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CHAPTER I 

INTRODUCTION 

In the numerous problems of matrix algebra, one finds 

the problem of determining the eigenvalues and eigenvectors 

of a matrix quite frequently. The theory and methods lead-

ing to the solution of the eigenvalue and eigenvector problem 

are of considerable interest. The relation between vector 

spaces, matrices, eigenvalues, and eigenvectors is to be 

considered in this chapter, with particular concentration 

directed toward eigenvalues and eigenvectors. Three methods 

for determining the eigenvalues and eigenvectors shall be 

developed in the following chapters with detailed examples 

of the methods. 

Unitary Spaces 

Definition 1: A set of elements x, y, which shall 

be called vectors, satisfying the following properties, is 

called a vector space V. 

I. If each of x and y is an element of V, there exists 

a unique element x + y in V called the sum of x 

and y. 

II. If each of x, y, and z is an element of V and 

each of a, b is a complex number, there exist 

unique vectors ax, bx, and ay in V such that 

1 



1. a ( x + y ) = a x + a y 

2« (ab)x = a(bx) 

3. (a + b)x = ax + ab 

4. (l)x = x, where (1) is the complex number one. 

5. x + y = y + x 

6. x + (y + z) = (x + y) + z 

III. If x is an element of V, there exists an element 

6 in V such that x + 0 = 0 + x = x ; furthermore, 

if x is an element of V, there exists an element 

-x: in V such that x + (-x) equals 0. The expres-

sion x - y shall mean the sum x + (-y). Hence, 

one can write © = x - x for any x 6 V. 

If, in addition, the vector space satisfies the following 

condition, 

IV. If each of x and y is an element of V and a is a 

complex munber with complex conjugate a, there 

exists a uniquely defined complex number (x,y), 

called the inner product of x and y, which satis-

fies the following 

1. (x, y) = (y, x) 

2. (ax, y) - a{x,y) 

3. (x, x ) > 0 

4. (x, y + z) = (x, y) + (x, z) 

5. (x, x) = 0 if and only if x = 6 

then V is called a unitary space U. 



Note: 

(x + y, z) - (x, z) + (y, z) 

(x, ay) - a(x, y) 

Proof: By part IV, property 4, one sees that 

(z, x + y) = (z, x) + (z, y) 

(x + y, z) = (x, z) + (y, z ) 

(x + y, z) - (x, z) + (y, z) 

and by part 17, property 2, 

(ay, x) - aT(y, x) 

(ay, x) « a(y, x) 

(x, ay) - lf(y, x) 

" a(x, y) 

Definition 2: An element x, which is an ordered n-tuple 

of elements from a field F-(a^, a^, &n)» is a vector 

with n components a^. 

Let x - (ap a2, a j , y = (b^. b 2 bn) be 

vectors with complex components a ^ b.̂  respectively. Then 

define 

1. X 4- y - ( & 1 + blt a 2 + b2, ..., an + bn) 

2. gx — (ga^> g^2» Sa
n)> where g is complex 

3. (x, y) - il sub., 
i=l 1 1 

4. x - Uk - (a1, a2, ..., an), where ai - 0 for i « 1, 

2, ..., k-1, k+1, n and a^ *= 1. 

5. x - 0 y - (0, 0, 0, ..., 0) 



6. x = y if for i a 1, 2, ..., n 

/ • —x 88 (—a-̂ , ~®2' * * *' ~an ̂  

Example 1: The set of ordered n-tuples of complex 

numbers is a unitary space Un. 

Proof: I. Let each of x = (a^, a2, • aQ), 

y =» (b.̂ , b2, ..., bn) and z - (e^, e2, ...» ®n) be an 

element of U^. By 1 above, one sees that 

x + y » (ax + b1, a2 + b2, ..., aR + bn) 6 Un. 

Assume x + y - (gx, g2, ..., gn) e Un, then (gx, g2, ..., gQ) 

is equivalent to (a-̂  + b^, a2 + b2, ..., + bn) and 

% " ai + property 6 above. Therefore, x + y is 

unique since a^ + b^ is unique, because the + operation 

for complex numbers is unique. 

Proof: II. Let each of d, c be a complex number. Then 

1. d(x + y) - dte-̂  + b-j_, a2 + b2, ..., aĵ  + bn) 

- (d(a1 + bj), d(a2 + b2), ..., d(an + bn)) 

» (da^ + db-̂ , da2 + db2, ..., daQ + dbn) 

- (dax, da2, dan) + (dbx, db2, ..., dbn) 

8=8 d(a^i &2* •••* d(b^j ^2* •••* 

« dx + dy« 

2« {do )x 85 dc ( f 1 •»# i ^ ' 
ip 

" (dca-̂ , dca2, . •., dca^} 

- (dfca^), d(ca2), ..., d(can)) 

1=2 d( ca1, ca2, .. •, J 

» d(c(alf a2, ..., a^)) 

- d(cx). 



3- (d + c)x «= (d + c) ( a^, a2» *"* 
B ((d c)stjf (d c)a21 (d + c)8^) 

= (da-̂  + ca l f da2 + ca2 , . . . » dan + can) 

~ (da^ j da2» • • * > ) "̂  (c&^j c&2 > * • *» C&JJ ) 

= d (a-^) &2» • • •» Sq ) "̂  c (a^ i fig» • * • * ^ ) 

= dx + ex. 

br* ( l )x ~ (1) (a^t &2$ »• • > a n ) 
B ( * 1̂ 2® •••» ) 

** ^al> ®2* 
» x. 

5. x + y = (ax + \>lt &2 + b2> aQ + bn) 

- (bi + a i , b
2 + a 2 , . . . , bn + a n ) 

» y + x 

6. x+(y+z) - (a1 , a 2 , a n ) 

+ {b-L + e 1 ( b2 + e 2 , bn + e a ) 

" ( a i + b i + ^ a 2 + b2 + e 2 , . . . , a,, + b n + e j 

8=8 ^1* a 2 ^2* #**> ^ 
*̂" (6^ i @2 > • • • > ) 

® (x + y) + z 

Proof: I I I . Let Oy ® (0, 0f 0), then 

X "f" 0y> 538 (s^f # # • > (Of Of 9 « » } 0) 

« (a-̂  + Of a 2 + 0, + 0) 

588 (&if ^2^ 
® x# 
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x + (-x) » ( a i , a2 an) + ( -a^ -a2 , an) 

B f » ®2 *" a2' * •# * ) 
10 (Oj Oj • • •} 0) 

n' 

Therefore, x - x — 0^. 

Proof: IV. 

1. (x, y) a.b i 1 

2. {dx, y) 

- a^bx + a2b2 + • , > • a_b_ n n 

- a l E l + a2b2 + . « »• a b„ n n 

= V l + b2a2 + .« .. + b a n n 

b i a i i=l 1 1 

(y» x) 

d a i b i 

d a ^ 

3. (x, x) 

d(x, y) 

n _ 
a i a i 

> 0. 



n 
4- (x, y + z) = > X ( b . + e.) 

1 3. 

= + V i 1 

n _ . n 
m a b + ^ a e 

i = 1 l i i t i i i 

- (x, y) + (x, z) 

5. If x - 0, 

. . *L n 0 
(x, x) - ^ a . a . - ^ k | * = 0. 

i=l 1 1 i-11 i[ 

If (x, x) = 0, ^ ja.l 2 « 0. 
4=1 I -H i-1 

n v~ 

n 

Assume x f 0, then JaJ 2. > 0; but, 

|a^| 2 0* Hence, this is a contradiction. 

Therefore, x - 0. 

.Definition : Let each of x and y be elements of a 

unitary space U. If (x, y) » 0, then x and y are orthogonal. 

The length of a vector x is !|x|| = V(x, x) and is always a non-

negative real number. If ||x|| - unitary, then x is normalized. 

Definition 4' If S is a sequence of vectors, x , x , 
JL 2 

x^, ..., in a unitary space U, satisfying the property that 

(Xi, Xj) - 0 for i / j, (i, j « 1, 2, 3, ...), then S is an 

orthogonal set. If, in addition, ||x.|| = 1 , ( i - 1 , 2, ...}, 

S is an orthonormal set. 
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An alternate means of stating the definition of an 

orthogonal set S is (x.̂ , Xj) m where the Kronecker 

delta, is defined by cf̂ j 1 
"1 if i - j 

for xj , x_. £ S. 
.0 if i $ j 1 J 

Example 2: The of page three, number four, are 

orthogonal. 

Proof: U;L - (1, 0, 0, ..., 0) 

U£ = (0, 1, 0, ..., 0} 

* 

un = (0, 0, 0, . . . , 1). 

Let a ^ be the pth component of u^, then 

(u±l uj) » 2.a i paj p - ailaj1 + ai2aj2
 + • «.• + ainajn* 

Sr 

If i - j, 

(Ui, u^) a^^ + a^2 + ••• + a?^ + ... + a^n 

B 0 + 0 + ... + 1 + ... + 0 
/ 

- 1. 

If i 7* j» 

^ui' uj^ ^ ailajl + ai2aj2 + ••• + aiiaji + 

••• + aijajj + ••• + ainajn 

- 0*0 + 0*0 + ... + 1*0 + ... + 

0*1 + ... + 0*0 

- 0. 

Definition 5« Let ^2' * * *' ^n a of vectors < 

The vectors x^, x2, x n are linearly dependent if 



anxn + a0x0 + ... + a x « 0 X x <. «6 n n 

where is a complex constant and a^ ^ 0 for some i « 1, 2, 

n 
..., n. If =» 0 only when = 0 for i = 1, 2, 

n, then the vectors are linearly independent. 

Let x^, x2, x^ be linearly independent. If one 

wishes to transform the set of vectors x^, x2, •..» x̂ ^ into 

a new set y-j, y2, ..., yn having the properties 

1) (yif yj)'" and 

2) each y^ is a linear combination of x^, where 

n 
j «• 1, 2, ..., n; i.e., if each y* - > â x,. for some choice 

1 i»l 3 3 

of aj with each a^ complex, one may do so by the Gram Schmidt 

process (3, p. 6). 

Let y^ - xj/llxjl, then ||y-jJ| = 1. Next, assume that 

y^ = Xg - \y"i an<* determine A-̂ , such that (y£, y^) «= 0, i.e., 

^1 13 ^i» x2^' ^ince xi> x2 a r e ^nearly independent, y£ ^ 0 

and one sets y2 = y£/l|ŷ / using A-̂  •» (y^, x2). In general, 

if y2,* 7 2* yk h a v e ^ e e n constructed, write 

y&+1 m xk+i - (T171 - ... -(Tkyk 

and determine (F̂ , • ••> (Ty. so that (y£+1» 7j) " 0 for 

j = 1, 2, ..., k, i.e., choose <5"̂. « (ŷ ., Xj^). As before, 

y£+i * 0 ̂  yk+i - ̂k+i /Hyi+iii-
Since y k + 1 - y£+1/lly£+1||, y^fflyu

1" - ?i +v
 a n d 

since (yk+^» 7^) " 0 was constructed, 
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((||y£+1||)yk+1, y j) - ||yi+1||(yk+1, y.,) - o, 

so that (yk+1, yj) - 0 for k - 1, 2, ..., n-1 and j « 1, 2, 

. k. Therefore, property 1) is satisfied for i ̂  J, 

If i - j, 

(YV y ± ) - (y£/l|yill, y £ / i l y £ l i ) - ( V | i y j f ) ( y i [ , y£/|iy£||) 

- ( i / l l y i l l ) ( i / H y { U ) ( y i , y { ) » (i/||y£|l2)(y£, yp 

m ( i / ( " V ( y £ , y £ ) ) 2 ) ( y £ , y £ ) 

m d / ( y £ , y l ) ) ^ y ± » y £ ) 

= i 

and property 1) is satisfied. 

Since y1 was constructed as a linear combination of x1, 

y2 was constructed as a linear combination of x2 and y^, 

hence, x2 and x-̂ , and, in general, y^+i was constructed as a 

linear combination of xk+1, y1, y2, ..., and yk, hence xk+1, 

xk> xk-l* •••» xi» ©&ch y is a linear combination of x. 
J 

and property 2) is satisfied for J - 1, 2, ..., n. 

Example^; Let xx » (i, 5, -1), x2 « <0, 2i, 5-i), and 

=|* (-1, 7-i, 6+i) be a set of vectors from where 

i =» "V-l. Show that x^, x2, and x^ are linearly independent. 

Transform x-^ x2, and x^ into y1, y2, and y3 by use of the 

Gram Schmidt process. 

From Definition 5, xx, x2, and X3 are linearly inde-

pendent if ^ a^x^ = 0 only when a^ - 0 for i •» 1, 2, 3. 
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Hence, one needs to determine the a^ for i - 1, 2, 3 to test 

for linear independence. It follows that 

a-joĉ  + a2 x2 * a3x3 = 0 V ~ (0» 0, 0) 

a1(i, 5, -1) + a2(0, 2i, 5-i) + a^-1, 7-i, 6+i) - (0, 0, 0) 

(a-^i-a^, 5a2+2a2i+(7-i)a^, -a^+^-iJag+^+iJa^) ~ 0) 

Now, 

a^i - a^ - 0 

5a^ + 2a2i + (7-i)a^ = 0 

-a^ + (5-i)a2
 + (6+i)a^ - 0 

Using a^ - -a^i from the first equation in the second and 

third equation and solving simultaneously, it can be shown 
# 

that a^ » -2a2i/(7-6i) so that a^ = -2a2/(7-6i). Using 

these values of a^ and a^ in the third equation, one finds 

2a2/(7-6i) + (5-i)a2 - (6+i)(2a2i)/(7-6i) - 0 

2a2 + (5-i)(7-6i)a2 - 2(6+i)a2i/ = 0 

4a2 + 29a2 - 37a2i - 12a2i = 0 

a2(33 - 49i) - 0. 

Since 33 - 49i 7̂  0, a 2 must be 0. Therefore, a^ = 0 and 

a^ = 0. Hence, x^> x2, and x^ are linearly independent. 

Using the Gram-Schmidt process, JV#JLiMlJLUW jJI W ^ v u O } J 

y i " V N I = xi/\ i=1
aliali 

where a ^ is the ith component of x^. Hence, 

y 1 = x^/V 1+25+1 - (l/S/27)(i, 5, -1). 
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Next, assume y£ *= x£ - ̂ iy"x and determine A^ so that 

\ " <*1> X2J = txx/lz?, x2) - (1/727) I a ^ a ^ 
i33! 

= (1/V27)(10i - 5 + i) = <-l/VZ?)(5 - lli). 

Therefore, 

r 2 - (0, 2i, 5 - i) + (1/V27) (5 - lli)(Xl/i^7) 

- (0, 2i, 5 - i) + ((5 - lli)/27)(i, 5, -1) 

- (1/27)(11 + 5i, 25 - i, 130 - I6i) 

and 

y2 - yynyiii - y ^ x
b k b 2 i " 

where is the ith component of y£. Then 

y2 =: ̂ yp/^l 4 6 + 6 2 6 + 17156) = 27y!/-\ll792S 
^ 2 

= (1/VX7928X11 + 5i, 25 - i, 130 - 161). 

One now assumes yj = x^ - tr2'/2 a n^ determines cr̂  and 

<̂ 2 so that cr̂  «= (y^, x^) and cr̂  =• (y2» x^). 

- (^/nS?', x3) - (1/-V27X X l, x3) - (l/-,(27)ia£ia3i 

oj - ((1/V27)(i + 3 5 - 5 1 - 6 - i) = (1/V27K29 . 51). 

°2 " ( i M T S ^ J Z ^ a j , 

°2 13 (1/^17928) (-11 + 5i + 176 - 1&. + 764 + 226i) 

O2 - (1/Vl792§)(929 + 213i). 

Therefore, 

yj - (-1, 7 » i, 6 + i) - (1/V27)(29 - 5i)(l/V27)(i, 5, -1) 

- (1/^792^) (929 + 213i)(l/i(l792g)(ii + 5i, 25 - i, 

130 - I6i) 
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yj *" (1/17928) (-30402 - 262441, 5778 - 5724i, 2646 + 17621) . 

so that 

y 3 - y j / l i y j l ! - 1 7 9 2 ^ / ^ 2 2 1 4 2 3 5 4 4 0 

- (1/^14235440) (-30402 - 262441, 5778 - 57241, 

2646 + 17#2i). 

Checking (y^, yk) - J ^ ^ k i " o n e fi»ds that 

( y l f y x ) - ( 1 / 2 7 ) ( 1 + 25 + 1) - 1 

(y2» y 2 ) - ( 1 /17928) (121 + 26 + 625 + 1 + 16900 + 256) « 1 

(y3> y 3 ) - (1/2214235440)(924281604 + 1213627536 + 

33385284 + 32764176 + 7001316 + 3175524) « 1 

(yl» 72) " ^/•^)(l/i/i792§)(-lll + 5 + 125 - 5 i - 130 + 

l 6 i ) = 0 

(yi» y 3 ) - (1/1/27)dA/2214235440)(304021 - 26244 + 28890 -

286201 - 2646 - 1782 i ) - 0 

(y2» y 3 ) - (1/"\H7928) (1/V2214235440) (-465642 - 1366741 + 

150174 - 1373221 + 315468 + 273996i) - 0 

so that property 2) of the Gram-Schmidt process is satisfied. 

Definition 61 If S is a set of vectors x-̂ , x^, • •., x^ , 

S spans a vector space V if every vector of V is a linear 

combination of x^, Xg, •••» x^« S forms a basis of V if S 

spans V and S is linearly independent. 

Linear Operators 

Definition 7: A linear operator T on a unitary space U 

is a mapping of each vector x of U to a unique vector Tx of 
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U so that T(o<x + y) = cxTx + Ty for every pair of vectors x, 

y in U and every complex number °c. 

Definition 71': An alternate definition would be T(<*x + 

0y) a o(Tx + /̂ Ty for each pair of vectors x, y in U and every 

complex number and &, 

Proof; 

T(ctx + 0y) *• T(ft(J"x + y)), if/? 5̂  0 

«/?(T(fx + y)) by Definition 7 

- /^Tx + Ty) by Definition 7 

as -f /f?Ty 

Therefore, Definition 7 and Definition 7f are equivalent. 

Definition 8: Let x be an element of a vector space V. 

The linear operator I which maps each vector x to the vector 

x itself, Ix m x, is called the identity operator. The zero 

operator, 0, is the operator which maps each x to 0, Ox «• 0. 

Definition 9: If each T and W is a linear operator on 

a unitary space U, then T » W, i.e., T and W are called equal 

operators if Tx = Wx for each x in U. 

Definition 10: If T and W are linear operators on a 

vector space V and if cc is a complex constant, then (T + W)x 

=DTx + Wx and (^Tjx = °c(Tx). 

