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CHAPTES X 

wfaowsfios 

Preliminary Resarks 

1,1. Perhaps the greatest «f all branches of aath-

esatios asA certainly the doalmat force In uathematic® for 

alnost 30© years Is the oaloulus. And the oentral idea of 

the oaloulus as developed by Bewton li the derivative of a 

funotion. Although oaloulus in its simplest fen pertains 

to a funotion of one reel variable, the applloatloiis of the 

subjeot more often than not Involve functions of several 

variables and aay even concern fisnotions of an infinite 

muber of variables. -

Ihe primary purpose of this thesis is to carefully 

develop and prove sone of the fundaaental» olassloal theorems 

of the differential oaloulus for funotlons of two real 

variables. 'She generalisation of the ideas of derivative 

and differentiate functions to two variables gives the 

essenoe of the generalization to n-variables. Slnee oourses 

in advanced calculus seldom give rigorous proofs in two* 

variable oaloulus, flrst~year graduate oourses usually 

restrlot the treataent to funotlons of one variablev and 

sine© advanoed graduate courses in analysis often involve 

abstraot spaces, it seens that the two-variable oase is 

neglected# 



Qiapter X includes most of th« sel«miil definitions on 

sets a&d functions that are needed In the thesis, and * 

statement of certain basic results on sets of real numbers. 

Chapter XI will oonslst of proofs of fundamental theorems on 

continuous and dlfferentiable funotlons of one reel variable. 

Chapter XXX will include proofs of fundamental, olassloal 

theorems on dlfferentiable funetions of tiro real variables, 

some of which are extensions of the theorems on dlfferentiable 

funotlons of one real variable in Chapter XX* 

Definitions 

1.2# 4 function from A Into 1 is a correspondence which 

mates with everr element t of the set A a unique element f(t) 

of the set B. A is sailed the domain of the funotion and 

% M F^CT)|T T A] IS sailed the range of f. Bio funotion f is 

said to be defined gg A. 

1*3. A real funotion 2S£ variable is a function 

from A into a, where A is a set of real numbers and B is the 

set of all real numbers* 

1 A real funotion gf two leal variables is a funotion 

from A into !» where A is a set of ordered pairs of real 

numbers and 1 is the set of all real numbers* 

1.5* All funotlons considered in this thesis are 

functions of the type defined in 1*3 ant !.*•, and the domain 

of definition will clarify which type is being considered* 

1.6. Xf o cd, then £o,d) will denote the set of all real 

numbers t such that o < t id and (o,d) will denote the set of 



a l l aoal unabars t oitah that « ^ $ 4 Af [a»Aj is aalXad a 

closed lataarmX ana (o,d) 1® eaXXad an opan lntarral* 

1.7* If 1 la a raaX wutbar and J ? 0* than X( I § i ) 

wiU daiiofca the set of a l l t m l namfeora % m&h that 

l*~1l * S§ 

K Si la m opaa latarwrt &t oaatar V aad Xaagth 25 « 

» # aywtoX «« will aaan "aaaaa* ar "aaana that." 

t . f» Ii» %* • ••» %# ••• la a daasaMiira lnflnltaalaaX 

flffflfflMMtt 2Jt 2 M M li l fffff l f , «t# for aaoh »f ^ c ^ , and 

Ita 1<V • 0, 4*£« if € >0 Is ahoaaa, than thara axlata a 

poaltiva latagar V co that wteanmr 11 la ohosaa aueh that 

11 >1, man KXJJ) < € » ahara 1(3^) daaataa tha Xaagth af tha 

elosad intarvmX 3^. 

4 I t ! 3? f £ m jaforawa* mmm s i « | S g £ jgm 

mmlmm $ $ 1 aaoh aXoaant of 8 fcaXoaga to at Xaaat ana af tha 

latorvaXa of f« 

*•**• I i l l latartor potat f £ 8 its thara axlata a 

i >0 ao that Z( 1 f O C 8« 

I iJL & l l* l t point g£ 8 t i t If <f > 0 la Ohaaaa# 
thaa thara la a t 6 8 aa that aal ] . 

*•*3* » M S nppar fr—aA g£ 8 its for aaoh t * S» t *U. 

1.14. L Is «. lowar booM of 8 «8« for aaat! 'US, t >L. 

5 J& bound*d i«i thare azlata aa » >0 aa that far 

aaoh t 4 8, | t | ^ H. 
l a 6 # K M § 14M& HE£££ MSS fit 8 1st K 1® aa appar 

^•uaA of 8» •ad if 0 0 la ahoaaa, than thara 1 s t 1 ( 3 aaah 
that t > K» £ . 



1*1?* & M ft **»ataat lwitr bound >̂f 8 tit k ti i; 

l«wr bound §f if and if ( ?0 li ohoeen, then thai* Is * 

f £ i auoh that t € « 

1*13* If f i* defined an X( J | J*i)t then f |§ oentianeuii 

ftt X s g« If ( ? 0 li ehaaen, then there ixUtf ft X > Of 

£ * £ i» ao that nhinmr t is ohoaen auoh that |t- T I ̂  <T « 

Mica |f(t)-f< r )| ̂  € . 

1*19* If there exleta ft >0 ao that for eaah t aaah 

that 1 i % <. £+ Si f(t) 1# defined, then f rlcSit-oontlnuous 

i| ] lis if o O li «h*san9 than there axlata ft S > 0t $ s S^t 

m that Khaaaf*? t Is ohoaen smote tfeftt S £ t * !• then 

|fit>-fcn| <. € . -

1*20, It there axlata n I| >0 m th*t for a*oh t aaah 

th*t I - it < t < I f(t) la defined, than f 

it I ill If € > 0 la ehosen, than there axlata a S 7 0» S * $i» 

aa that wh«n«Yer t la ohoaen sueh that 5 • S ̂  t f 5* then 

|f(«J-f(U| ' € . 

1.21. If f Is defined m £o*d] v than f jy| ooatlmiotta §§. 

[o»d̂ ] nt f la eantlnuotia at aaah I auoh that a c U 4 f f la 

rljfet-aantltmotta at o, and f la left-aontlnooua at d« 

1.22. If f 18 daflnsl «i I(5| St), «h«n t ia aiff»g-

entlable at 1 tit there axlata a real muber 4 aa thftt If 

e ?0 la ohoaen, than there axlata a S >0« S £ Sjf so that 

whenever t la ohoaen s&oh ttwit 0 <)t- } j ̂  , then 

f<t)-f{ 1 ) 

t** $ 
A I z.6 • 



I f f U i i f f i i w I l a U i a t I • t h e n A i « d o a o t o A b j r f # ( 1 ) m A 

f t 5 ) i » « i m a n . a « r i T » t i T » a t <• s i 5 • 

lm&% X f ( a » b ) i s a n « r s « i » 4 p i i * o f s o u l w m l m m m A 

$ > & § i a m b 0 ( ( a , b ) f £ | w i l l 4 o a o « o t b » M l o f « n o x 6 o x » A 

9 » i f i o f * o a l s a a f e o i * | x * r ! « * ( i ^ i i b + a * ) m h t h a t 

" V t f i * + A * $ t 

0 ( ( a 9 b ) t S ) l a m X M m @mn 

S ( ( « | W ) X | i i 2 ) w i l l l « M l « t h « M l O f H U 

• i l « X « i 9 » i x » « f N i l S M a b O T O ( X 9 y ) • C « * A X # b * ^ y f < D m I 

I 1 *• $ % « t l * f I *• S 2 f » ( < a 9 b ) i 5 " | i S $ ) i * M U « d a n 

i » 2 5 * X f P i a a M l o f o v i o r o d p * i r a o f m l n u a b o r * , 

t h e n (m$W i i - a n i n t e M o y p & l n t o f f « « i tt*g» o s l v H i a S > 0 

• o t h a t 0 ( U « b ) t S > c P . 

1 « 2 $ » I f f o * o a o h % € x < * f f ( x 9 b ) i s d o f i a t d * t b o a f 

A S a o n t l m i o u g i l ( a 9 b ) w i t h m a m * * | § J g § f i m w i m b l e m 

i f e ? 0 l a o t t o a « & « t t t o n t h a f o o s f t a t * * J > 0 f s i S i o 

t h a t m t o s s o v r t a x i s m A t l i f t t | A x | ^ $ • « s ® ® 

| f ( a * 6 x 9 b ) « * f ( a 9 b ) | c € * 

l « 3 f « X f f o * o a o h w € X ( b | f ( a t y ) i i A o f i a o d # t t u m f 

M t W H l i l f f l l i t ( * • * ) m m m t J a J | g mmmA mxAMm t i t 

I f o o I t o h o o o n , t h o u t h o v o o a e l a t a a S > 0 9 j * ^ * o 

t h a t 4 M M f » y i s o h o M B s u o h t h a t I ^ y \ < S t t h o h 

I f ( a 9 b + & y ) » f ( a 9 b j I * • e . 

I * a 8 * X f f l a 4 o f i a » d o a 0 ( C a t b ) i ^ 1 ) 9 t h o a f | | * » n -

t l n a o a a « | ( a 9 b ) t i t I f € > 0 i o o h o o o a . m m t h o t o i x U l a a 



$ >0» S z ®© tha t i h tMTi r o x and mm ohosan saoh 
that 

than | f { t+ ^7)*f(a»b) I c {» . Th« fn&otloB f J j | 

SlSBSE SB C((®»h)> ts t f o r aaoh (x,y) £C((a ,b) j <£j)» f 

i s oontlnuous a t (x ,y) . 

1*29* If f o r aaoh x t l ( i | J j ) f ( l i b ) la d i f i m d i than 
f i £ a i f f«r«i i t iabla a t (a,b) with respect tg, tjia f i r s t 

»u thsra axia ts a r s a l number A so tha t if t ? o 

I s ohosan, than there axla ts a J > 0, so tha t *ha&~ 

avar i s eihosen such tha t 0 * /ax | c j , than 

I f (a+Ax,b)~f(a ,b} . 

I £ A/"' 
If f I s d l f f s r a n t i a b l e a t (a,b) with raspaot to tha f i r s t 

• a r l ab l a , than A i s danotad by f | ( a t b ) and f j ( a , b ) i s oallad 

H i U m - m S S P*r t l* l derivative of f a t <a,b) wi$h reapeot 

I s l i t m * s i S S i i B l * ®i® funation f t ax l s t s ©a C((a,b)r i t ) 
t t i f o r each |x#y} 4CC{a§b)f f ^ x . y ) ax l s t s . 

i.30# If f o r each y £ I ( b | f ( a , y ) I s dafinad, than 
f M d. lffsrent labla fit <a,b) tr | th reapeot & ttia saoond 

variable t i t thara a x l s t s a rea l number A so that i f e > o I s 

chosen, then titare ax l s t s t J > 0 , S -%» so tha t whenever *>y 

i s ohosaa suoh tha t than 
f ( a , b + * y ) - f (a»b) , 

4 t t . 



If f is differentlable at (a#b) with respeot to the second 

variable, then A Is denoted by f2(a,b) and fg(a»b) 1® called 

the £lrst»order partial derivative of f at (a»b) with respeot 

to the second variable. The function f* exists oil 0( (a«b)t £, ) 
mmrnm mmmmm mmmmtmtmmmmmmmm & mmmmmmmmm wmm 

sst for each (x,y)i C((a,b)j fg(x#y) exists. 

