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This paper deal* with the very special pro bl

D. X-a , and Xo are coastant

dip di
°>sy be derived for the two—point boundary value problem (a < b) :

Thro paper deals with the very special problem of solving analytically the defining equation 
for the energy dependent neutron fins in a region for which there are no aource terms and wherein 

— - — ------- ■ Thus, various forms of the solutions of the equation;
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The "heavy gas model** using a synthetic kernel leads to the following coupled equations 
for the determination of the neutron flux <£ • <t<E) in a bare reactor-

do

M
M

’’■
fo

hW
iii

 i Il 
li I ism



ABSTRACT (cotuwed)

where wo have written • ME.a

M '

N

1M 1 ♦

*1

Some of these forms are derived, sod the problem of accurately evaluating then numerically 
in di ecu seed.
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The anchor in well aware of the rather artificial aacure of the physical model embodied 
in thia equation. However, the extreme simplicity of die fractional forma of the coefficients 
poses the question whether we may use the results here obtained co interpret the nature of the 
fin values for a store realistic model---- one in which Xa • ^a • ere- *** variable functions
of the independent variable (energy) and not merely constants A subsequent paper will include 
a discussion of this question, and an assessment of the accuracy attainable by substituting 
the "constant—parameter* model successively and collectively over sufficiently small energy— 
intervals.
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1. INTRODUCTION

d- (ZB * B* D) ♦ ♦ S - 0 (1)

- « j'ES ♦< (2)<1

♦ N0 - (3)E ♦ ME

where

I 
T (ZB ♦ b'D)I ♦M

N 1 ♦

’ T

In a region where S • O thia become*

M EE ♦ N * - 0 (4)

- e£ES tf - EB’ (5)

and

- f I. (E-T) $♦ ET4

(6)

d*d 
d E’

d d 
d E

Differentiating (2) and substituting into (1).there results, for constaar values of D, ZB . , the
defining equation for <£(E):

♦ ME dE1 " d E

which is essentially the equation with which the remainder of this report is concerned.

- c Z. [(tfE - T) < ♦ ET

Za *B’D 
C'Z.

Calculations of the energy—dependence of the neutron flux in a bare reactor are in progrest to 
aid io the determination of the perfc rmaoces of some thermal—intermediate Power reactors (this wsrk is 
being d<>ne by the Engineering Kesearcn Section of this establishment.) These involve rhe ‘'oanet cal’ ’ 
solution, using a digital computer, of the following equations (for Equation 2 see Rubbra and Po lard 
1962):

This system is equivalent to a linear second order inhomogeneous defining equation for or for q , 
the neutron slowing down density. During »n investigation into the properties of the solutions of these 
equations for two—point boundary and initial—value problems, it was discovered that under certain 
simplifying conditions it is possible to solve this equation explicitly in a variety of ways. Further, ir 
can be shown that all these forms can be numerically evaluated to a high degree of accuracy.

So

' E B* I *A* 1 
dE J

(E-T) d>* ET 44 
a C

, [(«£- 1) S* e £ E 
J I ———

<Za * B’D)

44 1 ♦ S) ♦
(! t J

ET <Za<* B’D* - S) J .

Reported here, then, are different forms of some analytical solutions of (1) and (2) for the special 
case of D, ZB,and ZB all independent of energy, no resonances present, and in a region where S ■ 0. 
These solutions (the linearly independent, 'fundamental* solutions corresponding co a two—point boundary 
value or initial —value problem) together with an analysis of means for their accurate numerical valuation, 
are presented to provide a method of checking the so-called "numerical solutions" for these special 
conditions.

<! - £<Ss* <Sa>

Note here two ocher formulations »f the problem, coupling the heavy gas thermaiisation model 
with a synthetic kernel slowing down model (Thompson and Lawrence 1960; Thompson 1962). The 
respective expressions for q are
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which give rise to the same Equation 3 with

M « 1 ♦

1N

•nd

M =

N 1 -

respectively.

