x3)-«»(x3)l < Bxerefoiret lfB(S2)*g*(xi)I * € 

•M lfn(*3>««M*i)| < € * But *&(x2) - *tSxO - ^ * 3 ) * «*•*•-

fort i I fB(xi)«»gf (x^)! < € • and WBTirgn at t v i i y point 

of %» 

MV| br 52*3?t «z l i t« a aecotonoe f f i $ of elonenta 

fnwi F ahioh oeirrergee at i n i f point ®f %• It fallows 

•MUT «h*t th . «qu.n<*» fo] M m q H « w i y point of 

[a»bl* lb faot* i f { f ^ oonvergee at x € £a»b3» ttien 

„y%, [«•*<*>? - a y a , {**<*>?• 

Define the funetlon « to be the l imit funotien of the sequence 

^ f ^ . ®ie proof of Hie ®on©t©ni©ity ©f g i s identioal to that 

of g*. 

then ooneider g(b). 81bm g(b) * n H*, » o**4 

{'>>}<* 
for eveiy positive Integer n» g(b)£ 1. ttraa» the proof la 

completed. 
2*59. ftieereau J t * At IB Infinite oolleotlon o£ functions 

defined on fa«b] so that each function and the tota l variation 

of eaoh function age bounded jfe£ J H BoalMfe number K» then 

there ealata a se<mcnee of ftmotloaa. in 1 whleh mmmma to a 
^NfiWIilNM i #! iP iPP i iP iP iPP^ W P > WPP*Pl^li*WHWWPIPPWPP* ^ " " O ' 'iMIPiPWW'l — Tr~-v-r~r. — T.-y c-H- '^^"""•V" 

function F at eaoh point §£ [aftb]« ForthegBore* 9 J f l £ bonradod 

variation on [a,b] • 

frsof* Let f e t and define g f t x ) to be V(f»[a#x]) and k f M 

to be V(f | [a*x])~f(x) , Hie function* g f and h f are nenetone 

noa-deereaaing by 2.3? « Fttrtheraere* for eaeh f €«# g f and h f 

are bounded by 21. 
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m m i®t % * fsflfes] rn& i®t ia €ij, ay 

2.53 th®r» ixiiti «ui l&fi&it® ««3&®ti®® S3 * ** •!•-

*®at« of % s® that 83 o®k?*x«®« at m*tf point of OmJ» 

0®»ot® (*f )n tsy gfn* L®t % » %® th® *«v*nM of ®1®~ 

»®»t« ®f S mm&i&Ud with ljf |,«£# th# ftmetloa f.j is th© 

faaatl̂ a fwm whioh imt obtained. Lit * jh f̂t|fn€ 

Applying 2»58 again* thorn ®xist® a s®fmea©« Bg • •* 

©laasats of lj s# that th® s®tu«a©e Ig oonrexgo* at #v#ry 

p®iat ®f C®t*]* forth®****®# if 85 Is «v&«m4 so that the 

as*o®iat®d M v t n M #f f'i f « m a ®tfb®®4tt®ao® of ŝ » th® 

oo»v®»g®a®® of Ig will not b® 4Utu*bod. L®t Sg b® os&ovodL 

in this fashion. I#t 8^ b® til® «mba«ftt®»@® |f^| of 8$, which 

is associated with 8g* 

thorn l®t g be tii® limit tm&tlm of th® sequence S t̂ and 

lot h b® tli® limit function of th® aoquono® 84* th®a ehooao 

c > 0 aad l®t * 6 [a,b] • m*m exiat® * positive iateg®3? I so 

Mint if a>»g th®n lgfn(ac)««(s)| * «£» aad Ihf (x)*h(x)|< JL« 
** 2 23L J|| 

Coaaido* h|.n# 9» imbs®ript of fa in tha ®®<pt«a©« 8^ ic 

cartaialy a® larg® as m* I«t i d®aot® th« snbooript of fm la 

%* Of oovroe, f|€ 8̂ r• Slate |> N, it follow® that 

I g^rMtUJl+lh^UJ-Mx)! < € * 

!sf|l(z}"̂ 1(z)«>(cCz)«h(z)) | < € • Bat 

Sf^aO-hf^x) » f1(x)* 

Hence, I f"1(x)-{g(3c)-.h(x)} I < € . Ihua til® ®equ«aoe 87 • jf£ j 
oowresg®® to f m gmh m [a»b3# W 2.37, P i® of bounded mxv 

iatlon on [®»b], aad th® p*®of i® finished. 
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8* ffi© totegml 

2.60. I f oaoti s£ f aM g l s a fsaatloil t«ftiio& on [a tb]» 

f mil. g is of bounded mr la t loa on [a,b] « t&en 

( 1 % oxlata* 

VlthOttt lOOB Of gOBO«allt]r« OttppOOO that g = © 

sua that g is aoaatoue noufdooroasiiig on [a»b]. Ffcrthoxm®*®, 

«Ihm f I t oontimoua on £a,b], than f Is uniformly eontlwteaa 

en [a tb]g and f msmm I ts mux imd aim m fain#** 

Lot o- « a * xq * X£ < «. . < XJH « b bo a aubdlTlalon of 

[a»b]. a ^ w i l l Aa&oto 21*^{eC*jL)»g(*j^ i)) , ahoro % U tho 

aax of f on. X 'tot tho ain of S .̂ for a l l <r of 

[a#b] . Carta la ly , X la wall Aoflnod also* f la boun&od froat 

"below. 

thou ohoooo € > 0# aa& lo t o-*$ a « x<* < xi < «•« <x,. » b 

bo a anbdlTlaloa of C**b3 ao that I | < £ . tot S 4 b® a 

poaltltn Mmber ao that I f x^ sm& x2 m m to [a»b] and 

I *1**2 I < 

then 

f d i K f d g ) < ..;»•. L - ; 

Lot Sg bo tho slat of f (x 1 *x 0 ) 9 (x 2 - * i )» • ( *a - *»* i ) } * 

©ion lot S bo a poeltifo swmbtr ao that 

^ < * ln ( 

Let <r bo a subdivision of £a#b] m that II a- H < S» 
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Hkm eoneider the aubdiriaion «• U «-• ax* tita wm 

®r u <r*° Certainly, ®*©r®fore, 

' v U <r** I 4 €1* 

X*t I » {% | denote the ettfcintermle of <r~ whiah contain sub-

division point* of o-# t and l e t J • |jk~j denote the sub* 

iatajrvala of <r~ whioh l i e eatirely within «©*e aubinterval 

of <r*» Gfaoose e #• S u » th« tern of Z_fd* iavoXTins ^ 

i s of the f o m f ( ^)(«(x1)-g(3E1))« If A| ant f&| are the 

• l a « f t *ax, of' f on then oWionaly 

But 11 <r-ll < 5. Benee 

*.-*( 5 . ) < e — — . 
2<g{*)-e(»» 

BwMfor#, Is ,o-u*». I < - | - , * « • 

8 j r u r » and J^denote the appropriate sums taken only o w e 

the collection J of closed intervals tfhloh mmm in both 

subdivisions <r and o-u <r-*. then ohooee Xg€X» ®iero t z l a t i 

a point 3Ef €. <r * so that .if and ym are tho end pointa of 

Xji* then < x*< ytt» a eompariaon i s made of the terns 

^ S11>g(yl,)*K(y3BHi) U(* ' ^ ))• 

nilmm aa& daaoto tha aax of f on [ y ^ , * 1 ] and 

[*ftFal» reapeetively. 