Theorem 1: If V is a vector space and if 7^ « (T^| T^ 

is a linear operator on V), then with the operations in 

Definition 10 is a vector space. 
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Proof: I . I f each of and Tj i s an element of 

and x € V, then 

T (x) + T (x) « (T + T ) (x) . 1 J i j 

Assume T^x) + T^.tx) - Tk(x) £ V± then 

Tk(x) - iT± + Tj )U) 

Tk " T i + Tj. 
Now, 

( T i + T j ^ o t x + y) = T ± fax + y) + T («x + y) 

-XT x + T y + <*T.x + T v 1 1 J J 

«oc(T i + T^)x + (T± + T )y 

so that + Tj i s a unique linear operator. 

Proof: I I . I f each of T i ? Tj and Tk i s an element of 

and each o f i s a complex number, then 

1. ot(Tx + T j ) (x) - M T ^ x ) + T (x)) 

- ^ ^ ( x ) +°(T^(x) 

2. (o^jT^x) - (^3)T1(x) + M ^ U ) ) ) 

-«cCtfT±Cx)) 

3. (cX + ^jT^x) » ((<* +/5)Ti)(x) 

- + /?? ) (x} 

- ^ ( x ) +^T i (x ) 

4. (DT^x) - ( lT i ) (x) - T±(x) 

5. + T^Jx « T^x) + T (x) 

- T^x) + T^x) 

- CTj + T1)(x) 
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6. T±(x) + (Tj(x) + Tk(x)) = T.(x) + (T̂  + Tk)(x) 

= (T± + Tj + Tk)(x) 

- (Tt + Tj)(x) + Tk(x) 

Proof: III. Let © be the operator of Definition B 

which maps each x in V to 0, then 

(T^ + 6)(x) = T^(x) + 0(x} » T^(x). 

Now, T± (c<x + fty) =°<T±(x) + ̂ ( y ) . 

Letting = 1, fi - -1, and y - x, then 

T̂ (acx + 0y) - T^(x - x) = T^(x) + (-T^(x)) 

0 - T±(x) + (-T±(x)> 

Definition 11: If x is an element of a vector space V 

and each of T and W is a linear operator, the product TW is 

defined by (TW)(x) = T(W(x)). If TW = WT, T commutes with 

W; but, in general, TW ^ WT. In any case, the commutator 

[T, Vfl = TW - WT. Obviously, T commutes with W if and only 

if fr, \j\ = 0. 

Definition 12: Let T be a linear operator on a vector 

space V. If there exists a linear operator W on V so that 

WT = TW = I, W is called the inverse operator of T. T has 

at most one inverse operator; since, if Z is also an inverse 

operator of T, Z(TW) = Z(X) - Z - (ZT) W = IW = W. Therefore, 

if T has an inverse, it shall be denoted by W = T"-̂ . There-

fore, T_1T - TT-1 - I. 

Although T~^ is defined, T-l may not exist. If T-l 

exists, then T~̂ - "undoes" what T has done, i.e., 
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r ^ c r t e ) ) - cr^-THx) - Kx) - x 

for every x e V. 

Definition 13: If T is a linear operator on the vector 

space V and T has an inverse T"1, T is nonsingular; otherwise, 

T is singular. 

Theorem 2: If each of T and W is a nonsingular operator, 

the inverse of the product is the product of the inverses in 

reverse order, i.e., (TW)*"1 ** W^T""1. 

Proof: 

W f w V " 1 ) « T(mT1)Tm'1 - TIT"1 - TT"1 - I and 

(vr-hr1)TWT » W"1(T"1T)W - W^IW = W"1^ - I. 

But, (TW)"1 is that operator such that (TW)-1TW ® I - TW(TW)"^ 

and is unique. Therefore, » (TW)"1. 

Eigenvalues and Hermitian Operators 

For the present discussion the word space shall stand 

for unitary space. 

Definition 14: Let T be a linear operator on a space 

U. If there exists a nonzero vector x 6 U and a complex 

number A such that 

Tx » The 

then the nonzero vector x is called an eigenvector (proper 

vector, characteristic vector, latent vector) of the operator 

T. For any such x, the number 7\ is called the eigenvalue 

(proper root, characteristic value, characteristic root, 

proper value, latent root, latent value, latent number) of T 

corresponding to the eigenvector x. 
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Remark: Intuitively, if there exists a nonzero vector 

which, when operated on by T, does not have its direction 

changed, then the vector is an eigenvector of T. 

Definition 15 : Let T be a linear operator. If there 

exists a linear operator T* having the property that 

(x, Ty) - (T*x, y) 

for every pair of vectors x, y in U, then T* is called 

an adjoint operator of T. 

Theorem 3: There can be at most one adjoint operator 

for T. 

Proof: If T* exists and (x, Ty) = (T*x, y) and there 

is another operator Z* such that (x, Ty) •» (Z*x, y) for 

every pair of vectors x, y in U, then 

(T*x, y) - (Z*x, y) 

T*x = Z*x 

and from Definition 9, T* and Z* are equal operators. 

Note: If T* exists, then (T*)* exists and (T*)* «= T. 

Definition 16: Let T be a linear operator on a space 

U. T is Hermitian, or self-adjoint, if T* = T, or equiva-

lently, if (x, Ty) = (Tx, y) for every x, y in U. 

Theorem 4: Let each of T and W be a linear operator 

that possesses an adjoint T* and W* respectively. Then the 

adjoint of TW exists and is W*T*. 

Proof: Let each of x and y be an arbitrary vector of 

U, then 
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(x, Ty) - (T*x, y) 

(x, Wy) « (W*x, y) 

Each of Ty, Wy, T*x, and W*x is a vector in U so that 

(x, TWy) - (x, T(Wy)) 

» (T*x, Wy) 

- (W*T*x, y) 

Therefore, the adjoint of TW exists and is W*T* by definition. 

Theorem 5: Let T be a self-adjoint operator and x an 

arbitrary vector of U, then (x, Tx) is a real number. 

Proof: (x, Tx) - (T*x, x) by Definition 15 

- (Tx, x) by Definition 16 

- (x, Tx). 

Hence, (x, Tx) is real since it equals its complex conjugate. 

Theorem 6: The eigenvalues of a Hermitian operator are 

real. 

Proof: Let H be a Hermitian operator, x be an eigen-

vector of H, and 7\ be an eigenvalue of H. If 

Hx = Ax, 

(x, Hx) «= (x, 7)x) 

«* ̂{x, x). 

(x, Hx) is real by Theorem 5 and (x, x) is real by Definition 

1, IV, 3. Therefore, A is real since if A were complex, 

(x, Hx) would be complex; but, (x, Hx) is real. 

Theorem 7: Let each of x and y be eigenvectors of a 

Hermitian operator belonging to distinct eigenvalues 7^, 

and 7̂ 2 respectively. Then x and y are orthogonal. In other 
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words, given that Hx = AjX, Hy = ^ ̂ 2» a n d H = 

prove (x, y} = 0. 

Proof: Taking the inner products (y, Hx) and (x, Hy), 

(y, Hx) = (y, Ajx) = A^y, x) 

(x, Hy) = (x, A2y) » Aj(
x» y)« 

Also, 

Hence, 

(y, Hx) = (Hvy, x) = (Hy, x) 

(x, Hy) = (H*x, y) » (Hx, y). 

Ag(x, y) = (Hx, y) 

» (y, Hx) 

= A x ( y , x ) 

" \ U , y ) 

and (x, y) = 0 since A^ ^ Ag. 

Definition 17: Let K be a linear operator on U. If 

exists, if H* exists, and if then "2f is called a 

unitary operator and 1> Y* « = 1. 

Definition 18: Let Y be a linear operator on U. If Y 

preserves all inner products, i.e., (x, y) = (Xx, Yy) for 

all x, y in U, then Y is called an isometric operator or 

isometry. 

Note: An isometric operator preserves the length of 

every vector, since lluxll2 » (Ux, Ux) - (x, x) - l|x||2. Thus 

an isometry may be thought of as a generalized rotation of 

the unitary space U. 
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Theorem 8: If K exists, then *8 is isometric if and 

only if it is unitary. 

Proof: If If is unitary and each of x and y is a vector 

of U, then 

(tfx, 7y) = (x, T*}ry) » (x, y). 

Hence, Y is isometric. If Y is isometric, then 

(Yx, tfy) - U*2fx, y) - (x, y) 

for every x, y in U and 

((11*7 - I)x, y) = (Y*tfx, y) - (Ix, y) 

» (K*Kx, y) - (x, y) 

= 0. 

Since this is true for every y in U, it is true in particular 

for y = ("&*"# - I)x so that 

({W - I)x, C M - I)x) - 0. 

Hence, - I)x = Q. Since x was an arbitrary vector of U, 

- 1 = 0 

» I 

and similarly, = I, so that "ft is unitary. 

Matrices 

Definition 19: Euclidean n-space is the space of 

vectors x that satisfy Definition 2 and have the properties 

1 through 7 and will be denoted by E . 

Mote: The symbol (x)^ will be the ith component of x. 

Let E n be an Euclidean n-space and E m be an Euclidean 

m-space and let T be a linear operator which associates with 

each x € E^ a unique element y £ E R such that y = Tx. Let 
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e v ©2, em and f^, f2, ..., f Q be a basis of Effl and En 

respectively. The vectors Te^, (J - 1, 2, ..., m), are in Er 

and are a linear combination of the f^, (i - 1, 2, ..., n), 

i.e., T©j ** ^ x "* °̂ 2' ***,0^m^ ^ ^m* 
i-~X 

X _ y # Therefore, Tx - Sl^Te, and Tx « 
j=l J J j=l J J j«l Ji=l X J x 

fA. Hence, (Tx)1 = J ^ i j V Now, Tx = 

Therefore, 

(TX)1 - t l A + t 1 2« 2 + + ... + t j « m 

(TX)2
 85 T 2I°^ + ^22^2

 + T23°^3 + + T2AO£M 

<Tx>n " ^1*1 + ^2*2 + V * 3 + — tnm°V-

Definition 20: Consider the numbers t ^ arranged in a 

rectangular array having n rows and m columns, 

tll H z t13 

*21 t 22*23 

*nl *n2 *n3 

'lm 

'2m 

'nm 

then this array is called an n X m matrix associated with 

the operator T. Since the action of operator T is fully 

described if one knows the numbers t^, (i - 1, 2, ..., n; 

j - 1, 2, m), one uses T to denote the matrix. The 

equation T » (t^j), (i - 1, 2, ..., n; j 558 1, 2, ..., m), 
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means that T is the matrix which has the number t ^ in row 

i and column j. 

Let each of T and W be a linear operator which carries 

Ea into En and let (t^), (w^) be the matrix which repre-

sents T, W respectively. If x is a vector of Effl, then 

(T + W)x " Tx + Wx 

((T + W)x)± - (Tx)i + (Wx)i 

- X (t>±1
 + 

j=X ^ ^ ^ 

Definition 21: In view of Definition 20 and the fact 

m 
that ((T + W)x). - (t. . + w. .)<*., one sees immediately 

1 i=l J 

that the sum of two operators can be represented by matrix 

(t + wij^' o r t h e s u m o f t w 0 matrices T + W - (t^ + wi^). 

In order to define a meaningful product of two matrices, 

some restrictions must be made in the definition of the 

operators T and W above. As it is, TW would be meaningless 

since if x is in Em, Wx is in En and T is not defined on 

the vector Wx. Therefore, let T carry Em into Ep, W carry Ep 

into E_ and note that WT (not TW) is meaningful and carries 
n T W 

E into E , i.e., E„—>E^—»E or x—>Tx—>WTx where x e E , 
ni n in p IX *** 

Tx € Ep and WTx € En. WT should be representable by a matrix 

WT of n rows and m columns. 
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If each of T » (ti^) and W =» (w.y) is the matrix repre-

sentation of the operator T and W respectively and x - (<*]_, 

°̂ 2* •••> is a vector of Em» then 

m 
(TxJi -

Applying W to Tx 6 Ep, 

^(Tx) )± - J^wik(Tx)k 

p m 
S w 

E L " j 

m p 
88 JL(Jkw±ktkj)*j' 

Definition 22; In view of Definition 20 and the fact 

m J2. 
that (V7(Tx)) ± = X 2-^i^kj o n e s e e s t h a t t h e product 

j—1 k=l 

operator WT can be represented by a matrix or 

the product of two matrices WT «= ( wiktkj)» ^ ^ **•> 
k=l 

n; j = 1, 2, . m ) . Obviously the product of an n X p 

matrix and a p X m matrix is an n X m matrix. 

Let T «= (t^j)| (i = 1, 2, ..., m ; j ̂  1> 2, • ••» &)» be 

an m X n matrix. Consider the n X m matrix W = (w.^) where 

Wij' ™ ^ji» Ci - 1» 2, ..., n; j - 1, 2, ..., m). Let x -

(«1, y - (^t ^ 2'
 b e a r b i t r a ry v®ctors 

in E and E respectively. Then 
m n 
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(x, Ty) - J^ ±(Ty) i 

m n 

• Hk^k 
1=1 K=1 

m u 

i=l k=l 1 li5rK 

(Wx, y) - 2 (Wx)^^ 
i=l 

n m 
= K 2 t k i^ k)A 

1=1 s=i K 1 * i 

i-1 k=l "• K 1 

m n 

~ zl ]E ̂ ik^i^k 
i=l lp=l 1 K 1 K 

•» (x, Ty) 

Definition 23: Since, by Definition 15, W has the pro-

perty of the adjoint operator of T, i.e., W » T*, W shall be 

called the adjoint matrix of T. Symbolically, (T*)^ = (T)^. 

The adjoint matrix is sometimes referred to as the conjugate 

transpose matrix or the Hermitian conjugate matrix. 

Definition 24: If T is a square (n X n) matrix, where 

T - (tj), and if « t"*̂ , then T is Hermitian. 

Definition 25: If T is a n X m matrix, the transpose 

of T, TT, is given by (T^^j - (T)^, (j - 1, 2, ..., n; i -

1, 2, ..., m). 

Note: (T*)i3 « (T
T)ij. 
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Theorem 9: If T is an n X m matrix and W is an m X k 

matrix, the transpose of TW is the product of TT and WT in 
ro m rp 

reverse order, i.e., (TW) «= W T . 

Proof: Let T » w " (T^jp) > (i • 1, 2, ..., n; 

j = 1, 2, ..., m; p •» 1, 2, ..., k), then 

TW - (<flp) 

<kp = 

(w)T - <4 P>
T 

-

WTTT = (9pi) 

T T 
Now ">? ^ is the component of the matrix W T which is formed. 

T * T 
by multiplying row p of W by column i of T or 

m 

m 

j-1 1J JP 

^ip ™ ̂ -pi 

^pi* = ^pi^ 

WTTT - (TW)T 

Definition 26: If T is a square, n X n, matrix, then 

T is symmetric if T = T^. 

Note: If T is a square matrix with real elements and T 

is symmetric, then T is Hermitian since t^. *» •» t^. 
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Theorem 10: Let each of T and W be a square Hermitian 

matrix. In order that TW be Hermitian it is necessary and 

sufficient that T and W commute. 

Proof: 

(T)io- - - ( A j 

(w)ij - - (wT)i3 

If TW is Hermitian, 

(TW)* = W*T* = WT 

(TW) = TW. 

Therefore, WT = TW, i.e., T and W commute. If T and W 

commute, 

TW - WT 

(TW)* - (WT)* = T*W* = TW. 

Hence, TW is Hermitian. 

Definition 27: If T is an n X n matrix, (t. .), (i = 1, 

2, ..., n), the adjugate of T, (adj T), is the n X n matrix 

formed by the cofactor of each element t. . of T, i.e., the 

element t̂ J* 6 (adj T) is the number formed by finding the 

determinant of T after having deleted the ith row and the jth 

column and multiplying by (-l)*-+3. 

Example 4: Let T be the 3 X 3 matrix 

"l 7 2 

- 1 3 0 

L 9 4 2J 
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t n - (-i)i+i 

t12 _ (. l }X+2 

m (-l)^+2 

.21 (-1) 2+1 

.̂22 (-1)2+2 

t23 . (.1)2+3 

t31 - (-1)3+1 

t32 (-i)3+2 

t33 - (-1)3+3 

(adj T) 

3 0 

4 2 

-1 0 

9 2 

-1 3 

9 4 

7 2 

4 2 

1 2 

9 2 

1 7 

9 4 

7 2 

3 0 

1 2 

-1 0 

1 7 

-1 3 

~6 2 -31 

-6 -16 59 

-6 -2 10 

-31 

- 6 

-16 

59 

- 6 

- 2 

10 
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The Laplace expansion of the determinant of a square 

matrix T by cofactors has the form 

n ^ 
^ ti A,

 J = det (T), (i « 1, 2, n). 
j=l J 

Let i / k and consider "> t. .t^', which is the sum of pro-

j-1 i J 

ducts of the elements of one row by the cofactors of another 

row. One sees immediately that this is the determinant of 

the matrix T with the kth row deleted and the ith row sub-

stituted in its place. But this matrix has two rows that 

are identical. Hence, det (T) - 0. Symbolically, 

n t H - o 
j=l 

if i ^ k. Therefore, 

]> t^t 1^ - ^^(det (T)) 

for i, k - 1, 2, ..., n. 

If det (T) ̂  0, one may define the matrix 

and 

or 

(T-1). . - (t^)/det (T) 
X J 

(TT"1)ij - Jl t ^ C t ^ ) / det (T) « £±j 

(TT-1)11 = 1 

(TT"1)i2 - 0 
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(TT"1)^ - 0 

(TT""1 )ln - 0 

( T T " 1 ) 2 1 = 0 

(TT"1)22 = 1 

so that 

(TT-1) 

TT -1 

nil 

1 0 0 

0 1 0 

0 0 1 

. 0 

. 0 

. 0 

J5 0 0 ... 1 
* 

Definition 28: If I is an n X n matrix which has ones 

on the diagonal and zeroes in all other positions, then I is 

called the n X n unit matrix or the n X n product identity 

matrix since if T is p X n, 

TI 

\ l Hz tln 

t21 t22 *'• t2n 

'pi p2 
... t 

pn] L 

1 0 0 ... 0" 

0 1 0 ... 0 

0 0 0 ... 1 

*11 H 2 tln 

H i t22 *'' t2n 

t . t ... t 
pi p2 pn 
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In view of Definition 2$, TT"1 - I. With a simple 

modification, one can immediately see that T~^T - I so that 

T"*1 plays the role of an inverse of T. 

Definition 29: In view of the above, if T is a square 

matrix and if there exists a matrix T"1 such that TT"1 - I 

=» T'^T, then T""1 is the inverse of T and 

T"1 - (l/det (T)) (adj T)T 

Example 5; Let T be the matrix of Example 4. Then 

1 7 2" 

-13 0 

L 9 4 2, 

and 

"6 2 -31 

adj (T) - -6 -16 59 

-6 -2 lOj. 

By the method of pivotal condensation (2, pp. 121-124), 

10 2 
det (T) - (1/1) 

-59 -16 
-42. 

