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UXSTBAfT-WTATF BfUa ra JtVOWAWCT OF CVCADgS

Mr
A. W. Squires. g. goatroll. g. Welkcaiaa, ». Fl eken and M. Benedict

1. IWTWODUCTIOW

■ulti-stage cascades fbr oloae rraetiooatlan of nearly Id ant leal

eoapceoot* are beeonirg of increasing Industrial Importance. Distil

late* eenpeneata uhooo belling points are only a *we degrees apart.

and chose relative volatilities are 1.06 er lees. A rwisbir sf

lootope separation plants eating nee of fractional distillation.

theme 1 dlffa«ion, choaieal exchange.

4 hare been built.

is generally character Ised by a’long start-up tine and a slow response

to manges in operating conditions. This is the ease when the holdup

of product ocnpoeeat la the oaaeade is cany tines the dally rate of.

productloa. A significant fraction ef the operating life or such a

F

j

cascade is spent la starting up, ia transition Cross one set of opor- 
*■ .

■*!•< condition* to another, and la recovery from tsaaaient disturbances.

Sue© a cascade or oolusm

la tian eo loans are being designed for iaossere and other elooely re



I

In >ueh a ess co de are or comparable pvuetieal

importance to procedures for aetting optimum •toady-ata to operating

conditions.

The purpose of thio paper la to develop the theory er the -m-

• toady-ata to behavior of these ooscedos nod to p-eaent simple mays of

Onfortuaataly, emet eel co la ting pro-thinking about this behavior.

eedures for a cascade of complins tod structure ere gene rally very dif

ficult and cannot be made a attar of routine.

In thia paper
■e.

A cascade with an ideal-ttee fol leering mode of attadk has been adoptedi

ised st root j re resembling eascadec of pmetioal interest is specified.

The specification io chosen to that the unsteady state behavior of the

idealised oaaoade can be calculated exactly. Cor-parison of the ua-

ataady state behavior of toe idealised cascade with tte atea ty state

behavior has auggea*ed approxiaate methods of eetiaating one from the

R

*
a

1
3^

r* —
Procedures for setting optimum start-up and transition procedures 

Cl*- 
and.translent losses fv



Our amis later*st la

la tee ease la which tee rectifier

largely Involve ways of thinking cbout tela change. Our results cam

readily bo aaodlfiod if tea teary ooaaponent la desired, appreciably 

enriched and not at extremely high recovery (tee rectifier la now below 

tee feed point, and again ita product owaginunt invent at y la aa im

portant cascade variable). Tte case la white bote appreciable earite

moat and extremely high leoovery are deaired (bote rectifier aad 

stripper »event an lea are important) la more eenpll acted, bat aaay of 

our results can be generalised te previds useful inf ornate cm about 

this ease as well.

operation la tee change la tea rectifier's light component inventory 

(either Ito magnitude or distribution), and tee results of thio paper

I 
I

inventory of light ■ negnuiat la 

■“V Mnoa tee dally take off of light a amp ci an nt, aad tee stripper's 

inventory la tee sama order of magnitude as tee daily waste rate. 

(Thia la generally true If tea light inngii aint la appreciably enriched, 

*ad if the recovery o.' light naagonaat frm feed la mot extremely high.) 

In this case, the principal feature of interest during unsteady-state 

Throughout tela paper, we regard tee light aa^caaat aa tee desirable 

earn, aad co ma apeak of tee material with dream at teas top of tee cascade 

aa "protest,* and teat at tee batten aa "teste.* 

M

<4*1 »
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otaer.
eale-jla tl ana for roepl I sated «««4m

• tarp la ’

St

i« felt that thia art. ®r •*«*«* nay often tea*

in «ytt.a» too oowp 11 sated f«»r direct

I

1

J
I y

*• — 1—lattdb oF steady «♦ *t»«.

wltao v«a»n ••Ivtitma are

.oeght for lapartent tlae-dep-edeat problem (heat Flew. dirr^.1<wl,

oaleulatioa of tiw» ^ijini*—t

_ Rood eetlwite* oF the unsteady state W-

.-.•rtor vf saseados oF praotl sal Interest ean readily be obtained.

tlnre emwt steady sta*e



«.

•f • uaiforw oca content ion in a largo number of stages st the top of 

toe plant.

beet Ise 3 gives aa enact procedure for the Imi 1* cwt-

P** resulting Tran • transient dloturtoaoo which upoet. tb* steady-state

distribution of light oomponoet la the saaeado. Thia procedure io valid

Far a caaoade of any dealgn.

state ia reached with a alniama loaa of prod act I an.
*

doereealag with stage nonbor counting any Fran the food point), operating 

%

paadeet proto low ema bo written ao • sectoral Uod Pearler Series oF

I 
u

optlnan start-up procedure for a cascade. a web that the desired steady 

Saettau » gives the tart solution of ttoo tine-dependent probl on 

Aar a apwclal cortinwouely tapered oaaeado (interstage Flows aKaot'tlaally

Ml 

bet ion ttaM are disowoeod briefly, on th spoeial reference to too enee 

la the mage of light canyon wet aol fra et lea fall reMtive to one.

T>* toper Is ehoees to resemble eaaaadoa of preetioa^ interest, and io
♦ • * * j ■" ''

opeeiFled by Fanetiona selected oaeh that ttoo oelotlea of the tiwdo-

products of too eleewntory ftoetleew, am oF time alone and the ottor 
ft

Seetioa 4 diaeussow the preb loam eoemortod with the sea reh For aa 



s.

of tho stag. ashtor. Th. dofraa taper of ’ha sp-el. 1 Idnll.M

5*4. son bo wrlad botoasn srldo Halts by suitable ohoios of e

■•tar la tho aquation epoclfylnc th. rasaada's lntoreha«o fl one. Tm

a. • spacial «aoo.

« (Is* a *a

fbr «t«r» m.oad«a *p.r«tla< la eone.ntntlon rang«a ah*r« as] fraction

faction* 2, 3, and 4 aaa b. road by th. non-atbaatial raad.r

without r.f.'.ac-. to S.ctloa* 6 and 6.

«r

I 
a 
1

a

• 1«r. aaaaada (Int.'Btag. fl<m« Mastant tbrou<ho«t saseads) is la^ludsd

is not snail rslatlws t« one.

.met solution of ths tlass dopandaat prob low



«- aPFWCTtlWkTK OATTOW POO VA :UTT3F O*

N? yyaTg ^wi'Tor-TUTTo* wtti

Thia Mrttaa gloea an ap^roxiaate ortho! of eel rale* lag the con*

aaetaady-etnte sp«'atloa<, Weaulta obtained by thia netnod, »Meh relics

only on know lade* of the etoadyetate bohavl or of the
W»

ttoatoady-atato p-obi ana will bo divided ln*o throe rlaawoei

1. Approach to atwady-state of a eaaaado initially *lll-d with in

ventory at feed coneentm11 on.