0
(7)

DERIVATION OF THE DIFFERENT FORMS OF THE FUNDAMENTAL SOLUTIONS2

(i) power series solutions;

solutions in terms of definite and indefinite integrals.(ii)

continued fraction solutions for the logarithmic derivatives.(ii*)

Perhaps the most convenient to calculate numerically are the series solutions.

2.1 Series Solutions

can estimate the error involved in truncating a particular series at a given

has associated with it the indicial equation-The solution y =

and a recursion relation;

In =o A

1
T

In either range, 
term (see Section 3).

1

d’S 
dE3

1 
T ’

d*
dx

2a ♦ B1 D__________
f <2, * €(2. ♦ D) ’

We are therefore concerned with the fundamental solutions of the linear, second-order, 
homogeneous equation

€ B*C 
2 s ♦ €

Three basically different approaches can be made in attempting to obtain explicit solutions 
of Equation 7:

So

n
n x

S(€^- 1) ♦ € £ E f ET
Q fc. _________

£ {2, ♦ e (2. ♦ B’D)}

* BJp 
»* e £ a)

X = 0 is a regular singular point of (7) and so each of the fundamental solutions can be expressed 
as a power series in X. It tumsout that because 0 < A < 1 we may use these series solutions to obtain 
accurate (1 part in 10* or better) values of y(X) in the range 0 < X ,< 5. Jf X > 5, asymptotic series 
solutions can be formulated which are also extremely accurate.

S(€ £-1) ♦ € £ E
♦ «S.)

X
<

e B* C
2S + e

s(s—1) = 0

X > 0, 0 < A < 1

dS I
Ze
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1, 2, ..(n ♦ s) (n

Thus we hare:

(8)

(9)

The other fundamental solution is or the fetu.

(10)y?

where (11)0

*(n ♦ 1 ♦ X) Bnand (12)

Let the adjoint of y be y* .

y* , (13)y

where y* satisfies the confluent hypergeometric equation;

- (1-X) y* 0 . (14)

0 (14a)

y? =are (15a)

— 2and y2* (16a)

where-
1 (a *it) n^“(-c+k)

(17a)

and

(18a)

= 2, a = 1 — X in these equations we get:

ny?* (15)

ya* (16)

where:
(k- X)’n* i= (-1) (17)

and

(18)

fin 

fio

Sn =o

Xn-o

1. 2.

x e

1 (c —a+k) (k —)
in

X(n-X) nk = i”a

X a Xn=o

X n =o

y i = In=o

n k=n- II k =o

X n ri
-r— = (-1) Ao

x-(l-X)

“n

s ♦ 1) An 4. j

an

An

(n * l)(n *2) Bn+ 2

fin

fio

(I ♦ XX2 ♦ X)...(n «-X) 
1° 1“ * 1

= X(o +X) I]£Z° 

is

A,K~n

= Aoc + XE^

= c (log X ) y ! ♦ Sn=o Bn *"

x~n

(n + s * X) An

fin**

and it is clear chat only for s -

gn
«o

If X is much greater than 5, yx and y2 are represented by series which are too slowly convergent 
for convenient numerical computation. In this case, we resort to the use of asymptotic aeries.

1 does there exist a (fundamental) solution of this form.
n +1 X

Now the asymptotic solutions of the confluent hypergeometric equation:

X y*" + (c - X ) y*’ - ay* =

®n
ao

♦ c { An * (2 n 3) An+il ~ 0 .

Then if primes denote differentiation with respect to X , we have: 

X e-X

= 0

= (-1)“

ex x—(1 + X)

Substituting c

n - o.