1.31. If f is defined on C((a,b)s and if for eaoh Ay 

suoh that jAy / ^ fj(a,b+ Ay) exists, then f %a differentlable 

at (a,b) with reapeot to the first variable and then with res-

peot to the seoond variable «is there exists a real number A so 

that if o O 1® chosen, then there exists a £ ? 0, £ < S^9 so that 

whenever & y Is chosen smoh that 0 /AyI $ % then 

I f« (a,b+ Ay)-f« (a,b) , 

I Tt 4 ' ' 6 ' 

If f is differentlable at (a»b) with respeot to the first 

variable and then with respeot to the seoond variable* then A 

is denoted by fi2(ft,b) *&d f|2(a»b) Is ©ailed the second-order 

partial derivative g£ f at <a»b) with respeot |£ the first 

variable and, then with respeot to tgte seoond variable. If f^ 

exists on C((a,b}f S%)» then f 1 2 exists «a C((«»b)iS%) *«» for 

eaoh (x,y)£ C((a,b)| S^), f12(x,y) exists, 

1.32# If f 1® defined on CCCatb)?^), and If for eaoh a x 

suoh that |ax)^^ f2(a+ &x,b) exists, then f is differentiate 

at (a,b) with respeot to the seoond variable and then with res-

pect to the first variable s st there exists a real number A so 

that if 0 0 is ohoMn. th.n there «l.t. « J>0, .0 that 

whenever ax is ohosen suoh that 0 c |ax( e. S, then 



f2(a+&x9b)-f2(a9b) 

~ ce * 
&.X 

If f is differentaibl® at (a9b) with map9&t t@ the sse@®nd 

mrl&ble and thou with retpeet to the fisot mriabXej, then A 

10 by f21(a,b) and f2i(*»b) 1& ©mlled saaaad-

sMcs S S E S M a«rtwtiT> at f at («,r>) sun » ™ « * so. m, 

mmaA mylable and then wltti reapgot j£ the first variable. 
It f2 exists on C((atb)j then f ^ exist® on 0((*fb)| £3.) 

in for eaeh (x9y) * 0((a,b)j £x)9 f2i(x9y) 

1«33» Xt should be elear that f^^(*9b}» f22(a,b), and 

"hl^ier order" partial d i r l n H m dan be defined in a. 

slat liar Bjanner« 

1.3*. If f is defined m C((a9b)i S%)» th#& f J* differ* 

entlafrle §fc (a9b) 11 s there niitf an ordered pair of real 

ssmsbers (A»B) so that If O O ii 0h®s®ii# than th@r© exists 

a i y 09 S < $i* so that whenever and A M ohoeen sttoh 

that 

0 St *• S* 
then 

f (a* *XTB* Mf)-f (a»BJ A AX+B &JR 

* e 
~\j t?m if V A?X+ *T 

1-35. If f is defined on C((a«b)f and if the angle 

«K » 0i<i2T, Is aeasured In radians by a oounter-oleekNlse 

imm the posit!*® x-®*ls9 them f M dlff»ytat|a^e 

(a9b) In the direction <*. tt» there exists a real number 4 



•O t h a t I f 6 > 0 1« ohoaen , t h « n t h e r e • s l i t s * i > 0 t i f 

S# t h a t IJHAIIEVER &S 1® e h o s e n smeh t h a t 0 £ A G ^ 5 T ***•» 

I f ( f c + & 8 M * * ,1H» &8 8ln<X ) * f ( * , f e ) I 
I ..liipiiiMi aw • A I C £ • 

I A • I 

It t is d l f f a r a n t l a b l a a t ( a » b ) l a t h e 4 i n » t U & , t i tan 4 

1« d e n o t e d "bjr D ( f j U , b ) i <K | aad D ( f | ( a » b ) f «<) l a © a i l e d t h e 

i i m t l a a i l d a g l m t l f n » f f a t t a » b l I n t h e I l ^ « » l n a * . 

AaatiMd ^ e o r ^ a 

1*36* S o r a l Cowr l iug Sheoreat. J t ^ M & i t i fit 

I t t t a t m l * uhle f t o o v e r s [ e , d ) # t h * n t h e r e i i l i t i § f i n i t e aub*» 

a s i x a £ « ffUM H a s s s x t a £ « • « ] • 

^•3T* B o l z a n a - W e l e r a t r a s s Iheoreia , J g a s e t i $ £ r e e l 

r m t i m m i s I n f i n i t e and bounded. t h a n 1 | B t a t l a a a t one l i m i t 

p o i n t . 

1 . 3 3 . 0 | f . H0tt-gan>ty &M a haa mi a s s a y t h a n 

3 I M ft l a a a t wpfsmr boimd. 

1»39* £ l | | audi S i £ £ £ l a w # f S S M i * 

® I f i f i & mimm g r e a t e s t l o w e r bouad , 

1»*0» I f l | 9 %# . . . » % • . . . l a a daaoaadlnat l n f l n l « 

t a a l a a l UBiVLeme o l a a e d i K t e r v a l a , t h e n t h m e i l a t s £ 

un ique r e a l number } suoh t h a t f o r m@fa nt I e 

l . & U £ c l o s e d totarral eomta lna a l l |»f | t o 11a i t p o l n t a . 

1 . 4 2 . J | e mjg. d arg, » a a l rnmbera. t h e n 

| | 0 | - / d / | £ |@4d| £ | « \ + l d | 

lod{ « | o | |d | * 



CHAPTSB I I 

1HE0BENS OK HEAL FUMCTI0I8 

0? OWE HEAL VARIABLE 

2- 1 * Theorem. J£ f M on [o t dl fiai f i t ©g&r 

tlHUQUg on [>»d)» i f f<©) and f ( d ) d l f f » * Jfi then 

there « l » t » ft point J » # ^ < d , aaoh that f(\) * 0 . 

Proof* Asaua© f ( o ) <c© and f ( d ) ? 0 . Divide |>»d) In 

h a l f , I,.®, l e t 

_ ©*d„ 04d 
[© td] » [ ® t — ] U £ ~ £ * # d l * 

If 

04d 
f ( — ) - 0 

2 

the t h n i m 1» proved. Assume 

©+d 
f ( — ) ^ o . 

2 

then I f 

©4d 
f ( — ) >0 , 

2 

choose 

I f 

r 0 + a 

l 0 , T " J ' 

o+d 
f ( ~ ) c Q , 

2 

10 



11 

choose 

©Hht 
[ — , a ] . 

2 

Denote the ohosen half by 1^ * I notioe that 

f(®j) 40»f (d^ ) > 0, 

and 
d«>o 

xcx 1 > « — . 
2 

Coatinn* the process, Assuming that eaoh time a closed 

Interval Is divided In half, the mid-point obtained, say 

p, Is suoh that f (p) 4 Of for if at any time f(p) « 0, the 

theorem follows. In general, 3^ » roa,dn"l, f (on) 0, f (d^ >0, and 

d-o 
• 1 ( v - > 

Clearly, Ij, I2» • ••» Xq, ••• Is a desoendlng Infinitesimal 

sequence of olosed Intervals. By l.^G there exists a unique 

real number % suoh that for each n, 1 t 1^. Certainly, 

J< U.d}. 

Assume f( T ) >0* By 1.21, f Is either oontlnuous at J , 

r lght-eont iraou® at 1 , or left-continuous at $ ; then 

clearly, there exists a 5 > 0 so that whenever t € £o,d] is 

ohosen suoh that It- 1) ̂  5 * then (f(t)-f( I )| ̂  f(X )• Sinee 

11m 1(2L) • 0, there exists a positive integer IT so that when« 

ever n Is ohosen suoh that n > H, then 1(3^) c g , |.«i. 

dn-on < % . 



12 

Choose n >H And eonsider ©a. Clearly, * J . Shere-

fore, | f<oa)-f( J ) j c fC | ), am henoe, f(on) > o. Sat this 

contradicts the fact that f ^ ) *0. Therefore, f( *©» 

and la a similar manner it oan be shown that f( J ) £o. Bins, 

f ( S ) «• 0, and elearljr © c ̂  c a. 

Assume f{©) > 0 and f(d)< 0. Then the theorem follows 

hr a stellar argument. 

2.2. fe&sas* itf J& M i s s ! ti iCTi fattif 

At eô tlnuoug at I , thjgn there g l S M & J £ i 1# S£ 

J&S& I « Jf(t) 11 € 2( 1 s 5 ) I M bounded. 

Z222£* Sinoe f Is continuous at J g there exists a 

£ $ s £i» 8® that whenever t is ohosen sueh that 

11- ̂  | c $ 9 

then |f(t)-f( 1 )| 4 1, Qhoose it • 1+ f ( J ) and let 

« ItS ). 
therefore» |f(t)-f<I )| < 1, and* br 1.42, /f(t)/-/f( | )|c 1, 

I*(*) | ̂  l+|f( I )| * U. Therefore, E is hounded* 

2.3. meorea. If f £s defined on [ofd] and f le con-

tiguous on [©,d] 9 then 

i) I » [f(t) j t * [o,d] ] |£ bounded. 

11 > E MfiS, £ IB&SU& ItSSi U2£er % end a M & M & 

greatest lower bound fc, and 

111 * there exists an ^ x e [o.d'] suoh that f( « t \ m k 

SS& •£ * 2 6 C°»4J «*•>* that f c «< g) * Jc. 



13 

Proof of (1). W&v eaoh J suoh that o <£ I 4. d, It Is 

olear that than exists a S% >© ®® that I{ J ; ̂  ̂  > £ £©*d] . 

2.2 there exists a / > 0t f $ that 

Bj - £f(t)| t« It I » J )J 

1® bounded. Sine® f is right-oontinuous at o and left* 

oontinuous at d9 an st.rgme.nt similar to the one used in the 

proof of 2«2 oan lie exployed to find / S 0 so that eaoh 

of B0 * ff{t) I t € X(oi f 2) A to#4] ̂  and 

% " (f<t> i t £ K&l ^2)fV 1 

is hounded. 

X*t f demote the set of open intervals obtained in the 

preeeding paragraph. Clearly* ? oorers [oed3 . By i»3& there 

exists a finite subset % of f vhioh also oovers Io»d] • For 

eaoh interval J of fj* there exists a positive number Hj so 

that for eaoh t£ J f\ te»d] , /f(t)( <- lj# Let H he the largest 

suoh Mj» Choose * i [e»d] . 2hen t e J for some J and 

^ Hj £ H* Thereforev B is hounded. 

froof of Cii)• Since E is bounded, it is elear 'that S 

has as upper hound and a lower hound. By 1.38 and 1.39» 1 

has a unique least upper hound K and a unique greatest lower 

bound k. 

Froof of (iil)» Assuae there does not exist an 

°< i € C«fd3 

such that f(°C|) « K. By 1.16 there is a t^€ [e»d] suoh that 

S >f (t^) > K-i. Similarly* there is a t2 e [ofd] suoh that 



n 

& y f(t2) ̂ aaxiaaaiffCtj )»&-§)• ®io process is oontirastodf 

thereby oonstruoting an infinite itt S of points 

1̂* 2̂* ••*» tg* ••• 

such that for eaoh n» 
1 

K>f(tn)>K- — . 

• • • • n . 