IfC S n X g i y ^ - g ^ y ^ i ) ) - K^itgCacM-gty^)) 

• I 

• | f ( 5aXgiy^- t ly j^t ) •# (** 



$2 

* I e t c S I 

* I {tiS a)-«B)11 gfcfn)-*^>1 *1f < S a)-^i tl*(*')~*(yn-i>l • 

mt 1 I < S|* 

I ( f c l a ^ % . i l l « c x n - f c r i ^ t ) / 

< !i in mm mm wS.aniiiii.Mfl! (g(yH?-g(rw«.1 ) ) . 
2{«<b>-gU)) ® * *"* 

®iu8f I S <r t/cr * «* 2l f t | /< *S**» I 2l fdi^il.-. t/fl- * ^ * C • 
l a - 2 <r «r 

Ittt I iq-Ufl- • - X|< € • «»**»f«v», I z t t « - I l< * € t and 

the tttooxos i s proved, 

2#6l. Beataife* I t should b® ssl«4 that if 8^ in defi led 

to bo X * 1 C * ( * i ) ) » *»ho*« » | 1® ttio a l» of t m 

tho I of 2»60 mm bo doflaod to bo tho a*r of • f o r a i l a - of 

2.62. | £ each of f and g | s a function doflaod on £a fbj§ 
f I t M M f f t M B t g t f i i m t m s u m g« S M C M M M * 

atlon. and ( fdg exietB, thoa I C ̂ fdg I £ K*?(Sf fo ,bJ) . 
/(L #CL . r 

Proof* Lot crt * " • • • < % « % te * o»b-> 

d i r i s ion of (*»b] • &o» 

f I I f ( 5 i ) ( e ( x i ) - i r ( * 1 . t ) ! l 

S K-V(gl(*,b]}. 

fhe theorem follows* 

2,63m ttro proofs wil l bo g lwn of tho following thooron* 

3te par t icular , the s«ooM proof inAioatos bow tho properties 



of faaotioa® of toraa&od varlatloa appilos to oortala thooroa® 

la latogmtioa 

70 faallltato tho proof* lot 
n 

I r w « » .X ))» 

vhoro »| is tho ala of f on *® 

aoroly tho lowor sua s r of 2«6i doflaod for tho particular 

functions t and g. 

B s m a « E r ! £ & a £ M f t f l M W * . 

m M l * m , f f
n} a a aasaaa at t w w w » a a a m a i flUab. 

& fii£ twwiMB * sstieta M [»."]. i&t& 
« * , - £««• k 

Proof. latsgml ff4« otrrtonsly exists sines f 

1® aooossariiy oont Imams. Slao® g U of fcoinM variation on 

[•#!>]» It »®r ho assused that g Is aoaofcoii® aoii-4#®r#aeiiig oa 

[*.&]» ffcrtttowwro. m v o M that g^O la *»4®r to *t»14 tho 

trivial M M , 

diooso € > ©. m#r» •zilti a positive iatogor » 0© that 

If a > * u & x C [ M ] » thoa |fn(x).f(x)| < e . 0h®*®o »>S. 

fhoro «zi«K a ®ttt*tm»l©» <r% ®f j[a,t>] m that 

| I > a d « I < € * 

& M there exists a nmMivie&m' (r2 &t [*,to] m timfc 

| Z ra« | < € • 

Also* tiioi* OXl®t® ft S >© ®® that if xx and x2 a*® la l * S 

80 that )xf*»*2 I * ^ I f(xi)-f(x2) I < C ®n4 

| faCxi^f^CxgH < £ • 

lot <Tj too aar «*Mlvl®i®a of [a,b] ®o that l|«"j fl < J# Bioa 



m 

lot <r « U<r2 {j (t\« cioarly* I (fdg» X fdg I < £ 
I f ^ 

«ad I \ f^tg* Zj?e I < € * choose x and x* ta lxi~i'xi]' 

«rao« |x-*M < § f aril |f(x)-f<x«) | < £. 

| f a ( * ) - f B < x « ) | < e . 

»ea 1ft* jrj be an element of [ x W i x 4 ] 8® feat f(yt) i« the 

m$n of f oa [*£.t*xi]* ®i*il«*ly» lot y2 € m **•* 

'a(yf) Is the «la of f a on ®i#» lot y^ 1st an 

arbitrary point in [x^jiJ . Bnto 
I f Cfj M*C'n-) I •I'ato )-t{Tj) I < 2 € . 

lease* |*ato2^ffri>Mfnfr3)~*<*3)l < 2 € • therefore, 

| f a < y 2 ) - f ( n ) l < 3 € . 

it follows tbftt I 2 fdg- lE%#isl< 3 € (g{b)~g(e)). But 
<r (p*» ^ 

I ^ fdg*' C fdg |-f j "21 f̂ dg* f fadgf < 2 € » 
f ° 0- /«u 

Sioyeforo j 

j [ W I 

< » « • I Z M « - Z I< 2 € + 3 € • ( g ( b ) - g ( a ) ) . 
—-<r — 

Staoo € «ay bo chosen arbitrarily saall* the conclusion 
follows* 

, (2) staoe f i s eoatluooms ©a [a,b)t the iategml 
rb J 

) fdg exists by 2.60. Cheese € > 0. Ihere exists a positive 
'€k~ 

iateger 1 so that if a> H and x€ [a»b]f thoa 

i f n ( * ) - f ( * > i < - — £ 
b b V<g» lft#b\)+i 

S^w 1 (f»dg~ ("fdg | « I C (f .f)dgf. Batt by 2.62, 
/a. /a. /" /ia, 

I ) 15 X#V(g|[o»b])t 

where K lo tho bound for fn-f. Clearly 
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Y* ... _ C 
~ vc«,(k.bj 

Bibm ^ 

I ^f t t - f )dgl ix-v<gl[a ,b]) 

*• "£ . V(g|fa,b]) <€ . 
?(gl [a#b] )*1 

Thu«» tha praef la ©ampleted. 
r b f f c 

2.6*. j £ \f«g ssa \ If lag «xl»t and « 1» Bonoton» 
/C. Jo S- k r h 

S& [•»*]» th»» | ^ fdg I < J Ifldg. 

Qm@m €>0. lhara*exists a $>§ m that if 

<r*ls s subdivision of [a»b] «o that llor/l<5» than 

I (m*. Z fdg l< 

At 2 

and JlSLJf Ug« J |tfldg| < Ihavafoaa 
f Cfcut I < I ̂  « * l * J L < Xlfldg*-

L «" 1 2 ^ 2 
But 2 If Us K I ^lfl*sl+ <y> w ^Ifldg 4« ttraa 

I ^fds i < p m g * e» 

ant tha proof la through* • 

2«65« If tht fanatton f la eont Imams mid the fmietloi* 

s M 2£ SasaM TOrl«tian £s [•,»], j&jffi F(x) - ^ fdg 4g $£. 

bgrandad variation ©£ |a#b] § F aaatlimatta a l l pointa 

&£ wntimilty s£ g ©a (a#b]* 

Proof* The ftmotloa g la assuaad to ba sou©ton® non-

decreasing on [a»b] without loss of gauarallty* 

X*t <ri a • *o * *1 ^ *2 < • • • < *n * b ba a subdivision of 

fa#b]. fhaa 
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*1-1 
2. iKxtJ-pfx,,.!)! - X | W e - W e | 

0" /a. *a_ 

* 21 | W S + (fA®~ [fig/ 

£. A-« 
• 2.1 I ,flr >*i-i 

- ILV*Cxi-i»*iJ)• 

wfcoro % l« the bound of f on [*i_i>xt]« Lsttia* * >0 be 

bauml f©r |* ©a fiiVli 
l» 4 * 

^V(«[x 1. 1.« l]) t K« ̂ <r?(«»[*W.*1]) 

» KU(b)-«(a)). 

Henee# F 1« of bounded variation on (a#b) . 