X y»* ♦ (2—x ) y

(k ♦
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Therefore the asymptotic forms of the solutions of (7) may be written:

= e~xy i* (19)

y2 y2* (20)

.A solution of the adjoint Equation 14 is:

X dt (21)
o

solution of (7) is:

X+t dt. (22)y i
'o

— t dt .y2 (23)
'o

{ y( t) } =L

1L {t y"(t) + t y'(t) + ^y (t) } = o

this gives

+ ( 1 + 2 s- X) f = 0

that is.

f ( s) = (24)1 + X(1+s)

A •

— t

, S > 1

Therefore the convolution theorem gives:

du
f'

X e~u

1 r (i + X) I 
l (l+s)1+X /

-1 
L

In ~o

— n =o

.00

— Xt

so that a

we have

X e~x

another linearly independent solution is given 
z-X

s f(s)

= x~X

yiv/ = (!_-

xe~x

xe~x

an

. ro+X) r (i-X) | = 
J

L-1

by

_,X
—t >

CD

Xt

Equation 23 may be obtained formally by applying the Laplace transform to (7). Writing
CO 

r e"“st y (t) dt
o

s(l + s)fG)

 h 
si_x

L-1

z u >X

2 2 Solutions in Terms of Definite and Indefinite Integrals

To make the derivation of (23) rigorous, we must establish the existence of the transforms of 
y , y’ , and y” , Me have, assuming all the integrals exist,

where h = constant. Now

constant . y
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♦ L {y(t) } ,

♦ L {y* (t) } .

(1 *X)

Aand n =o

—y‘(0*0) .

(25)

where k is a constant. This implies-

f

dt
k (26)s

> 1 and put

dt

t

from which it follows that-

dt > dt (27)
o

But
(28)dt <

and

(29)
o

»t jX 
t

Thus y2 is a valid solution of (7); but we must prove it to be linearly independent of y t by 
employing a reductio ad absutdum method as follows.

i(A ♦€)

e~' dt

— X e

€ e A
€ ♦ A

A ♦€

J__
e—t

_e

f e~f (
o

A ♦€ 
e—t

(-xA £Ys — n =o ^n

o
Now choose A> 1 , 0 < € < 1 such that 
After equating the two expressions for k

[e-« y'(O jZ

A- 

o

de J
o

“0=0

dtfe-^

Jo

r
J. 1-A

n =o

so that

(-1)“

X*“e*x

dt > J

X e*x

x~n

t ^A 
A ♦ e—t)

I
|

The asymptotic solutions of this equation aie 

x-( 1 * A) <*n(-«> “

y'(t) ]“

,00

e-xt 
o

X
e-‘

A *«
t

de
(e-t)^

an

y(01Z

' t 
A ♦ 1| (W * .

CD

_€t r -AtI c 
o

L {y“(t)> = le st

y t = t y a

x y" ♦ <i- x ) y' - (1 ♦ A) y = o

€ e A r
€ ♦ A J 

o

L ty' (t) } = [e”st

If y i and y2 are linearly dependent, put

The asymptotic solutions (19) and (20) clearly show that L.{y(t)} must exist and that moreover 
[e~st y(t) ]*Z = 0 if y(0 +0) = 0; hence the existence of L^y'(t)} is also demonstrated. The 
existence of L {y"(t)} by establishing that of [er-st y‘(t)]o may be shown by examining the 
asymptotic solutions of the second order equation satisfied by Y (t) ■ y'(t). In Equation 7, put 
Y(x) = y’(X), Xe —X to give, after differentiation,

(T^)^

■ >1 and put x-A-t-e, successively io (26).
ana multiplying up. we get
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2.3 Continued Fraction Solution*

(30)

. Thea

(51)

a* follows:

•o y* ♦ bi y*. •o ■y •

a second differentiation gives:

* b, y".• *i y"y

Combining these last two equations gives:

• oy
where

02)• o • t

05)and■n

(34)bn

(55)
t

—I (54)bi•o

n*M (57)•n

(M)

and
09)*

;—x (40)«o

(41)41

b, 
M ♦

- I 
Ao

— A i
Ao

_y£
yz

k

. SSLlkL 
1 - ao‘

-A x
Ao

1 
•o ♦

«o ♦

bi

bi 
l-«o

4i
<x 1

bi 
• i

b>

bi - 1 
To ;

b»

1

Equation 27 holds, by virtue of the assumed linear dependence of yi on y., for all values of A and c > 0. 
But for * given A, we may choose an « << 1 and an A>> I such that (28) and (29) taken together cm- 
tradict (27); thus (25) is false and yt and y « are linearly independent solutions of (7).