2 Approach to eteady-etato of a

other steady-state .

8. Approach to eteadr— atato of a eaaeade stoss initial oeaeaat ration

diotribwtlon la arbitrary.

Xn thia section. ww etan11 treat probl one of elaaaea 1 and 2 In th. ■net

detail.

%

eaaeade

eaaeade initially operating at *n-

f *

wont ration at the top stage of a cneoado ae a fun at ion of tire daring

are coopered with osaet reaulta for aoveral apeelal caeoadea.
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diat ribwt1on appropriate to the top eta<e e an eoat rat loo at tnat instant.

duetion). and alao if produet i* withdrawn cont inwoua ly during the

approach to the ateady-atato eorreapoodinc to produet lor. at the

of Intereat. tlao ia nado of thia obaor-watlon to derive »h» •?prox!a’«

•teady-etate prcpertioe.

Prohlwaa of elaee 8 ( r*d 1 atribatlon tines) wilt be -are' derod

tnta section. an1 In r-eato- detail tn the

■eart auction.

I

eT*1')

It ia found that a cascade any b« weld *o approach atoady-e»at» tnrough

equation (?.«) fo - the »pp-o«rr to atoaly-state In te-ea of cascade

tri but ion in th* cascade la eery nearly the anno as the atoady-state

Thia renark nolda if no product ia withdrawn durinc the approach to

a aueeeaalon or in*e-aaediate ateady-»*a••• t th»t la. at any inatant

durln< the app'owr+i to the final e»oa-Sy-wtate the eon eon tian die—

•toady-etate (in which eaae the ataady-atate eorreaponda to taro p-o—
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s.

o< Baaet ’’‘urvev ^Meriting gpyroot . to Stoa^y-Pteteaj

The enact netbode of ^oetieoa • end • nave bee- uood to dete-nlne the be- 

hawior of throe eaeeadee d wring the approach to the eteedy-etato rer- 

fillod with feed.

Toe special(i) Tapered Caaoado in Low Cos miration bngt

taperod eascado. developed tn Section ■ for tike ease of constant

lan-

x. e.»e.boro have boon obtained for the esse

prodwetlcaK Thio eeorade has a taper elcsely rsssnf liag an idee) •eo«"t4«

The tral peeping roqjlred the oaaeedewith the eawe value ef

io 5.3% lose then that of the Ideal caeeade. and the output at a product

, the design purity of t*“ ideal eaeoado. topurity

Figure 1 »oepr«< the in to rote go fl owe of the two eeeeadoe

Tao taperod eaoeede rune Ids red in thio paper eleaely ro-

Pvwct leal eaoeodoe eon apt to bo■ eat loo roeendoe of pro et leal late root.

|0e«B

>

£

are operated from the outset without product withdrawn 1 and are initially

responding to no preduet wlthdreml (total roflas), whoa the caaoados 

* n. e**3-

» 3.9d. and V^>( t»ro

and Zy « I , and described by eq us t loo (B.M). has boon studied.

...
 . 

1 . 
4 J. . 

-u
 - 

■ 
“
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▼•ry nearly ideal In the lower atagoe.

quiroaoe.te are nig ■», and sound seeks *o ainialce flow and equip-

Preeticel oaacede*

at tM top aany tisaea ideal). Tie principal eoat here is tne unit coat

per stage. which la nearly independent of equipotent site. The ideal

oaaoade’a property of alnlvlsinr flow and equipment else la no longer wad

and there

treat pmetiral adwntage of agonring off the »>we<wdo. with the ac

company lag reduction in nunber of etagee end redaction in nisobar of equlp-

■ent typea.

Moat practical eaaeedea will probably lie between the taperod caa-

aado bore described and t<*e square ewsonde. The-a is risk in designing a

cascade witn a taper sharper t an ideal (even though costs *y bo apparent

ly reduced by such a design) b*reuse fbilure of equipotent to osr'ora »e-

eerding to epeeiricetion has a wares effort an overall onaoade prrforannoo

Ln atagoe aan ***••’ ideal that in ata gee larger than Ideal. It is felt

I

ere apt to be blunt-topped (i.e. flows

whers ptaapinp and ant Oriel a ro

an edventaye. since these roqjl resa-n- a are snail in arty ev»r.»,



io.r -
tnat an understwndinr of the t i.ee.dopondoet Savior of our tapered

for f»«e»d», of practical design

steady <t*t» correspondIng to ao produet withdrawal.

curve of top stage concentration wreua ties.

Square Saccade In Low Concent ration Ifcnge Corves haw

tapered cascade. Figu-e 3 rives curves of ear. eent re tian versus etsge

e>

4

I

C !f «>«.•« ae thebeen developed for a square eas**ede having the saw

cascade and of sque -e cascades will cover a wide rance of interest

nunber. and flfure 3 gives a curve of top stage eon rent ration.
| f O.IM.II.I.. Be.

nunbor at several tins during the tapered cascade's approach to the

figure t give* eurv-e of light cowponent eoaeentratIon versos stage

>3
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Xaap.«tloa .f Fl«ur»» t aad 1 that■nA tat.

oa.

any b. approalmt-d by th« atmdy-wtatw airr* far prod mt io. «T «t.rUl 

TH.at th. •*■• top •**«• eaaomtratio® aa th. tlw. d.pmdmt rurw.

Th. aa.oada my b. mW to appro, ah■Daatrvt. that thia la th. mm

rtaal atmAy-atat. Uirwjti a aueeaaaioa .f lat.rwMiat. • toady-at at. a .

Da. la sad. of thia •btartatjaa to A. ria. an approalmt. M^ratsiM

At a plow. laata nt Atari.* th. ap-f.r th. approach to ttMdy a tat..

*7 Bo oa. th.la th. top .tap. ooaomtrat !«■> at thia la ata at.

aa an ..tlaat. of th.*tMdy*atata lavontorv eorraapoaAiac *® 

airor. ▼ eoapar.. th. lain ata ata a oom la-Toatory «arln« th. apprmoh.

Th. tian» rmolraad Cm

tap at*c« ooa-mtratla. to ohan<. fmaa

*

•tMdy atat. eurwa plot«4 la n<wr.o • a ad 3 (am Aa.hod earma) Am

ttaaUMM' iamatory talma, fflma by th. mrw, with r.p'-.a.atatl..

*
at«a4y-atat« m)m«, flown by th. opra .lr«l.a.

• 'a

proa ch. th. aaaoaA.'a iaooatory of lipht eTpo.ant la **«
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*

t*w tian repaired to achieve the ear re spend lag la Larvostt ory

d The l«tu* tine la rondlly seen to be tt»e laatint of

on sonde at that laataat.