Clearly, $ is bounded and the elements t^ axe distinct. 8jr 

1.37# S has at lsast mm liait point, say I . By I M it 

follows that I £ [o.d] . 

fmm tho assumption and the dofinition of K, it follows 

that f( IJ ̂ K# Sinoo f is either continuous at , rl*ht-

continuous at , or left*oentis«ious at J , thon there exists 

a S >0 m that whenever t t fe,d) is ohosen smoh that 

1t- 11 i. 5 * thon 

S 2 I ! . 
2 

Ohoose it such that 

a > 
K - f H ) 

and | I | £ X • Shen 

I I K-f C T ) 
l)jc — 

2 

anA therefore 

... . , *•*<. i ) K-f( 1 ) 
'(^«) ̂  f ( ̂  )•»•> V S«» WW J , 

- , 2 2 

But this eontxadiots tho faet that 
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i K-f( I) 
f(tn) >K- — > K-

xi 2 

A similar argument will determine an «< 2
 € £*»&] <̂ ioh that 

f (°< 2-) * 

2.4, Theorem. f |£ defined gn [ofd] » agd there 

axlata a point J , o <.!*&, such that f( IJ 4ft IB W m r 

TSSSS&. (lasss Sassi> a£ B - f'<*> I * <1«»4] I » asi K f,( 5) 

»'"t" Mssa *•( 5) - «• 

Proof. Assume f(1 ) Is an upper bound of S. ainee } 

Is euoh that q < \ c d» there axlata a i | > 0 so that 

X< It ( %) c[o»d] . 

Assume f*( $ ) •> 0» lhen there axlata a £ > 0, J so 

that whenever t is ohoeen auoh that 0 <• j t— T { <• £ , than 

I f I ) 
. f'(l) < f'( I). 

/ t» J 

Qhooaa t auoh that 0 c t- I 5 • Slnoe t- \ > 0, f*( J ) > 0» 

i }) 
•t'{ })j c f(f). 

I t-l 

it follows that f(t)-f( 1) >0, This contradicts tha assumption 

that f( \ ) is an upper hound of B. Sims, f •( S ) * 0, and in * 

similar manner it can ha shown that f1 ( I ) <£ 0. Hence, 

fM J ) - 0* 

Assume f( I) is a lowar bound of I. Hian tha theorem 

follows by a similar argument. 
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2*5. pi*or*m. jf f M defined as I( J » it)» ga& |£ 

f,< I> Mill®* *&£» * M oontlnuotte J « 

Proof. Choose £ > 0. Since f*( 1) exists, there exists 

& i 2 > °# S 2 t S%* «o that whenever t 1« chosan aueh that 

0 < |t- ̂  | c £ 2, than 

i f(t)-f( I ) 

I t-1 

It follows that 

i f(t)-f( J} 

-f(5)| i *« 

t"» 1 

fCt)-f{ T) 

t- \ 

(i >j<i. 

L:i+ |f( 1)|, 

Choose 

£«* mln{ 
2*i+lf<( i )/* 

Choose t such that 1t«1 | ̂  i • Assume t » $ • Than 

f(t) * f (*$ ) 

•lnee f is a funetlon, and therefore, /f(t)~f( J ) | » 0 ^6 • 

Assume t ̂  J . thus, 0 ̂  11- $ | ̂  $ f and therefore, 

I f(t)-f{ T ) 
jit*/ft D j t 

I t<* 1 

It follows that 

|f{t)-f(l )|^ |t-l|(i+|f( U | ) < J{i+|fM S)l) 

t < ». * (i*lf'< i )|) 
" i+|f'(5)| 
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Bra«, i > | t. £ . a n d t h t n f o n , t la oontlnucras a t 
]. 

2.6. S22Z2B- M t M *«fln«a 22 [».d] , f(o) - f(d), 

S 8 i i £ ' M J ^ - f w n t l n a y u g g | o «nd XTt-oontlnaou. s£ 4, 

H i l i £ 2 £ isoh t aSB&Sal « ^ t < a f>(«) «*l«t». th«n th«r« 

« f » ' £ E 2 M * •• 4 5 " 1 . £3g> *>»t f • ( J ) - 0. 

Proof. By 2.5 i a I 1.21, f i s oontlnuoue on fo»d] • 

Iiat E » f f ( t ) | t * Eot&lJ. By 2*3* l has ft wnlq.ma laast upper 

Tjotiud I and a unlqua gr#&t#at lowar bound 1if and thara Is an 

«k | € Co,4) stuoh that f(«K1) » x *ad aia °c [of4] amah that 

f{* 2) • It K m k, than olaarly f*( t ) « 0 for aaoh t auoh 

that o c t <d and tha theorem follows. 

Assume K 4 fe. Siaa a t least one of K and k la dlffarant 

fxwt f (o ) . Sapposa K 4 f (o) . than K • f(<Kt) >f(o) , and 

slaoa f(o) » f(d)» K • f ( n >f(d). Since f Is a fanotlon. 

I t Is olaar that °< f ® ftad | 4 d§ thus, @ *• «£<.&* Denote 

I • ®*«» W 2.^, f *( I ) « o. Hie a3rgn»aat Is similar 

If I t Is aaswad that k »* f (o) . 
2*7* BSSjESS* I I f S2& S are defined on I ( h and 

M ) M i ®fC I > exis t . than 

1) f i g H S toflnad K 11 5^)• ( f i« ) f ( 1) eacist 

n - r n n i ® * ! ! ) . 

11) f« 1« dafmad m 1( | g S%\# Cfg)'( J ) exists 

8Sl <*«>•< 1) * f ( T ) g f U )t®U)f#C 3K and 

l i t ) J£ g< T ) i< 0, Jghja thara axlsts & i 1 > 0 fi£ £h£& 
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-f- M d»n»»d m SC1 I $•)» I > exists ggd 

f „ g( 1 )f'( 1 )-fC S )g#{ I) 
(«—)•( I ) » """ • • . . H M . M y '""".MM .in . 

g S n i p 

Proof of (1)* Consider the function f+g. Clearly# f+g 

is defined on I< J | 

Choose € > 0. Sinoe f*C 1) *n& g'C $ I exist, there 

•ziitB & $ y 0, J ̂  so that whenever t is chosen such 

that 0 <• |t~f | <• 5 » then 

I * > ..,,.1 . 6 c 
I *-t 1 2 

and 

i g(t)-g( i > 
•8*< 1 )| < -&• 

I 5> I t- \ ' 2 

Choose t suoh that 0 ̂  11- ̂  | c S . fhen 

I (f+g)<tMf+g)< I ) 

t#** J 
~[f( TJ+g-ml 

«|f(t)+g(t)-f( I )-g(5 ) 
_fl{ j )_gt( j j 

I t- | 

if(t)-f( i) | ig(t)-g( n i 

^ e . 

Ilierefore, <f+g)*( I) exists and (f+g)*( I) » f •( ] )+g*( J). 

The proof for the ftmction f»g is similar. 

£SS&£ St (**)• Clearly# fg is defined on I( Tj 

Choose t > 0. Sinoe f*( J) exists, there exist® a £ 2>0, 

^2 £ £l* ®° whenever t is ohosen suoh that 

\ < S z , 
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then 

i j) | (_ 
' * - 1 I 3 ( | « ( \ ) | + 1 ) 

By 2 . 5 , f l a s e n t l n o m s a t J t t h e r e f o r e , t h a n a z l a t a a 

i j~> °» S3 &Si» *° nhana-rer t l a ehoaan asah t h a t 

1 1 | ^ than 

| f ( t ) - f d ) l i i . 
1 3 ( l g ' ( t ) l + l ) 

I f 2 .2 and 1.15 thara axlata * £ ^7 0» £ ^ < £ | , and an H 70 

so that w h a n m r t i s ehoaan auoh that J t - 1 | ^ ^ than 

I f ( t ) | e n , Slnoa g f | J ) ax i s ta , thera axlat® a £ ^ >0 , 

3 | t so that whenever t Is ohosen suoh that 

0 ^ | t ~ T | ^ 

than 

« (*) -«( 1 ) , _ a * 
g «( n c - i . . 

t - 5 1 51! 

Chooaa 5 «* ain( J 2* £3* £4* ^5)* Qhooaa t suoh t h a t 

0 <-/t- \ | $ . 

Then 

I < f g > < t W f « H I ) . , „ „ „ , , 
J>( ! ) g ' { T ) + g ( ^ ) f ( 3 ) ] l 

1 t«* y 
« 1 f ( t ) g < t ) - t u ) « m . 

I r ( T ) g * < l ) - g ( !)<••{ i ) I 
J " 

= K ( * ) f e ( t ) - g ( ^ )]+g( 1 ) [ f f t ) - f ( 1 )J 
| — — -r< ! ) « * ( ! )-«< ? ) f ( 5 >] 
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tm T I I i s - T 1 

f{t)~fm 

i W " 1 , , , , + + | s ' 0 > | 
' 1 3 ( | g C 5 ) l + i ) 3 * | g < ^ ) | + l ) 3 1 3 ( | « * ( 1 > ( + 1 > 

• 

Therefor®, ( f g ) * ( 5) exists and 
( f g j ' m - f < i > g * < t ) + g < j ) f ( $ > . 

P r o o f o f (Hi)* Sine® g*{J ) exists, then, by 2#5» g 
l a c o n t i n u o u s « t J . l h . r . f o » , t h . r » e x i s t s « J 2 > 0 . 

5 2 - £l* 80 ***** whenever t is c h o s e n such that |t»T| 4 $2* 
then | g ( t ) - g ( I ) | * - | g ( I i . e . g ( t ) 4 0. T h e n ~ Is 

O 

defined on I( I j $2). 
Choose 6 > 0. Again, since g is oontlnoous at I , there 

exists a £ 2 > 0, S ̂  - £ l» 80 whenever t Is chosen suoh 
that |t-"S|c $y then 

' 2 t ( | g ' ( T ) | + l ) 
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For e&oh suoh t# 

j g(T)| - |g(t)| £ |g( J)-g(t)| • I 

In other words, 

IsWj 

and therefore, 

|g(t)||g(D| > 
W D ] 

Slate g*c I) exists, there exists a S 0, J 4 6 Xj# so 

that whenever t Is chosen such that 0 * | t-lI c Sfy» then 

g(t).g(l) 
*g •CI)/ 

efe(3J] 

t«I " I fy 

Choose i « &in( j"gt £ X Choose t suoh that 

0 <|t-T| <- $ . 

Then 

1 1 

-g*m 

1 i 
— < t) ( j ) 
s g 

t-I 

1 «(I)-g(t gfcn sMl) 

ls(t)s<l)(M) g{t}g(l) " g(t)g(T) fg(j)J2 

<i 
— I I 
Og(I)|| I g(t)g(l) 

|K<t)||g(Ul I 

fs«T)J 

S'U) 

'hi 

e(t) s({) g*(D 
M* 4» 

"J CS(T>] 

s<*)-s(i) 

t"»"̂  

|g(t)~g($) 

- s ; 

•8 '(5)1 + 1 
/«•(?)! 

l|g<t)||s(5)||s(U| fr 
(t)-s(l) 
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i [s(T)J 2 2|g*(l)| (IMS))*! 

fern]2 <• fg(i)]2/g(i)| 4</g'ml+D 

< J-+-&. 

m £ » 

1 
Therefore, (—)*( 1 ) exists and 

% 

1 - g M l ) 
<*— )•(!) * 7-7T5. 