Applying thia algorism in cum co (7) end its adjoint, (14), we get: 
 t

where Ax and Ao •*» infinitely differentiable functions of I in a particular region 
it i« possible co obtain a formal continued fraction solution in rhe form:

»a- i - bn'
i

y" ♦ Asy‘ ♦ A©y • 0

l-i *

1 bi 
so ♦ • i

*1$ U

* .
n— 1*X
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(42)“a •

(4 5)

I - Ak (44)

b (55)• *•

(45)

(i • 1. 2) io (x 1»). and that the limit*

actually exist and are finite.

1. NUMEK1CAL EVALUATION OF THE SOLUTIONS
4

I® what follows. the acwrncy of these aametical evalaatioes wifi be diacaaaed.

5-1 Serie® Solation*

< 1 for some valae of • £ N .

< 1

so char <

JL • o ♦

Um 
n —•

y*' 
y»

y i 
y i

b,
^oc

B*
7^c

1

I
* oT. ** o

2 
7 •

1

> 
• i

<3 ♦ 15 A* 7 * )|<

X 
®- l*fc

From (8). y »(X) is obviously represented in tbe r»«ft 0 < X < m by • sexi c d y alternating aerie® 
for which

B *

With regard to the second aointioa yX*). we note first that none of Ao. Bo. c ia aero; their 
otherwise arbitrary valae* are limited by tbe conditio® imposed by (18) Next, parting B » • 0, we get:

• - g<4 ♦ U A- 7 A» > <0.

x.~«

• (r -1) 41 . <
® * * '» * •••

Tbe coefficients i®(7) and (14) are each as to eanare the existence of the correopoadisg coatiaoed 
fraction expaaaioa* (53) and (59) (See, for a list of these existence conditio**. E.r4itlyi, A. (editor) — 
"Higher Transcendental Fanctioas” * volome 3).

Haring derived tbe mathematical solations (i), (ii). and (iii) above we tarn co the problem of 
tbeir ■ smeri cal evalaataon The anchor ased a® ”1 B.M 1620** type digital comparer to calculate 
numerical valaes in all three cases

Tbe conditions for the esisteace of these coatiaoed fraction solations prenappose chat yj 0 
Z * ’"i. *»). and that tbe limits

Obvioasiy. there will be a certain valae of a. say N. beyond which *a and 0* are always 
positive; tor « £ 10 we msy cake N *8. A*naming y, aad y* • X e“* y/ to be linearly independent 
(see Section 3) the logarithmic derivatives of the faadamencal aolntioa® of (7) may be written:

lim ba
® -w

I *««* ***’I ''n«°*t

(I® the range 0 < X ^5. the ootpat from the co pacer programmes designed a® cal cal ate y ,(1> 
for various valae® of A with Ao • 1 - indicated chat we may cake N • 12).



{ A„ ♦ (2a ♦ » A.

( Ao ♦ (2n ♦ 3) AB }<• ♦ 1 *M(a»txa<2) «

> © , it follow* by iadncrioa that

<0 .> 0 »

lUld

T

k - I. 2. ••

!(»♦! *A)

it follow* that> Tthe® if

<

No* from the a a sawed

>

>

end with »o*t rearrangement. thia can be proved when T < N .

|a th* range 0 < i£5,st most fifteen terms were repaired to obeaia ana erica) valves of 
y , aad y* accarat* to bene* than 1 part ia 10*.

I
' (N »1)IW

<N*3) (<N»1)’ *(2N • 5) A] 
(N ♦!) fN »2) - t(N • 1 • X)

jN* 1 IN > 2

N *2
’ N«1*X

The proof ia completed by sbowgag that:

*<2N ♦ » xj|

1
To

1 f( 1*A) (2*A> ... (N>X)\ 
Ml UJLU ULlZ J

1»A>(2 • A) 
|N • 2

(N<3) (<N*1)* » (2N * 3) A ) 
(N«l>fN*2) - T(N*1*A)

T(N <1* A)________
(N*l)fN *2) - T(N*1»