B* eac obtain aa ostIna to of the laataataaa awa aet tmaapart la

£too followla* any* Uw aet transport of light eaaponeat at a

stage la given by«

4> - F | V^j-zv)- PN (t.D

p p.la the aet tr*a«part of total eater la] at the stage. If

df^dN . and are ohanging with tins. the ee>«tloe bo 14a for the

laotantaneowa oaleaa. aa4 la general will have a different talae

at eaeh stage.

Tn pert looter, at the feed stage derlag ateady-etatoat etery

opera tloa»

4t.t)

feed stage
^Y)

«

Oering t%o epproaeti to steady-state (elta no product wltMraaal). at the

</ divided by tbo net t man port of light eoaponeat late the 

Oering etaady-etate ope ret lea at parity /^s ,

f: {<? ac o-m

f - PNf>

sL^;

PNf.



Thus. wo Cind th. fol low;nr. appro* Lest*

I* f
a trama!tian, and

!$■/)

SU/Tj... HMMlMtlM •« tiw

♦-*• steady-state product reswval rate -onr* spending to the product

It.

(».»)

instantaneous eon uont rat ion grad lastir so aos*» that th*

otaady-atats gradient correspondingtM feed stage is the anno as the

. no findto the asms

<t.<)»

Figure • eonpnrss the ins-entaneousfer the lastaataneoes net transport.

easendee with the re lues ob-net transport for the tapered and »e*r’

F» through the use of O-aadtaln«d free steady-state values sf

(Botiee the sharp reduet ion in net transport at very loo

and the relative constancypurities in the ease of the tapered mecado.

La th* rase of th* squareof the net transport up to fairly high purities

and the long persistence of a valueFigure 4. for the tapered aaosndo.

for this derivative ia the square oaseado.)

■

J
4. ‘ .

sore shoen by Figure 3

•nscadei these effoets reflect the rapid Iherease la ( snoua by
w
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•
of (•-•) yields tun fell—la« laplieltpurity

f—aetlen of *te««

(«*•)

X.

X. initial lipfct I—psneet 1— toryiswhore

x^r) • steady-state Xicfc* 8 1—e—i»wt irrreistory ••■ I

H, whlafeS> top stage eoneentrvt 1— at ti— r

find) at • etoady-otato. apoeiflsatlea

other two.

and

and esti—tlagverveby plottinj [H«4

Iha open circles ar figures d, S. I vara obtained using o-

The agi ess—at bet— the eanct curves and the appros-qt—tian

4

r) - n.3

t
f

X • at leal aalvaa af tba in»afral any ba aanvaaiaably obtainM

th* under th* atrr* httnf ^* **d

.

■2

to produet parity *

■ay ba evaluated fron the equation. .

relation for tap atapa eaneav t rat lea aa a

. rx<V2 
I

> Y

of any one of the throe — riablea . P . awd X deter—inea the

Integration of («.«) la oloaed fora la aauelly difficult If 
ao< —

not lapoaalblo beeauao of t»»o cc-pllceted relational Ip bet— P* .
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lasts aqua ties la esaallaat Far the thraa raawaOea studied. The

product pwrtttea af rraataet latereat ara tfcaaa la the nel«nbort»ood

af

I
(Flffara • eh saw *!»• sharp da*raa«a la

«

Nr/N.
thaa atoeat >00.)

toeot Mt the tiaa Per th« tape re-4 oaaaaOa te raaah parities sf Utar«(t.

U"«o»» traaaperte aad larento-ies ara aaaaaka* hi<t»er aad laaar ra-

spaatlraly ttaa *Jmt afaa^y-vtaca aalaaa.

axr

s

►

•taaOy-etata tnarpart af ll<ht ataMal Far wlaaa at

It la aaan that aauatlaa (>.?) aaaraatlaa*aa toy a«

Nf/ ». < 00 ta 1OO la Flcaraa 4 and 4,

This la a eoaaaiaaaaa af ttea ftoat that far U»a taperad easeade Iwatas-
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Th. ay.

t*. tapmaff enaaaff. atelia bare. >• «••• hpply t. •• Wail aaa.

Th. aa.ll (iM th. tap atac*. .f this «••.«« rasa.. th.

MBMrtratlaB ffrafflmt at th. top *r th. «••«•<!• ta b. greatly ffl/Thr-

•nt at staaffy .tat. froa th. Uist.ntan.oa.

•teaffy a*at«.

d.n

For an Um]

proff-»ct parity la Jaat aa.-h.ir tala wWa, *»< *’»- p**t4aati«B at lesser

peritlm the rtMtiy-ntt. <rafflent la Tlattar •till, vita aa^atlao wIm*

parity thaa ffaalpn).

$

V * - '"••ala

balaa a oartaU parity (a»4 a cmrr.«pwMliar atiaa parity at 

tat. staff.] tai a la .r raaraa aa aBa.rff aal.

It la f.r tala maaaa that th. li«ht

t

rascff. th. tap staff, rtaaffy stats ffr.4t.at at th. 4.ai<n

■ ■............ ' ' ■

o’

» -WT

...

r» ■"» t** - •A*
H7-
p
1

^e*

• banton th. t«p ata«M 1? aas r^alra. aat.rl.1 aa appreciably laa*r

’r A ^r any aaaaah. th. latt.r p.nMt 1. alaayw <1^. by

Io. 'rem t rat la. caff, with taper b»ta.a. a affaar. oa.sad. tMt nF

iwrnsry ar .. u«l «....«• u abmt sot ah«ra «r th. ata.ffy.atat.
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«hlo

Wmiai , .a .a ta

••••**•. •« lea prodort poritleo the <ra41oat

Aarlac TM» glveo rise to tte tiarropeney la Figaro < be*

arw appeal* to o^aatlea (t.«) at early tiaaoo.

<*.•)

The ret. of

laereaee of lawatery of Mofct eeayeaoat la aea oqoal to tlw aet tra*a>

PW7} tte k 3
fl

*

>• Mt tMAt^rt e< U* Fm4

Tartar the ayyraeeh te etea4y etat*

eeh*.*ale aT aetval preheet eltbOveaal eet by the eye****, te P('7jLw..««g

.

•*<• l»*aatery am the toy etage eoaoeatretlea reaehee aeoliyt yarlty

*ho lavwatory of the tapere* aa«4. e«otfle4 her* la praetleally

the traaoltiaa. aoA eapyoao P(T) < j¥Bt Bll <too<.

•* etagee tear the top la aoMh flatter la the eteaOy abate thaa It la

___ ___ _ , . „
A hlaaat-«ep aanh aae the aaae top etage aoawaatretiaa gmglewt
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*

laaaafeary

jr.aMat *«*)
O.lt)

*r «al*w*atl«M *r thl« tjTF* tarn bMM Far

(•.»«)
<M*<Mm BatUally ia

«•* •taa<»-«*a».« mr-

aaa 1—■ i la

4

I

Maae 4M.T1M toy •<(»»«!«.