»9w suppose that $€[a#b] is a point of oontixmitr of g, 

Bjr 2*46» the variation function y(x) « v(f|£a»xj) 1« eon-

timtous At x m j , Choose € > 0# there exists a £> 0 so 

that if x € (atb] and I x- 5 I < ̂  # thon 

|V(«i£a#x])-y(g|fa,I])| « 

(nhere K 1® tho aforeaentioaed bound for f)« For definiteness, 

suppose that x > 5 and x~ $ < S* 2hen 
C | F(x)»F( £ ) I « I ffd*|<K'V(«i[5 ,x])<K* 

^ K 

She oontiaait? of P Is bow apparent* 

a*eoro»« I#t f be a eoatiimeus function defined on 

[*#b] * J£ <* * |£ a sequence gf fwaotions j£ bounded vaiv 

iatioi* i»fiasd jg Ja,b]» j^e bound for mo variation f| 

• la a u m * asi j&a nn?w»* {%} . — w w m m 

$St ffflBMCT 8 S£ a!2h golat 2£ [«,»], ̂  ^fdg »xl«f aaS. 

fd% ^ jPAije 
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Pr&ot* lot K be th« uniform bound for Mi# variation of 

the funotioas In a. Bi«nf by 2*55» « ii of variation 

0» [&tbJ, sal VCgsjatb]) £ K. % 2#l0» ( ft&g axlata* 
/|L r 

>w» toy 1*33» f uniformly oo&tinootta on |a»bj« Cteoaaa 

€ > 09 and Ut 5 bo a petit!** wuri** so that if aaft x2 aro 

in [a,b3 m that I*r«gl < S» mm Ff(*i)~f (x2)| < € • X«t 

o-l a * z 0 < < ... <*k • b bo a eiiMiYlsioR @f [atb] «o that 

f I <r 11 < J. How th«r® exists a positive integer % so that if 

ft * %# than 
j f (xj J (c(̂ | ) (%(xi )-«n<*o>) | ̂  

thora oxiita a poiltlfi intoger % a# that if & >X2» than 

I ) ) — f ( * $ ) ) ) 1 ̂  ' "jg""I •••! 

13mm axists a pasitiir* iatagor % so that if n>Mk, theii 

11(**)C«l3C|ĝ «C*̂ j.))-*(**) 

Lat^S » mx{K|t N2, •••, ohoosa a*> I* fharafor# 

than ©oasidor ^ ^ 

I yd#, jfdtg,,.)|. 

i* b 
[ tAg m T (fig 

^ *• 

' L'5rf(Ii>)as+ & ,<xt' \ *•* 
^ ' * < - 1 

• JZ. ({f-f(*|))d^ z 



m 

k. r K 
( * .21 C(f-f (x̂ ) 
/o- 4^' J*i-« /»(_, ' 

i?i ((M(*i))&%#+ .X ̂ C * | J ^ ) * 

nwMfim *l*1 

| (**«» Cra%#)« | X f(f«f(Xl)tg 

^ 2̂ r ̂  i.- | /si X " 
+ Z '<*i»s(*i.i»-[ i fff-flliJJdg,,, 

ft 

i 12; Z (<'-'<xi>H«». | 
/t * * 1 *<L~I * ~ 1 *i~f 

+ .X 
n 

- Z. I 

•= I X J<M(*i»d(e-%.)l+ € 
fc' ' 

— .2.1 )4 (g*#,!*) | • € • 
t s' /»«-, 

But If JAcC«W»*i3t then/xr 5ti< S* and |f(x1Hr(5i)l<& 

Farthowwro, fo* mijr positive ia««g*r a# [a#%J) < 2K* 

I fa- I 

' fefx*)4<*""",>|1' € 

« € '7(a-gn,i[«,id)+ e 

< C (2K)+ € . 

St»®« € ®®3T bs oh©a«a aifclfcrartly small, the proof is finished. 
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GBAPVB* III 

SOKE GB®Ml*BjkTIOirS OF B 6 « ) VABUTZOff 

9* Introductory Remwrit* 

3*1* a§miff&« 3& Chapter ZX» bounded variation urns dis-

cussed alaaat entirely .is terms of function® leflaad oa 

closed Intervals. the notion »f the variation of a fuaotloa 

defined on as open lateral m e defined la 2»6» bat veir 

little material was presented in this ©oiitext. 

this Raptor seeks to iudleate how th® eonoopt of boused 

variation mn be generalized* Several methods of general-

ization ara explored* A speolal type of subdivision or 

partition of a closed interval la defined. ®ils type of tab* 

division, oalled a B-partition, leads to a discussion of a 

olass of functions whieh ara tamed S-aaasurable. la addition, 

bounded variation la doflaad for fuaatloas dafiaad oa a 

broader olaaa of poimt aeta thaa aloaed intervale oa the real 

line# la particular, latorval funotlons la Euclidean n-space 

are dlsoaasad* Ihie dlaaaasloa proapta the abort development 

of the Burkill integral which was mentioned la the introduction 

to the thesis* 

10* Deflaltloas 

3*2. If 1 la a sat of real aaabera« thaa a auMlvlaloa 

of S la a finite set of palate xi# • so that 

7® 
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X̂C 1 for i « 0# 1| 2» ««.t B, Ud 

x0< ij < x2 
3*1* If f 1>» faaotiom doflaod en tho point Mt s and 

0» s *0 < *j_ < ».#<xB lea »«Mi*lsi©a ©f I* then tho nmrlatlea 
St * Itt xssmi IS <r t« Minn to be 
flto notation ̂ .(f|I)» T̂Cfh or Ẑjf is NMtiaii «««di tt» 
MSA Wifttlen of f m B# dwM by V(ffB), is doflaod to 
bo tli# wax of for all <r of s* fhoa f is nli to bo of 

mrtatloa oa K lf» aad oaly if# v<f|*) u fialto. 
3**» tf $ ** it a olosod iatormi, thoa tho stato* 

mm% that tho oooatablo oollootloa f • {!«] of olosod 
eubiatorrals of J Is a B-partltlon of J moans that 

i) Co#h] * x̂r̂a* 
ii) if 1 ̂  k aad 1|H% fl 0) thoa % oat % aw 

abutting iatortals* 2a addition, a dogoaoxato latorval of 
tto fox* lo allowod provldod that i dooo aot toloag 
to aay othor iatortal la tho oollootloa T. 4 similar definition 
is aado for J boiag opoa or half opsn. 
3*5» If P% * 1*1̂  oad ŷ2 • f*al B»partltloao of 

&,b], thoa tho prodnet of tho two ©̂partitions* doaotod by 
ĵ5l# )̂2» lo doflaod t# ho tho sot 

* - {VW} * 
whoro tho following restrictions aro plaood oa At 

1) If € A» 'thoa ÎOĴ  |l and 
H) if * {*]• thoa XnflJm€ A if# and oaly If, 
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there do not exist posit IT® integers A* a M M* so that 

%«H J b V is non~degenerate aol eont&lns x. 

3*6* If the function f Is defined oh fatb], then the 

statement that f la geiaeraliged monotone MS^SSSSBUS 

[a,bj mans that there exists a B-partltlon y? « of 

[a#b] so that If Ig € $ » then f is monotone non-deoreasing 

en %• 

3«7« If the function f is defined on [m$b], fction the 

statement that the function f is absolutely oontlnuouis jy§| 

the generalised sense en [a,b](GAC on [a,b]) aeaita that 

there exists a B -partition <0 * ^3^ so that f is absolutely 

eontinnoms on each %€>£?. 

3.3* the funetion f defined on [a,b] is of jgenemllzed 

bounded variation <GBY) on (a,bj if, and only if, there 

.slate a B-partltlon # - f^} of [a.b] a» that f l« of 

bounded variation on Ig for every $ * 

3.9. Let eaeh of f and g be a funotlon defined on £a,bj. 

the statement that f is a-measu^f wig* respect t& g on 

[a,b] aoans that there exists a B»pertltion >5* » f^n]*? [a,b] 

so that f is Stleltjee integrable vespeot to g on % for 

eaeh € 5̂ * It follows that both f and g are bounded on % 

for every C jB * 

3*10. Let A » ja^ be a se^uenoe of real numbers, fhe 

atataoant that th« Halt anparlor • K means that 

1) for each € > 0 there exist® only a finite num-

ber of values of n so that a^ > K+ € » and 
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11) for oaoh € > 0 tho** oxlsts aa inftaito number 

of mlnos of a so that %>!&•€» Tho statownt that tho 

limit laforlor [a^ * K mmm that 

1) for #Mh € > 0 tfeoat txiiti only * finite mas-

bor of TtiUMMi of a so that % < & c t «A 

11| for oaoh C > 0 thoro ixlfti ass infinite muter 

of itteta of a «® that &n< K* £ * Sio notation !|£§ jggg aM 

3L|». Inf Is ttsod to donoto llalt saporlor and llalt iaforlor» 

rospootlvely* It follow® readily fro® tho definitions that 

If A * is any sofitoa®® of real jwat»rs# %hm 

ll» laf^Slta «w{s]. 