( 1 • Aj(2*A) . . (K«1*A)
UL±2 I2LQ

T[(N*2>* * (2N«5)A) 

(N*2) <N»3) - T(N«2*X)

aad, coavaraely. if thia loot relation hold*, the* 
relatioaahip beeweea | 8^

I BN««k»(2N Q>A
♦ I Aoc I IWH) <N *2)

Than, a*iag thia lewaia. w* cm a er a* >*pp«r boaad to the wagaitode of the traacacioa error 
obtaiaed by terwiaauag the aerie* at the tea* ia «•. a i N, provided that I IN (Thia upper booed 
i* of coarae the wagaimd* of th* firat neglected term of the aeries).

aad remembering that Bl,

♦» | I ®N

)(-
• tl

Now 
aectiag

f T ((N*!)* *(2N»3) A J Ifr

Xo^> Ba «" 

ia tha* a *rrictly alteraatiag aerie*.

J(N *3) [ <N • I>* ♦ (2N ♦}) A J ) 
\<N»l>(N*2>-TfN*l»M Q

Ao c I

we have

k • 1. 2. ...

... (N »t»A) 
IN «3

} > 0 according a*

T < N

a i* even or odd respectively. Therefor*.

To complete the Malyai* of the convergence rate of chia aeries, we prove th* following-

| B» •* | 

PROOF Be have-

T |BN*k»t| *

t*A)<2 * A> ... (N « A> 
|N • 1 IN * 2
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>

Fro* (17) aad (IS):

< 1 . (46)X 2, •- 1- 1) ♦

(0-1 *A) >

< 1 . (47)i Z ■ ♦ 1
—»■

Ffb) • B.rfa) - a. • < b

3 • (<9)«o to
where:

(30)o o»*■ ...

•nd all the J|*e and Bfe are positive for i > 19.

F (51)A
f

r~*

1

% 1-0

A(l-A) (2—A) ...

«» ♦...

A(avA)(l .A) (2*A) ...

Eqaatioae 46 aad 47 fit the end terne of the a*y*ptotic serie* (19) and (20) respectively, and 
therefore the correapoadiag error terete may be calculated by taking the* to be at mo*C the aboolnc* 
valve of the following tena ia the appropriate serie*. For X moderately larger than 5, the ertwr* 
iacorred by aaiag the asymptotic forms (19) and (20) are negligible.

3.2 Solations ia Terms of Definite pad Indefinite Integral*

The eolation* y, nod yt of (22) aad (23) (which are not necessarily proportional an the 
corresponding y t aad y > of (•) aad (10> ] may be aomerically compared aaiag well-known euadmtnre 
formal**.

(4») 

were compared aad ahowa to agree It i* worth aotiag that th* aolatioa ef (7) ia team a of (22) aad 
(23) io not limited earn eric ally co the relatively email range. 0 <»£3.

3-3 Cgayaa^ Fractjpn Solatia** for Z

The coaciaaed fraction eolatioae were compared earn eric ally for x ia the rang* 0 < I <12 
aad the convergence mt* was very high ia both cater

The aaalyaia of the tmacatioa error of the coaciaaed fractie* form of Lt’ i* very aimpl* Aar 
X ia the above range; **

(a—1—A.) > | I 
’ «o«

> A(1 »A) (2* A) ... (a-l«A) 
Bo

For X • 20. we calcalate the firet eighteen convergence, aad write: 

dte 
te ♦

aaalyaia «f the traa cation error iacarred by temeiaatiag the co a tin aod fraction ia (33) 
ie not gait* no aimpl* ft write:

Nov F i* lie* between the valneo of ewcceeeiv* convergent* an that we may calcalac* F >* 
a* accamtely a* we pleaae. Hence w* can aloe calcalate Ji aad therefore Zl* •• eccwretely an 
repaired yt

In th* rang* 0 < X £5 the aerie* aolatioa* (Section 3.1) and integral aolatioa* (Section 3-2) 
of boundary vaiae problem* of the type:

> (1—A) (2—A) ... (a—1—A)
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where.
*t -

chat is, i

(52)

where:
•a

Let V be the infinite continued ftactio•

(55)V

aad let V.