Slnoe 

f 1 
g « 

and slnott it 1® olear that there exists a 70 ao that f 

and -i- are defined on I( J{ £•)» then by (li)# J L is 
* £ 

defined on I( J j $*)» (JL)*( J ) exists and 
8 

( — )•(*> - ( f — )*{?) 
S g 

l i 
- f(J)<—)»n>+<—HT>f #a> 

8 ® 

-g'<3> i 
- f{j) __ f<(3) 

w i i r g< j) 

g(j)f(T)-f(i)g*(i) 

[g(3fl2 

2.8. Theorem* If f is defined on [o,A], and if f is 

r ight-oontlnuous at e and left-continuous at d, and if for 

i 1 
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each t such that o <-t cd f *(t) exists. then there exists a 

point 3 » ® c 1 <-d, saoh that 

f(d)-f(o) 
f*il) -

d-o 

Proof* For eaoh t fc[o»d3 » let 

f (d)-f(o) 
g(t) * f(o) + (t-o) 

d-o 

and F(t) * f(t)-g(t)j clearly, g la right-continuous at o 

and left-oontlnuous at d» and although the details will not 

be given, it follows that F Is right-oontlnuoue at o and 

left-oontlnuous at d. It Is also olear that for eaoh t suoh 

that © c ted g*(t) exists and 

f(d)-f(o) 
g»(t) m n mi i'| 

d-0 
therefore, by 2.7 (1), P*(t) exists and 

, f(d)«f{©5 
P* (t) « f•(t)- . 

d-o 

Now F(o) « F(d)} therefore, toy 2.6, there exists a point J » 

o ^d, suoh that F#( I) * 0. Thus, 

f(d)-f(o) 
0 » P*(I) • f,<D- — — « 

d-c 

In other words, 

f(d)-f<o) 
f *(!) 

d-o 

and the theorem Is proved. 



2*9* Theorem. If g Is defined ©n I( J J J j.) fiffil 8*11 ) 

exists, and If f Is defined on I(*s % g)» £ ~ g{ I )# and 

f• (») exists, then there exists a f 3 > 0 so that ? » f (g) 

is defined on H i t$ j)* ?•( 1) exists, jgd ?•(!) » f•(*)«'(!)• 

v j Proof# Br 2.5, g is continuous at 3 , and with this 

faet it if ill follow that there exists a S ̂ >0 so that F * f (g) 

Is defined on I ( T t ^ 3)* l t a***11 that F*( I ) 

exists and ?*{\) « f*(*)£'( 1 )• 

Case Z« Assume g'( J ) » 0. Choose 6 > 0. Slnoe g*(I) * 0, 

there exists a S 0, S ̂  ̂  Sx* «© that whenever t is ohosen 

such that 0 *|t~Tf ̂  i t h e n 

| «(t)-g(T) I £ 

I t-» 1 I If *(a)| +1 

Slnoe f *(a) exists, there exists a ^ ̂  > 0, m that 

whenever x is ohosen suoh that 0 <• |x~a| c 

1 *<*>«*<•> . .1 . 
-"j"- -f'(a) <- 1* 

I x-»a 1 

and henoe, 

f(x)-f(a) c /fM*>| +1. 
x<*a 

Slnoe g is continuous at J , there exists a $ 5 > 0, i «f̂ t 

so that whenever t is ohosen suoh that {t«T I c then 

| 8<t)-g(l) | ^ 

Choose S * aln( S5)* Choose t suoh that 

o^| t* Y / ^ • 

Jjet x » g(t)» Assume g(t) * g( $ )| then f(g(t)) « f(g( 3)) 
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s i n e ® f i s & f u n c t i o n , a n d t h a r e f o r a , 

I - - * ( • > « • » > | - | ~ 0 C £ 

A M U M g { t ) fl g C $ ) • 1 - t * * i* & I t h e n 

t - 3 I I t » ^ 

I f ( x ) - f ( a ) j 

" I t - T I 

j f (x)<»f ( a ) x h i 

I » x«*a t - 1 

I f(x)«"tf(*)| j g ( t ) < » g ( ^ ) 

I x ~ a ' II t « 1 

| f * U ) | + l 

• € . 

A s s u m ® g * ( 5 ) ^ 0» ®w®m € > Q « S i a o # 

S ' ( 1 ) * o , tt»r* n l i t a « i 4 > 0 , f J t g o t h a t w h . n -

airar « i s o h o p e n s u e h t h a t § <• / t - f I ^ t h a n 

><«!<,*< l—,±.I£Mu 
I * / / * « i^xl ^4\ <* m * 

•g* 

1 ' 3 C / f # ( a ) | 4 - i ) 3 2 

S i n e a f » ( a ) a x i a t a , t h a r a a x l a t s a J 5 > 0 * ^ < / 2 l 8 $ t h a t 

w h a a a v a r x l a o h o s a n a u o h t h a t 0 ^ | x - a j <- S y t h a n 

| f ( x ) - f ( a ) , , , 

c m i n ( . e j 

' 3 / g # ( T ) / 3 
x ~ a 

S i n a e g l a c o n t i n u o u s a t 3 » t h a r a a x l s t ® a ^ 0 , ^ 

8 © t h a t whetmror t i s c h o s e n s u o h t h a t | t - T | c t h a n 

l g ( t ) - g ( V ) | c s $ . 
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$ m min( ify* I $)• t smsh that 

0 * | t - ^ | <- £ . L»t x • g ( t ) . Kow g ( t ) »f g( I ) s ince 

g(fe) * «( $ ) oontradicta the f a c t that 

«<t>-e<5) | |g*<T)/ 
i"""" • »g'(0 c — — 

» *» t* 2 

thus, x i* a* 

fhen 

I F( t ) -P(5) , | f ( g ( t ) } . f ( g ( D ) 
- f ' U J s ' C S ) ! - | _ IIUI . •iiKiimiinniuui .••nil mi. in W J t % W J f K % 3 « • *" • ' 1 

I I fc-5 

f ( x ) « f ( a ) x-a 

1 x»a t - 1 

| f ( x ) « f { a ) x~a x«# x-*a I 
M I : iigpwu ii m mm • f • (a)4--* . f*(a)- f * ( a ) g , ( l ) I 

I x«* t~ l t - 3 t » l 1 

i x - a i | f ( x ) - f ( a ) i , , | x - a , 
~ 1 J I" '"""I" "1"1 -»f , ( a ) | 4 ' | f •(a) | I «—» • g , ( } ) | 

l « ( t ) - g ( 7 ) I i f ( x } - f ( a ) j 

- I — T T ? — 

. i ff(t)*ff( f ) | 
'sHDj 

| f f ( « ) * e ( n - # , j j f ( x ) - f ( a ) j i _ V J / 

t«" ^ 

j i r ( x ) - f ( a ; j i v i / f ( x ) . f ( a ) \ 
•8*0)1 J -mmmmmm. «f M*)|+fgM I - f ' U J j 

i 11 )*»gc r) i 

^ 1 ^ JF \ r % 1 .̂£1 ^ Î.r̂ in i.-j I 111 m i ^ ft £0k. ^ ^ .... , ..... 

3 3 | e 1 ' i ^ T a l T 1 : 

< 6 * 
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X and IX verify that F* ( J ) exists and 

P'd) - t'MgHSh 



CHAPTSH III 

DIFFBHEHTIABLB PUNCTIOWS 

OF W O S4li VAHIABIES 

3.i. Suppose f and g are functions of two real variables 

defined on C((a,b)j f). Then f(x,b)f x U(m$ £)• and 

2f(*»y). y *I(b| £), 

•re functions of on* real variables thus, f(x,b) and f(aty) 

eoald bo denoted by F(x) and 0(y)v for lnstanoe. It is 

oTldont, therefore, that tho theorems of Chapter II have 

immediate analogues for funotlons of two variables whan oaa 

of tho variables Is hold oonatant. One suoh analogue Is tho 

following theorem on partial derivatives. 

HI f SSi s set Mixmd s& $ ), 

*S* ££ %<•**)» «i<»•*>• *Si 

g2(a,b) exist, then f+g £s defined on 

C((a,b)t $ )» (f>g)1(e»b) and (f+g)2(a,b) 

2 I M » Slii » ^(a.bj+g^a.b) 

• & (f*g)2U,b) - f2(a,b)+g2(a,b). 

It is olear that similar theorems on partial derivatives oan 

be stated for the funotlons f-g, fgt and «X». 
8 

fheorem 3.2 will be an analogue of 2.9. The other 

analogues will not be stated, although they will be used from 

time to time by referring to the theorems In Chapter II. 
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3*2, Ttieevm, JJ£ r0 rad ®0 ag| ro&l lumbers and 

aaoh r €Z(r0t £%\ «(r#e0) | § Aeflnad. ag& «i{ro»so* 

fifii if f i t dafiaod £n X( 5 i $2)f 3 * 6(r0»a0)t afig, f*0) 

exists, then there oxtata a I » >0 so that for oaoh ' 

- - - - J W W W W W W I P P 

* *Xt*©» J"3lt 

F(r,sQ) * f(g(r»80)) is defined* F||r@»o3) exlata, and 
P1(r0*

8o> * ' f 

Proof* ®i« theorem follows by 2*?. 

3*3. Xt should be olaar that an appropriate ehaaga in 

the hypothestu of 3»1 concerning g would bo auffiolent for 

F2(?q»*o) ^ axiat and for F2(
x,o*8o) ^ oqual to 

*90)C2<*O»*O)* 

3#4. Xt will bo oozmmloat to Kayo 2*8 stated in the 

following, more gonadal fom. Jf a ax ag§ xml 

amnborg* | £ * M Aoflaod gg 

fa,a+ m ) ([•• ax#a]» If a x <. 0)» 

aj^ 1£ f l£ rlght-eontlnaona at a(a+ ax) aj^l laft-oontlnuous 

§ | a+ m(a), and JJT for eaeh t suoh that 

a 11 <:a+*x(a+&x * t <-a) 

f»{t) e^s ts , then there exiata a e $ © * e ^ i f jg 

f (a+ &x)~f (a) « Axf#(*+ e ax)* 

3.J. aaaaas- «• £ & £ « & * 

M &£&&• 2Si * 1" gl«fat-oanttna»a« 

(»,b) jEfl. l«f*Hwn*lnB»tt« at (»+ & i,t>) with r»»p«ot to tjw 

£ i a i w W t » sa&£e£*ish* esskfiss i*"* " • » * 

exists. g|j§ jyr each y each that b *y *b* Ay f (a* AX»y) 
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It MISS£» S M f M gi#>t*eoatinuott8 at (a+ Ax.b) a^, Jgtg-

at (a* Ax»b+ ̂ y) with recpeot la gftoond 

£UC —*h y that b <y «b*Ay ^(a^Ax^y) 

«xlsts. th«s there H o t S l a 4 e 2, 0^ e 1, e2<.i, fijgk 

that 

f (a+ & x,b* a y )»f (a9b) 

« xf^(*• ^x,b)+ Ayf2(a+ &x»bf **)• 

Proof* &@t 

f(a+ a x»b+ a y)*f(a»b) 

rn t(m.+ A A y)«f(a+ a x,b)+f(a+ A xab)«»f(a»b). 

By there exists a 6 l t 0 ^ ©| *ft so that 

f(a+Ax»b)«f(a,b) « a <a+ 6^ Axvb). 