Therefore, 

and 

6 2 • -31 T ~6 -6 -6~ 

T"1 - -(1/42) -6 -16 59 as -(1/42) 2 ' -16 -2 

-6 -2 10. -31 59 10_ 

1 7 2 " 6 -6 -6~ 

TT"1 - - (1/42) -1 3 0 2 -16 -2 

_ 9 4 2. .-31 59 10. 
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T T 1 - -(1/42) 

-42 0 0 

0 -42 0 

0 0 -42 

1 0 0 

0 1 0 

.0 0 1 • 

"6 -6 -6" ~ 1 7 2 

-(1/42) 2 -16 -2 -13 0 

-31 59 10_ i .9 4 a 

"l 0 0 

S3 0 1 0 

0 0 1 • 

In light of the above discussion and Definition 29, one may 

characterize nonsingular matrices as follows. 

Theorem 11; If T is a square matrix, it is necessary 

and sufficient for the det (T) to be nonzero in order for T 

to be nonsingular. 

Proof: Remembering that det (AB) = det (A) * det (B) 

and I = TT"-1-, then if det (T) « 0 and if T"^exists, 

1 - det (I) - det {TT""1) 

- det (T) * det (T"1) 

- (det (T))(0) 

- 0. 



33 

Theorem 12: If T~^ exists, then is unique. 

Proof: Assume W is also an inverse of T, then 

TT"1 - TW - I 

T^TW - T"1! 

BT - T"1 

W = T"1 

Eigenvalues of Matrices 

In this and all following sections, all matrices will 

be n X n unless otherwise specified, and all vectors will 

be column vectors in order to have a meaningful product. 

Suppose x is an eigenvector of T corresponding to the 

eigenvalue 7\. Then Tx = Ax or 

n 
]> t x - Ax , (i = 1, 2, ..., n), 
j-1 0 1 

or equivalently, 

n. 
2 = 2, ..., n). 

One sees immediately that this is a system of linear, 

algebraic, homogeneous equations with n unknowns 

(^11 ~ A)x^ + ^123c2 *#* tlnxn ~ ^ 

t21xl + ^22 ~ ̂  )x2 + # * * * t2nxn " 0 • • » 
• • • 

^1*1 + ^2*2 + ••• + (tnn " A K m °-

If x - 0y, then x^ *= X£ " ... = ^ = 0 is obviously a 

trivial solution. 
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In order to get a nontrivial solution, it is necessary 

that the determinant of the coefficients vanish, i.e., 

tll t12 

t21 t22 " ^ ••• 

'In 

'2n 

'nl 'a2 ••• ̂ nn " ̂  

or det (T - Tll) = 0. 

Definition 30: The polynomial equation, det (T -Al) 

= 0, is called the characteristic equation of T. The poly-

nomial ̂ (A) = det (T -Al) is called the characteristic 

polynomial of T. 

Definition 31: If A is any one of the 

n roots of det (T - Al) - 0, then A is an eigenvalue of T 

and conversely. 

Example 6: Let T be the 3 X 3 matrix 

1 2 - 1 

0 3 - 1 

2 0 5 

det (T - Al) -

1 - A 2 -1 

0 3 - A -1 

2 0 5 - A 
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dot (T - 7\I) • 15 - 237\ + 9A2 - 7\3 - 4 + 2(3 - 7\) 

- 17 - 257\ + 9A2 - A 3 

- (1 - ?\}(7\ - 4 - i)()\ - 4 + i). 

Therefore, 7*1 = 1, A 2 " 4 + i, ^3 » 4 - i. One needs to 

determine a vector, x ± - (^1, cX.i2, < i 3), s u c h that 

, (i - 1, 2, 3) 

~1 2 -1 \{ "^il" 
T X ± = 0 3 - 1 °l12 - \ °̂ .2 

2 0 5 
5i3. 3 3 _ 

°<il + 2<*i2 " °4.3~ V < i l 

Tx^ = * 3 ^ 2 ~ °̂ i3 « \°<12 

2 ^ 1 + 5qci3 

If i - 1, 

°^1 + 2C*12 - °5l3 53 ^LI 

3<*12 " ̂ 13 " ^12 

2^ii + 5^13 • 

"*12 ~ ^13 2 ^ 

2 * n - -4^13 

and x x = (-2°(^, (1/2)°^^, ^13) where <*^3 arbitrary. 

If i - 2, 

°̂ 21 + 2 q22 " °<23 = ( 4 + i)o^21 

30^2 - ̂ 23 " (4 + i)^22 

2oC21 + ^ 2 ^ " (4 + i H 21 
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-(1 + i)*22 ~ ^ 3 

2<,i - (-1 + i)^3 

and x2 = (((-1 + i )/̂ )c<23> -(1/(1 + i) > ̂ 3 ) where <*23 

is arbitrary. If i = 3> 

+ 2*32 " ̂ 33 = ^ " i^ac31 

3£>32 " *33 = (4 - i^°<32 

2<3i + 5^3 - (4 - i)<*33 

(—1 -J* 1)^32 = c<33 

2^31 = -(1 + iJ°<33 

and X3 = ((-(1 + i)/2)°<33, (l/(-l + i) ̂ 33, ̂ 33) where ̂ 3 

is arbitrary. 

Definition 32: If T is an n X n matrix, the trace or 

spur of T, Tr (T), is the sum of the diagonal elements of T, 

n. 
Tr (T) « T t 11* 

i=± 

Theorem 13: Let the eigenvalues of a matrix T be ?Vj_, 

7n2, ..., 7^, then 
* * * Aa = (*et (^ 

7\ + A? + ... + 7^ = Tr {T}. 

Proof: By expanding the characteristic polynomial ̂ (?\), 

P("A) - (-l)n[?f - (t n + t 1 2 + ... + t l n + ... 

+ (-l)ndet (T)] 

- (-l)n[(7\ - \){7\ - A>)(7\ - ̂ 3) ... (A - ̂ n)]. 
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Expanding the latter, one finds that 

/•(A) - (-i)n[?P - (Ax + A2 + ... + AjjlA
11"1 + (AjA, + + 

... + AjAn + A2Aj + ... + K,\ + ... + \_i\lA11"2 

+ ... + (-i)n^A>7^ ... Ajj . 

Equating /'(A) and ̂ {70, 

\ + *2 + ^ + *•* + \ = tll + t22 + t33 + '* * + ^nn 

= Tr (T) 

and 

... \ = det (T). 

Diagonalization of Matrices 

Let T be a matrix with eigenvectors x^, x^, ..., xn 

corresponding to eigenvalues?1^, ..., A n respectively, 

7\̂ x̂  for x 1, 2, ..., n• 

Definition 33: Let P be the matrix formed by using the 

then Tx^ 

eigenvectors of T as columns for P, i.e., 

*11 "*12 ... ̂ ln 

^21 * **22 ... *2n 
P = 

.̂ nl ^n2 ... ̂ nn 

where <K. . is the ith component of x.. P is called the polar 

matrix of T or the modal matrix of T. 

The matrix P shall be denoted by (P). . = (x .) •, (i, j «= 
i J J X 

1, 2, ..., n). Furthermore, define a diagonal matrix A by 
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placing the eigenvalues of T on the main diagonal, 

\ 0 0 ... 0" 

o 7\2 0 ... o 

Hence, 

0 ... ?l n 

The matrix A shall also be denoted by A » diag (7l̂ , 

\ ) and (A)ij- = \£±y (i, j - 1, 2, ..., n). Now, 

< T P > i j = iiltik(P)kJ' " 

" W i 
and' 

(PA). iJ j JL (xk}i\4j ^=1 k=l 

• W i m (TP)ij 
so that 

TP = PA. 

If the eigenvectors are linearly independent, the columns 

of P are linearly independent and det (P) ̂  o so that p-1 

exists and 

TP?"1 - PAP"1 

T - PAP"1. 

Permit ion If T is a matrix which can be repre-

sented in the form T - PAP""1, finding the matrices P and A 

is called diagonal!zing T. A matrix which has n linearly 

independent eigenvectors is said to be diagonalizable. 
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Definition 35: Lot each of T and ¥ be a matrix. T and 

W are similar if there exists a nonsingular matrix P such 

that T = P_1WP. 

Theorem 14: Similar matrices have the same eigenvalues. 

Proof: If T and W are similar matrices, then there 

exists a matrix P such that T = P~%P. If /(?0 and T(7l) are 

the characteristic polynomials of T and ¥ respectively, then 

- det (T - 7\I) = det (P^WP - 7\I) 

= det (P"XWP - 7\P-1P) 

- det (P-^W -7M)P) 

= det (P~^) det (W ~7\I) det (P) 

- det (W - 7\I) 

= ̂ (7\). 

The following theorem has been proven. 

Theorem 15: An arbitrary diagonalisable matrix T is 

similar to a diagonal matrix A. 

Consider the real symmetric matrix 

T2 

tll t12 

L?21 t2?J 

and let and x̂_ be an associated characteristic root and 

characteristic vector where x^ is normalized. Now form an 

orthogonal matrix Qg* i.e., the columns of are mutually 

orthogonal, with x^ as one of its columns and desiginate the 

other column as x^. Since 

T2x1 = \ X 1 
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Q^t2Q2 - Q| 
tll t12 

&21 t22 

Ui)i (x2)£ 

(*l)2 (x2)2 

Q. 

Q2 

tll^xl)l + *12<xl>2 H i ^ i + H z ^ i h 

{x1 )•, + *>22^1)2 '21 l l '1 '21^x2^1 + t22^x2^2 

t 1 1(x 2) 1 + t12(x2)2" 

_\<xl>2 t 2 1(x 2) 1 + t 2 2(x 2) 2 

(xl)l <xl>2 

(x2)i (x2)2 

\' xl'l *11'*2^1 + t12'x2'2 

A L ( X 1 ) 2 t 2 1(x 2) 1 + t 2 2(x 2) a 

'21 \ ( x l ' l + \ ( x l > 2 

A1(X2)1(xi)1 + \ ( x 2 ) 2 ( X l ) 2 b 2 2 

where b 2 1, b 2 2 can be determined and (x2)1(x-L)1 + (x2)2(x1)2 

- 0 since x 1 and x 2 are orthogonal and (x1)^ + (x-^ ~
 1 s i n c e 

x-j_ is normalized. Hence, 

\ b21 

0 b. 
Q2T2Q2 

22 

Now, 

(Q1T 2Q/ - (Q2)
T(Q2T2)

T - Q|T2(«2)
T 

= « M « 2 " ®It2«2 
m 

so that Q 2T 2Q 2 is symmetric. Hence, b 2 1 - 0. Since Q 2 is 

orthogonal, Q 2Q 2 = I so that Q 2 = Q^
1 and by Theorem 16, 
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b22 \ or 

Q2 T2 Q2 ~ 
\ 0 

h 

where 

\ = frll^l + t12^x2)2l *X2J1 + &21*x2*l + t22^ x2^ *x2*2 

= tll(x2Jl + t22(x2)2 + 2t12(x2)2^x2)l* 

If one proceeds inductively, one assumes that for each 

k, (k = 1, 2, n), one can determine an orthogonal matrix 

Qk which reduces a real symmetric Tk = (t^j), (i, j = 1, 2, 

k}., to diagonal form 

T 
QkTkQk 

\ 0 

0 X 

0 0 

0 

0 

kj 

where ^2, are the characteristic roots of T^. 

One now needs to show the reduction for a matrix Tn+^ = (t^j), 

(1 j J — 1> 2, • • •, n l)* 

Proceeding as in the two-dimensional case, form an 

orthogonal matrix Qn+-j_ whose first column is x-̂ , the Ewsoci-

ated characteristic vector of characteristic root 7\̂ , and 

whose other columns are designated x^, x^, ... 
n+1 

, so that 

Qn+lTn+lQn+l ~ ^ i j ^ ^ i j ^ i j ^ 

where = (xj)i? (i, j = 1, 2, n + l). Letting t̂_ 

denote the row of T with t^, ti2, ..., ti n + 1, one finds 
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Qn+lTn+lQn+l ~ 

Sine8 ~~ ̂ 1*̂ *1' 

^n+lTn+l^n+l j ̂  

{t-,, xx) (t1, x2) ... (t-p x n + 1) 

(t2, x1) (t2, x2) ... (t2, x n + 1) 

• * 

^n+l' xl^ ^n+1' x2^ *•* ^n+1' xn+lL 

A L ( X I ) I (t]_> x 2 ) ... ( t l f x n + 1 ) 

^l^x1^2 ^2' x2^ **• ^2' xn+l^ 

^l^xl^n+l ^n+l> x2^ **• ^n+l* xn+1 ̂  

Let (yj)j_ ~ (t^, x̂ .), (i - 1, 2, ..., n+1), then 

Qn+lTn+lQn+l = 

•j. n+1 n+1 
/1<X1» *l) X_(xl}i^2)i ••• .Z (^l)iCyn+l)i 

-v n+l n+1 
\(x 2 > X l) S T U ^ t y ^ ... .z U2)i(yn+1)i 

>1 nr^ n"}"-L 

'\UTl+1, XX) ,^(xn+1)i(y2)i ... 

Using the fact that Q n + 1 is orthogonal and Q„ + 1
T
n + 1Q n + 1 is 

symmetric, one can verify that the elements of the first row 

and column are zero with the exception of the diagonal ele-

ment, which will be Aj_. Also the n X n matrix formed by 

deleting the first row and column of Qn+lTn+lQn+l i s symmetric 

and can be denoted by Sn. Therefore, 

n+1 
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Q. a+l̂ n-HL̂ n+l Qy 

\ 0 0 

0 

0 

0 

'n 

0 

Since the characteristic equation of Q^+-j_Tn+^Qn+^ is 

\\ - |sn - to| = 0 

and using Theorem 14, one finds the eigenvalues of Sn are 

the remaining eigenvalues of Tn+^ which will be denoted by 

• • •» " n̂+i* 

Let Qn be an orthogonal matrix which reduces SQ to diag-

onal form. Form the (n + 1) dimensional matrix 

1 0 0 ... o" 

0 

V l - 0 On 

0 

which is also orthogonal. It is readily verified that 

Wn+1*Qn+lTn+lQn+l)Wn+l = d i a g \+l*# 

Since ¥A(QJ-TQ}W = (QW)1T(QW), one sees that (̂ ti+l̂ n+l̂  ^ e 

required diagonal!zing orthogonal matrix for T +1. Thus the 

following theorem has been proven (1, pp. 50-54). 
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Theorem 16: If T is a real symmetric matrix, then T 

may be transformed into diagonal form by an orthogonal trans-

formation, i.e., there is an orthogonal matrix Q such that 

QiTQ = diag CA, , 7v , 7\_, A ) where A . is a character-
1 2 3 n 1 

istic root of T. 

If one changes the matrices to Hermitian matrices 

and used the conjugate transpose of instead of the trans-

~~T T pose, i.e., Q.T.Q. instead of Q.T.Q., and parallels the 
Jm X «L X Ju mim 

procedure used in proving Theorem 16, one proves the follow-

ing theorem. (1, p. 59). 

Theorem 17: If H is a Hermitian matrix, there exists a 

unitary matrix U such that H = UAIT*. 

The Companion Matrix 

In Theorem 13, it was shown that the characteristic 

equation of a given matrix was a polynomial of degree n 

where n was the order of the matrix. Now, suppose that 

p{z) = zn + a_ zn~^ + ... + a ,z + a 
1 n-1 n 

is a polynomial of degree n. Is there an n X n matrix whose 

characteristic polynomial is ̂ (z)? If so, it is not unique 

since if T is such a matrix, P-^TP is another for any non-

singular matrix P. However, there does not exist one. 

Theorem l£h Every polynomial of degree n is the char-

acteristic polynomial of an n X n matrix. 
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Proof: Consider the matrix 

T -

_0 0 0 ... 1 

The characteristic polynomial of T is 

ll * 

-al 

1 

-a2 

0 

-£3 *•< 
• 0 .. 

' "an-l 

. 0 

~an 

0 

0 1 0 . 0 0 

det (Ai - T) = 

-1 

0 

a2 S3 * * n-l a n 

"A 0 .. .. 0 0 

-1 A .. .. 0 0 

0 0 0 ... -1 A 

By multiplying column one by A and adding to column two, 

multiplying column two by A and adding to column three, and 

continuing until column n - 1 has been multiplied by A and 

added to column n, one is able to evaluate the det (Ai - T) 

handily. 

det (AI - T) 

,2-i 

i=0 1 i=0 
3-i 

-1 

0 

0 

-1 

0 

0 

M7\) 

0 

0 

0 0 

where aQ = 1. Expanding by row one, 
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(7\X - T ) = 0 + 0 + 0 + . . . + (-l)n+1^(7\)(-l)n~1 

= (-1)2V(7\) = 

Letting 7\ = a, det (si - T) = /(z) so that /(z) is the char-

acteristic polynomial of T. 

Definition 36; The companion matrix of a polynomial 

/(z) is the matrix of the form of T in Theorem IS. 

Bordering Matrices 

Definition 37' The process of building an (n+1) X (n+1) 

matrix ^ from an n X n matrix T is called bordering if 

rsj 

T 
T u 

yT ct 

where each of u and v is a column vector and <=c is a complex 

number ( real if T is Hermitian). 

Thoorem 19: If T is Hermitian, then 'T is Hermitian if 

and only if u = v. 

Proof: If u = v, 

t ^ j ** t j i » J = I> 2 , . . . ) n ) 

since T is Hermitian. 

Si+l^ = tj,n+l' ^ = 1' 2' 

since "in = t_+1 -• = "v^ and °< - ^ since o(_is real. Therefore 
j li X j J J 

T is Hermitian. 

If T is Hermitian, 

t ̂j ~ t ^ , (i, j 1» 2, .. ., n). 
•3 0 1 

'nl' 1°n2' *'*' °nn' cliiU u ~ v^ln' "2n' ' unn 

Hence, u = v. 

Now, v1 - (t ,, f n 2, ..., "tnn)
T and u - (t, , t 2 , ..., t ). 
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Due to the result of Theorem 19, one sees that 

/•w 
T 

T u 

u 
nr» 
1 o<i 

if T is Kermitian. It is of particular interest to discover 

what happens to the eigenvalues and eigenvectors of a matrix 

when it is bordered. 

Let y be an n component vector, let A b e a complex num-

ber, and let x = (y, fi) be the (n+1) component vector whose 

first n components are the n components of y and whose (n+1) 

component is f3. Suppose x is an eigenvector of T, then 

T u y 
- ~K 

1 
— — . - ~K 
jyT * 

- ~K 
3 

so that T'y +^u =7\y and 

(V)1(y)1 + (v)2(y)2 + ... + (v)n(y)n + ~h£ 

or (v, y) + Suppose T has diagonal form T = PAP~X 

where P is the polar matrix of T. Let y = Pw and one finds 

TPw + /̂ u = ~h Pw 

PAw + jSu - ?\Pw. 
-1 Multiplying the latter equation by P 

Nw + ̂ P-Xu = 7\w 

or 

w = /$(7\I - A)""'I'P*"Xu 

which gives the eigenvector if the eigenvalue is known. Also 
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(v, Pw) = (7\ - ck)j9 

or 

(v, P(7>I - AJ-^P-^u) =» 

This is an algebraic equation from which the eigenvalues of 

T can be determined. 