•a aa<la»<N» *r tH«
<^*

£•

r***^4,K< •*<*••■ *• «H» r*«a •*>«••

all «*••• tea •valla («.J1) la

Iri-a^wtlaa er (».M| r*-am t«« a<aa4y mt.

4«rtla at a rima ml* mr« alla«*4 «• a**rm«to

I F
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t—■ a«r«. *•* tM» ***•!»*•* r«M» •«**>«* (i.g>

«T mwllMtlaa «T <».«) <tw. w <«-»!>»•»
tej

•r •♦• •« wrtea

«•• taw* p—»*ar** «w

• «• !• rtlaylaiat «m» ♦«<■« at* artBte «e-» «t »w

t.«

•BSewteYtam fW »<ira artawrtw •« iw

<■■ Mimttaa •« Mrh «tw«,

»
*

<».!»♦

J
p'1

•m*

-
»>->I«r Mywiief M—>«>«■ rw <waw

<<%~J - < 
f (*□!<-H-]

«r • w—<■ Ukt»t*lly «*w«*tar ••.

*«• «r • *•*«• U»l«»«lly Fin«< m«a frt-rt.

• law rtla* •*«*••*>

• Mtawrtr »*••• ta tw «m»

r»fi<a» Fw w» «rta«

'W* rtrtrtaite«tw t«M»« »F taa Ma* Ww<lur~

tew • raraa Fw «aaa a>>~w»aiaa «•
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tMif •»*aey-*tat* v*iw> »r

'*.14) le ear at ium ■and Th* aingl* tieo

«na be -*«**-*1h»4 ay ««inr (2.12) detomln* tbo tin*

T(^r')

■sport**** MB* enona taet (t.14! 1* a flair approxlMtion of tn* ay.

fra* to steady state if tn* rhoeea for evaluation of

I

(2.16)

tiaa (».1S) is aot a* road aa approainatioa aa eqwtior. (2.«) but

**• adoeatage *f requiring kroelodg* of th* cascade’* steady-a*ate

perfW« ■» aoo at only ano p radwet parity, rather ttaui knowledge orer the

Mention («.1>) gloea a aeriona o**r-o*tieate of the tian required

for tao tape'od aaaeado deeolopod La Sort ion • to reaoh top atage eon-

60 to lOO).

a.« drhltrwry Initial Die trib at ion before dieeueetag the gon-

. oral problem eT treating approach to atandy eta to fron an la it Lal ar-

*

- V.

eentrat lane la th* rang* of intoroot ( Hf/n.

, ehore At, la carefully eaoaen.

Ay at total reflux.



Ft.

c bltrery distribution. *e *1)1 describe a typioa] *sa*ple.

Tn general cm* *111 r»o» bring all of a oasoade Inta op* rat ion

simultaneously•

Suppooe tn* ft rot part reaehes a steady a tat* for a girea produetparts.

fill ths second part whan It la reedy. Th* curse af Figure • label lad

" C " Hlustrataa tn* aituatlon l — sdiataly aftar the second part ia

put la operation. and other solid aortas (tea consent ration eeroue stay*

n<aab*r at several later tin**. Th* solid curve af Figure 10 shoes thv

top stag* concentration vereue tie*.

obtained by th* ortho*a given In %ee*ion •• 

Th* de shed

tribation corresponding t• osaetly th* ease light ca^ms* Isvwrtory

•a retie* that th* een*ee-

tratlcm distribution rapidly approach** thia steady stat* dlatributieni

this redistribution o* inventory occur* during the initial sharp rising

7

rat* and p»odar*s a stork pile of anrlchad notarial which is used te

portion af tn* ours* af Figure IO.
«

eurv* or *tgurs • la the *t«*dy-ot*t* soneentretion dis.

Suppose a nasoado ia brought into operation in tee 
a

Th*** serves ere esnst. and s*r»

as is oon*einod in the cascade et sera tie*.



*

varaaa tin* If th« Initial aaaoagn *aae*atmtlaa gtatrlbwtlaa 1* th*

It la aaan that attar th*4aan*d ataaiy-atata aar** af Fleur* ••

ahart parlag af r*giatrlb*tlaa. tho aalMI oaraa aloaaly par* Hal* tha

Th* avail tian lag batwaaa the ta* narwa raaalta fro*

tha Mat taat taring th* rat 1 atrtbut laa tian th* eanaaatmtioa grngiaat

at th* faag polat la ataepnr than la th* atangy ata tn. ant *ha n*t trona-

part af llgh» antarial la mrmapaag laply laa*.

«a a laa aatlo* an lataraatlag property af th* atnga at ahloh th*

gnahai *ta*gy<>*tat* ***** af Flgara • araaaaa *a* ial*ial eaaaaa*mt 1 aa

tW aaaaaatfatlaa at tala paint mania* naarly *ana*aat taring

naina aay ba tbaagnt af aa a aartaaaot af llga* aaa-tbv ratlatrlbwtlae.

paaaat pant tala atagn fraa ta* laaar ragiaa af aanaa* ta tba uppar

fata ataga nay ba tIrani tan *pi*nt point* af tha

r*41at rlbatlan .

"partial aaaanga*. aai ta* rail a tri bat laa iaaarlbai aa th* approach ta

J •♦aagy *t*ta af thia partial eaaaaia fag by a raaartalr at th* plrot

ta Flgura IO, th* ga*W4 mrr* label 1*< C gbvaapain* naaaaatratlaa.

ol a

Tha ataga* abaa* tha ptrat palat any ba ragariei a* a

Th* <*aah*4 ***** lab* 11*4 A C<**a aaaatly th* top ataga *Me*atratlaa

mgloa af 4*n*l*n*y..



*

wr*atio° toP •tage of tbo partial

rwtUxf.r of th- MioU«

*n<s by an to rial at th* pivot point eoneeet rot ion. It la seen that

tho solid curve any bo cetiwatod fbirly wll by a ewspselto of da a teed1

curves A and e.