3*11* %m% % doaoto mtelldoan a-spae®f tho space 

of all n-tuplos (*i» x2» •••• %), whoro x4 ii a *eal nnabor 

for I « ii 2| 3, .««» a. to a»taplo of this fota la oallod 

a point la %# awl a point sot In % la aorsly a oollootlon 

of points In % . Mi laloryal J la % is tho oollootlon of 

all n-tuple» <x1# xg» • ».** to that a^ < xt < b^ aat ai 

•ad 1»| i n roal aaabors oo that *i <b£ for 1 ® i, 2, •<•** a* 

It slurald bo f i m M that tho interval I Is actually dotor-

alaod by tho two potato (a*, ajgt *»«• % ) oad {%» bg* ••• lfo). 

fit# to»i orloated roetaaalo and mtcrml will bo us«d later* 

©Ji&ngo&bly whon r»forrin« to IB. ®i© notation 

I « 1*1 I *2»*2! ®atba3 

Is soaotiaes msoA to denote the Interval 1* 

3.12* ISie stateaont that I is aa open intorml in % 

aoaas that 1 Is tho sot of all points (x̂ » x^, 
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dotoxalaod W lao*i»Alitloo of til® fo» 

*1K xl<ht*'*2< *2<b2» •••» «a<*B<ba, 

nli#3p® mat bj ar* rool aiMbeni AH& b^ for i * t» 2,.M»BI 

3«13* L»t "be m orloatod rootoaglo ixi 1^. €{%| will 

doaoto tho OIASO of All orloatod rootAagloA la vhloh mm 

sabaote Of 80. 

3«1*» 2*t 0 bo A OIASS of orloatod rtotoagloo l lm '%# 

"If 0 T« A roAl»*»l«od foaotloa doflaod for OAOH ZCO* thoa 0 

1« oallod A rootAnalo ftaaotlon Ciatarmi fim&frloii) doflaod on 

6* ®io ton laterml fnaotlOE will be u«od Almost oxoluslvolj* 

3*15- If X * *2»*2f Antbn] la as orloatod 

rootoaglo In tfcoa tfeo r&lvm of Zv doaotod by 11|» lo 

doflmd to b@ .lTCb|̂ a|). 

3«16» If I * (AI»bii A9FB*F AM>b_ 1 IS A» latorval 

in %* thoa the latorlor of S« doaotod by l°# U doflaod to bo 

the opon interval doflaod bar the following iaoqitAlltlooi 

Aj < 3£j < bji Ag < X£ < bgt » « • § An < Xj| < b||« 

3*1?* &at B0 be A flxod orloatod rootoaglo LA B̂ v 4 -

partial subdivision p(<r) of % Is A flalto oollootioa 

»f .rt«M in 0(80) «. that B»nB§ - 0 If 1 4 i. 

mo nototloa p(<r)i Bp Sgt M M % is mood to ladlooto A 

portlAl onbdlTloloa. 

3.18. A wMlTUton «- of Bo U • partial raMlTlrtos 

p( <r)t %, l|( ..., Iq if N that S~J % m 8g< BM notation 

<r» %t %t **«F % t® a«od to ladlooto A ombdlvloloa* 
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3«i9» L»t b# m orioatod rootaaglo la K,j, aad lot 0 

lit aa iatorfal foaotioa dofiaod oa C(Bq)« ®*o faaotioa JF Is 

taid to be abseltttftly continuous on 1$ ift *»d oaljr if* for 

tMh € > o tfeoro oxiat* * §>0 «o that if 

p{ff")i %» %» • ••» % ^ 

io tar partial oabdiTioioa of % so that .2. 1% I < S» thoa 

X l*f%) I <• € . 
i -i 

3»20« L«t Eq bs e fixed ©yioatod rectangle Sa ER# and 

lot 0 to® mm, iatorval faaotioa dofiaod on 0(8q)« X*t 

P(<r)t %• %# • Hft 
bo ft partial subdivision of % • Sofia® ^p(<r)^5^ to bo 

£ . Tp(<r,t0|Ba) » C.11.4 the SSEtaSiffll »' * « *0 

with roopoot to p(<r) Mi la ooaotiaoo doaotod bjf 

»*© total variation of 0 ©a %# doaotod % is dofiaod 

to "bo tho aax of Vp^jClBo) for oil partial aubdiriaioaa of 

R0. # io said to bo of boaadod variation oa % if# and only 

if, Tffitg) i* fiaito. 

3,21. Let 1$ bo am orlentod rootanglo ia En, aad lot 0 

1»o an iatorval fuaotioa dofiaod oa C(%)» Ihoa 0 io oaid to 

be of .rootrjotod bounded variation (BBV) ©a % provided that 

there oxioto t»® positive aaiaber® M and 5 BO mat if p(o-) 

io a partial oubdtvislea of i@ so that /)p(<r) Jl < §» thea 

< M, » e faaotioa 0 is said to bo of m m M l S l S M 

bounded variation (lô er ̂ ftrj,oted boused varlaUsn) on C(R0} 

provided that there exists two positive numbers 5 and K oo that 
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if P(<r) is any partial subdivision of % so that Hp(r)lf < J» 

«»b ^,*5%) < *<,"&, f(»i>> -«)• 

3*22. If B$ is aa orioatod mtaacU t eat |f It it 

intorral fnaotioa dofiaod oa GCBq)* ttioa 0 is Mid t» bo 

bonaftod on ̂ (OCBq)) provided that thai*® exists a positive 

asasber * so feat if l€ e|%h ffiea 10(B) I < H* '""" ' ' ' < 

3.23. Let MQ be a fixed orieated rootaagle in out 

1st B€C{B0)» 1 is dofiaod by * set of inequalities of the 

form xgi b^, *2 **2- ^ aorrn of H, 

denoted by I I B I U is dofiaod to bo the aax of (bj-A^ fur 

i » iy 2| • • • » &• 

3*2̂ « Let Eg fe® a® orioatod reetaagle ia Bg» &M 1st 

' s %» % f BJJ be a nMivl«l«& of 8$* Bio aoaaa of o~f 

deaoted by Ho-is dofiaod to bo the wax of 111|IJ for 

i * I# 2# • •»« &« 

3*25* Lot |p bo an orioatod xootaagle in Ŝ * sad lot 

<rt %« % 9 *••» % be a subdivision of %• If 0 is an 

1 M 1 ration Utimi on C ( V . «•«- « « l V to * 

Z !»(%). 

3*26« Lot Bg bo «ta orioatod reetaagle in 8^* sad lot 0 

bo ssi interml fsaotiea dofiaod ©a @1%)* »*ea 0 Is said to 
b e aoaotoao aoB̂ doerossiaa (aoaotoae non~lnoreaglng) or % if, 

aad oaly if# for oaoh B€ C(Bq) sad for oaoh sabdivisiea or of 

B» 0W i0{<r$M)(0(trfR)<: 0(B))» 

3*2?* If is aa iatertal ia % and 0 is a» iatexvml 

fnaotioa dofiaod oa e{%)» thea the statoaoat that 0 is 
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(mastiz) on SQ mam that 0 is t>oth mmt&m aon* 

daeraasiag «iA monotone non-inore&aing %<* 

3.28. Let Hq be an ©rlaiitad rootaagl* i» %» and l*t # 

im m intarval fnaation dofiaad m C ( B Q ) * 1st R € C ( E Q ) . 

thoa dofiaa th« mww& Mrklll Integral of # ovar 1 to too the 

max(lim sup ̂ (ô ull)}# wher« th« mac Is taken with respect 

to all sequences {<rn̂  of suMlvisloxis of 1 so that 

lia H o-n 11 m <j| 
n-»«® n 

and define tho lonea? Burfclll iatagr&l of 0 owr 1 to ba the 

aln(11m Inf #{ whara tha aim Is takan with rospaet 

to all sa%ttsaoas (crâ  of stfbdlrlsisas of S so that 

lia "at.ll m 
n-̂ oo » 

fha anpar aad lowar iatagmls a*» donated iby \ 0 «M f If* 
R - «• 

respectively. ®ia fuaotloii f is said to bm_ Baa&lll into* , 

gyafela CB*»iatsaa?»1?la) peofldad that both f # aad ^0 mm 
r * - «• 

finite and \0 ** \0* this common mlm Is tal»» to fee 
Jo. th® Barfelll Integral of 0 on H. 