Consider the expression P(7\I - A J"*1?"1 where P is the 

polar matrix of Tfx^, (i, j = 1, 2, n). The diagonal 

matrix (Til - A J"*1 is formed by subtracting each eigenvalue of 

rom A and taking the inverse so that 
rp JC». 

X *L 

(7\I - A)"1 -

l/(7i - 7\x 5 0 

o l/(7\ - 7^) ... 0 

0 0 ... l/(7\-7\n) 

,-1 ... , ,-1 Denoting tho elements of P""1 by (x^)^, (i - l, 2, ..., n), 

P(71I - A)'1?'1 - (^km) inhere 

2-. ^xi ̂ k^&^i 

km 
i=l 

7\ - A m 

for k, m - 1, 2, ..., n. Substituting into the equation 

(v, P(7\I - A)'1?-1!!) - "A-

one finds that 

n 

(v) k 

k=l 

n 

i-m= 

i=l 

IV ^ 

(u ) m, ~h - o(. 
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If T is Hermitian, P is a unitary matrix, v - u, and the 

above equation simplifies to 

n 
!{u, xk)l

 2 
K 1 = 7\- oi. 

k=l ^ ~ ̂ k 

By plotting the left and right sides of this equation as a 

"*"X ^ 

function of A, it is easy to see that an eigenvalue of T lies 

between each pair of eigenvalues of T. One eigenvalue lies 

to the right of all of them and one lies to the left of all 

of thc.n. If T has a multiple eigenvalue 7\ repeated p times, 
r<J % 

then T has the eigenvalue repeated p - 1 times (3, p. 27). 



CHAPTER BIBLIOGRAPHY 

1. Bellman, Richards Introduction to Matrix . 
New York, McGraw-Hill Book Company, Inc., i960. 

2. Salvador!, Mario George, The Mathematical Solution of 
Engineering Problems, New York, McGraw-Hill Book 
Company, Inc., 1948. 

3. VJilf, Herbert S., Mathematics for the Physical Sciences, 
New York, John Wiley and Sons, Inc., 1962. 

50 



CHAPTER II 

THE ESCALATOR METHOD 

The escalator method (2; 1, pp. 265-272) is a method 

for determining the eigenvalues and eigenvectors of a matrix 

\+l' o r d e r k + ky using the eigenvalues and eigen-

vectors of the matrices Tk and Tk where Tk is the principal 

submatrix of order k obtained from Tk+̂ _ by deleting the 

(k + i)th row and column. The matrix Tk is bordered so as 

to obtain Tk+1. It is then possible to set up an equation 

to determine the eigenvalues of Tk_^ and to compute by 

simple formulas the components of the eigenvectors for T k + 1 

and Tk+1. Application of the method is begun by finding 

the eigenvectors of a second* order matrix. 

The great value of the method is the existence of a pow-

erful control which makes it possible for the computations to 

be verified at each step in terms of their own calculations 

and without loss of significance. 

The method is based on the use of orthogonality proper-

ties for the eigenvectors of the matrix T and its conjugate 

transpose T 

Consider the matrix Tk = (t^j), (i, j = 1, 2, ..., kj. 

The conjugate transpose Tk = {t j5. Let and/^ki, (i = 1, 

* 
2, ..., k), be the eigenvalues of Tk and Tk respectively. 

51 
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Furthermore, let x k i and xki be the eigenvectors correspond-

ing to A , - and A ^ , (i=l, 2, k), for Tk and Tk. 

T 
Note: The vector (xki) is not necessarily equivalent 
T T 

to x^^. The x k i notation is used simply to denote the ith 

eigenvector of Tk = Tk. Now, x k i = ^
xki)l> ^xki^2> * * * > 

(xkllk) asd^ = ((xj^, (x^)2, (^i)k). 

The eigenvectors of the matrices Tk and Tk are rectified 

if the following condition is satisfied. 

'xkl}l ^xkl^2 *•* (xkl}k 

/ T \ / T \ / T v 
k2 1 k2 2 k2 k 

(Xi-r-) -| (Xi, v ) 9 (Xv.v.) L kk'l v^kk'2 

or 

(2-1) 

kk'k 

{xki)i (xk2)1 ... (xkk)1 

^xkl^2 *xk2J2 (xkkJ2 

(xkl}k (xk2}k ••• (xt,v) 

= I 
k> 

m=. 
= 4j> (i' J 

Let 

Z1 ~ ^xkl^lZl + *xk25lZ2 + 

Z2 ~ ^xkl^2Zl + *xk2J2Z2 + 

kk'k 

1y 2 , » t * j k ) i 

* (xkk}lZk 

+ (xkk)2
z
k 

or 

(2-2) 

Zk ~ ^xkl^kZl + ^xk2^kZ2 + •** + (xkk*kZk 

m 
Zi = A. ̂ xlcj^mZj> = x> 2, ..., k), 

.1-1 
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where the (x^j)m are the components of the rectified eigen-

vectors of and the Zj are any quantities whatever. After 

multiplying each Z* by (xj^)^, (m = 1, 2, k), adding, 

and using the properties of (2-1), one can immediately verify 

that 

+ ••• + '^L>kzk - zi-

Similarly, using (x£j)m as multiplier, (j = 2, 3, ..., k), 

one obtains 

^ 1 Z 1 + ^k2>2ZI * - + ^2>k Zk - z; 

(aWc,lZl + ^ 2 Z 2 + - + Kk>k*k - Zk> 

which can be condensed to 

(2-3) Zj - 2> •••> k>-

Substituting for Z ̂  from (2-3) into {2-2), one finds that 

4 -
or 

T k k T , „T 

Hence it follows from (2-4) that 

(2"4-) Zi " V 

(2-5) $ "" ̂im» (i> B - 1. 2, ..., k) 

V1 ——. 
rp 

since when i « xa, 2: ̂ xkjMxkj^m ** lf a n d wiien i ^ m* 
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X (xv..)., (xt.) = 0 in order for (2-4) to be valid. Thus one 

can ractify the eigenvectors, of a matrix by satisfying either 

equation (2-1) or (2-5). 

Let T w o be the (k + l)th order matrix obtained from T. 

by bordering and let be the eigenvector corresponding to 

the eigenvalue One has, letting p = k + 1, 

^V XP^1 = tll^xp^l + t12^xp^2 + * * * + tlp^xp^p 

^V xp^2 t21^xp^l + t22^xph + + W p 
(2-6) 

' V ^ p ~ + + 

Similarly for T*T, 
Jr 

t f t 

^p^p'l tll(xp'l + t2l'xp)2 + 

+ S P ' V P ' 

+ t (xT) 
Pi P P 

^p^xpJ2 ~ t12(xp)l + t22^xp)2 + "• + ^p2^xp 

(2-7) 

^p^^p^p ^Ip^ 2^! + t2p^xp^2 + * * * + ^pp^xp^p* 
,T • 

If one multiplies the first k equations of (2-6) by (x^)^, 

Fj? F? 
(x*i)2, ..., (x^ihe respectively and adds, then 

< 2" 8 ! ^pJ=1
(xki'j(xp'o-

J i m: 

32L \— k jp— 
X tjm(xki) fj=± JJ ̂ Xp )j21 

k 

m=l Lj=l 
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rp ^ 
Si::ce is an eigenvector of T^, (2-8) can be written as 

\.X.fxki'i!xp!J +^ki(xki)2<*p)2 + 

+ \i'xki'k'xp'k + tlp^ki'l + t2p(xki'2 

+ ... + tkptx^jjfxpjp 

!2"9' - ^ k i S ^ k i ' j ^ ' j +(XtjP(*ki)ll<xP)P' 
J-i. HO-i 

Consequently, 

(2-10) (Aki - 7\p) ^(x^)j(Xp)j - - JP^xki^ 

Letting 

(2-11) Ppi = A^'p^ki^j' 
c) •*" 

(2-10) can be written as 

,:c 
(2-12) ^ki " ̂ p ̂  ^xki ̂  j ̂  ^ j " Ppi^xp^p* 

If one multiplies the first k equations of (2-7) by 

(x̂ i)i> (xki^2» ' (xjcî k respectively, and adds, then 

(2-13) 7\p 2^(Xp) j(xki)j (Xp)m 

•k 
<*£>»• 

Since xVi is an eigenvector of Tk, (2-13) can be written as 

^P S,(x?) J (xki}3 ~ ̂ ki ̂  (xki5 j {xp5 j + fe,"^P J (xki} j 
/ T<. ^xp ̂p 
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k 
i2-lk) 7\pS,

(xP)0(xki)j =>^if + 

J—J- J J-

T 

Consequently, 

k 
(2-15) ( \ i - 7\p) X, j| (xp>p* 

3 •*• 

Letting 

{2-16) ^Pl tp^^X^i) j; 
J 

equation (2-15) can be written as 

{A^i - Tip) V ^xp ) j (xki ̂  j (2-17) 

In view of the orthogonality properties of (2-1), 

- P (2-13) 

whore 

(2-19) 

k 
2. ̂ pi 
1=1 r 

4<*ki)d(xp), 

k 
p - Xtpj(Xp) j - -(tpp - Ap)(xp)p. 

0=1 

Nov; (2-1B) becomes 

{2-20) £ p n l 
i=l pi 

k 

j ~^P? " ^ V ^ V 

Similarly3 

(2-21) 2 Poi 
i-1 

"^pp ~ ' V 
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[2-22) 

where 

if one multiplies (2-20) by f f (7ikt - ?L), one obtains 

- v l / . ij-I 
= D 

k 
D ~ t 2 ^ \ t " "^p^pp. " ̂ ^^p^p* 

Substituting appropriately from (2-12) into (2-22), 

k 

"Q = t ^ 2 ( ^ " V W V l 

k 

^kl ~ \>^T( kt ~ ̂ p^2*^2^^^p + ••• 
t-3 

i-1 _ k 

tOl^kt " ̂ p^tf7|_i^kt ~ ̂ p^p^pi^^p" 

k-1 
+ .71 ( \ t " K)?^vKV^ t-1 P Pk pk p p 

k i-1 
= -D. 

<2"23! J i - \ ) r A 

Equation (2-23) shall be called the escalator equation. 

I f \ i r then (2-23) can be written 

(2-24) /^^pi*pi/^ki ^p^ ^pp ~ ̂ p^ 

and one can determine the eigenvalues of T P - V i from (2-24) 

if the eigenvalues of T are distinct from those of Tv. The 
P A 

case where 7 ^ - ?\^ shall be considered later in the chapter. 
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If one multiplies equation (2-12) by (x, . ).., (i = 1, 2, 
K1 X 

3s ..., k), one obtains 

\ l " \ 

\ ^ /.J \ \ .. Pp2^xp^p^xk2^1 
^ 2 ' l A ( * k 2 J J ( V j > > 

J J- /'k2 ~ "p 
0 

* 

- - p ' k ' x p ) p ( ^ k > i • 
kk * ' p 

Adding the previous equations, 

g % w o ^ w s - - t 

where 7\-vj_ ̂  ?\̂ . Considering the orthogonality properties of 

{2-1), one finds 

( V l _ ?pi(xki}l 7\ / -> 
X X . . 7\ ' /WL + V 

9 
9 w $ • • • | 

^*p^p i=l ̂ ki ~ Ap 

Similarly, if (2-12) is multiplied by (x^)j, (i = 1 

k), ar.d the equations are added for j = 1, 2, ..., k, the 

following is true considering the orthogonality properties 

of (2-1). 

( x p}2 Ppi(xki}2 

^xp^p 1=1 Aci 

(2-25) 



if A . f 7\ . 
4V.1 ' p 

(2-26) 

^xp^k 

(xp'P 

Analogously 

pii(xki'k 

\ i - \ i-l 

l^'l 

L^'pJ 

Ppi^xki 

M A. . - 7 1 
kx p 

(x ). 

(x ) . p p. 
- - Z 

— Ppi^xki^2 

i=l vki \ 
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(xp}k 

( x ^ 

£• Ppi *xidA 

i=l \ i " ̂ p 

Thus by finding the eigenvalues 7\p from (2-24) i f \ i 

one can determine the eigenvectors of and T£+l, which 

correspond to 7\p and Ap, accurate within a numerical factor. 

To continue the process one must rectify the eigenvectors in 

the sense of (2-1). 

In order to keep the notation standard, it is convenient 

to replace p in equations (2-24), (2-25), and (2-26) wit*; pr 

where p = k + 1 and r = 1, 2, ..., p. This notation allows 

one to distinguish between the eigenvalues and eigenvectors 

of T and T*. 
p p 
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Considering (2-1), (2-25), and (2-26), one can immedi-

ately verify that 

12-27) jt1
(xPrij(*pr);S _ PpjPpi _ 

(*pr'p'*pr'p 1 - 1 ( \ i " ̂ pr,Z 

—rp 

ir — 1, 2, . p ) . Adding — — P T . ^ P — -̂ o both sides of 

^pr^p^^pr^p 

(2-27)? one sees that 

1 , I PpjPpi 

(V-'p<xpr>p ^ ( \ i " V ) 2 

(r - 1, 2, p). Considering the orthogonality properties 

of (2-1), the rectification conditions are satisfied for 

i k P_., p L 
= ]_ 4. y PJ- PI 

(Xpr )p(-spx,)'o * ^Aci \̂>r ̂  wpr/p\^pr'p 

Let 

T 
> <*• k P„<I P 

- < V } " S p + V +
 x ? L " \ ^ r ~ 0 

(r = 1, 2j p), then 

df(/V,) k P^^PL 
f(An r) 2 £ _ . x + V P 1 P 1 

d < V i 4 l ( 7 W - ? W > 

i» 
(x ) (x ) 
pr pv pr p 
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Without loss of generality, one can let (x,or)p = t(Xpr)p, 

choosing the sign so that l/(Xpr)p = ±f'(\ r) is positive. 

Therefore, 

{2-28} 

If f7 (7\pr) > 0, and 

= l/Vf? (Apr) 

( v ' p - (l/Vf'(7lpr)) 

(xpr'p - W-f'fApj.) 

«4r)p - (l/J-f'(Apr)) 

if f'(Apr)c 0. 

The valuable control quantities can be determined using 

(2-1) and (2-11) for the t- and (2-1) and (2-16) for the t . 
pi 

i= 
1 " ' T r ( V 

_^Ppi(xki^l ^pl 

£^ Ppi ̂ xki ̂2 ^p2 

(2-29) 

i= 

k 
2 
i=l 

Ppi^xki^k ^ 

2",ppi<*ki'i 

pk 

'lp 

k 

i=. 
Ppi^xki^2 ^ 2p 
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k ,T 
" l3p 

X PT-(x. . ), = t, . 

It is necessary here to consider what happens when one 

or more eigenvalues of T are not distinct from the eigen-
P 

values of T^. 

If - A . for some i and some r, (i = 1, 2, 
pi KX 

r = 1, 2, ..., p), say i = a and r - b, then A ^ = A^a. 

Since x,ca is the eigenvector associated with A t h e vector 

(xka, 0) va.ll be an eigenvector of associated with A ^ if 
•p * 

Ppa = 0. Similarly, (x^, 0) will be an eigenvector of Tp 

b ^ ^pa 
T~ T 

associated with /Lv if P = 0. 

^ \̂>b ^ka» ^en e a c& ^pa^^pb^p an<^ ^pa^^pb^p " ̂  

by (2-12) and (2-17). In this case, P^a - 0 or (Xpv>)p = 0 or 

both; and P ^ - 0 or (x^) = 0 or both. If P^a = 0, it will 

be permissible for x ^ = (x^a, 0}. If Ppa =• 0, it will be 

permissible for Xp-̂  ~ (x^, 0). 

T If either P or P is zero, it is convenient to elimi-pa pa 

nate them frora the escalator equation. In order to remove 

P one should consider (2-20) in the following form: 
.pa 
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A . 

(2-30) 2.P-
i-1 p-

4- N p 
i=a+l p i 

k 

^ k i V V . LJ=i - - *- J 

Using (2-23) and eliminating the Ppa term, 

( 2- 3 l ) 

^ p p " 

X i-l 

l 5 n ffi1^ ' V ' t ^ ' A r t . " V P p i P p i ~ -D 

where 

D = - Tf - \t)(t - ]\ ) 
tii ** pt PP /ipp 

One can see that Ppa has been eliminated from the escalator 

equation. In a similar manner, p£a can be eliminated from 

(2-21) and (2-31) will result. Equation <2-3l) will also be 

called the escalator equation. 

Assuming that the remaining eigenvalues of Tk are dis-

tinct from the eigenvalues of Tp, the escalator equation may 

bo written 

c — 1 
\ v\ X 

i 2" 3 2 ) - v 

iiy+l
PpiPpi/(\i " \̂>i> (tpp - ̂ pp)-

a . however, Ppi or i s 2ero for «*» other i, then either 

ona or both must be eliminated from the escalator equation in 

tne sana manner. 
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The eigenvectors corresponding to the eigenvalues of 

equation (2-32) are determined in a similar manner to (2-25) 

and (2-26) and they are, accurate v/ithin a numerical factor, 

(2-33) 
(Xpr)j ^ Ppi^xki^.j 

(Xpr)p i-1 (7^ - ̂ pr ̂  

(2-34) 
{xlrh 
(xT ) 
pr p 

Ppi^xki ̂.1 

i"1 <\i " ̂ pr1 

(3 ~ x) 2, «• •, kj r = 1, 2, • • •, b—1, b"̂"l, ..., p) • 

Considering (2-1), (2-33), and (2-34) one can verify 

(2-35) JZz 
(Xpr)j(xpr)j 

T p , P; . pi pi 

Cx ) (x ) 1 pr'p^ pr'p =1 *\i " 

(x^„) (r ) 

Adding 1 ^ to both sides of (2-35) one sees that 

(Xpr)p(Xpr)p 

T> 
X ^xpr^ j^r^J 

1 + 
?pippi 

i 1 (A^ - Apr) 
2 > 

"̂̂ pr ̂p^^pr^p 

(r = 1, 2? b-1, b+1, p). Considering the orthog-

onality properties of (2-1), the rectification conditions are 

satisfied for 

1 
1 + 

ppippi 
* 3 • 

(:Cpr)p(Xpr)p *\i ~ ̂ pr}< 
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then 

C/̂ pr) ~ t P ? + 
P ~ P " \ 

. . "1 
^ \ ± 'V 

f ' ( A ) 
w pr' ? 

(xpr^p(xpr^p 

(r = 1, 2, ..., b-1, b+1, Without loss of general-

/, ô t, cor. let (Xpr)p - - ( V ) p where the sign is chosen so 

that 1 / < V | " ± f ' ( V i s P«"ive. Therefore, 

(2-36) 
(-̂ pr̂ p l/Vf' (7\pr) 

<x£r>p " (V-Jf'(?^r)) 

i f f'fApj.) > 0, and 

'V'p " VV-ffApj.) 

<*Jr)p - (l/J-f't^)) 

^pr' < 'r = 1> 2, ..., b-1, b+1, . . . , p ) . 