Generally speaking, if the Initial connectrati sn distribution is

*

If one ia interested in predicting top ata go eoneea-

tratio«• after a long tlao. a fair eetimto my tee obtaln-d fm.

eaayuut Intra-

tory, even though tfao Inventory dletribetion la not a atmdy-etato die-'

tributfon. *°r predicting concentre* tone efte» abort time a. the con-

eopt of a partial cascade described above any frequently be of one.a if

the pivot point do-

c/3fined by thio crossing io not too irregular.

the onset tine

arbiteary, the
«

trlbwtim only once, aad if the distribution above

to approach the atoady-atate di Ctrl but loo eorreepondlag to the

qatlm l.«, setting X* equal to the initial light

**• •vbltrary dl Ctrl but lea ereeeoa the eorreepeoading steady-eta to dia-

eaacado quickly 'edictributoe its light eoaponent la-

caoaedo, regarding It aa Isolated from the
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LC^.I Or OUT? JT DtTF. To TJVJISI^WT •'ISTff’WBW ICS

Burin* steady state operation of a c««o»<!», dx«tu-b»nr<»« f-e-

qjently occur w.-.ieh cause tne distribution of li>-ht in theco~< pci. er •

Power

ft* 1lures. r«noT*l of e^ il patent for repel-a, tmpon-v changes in equlp-

at rear*, *mpc>rary Inter-r-uo* ion of intorot^f- flow at sown point in

After such a

dl aturbance. • plot of ecncwntmtion versus stage number differs from

tne atocdystate cu-ve and the msrada'i output of light component dif- '

but as timn go»» by the concentration

curve and output return to normal. One wishes to be able to calculate

the overall loan In light component output caused by th* d istu-banco .

In practice it i« impossible to obie-vs loss in output caused by

a particular disturbance because r the many farters eatisinr day to

day **1 uet uat lone in the p-o luct rate end pi-’.ty. and became in rest

is fe 11

*!»• cascade - — many sucn distu-bances cause tne shifting and rising

fora from the steady.state rate.

instances the loss in output due to a pa-ticular dirtumbnnee

of inventory from one pa -t of tne cascade to another.

leant oharecte-lst lea, tw.uporw -y inte-r>iirt 1 on o* feed, wes’e, or product

ceacade to dopa-t from the nor-Al steady state di st’•IV it ion.



*»

»C.

I

o*«r • lent perlcx4 o' tine
o:.

* day's pr.-d jet:ion. t o

compute the lose in output fro th* only feminine observable at

one'* dispose!■ The curve of li^ht

■tn5e number i-r-ed lately after the rilr.rane..

It »rill be shown in *his section tha*

outout, if the • of p-od iet removal remains constant. is riven by

the following erp—s si on»

Loss in li.’ht component output

where

///<) holdup of

W-h) steady-state 11’Lt component concentration at Z-X-'

<Tnis is the concent ration a long time after

turbanre.)

li£it component eonrentratlon at

iat*ly • '’tor dlettfr hence.

*6

♦i.
•> sta^e.

an-' has a ha-dly noticeable effect

a/74.) =

r«»e would therwfore like to he able

tn* loss in lirht component

ro ipon-nt -oncentretion vorsuo

‘ stare inured-



ft.

Ji'*)- ■ positive ■•if i’lnr function (see equation i.a*) whom

wlw Is mil co«|ar«d with unity near too to* ton of 

u» easrede. «Bd larreaooe »• a value non- unity at the 

top of the made.

Thia elation la valid *or all oaecadee. ehntever *ha dependence of

on stage musher. It ho Id a vhotaor the total light 

eoapoMnt inventory Imuc-lately «n«' the dtstwoWnre la the saws as

the • toady state light component inventvry or wot. If a <raon of

First, the expression for Seeond. the

effect of * particular disturbance (the uni fere mixing of inventory in

< region of the cascade) will be considered, and i 1 lest rated by enables

cal ou la ted for a typical cascade.

affect on product purity will be discussed briefly.

A

(^.1) Mn M.llr b. ..latal by ■tw.rla.l Ma'Sadba

JM will bo derived.

auwber of stages in at

last, the duration of • dirty rhea is

t.

Jversus stage nueber has boon prepared, ths integral of equation
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S.l

>

a*4

Pallaatar argaa at ap>

fbet«r

• o • 41atar*aaaa wWk

’•*••<• »b- r laaaatratiaa diatrlbat'aa la t*a aaaaada.

4***• llr*t ’MJ>aMW* Ml fmttlM at ta- •« aara tian. Ta

gtaaml , *M Initial catMtia*tan at Uta tn* ♦

bad

•ay 41'’far Pma

tMe ataady atate m1 fra etian at tan Oar arablaa la ta•taga.

Clad tM Mamll last a* llyht eaapaa««t autpa* eawaad by tHa 41a.

twr^aaMi *hta la a^wl ta th* yM«aa« rata lla»« tta lta» lata<v«l

k

*5®

and battaoi aT «*a oaarada. are dirfaraat Pr-aa

^-j^Mwae • aaaaada

tat ►*

»aelaat1aa af WapMaataa .

•T T et*«aa ( «4. a«B<aa la *aa atrtraar aa4 ?*-> 4< aaa«a« la taa

S;” *
’’••**r**r' *• aparaataa alt a a aaaataat yradart aatadaaaal rata P

atara Haldwp aad l«rtarat*«a plaa

W (fM4 rata Za FaW

/WrJ —

tna a*aa4y a fata paadaat aa4 aaata parttlaa. aarar^ar. ta» Initial

Heat aaapaaaa* laaantary.

taa ataady •«•<• inaaaf.ry f <>/<<>

• ***
■afit

•*ara A^^<4)



-

teee eT llrWt riW»»«t output

io eee4e<.

-

r .*nd At *ny tl

4*

t

1

*•*
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■JL

.•

t
i« •• re ileast

IWpAniwt twrbnfclee will to ImI looted only Wan opooiel •wptewl*

Iff

'■ ** ** • *- '
•• write two notorial be lan«e atowt tfca part oT the reeti-

The di rro-ee*.la 1 eqwktloe ter t*e cteeAy rut* eoaeentretiom

pr«-ieet parity *«4 tiw trMMirwi top at*<*

H'UJ^ N^T),

*
I

W Ml#*11'' «3h» *

(».«)

*■

FA) M^r) - [f/a) - p] T). F nfT,T)

UoUmt «t»e eeertll eteg* wi>!roint fteoier

H(^T) . we eMwtaf

(<*erie«4 tn tonw er N ) e«e the only «w-te*le« 4*tr»ndlne mi

w^

"tr,"^ !• ♦•» •*•«• eewewMteeilew ei • • **« c

f»^)
*WW'*' 
* *

Vf<) relating w>

■ pjTL^-^czn^r (<U«)

,~n^

s



( ^C r *>

*y 

a <r

r».«)

and

<?6*)= £».»)a

(•.13)

•hare print** d»not» dlffarwntletion with raepeot to

3^

'<x '».▼)

»• «et

. -) ft 
-rGt'Jf >4 / w <&■

L&.

d(r) jr
F(t)

If ■>• mltlply aquation (ft.7) by F , 
a /«/)

<*♦ •• •abtra*t wqwBtlon (*.») rtroa aquotioa (•.«). um lot

ircn-

Xt !• '<»”r»nl»irt »o Introd-j*** tha ^a»<«*ion»»

(O--C +

?(z3
-p’

- [ VC -a4C> C*-] i -- - ffF • £ rr

r 
——1 *

r p
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£•11)

*• Im dlf‘‘••arnea

• t the Jt»-’1on t*»wa*n atri;o*r and Th* iatacral cm ♦ •»*

r

*<

fltwlly, fo- th* rartlflar*

a*

ST U.1S)

P* r* o' th* atrlpp*- between atar*a o *4 . rleaa the follow-• nd

/T)z

»

- ^aLO-au) * aC^- A/,
(•.15)

3

33

(■ 4.