Similarly, then? exists a © 2 #
 0 8 0 ***** 

f(a+ a x,b4-ay )«f (a+ a x, b) « a yf2(a+Ax,1»t © 2 Ay)t 

and the theorem Is pwred. 

3.6. jr * ia a«fin»a as c«».i>)» £ & ft 

and f,, ail«t 0((«,b)i i.), aj£ 4£ f, Ja cantlmteua at 

(a»bh a M .If. ftig n«li ax suoh that /Axl* f2(a+Ax»b) 

SElSl£» J t e ftxlsts ag£ % ( a t b ) « f12(a,b). 

ftwtf* Cheese € > 0« Since fi2 Is eontlanaus at (a»b)t 

there exists a i" > 6, £ < bo that whenever ax and Ay 

are ohosen sueh that 

Na 2** a <• s, 

than f12(a+ * x,bf ay)~f12(a,b) c 

Ghoose a x sueh that 0 ̂  |ax \ C S * 
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Caae X* Assume Ax >0. How, aino© f9(a+A x»b) and 

f2(a,b) tzUli thai* axlata a «f ̂ > 0 so that whanavar a y 

is chosen auoh that 0 ̂  jr I ̂  i then 

f(a+Ax,b+Ay}»f(a+Ax,b) i e ax 
•f2(a*AX#b)J z 

A y ' 4 

and 

f(a,b+Ay)-f(a»b) | £ M 
1.1: ji cm;."ii. in orii ~miitn:iinuio •fotftib) | ̂  11 ™ 1 1 • 

Ay I 4 

ChMti a y amah that 0 c /Ayl ^ and V A2** A2y • 

for aaah x aaah that a * x < a+ ax, lat 

g(x) «• f(x»b+Ay)~f(xtb)« 

F&r aaah aaoh xv f£(x,b+Ay) and f^(x«b) axlatf by 2*7 (1), 

*v(x) axiata and. g#(x) » (x,b+ Ay)-fj(x,b)• Coaaldar 

g(«fjix)»g(ft)* By 3.% thai* axists & 6^, © such 

that g(a+Ax)-g(a) * &xg*(a+ 6^ a x)# and 

Axg fC**&|Ax) • A x jt̂  (a+ A x,b+ A y (a+ 0^ & *»b)] t 

than* exists a e2» 0 c 6 ^ 1 » 80 that 

f-̂ Ca-f 6^ ax,b+AyJ-f^** 6^ AX,b) 

* ^y^igC®"1" ̂  Ax,b4» ©g Ay). 

fherefor®, 

g(a<f Ax)-g(a) » AXAyf12<a4 «1 Ax»b+ e^jr), 

ant by daflnitlan af g» 

g(a* Ax)-g(a) 

« [f(a* Ax,b+ Ajr)-f(a+ Axfb)J - jf(avb+ a y)~f(a,b)]« 

Biiiot § 
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*i2(*+ ©i Ax,b+ © 2 Ay) 

1 f (a+ AX,b+ A y)-f(a+ A x,b) 1 f(a,b+Ay)~f<atb) 

*X Ay AX Ay 

Sins® 0 c e f # 6 2cl» it follow® that 

**" 4-^i2^*+ X#b+ d» Ay) L > 
2 ^ 2 

Hence, 

*12(*»b)~ *~p <L
 f 12^a+ 6 1 * x» b + 

1 f (a* M|b+&y)«f (a+A x,b) 1 f(a,b+Ay)~f(a»b) 

A y a x Ay 

1 . * * A X 1 4 r t i l l 
L. *** I '«(•* &X,b) + i II I jm —mm jf9{tfb)» iiiii.iniiiiiiiiiirmiiiii I 

AX L 4 k J A * V 2 h J 

*2(»+ AX,b)~f2{atb) , 
*" 1 1 • "" "I A ,, aaft 

AX 2 

f^2(*tb)+^.. >f12(a+ 6 jA x,bf © 2 ay) 

1 f <*+ AX,b+ A y)»f(a+ A x,b) i f (a»b+A y)-f<atb) AX A y AX A y 

* r * t A x - 1 r p A i . 
' " I f2(a+ A X#b)*» 1J-- I •> <I»IW«I J fa(t|b)'f<MMM j 

Ax 4 J A x L * i* J 

f2(a+ Ax$b}rfz(m,b) ^ 
A X 2 # 

• ' C&se II. Assume Ax 40, A similar argument will yield 

the same inequalities derived above* the details are omitted. 
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Sim® 

f2(a+&x,b)~f2(a»b) 
£ £ luiiu,1111inmn iiinim n i 1 inmffi JVini.ii.nn • f l 2 ( * , b ) t , 

AX-

in other words* since 

• •' I £ 6 t 
AX 1 

f21 exists and f21{a,b) » fl2(a#b). 

3#7» Szanrole. Consider the following funotioni 

x2^y2 
f(x,y) » 2xy."jL when (x,y) ^ (0»0)t 

X 4^ 

f (o t o) » 0# 

fo r each (x ty) stioh that (x,y) 4 (0,0), f l 2 ( x # y ) ant 

f 2 l ( x , y ) exist and f 1 2 (x ,y) « f ^ x . y ) . But although 

f i 2 (0»0) wad f 2 1 (0 ,0 ) exist* f 1 2 (0 t 0) 4 ft%i0»0)* 

3*8» Theorem, f l» defined gg C((a tb); agd̂  

if f i s d i f f e r e n t i a t e a t (a ,b) , then f«(a#b) ggd f (a tb) 

exist* and f^Ca.b) - Af ajad f 2 ( a ,b ) « B f . 

Proof* Choose e > 0. Since f i s dif ferent iable a t 

(a t b) , there exists t £ S IJ# so that whenever A X 

and Ay are ohosen stteh that 

o W A**" A2y ^ ^ # 

then 

f(a+ ux»b* A y)~f (a,b) Aj. AatfB^ a y » 
1 "''"|nllinlWi|l»lll|ll«il'lll8iill»«Wl*l'.l|>|l

|)IUlll)BIWIlJlil'W»»»|iMW<l * «»»»—» £ £ • 

V 3 * A2y Y"A2X+ A2y 

Choose & x suoh that 0 ^ /AX | X and l e t Ay « 0« 



Then 

I f(&* Ax+Bf A y 

YI*x+ fc*y V &2x+ f̂ 2y 

if (a+ Ax»b)~f(afb) 
-*f | c £ 

' as 

Therefore, fi(a,b) exists a M f|(a,b) * if. Xn a similar 

Banner, 1% oan bt shown that f2(a,b) exists and f2(a,b) - Bf. 

3*9. Ifaaorenu If f is defined on C((a,bh Xt), and If 

fg exists on C{(a,b)f £ a n d f2 is continuous at <a,b), egd 

if f^(atb) exists, than f |& differentiate at (a»b)» 

Proof* Lot * (f^a.bhfgCa^)), and ohoose 

£ >0« Sinoa f2(a,b) exists* there exist© a J 2
 > °* $2 - ̂ t# 

so that whenever 1« chosen suoh that 0 *• |Ay| c $2, 

them 

I f(a,b* &y)~f(a,b) 
~f2(a,b)| ̂  . 

• &y 

Since f 2 is continuous at (a,b), there exists a f^>0, 

5 ̂  so that whenever Ax and A y ar® chosen suoh that 

V a 2 * * A2y 

then 

| f2(a+ &x,b+ &y)~f2(a,b)| c 

2 

Sinoe fj,(a*b) exists* there exists a > 0, S|* 8 3 t h a t 

whenever A X is chosen suoh that 0 <• j&x| C S then 

f(a+&x,b}*f(a,b) . € 

'"'»'" I—m«i»— <»f* (a,b)l £ imSm » 
Ax X 1 2 
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Choose $ ** mln( «J2, £3* Choose A s and Ay such 

that 

0 ^V A + A2y ^ ^ . 

• Case 1. Assume ax * 0* Then Ay 4 0, and thsrsfora, 

f(a+Ax9b* &y)~f(a»b) f£(*«b) Ax+f2(a,b) Ay 

"]/ ^*+ a 

f(a,b+&y)-f<a,b) 
•f|(fttl) J c € * 

A y 

Cast II. Assume a x ft 0, Let 

f(ai6*»b+ &y)»f(a,b) 

« f (a+ Ax,b+ Ay)«*f <a+ Ax,b)+f (a+ Ax,b)~f (a«b). 

Bow there exists a 0 , 0 ce4» such that 

f{a+&x,b+ Ay)~f(a4-Ax»b) « Ayf2(a+Ax,b+ 6&y) . 

Slnoe O ' S ^ i , fgCa»b)- «£» Ax,b+ ©ay) ^ f2(a#b)4J&«.. 

How* further assume that & x ? 0 and A y > 0« Then 

f(a+ Ax,b+ &y)«f (a,b) » &yf2(a+ &x»b+ 6*y)+f (a+ Ax,b)»f (a»b) 

<• Ay [f2<a,b)4- |»J + Ax £f|(atb)*h«|~^ 

<i f t (a#b) A x+f,(a»b) Ay+JL. y A + A2y V A2***- A^y 
4 2 a 

» f | ( a | b ) Ax+f2(a»b) &y+ € V A2x+ A2y» and 

f{a+AX,b* Ay)-f(a fb) • Ayf2(a+ A x#b+ 6 Ay )+f (a+ A x»b)«f(a,b) 

,b)- 4 - J + a i C f i <*.b>- 4 - 1 

y f - (a«b) &x+f_(*vt>) Ay- - i . " / a V - V&*x+^2y 
2 2 

» Ax+f2(a,b) Ay« 6 V A^x-f A2y . 
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These same Inequalities are obtained In a similar wanner by 

considering the other allowable combinations of A x and A y. 

In both oases 

f (a+ &x#b+ Ay)-f (a,b) fj(a»b) Ax+f2(a»b) Ay 1 

Ya2*+ A2y Y a2x* A2y 

Therefore, f is differentiate at (a»b}« 

3«ig Theorea. If f is defined on 0((a«b)t i^). and If f 

is dlfferentlable at (a,b), then f Jjj. continuous at (a,b). 

Proof* Choose fc > 0. Sinoe f Is differentiate at (a,b), 

there exists a $ 2>0, { 2 c £%9 so that whenever A x and A y 

are ohosen suoh that 

0 ^•Va2x+ A2y ^ 

then 

f(a+&xtb+&y)«f(a»b) A ^ A x ^ A y 
£ It 

"V A2x+ A2y Va2x+ A2y 

Choose J • ain( ̂  Choose & x and Ay 
2 M-jA^/B^ 

smoh that _ 

^ &2x+ A2y £ . 

If AX « A.y » 0, then | f (a+ Ax,b+ Ay)-f (a,b) | * 0 4. € • 

Assume that not both of Ax and a. T are zero* Then 

| f<*+Ax,b+Ay)-f(a,b)| a2*+ A27 + ) Aj. Ax+Bf A y | 

£ A2y • J Af j |Ax|+|Bf| | Ay| 

^ + | Af| *Va
2x+ A2y + | Bf) A2x+ 6?y 



y? 

- ti?y (1+lA^+lB^ ) 

i- £(l«Ufl«|Bf\
> 

* , ,£. , (l*|Af|t|Bf|) 

Therefore, f is continuous at (a«b). 