One now needs to determine x£b if ppa = 0 or x_b if 

'pa = o. Using the last equation of (2-7), one can determine 

? rn 

(XPb)? l n t e r m s o f (xpb}j a n d usir'S the last equation of (2-6) 
one can determine (x , ) , i.e 

Pb p ' - » 

(2-37 J (^b)p = -
n 5 

and 

if i 

"ip ̂*pb /^pp ~ T̂ pb̂  
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(2-38) (Xpb)p 
~ k 

rp 

In order to determine (x^)^ or ( x ^ ) ( j — 1, 2, ..., k), 

one must satisfy the rectification conditions of (2-1) or 

(2-5). Considering (2-5), 

(2"39) Jr^pi V X p i ^ 4m' 

(j, m = 1, 2, p), and one sees immediately that 

J ^ p i V ^ P ^ j " 1# 

T 
In this case, every element is known except (x^Jj or (Xp^)j; 

Using (2-37) or (2-33) appropriately, (x^0) or (xpb)p can be 

so that the element can be determined for j = 1, 2, k. 

,T 
)'p lApb'p ^ u 

computed. Thus the eigenvalues and eigenvectors of Tp and Tp 

T 
can be determined if Ppj_ = 0 for some i, or Pp^ = 0 for some 
i, i.e., if 7\,ci = Apr- If both Pp^ and P ^ = 0 for some i, 

T T 

it is sufficient to say that = (xka, 0) and Xpb = (xka, 0) 

with the remaining eigenvectors being determined from (2-33), 

(2-34), and (2-36). 

If /N̂ i = /\pr for more than one i and r, then Ppi, if it 
T 

is zero, or P if it is zero, must be eliminated from the 

escalator equation and all other pertinent equations used in 

determining the eigenvectors. The same method used in elimi-

nating and Pi;, for one i is applicable. Hence it is 
uJ. pi 

left to the reader. The control quantities of (2-29) are 

still applicable. 
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Example 1: Find the eigenvalues and eigenvectors of the 

4 X 4 matrix T^ where 

T 4 -

md 

frs5^ 
4 = 

i -1 0 0 

0 1-i i 0 

0 0 2 0 

_ 1 -2i 0 1+i 

-i 0 0 1 " 

-1 1+i 0 2i 

0 -i 2 0 

0 0 0 1-i 

Considering the 2 X 2 matrix Tg formed by deleting the last 

two rows and columns of T^, one finds that 

"i -1 

0 1-i 

The characteristic equation of T2 is det (Tg -7\I) and 

i-7\ -1 

0 1-i-ft 

;o that 7\2i = i and ~7\00 = 1 - i are the eigenvalues of T^. 

dot {"2 ~ ̂ 1) (i - A)(1 - i - A) 

22 

Tr (T2) - 1 - Ajx + T^j - 1 

so that the first equation of (2-29) is satisfied. 

To find the eigenvectors associated with T^i £n<* "̂ 22 o n e 

must satisfy the equations ^2X21 ~ ~̂ 21x 21and T2x22 ~ ^2 2X22* 

From the first equation, 
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i -1 

0 1-i 

(x2i)i i(x2i)i 

^2ih_ i(x2i)2 

1 ~ (x21}2 " = i(x21)x 

i)(x21)2 " = i^x21^2 

{x21^2 ~ 0 

^x21^1 = ^x21^1* 

?rom the second equation. 

i -1 (x
22)i (1 - i)(x22)1 

0 1-i SX22^ 2, (X •" 1) (X22)^ 

i(x22^1 ~ ^x22^2 (1 - 1HX 2 2) 1 

(1 - i)(x22)2 - (1 - t)(x79)9 

^x22^2 ^22)2 

(x22)i = (1/(2i - l))(x22)2 

(x22^1 = ~ ^ 1 + 2i)/5)(x22)2. 

Since the eigenvalues of T2 are the complex conjugates of* 

those ox 12> i.e., 7l2^ ~ -i ^22 = + one sees that 

n* T _ ~K T 
2 21 1121x21 

-i 0 

-1 1+i 

Il>l 
ss 

-i(x2i)i 

Il>2_ -i(x2i)2 

-i(x2l)l -i(x2i)i 

r_̂ li}.i + ti + j)(x|I)2 - -i(xj,) 
2112. 
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ffS 

*x21*l = 
m 

* X2]A 

(x21^2 ~ CCi - 21}/5)(X21)1 

rn̂  T _ y, T 
2 22 ~ 2 2 x 2 2 

-i 0 

-1 1+i 

) 
22'1 

"J l/x22^2j 

(1 + i)(x^2}1 

a + ±)UT
22

)2 

~ l ( x22h - (1 + i)(x22>2 

~* ̂ x22 )j + t1 + i) (x22^2 ~ + i^(x22^2 

0 
/ T * 
^x22 1 

^x22^2 ~ ^22^2' 

T 
Nov/ i/O lecoixy x22' x21* anc* x22* o n e ^ust satisfy (2-1) 

or 

T 
(xJi)i ((l+2i)/5)(x21)1 

^22^2 

(*21^1 ~((1+2i)/5)(x22)2 1 0 

° (x22^2 0 1 

* r n 

<*il)l(s21)i + ((1 + 2i)/5)(x^1)1{0) - 1 

(£1 + 2 ^ / 5 X ^ ) ^ x ^ ) 2 + ((1 + 2i)/5)(x|1)1(x22)2 - 0 

ryi 

ix22^2^x22^2 ~ 1 

^x21^1^x21^1 ~ 1 
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r ,i 
*x21*l*x22*2 = c 

whoro c is arbitrary, say 1 and 

(xj2)2(x22)2 !• 

fp ip 
Let (̂ 21̂ 1 ~ then (̂ 21̂ 1 = -*•> ̂ x22^2 = ^ and ^x22^2 = 

Iionco x21 = (1, 0), x20 = (-(1 + 2i)/5, 1), x22 - (0, 1), and 

x~i = (1, (1 - 2i)/5) are the rectified eigenvalues of T2 and 

Tp respectively. 

From (2-11) and (2-16), 

— "̂ 2l̂ x21̂ 1 ^32^x21^2 = ^ 1 ) "r (0) (0) — 0 

P32 = t31(x22}l + t32
(x22)2 = (0><-<1+2i)/5) + (0)(1) = 0 

n m rn 
P31 = t13(x21)l + t23(x21)2 = (0)(1) + (i) ((1+2iV5) 

= (-2 + i)/5 
rp ?p ̂  "rp 

P30 ̂  ti3^x22^1 + ^23^x22^2 = {0)(0) + (i.)(i) = i. 

For control, using the equations of (2-29), 
in ~~ m 

?3j 1-̂ 21 ̂x P32^x22^1 ̂  "̂ 31 38 ®5=5 C0)(l) {0){0) 

ri m 
p31(x21}2 + P32(x22}2 = *32 = 0» (0){l+2i)/5 + (0) (l) 

p3i{x21}l + ?32(x22)i = t13 = 0= {(-2+i)/5)(l) + (i)(-l-2i)/5 

?31("21}2 + ?32(x22}2 = t23 = i= (<-2+i)/5)(0) + (i)(l). 

Tlio escalator equation, determined from (2-31), is 

0 — 1̂ 21 ^31) (7̂ 2 "* ̂ 32^^33 "" ̂ 33 ̂  
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o - (i - A31)(1 - i - 7^2)(2 - Aj3) 

so that tho eigenvalues of are A ^ = i, A ^ = 1 - i, and 

- 2. Using the first equation of (2-29) as a check, 

?r(? 3)=3 = i-i-l-i + 2 = 3 = A31 + 7\32+ A^. 

Remembering that (x^a, 0) is an eigenvector of associated 

with A p b if P p a = 0, one can verify that x 3 1 = (x21, 0) and 

x32 = ^x22' °̂ » i,e#» 

x 3 1 = (1, 0, 0} 

x 3 2 = {-(1 + 2i)/5, 1, 0). 

Fron (2-33) and (2-34) with = 0 and P32 ~ °> 

i-L _ ((-2 + i)/5) (1) (i) (-1/5) (1 + 2i) 

Tx^TJ (i - 2) 1 - i - 2 

- - 1 + 3i . 
10 

{x33)p ((-2 + i)/5)(0) i(l) i 1 + i 

(::33 )3 ~ ~ (i - 2) " l-i-2 ~ 1 + i 2~~ ' 

33.-1 

(x33}3 

- 0, 

fjn } 
\ X? q i o 
— = o. 
(x33>3 

T 

Using equation (2-36), one sees that (x33)3 and ^33)3 ~ 

JrlCiiCO ̂  {-(l+3i)/l0, (l+ii/2, 1) and x 3 3 = (0, 0, 1). 
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a* qui cQUcXion (2-39) 

lx3i^l(x31^1 + (x32)l(x32)l + ^x3lh^x33h = 1 

r.i m 

+ {x32)2(x32)l * ° 0 

~T~, ~T~ (x31)l + + 2i)/5)(x|2)1 - 1 

/ T \ 
32̂ 1 0 

f| I pp 
so onco ^'x32~ ^ anc* ^x3i^i ~ -*•• Also 

^ 3 1 ^ 1 ^ 3 1 ^ 2 + (^32^1^32^2 + ^ x33^1^ x33^2 = 0 

(;i31)2(x3-l)2 4- (x32)2(xj2)2 + (x^)2(x^)2 = 1 

T 
(x3i)2 + (-(1 + 2i)/5)(x32)2 = 0 

- 1 (x32}2 

so that (xj2)2 - 1 and (x̂ ),, = (1 - 2i)/5. Using (2-37), 

^:3iJ3 = ~ ĵ °)(x31̂ 1 + (-i)(x31)2y
//(2 + i) 

- [i(l - 2i)/5|/(2 + i) - 1/5 

(x32J3 = -{(0)(xj2)1 + (-i)(xj2), 

= i/(l - i) = (-1 + i)/2. 

(2 - 1 - i) 

Hcncc, 

T 
"32 (1, (1 - 2i)/5, 1/5) 

:32 = (0» 1, (-1 + i)/2) 

ri 
*22 3=8 i 
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Z31 " 0' °' 

x 3 2 = ( - ( 1 + 2 i ) / 5 , 1 , 0 ) 

x 3 3 - ( - { 1 + 3 D / 1 0 , ( 1 + i ) / 2 , i ) . 

One c a n v e r i f y t h e p r o p e r t i e s o f ( 2 - 1 ) w i t h l i t t l e d i f f i c u l t y 

£L3 a means of checking. 

E q u a t i o n s ( 2 - 1 1 ) and ( 2 - 1 6 ) y i e l d 

P 4 1 = t 4 1 ( x 3 1 ^ 1 + ^ 4 2 ^ X 3 1 J 2 + * 4 3 * * 3 1 ^ 3 

= (1)(1) + (—2i)(0) + (0)(0) 

= 1 

P 4 2 = t 4 1 ^ X 3 2 ) l + t 4 2 ( x 3 2 ) 2 + * 4 3 * * 3 2 * 3 

= ( 1 ) ( - ( 1 + 2 i ) / 5 ) + ( - 2 i ) ( 1 ) + ( 0 ) ( 0 ) 

= - ( 1 + 1 2 i ) / 5 

? 4 3 = t 4 1 ( x 3 3 ) l + t 4 2 ( x 3 3 ) 2 + t 4 3 ( x 3 3 ) 3 

= ( 1 ) ( - ( 1 + 3 i ) / l 0 ) + ( - 2 i ) ( 1 + i ) / 2 ) + ( 0 ) ( 1 ) 

= (9 - I 3 i ) / 1 0 

P 4 1 ~ t 1 4 ^ x 3 1 ^ 1 + t 2 4 ( x 3 1 ) 2 + t 3 4 ( x 3 1 ) 3 

= CO)(1) + ( 0 ) ( 1 + 2 i ) / 5 + ( 0 ) ( 1 / 5 ) 

= 0 

ri 
"42 *14**32*1 + *24**32*2 + '*34**32*3 

= 0 

IT? rp m ra 

? 4 3 = 1 4 ^ 3 3 ^ 1 + t 2 4 * x 3 3 * 2 + t 3 4 ^ x 3 3 ^ 3 

«= 0 . 
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Using equation (2-29) as a check, one can verify that 

p4iu31^1 + P42^x32*l + P43*x33*l ~ 1 ~ t41 

P41^x3152 + P42^x32^2 + P43*x33^2 " ~2i = t42 

m m m 

?41^31^3 + P42^x32^3 + P43 *x33 h = 0 = *43* 

Similarlyj 

J i
P4i { x3i )j = tj4 = 0 

since t.^ = 0 and = 0 for j = 1, 2, 3. 

From (2-31), the escalator equation of is 

° ~ ^ 1 ~ V ^ 2 ~ ^42^^33 ~ \l *' b44 " ̂ 44* 

(x - 7\u)(l - i - \ 2 ) (
2 ~ \ 3

) ( 1 + 1 ~ 

so that the eigenvalues of are A,^ = i, 7 ^ = 1 - i, 

7). ̂  = 2y and "A, . = 1 + i. 
4-> 44 

Tr (T4) = 4 + i = i + l - i + 2 + l + i 

- 4 + i 

= 

i=l 4 1 

fp 
Since fx,", 0) is an eigenvector of T„ associated with 

«n.u jj 

7\ -f if P
1 ~ 0, it is immediately obvious that xf, = (x;£,, 0), 

pD pa * J 41 31 

T * T T T 
: < : 4 2 = (^2? °) > and x ^ = (x^, 0) > i.e., 

:%1 = (1> (1 " 2i)/5> 1/5, 0) 



75 

m 
5- X x42 = i0> 1> t'1 + i)/2, 0) 

Ct ,1 

Wit 
m 

r 13 -t 
Wi* A { * 

4i 

x43 " (0> °> 1, 0). 

°, (i - 1, 2, 3), equation (2-33) gives (x,, ) - 0 
44 1 J 

v"44'2 °» a n d ^44^3 From equation (2-34), 

- .. ( 1 ) ( 1 ) . (-(l+12i)/5)(0) ((9-13i)/10)(0) W 1 

i-l-i 1-i-l-i 
« 1 

2-1-i 

L1)(l+2i)/5 (-(l+12i)/5)(1) ((9-13i)/10)(0) 

i-l-i 

(2 - i)/2 

1-i-l-i 2-1-i 

U44 ;3 
fTl 

(*;;). 
, 44 

( 1 ) ( 1 / 5 ) _ (~(l-H2i)/5)(-l-i)/2 ((9-13i)/10)(l) 

-2i 1-i 

~ (-1 + 3i)/4 

and using (2-36), ( x ^ . 2 a n d ( a c T ^ = ^ H e n c ^ 

x44 = (1' " ( 2 + i)/2, -(1 + 3i)/4, 1) 

x44 " (0' °> °> 1). 

in order to determine the regaining eigenvectors of 7^ one 

must satisfy equation (2-39), i.e. 

<£ 

i j s ui lj 2, 3). Substituting appropriately into (2-39) 
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a 1 o | 

' H l ' l ' 1 ' - 1 

+ 2 1 V 5 + - o 

i x , - j j f 1 / ; ) + ( x ^ t - l - i ) / 2 + { x ^ Q . ) - 0 

f x 41» l - 1 

(xw!1 - -(1 + 211/5 

(xU3}l " ( 1 + 3 D / 1 0 . 

( x w ) 2
( 1 ) » o 

( x ^ l ^ X + 2 i ) / 5 + ( x 4 2 ) 2 ( l ) = i 

f V 
43 ' 2 ' ^ X L 1 } 2 ^ ^ * W . p M " 1 ' " 1 V 2 + (x. _ )_ ( ! ) = 0 

md 

( x 4I^2 0 

^x42^2 = 1 

( X43}2 = ( 1 * i } / 2 

^x41 ^3 ̂  ^ = 0 

( : < 41 } 3 ( 1 + 2 i ) / 5 + ^ 4 2 }
3

a ) = 0 

{ x / , 1 } 3 ( 1 / 5 ) + ^ M " 1 " i } / 2 + = 1 

( x41^3 = 0 

{ x42 }3 = 0 

^ 4 3 ^3 ~ 
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-ow v/O a0ucrn::.n8 the fourth component using (2-3^), 

(x41}4 = + C-2i)(0) + (0)(0}]/(l+i-i) - -1 

lX42''4 " ~ L(I){-(l+2i)/5} + (-21) (1) + (0)(0)J/(1+i-l+i) 

- (12 - i}/l0 

(x43
}4 = -[(l)(-(l+3i)/l0) + (-21) (1+i )/2 + (0) (1)]/(l+i-2) 

- (22 - 4i)/20. 

'Therefore, 

X41 = (1> c> °> -1) 

42 (-(1 + 2i)/5, 1, 0, (12 - i}/10) 

x43 = + 31)/l0, (1 + i)/2, 1, (22 - 4i)/20) 

x44 = (0' °' °> 1 } 

x4i = (1» (1 ~ 2i}/5, 1/5, 0} 

x 4 2 = ( 0 ' 1 > ( - 1 + i ) / 2 , 0) 

-43 " (0, 0, 1, 0) 

x44 = (1. -(2 + i)/2, -(1 + 3D/4, 1). 

Her.ee the eigenvalues and eigenvectors of have been found. 

Although the escalator method is voluminous v:hen done by 

nana, -t can be adapted to a computer without a great deal of 

uXxx-culwy. m e difiiculty would arise in the complex arith-

metic. If, however, the matrix considered were real, then 

very little difficulty should be encountered, since the entire 
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formulation would be simplified. One will note that the 

equations ere greatly simplified if the matrix is real and 

symmetric, since each element with a T would be equivalent to 

the element without the T (1, p. 268). 

The form of the escalator equation for a real matrix 

allows one to use Newton's approximation method for finding 

the roots of a polynomial. It is, if employed, the only 

approximation in the escalator method. 

Example 2: Find the eigenvalues and eigenvectors of 

where 

T3 -

ana 

T3 -

4 -7 3 

1 2 5 

-1 2 -1 

' 4 1 -1 

-7 2 2 

5 -1. 