J ¥¥<ir ¥a •

“ hn^t- '«-!<)

/ F* ! Pftp '■’ € j-

' J/ 
w F

ac /d- Ar<yr>

rN

A • 1*1 la r *r*MMWt. atartinc fro* • mtarial ha la nea arom^ *ha

—. /7/r / J'—•nJS-

rtene me b- aaalnatcM fry pa-tat

x r
’ hNQ 4-a. .
<f

u

'ine* tiw rlr»t tar* on tna right eanianaa at aaoh and point, w*

«/< rr<

Inr eaqurnoa of aqwatlona, whara



<•.18)«

and U

(•.it)

- 4 K'J„- it'--

a

W*)^, -r*«*
'•.20)

t

<*.?!)

*d>

M,.)(•qatlibel**). and Hanot* t»»« initial •**♦•

J~T - [ HQ W«Tw

(S

R,za) -

Kwalnatin? tn* latacral on tan ri«nt by pirta. *• abtalat

B/*; -

z*7
J
't,

-^04

^n?

If wn Multiply • qua*ton (•.!•) by • ••

It la eomrwntant t* iatrodne* tna r «a>** ion* t

IT LvC’-^ /<r

Wo* add *qjatlana (8.19) and (8.21), lnt«p-nta fro*

latorratine b«t***n and
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<(T

*• arrleo at »h« foil owl nr evr**eeelon for the loos of lleht eoa-

pon»n» Oi» put I

w- u. t>t

(••25)

>

The looo la 11 ph* enapww< output raw t>o obtained for any Initial •on-

ronIrstlow dlttrlbut Ion

J^A--

T)PTX </•*

»Uy
J e>

c - ^4 a

«*
[ hH)ir}

c*'*) * p/

a /04- ?/' .7r/

3

by a oinplo nuaoriml in* ng ratios. If

Ovorall aatorlol ba lanro supplies a relation p«’-nittln< the

4T 1 Wf..^ ^T* fa,-4. .

f«. r

>V7
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la aaowr .

Th- fw»t»

If *♦ a yiaan aanaant tan Uwaitun af atay X n°‘ *H»

TH* ®< t>.« -aTMltlnr ’wtal•M pvatovr* rata **• *aa~ -an* am*.

1* !»•*« nap—i’ MtjMt atria**! by a- ini’1*1n—latlv*

•B-MMMI top • aaaaato* • (aal-a way pretov-a • tonTtoal—a* la

ay i»-0— e—3a a lea —aa Initial «aFtrlaney at •♦*<•

!♦ • *it toy aa aytol aaoat af per* aaawy a wap m-a*.

«toa a*aatoy-atate laa* la awtyt 1' wartially wart—s amt* rial la eaa-

^3

3

m— part* aT ttaa aaala ana a «ala la ataa-»l.

toaa baa tai 1 wire pnjrai*! intarpratattaa*

a* lalblal lira* a——* law^rtary «*nel*aey at a«a«a -4. way **

•/y* J . ”»»r» will b* a •aflrtaaay la ♦»* a' li<*it

llatot < X^wa—• to—taqi toanalaary at a’ara 4 '• <!»•** J f 4 ).

i«wtnff»aTrit*>y attar*—laa aea* aT *tor atapa’a invent ary a-M raylnalwe

itiimjrr- .-’ witv»—to la yrw-t^et «n*tl M*a •***«* a’at- —1 tn—at ary

t—rafara ta rate tto* rlaaa rafea'ImaWtp anWn tH* f—r*ten ••*

—al aa—nt T liaa* ’any—a*. ton* la tafietam* toy an a—mt



for pound by pur* n*avy eonpon«nt.

loss

itch*1

**wu »*t t

•T M* O« t.14) <1»M tno 1 >•• O' Aurinr<•!«»* -1 y.

m»*steady atat* to another.• tnn»i».io« fro* oo*

<lwa tHa lnt«ml of th» 4»ar-»paarytn* »u«t I VavMsnlt dor-aanod.

botwon aetwal top «t»r«

mloulatodan*ifr*apondl»r to t*B now product rate.

for th* old*for th* ooo produe*

N aot equal to rivo» ooAloe. oqua*ioa (8*74), with

toio fl»ot pU*

Thin la discussed aore fully 1a S*o»ioa 4.

F vary Ma-

tt«WM>ly art tn at .go ■—»a- conorolly roqolroo ooano-laol

Evaluation of

for s<sah a aaaoado^B good ostla»to of

4

■tfaiKfct-famri for a oaaoado oao<

a- op wont «u»pw» diwido-l by tha quantity of lirht e^atxmont

V—d

Rf<) la readily

THo •valuation •rJM for a oasaodo to adutoO

and

eonooat mt .oa and tho otoady ata to mlvo oor-

oat 1 OB to of evnralattvw loaa of output wnon a «a

st mated of square oootiooa (a aovtlea io • droop of aaogoo dta eeaetont

uaa*oady-atato tai* doorrtbod ebow, J/4) la *■«• quottorr of Oho

In thia «•», aa ooll as la th*

•od F »
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9 9 Mee epi* toe* Owe to Traweieat tMetwrhaaeo In tote

ee*-root lee tee lose 4«e Co a ^■rtlmbr «raae1ow* Oiet 4ft«or« «rt ! I

t»o oalowlotoO to illoetreto two «oo of oe«ro* tea (• *4). two

loeeertorloo or a weaker eT »t»oeo ero al'croly alooO TMe coot*

>**•». -a a riot »wloi io two «e-we or Itm* reegwMMMat oowoowt re* low

00-000 «<•«• weaker. witaew* elvo-la« to* tetol iaoeatoay or l«i**

(■ae oto*oo Oro rewrrr I Fr-w two oaoeweetreprtea’ »• too oaoooOo.

t« *■ fr« f aotly ooiaiaary to «!■ their iwvoeOerioa W-

fho lottie 1 oBifora

(S-FT)‘ U
otto re •M >»«

The loos la lle*« ooopoaee* owM**** *• «*♦•»
e ■

a

* a

?