11* Bounded f&ri&tion on an Arbitrary 

Point Sat 1 and. the Open 

Xbtartals (a,b) and |*oot#oo) 

3.29. Jg, the amotion f |s doflnad bom*&»d gyp-

lat ion ]£g Boliit sat S# titan f Is bonadad jft S« 

fWttf, Let 5e 1. Own# if x€8, |f(x)~f<i )l 5 V(f|*>. 

Banoa« |f(x)/ f V(f|S)+lf<«S)|* and the eonolnelon follows* 
3.30. m. m. t m&zm. M m m m mm. 

mm* S9 aM f and g mm of boimdad rariatlom « E, 
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i) f+g la of tanatod variation ©a If 

11) f-g 1« of taunted *ftrl*tlon ®» 1> 

lil) f*g la of taundod variation If m & 

IT) If -i- Is defined aad taunted on E, tho»'-&-
S f 

%M of tainted variation on S. 

Proof > «i@ p m f f©ll«wrs la ft stellar fashion to that 

of 2»35« 

3*31. If jfefc function f is doflnod H i ooattonoaa tm 

W ^ IPPMPPP *PP(Wl|PwP l i iPP| | |PPP|PPW^^ — - - — r- f . • »'"vr-rr— - ™ - - - ™ -

M * * is. trrmfrtn tosa in [«.*]» OA, * is at t t w W 

rmrUtlM jffi X, M l * ii fi£ S a » M BSHIltB 2B »•» • 

T{fiC«.t»]> - mis). ** lot a-f a » x@<xi< •..<%« bT» * rtbdlvtelon 

©f [a»*]# ®»A •*•••• € > 0» mm lot <r#* F@^ri< ••••<% *• 

* attbdlvlsloa of 1 so that 

| f (*« )-»f (ji)l < *^"| 

2B. 

for 1 « 0. 1* 2, ...» «. ft« 

ZL IfC^J-fC*^)! 

- .21 I f(**)-f(*1^)1 (*i-î l 
i z i 

*• .X IftyiJ-ftyi,.!)/ •f|f(x1)-f<r1)l+ 

* .1EL lfCi,^)*f<3r^)l+ « ~ 

* V(f$»)+ € * 

fhovofovot V(ff[a#T&]) £ T(f|B). Btttf oHflomolrt V(f|B)< V(f»[*,to]). 

fhust the thoore® Is provod. 
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' 3*32. jjeaark. Am has been lallMlid In %2$ and 3«30# 

several of the theorems of Chapter II may be generalized for 

foliations having an arbitrary set of real nuabere 1 as their 

donaln* However, auah generalisation oan prove to be <%aite 

aeohanioal. therefore» rather than presenting a reiteration 

of the theoreas of the preoeding ehapter, attention will BOW 

be foomsed briefly ©a the notion of bounded variation for 

functions defined on open Intervale. An extensive oataloglng 

of theoreas for anoh funotlena will not be attempted. Bather, 

a few selected properties are stated and verified, those 

serve to iniioate in general how the concept of bounded var-

iation night be handled for snoh fnnotions. Xn particular, 

a elose connection between the developaent of the theory for 

fnnotions defined on a "finite" open interval (a,b) and the 

theory for fnnotions defined on (»eo,+ oo) is deaonstzated. 

. 3.33. J£ SOL * AS MiaM «Sd gl toanHwl a ® . 

l e S M aa <*•»> 99& sm * At at ssasiti 

variation on (altbi). Portheraore. V(f|(altb|))< V(f|(atb)). 

Proof* fhe proof is an iswediate ©onaeqmenoa of 

Definitions 3.2 and 3*3. 

3*3*t« M Mi. f Jj, defined and ff bounded var» 

latlon on (a,b)((-•o(+oo))f then 

1) IT S f S£p, B - feg®, anA 0 < z < D, than 

lla ?(ffC$ -x, J**)) » T(f|(a,b))| 
« —• o 
11} if x > 0» lia T(f|(-x»x)} • V(fj(-00,400))| 



do 

111) i f »<*<%, 

lUlkV(f f (a t *)) 

- ?(fj(a»b)Hxi* ? ( f i ( -oo f x) ) 

* 7(f |(»oo,+oo)))j 

IT) ( f s t tha oaaa vhara f la daflnad aad of boundad 

variation on (-00,4.00)) f eon tea vrlttan as the dlffaranaa of 

two aomotona mn-daeraaai&g filiations g and h so that 

11a g(x) * 0* 
x - o<a 

Proof* (1) Chooaa C. > 0. Bier® exists a eaMif i s los 

r * *§< *1 < • • • < % of (a f*) so that 

V<r(ffCa»t*))>f1ff{*ffc))~ C • 
I*t J - »lo(b-x„.*0-"). •»« * «e M»t 0<l D~i|» B-X< % . 
Sbatif»Mi a < I - x < x £ < ijj< J 4x < fe. Obrioualy, 

V(f| ( J ~x, £<•*))> ^ ( f i f a t b ) ) , 

bat V(f|( J . x . S * * ) ) ! V(f | (a # *)) . Hanaa 

I T(f | (a,b) )-V(f | ( $ -x# 5 «*)) I < € * 

and the proof of CD Is finished. 

(II) Choose € > 0. ttiere axlata a suMlTlalon 

<r $ x@< xx< . . . <xa 

• f (•oop+oo) so thatpr (f $(*oo#+o©)) > V(fi(»o°t+QCI))- € * 

&at S m aax(lx 0 l , IXQI)» and ohooaa x > J • It followa easily 

that | V(f, (•00,4. oo) )~T(f | («x,x)) I < € . 

(III) fhe proof of (111) la alalia? to tha proofa of tha 

preesdlng two parts. 

( I T ) Lat g(x) » T ( F | ( * « O T 3 0 )* Xt la to too aadaxwtood 

that aar auMlTlaloa <r of (-oo »x] must include ma point x. 
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Let h(x) * g (x ) - f (x ) . Clearly* g Is monotone non-decreasing 

on (-oo.+oo), fhen l e t x^ and x 2 be two real numbers m 

that Zj[ < xg. I t follows that 

«(*2> - Vtf t i -eo ixrf ) 

m •<f|(-OO tX13HV(ffJx1#X2]). 

Henoe, Ii(x2)«h(x i) » V<f |£x l fx 2] ) - ( f (x 2 )« . f (x t ) ) > 0. thus, h 

i s monotone non-deoreaelng. Hierefore* f » g»hf aua& the 

f i r s t assertion l a ( I t ) i s proTed. 

Bow eheose € > 0. Shore ex i s t s a subdivision 

(T t XQ < Xĵ  < • • • < X|| 

of («•«*•*<») so that f< r(t)> VCft(-o°»+°o))«. C • &et IT be the 

largest integer so that x 0 . Choose x so that x < *# and 

suppose that V<f|(-<*>»xJ) > £ « Bat now, V{ff{x»+«>)) J V ( f ) . 

Therefore, V(f f ( • °®»xj )+T(fj (i»+°®)) ^ V(fIC*"00#'^00))» a 

oontradlotlon. Henoe, g(x) • V(ff (»*>»x)) £ € , and the 

proof i s f inished. 

%Zm Generalised Bounded Variation 

and the B»partltion 

3.35* SES2SB* J£ ***& 0 1 ** {%] ttl /?2 • (*n} 1ft 

'ft B-partltlon of [a*b]» then /}%•/}2 M ft B-partltlon of £a,b]. 