Considering the 2 X 2 matrix T 2 formed by deleting the last 

row and column of , one finds that 

4 -i" 

l 

det (T0 - hi) 
k-7\ -7 

1 2-7\ 
(4 - A) (2 - + 7 = 0 

so that ~ 3 H" VcT i and 7 ^ = 3 - "i/o"1 i are the eigenvalues 
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o: Using (2-29) as a check, 

& < v - 6 - ? W + 7k 2 

i X 
2 21 

A x 21 21 

4 -7" ^X21 ; l (3 + 

.1 2. _*X2l'2_ J 3 + 

k 2 l ' l 

:21^2 

4(x ? 1 ) 1 - 7 ( x 2 1 ) 2 = (3 + i H x 2 1 ) 1 

( X21}1 * 2 ( x 2 1 } 2 ^ { 3 + ~ v / g i ) { x 2 1 ) 2 

( x 2 1 ' l = (1 -s- Vo1 i ) ( x 2 1 ) 2 

T2x22 ~ ^2 X 22 

4 -7 ^22^1 "(3 -

1 2 J x 2 2 ' 2 i 
_(3 -

"22 1 

:22^2 

4 ( : :22 )X " 7 ! x 2 2 ) 2 " i 3 - ^ L ) { x 2 2 h 

+ ° " V S , i ) : x 2 2 , l 

{;•: ) 
is 2 1 (I - i)^x22^2" 

Since ? 2 and I'2 ure complex conjugates , the eigenvalues of T2 

are tha complex conjugates of those of T2 , i t e . , 

• 

A 

A 

21 

22 
-v m 

r-%"4 X 
i2x21 

3 - V6"" i 

3 + i . 
rp rri m 

rn*̂» A * 
2X21 21x21 



so 

r 
-7 

m 
(x~ } 1 2l'l 

1 
trt 

(x* } 
J 2 1 J2_ 

3 - ^ i ) U | 1 ) 1 

(3 - "Vo"1 ±) ( ) 2 

4(:41)1
 + (x21}2 = (3 " ^ i)(x21}l 

'7(4t}i + 2{x1I}2 = (3 - ^ 

^2ih ( " ( 1 V67i)/7)(x21)2 

T * 3t ̂ 
2 22 

m 
2X22 

4 1 

- 7 2 

*X22J1 

{*22}2 

(3 + i)(x^2)1 

(3 + is1i)(x^2)2 L' 

4!222)l + ( xL>2 = !3 + ^ iXx^'x "22 1 

-7CaKl2>X * 2(X22}2 * (3 * ^ i ) ( x L } 2 

^22^1 = + ^ i)/7}{x^)2. 

Rectifying x21, x22> x21, and x22, one finds 

(^21) 2 ̂ 2 i ^ = ^ + V6-1 i )/l2 

^ 2 ' 2
( X 2 2

! 2 " (6 " 

iLi-w 1/ v = 16 + V6"i)/12 aid (x )9 = (6 - V^x)/l2, 
21 2 w"22'2 

\ m 

)2 = 1 and (x~ ). = I so that the remaining 
, rp 

f*I -n f\ o f o T f" f •* - •* 

' 2 ^^22/2 

components of the eigenvectors can be determined, i.e., 
= (1 + VT i)(6 + Vo1 i)/l2 = (7"V^i)/l2 

t \ v„ 
'21 



= (1 - 'Jo i) (6 - V6" i }/l2 = (-7i/£Tl)/l2 
JL 

Si 

(x.^ )1 = -.'1 - -vTi)/7 
% -1. J. 

hcnee, 

( X22^1 = ~ ( 1 + ^ i V 7 . 

'21 

x 22 

(7V6 7i/l2 J (6 + "V57 i)/l2) 

{ - 7 ^ 1 / 1 2 , (6 - -]foi)/l2) 

X 2 1 = ( ~ { 1 " ^ * ) / 7 » 1) 

- 2 2 = (-(! + ^ i ) / 7 , 1), 

£.nd tliece are the rectified eigenvectors of T_ £i;d T_. 
2 2 

From (2-11) and (2-16}, 

? 5 ! = i/12) + (2) (6 + ~\f51 i ) / l 2 = (12 - i)/l2 

? 0 0 = (-1) ( - 7 ^ 1 / 1 2 ) + (2) (6 - a/ST1 i J/12 = (12 + 5 V ^ i ) / l 2 

= i3JC-(l + "VcTi)/7) + (5)(1) = (32 - 3 V ^ i ) / 7 

?^ 0 = (3) (~(1 - -V^i)/7) + (5)(1) = (32 + 3 V ^ i ) / 7 . 
J ̂  

The escalator equation, determined from (2-24), is 

•>T P p"̂  
* 3 r 3i 

? ^ p 

+ _ \ = C^33 - ^ 3 ) 
^21 ~ ^3 ^22 ~~^3 

!12 - 32 - 3VS"1 i r12 + 5VS^ i P32 + 3t/& ij 

L 1 p L .7 - + 
12 7 1 

*"» JL. **\ 

t vo i -
A 3 

+ 
3 - vo7 i - / 

- i - N 
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•7 - 7Aj - -7\3 + 5 ^ - 9 / ^ 

>3 „ 2 
A> - 5?\J + 2?^ + B ~ o 

- 15 

A 

^ 3 ~ ^ ^ 3 - 2){Aj + 1) = 0 

so t ha t the eigenvalues of T3 are 7 ^ - 4, - 2 j a n d 

133 - - 1 . T h e Tr (T3) - 4 + 2 - 1 = 5 - A3 1 + ? ^ 2 + ^ 3 . 

Fi*o:2 ( 2 - 2 5 ) , 

t y 3 1 ; l 

1 31 j 

^ 3 1 ) 3 

[32 - 3^ l l I t # 1 i] 
L 7 -11 12 i 

[32 + 3VTi1 r-7V^ i 
7 1 . 1 2 1 

3 + "VF1 i - 4 3 - VFi - 4 

f32 - 3V^il 6 + "yS7 i [32 + 31/5" i] r6 
L 7 , 12 7 12 1 

- 1 + V5"" i - 1 -

29 
7 

1 
7 

fl T 1 

F 3 1 
It HP % 
t*31y3 

H - . t 
fl2 - 5-fS 

12 
r -| , /t-t r 1 ~*YO 1 12 + 5VS*7 il 1 - vS"" i 

7 J 12 1 7 _ 

M 
- 1 + "\fF i - l - V ^ i 

0 

r T 

':X31J3. 

~ S'vS"' i 12 + 5 2 
12 

"1 ' H ' * 

•1 T\0 1 

12 

- l - V ^ i 
= 1. 

I (A "31' 
1 + 147 - 9£h/o' i + 147 + Q^VS"11 

42(-1 + V51x}2 42(-1 - V T i ) 2 

1 + (1/42) (441 + 7£'4Vo i + 441 - 7^4-^ U / 4 9 

1 + 21/49 

70/49 

10/7. 
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u e m i ; e q u a t i o n ( 2 - 2 B ) } o n e f i n d s t h a t ( x ^ ) ^ •» V 7 / 1 0 
, '*? , r- — 

- - v 7 / l 0 . H e n c o 

a n d 

"31 ( - { 2 9 / 7 ) t J 7 / 1 0 , ( 3 / 7 ) i f 7 7 l O , W l O ) 

= ( 0 , ^ 7 / 1 0 , V z / i o ) . 

S i m i l a r l y f o r , a n d \ 
33 

' x 3 2 ^ 1 = 

^ 3 2 ^ 3 

^x32}2 _ 

3 2 a 

- 5 

- 1 

2 
7 

1 
7 

f * C ^ 2 ) - - 6 
7 

( x 3 2 ) 3 ' V 7 / 6 

: o t h a t 

a n a 

« 3 2 > 3 - • ^ 7 7 6 

4 < - 5 v r / i / s " , - ^ 7 § , t I t / S ) 

* 3 2 " (-217/7^, -3i7/7is, - t 1 t 7 6 ) 

' * 3 3 ' l 
U C 3 3 

- 2 
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\ zc~, o ). 

so that 

!*33 h 

~~ rp 
(:4o h 

(xT 

l 33 h 

f, T 
lx33 ]2 
rp 

L 33 h. 

- 1 

.5 
22 

'22 

^(A 3 3)= h 

V 2 2 / 1 5 (x33 }3 

(̂ 33)3 = ^22/1$ 

X-

-A.***, 

L33 ~ (-2T/22/15, -"J227l5, \/227i?) 

{{5/22)̂ /22/15, - (3/22) >|22/l5", -I227I5}. 

T.raa the eigenvalues and eigenvectors of have been deter-

mined. As a check, one can verify that these eigenvalues and 

vGcvOi-s satisfy the control equations. 

Find the eigenvalues and eigenvectors of the 

J-1 where 4 

4 

7 

7 

0 

7 7 

-2 0 

0 10 

0 0 

0 

0 

0 

- 2 
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Jfote: Since is symmetric, the escalator method is 
rn 

simplified for so that any term with a T will be the 

same £s the terra without the T. 

~4 7 

7 -2 

"J? ZZZ 

dot (T2 - 7\I) 
4-A 7 

7 -2-W 
(4 - 7\) (-2 - 7\) - 49 = 0 

so tiis'0 7\£2_ - 1 + ~v5§ and ?\22 — 1 - 158" are the eigenvalues of 

From (2-29) one can immediately verify that 

Tr(T2) = 2 - 7\21 + A>2
 = 2* 

T2X21 = \lx21 

~4 7 (x21^1 "(1 + i5%) (x2i)i 

7 -2 (x21)9 (1 + 1SSl(x2i)2 

4(^21 )i + 7^21 ̂2 ~ "v5̂ ) (x2i)]_ 

7(x2i)I - 2(X2i)2 - (1 + 1&)<x21)2 

(x2lh = {(3 + ^)/7)(X21)2 = 

T2X22 = ^22x22 

(1 - il5§)(x22)i ~4 7~! {x22Jl 

7 -2 JX22 ̂  2 i 
{1 - -JJi?) (X22)2 

4(^22)1 + 7(x22)2 = (1 - A/JS)(x22)1 

- 2(*22!
2 - -

1 -

^x22'l ~ ^3 - ~€^,/7) (x22 ̂2 ~ ^
x22^1 



36 

•f1 on 
™*i0 ^ ~ i«^9*5 ) £) and \ - -'-• ' J <ry ^ ^ 

c and ?~ tl 
/« |C 

-v; £«,, t"\«, '¥ ""» -">, /"> V- 1 if «f?"* 
4»W»,W ^ jf «*• w W «L a. ¥ a. 

'21 2 

eigenvectors o; 

! (3 + "V5S}/7} + 1 iX01 j 21'2 

md T 0 that 

1 

-(x2i)2{:<22j2
 + ( x21^ x22^2 ~~ 0 

•^22^2^21^2 + ^x22^2^x21^2 = 0 

"(3 - iT$)/7)2 + l ] { x 2 2 ) 2 = I 

(x2i)2 -\j 
iL-

215^1 ^x21^2 

(X01 ), = 2 1 ' 1 7 "N 21587 

~\ 

5L^-3jM „ ( x? } 

OTztFS 1 21 1 

(z22)2 
5& + 3JH 

2JJ8) 

u: 
22'1 

1_= 
7 N 

lijijvH 
2(5Sl 

^'22)2 

(v1 ) 
22 1* 

?ro:n {2-16), 

' p
3 1 - (3 + V58X 5 1 - 3 = P T 

2 l 5 S l 3 1 

32 
= (3 - i 5 8 \ -LJ,W> = pj 

2(58) 32* 

The escalator equation of is 

P 31 

^21 - ̂ 3 
-§~ 

* 3 2 

\ z - ^ 3 
t33 - A3 

2 {-;s i 
-V?g) *>9 ( 5 3 - 3"\(5S) 

+ 2 (58) 10 - 7^ 
i + ^ - 7^ 1 - -gg - X 

; -232 - 116AJ = (10 - ?UK>? - 2?1, - 57) 
2 , > 0 J <_ -21 J> J >> 

-9o - *•• V.9A3 - -A3 ̂  12?\| + 37/̂ 3 - 570 
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^ - 127$ - S67\j + 472 - C A 

- 4 ) ^ - 4 - - ^ ) { 7 \ 3 - 4 + ^ J U ) = 0. 

K.rxe Ty. - 4, \ 2 = 4 + ^134, and A 3 3 = 4 - ^ 3 4 are the 

eigenvalues of To . 

Uoin^ (2-25)s the eigenvectors for ? 3 can be determined. 

v 31^1 

{ ^ / C 

T-T, 1 5 8 - 3 { 5 f 3 * VR r p - 3 l l 
(3 + T 5 & ) Y 2 f S 8 l 7 V 2 1 5 ^ " } 

1 + i p - - 4 

(3 - "J 56)• 
5 L + i M 3 - Jil + H S 
• ^ r e S T ^ ? 1 2 T 5 8 ) — 

2T5sT 

1 - - J p B - 4 

SL+JiM + 
- 3 + t > b - 3 J 

v::3IJ2 

("31^3 

- 6 / 7 . 

(3 -f -v5S). 
53 - li$_=_illt 
rr^si -j 2(5sJ 

1 4- ^ 5 ! - 4 

,, iff J 56 + Jill I ^ L + j j M 

i3 - V $ 8 h j - ^ - T n t i II 2 f 5 6 l 

1 - 4 5 6 - 4 
= - 1. 

( 3 4- - ^ 8 ) 2 i | ^ r r f p + ( 3 - a T ^ ) 2 I ( - ' ^ 2 T 5 8 T ^ 1 

(TVt ) " 1 + 

.. 2 ( " 5 8 ) 

( T W ^ T - 4)2 T (1 - 4si - 4) 2 

i - r $ 5 / 4 9 ~ 134/49 

( x . , 5 , - l A ' 1 3 4 / 4 9 - 7 ^ 1 3 4 / 1 3 4 - ( ^ > 3 
;>± J 

)_ = -(6/7)(7"vr134/i34) = - 3^134/67 



as 

1--V- /p = - 7"\/l34/l34. 

x 3 1 = ( - 3 ^ - 6 7 , -7ill34/l34, 7i/l .34) = =&. 
3-1 

Also 

>2;i_ o 

lX32!3 1 + \[5S - 4 - IE34 

55 - 3>PTg 
2T5S) 

(3 - ^ 1 , ££~-±jJM 3 - nf55 f~58 + ' T M 

1 *• ̂  5$ — 4 —1S134 

= - (6 - Jl34)/7. 

l o a l s . . (3 + 

uC32;3 i -;- J33 - 4 - V134 

o - v s g t j ^ p 1 / ^ j p 

1 - - M - 4 - Jl34 

= ( 3 5 - 6€341/49. 

3 2 ^ - 4 - VI34)2 "* (1 - -Jig" I 4 -\>134)2 

1 + V ^ m - 76792 ̂jl34 Q Q ,W-
~ 117649* 

26S {05 - 6\]l34)/2401. 

(-32)3 = l/-U263(S5 - 6vQ34)/2401 

= 49/(2^67(85 - 6^134)1 

= ^67(65 + 6a/T34/7134 

= (67 + 3"Jl34)/l34. 
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U . J - - 7^134/134 
_j £* -4-

{ : : 3 2 } 2 = ( 6 7 " 3 ^ 1 3 4 ) / l 3 i ; ' 

A-LwO 

i i f - ; •• - r ^ : 2 f ? 8 - H / S ' 2 i f 3 - 2 

^ 3 3 - 1 ' 1) 2(58) 7 ^ ' V 2(58) 
1x33)3 -3 + aJ5§ + ^fl34 -3 - \l58 + J l 3 4 

« - {6 + -Jl34)/7. 

( * „ } 2 _ {3 (3 -

{-133 >3 _3 + 4J& + -n! 134 -3 - V5S + "fl34 

- (85 + 6 C 3 4 ) / 4 9 . 

f I ( , , x , ^ + , '3 - ^ s ^ i j 5 5 

1 33 {-3 + ^58 -r I134) 2 ( -3 * {58 + ^ll34)2 

i + 996571 + 7^792^1134 
II76T9 

268(65 + 6 ill34 J/2401. 

( x 3 3 ) 3 = + 6i(134J/2401 

49/(2^67(85 + 6-1X34) ) 

- *̂ 67 (8'5 - 6>[134)/134 

- (67 - 3^il34)/l34. 

( x 3 3 ) i - -7^134/134 

( x 3 3 ) 2 = (67 + 3^l34) / l34 . 

l̂ rora (2-16) 3 

? 41 = " £ 41^3 l ' l + *42 ̂ l * 2 + \ . 3 { x 3 1 } 3 = 0 = P41 

? 42 = "41{;':32)1 + t i , 2 { x 3 2 ) 2 + *43**3 2 *3 = ° " ? 42 
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P43 ~ % i ( x 3 3 ' i " °42 ( x 33 ) 2 t 4 3 ( x 3 3 ) 3 = 0 = P43 

= C f o r i = i , 2 , 3 . The c o n t r o l e q u a t i o n s o f 

U - 2 9 / - r o s a t i s f i e d s i n c e = 0 and t ^ = 0 f o r i = 1 , 2 , 3 . 

j'ron'i ( 2 - 3 1 ) , t h e e s c a l a t o r e q u a t i o n o f T, i s 

0 = ( 4 - \ 1 } ( 4 + A(I34 - \ 2 ) ( 4 - V I 3 4 - \ 3 ) { - 2 - A ^ ) 

so t n a t t h e e i genva lues o f a re = 4 , 7\ = 4 + -y i34 , 

^43 " 'V - "C34, and 7 ^ ~ - 2 . 
rp 

Since i " p i = = 0» i - 1 , 2 , 3 , i t i s s u f f i c i e n t f o r 
m 

* 4 1 = ^ X 3 1 ' ° ) = - 4 1 

" 4 2 " ( x 3 2 ' ° ' = x 4 2 
X 4 3 = ( X 3 3 , 0 ) = X ^ . 

One now needs t o de te rm ine and so t h a t x ^ , x, 2 , x 

7 T T 'I"1 

^44* X 41 5 : '%2J x 4 3 ' £ n d ; %4 a r e r e c t i f i e d . I n o r d e r t o do t h i s 

t o s a t i s f y ( 2 - 3 9 ) . One can see w i t h o u t much 

d i f f i c u l t y t h a t i t w i l l be s u f f i c i e n t f o r , = (0 0 0 1) 
rn ^4 > > » -W 

a n d z 4 4 = ( ' 0 , °» °> x ' i n o r d e r t h a t ( 2 -39 ) be s a t i s f i e d . 

I.'CNCE, 

~ 4 i = ( - 3 1 0 3 5 / 5 7 , - 7 i f i 5 ? / l 3 4 , 7%G3Vl34 , 0) > x ? , 

: C
4 2

 = ( 7 ^ 3 4 / 1 3 4 , (67 - 3a/134)/134 j (67 + 3 ^ l 3 4 ) / l 3 4 , 0 ) -
4 2 

Z;,O " V - 7 ^ 1 3 ^ / 1 3 4 , { 6 7 + 3 i l 3 4 ) / l 3 4 , ( 6 7 - 3 ^ 1 3 4 / 1 3 4 , 0 ) = x ? n 

rp 

t, h \ ? 0 ^ U ^ «u~ / 3C | 1 « 
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CHAPTER III 

TEE METHOD OF ORTHOGONALIZATION 

OF SUCCESSIVE ITERATIONS 

The method of orthogonalisation of successive Iterations 

(1, pp. 277-2o6) Is aimed toward finding a linear combination 

(for a sequence of iterations of an arbitrary real vector for 

a real diagonal!zable matrix T of order n) which is equal to 

zero. In this method, the orthogonalization process shall 

be applied to achieve this goal. 

Starting with a real non-zero vector x^, construct its 

iteration Tx-, and orthogonalize it with x^. This is done by 

constructing a vector x 2 - Tx^ Sn^i such that (x-,, Xg) = 0. 