• re too o«a«oo at toe oa4o e< too rtat re*iea

(*.»•)

fo- rofolrw.

iwaaot-etMe o< iao flat review io cioea

■r X #/<>

f * J/9)
9

Fere ee <—t rot •er^tWa.)
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I

of minimising th* time required to obtain tM oo-respcmd lag ligtst com

ponent inventory.

I ■mediatelytines different from those ee looted for ultimate use.

after the eta-t-up. high interstage fl owe are desirable to ms lei so

I* nay provethe net transport of light eorpor.-nt ln*o the eeeeede.

dee treble to operate stages at the feed point in parallel or to set

if these tricks are possible, during earlyup two separate cascades.

a higher feed rate than that ultlmtely eoateapletod my botime.

' desirable.

intermediate purity to be fed beet to ths mseede as soon as the a-

nount of light component stockpiled, plus that in oaseade inwentery.
o

is equal to the anomt required fo' oo*-stifle at, th* ultimate stsa<y

After the stockpile i« fed back to the cascade, a steer'state desired.

panted by a reduction in output.

T

In sone cases it my prose desirable to produce mtorial at an

After one's choice of the final steady state, one will seek mys

This my well toad to operatt^ conditions at mrly
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la required f«r its redist ributicn before production can ^*Clatin*

at the fi«s»l parity.
*

transport of light c napnnwnt !•of the fhrt that th* n-tvan cage

higher the lover the pu-ity.

product wif»d—«wal, a point iarices durlnr initial operatic without

alt lente ly at a higher purity.ri»», ewer. if oas’s obiee* ie to produce

production at th- higher purity ia obtainedfl,e inventory required fo-

lo*e- purity and returning it to the

ansonde.

An eetlio to of the
4.2

loss of production during start-up

is a nearly wsact e«prs»aion for theThia equation

the design rate fr«a the outlets if product io withdrawn atwtart-up

»

Usually the

product rewoeal until the top eta go cca«*oe» ret ion appronoa-sfor ao

If the product rote as adesired product purity.

< 
we

ar
a

function of tie— a

set and if ( Nj

TSit procedure enables the oper.tor te tatee ad-

) can be appro*!•••* by Wp — Ms ).

wore quickly by prMweinr it at a

schedule of product withdrawals during start-up will roll

Thus as the top stage concentration

sot equal to Ho .

Loss of Produ-ticn Dur tor Sta-t-Up

la given by Bquntion (3.1). with

reacnod beyond whim it dees not f»y to allow the esneontration



It is eon tout equation (3*1) ie • lower boundreed Uy ewe lusted.

eurrod during the start-up if no prod net la fofd and • no lots In-

eurrod If produet is r meowed at dos ign rate frosi the outeat la worth

while *o- too reasons t The welue of a rlwwn quantity a* lirht '•’spon-nt

IThe last rwassrh

is not inconsistent with the stoefc piling operation wwtionM above

G3as deal ruble la sosss oases.)

,o»*

llsht 'oepsorot, and norwl etoady-state operation is reached sooner

resowed as produet is usually (rotter the hlr^or th* eonreat «at ten of

and if waste rate is hold fl sod a* tte» design we loo, th* loot

lap eta-t-wp id'onul’.y glw* by the fellow'ng ttp'tttiwi^

The additional »trs is elwayw posi*iwe if P » ^¥"1 j. hot cannot bo

if no produr* is pormnontly renow-d frost the easeede.

rate durinc start-up at no tine esooede the rate of the final steady state.

for the ouanslatiee lees during start-up. presided the eetoal withdrawal

Genemlly th* dlffe-snee between the loss la light etnspesirnt output in-



beprosoed as a tisa. the los*r t-'md en •»•• loss of output

• tart-up nay be written*

/ A .>Nf c«.n

This tlar is alan a lows' bound on the aetsnl physicel tier onion oust

(fixran be put Into effect.bofo-o steady-state production at

An upper bwjnd

Ke
<

Sot

N orespectiveiy.and Aesune

t‘CT): P Aquation (4.1)For all for all

■■y

The solid oiroles of Fig eroe 4 and 6 (lw lessor bound tinea

tai nod frost (4.2).

those calculated free <•.*)» nt airh purities, the tinea are saorte-.

fo- »h» tin* which mat alanoa before the s’eadr. 

o »a» ‘ » >•<« '
state concentration distribution is acfalewed noy'W obtained as f#Uo«/

o la pee (If the seSodule of product wit nd res* Is alenye calls fa- p‘zT</« p j

their larrest wins,

At intonated late parities, these tines oo lac ide with 

FYT).

A/(T) la the additional torn of (4.1) e^wal toN ) *n<s

ahirh are later returned to the oaecado was indioatod la 4,p above.)

than be soleod for

rorioetU< a larger —♦ traaeoort Vbeg product is —l.tirfrani than ehen it is

ron?

possibility of redyeing this tine by product vlthdrauals PCT) > F*
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not and ladlooting peeaibillty W reducing the tine required t« rM*

♦ h*ae pu-itlee.

*

Fo* the tapered mmb4«, T la 1C<obtained ea <M»ertW4 ebowo.

greeter tun

It la latereattnr ♦•• nd la about 40< greater at 400.

Hr/H. a SO ■ore quietlynote that the enact eurwo of Figure 4 reeehea

a l<e»r bound.

eaaoade does net be no the eoaploto tneaatery required Far productive et

For the aqua re reseed#.flail ateotfy—atate rote aaanot begin 1—nd lately.

* • bout 3O< greeter et

).ir

«

1 iQw niiiTT fffcj

4

The laalF-opna olrolea •» Figured 4 end • <lw upper bound tlaaa 
4

T la 5 to ICflt greaWr than T *» **• ®r greatest tate-eat, and

X. bo When that parity ia reached, ea<*. eo production at the

** *.

eqoati^. (4.1) aen ba Forum I ly worreeted by adding

to the nuewatcr of the aeoond water of the rlpht-baad aldo. It la

<>

la act a geod appreoiaatloa For (

la the ranee oF groat oat •-into  root ( Nf,/*/. a. 00 to 1OO),

Soworer. roferen-e to Figure# 2 end 7 ahooa that the

w 400-

man thua aeealng to one trad let our atatewat that 77a/z>; la

>
. J .
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t/** TP*eawT—>«orS

aalaalatlariMt Hod la J*r^ *o**1> thia »aetl«« •

rod by a* 1»-*ea*a<*oer « taporodat all attr*at all ♦!••’tvatloao
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41 atriWtioa.art>itr-ryTaa aaaeada initially Sa« •»