3.11. Example« Consider the following funotiont 

f(x,y) * ' 7 • , (x,y) jl (0,0)| 

~l/ x^+y^ 

f(0,0) « 0. 

This function is oontinuous at (0,0), and f^(0,0) and fg(0,0) 

exist, but f is not different lable at (0,0). 

3*12. Example. Consider the following funotiont 

f (x,jr) « x2+y2, x and y both rational; 

f(x,y) « 0, otherwise* 

This funotion is differentiable at (0,0) only* 

3.13. Theorem. If f is defined on C((a,b)j $ and if 

f is continuous at (a,b), then there exists a J > 0, S < £ 

so that B - {f(x,y)|(x,y)t C((a,b)j $) is bounded. 

Proof. Since f is continuous at (a,b), there exists a 

i y 0, £ < "° t h a t whenever A x and Ay are ohosen suoh 

that 

"V<Ae+ t*y <-h, 

then |f(a+ A x,b+ Ay)-f (a,b)| < i. Choose M * l+}f (a,b)j and 

let (x,y) £ C((a,b); $ ). Then for some &x and Ay suoh that 
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V A2x+ A2y 5 , 

(x,y) * (a+ &x,b+ &y). therefore, j f(x,y)~f(a,b) | ̂  1, and 

henoe, | f{x,y)|-|f(a,b)| c 1, J.*e* |f(x#y)| c 1+ |f(a,b)| - M. 

Therefore, S is bounded* 

Theorea. Xf f and g are defined on C((a.b)t i K 

and If f and g art dlfferentlable at (a,b), than 

1) fig are defined on C((a.b)t £«) and f+g are 
* 

dlfferentlable at {a»b)$ 

11) fg la defined on C((a,b)j $ and fg la 

dIff erentlabia at (a»b)$ and 

111) If g(a,b) i* 0, then there exists a S * > 0 so 

that -f- %* defined on C((a,b)j j •), and -£» £s dlfferentlable 

fit <a,b). 

Proof* Consider f+g. Since f and g are dlfferentlable 

at (a,b), by 3*8, f^fa.b), f2(a,b), gj^a^), and g2(a,b) exist 

and fjCa.b) • A ^ f2(a,b) » Bf» g^a^) » Ag, and g2(a,b) - Bg. 

If f+g Is dlfferentlable at (a,b), then by 3*8, 

(f+gJjCa.b) 

and (f+g)2(atb) will exist and (f«fg)1(a»b) » Af+g and 

(f+g)2(a,b) - Bf+g. 

Therefore, In view of 2*7 {1)« It seems evident that Af+Ag 

and Bf+Bg would be natural ©hoioe® for Af+g and Bf+g. 

I<et {Af^g»Bf+g) » (Af+AgiBf+Bg). Choose € 0. How 

there exists a % > 0, j c ^ , so that whenever &x and Ay 

are ohoaen suoh that 



39 

0 <- V \ 2 x + &2y * $ » 

than 

If (•+ M,b+A y)-f(a,b) Af M+Bf A y i ^ 

Y ^ w ; Y S 7 j ' 2 

and 

gta+fcx,**-Ay)~g{atto) A Ax+B9Ari ^ 
• i ,. ,,»„ l - ii. nn mi 11 n • ft ihpiiihuS — I £ «£. 

V A,2x+ A.2y ~V A2x+ A2y 
Choose A x and. &> y aueh that 

0 t. ^A 2 x+ A 2y c & # 

Then 

{ f + g H « + & x . ^ A y H f ^ ( M ) (Af+Ag) &x+(Bf+Bg) Ay 
V S ^ 2 y V S + ? y 

f (a+ Ax#fc+ky)«*f (a,b)+g(a+ Ax»to* Ay)«g(a»t3) 
I 

V^2x+ A2y 
Af &x+Bf A jr+A A X4B Ay 

- • ̂  • n •> m . g . • n ^ n m i ^ ^ Q r r , , , , . 

V a2X+ A2y 

f (*• Axab+ &y)-f(a,b) Af Ax+3^ A y 

"V &2*+ A?y 1/ A2X+ &2y 
|g(a-f AxflH-Ay)»g(a»b) A f Ax+L4y 

V a 2 * + A2y "VA2x* A2y 

* € . 

Therefore* f+g i s dlfferentlable at (a»b). 
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The above proof Is very similar to the proof of 2.7 (1). 

Suoh will also b© the ease for f~g» fg» and •£»• FOr example, 
O 

ohoose (4fgtB^g) * (gCa.bJi^+f(a,b)Ag»g(a#b)B^+f(a,b)Bg)| 

then the yeq.tia.red Inequality will follow by using the same 

type of argument used to obtain the Inequality In the proof 

of 2.? (11). 

3.15. Theorem* If f l|f defined on C((a,b)t i^). and If 
fl 5S& f2 a x l s t m GC(a»b)f J i)t and JL£ f^ and fg age differ* 

entlable §t (a»b)» then f12(a,b) and f21(a,b) exist aĝ , 

f12(*»b) « f21(a,b). 

Proof. Choose *. J 0. Slnoe f^ and fg are differentlable 

at (a«b)i by 3»8§ f̂ (̂4|b)§ f̂ gCatb)» f(®»^)» ®nd f22(ayb) 

exist ant ftl(a»b) • A^, f12(*.b) * f21(a,b) » A ^ and 

'«<*.» - Bf2, th.«fo», th.« «i.t. . J a>0. f, « ix. 

so that whenever & x and &y are chosen suoh that 

0 <- V/5?X4- A^y <- &2t 

then 

f^(a+ &x,b+ &y)»ft(a,b) f ti(a»b) A x+flg(a,b) A y I ^ 

*\/ » F / 4 V2 
^ A + £^y "V fc2x+ &2y 

and 

f2(a+ &x,b+ &y)~f2(a*b) f2^{atb) A x+f22Ca»b) Ayj ^ 
K 

"\1 £?x+ &2y "V A2X+ &2y 

Slnoe fj^(a,b) and f22(a»b) exist, there exists a 



to 

so t h a t whanarar A x i® ohosan suoh t h a t 0 t /Ax | c % y 

than 

f I(f t ' f AZib jo f i (&i^) l ^ 
M i l ) " ANIWIiiiiiiiiAMIIIIIIIM'imimiinm» • f 1 , | ( f t i b ) I ( - — f 

&X ' 4 

« * w h . a . v . r * y U oho»sn .»eh «te« 0 < / * , | ^ y 

i f 9 ( a t b + a y ) - f ~ ( a , b ) i A 
| '»">""<l"""i" » •" " •'""" "" I *- mrm» 
I d y ' & 
Choosa $ * * ln ( S 2* & 3^* Ch°o,M* A k auoh t h a t 

0 A + A2k <• £ 1 

In o t h a r words« 0 * . j A k | Y 2 * . $ . 

Assuma A k >0 | tha prooadura w i l l ha s i m i l a r i f Ale <0# 

f o r aaah x stioh t h a t a t x 4a+ a k t l a t 

g(x) • f ( x , b + Ak)*f (x,b)« 

By 2*7 (D» g*(x) a x l a t a and g*(x) » f jC3E#b*Ak)«f | (x fb)» 

Qonaldar g(a+ Ak)*g(a)« By 3*& thai?® e x i s t s a e » 0 1, 

so t h a t g(a+ 6k)*$(«) ® A kg*(a+© & k ) . Therefore , 

g(a+& k ) - g ( a ) 

• £ f ( a + &k9b+a k)~f (a+ Ak,b)] - [ f ( a , b + A k ) - f ( a , b ) ] 

* A k [ f j ( a + a A k»b+ Ak)»f^(a+ 8 A k tbjf]« 

From tha i n e q u a l i t i e s of tha f i r s t paragraph, i t fo l lows t h a t 

k, k [ e f i l C a i b ) 4 f 1 2 C a » b ) » ~ J ^ f i ( a + e Ak»b* A k ) » f 1 ( a , b ) 

an t 
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& ^ <1 (a+ O & k,b)«f|(a(b) 

c. ©akf11(asb)+Ale— 
" fy 

Kierefor®, 

*l(»+ 6 Ak»b+ Akl-fjCa* © Ak»b> 

* [f̂ a+ft &k,b+a)-f1(t,b)]-[fl(i+ eak.bJ-fjU.bj) 

c. £v kfl2(a,b)+ A k—, 
2 

and similarly, 

Ak-£»» © A k»b+ akJ-fJai 6 A k»b) • 
2 

Heno®, 

*2k[f12(a,b)- -L-.*!<.Ale(m+ e Ak,b+ &*:)•%(*+ ©a k,b)j 

^ &2k|fj2(*»̂ )+**"'J I 
2 

in oth«r words, 

&2k[fl2**'b>- ~ ] *£<•+ Ak,b+Ak)-f(a+Ak#b)] 
it** 

"fflftiW* &k)*f(i|b)] 

£ A2k£#£2(atb)4*&"»J * 

for aaoh y auoh that b £ y £ b-s- A k8 lot 

My) * f(a+Ak,y)-f(a,y). 

By ttalag tho saao prooodur* on h that was used for g, it 

follows that 

£̂ kjfgj (avb)« J 

[f <a+ Ak.b* Ak)-f <a,b+ Ak)] -[f (a+ A k,b)-f (a,b)] 

<- A2k[f21(a,b)+-|-]. 



^3 

Therefor®» 
e 

and 

A2k[f12(«,b)- -£-] c A
2kjf21(a,b)4-S-] 

2 2 

2 «• AC 2 

In other words* 

• fee c ^ • 

Sinoe € > 0 was ohosen arbitrarily, it la olear that 

ant the proof is complete. 

3»16* SS2BB* St 8 igd h are defined $& I( T I 

and g'f (1 ) aid h*{ J} exist. and jt£ f M Aoftood gn 

C((a,b)| $z)t 

a « g m and b « h( T). and f is differentiate at <a,b), 

« a a s iar . ss iass . J 3 >o * « a t r - f(g.h) & as 

I( 1 f ij)* P*( I) exists. and 

F ' H ) - fjCa.bJgM I )4f2Utb)h«( ]), 

Proof* Br 2«5i g and h are oontinuous at J » and with 

this faot it will follow that there exist® a 5 ̂  > 0 so that 

F « f (g»h) is defined on I( I $ 

Case I. Assume g*( J ) « 0 » h*( Choose 6 > 0. 

Sinee f is differentiable at (a,b), by 3.8, f^Catb) and 

f2(«»b) exist and f|(a*b) « Af and f2C*»b) « Bfj therefore, 

there exists a 5 4 > 0, ̂  < S2»
 8 0 whenever A X and 

k y are ohosen suoh that 



Ml 
*V*T 

then 

f(a+&x#b+Ay)-f(afb) faa,*) Ax4fJa#D) A y « 
""""'" 1 • 1 _ • 1 *• di. 

V I ^ r ~ S r V a ^ 

Sine® g#( "J ) » o = hf( ̂  )t there exists a i 5 * $5 £ 

a® that whenever t is chosen euoh that 0 */t~T / c £ , then 

g(t)-g( n } e 

M I «(|tiU.b)K/f2Utb)/*i) 
ntnl 

h(t)-h(T ) 

I / 2(|f1(a»b)|+|f2(a#b)| +1)* 
slno« 8 and h are continuous at I » there exists a 

ao that whenever t Is ohosen suoh that \t»\ | c $ 6$ then 

and 

lMt)-hn )h 4i. 

fa 

Choose S m aln( Choose t suoh that 

0<̂  | M |cg. 