Proof* Let I„e ff < and <Jae/?2 so that JLHol # *. 
«wsieiie*wiapi» 3$j$ r W 

Clearly, th is lnterseotlon forms a olosed Interfax. Further-

iftMi by definition# ft%* fiz Is countable. U&erefere, 

represent ftbgr a oelleotlon of olosed intervals. 
Let i end l f be two positive integers so that 4 0. 
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Wm 9 by defiaitioa# there exist positive integers s» aad a* 

so that % * tad there exist poitilTi integer* a 

aad *• so that f̂ t m Sr the defiaitioa of B-

partition, Zg| * % sad % are abutting, or 

If % • Jjn». it follows iaaedlately that sad jrn» oast bo 

abutting latermla* If this is net the ease* thou Xg ® M 

wast be abutting olosod .intervals* |& either ease, there 

exists a nalftte polat x vthlah belongs to % sad %•* 

Furthermore, aeither % m w %t is degenerate* a&ppos# 

that f| irere degenerate. Ihen either % or JB» is degenerate, 

ox* In sad Ja« m abutting interna*. If % * [SpSl § thoa 

either 2^ is % or 5 4 |f - % * 15 J ] • thea 

% " %•» a ©oatrsAletioa siaoo is a est sad sa sis- _ 

aent is asaod ia a sot ealy mm tiae. If $ 4 %* then 

T4n*|t * 0$ a ooatradletlon* fhea suppose that % aad Jat 

art abutting. Ihen Jtt« is degenerate or not. If it is 

degenerate, similar oontrsdlotioas to the oaos above are 

reached* If % aad Jat are abutting and atliitr is degeaerate# 

it follows that f|« is nsa~degeaerate. ®iss» \ 4 fit* ft%* * 

ooatxadiotioa* Obviously, U l * « [a,b]# aad tit# theeroa is 
ncjrnf 

3.36» If eaoh of the funotlons f aad m is defined 'aad 

OAC on [a,b] , thea 

i) f+g is 0&0 ©a [atb]f 

il) f~g is 046 oa [a»b]| 

iii) f*g is OAC ©a [a,b] t 
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It) 'if «JL Is defined m [a tb] m& there «xlit« a 

B«p^rtition /? as so that - j - in on MMb 3^ C {3 § 

then «|L in GA.C on [afbj * 

Proof* (1) fhers axiata a B~partition /3± m of 

[a,b] «# that f is abeolataljr mnttmrn^ m eaah 1^ 

Similarly, thai* «zi«ta * B-i»rtitKm / ? 2 * {%} «f C®*̂ ] 

ae that s la absolutely aoatisaotta an aaah Jn C /?2* &at 

/£* ft\*jSz* ®** aoaaltwiaa than follow* fro* 2»2̂ « 

Wia proof* af ( i i ) t ( i i i )» aad <ir) follow in a similar 

fashion, with the aid of 2*24. 

3.3?. J£ fgaatlaa f | s dafiaad aad QAC oa [a,b]# 

than f « ? gn [a#b]. 

frnrntm She proof fallow* f w a tha defiaitioa of 

generalised boaafted variation euA 2.27. 

3»38» if the ffflieilfflft f i t defigM «»* . 
* iwSr aiSww5w»f JwSp »»îitfii!!iWSS%»» iPWSSoi WfflW 

aoaoteae gg [a#b] * then f Jg mf on [afb]« 

groof* 9w p*oof follows f m t 3*4 and 2*3®. 
3*39* Ifc gaofa 2£ H i t £ & g ®¥ gg [a,b]» 

then 

i ) f+g i* ®7 on [avb]i 

i i ) f - s la (ST oa [a»b)t 

i i i ) f*g ia OBV oa [a.b] * 

It) i f there exiata a B-partitioa f i » {x^ ®° that 

JL» ia dafiaad mA bounded ©a eaah € /#1 # then ~ ia <BW 

m [&»%}• 
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P*oof» With the alt of 2*33t the proof follow® la a 

similar fashion to that of 3.36. 

3»^» Isaaplo. Consider the following fmnofion f defined 

©a £o,l] t f(x) - -i» if x (0,1] aai f(0) • 0. 

Iat 10 * [oto] and 

t » rJL 1 1 

for n « 1, 2« ••• • 0M«m2 j». f 1« of feoa&ded variation on 

% and In for avoir poaitive Integer n« However, f la not 

bounded on £ofiJ j and* thoroforov f la not of bounded var-

iation on fotlj • 

3 .41 . 4 necessary and M i l 

f aao t loa t def ined ogi £a,b] bo general ized bounded var» 

l»tloa jg £a ,b] | § that there oxlat two generalized non~ 

decreasing fqnotlona g gad h dofiaod m (a#b] 4 4 that f » g«h. 

Proof* Suppose that f la <m on [*»*]« Beaoe, thoro 

exlata a B-partitlon /J • {%] ao that f la of hounded var-

iation on oaoh 3^C /? • It feXXewa then froa 2«40 that f oan 

ho written ae the dlfforonoo of tiro monotone non-dooreaaing 

fanotiona on oaoh 3^ € ft * 

M r suppose that f la the dlfforonoo of two generalized 

monotone non*deereaalag funct ions g and h on fa^h] • ISiere-

fore# thoro exiat B~partltloa» ft% » [%] and ffz m |jrn̂  ao 

that g la monotone aoa-deoreaaiag on oaoh % € /^ | and h la 
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jmmt&m »&»~&eey»a8li*g ©a «aoh ineaz. ** ft ' / h ' f a 

l o t f ^ C 8 • ®»oa thoro ox l« t poolt l i ro latogoro » aa& a* «« 

that % C I , | and Hone#, both g «a& h aapo monotone 

noa-gooxwaalss em f | * . Himil# f I s ®f bounded i f t r l a t l a s on 

each f | £ /?$ ant the proof i s f i n i s h * ! , -

*•**• j p ®w mmMmf M msm& 

'jSL MlS. M i %z $ 1 $£& Ut JI& faaotloag 

iH % m. MmsmMs. mi aotti M Jta « m 

[ *»b] , thon 

1) f i t w i th xetpoot to 81*32 on 

[a»b]i 

11) %* fg t * S-*oa»w»blo wi th roapoot to g on 

M i 

111) I f a M Y em xofcl a m l t f S i Ulan °< * f 1 s 

Moaotixablo wi th a»«po#t to V ©ti & . * ] • 

f roo f * |1) l o t a fiu? b® a B»pftvt t t l *» •»- that f 

. I s SkintogrnVto wi th respeet to % on oaot* % C / ? | t 

l o t y^2 » ^ * B~port i t i©n o f [a*b] so that f I t 

intossablo w i th t i i p i i t to gg on oaoh / 3 2 * * * * 

/ ? - - {"W]* 

I t fo l lows f*oa 2*15 tha t f l a 8- l» togr*b le w i th xeapoot to 

gl+82 9B oaoh /9 • Honoo» f i s ft-soamuntblo w i th roapoot 

t o %4@2 ©a £a,b] . 

tho proofs o f 111) and (111) fo l low l a a s imi la r faahlom* 

3 .W. & t h ^ r . eslgSE & H S B S l S i f f i R m { % ] S£ [«•*>] 

Mthat tho f m o t l o a f | e oontlmomg f f t % JTor each % € f3 % 
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and tfto tvmtlm g jy| doftood and « ? gg |*»b}» thoa f M 

s-iatMisuratae mltti mmm®$ [*»b]» 

Proof. itto proof follows f*oa 2.15# 2.60f and 3.35* 

3»^» Cloarly, tti« olaoo of 9HMaa«xablo ftmetloas 

ooatai&a fmotlons wtiloh ar® not 0»tafcogsftblo la tho mssal 

soaao. Let f bo tha function i t f lMd to 3*%©# ana lo t 

g(x) * x for 0 * x - l * &oa» obviously, f Is S-aoaswnablo 

with wtapoot to i oft f o , l ] * Sat tho ftmotloa f i s not 

bounded on |jMb] * f k m § undsr Bef initlcn 2»15i t la mt ®-

intogxablo iritis sospoot to a»r faaotioa g 4*fla*A en [o,i]* 

13* Interval Fuiiotiens and the 

Bnxfelll Zategval 

3#^5* tt—wu CD JJt % i t Si oriented aeofaiflo. jy| 

% H i # M 1 bounded* alieliitoly mrnimmm. l a t e r a l 

faaotioa defined gg| 0|%1* tern 0 £§ $£ bounded 

on 0(Bo>* 

Proof. Let B>0 bo a bomst fox* 0 on Rq* Choose £ > 0 

aa& lot pfo-)i %• %# . . .» % bo a part ial suMlrlsloa on 

Bq» ®ioi» ozlita a 5>0 so that if fij, Bg, • ••» 1« *W 

f in i t e wllootion of wrlented veetaagle* ls& CCBQI SO tlsat 

C4)®nCl|)0 » 0 «^«b 1 4 I a r t - c ^h£l * 2 S # then 

5L < € . 