Now, 

( X 1 > X2) = 0 - (x1? Txx + gilx1) 

T*i) + (xx, g11x1) 

(x1} Tx-^ + g1i(x1, X1) 

SO "G/IcL 
\X-i , iX-i J ( iXj j X - | ) 

Six ~ — = ~ ~ 1 

(x1 , x-j ) (x1 , x1! 

If (x-, , x-, } = 1, "ohen the above process is equi-

valent 'co the Gram-Schmidt process. 

9; 
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, eon_. ..n:.ct the vector Tx0 and orthogonalize 

I t \-rlch the vector x^ c.:id r e s u l t , one gets the vec-

rj- = ?x2 + G12x i + S22z2 V 7 i t^ '*x±> x^} - 0 and (x2 , x^) 

= 0. Hence 

? x<̂  ^ — 0 — ̂ x-̂  5 ixg S^_2X1 "r S-p2*̂ 2 ̂  

(;c13 l 'x2i + (X-Lj g 1 2
x l ^ + ^xl> g22x2^ 

— } i x 2 i "r ST_2^X1' X1 ̂  "r S22^X1' x2^ 

(x2 , x^) = 0 = (x 2 , ?x2 + g 1 2
x i + g??x2) 

= {x2, Txg) + (x 2 , g 1 2
x l ^ + ^x2» s22x2^ 

xX2} ^ x 2 ^ ^X2* x l ^ &22^x2' X 2^* 

Consider the equations 

«-"--j j —^2; ii"i p vx-, 5 X-̂ } s>22 ̂ xj_' x*-,) ~ 0 

(x2 , ?x2) + g 1 2 ( x ? , x 1 ) + g 2 2 ( x 2 , x 2 ) = 0. 

I-incs , y.r,) - (x, ;, x-, ) = 0, one sees t ha t 
wL> # C ~i~ 

;o tiic 

'iX-j 5 & 2 ) ~r P* 
°12 

(x-̂  j x x ) = 0 

!v w*2» TX2) 4- <3* 
°22 (x 2 , X2) = O 

U'-l5 Tv 1 2 ' TV 
i 3 

x j 
s 12 " X-, ) 

U . 

\ 
x l j 

£22 " 
-̂̂ 9 2 T.X2) {Tx?, "2 ^ 

£22 " (x 2 , x 2 ) (x 2 , x 0 ) 
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Th.3 proo&ss may be continued in a natural way by the 

xi~M ~xi * glixl + s2ix2 + * siixi3 

and g,,.. can be determined in £ similar manner as above 

.:id it will be 
£ m ^ 

/._ol _ \ix±> Xk) 
k ̂  / ol^ «* i \ J 

lxk, Xk) 
V s=r 1 2 T 

J <, 4 # « J JL • 

Tha pL'-ceoso continues until the null vector is obtained. The 

choice of the vector is arbitrary except that it is re-

quired 'Ghat the null voctor not be obtained until x^+1# Thus 

^ a. 
V i - i O v i l C 4 . 0 

M " C "*J"' rn y ~f~ 

-xi sirvi 

rp, 
+ Si2xl + g22x2 

'<.3-3; y.̂  ix,j + gj_3xi "r s23x2 + %3 X3 

r,i_ g0 x 0 + ... + g_ x = 0 . 
n~M '11 faln 1 2n 2 *" °nn n 

Cons ° 

;r irith n components 

ider (3-3) in the following form with 0„ as the null 
n 

' -I/- Cf "̂-1 ' O ir'-l " "2 ~ °n 

°22x2 - x3 = °n 

•:3 v °13xl ~h s23x2 + s33x3 " x4 " °n 

2 " ^l,n-2xl " * * * " %i-2,n-2xn-2 ~ xn-l 
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«- -j Urn ^ n - l , n - l x n - l ~ 

3 l n A l + &2.1^2 ~ ^ 3 2 ^ 3 4 * ff 

*n 

' n n x n 

0 
n 

0 
n 

( 3 - 4 ) 
"J"x ' & l i x l &21x2 * s 3 i x 3 + • • • + S „ - -X - - Ow 

H i n n 
= 1, 2, . 

O"^ i 

•0* 
^ i c i 

=v:i 

• . 5 r: j <U. 

w - i > 

* x k » Xi iC 

1 | 2« • . « , 1 & £ n . 

- 1 

0 

k + l j k < n . 

+ 2 } i + 3 S . . . . 

r « 
3 3 

; , e t X b e t h e n I n m a t r i x f o r m e d b y u s i n g x ± a s ' i t s c o l -

i i i - i f • j n ) . L e t G b e t h e n X n m a t r i x w i t h 
° i j 

^ * * * > > a s ^ ' f c s e l e m e n t s d e f i n e d b y ( 3 - 5 ) . N o w 

c o n s i d e r i n g ( 3 - 4 ) , o n e c a n w r i t e t h e m a t r i x e q u a t i o n 

? X t X G = 0 . 

A I -

iJ~o j 

- a u . S i n c e X i s n o n 3 i n s u l a r , 

rrj JL - X G X " 1 . 

y r o m £.3-5) one s e e s t h a t 

f #», <"» *> 

; 1 1 d 1 2 s 1 3 • • • ® 1 ) n - l s l n 

- l R 
" i n 

0 

0 

"22 ° 2 3 

<£>*• 

m
 * o 

3 3 

0 

3 , - i - j l 3 n 

" S 4 , n ~ l 

0 0 0 . . . *nnj 
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o o n s a c a r uhe m a t r i c e s 

» j ' • ° / 

-i-i one as 

' ^ 1 1 ' 5 
l ^ n Si_2 
I 
L" 1 S22 

3 

L 

:11 °12
 g13~i 

£-22 ^ 

0 - 1 g 
=33 

«• • j ~ G. 

i t h or . 

i e n n e s jZ$i(A) as t h e c h a r a c t e r i s t i c p o l y n o m i a l o f t h e 

i e r m a t r i x o f ( 3 - o ) , t h e n one can v e r i f y t h a t 

0 r : A ) - A + S l l 

0 2 ; a j ~ ( A + g l x ) ( A + g 2 2 > + g 1 2 

0 3 C 7 x ) " L ( ^ + s n ) C A - g 2 2 ) + s 1 2 ] ( A f g 3 3 ) + 

s 2 3 ^ g u ^ ~ s i 3 

0 4 ( ? \ } - [ [ ( 7 \ + g n ) ( 7 \ + g 2 2 ) + g 1 2 J (7\ + g 3 3 ) + 

§ 2 3 ^ + S i - . ) + g 1 3 ] (7\ + g ^ ) + 

g 3 4 [ ( ^ - ; - g n ) ( A + g 2 2 ) + g 1 2 ] + 

s l l } + «14 

i n g e n e r a l , oy e x p a n d i n g t h e c h a r a c t e r i s t i c d e t e r m i n a n t 

>- '-"• *-»*. de i i by t n e l a s t r o w , one can d e t e r m i n e t h e 

r e c u r s i o n r e l a t i o n 

U ~ V ; ^ i ^ = ^ + S i i ) ^ i _ 1 ( 7 \ ) + g i - 1 ) i ^ i _ 2 ^ } + 

s i - 2 , i ^ i - 3 ^ ' + * * * + S i i ^ O ^ 
j 

v.aere y Q : A j - 1 and i « 1» 2 , n . T h i s i s i n d i c a t e d b y 

he c h a r a c t e r i s t i c P^ i7w above . One w i l l n o t e t h a t i s t 

e q u a t i o n o f T s i n c e T = - X G X _ i 
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A& iioon us the £. . have been computed., the character-

istic polynomial can be T.-/ritten and from it the eigenvalues 

can be coucrnined. Using the eigenvalue , ne can deter-

mine tho corresponding eigenvector, since T = - XGX"^ and the 

eigenvalue of G corresponding to - ?L is y„. so that 
* X X 

•*? rP sr JGJW± 

Tly, • lGI~±Xyi 

- XGy, 

Nov letting the eigen' 

- - X(-\yi) 

= 

vector of T corresponding to be z^, 

A? z 1^1 

L/ O 

\ ^ * 10} 3i 

Xy, is the eigenvector of T corresponding to 7\, . Hence, 

:.s soon as y^ nas been ce'cermxnea, a_: .s readily determined. 

Wilo o c . ider the following equation to determine y,- . 

Gy.j_ ̂  - Aiyi 

!-ll &12 ^13 ••• Sisn- l̂n ilYi ) 1 'J. 

j 
i -

"22 S23 • " £2,n-l P* /""» . °4il j(ŷ  \ 32 

\ r\ 
\ \J 
j 

- 1 
"* g3s.i-l S3--, >-* 

(y. i X j 
> 

*•> 
j 

1 u 0 — 1 * * * S/, 
*»J» | iJk 

O* 
to4n 

| l(y,-
1 j ± \ 

0 snr.! 

J'yi'x 

|tyi>2 

ify-),1 

! x ^ 
1 K > 4 

v± > n 
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r:,.io above equation yields the following: 

- I b - V l Si2^':^2 * *** + °ln'yi 

{--Iny^i + S22^i-'2
 4 

( 3 - H i I - I ; I Y , J 
iJ2 ' 

s 
i'l 

* g2n'yi'n "~ 

Sjn^i'n 

" "%<•? 

- A i ; y 1 ) 2 

- \ f y i > 3 

+ Snn^i'n " " \(5ri)n-

One sees that starting with the last equation of (3-11) and 

substituting an arbitrarily chosen value for (y4 )_, (y. )„ 
" * x n * x n—x 

can be determined. Using these values > one can compute (y^) ̂  

for j = n-2j n-3, ..., 1. The first equation of (3-11) is of 

help in determining (ŷ  ) ̂  since the last n-1 equations contain 

ail components of the eigenvectors y^. It can, however, be 

used as a means of control. 

The method of orthogonal!zation of successive iterations 

is rather lengthy in this case. However, it is considerably 

simplifies if T is symmetric, for G will be tridiagonal. 

Ibwmle 1: Let T be the 3 X 3 matrix 
-7 3 ] r 4 

m l 2 5 < 
\ 

2*7 ? 

J—o u ^ > 1, 0 } 

L A 1 

i 4 - 7 
1 
; 1 2 
1 

-il <"n 

.C' X I 

- 7 ' 

2 

_Gj L 2. 
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; i'X 
,0% - = 
° 1 1 

- "V i 
1 9 i 
JL JL. IX*! » 'Al> 

- 2/1 - 2. 

r . 7 " ~Q~ ~-7~ 

y* _ sss: *4« f** «i,» »-» 
2 **2 o i j."*4*! """" 2 - 2 1 =s 0 

L 2 j . 0_ 2 . 

i.iko & 

1 
^ ~ X 

2 

2 

J 
r~ «• 

- 7 ~-22~ 

) 0 = 3 

_ 2_ - 5 _ 

o~ o 

g 22 

v Txp j X j /' 

I -£-. > X-̂  i 

x 2 ) 

J? 5 / 1 -j> 

Cx, 
- 1 6 4 / 5 3 . 

fc2 " 1 2 1 " S 2 2 x 2 

— <d2- " 0 " 
I64 

f -7~ - 1 8 / 5 3 
I64 

- 1 8 / 5 3 

3 - 3 1 — — — 0 as 0 
53 

0 

_ 5 _ _ 2_ _-63/53_ 

4 - 7 ^ f - W 5 

k3 2 5 _ 
! 

2 - i j 

0 

- 6 3 / 5 : 

- 2 6 1 / 5 3 

- 3 3 3 / 5 3 

8 1 / 5 3 

/ rrv „ \ 
(-IX, » x 1 } ( - 3 5 3 / 5 3 ) 3 3 3 

6 I 3 

° 2 3 

j J 

v ' X 1 J 1 >3 

x 2 ) _ ( 1 9 8 9 / 5 3 ) 1 9 ^ 9 
f x 0 } 

*"w 
53 5 3 ^ 

/ 
\ X «A. jf : V 

/ 0 
- 4 0 5 / 5 3 ~ 4 0 5 5 

( x 3 > ) 4 2 9 3 / 5 3 2 
4 2 9 3 53 
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TXq + 
J 

s 1 3 x l ""7" £23^2 £33^3 

-261 /53 !o! 
i 1 

-7 - I S / 5 3 

-333 /53 
j 

333 19*9 p 
-333 /53 

j 
• j j 1 

53 2 
0 J. 

53 
0 

L 31/53. . 0 . 
. _ 2 _ _-63/53_ 

Usir-3 e q u a t i o n (3-9)> one f i n d s that 

- 1 

rt-AK) = ( A - 2} 

02{A) = (A - 164 /53H A> - 2) - 3 

[A) - (7 \+ 5 /53) [(A - 164/53) (A - 2) - 3 ] -

{19S9/532}(7* - 2) + 333/53 = C. 

^ . (A) = ( l / 5 3 2 ) (5>7\ + 5) {53A2 - 270A + 169) -

19O9A + 21627] = 0 

- ( 1 / 5 3 2 ) [5327? - 14045A2 + 561S7. + 22472] 

- ^3 _ 57̂ 2 + 2 7\+ S - 0 

- {7\ ~ 4 ; > A - 2} (A + 1) = 0 . 

7\ ^ 2' 7v> = 2, .and >0 = - 1 . From (3 -7 ) 

! - 2 - 3 333/53 

- 1 -164 /53 -19o '9/53 2 

0 -1 5/53 

0 
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Let y_. be the eigonvectc-r of G corresponding to -7^. 

"Jcir0 o-ll) v;ith (y.. )0 - 1 and 7\n - 4S 7u = 2, A, = -1 one 

~^r1^2 " "(5/53 + 4) - -217/53 

~(y:._>l = -(154/53 + 4) (217/53) + 19^9/53
2 

= -S427/532 = - 159/53 = -3. 

Ihorefora, y-, = {3, 217/53? 1). Using the first equation of 

(3-11) ̂ 3 a Lioc.iis of checking, 

- 3(y1)2 - (333/53)(y1)3 - ^ ( y ^ 

2(3) - 3(217/53) + 333/53 = 0. 

Also 

- ( y 2 ) 2
 = - ( 5 / 5 3 + 2) = -111/53 

~ ^ V l " - (-!o4/53 + 2) (111/53) + 1989/532 

= 8427/532 = 3. 

yp - (-3, 111/53j 1), Checkings 

2''^2h ~ 3 ^ z h + (333/53)(y2)3 = -333/53 + 333/53 = 0. 

Eom 

-{y3)2 = -(5/53 - 1) = 43/53 

-(y3/1 = -(-164/53 - 1)(-43/53) + 1989/53
2 

i 1 ViiV % 

•8427/ 532 = -3. 

ius Yj. = (3? -4^/53s 1). Checking, 

{-2 - 1}(3) - 3(-48/53) + (333/53)(1) - 0. 

I?ror.', cou£.ticn 3-10), 

2t = Xy-i . 
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0 

' -Ji'D *. 

7 -16/53] r 

I 1 

LQ 

0 

-7 

0 

2 

0 ! 
f 

-63. '$:/ 
2 2 = 

-18/53 

0 

-63/53J 

r, v 
Zi A. 

J 

L 29 

217/53 

1 

3 

L7 

•vy2 

r 
•:> 

111/53 

1 

r "7> 
-? F 

-J-5 
& 

1 
1 

1—
 

y3 

0 -7 -18/53 3 
S r 1 

i 6 

s 3 - 1 0 0 ! 
j -48/53 as 3 

_ 0 2 -63/53J 1 _-3_ 

CD 
.p 4 Y mat: 

[ 4 7 7 
1 

0 

7 • - 2 0 0 

7 0 10 0 

_0 0 0 - 2 

x - O, I „ - I 1 ) . 

<4- 7 7 0 ] 0 ~ 0 " r o i 

7 - 2 0 o j - 2 1 

T ^ l - | 
1 1 = = - 2 
7 0 1 0 °L - 1 - 1 0 

1 

5 
1 

_° 0 0 - J 
- 1 - L - 2 J 

I 

U J 

Ifl % 

U-C^, i 

> ; :i^ 
- 6 / 3 - 2 



1 0 3 

0" " 0 " " 0 ' 0 

1 1 - 4 1 
- 2 - - 4 

5 - 1 - S 
- - 4 

2 

1 . _ 1 _ _ - 4 _ . 1 . 

Tx, •4 

4 7 7 

7 - 2 0 

7 0 10 

0 0 0 

g i 2
 88 - 9 6 / 3 = - 3 2 

g 2 2 = - 3 6 ( 1 6 ) / 9 6 -

) "o" "21 

) 1 - 2 
= - 4 

) 2 2 0 

) 
_ 1 _ _-2_ 

- 6 

- 4 

2 1 0" ~0~ - 8 4 " 

- 2 ]. 1 0 
- 3 2 •i" 2 4 

2 0 
- 3 2 

- 1 2 0 

- - 2 _ 1 _1_ _ 0 _ 

Tx» 

4 

7 

7 

0 

7 7 

-2 0 

0 10 

0 0 

- 8 4 

0 

0 

0 

- 3 3 6 

-5S8 

- 5 S S 

0 

>13 - 0/3 - 0 

g 2 3 = ~ 7 0 5 6 / 9 6 = - 1 4 7 / 2 

g 3 3 = " 3 3 6 / 8 4 = - b 
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x 4 

-336 0 -84 0 

1 0 -294 
+ 0 + 294 - 4 

-294 

2 0 0 

0 _ A _0 294 

Tx 
4 

4 7 7 

7 - 2 0 

7 0 10 

0 

0 

0 

0 -2 0 0 

- 0 / 3 = 0 

- 0 /96 - 0 

g 3 4 = ~ ( - 7 ) ( 2 9 4 ) ( - S 4 ) / S 4 

g 4 4 

0 

-294 

0 

294 

-7 (294) 

2(294) 

0 

-2 (294) 

S14 

'24 

294/12 = - 4 9 / 2 

2 

-7 (294) -84~ 0 " ~ 0 ~ 

2(294) 0 -294 0 

0 
+ 0 + 0 - (49/2) + 2 

-294 0 

0 0 0 0 

-2(294)_ . 0 _ _ 294_ .0. 

- 2 - 3 2 0 0 

- 1 -6 - 1 4 7 / 2 0 
G 

0 - 1 - 4 - 4 9 / 2 

0 0 - 1 2 

From equa t i on ( 3 - 9 ) , 

(*0(7\) = 1 

9^(70 - 7\ - 2 
0,(71) - (A - 2)(A - 6) - 32 
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^(A) = [ (7\ - 2 j (7\ - 6) - 32] (A - 4) - (147/2) (A - 2) + 0 

04(A) = {[(7\- 2) (A - 6) - 32] (A - 4) - (147/2) (A - 2)} (A + 2) 

- (49/2) [(A - 2)(A - 6) - 32] + 0 + 0. 

Now 

^(A) - A4 - 10A* - 110A2 + 300A + 944 - 0 

= (A - 4) (A + 2) (A - 4 - ̂ 134) (A - 4 +̂ ll34) 

= 0. 

Hence, = 4> = — 7 — 4 **• 1/134> and A^ — 4 — ~n]13"4• 

Lot y^ be the eigenvector of G corresponding to -A^. 