Let At - t~ $ , Ax • g{ J + At)-g< J ) and Ay * h(*+ at)-h(l). 

Then sO + At) ® g($ )+[g( | + *tKg( ̂  « a+ ax and 

hH +6t) « hC \ )+[h(\+&t)-hn j] « b+bj. 
Mm 

u I A x l < . 
1 ' V2 



and 

| hf\ 
n T 

a2x+ £s?r ^ «ad th«i*for«, 

yfJ^A * %h* 
Mm, i f a x « £vy « 0f feh#a 

mun 11 
j*l <*»*)«•( n + f 2 { a , W { j )J I 

FO + Nt^FCj) 

f{g{ J • **),M 3 + **))-f(«< J )»h( 5 ) ) 

t - I 

f (** &xtl34 6y)- f 

t - 1 

I 
» o e . 

Assume that not both of m and ky ar» zeros then 

o * 1/Art- A2y ^ 

AM tharefore, 

I P(t)-F( 3 ) 
I — ^ )+f2Catb)h*C 3 ) | 

fU+fcx,b+ky)-f(a,b) | 

| 
|f(a+*x»b+aqr)-f(atte) "V zfte+ A 

t -T 

V S c + ^ y ' M 

^5 

f<a*Ax»M^y)wf(tt,b)J j ax | Jf (*+ Ax,b+*\y)-f (a#b) / / Ay 

V a2*+ A 
/ / * / 



j j f t ( a , b ) & x + f 2 ( a , b ) & y 1 ~ | | g { t ) » g C | ) | 
1 + 1 J I 

y 
^ i ^ _ 1 1 I f u » \ 

• j j f i * * * b * * * y J t j j | 
h ( t ) - h ( J ) 

^ J A 2 x + J ^ y ^ 

^ [ | f t { a » b ) M f 2 ( a * b ) | + i l r ' • £ - • • • . 
J 2 f / f j ( a » b ) / • / f 2 ( a , b ) / + 1 } 

• ( j f ^ a ^ ) ! + | f 2 ( a , b ) ) + i ] 
t[ltli*9b)l+\tz{*9*)l'tiij 

* 6 « 

C a s e I I * A a s u a e t h a t n o t b o t h o f g * ( ^ ) a n d h # ( J ) a r e 

z « f O | a n d f o r s i a p l i o i t y , s u p p o s e i t i s g * < J ) t h a t i s n o t 

z e r o * G h o o a e £ 7 0 a n t l e t 
I 

£ # » m i n ( mi , m l m i ]i in ii , 1 ) , 

6{|h*(!)l+l) 

S i n o e f i s d i f f e r e n t i a t e a t ( a , b ) , b y 3 . 8 , f ^ a . b ) a n d 

f 2 ( a » b ) e x i s t a n d f ^ ( a t b ) » a n d f 2 ( a , b ) * B f f t h e r e f o r e , 

t h a r a e x i s t s a S ^ V - ^ 2 * * ° t h a t w h e n e v e r A x a n d 

& y a r e o h o s a n s u o h t h a t 
o < • A c 

t h e n 

\ f ( a + £ x , b + a y ) - f { a , b ) f j ^ a . b ) k x + f 2 ( a , b ) A y j 
I mim •mm ""•'* 'in"" '"I" """ • '—•» I d C * » 

V A + & V V a ? x + A 2 y 

S i n o e g * ( 5 ) a n d h * < " $ } e x i s t , g * ( $ ) ¥ 0 , t h e r e e x i s t s a 

^ 5 > 0 » c s o t h a t w h e n e v e r t i s © h o s e n s u o h t h a t 
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° < l M | t J5, 

then 

i s(t)-gn) . , £ ishu 
I mil, •g,(^)l C ain(* N,.! > t m , ) 
' • 6( (fjU.bJl+l! 2 

and 

I h(t)-h(J) 
•*'(1)1 

I t-$ I 6( |fg(»,b)J +1) 

Br 2.5# g and h are continuous at J I therefor®» there exists 

a $^> 0, Jg c £1# ao that whenever t Is ohosen stioh that 

11-1 | <• &£, then 

lh(t)-h(!)l<. ̂  

Chooae £ « ain( %y $ $)• Choose t vuoh that 

0 <-|t-l | c $ . 

Let k t » t~l[ , ax » g(Ufct)-g($) and A y • h(I + At)-h(J). 

Uien g( I * tit) • g(I)+[g( $ 4- &t)-g(Ul » a+ &z and 

h(J + & t) - h(T)*[h( 1 t)-h(l)] » b+ay, 

How &x j* 0t for A X « 0 oontradlet® the faot that 

i A * . m i 
| «•**• *g* I J )| <. »" » 

Slnoe 

0 ,1 |ax|^ ~ 

M2 



^8 

M ' 7 » -

I t fellows that 

0 ^ &2y ^ 

Assume t - 1 > 0 | the prooadure wi l l b» similar If t - 1 Is 

assumed to be negative. How 

F(t)-P(I) « F( 5 + A t ) - P ( p 

* f ( g ( l + At)»h< ^ + & t ) ) - f (g (^)>h(P) 

» f (a+ kx,b+ &y)-»f(a,b). 

Hierefows# 

F(t)»FO) f(a+ Ax,b+*y)-f(a tb) 
! M> nni>n»i S S IIHIIWIIII HI1IIII I IMII—MWI I W IKIIIII I RNJ,I 

fl<a»b)& x+f2(a,b) a y+ 6* V &2x+ fc2y 
i -

, i i &y |ft*| |&/| 
< f U . b ) — - « 8 ( . , b ) — + 

g( t ) -gH) h(t)-h(S) 
» f j (ft»b) ~ + f (a#b) 

x t ~^ 2 t - 3 

| g ( t ) - g ( n i ih(t)«h(T) I 
+ £ • - — + e ' 

t « ] * 1 t - 1 

c f t Ca»b)s« c 5 )+r2U,fc)h* C j ) 

6 6 6 6 6 6 

• f1(a,b)g*(S)+f2(*»b>h ,(^)+ 6 , 
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and by a similar argument It fellows that 

F(t)-FH) 

t-3 

Therefore, 

| F(t)-P(?) 

t-A 
-^(a.UJg' (1 )+f2(a,l>)h» (])") | 

Cases I and II verify that P*(t) exists and 

W*{%} » *1U*b)c'(lhf2(atb)h»(I). 

3.1?. Theorem. If r0 ax& s0 age real numbers and for 

each r €I(r0j $ t) gCr,s0) uaA h(r,s0) ar* *£& 

g^Cro»®0) an§ ̂ (r^tSQ) exist, an§ ££ f M defined 

C((a,b)f 4 2)f a « g(r0»s0) s M b * h(rQ*s0)# and f differ* 

entlable ^t (a,b), then there exists a J ̂  > 0 so that for 

eaoh r € lCrQs $j)* F(r,8Q) « f(g(r,s0)ih(r,s0) is defined, 

P ^ r ^ s ^ exists, and 

Pl(r0.s0) -

Proof. The theorem follows by 3.15« 

3.18. It should be olear that an appropriate change in 

the hypothesis of 3*16 conoerning g and h would be sufficient 

for FgCr^Sg) to exist and for t o 

f1(a,b)g2(r0,s0)+f2(a,b)h2(r0ts0). 

3»19» Theorem. Let & x, /vy >0. I f F l s a set of ordered 

pairs of real numbers and f is defined on P, and if for eaoh t 

suoh that 0 <t &1« (a+t Ax,b+t Ay) is an interior point of P 

and f is differentlable at (a+t &x,b+t &y)» then there exists 

a 0 * 0 ^ 0 *-1, so that 
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f (a+ Ax,b+ Ay)~f £a,b) 

• &xf1(a+ a Ax#b+ © &>y)+Ayf2(a+ e Ax,b+ ©Ay). 

Proof* Since (a,b) and (a+Ax,b+Ay) are Interior 

points of P, there exist Si* £2^ 0 8 0 C{(a,b)| |^)CP 

and C((a+Ax,b+ Ay)i J 2)TP, POP each t suoh that 

* i J 4l4* ̂  g# 

lot g(t) » a+t Ax, h(t) * b+t Ay, and P(t) * f(g(t),h(t))j 

by 3#16, P*(t) exists and 

P*(t) - f1(g(t),h(t))g*(t)+f2(g(t),h(t))h*(t). 

By 3.4 there exists a © , 0 so that 

p(i)-p(o) » p*(o+ e) « p*( e). 

How since 

Pf ( & ) m f| (a+ © A xfb+ d A y) & x+f2(a+ © A x,b+ B A y) A y 

a.yn3 

P*( ©) • P(1 )-P(0) » f(a+Ax,b+ Ay)-f(a,b), 

the theorem is proved. 

3*20. It should be olear that 3*18 is a generalization 

of 2*8. 

3*21. fheorea* |f P || defined on H((a»b)j £ a n d 

if P2 oxlsts gg N((a,b)j J ̂  $%)t P(a,b) » 0 agd P2(a,b) t 0, 

and if P« is continuous at (a,b)t and if for eaoh y snoh that 
mmmimm mmmmm jg, mmmm mmmmmmmmmmmmmmmmmmmmm mmmm mmmmmm mmmm mmimmmm mmmmmmmm mmmmmmmmm wmmmmmmmm 

| y-b ( i p is continuous at (aty) with respeot tg Jjhg, first 

variable, then eaoh of the following statements is traei 

i) there exist % * «d 0 ̂  $ % S* < S±» SSL t h a t 

for eaoh x suoh that | x-a | <- £9, there exists exaotly one y, 
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denoted |£ f(x), gmeh that |y-b | * J" aj|d F(x,y) » 0| 

11} f Is oontlnuous at a; and 

111) ££ Pj(a,b) exists, then F ̂  differentiate &t 

(a,b), f •(«) exlata. and 

Pl(».b) 
f'(&) m • mi, ,-,.,, 

F2(a»b) 

i*£« 

Fi(avf(a)) 
f *(a) * - ••• • . .. 

P2(a,f(a)) 

Proof of (1). A b u m ?2(a»b) > 0. Slnoa P2 la oontlnuous 

at (a»b), there exists * S 2
 y $ 2 - $1* 8 0 that whenever x 

and y are ohosen suoh that |x-a| c S 2
 11304 13T—b | «- S 2» than 

. P*{a»b) 
| F2(x,y)~P2(a,b) | | 

2 

In othar words, 

F2(a,b) 3P2(a,b) 
-2 c F2(*f y) <1 — 

2 4 2 
Slnoa F2(a,b) axlata and P2(a,b) 0» thara axlats a 

*•>«• r * * 2 » 

so that whenever y Is ohoaan such that 0 <• y-b < £ w» than 

I F(a,y)-F(a#b) 
-P2(a,b)j tP2(a,b){ 

I y-b 

It follows that If 0 *y-b s than F(a,y) >0, and If 

• i " iy-b <• 0, 

than P(aty)< 0. 