Lot ^ - {at€p(<r}| Inj < z S ) and l a t Ag « {%£pfcr^^CAjJ 

B*ea lo t O * !%v &2» ***» Q^bo a grouping of the eleneats 

of A tB a l H o j - I if i |< J a n A ^ ^ I < 2 J for J « 1# 2 , . . .» 1. 
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Fttrtsfwaaor®, th« grouping S is such that tha integer 1 i s a 

minisumi that i s , any other grouping satisfying tils above two 

conditions would have as anar as 1 elements. Urns, 

<1.1) % % U |%U 

Henee, (1*1) S < % • flilrlfore* 

% 
IS ^' • ! > 

* 

Km mppuw that Az «raal««a of 1 •iMwnta. Cl«urlr. 

i B j I i l B o l . Smwfon , J ( 2 S ) i | y . H.n«. 

R l S 4 i 

2 S 
But than 

X lf<Bi)l - Z U r < a t ) l + £ I*<VI 
p ( r ) A a, 

Ĉ C <L * 
< 1" £ +J*B 

% % 
< (winm 4-1 )» ^ +( Minimi )B« 

2 2 } 

Sinse IBq|9 € » 5 # s»4 B ars in m war functions sf p(*-)» 

tha thesrea follows* 

3 J £ U SB 2£iiS$24 aOSSSOt M «b SS& SS& St 

M . ttBMUMfr #1 !2& *z IS &OBS& fi& rtDlttt*!* 
oontlimous on 0C%)» than 

i ) *• absolutely oontiimsus on 0{%)t 

11} f\m&2 ^ Absolutely oentinuous on C(Bq)i 

l i i ) if either 0X or #g is bounded on C(Bq)» than 

0%*0% is absolutely sontinuims on C(Bq)i 
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iv) If i *8 A«fla»4 asA iMran&oA on tHon 

y| is absolutely ©onttetoms on C(Bq)< 

hoof* Stao proof tc similar to that of 2*24* 

3**?. Jg, % to g§ orlantod reetewicle jg ̂  the 

Intorfal fmmtlm 0 |s dofflnod and g£ bouMod mulatto^ a& 

CCBQ)* Mmhi 0 is bcn*etle<l ga C(%). 

t»of» Let &€@(%K &#» p(o-)i 1 fwaui a partial 

subdivision of %# a**ft 10(1)1 <?(£jl@)« 

3.M. j£ Boiaas asldam wrtmOit la ®n esa asaa. s£ 

Utt iaterrml funotlons ̂  and 02 M tofiiioa a M g£, botmded 

variation fg C(B0), then 

II 0%+02 i* of boundod variation on $(%)§ 

ii) ^ l f ^nmAod variation on €(%>§ 

iii) % * % 1 1 •' bouaiod variation on 0(89)1 

iv) if A la defined and bounded on 6(%)« then 
04 ^ 
|ft is ot bounded variation on CKBq). 

h w f « tho proof ia similar to that of 2«35* 

3.«9. je a,, ̂  «a s i & b m issSsssla is % a&l * it sa 

M a s a i c a s s i a s M t e s l s b e<«8>» am 0 mat xmxisM. 

Ssasisi m f a M m f®»> sa «<ho) 4£» aal aan Jfc * it s£ 

1002 sai h w » toatalotat 

boanlad Tarlatlon (LSBV) sa O(Bg). 

Tvmf. SlMiOy, If llitf n r n <J(Bg), d m It la of 

U K and VBBV oa CtBg), for thai* exist posltlva mmbara J 

sal » so that If p(»-) la anr partial auMlflalsn of Bo ao 
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t h a t l | p ( c r ) 11 < § • thon V p ^ j U ) < M. 1omo®# 

- * < Z * < * . ) < * . 
Pc«-> 1 

a a l tho f i r s t por t o f tho thooron I s provod* 

Bow supposo t h a t i s o f UBW «nA 0BBV ©a 0 ( l g ) » thoro«» 

f o r e * t h o r s o x i a t p o s i t i v e m a b o r s %» S 2 > and Ig 

t h a t i f oaoh o f p ( < r t ) and p( cr 2 ) i s a p a r t i a l s u b d i v i s i o n o f 

1 0 s o t h a t 1 lp( <f\) 11 < &% « 4 U p ( o - 2 ) M < thou 

a » i Z ^ ( B t ) > - * 2 . d * a i a ( S i # Sa*» « d l a * 

1 * aax( t t i»a 2 )* 

Than l o t p ( o - ) s % . B2» • • • t % bo a p a r t i a l s u M i r i s i o n o f 

8q s o t h a t l l p ( < r ) l l < 5 * Lot « f % € p(o - > 1 0 ( ^ ) 2 Oji 

and l o t A 2 » p ( o ~ ) * Honoo ^ l < If and 

But 0{B,) I «ZAI *<8,)| < Similarly, 
«i€A, * « i € A , * 

, ^ ( 8 l > 1 - 1 ^ ^ ( 8 1 ) 1 - £ I < *• 

H«no. , 2 I « l , ) l + Z I * « , ) ! - 5E I <*(«,)! < 2H, «0» tt» 
4 , 1 4 l 1 f r 1 

t h o o r o s i s provod# 

3 . 5 0 . {«& 85 Jg, »r l«nt«d peofonM? U < a > S f t H £ * 

b« «n totarrml ftmotlon d»fta»d on C(B»). J£ HCCJR,,}, SttB 

\>! V 
J.K 

P r o o f , f h o proof fo l low® f r o * roaarics aado i n 3.1®# 

3 . 5 1 . Ihooroa* I f Bp i s an or lon tod reo tanfqo i n % n | 

0 j £ I - i a t e g r f t b l o on %» than f o r oaoh £ > ® thoro oaclst® a 

5 > 0 s a t h a t jyr r I® a«£ c u b d i v l a l o n % »£ t h a t II r*!! < S # 

thou I C#-0( 0- »Bq) I < €. • *1 *0 
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£roo£. Suppose tsgr nay of eontradietioa that th& theorsm 

ia falaa* Bismi thara axist# aa € > 0 ao that if S Is any 

positive mnaber, thaa there mists a subdivision <r of % so 

that II <r ll< S, u d I ^-0(<r tB(,)I > € . ftnlrt 

a m®mwm of poaitiva numbers so that l i s » o. Let 
n-»« ^ B ' 

[cTjĵ  fee e» aeaooiattd sequence of subdivision® so that 

II or̂  II < Sn msA m that I [jMCo-jiiS©) I * € f©J? Q&Qh pOS-

i t lV« integer a* Clearlys Ali®J' ^ j j " « 0« 

®taa oaaajLAar l i * imp 0( r n t*o) aal l i * iaf 

Siaoa ( 0 m f j f , i t fallawa that 
-*«• ' * • r 

l i * s«P 0( « l i * iaf *( o^iBq) » )0* 

Ience, thara axiata only a f ini te number of valaaa of a aa 

that 0( ot̂ $Mq}< ^0m «|* and thara axiata only a f in i te 

anfear of valaea of a aa that Jf( > \0+ X». Let 1 
2 

"be a positive integer to that 

Haaaa# | ct^jHq) | 5 < € » a contradiction of the 

original aaaaaptiaa* Sfcraa, Mia theorem ia purred. 