Using (3-11) with (yi)4 = 1 and 7^ = 4> = -2, 7^ = 4 +-Jl34, 

7^ = 4 - -Jl34, one finds 

~^y1^3 + 2^y1^4 = ~ 4^yl^4 

(y1)^ = 6(1) = 6 

"(ylJ2 " 4(yl}3 " (49/2){yl}4 = ~ 4(yi}3 

(7^2 = -(49/2)(l) - -49/2 

-l(y-ĵ )-̂  - 6(yx)2 - (147/2)(y^)^ + 0 — -4(yx)2 

(y
x)l = -2(-49/2) - (147/2)(6) 

(yl}l = ~392* 

Therefore, yx « (-392, -49/2, 6, 1). Using the first equation 

of (3-11) as a means of checking, 

(-2)(-392) - 32(-49/2) + 0 + 0 + 4(—392) = 0. 

Similarly, 

J2 = ^96, -49/2, 0, 1) 
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Y 3 = ( 1 4 4 + 2 4 T J I 3 4 , 2 1 9 / 2 + 6 - J I 3 4 , 6 + ^ 1 3 4 , 1 ) 

Y 4 - ( 1 4 4 - 2 4 V 1 3 4 , 2 1 9 / 2 - 6 1 / 1 3 4 , 6 - - J 1 3 4 , 1 ) . 

PROM EQUATION ( 3 - 1 0 ) , 

0 

Z 1 

Z 2 ~ 

0 0 - S 4 

1 - 4 0 

- 1 - 8 0 0 

. 1 - 4 0 291 

' 0 0 - 3 4 0 

1 - 4 0 - 2 9 / 

- 1 - A 0 0 

0 2 91 1 - 4 

- 3 9 2 " - 5 0 4 " 

•F - 4 9 / 2 -533 

6 533 

hi 1 _ - 0 _ 

1 9 6 0 ~ 

K - 4 9 / 2 0 

0 0 

K 1 _ _ &K 

' 4 

0 0 - 3 4 0 

1 - 4 0 - 2 9 4 

- 1 - A 0 0 

_ 1 - 4 0 2 9 4 . 

" 0 0 - 8 4 0 ~ 

1 - 4 0 - 2 9 4 

- 1 - A 0 0 

_ 1 - 4 0 2 9 4 _ 

1 2 ( 1 2 + 2 1 3 4 ) 

2 1 9 / 2 + 6 1 3 4 

6 + 1 3 4 

1 

- # 4 ( 6 + 1 3 4 ) 

-$33 

-12(3$ + 6 1 3 4 ) 

0 

- $ 4 ( 6 - 1 3 4 ) 

-533 

- 1 2 ( 3 5 - 6 1 3 4 ) 

0 

12(12 - 2 134) 

2 1 9 / 2 - 6 1 3 4 

6 - 1 3 4 

1 

NORMALIZING Z 2 , Z ^ , AND Z ^ , ONE F I N D S 

llzJI - -J 945504 = i/67(2)(S4)2 - 84T134 

INI" 538 

[ | A 3 L | " 2 4 T I 6 7 ( 8 5 + 6 T I 1 3 4 ) •= 24(67 + 3 ^ 1 3 4 ) 

24JI - 24-067(85 - 6V134) = 24(67 - 3T/134) 
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<=! - ( - 3-J134/67, - 7-JI34/134, 7-jl34/l34, 0) 

22 " <°» °> 0, 1) 

Z3 - (-7-034/134, -(67 - 3Vl34)/l34, - (67 + 3"fl34)/l34, 0) 

- ( 7-J134/134, - (67 + 3Vl34)/l34, - (67 - 3-J134J/134, 0) . 
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CHAPTER IV 

TRANSFORMATION OF SYMMETRIC MATRICES TO 

TRIDIAGONAL FORM BY MEANS OF ROTATION 

Many methods have been developed to compute the eigen-

values and eigenvectors of a symmetric matrix. In this 

chapter the symmetric matrix shall be tridiagonalized by a 

series of rotations on the matrix and from this tridiagonal 

matrix"the eigenvalues and eigenvectors shall be determined. 

A rotation means a transformation of coordinates with 

the elementary matrix of rotation 

R(i,j) 

1 0 

0 1 

1 

0 c 0 

1 

0 -s ' 0 .. 0 

0 

0 c 0 . 

. 1 

. 0 .. 

col i 

. 0 .. 

col j 

row i 

row j 

for c + s *= 1 and j > i > 1, 

109 
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The matrix R(i,j) may also be characterized as follows: 

^1, i f k B l / i o r k s l / j 

c, i f k = l = i o r k = l = j 

(4-1) (R(i,j))kl - j 0, if k / 1 ^ i or k / 1 / j 

s, if k = j and 1 = i 

\^s, if k = i and 1 = j 

where (Rfijj))^ is the element of R(i,j) appearing in the 

kth row and the 1th column. 

A rotation may be interpreted geometrically as a change 

in the basis vectors and ©j by a certain angle, carried 

out in the plane spanned by the vectors e^ and e^ (1, p. 230). 

Since the columns of R(i,j) are mutually orthogonal normal 

vectors, the matrix R(i,j) is orthogonal. 

Let T = ^e a real symmetric matrix. Let A(i,j) = 

TR(i,j) and B(i,j) = R(i,j)^A(i,j); then one can verify that 

(4-2) 

A (i, j) 

t x l ... ct-u+st-j^ t 1 ) i + 1 ... -st^+ct^ ^1,^+1 

t 2 i ... ct2i+st2j t 2 > i + 1 ... -st2.+ct2j ^2,j+l * *
 #t2n 

il " c tii + s tij ^ i + l *•' ~ s tii + c tij ti,j+l *,#tin 

tjl c tji + s tjj tj,i+l ~ s tji + c tjj tj,j+l " # t j n 

?nl c tni + s tnj ^ i + l " * " s tni + c tnj S^j+l *,,tnn 



Ill 

One sees immediately that the elements a ^ of A(i,j) are the 

same as tj^ with the exception of column i and j where 

aki "" ctki + stkj 

akj " ~stki + ctkj 

(4-3) 

and k = 1, 2, ..., n. 

Since B(i,j) = R(i,j)^A(i,j), the elements of B(i,j) 

are the same as a ^ with the exception of the rows i and j 

where 

(4-4) 

bil " cail + sajl 

bjl " "sail + cajl 

and 1 = 1 , 2, ..., n. Now, A(i,j) = TR(i,j) so that 

(4-5) B(i,j) « R(i,j)TTR(i,j). 

Since T is symmetric, B(i,j) is symmetric for 

B(i,j)T - (R(i,j)TTR(i,j))T 

= (TR(i, j))T(El(i,j)T)T 

- R(i,j)TTR(i,j) 

= B(i,j). 

Therefore, = b ^ . Hence as soon as matrix A(i,j) has 

been computed, matrix B(i,j) can be computed by finding only 

the elements bii,
- b ^ , b ^ , and b^., (b.jj «- b^), for the 

remaining elements of row 1 and row j of B(i,j) correspond to 

the elements of column i and column j of matrix A(i,j) and 

all other elements of B{i,j) are the same as the correspond-

ing elements of A(i,j), 
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Since the ultimate goal is to rotate T to a tridiagohal 

matrix, the element b. . . *= 0 » b. . . must be true for i «= 

i-lij J,i-l 

2, ...., n-1; j = i+1, ..., n. This implies that the ro-

tation matrix must be used with i = 2, ..., n-1; j = i+1, 

..., n, in which case the matrix T will be replaced by B(i,j) 

when i ^ 2 and j > 3 where B(i,j) is the matrix obtained in 

(4-4) from the preceeding step, i.e., 
T 

& 

B(2,3) - R(2,3)TTR(2,3) 

B(2,4) - R(2,4)TB(2,3)R(2,4) 

« 

B(2*,n) = R(2,n)TB(2,n-l)R(2,n) 

(4-6) B(3,4) - R(3,4)TB(2,n)R(3,4) 

B(3,5) - R(3,5)TB(3,4)R(3,5) 

B(3*,n) = R(3,n)TB(3,n-l)R(3,n) 

B(n-l,n) *= R(n-l,n)fe(n-l,n-l)R(n-l,n) 

so that 

B(n-l,n) = R(n-l,nF,...R(2,4)TR(2,3)TTR(2,3)R(2,4)...R(n-l,n). 

One now needs to determine c and s so that b^^., j = 0* 

Now 

bi-l,3 = ai-l,J " -*1-1,1 + * 0 
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(4-7) 

(4-*) 

. -c 
ti-l,i 

.2 + g2 = 2 

n2-
2 . 2 c + c 

'i-l, .1 = 1 

'i-l,i 

1 
2 ~ 

V l , ! + i-l, j 

^i-lji 

1 

t2 
i-l,i ± ^ T 

tf , . + t. i . i-1,1 i-l»J 

s = ± *1-11,1, 
t2 
i-1,1 

i + ti-l,j 

Remembering that for each rotation R(i,j) the element 

b. , . is zero for i « 2, 3, n-1; j = i+1, ..., n, then 
1 —i. , J 

the elements of the first row beginning with the third ele-

ment are annihilated by R(2,3)> •••> R(2,n); the elements of 

the second row beginning with the fourth element are annihi-

lated by R(3,4), R(3,n); etc. It is clear that if an 

element is annihilated by a rotation, it will remain zero 

throughout the entire process. Since B(i,j) is symmetric, a 

tridiagonal matrix is obtained by the R(n-l,n) rotation. 
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Hence 

(4-9) B(n-l,n) •= S 

bll b12 0 ••• 

b21 b22 b23 ••• 

0 b^2 ••• 

0 0 0 

0 0 0 

0 

0 

0 

0 

0 

0 

bn-l,n-l bn-l,n 

bn,n-l bn,n 

As in Chapter III, one needs to consider the matrices 

(
sll s12 0 

(4-10) • ( 8 l l ) , 
311 s12 

S21 s22 
S21 s22 s23 

0 s 
32 s33 

t * • • t S , 

where s^. = b^. and define as the characteristic poly-

nomial so that 

(7\) - 1\ - s n 

0 2(W = (7> - sn)(7\- s22) - s 

8=1 (A — ^11 ̂  ~ ® 

(4-11) ^(70 -

12s21 

2 
12 

(7\ — ^^ — §22) — s 12] ̂^ — ®23 ̂  "* 

S 2 3(A- s n ) 

^(A) - (A - Siî i.itA) - sLl,iA-2(A) 

where ̂ 0(7\) * 1» and where ^n(A) » (-l)
n^(A), the character-

istic polynomial of S. Now one needs to determine the latent 

roots of S from the polynomial ^n(70. 
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The eigenvectors for the matrix S can be computed just 

as in Chapter III by solving the corresponding triangular 

system 

(s u - ^ H y ^ x + " 0 

si2<yiA + <s22 - + s23(yi'3= 0 

(4-12) s23
(yi)2 + (s33 - + ' 0 

• 

s i (y*) t + (s -A.) (v.) = o n-l,nv'i'n-l v n n i#vjri'n 

for the components (ŷ )-j_, ^1^2' •'*» ^i^n t^ie eigenvec-

tor y^ of S corresponding to Aj_. It is convenient here to 

choose the first component rather than the last, as in Chapter 

III, and then to compute the second, third, etc. 

To determine the eigenvectors of T, one must consider S 

in the form 

S - (R(2,3)...R(n-l,n))TT(r(2,3)...R(n-l,n)). 

Now 

s?i - V i 

(R(2,3)...R(n-l,n))TT(R(2,3)...R(n-l,n))yi « 

T(R(2,3)...R(n-l,n))yi » (R(2,3)...R(n-l,n))yi 

and let z ± •» (R(2,3).. .R(n-l,n) )yi, one finds that 

T Z i = ̂ iz i 

so that zi is the eigenvector of T associated with A^. Hence 

as soon as y^ is determined, can be determined by a series 

of multiplications of the rotation matrices R(j,k). For each 
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separate multiplication, only two components of the preceed-

ing vector will be changed—the jth and kth. This can be 

formulized as follows: 

° ctzi>j - " K ' k 

< z i ) k = s ( z i ' j + 

f f 

where (z^Jj and (z^/^ are the components obtained after a 

multiplication R(j,k) and where (z±)j and ( z ± a r e the com-

ponents of the preceeding vector and c and s are the,values 

used in the rotation matrix R(j,k). 

Example 1; Find the eigenvalues and eigenvectors of T 

where 

4 

7 

7 

JD 

From (4-7) 

7 7 0 

-2 0 0 

0 10 0 

0 0 -2 

1-1.1 

H-i,i + V i j . 

Letting i = 2 and j = 3, 

c - i/49/(49 + 49) = 4 l 7 2 . 

From (4-&) 

t*. 
il 

'i-l,i 

i-l.i 

H-1,1 + ti-l,j 

and with i » 2, j -» 3, s - -jl/2. 
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R(2,3) -

Now from (4-1), 

'l 0 0 0 

0 1/2 - 1/2 0 

0 1/2 1/2 0 

JO 0 0 1 

Using (4-3), 

a12 ~ ct12 + st13 " 4l72(7) + 4172(7) - 14^172 

a22 " ct22 + st23 " "^72(-2) +4172(0) - -24172 

a32 " ct32 + st33 = ^72(0) + -Jl/2(10) = lo€72 

a42 = ct42 + st43 " ^72(0) + 4171(0) - 0 

ai3 
-sti2 + cti3 

so that 

a 1 3 » -Jl72(7) + 4172(7) 

a 2 3 « -4172(-2) +4172(0) 

a 3 3 - -4572(0) +4172(10) 

a 4 3 - -4l72(0) + 4l72(0) 

0 

2^72 

10572 

0. 

Hence, 

A(2,3) 

From (4-4), 

so that 

2i 

4 14 1/2 0 0" 

7 -2 1/2 2 1/2 0 

7 10 1/2 10 1/2 0 

0 0 0 -2 

ca2i + sa3i 
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b 2 1 - -Jl72(7) + -JS72(7) = 14^1/2 

22 

'23 

'24 

VI72(-21/172) + lETadOTliTi) - 4 

•Jl/2(2f[/2) + -JI72(10t572) - 6 

•672(0) + $72(0) « 0 

and 

so that 

>3i » -sa2i + ca3i 

b 3 1 - -£/2(7)
 + >572(7) - 0 

b32 » -nfl/2(~2ill/2) + ^l/2(104l/2) - 6 

33 
-aE72(2-/i72) + £72(10^172) « 4 

b 3 4 = -tE72(0) + €72(0) = 0. 

Therefore, 

B(2,3) = 

0 

0 

0 

-2J 

4 14^72 0 

14^72 4 6 

0 6 4 

0 0 0 

Since B(2,3) is a tridiagonal symmetric matrix, the rotations 

R(2,4) and R(3,4) a r e unnecessary so that B(2,3) = S. One 

now proceeds to determine ^n(A) from (4-11). 

$l( A) « A - 4 

- (A - 4)(?\- 4) - 9S 

j^(A) - [(7\ - 4)(7\ - 4) - 9S] (7* - 4) -

36(7* - 4) 

*2<70 
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S^(7tf - { [ ( A - 4)( A - 4) - 9S]<7\- 4) -

36(7*- 4 ) j (A + 2) - 0. 

Thus 

^ ( A ) - 0 « A4 - 107? - 126A 2 + 300A + 944 

(A - 4 ) ( A + 2){A - 4 - ^ 1 3 4 ) ( A - 4 + 1SI34} — 0 

s o t h a t = 4 , A j = - 2 , A^ « 4 + i j l 3 4 , and A 4 « 4 - J l 3 4 . 

U s i n g ( 4 - 1 2 ) , o n e c a n d e t e r m i n e t h e e i g e n v e c t o r s c o r r e s -

p o n d i n g t o 7 ^ . L e t t i n g ( 7 2 ) 2 - - 1 , t h e n 

( 4 - 4 ) ( - 1 ) + 1 4 ^ l 7 2 ( y 1 ) 2 - 0 

( y i > 2 - 0 

1^1/2(-1) + (4 - 45 (0 ) + 6 ^ ) ^ » 0 

^ y 1 ^ 3 53 ( 7 / 6 J - J 2 

0 ( - ( 7 / 6 ) V 2 ) + ( - 2 - 4 ) ( y 1 ) 4 - 0 

( 7 l ) 4 - 0 . 

L e t t i n g ( y 2 ) i ~ t h e n 

( 4 + 2 ) ( 0 ) + L i W l 7 2 ( y 2 ) 2 » 0 

^Z>2 ' 0 

( 1 4 V l 7 2 ) ( 0 ) + ( 4 + 2 ) ( 0 ) + 6 ( y 2 > 3 - 0 

( y 2 ) 3 - 0 

( 0 ) ( 0 ) + ( - 2 + 2 ) ( y 2 ) 4 » 0 

^ 2 ^ 4 a r ^ ) ^ ' t r a r y » s a y 1. 
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L e t t i n g (y^ )^ " -1> then 

(4 - 4 - ->/134)(~1) + 1 4 " J l / 2 ( y ^ ® 0 

( y 3 ) 2 " - ® 4 / i 4 ^ - - W f / 1 

14^72( -1 ) + (4 - 4 - VT34)(->T57/7) + 6 (y 3 ) 3 = 0 

( y 3 ) 3 - - 3 W 7 

(0 ) (y 3 ) 3 + (-2 - 4 - ^ m ) ( y 3 ) 4 - 0 

( y 3 ) 4 = o. 

L e t t i n g (y^ )^ " 1, then 

(4 - 4 + VX34) (1) + LWl72(y 4 ) 2 = 0 

(y4>2 - - ^ 7 / 7 

14ifl72(l) + (4 - 4 + ^134)(-J57/7) + 6 (y 4 ) 3 » 0 

(y 4 ) 3 - 342/7 

(0}(3^/2/^7) + ( -2 - 4 + >1134) (y, ). - 0 
, + 4 

< V 4 " ° -

Now 

sx = R(2,3)y 1 -

1 0 

0 0 

n _ - i " - 1 " 

> 0 -7 /6 

> 7J2/6 7/6 

0 0 . 

Simi lar ly, z i - R(2 ,3)y i so t h a t z 2 • (0, 0, 0, 1) , z3 = ( -1 , 

(6 - >Jl34)/l4, - ( 6 + Vl34)/14, 0) and z 4 - (1, - ( 6 + >/l3A)/l4, 

(6 - i/134)/14, 0 ) . 
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If one normalizes the vectors z-p Z2, z^, and z^, then 

|Zl|] = ill + 49/36 + 49/36 - -J 134/36 

zx - (-3^134/67, -7V134/134, 7^/134, 0) 

2 211 = 1 

2o (0, 0, 0, 1) 

W 7 

. 7t/134 . 67 - 3^134 . 67 + 3ig34 0 

. 134 ' 134 ' 134 ' 

||%ll " ^ 7 

7̂ ff34 . 67 + 3-JI34 . 67 - 3^134 0" 
. 134 ' 134 ' 134 
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