Tap*rod Qaaeadattlaa farof TUa»-Qapa«*daBt Moral SolutionO«5.1
oaaoadaglaan atag- af th*in efteaat ra t lan

rallaaincla daaeribad by tha

(•.1)

f

1S th* atap* wuRbar*
vtiara

( Flaaainr a ataya

N‘ra

uuapon la lignt

ta aaawaad aa»ll ral-ri
•etve to

w---

4

h-H
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eearaat ra 11 aa

mact sot ■tics raarwm »r

la tr*a awaaatr*!* or a 114**

dirraraatial aquatiant

.pp^_- M»%T

Ml frartlaaa aaa
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Tt*e tiw rata of eh ■'nr*
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F 1. trw no. in th- llrht atr^o
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p la tM r*4*^**

rl*e with <£. )( HH la th* h*ld-«Pi

r la th* nol<-»F tlaa* p*r *ta« 

N the «en>«e*tr*tlen ef !!<*»* eoatpaaM-wt at thela

ata^e at thaa 

aolved aubjeet to the folio*!* boun-UryThia Huatiaa *111 ba

eon'* It loatat

at all tinea after » O .<»)

tv) it

At

AC infinite reearealr af feed.the roeoaatr*ties of the

« C?.

t total nMatoer of ata gee i* the eaeeade.la the

Tao tapered eaamde aelaeted fee atudy la apeeiallaed tn the fallewinc

reaye «*tai

ar* eonataats. erharaaa in eaaeadea ef >▼*<-• 1*1(1)

la a raa»t !■**•* ly *aryin<

*1
aaaataat thro««*»e*t a Urie* naafer of atac*e(a atop *tae *»*»»«*r, b*la<

5 •*

nil ttaea after Ti 0 •

a 0 . ***(<) where A oariea frea O 1* £•

fanrtian af , wher^a ^a practical eaeeatfaa

la the .enceatration diatribat io* la th* caaeade at

iatareat thia wy aot be the easat
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io llaoarlsed W setting *<?a*l to ff .(S)

<»•»}

It

la a fa nation of

> • <».*)A

»ith the bomdory aMlltUM

a j 1 for oilAt

f*'- for all 0 .At (•.b)%

At wrl*« from Q to 1,

•elation

For the proeont. lot the funetioc

ooletloa bartiwr the folloalnr ftra to oonght*

* function of
_, *». '■*i. * •

o

dineaelenloeo our tab lee are deflood • « fol'one*

G *- tXt

tore-

0> t •

The linearised difte-eirt la? *q*tioa Woo«v»o 

vtf) •

Will bo r-oc<nlBo<l that
* w %

A * %
S ’ H/H.

Io tfto flow In light rtroan froa tfeo

r *
f -*((»)<?<•) w

Gtf** •• w oonmeoa Blta tn *wo«. •.

t ?s

f .-f

£ « 0 . f * f *(() •

• tf-30pendant aariablee, f“u and

E
► • J

■s'*!

«iOWir

XYr.’^

I p ba l*ft wMpoci find. A
I ^..

G and

are eonataata eharaotoriatla of the plant and the prod net mt* Btoaea,
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wot

(e.rt

fr reepertlw«ly.with respect to

of<l«ro the loft hand aldo of th* oqu«t*.oo la a

and the right • fwrtian of

Let thia cenatent be denoted by *h* now eynbol (-2a).

Then

(».•)

free oil*

e <».»)

RThe ogwe’lea *e» la

O >

•r

3
To reaMee the torn 1* the first dewiest lee XWIr

<2. 2±-
<2

9
J

A (Xf*-**<)-**} -

only, on^^if 6 only.

and

<».>0»)

.tabstltu»ion in the differential •<iat'.o<i and dlwiaion by

only, eaea aaat be eq«al to a ematant.

* &

f only

whore yrtaa ewer the F, ard the do* owe- the denote dl “ftrent te ties

ar>ore la a f ok ties ef
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o

(mi>x

Thea, *>*o dif ferer.tlal eqatioe for

'□r

to • function of

I
lee] let* root, by a pprcor lot* eyecifleet Uo of p*«aHr*a.

r

►

Tao oooffiriowt of

3G- la «M* ba* **•

J
•*

/X ~ 
a

*T 
-J (».BS)

es.

two* tt la y«Mlk> «• •*!•*• Obt«i m for A/.)e«»irw wattwfy t»U a-

T»»* reoultlnr. feme or

Thio will o-ewr if Me* faetiea XIf) ie tow—

' (Ln

X

A oust thee betr-mo O* eleoerery fa**t«ie.

B^w*ttea (*.:>) Will •**« olwplr if *b» owoffleloat of

Inrrwtlootod to o«m» if tn*y <*a bo w»4« *• ror*«ob!o ee»«o4e» of F-oet-

r- 6<c>e

io o^wol to • •onrtoot.

ttowe o-o oourn* OrA/^ofcl«te aorolt oolwtion* of o^uotloa ••!?) lr»

to wt 11 *~* —» in Me* woo* —lb toa

To p-oe*od furtao- witn thr oolutloa. it io wow treble ♦« epoei fy

lB

. Instead of opoelfyieur A erb it re flly. fune-

oo bbet It eatiofleo two frIlevtac a**»«i«e

^\A x J ( i 'I

= GTripilV?^

«7’
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Thut*Thia constant quantity will b- denoted by

t^7~ a r»% (F.14)

- e> (6.IS,'!

■*1«h ha* • • solutions

(5.16)

be writ tee aa the sw> af all react lota eatisfyinc (»•«) ineludinr the

setls'lee e-

la aet equal to

6—?> eaero.

(S.1T)
♦ p/

>n-

I

These -----* “

equation (6.12) then beeoaa*a

<*

G » 4<n £$/*) p]

J. s U* [ rj

Tbe aoreaetmtlan diet ribat Ian la tJ*e 11-lt cf|^»

■ 2 tK^)^

1 —

Tne aertaa la eunaaad over all perelaeublo veloee of

(The f»j»ee I on f ) 

is 
quatlaa ’ .4) a.itf ba<vi6a-y eond'.tiano (6.6) when 

*C» fi*

Hani rteo4y»etate aelwtlan C.

The aol .• lea to t*» botaotfery valve prob Lena (6.6 and 5.6) 'tn near



»T.

To satisfy boundary condition ( (

• * u ).Pernlssable values of follow free boundary condition (seror

condition glees*

(».!•>

This equation ean be true fo- only certain mines of 'known as the

eigen-values) and henoe only these volwee of ran be weed in the «o-

irLvr- ^2, then Just onelution.

be imaginary.

The va 1 we

A wars

oonpleto discussion of (5.1S) io given in sub-sectton 5.4 below.
V

>
Thia is done by aoe of boundaryi

r *ub-at aero tian.

7F _ 
AfO

Lot all * bo numbered

P ’ :

), all of the $ met be

are determined below, along with tno w lues of the coefficients /)/**) and

♦ XW/A6)

‘fp)

• Of At •
<1

tan <)(m* ) •

47,)]
177 J

*he rsen Ln Ing S are all real
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