3.52# Shaoreau | a t % to aa oriented rectangle ia 

and lot be an Interval fnaatioa defined oa Q(BsK Jf 

R€0C%)» thaa f ia B-iataggable aa R i f , and only i f r for 

aaoh € > 0 thara axiata a S>0 ao that if <n aal c r i s i s 

suMivlaloaa of H so that | | < r£ i | «S «aA flirs II < Si thaa 

liC<T|ilMf<T2l») ) < C . 

Proof* Suppoee that 0 ia B-iategpmble oa ft* Choose 

€ > 0# Sir 3«5i there axiata a S>0 io that if cr* ia a 
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BuMiriaion of S w that 11 cr II < S» thon 

I \f~0icr ill I ^ • 
Jr6 t 

Let and bs tuo amMifisioiis of 1 eo that 1 l<r£ 11 < § 

and 11 <r$ 11 < S * loaoo 

| jjR)!* I Cfcil) I * € • 

fttiffmt llffcrjjlMKo-jjia) I < €t «ai th« flrat part of 

fch® proof Is complete. 

Now choose £>0* tot fo&] and fo-j*#} *• an*m*M of 

aaMiviaioaa with mmm going to 0 a# that 

II* sup 0( <rm$M)2 C#» «£• 
Jn 5 

and lis taf Jf( 5 #• *4"* **" m * m •**•*« * »••* 
r -« 5 

1Ut» «®ab«r o a© ttttt if cr̂  and <rg auMlriaSoiia of B 

so tfeat Ho-ill* % aad llo-2 II < S» «*o» 

I IK critiHICo-gf&II < ""I*** 

£ot | aaA 1 bo poaltiv* latogara ao that 11 o-j ll< 5 • H<rg, II < £* 

flf( <Jjt&) >lla aup #{o~n|H)- aad 

' ^ crKitB)^ lis luf -£-• • 

Honoof 01 o-j|H) > C I*- &£. aad iKo-fctlB)* C 0* Bat 
•» '« •> Jr * 

||f( ajiaM(<rfctfB)|< •*-. fliaroforo* 

C# * (#• €i 
'* iR 

Bat € la arbitrary. Boaoo, 

U * s# * 
JR -da 

aad tho fr»lnto«ml»iUty followa f*o* 3*5®* 
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3.S3. JE£ Ho M B saetiaM mSffleat te Sn M M 

isssaal SssaSlaa f la B-MsaHsSU aa a,,, fiaa « ̂  b-

> T W > I t ffl 8 g B€Q{Bq). Fttrth»rnore. the B-lataggal H 

$1 tatorfal fmmtioa dofiaod on 01%)* -

?mf« A definition will bo introduced first* If o-

aaS cr- ® are subdivisions of th© oriented reofcangle 1# then 

cr « will bo said to fo» « rofiaoaoiit of 0- provided teat, 

each ambrootaagle of <r1 ia a subset of soms sttbapootaagle 

of r » 

fcot M* G®{Mq)$ and ohoose €>©» Ifeore «xl«ti a 5 > 0 

so that If eaoh of cr and <7-* is a subdivision of Hg 80 that 

HorlU$ onA I la-Ml < % * than |0(<r | Salter #|^| I <€ • 

X*t cr̂  b® a subdivision of % so that m snbrtotaagle of cr; 

contains an interior point of both t* ant Eg-H*. fttrthajRiorot 

ohooso CT| 80 that U<r̂ || <• % # lhen lot cr2 be a enb«» 

division of % 80 that )| (Tj| II < S • <Tg eoiaoldes with g-| 

an aad erg differs fro* <rj on fhon 

I ff( criiBoMI orgfBg} | 

« l*( <Ti 1 <rz$ae~n')+0(o-2i*')] I 

• Iffo-iirMlcrgini < € * 

Henee, f la B«iategrable on lf by 3*52. 

ttion lot lift art %§ %* • ••» 8^ be an asfei~ 

tmsf subdivision of % and ohoose € > §• Sy the first part 

of thia theores, If la B-integrable on %• therefore* bar 3«5*» 

there oxiota a > 0 80 that if cr is a subdivision of so 
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Let that llcrll < then I { lMK<ri%)l < € • 
* * # f 

<rf« %'»' 

fee &m m&h subdivision of' %» Similarly, there exists a- • 

% l > 0 so that if cr{ is ft iraMirieion of »[ m that 
ri o"| iJ< §|* 

then 

I ^ jS*0Ccr||S|l 1 * i • it *••§ 
Ri 2* 

Ltt <5 J* m ffliHl ̂ i* £ iJ* i *• i* 8« ^ J 
be « mt&mm®* Of .U,o-t eo that II <r1 II < * Hence* 
I . i t *<<r"tij)l < e » « a l 4 £ • 

Imt 1 r> ' 
^ ;?7 lK<r"|aJ) » JKo-J'fBj). 

genes* I W- % ^ *(l<2 € • 
i=i '"i 

ay repenting this process with respeet to eaeh %£ cr* 

a positive nuaber Sg and a suMivisioa r 2 « f I w » obtained 

so that if <r* i» a refinement of cr2 so that II <r~ II < £2* 
^ r r , 

then 12. \ #• 2.' \ 0 I < k#2 € * Bepeatins this prooess for 
i--i )ftl o- '«. 

a mm ti«•* a refiaeseat of cn^ of cnj is foaaed so that 
II tr. II < S, atadl ( «- X C *l<2 € . ft fellwm «»* CT» 

4̂ 
satisfies the eoa&itieas plaeed en cry 

I X {*- T € . 
i=T )Ri V? iRi 

I V * z. Ul<(fe*i)(2e). 
)R ir, ML ,a. 

Siaee € is arbitrary, \ 0 » .2L \ 0$ «»d the additivitjr of 
Jr «•*-! Jfl; 

the integral follows. 

'lessee* 
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3.5*. m. »o l a sb b > h m m f r n f l t is v m m 
Integral tomtom 0 is absolataly oontinaoma and 

£1 %• *>** Ski inUrrnl twmtim 0(M) « (V Jfc absolutely 
w —*— — i iipiPiniiMnippiiipnpMippippii^ 

'R 
oontlnuoue on Rq. 

?wf» L»t B^OCBq). tad ohooso € > 0. A m n i t t i 

• 5 >0 30 tttHKtl i f p(«r) Is any partial subllviatoii of a SO 

that X l % l * S » tfeaall ljl(%M < € . tot 
p(r) * pC«r) * 

p(cr~)t 8̂ * Bg» «••» Mfo 

b« on# suoh partial subdivision of 1* !fow there exists a 

$ t>® m that i f <r| is a nM lT i i i i a ®f % £ PC <r) m that 

l lo-^ l l < S i # thou I I < «|»| tharo oxists a 

positive mabor Sg «a that i f «r2 i® a subdivision af % a# 

that Dffg II c thaa I a~2f I * *^rl • ••$ thars 

axists a %n> 0 sa that if cr-n is a subdivision af % so that 

llo-all < Sat than < { 0»Jf((ral%) I < *"4r« &®t 
r n r r 2® 
d* • &i&( di» 02* ••*» d ft) 

an* tot cr|» (r|# •••> c i *• snbdiTisiona of % t R29 ***# 

ytspsotl*»ljv «# that II<r J M< £# for i » i, 2, . . .» »* 
n f m 

Burn, ^ I ) jM<«" {»V I <€ . nwwfoi* 
.T. I i f I < € +.Z I l ' (cr{ | l1) l • 
(si n '*1 I -1 * i 

Bat p(e-#) » .U. o-! forms a partial subdivision of 1 so that 
* n 

X L % I L - Z 1 % I < % . H « M « , . 2 1 I 0{<rU\) I *€,•»» 
p(o-*) p<«-> r i 1 1 1 

> I I * Z I \ #1< 2 € • Stats* tho thoorss is provad* 
i n p<«r) 'R; 
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