Sine® F(a»b4- $*) >0 and F(a,b~ and slnoa F Is 

continuous at (a,b+ $*) and (a»b- $*) with respect to the 
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f i r s t variable , there e x i s t s a J 1 >0, $• < J2» so that nhen« 

ever x i s ohosen suoh that |x -a | $*» then 

|P(* ,b+ S")-P(a,t>+ S")| ^PU.IM- J"). 

l>t> P(x,b+ J " ) > 0, *nd|P(x,b- J")-P(«, b> % ") 14 -F(a ,b - £ • ) , 

!|.£» F(x,b-

Choose x suoh that )x-a | <- y * Wm F(x,b+ J •) >0 , 

F(x,b- f ") <e. 0, and slnoe ? 2 exist® on II, then, by 2 .5 , F i s 

eonttnuous a t (x ,y) with respeot to the second variable f o r 

each y suoh that b- J " <-y <-b+ S • . By 2.1 there e x i s t s a y 

suoh that b- $* *y <-b+ &m audi P(x,y) * 0. Asstuse there e x i s t s 

a y^ suoh that y^ 4 y# b - ^y^* b + $•, and F{x»y t) » 0* 

B » n , by 2 .8 . assuming y < y x , th .ro « i < t . a r2 auoh that 

y - t y 2 ^yx and F f x . y ^ - P f x . y ) « ( y ^ y ^ U ^ ) * but t h i s i a p l i e s 

that F 2 ( x , y 2 ) » 0» a oontradiotlon of an e a r l i e r r e s t r i c t i o n 

laposed on Fg. therefore, y Is uniquely determined. She proof 

i s s imi lar i f P 2 (a ,b) i s assumed to be negat ive . 

Proof of (11) . Choose * > 0. Let 

H* » f ( x , y ) I | x»a I ^ X• 

and | y - b | <- \ •"$. Then, by applying (1 ) , there e x i s t s a / £ » 
0 c ^a 4 ^ t § a n a * 0 * i ^ - a i n ( S 0 » so that f o r eaoh 

x suoh that j x«a| * there e x i s t s exaotly one y « g(x) suoh 

that | y-bj <• % • and F(x,y) * 0. Clearly, g(x) » f ( x ) f o r eaoh 

suoh x . thus, | f ( x ) - f (a)1 *• £ , and therefore, f i s oontinuous 

at a . 

Proof of { i l l ) . She function F I s d i f f e r e n t i a t e a t 

(a ,b) by 3 .9 . 
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Choose 6 > 0. Slnoe P2(a,b) ̂  0, and P2 is continuous 

at (a,b), it follows that -i- is oontinuous at (a,b). There-
r2 

fora, thai?® exists a £3 >0, $ ̂  ~ aln( $% $")» *h«ra 

and £ • are ohosen aa in (1), so that whenever A Z and A y 

are ohosen such that |fl x | ^ $3 and |&y| c. than 

1 1 j £ 
111111 » 1 " • 1 1 ' 1 1.1 11 < Hi, ,, . 
P2(a+ P2(a,b) 2( |P1(a,b)|«M) 

It follows fma (1) that there exists a positive number II so 

that whenever <vx and ay are ohosan suoh that | a x | l. and 

t*yl <- than 

tn* 
Pg(a4- &X|bf&r) 

Sine# f Is oontinuous at a* there exists a J^ >0, < S~* 

so that whenever x Is ohosen suoh that (x~a( <- $ %, then 

| f (x)»f (a) | <• Slnoe F^Ca»b) exists, there exists a % > 0» 

£ 6. so that whenever ax Is ohoaan suoh that 0 * |*x| * i" , 

than 

F(a+ Nx«b)-P(avb) 
r""|[IT"'1 (a,b) 1 c 

Ax 1 211 

Choose x suoh that 0 x-a| <• i , and let y « f(x). Let 

&x • x-a and *y - y-b • f(x)~f(a). Consider 

0 « P(x,y)-P(a,b) - F(a+ *xtb+ Ay)-F(a.b) 

» [P(a+ AX,b+^y)«P(a+AXtb)) + [p(a+ Ax,b)-P(a#b)]. 
How there exists a e t 0 c © *-1, so that 

P(a+ Ax,b+ Ay)«-P(a+ Ax,b) « Ayf2(a+ ax#b+ eay). 
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Blue, 0 » ^ y f 2 ( a * a x # b + © A y ) * [ f ( a * a x # b ) - F ( a » b ) ] » ^ . £ . 

is y P(a+ ^ x , b ) - P ( a , b ) 1 
m m PHI « , w • mi iiiniiiiMim mi 

& X &X 

low 

P2(»+&x,l»+ ® ^ y ) 

f ( x ) * f ( a ) PtCa.b) 
mi m» i .illinium.1! mini* „ I,i ormum • 

x«a P 2 (a»b) 

P ^ ( a , b ) F(a+ &x,b) -P(a»b) 

f 2 Ca»b) ' 

P jCa .b ) 

&y P i ( a , b ) 

&x P 2 ( a f b ) 

P 2 (a+ Ax,b+ fc Ay) 

• P t ( a , b ) . »+F^(afb)< 
P 2 Ca t b) * Fg ta* A x f b + f c & y ) * Pg<a+ Ax»b+ e a y ) 

F(a*&x»b)-FCa»b) 1 

a x P 2 < « - & * , b + e a y ) 

£ IF^(a»b) 
F 2 ( a , b ) P 2 (a+ 4 x , b + a a y) 

I i . . P<a+ Ax»b) -F(a ,b ) 

F 2 («+ M , b + s o y ) I r 1 a , b } * a x 

j p j ^ . b ) ! 
2( | P 1 ( a , b ) j + l ) 2M 

^ € 

T h e r e f o r e , f * ( a ) ex i s t® and 

^ C a . b ) 
f *(a) 

i n o t h e r words, 

f * (a) 

P 2 ( a # b ) 

P 2 ( « , f ( » j ) 
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3*22* Theorea. ^ f |s defined go, C((a,b)i 2S& It 

f Ju| dlfferentlable at <a,b), then eaoh of'the following 

etateaenta la tragi 

1) for woh x imoh that 0 i * * 2 if > D(ft(a,b)i*) 

exists tad D(fjU,b)|*) - ft(a#b) ooa +f2(a,b) aln°<| 

11} If E - {?(•<) « f^a.b) ooe<*+f2(a,b) alnx|o *«<-2wJ 

and not both of f̂ Cftfb) and fg(atb) ag® 0, then there exists 

a unique «Kt atieh that 0 2ir and ijs the leaat 

uppar twmd of E, asd there exlata a unique * 2 such that 

0 £ <* 2 <- 2 jt £ g F(o( a) .Jat JBsft sreateat lower boand gf B* gs£, 

DCfiU.bh-^) « Yfi^a,b)^f2
2(a,b) 

•yy1! 

D(f|(«,b)»-t2) - -"Vf1
4(»,b)+fa

Z(»,b), 

111) fo£ eaoh «< Buoh that 0 ^ ^ ^ , 

D(f|(a,b)|< ) - -D(ft(a,b)+ 

Proof of (1). Chooae «. auoh that 0 t * * 2 V. Chooae 

(z >0. Sine# f la dlfferentlable at (a,b), by 3.8, f^(a,b) 

and f2(a,b) exlat# and fj^a.b) * and f2(a,b) » Bf| there-

fore# there exlata a £ 0* $ £ <$1# so that whenever ax and 

& y are ehosen auch that 

0 ^ 1/ a?x+ &2y £ 5 ( 

then 

f (a+&xtb+&y)-f(a»b) f|{atb) &x+f2(a9b) a y 
* 6 

~\J l?x+ fc?y ~)[e?x+ A?y 
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Choose suoh that 9 u s <* % * and let Ax » As oos «. 

and Ay » A® sin N. Hhen 

V ̂ 2x-f A2y ^ S * 
Hherefore, 

f (a+ A x»b+ Ay )~f (atb) f|(a*b} &x4f2(atl3) A y | 

VXTX N^ZTA 
V A x+ A y U x + A y 

f (a+ 6 I OOS « ,b+&8 8ln°0~f («•*) 

& s 

f|(a9b) A 8 008 « A 8 sln<* I 
A« * 

f (a+ As eos «. ,b+ as sin <x)-f (a,b) 

A® 

• oos* +f2(a»b) •!» *3 | 

thus, 0(f) (a,b) | o() exists and 

D(f|(a»b)| << ) • f|(a,b) eos +f2(a,b) sin °< . 

Proof of (11). It was assumed in the hypothesis that 

not both of f|(a»b) and f2(a,b) were zero* fop if they wore, 

then F( «<) would be zero for eaoh <* suoh that O * «e £ 2 ff9 

and tills would have been a trivial result. 

If F is defined for all angles °< , then it is olear from 

trigonometry that F is of period 2 n. Certainly, P Is a con-

tinuous function of °< • *r 2.3, 

1 * [?("<•) * f^Ca^b) oos*c+f2(a,b) sin «c|<e fof2ir] J 
has a unique least upper bound K and a unique greatest lower 
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bound k , and t h e r e exists an •« Co#2wJ auoh that 

F C ^ ) - K 

and there exists an <x 2 t [o,2irJ suoh that *l°< %) * ** 

C l e a r l y , P*(°< ) e x i s t s and 

P*( ° 0 * - f j (a»b) s in°< + f 2 ( a , b ) oos °< 

for eaoh s suoh that 0 ^ ^ - 2 7 . By 2.**, FfC°^|) • • 0. 

Consider 

P* ( ° 0 • - f j ^ a , * ) s i n * + f 2 ( a # b ) eos «< « 0 . 

I t f o l l o w s t h a t t h e r e a r e bu t two s o l u t i o n s and $ 2 o f 

this equation, 0 * $ 2 ~ 2 7r * determined by the equat ions 

f2(a»b) 
sin $ 

Yf^Ca.bJ+f^a.b) 

and 

and 

„ («.*>) 
OOS a 111)11

 lit it" -I -Ii.jn 

Vjfi (*.b)+f2
2(a,b) 

Sin V 9 m m m«m ii »|feiiini n ..m . i .in njtf <i r .r.» 
Y f i Z ( « . b )+ f 2

2 (a , b ) 

OOS C - * 
2 Y f 1

2 ( * . b ) + f 2
i ( « , b ) ' 

respeotivelyj i t follows that 

D ( f | ( a t b ) | » V f i 2 ( a , b ) + f 2
2 ( a , b ) 

D(f | (a ,b ) i6 2 ) - - l fr i 2 (a ,b)+f 2
2 (a ,b) . 
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Therefore, <K * • ^ 9 * ̂  9» hence, <* * and <* « **• 
X i 6 ^ ^ 

unique. 

Proof of (til). Since 
f 

P(°c) « f|(a,b) oos<* +f2(a,b) sin<* , 

it follows from trigonometry that 

f|(a»b) cos x *f2(a,b) sin <* 

«-f^atb) ©osf* • 77)-f2(a»fe) 8tnC* + ̂ )t 

i.e. D(fj(a,b)t«) - -D(fi(a,b)i* + *). 

3«23« Example* Consider the function f of 3»H» fQ* 

each << such that 0t« *2?, D(f|(0,0)| °<) exists and 

sin 2 «\ 
D(ft (0,0) | °< ) « . 

2 

But in 3.11 it was pointed out that f was not differentiate 

at (0,0). 

3.24. the directional derivative ©ould have been 

defined for a function of one real variable. Clearly, a 

funotlon of one real variable oould have at most two direc-

tional derivatives, and If these two directional derivatives 

differ only m sign, then the function is necessarily 

differentiate • 
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