ElPf-J Pn * *• Pa—* * *a pa—»
(54)I

4« * w« 4a

where 4o * I•Po * I. 4* • «i ;- w, ,p*

- (-I)—1 • (55)PROP. Il Pa— t 4a

( lor.

«• *a- i — • » < P i 4o - Po 4 » > •therefore

COROLLARY
Pa Pa—t (56)

PROP tn
’’The continued fraction (55) ia equivalent to

k( (57)

J&B(Pat Vs »> -

aad■ V,»

* t 
»»

la the sequel we will aeed certain general leatmaa and theorems associated with infinite 
continued fractions. These properties arc now Listed, together with their proofs, before continuing 
with the error analysis of the numerical evaluatioa of Rx.

• *L Jl .±.1

w ,w, ... wo

•
V

Pa 4a- » ~ Pa— t 4e 

aad the required result follows) .

k »k,w> 
k,v,

Pa 4a— >

Vt

-p.-,h’ (-l)*a(Pu-i 4a-r“ Pa-r

• *hs4 4

a- I en

Rt

(-1)"'1

(Ki f 0.

t * » ••• *n“Pa4n- ,

Pls sIS.• be the atn convergent to V.

- (-1)-’

___ LiJLlZxSa---------
♦kiktw>

cm escsblisb by induction that:

— j * *• 4a—»

i " 1, 2. .. ) is the sense that Va • Va for all a”.
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(kjk,.. kn)PoPn “

(ktk, . . k.)q.

(Te have already used thia result to derive (92) ).

PROP. IV

kn wo 4o-« * The proof is completed by

> > ] .

PROP. V

(58)Y

•here- (59)l»k* t a

(60)■»

[ this is easily shows by induction.

PROP. VI

V

be convergent.sad let R

Theo, if V. N

V

o ”provided that f*N **N-i

( V Va by definition.

c

TN

w » 
•i *

w 1 
▼ i

wg
* a

Zu.* *
*N* i ♦

*N>a
♦ *N ♦ n

a 1 w , w s ... w >|c_ t a 
•»*••• ... w?k

WN
* *N* R

"If the wj sod v, of the continued fraction (5 3) are all positive, then the valne of the 
continued fraction V lies between the values of successive convergence. Also, each convergent 
as nearer than the preceding convergent to the value of the continued fraction'*.

The continued fraction V is equivalent to 

1 1 
♦ *3 *

Wsw<wa ... w2b i 
w , w, wa ... Wsic—ihjgj*

. . JL*.
in *»

or by applying proposition III}.

tn* *

so the proposition is proved]

M ' C * •*’ere e *• *° arbitraril 
Thea if M is large enough. |R — Rn

. (Convert rhe continued fraction V into its equivalent continued fraction W (Equation 57). 
Choose the <j such chat k, wj K 1.

*N ♦ •

This too was used in the discussion of the truncation error associated with the continued 
fraction Ps, of (50).

1
... * 8n ••

I / Po Pn- ii // Pa* 1
I Is- -

THcq <|q -► qo- 1 > O , since c[n “ kB vo qn_ s 
applying (56) and noting that

* kn_ t

lisa

Now let |V - VM 
whenever a > M.

( ko kc* * »n* 1 i Tn— 1

*N * 1 ♦ *N ♦ r ♦

<•
»*

W
AiI in n
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aad the inequality bold* for N ♦ n > M .

*1 w3
V. -Now

V. ’ Vthan

provided that the denominator / 0 ] .

PROP. VII
•a (61)V

where vj, wj > O , i ■

> 1 ♦ wB for all values of a, we have:Thea if va

(i) V ia convergent.

bri>*♦<btbt.(ii) if <a "

V • 1 .
(iii) if va 1 ♦ wa with the inequality holding for at least one value of a, rhea 0 < V < 1**.

(Ve first show that po and qn are positive and increase with a :

Pn ~~ Po— * ( *i I

Pn - Po-i *«> *«- t ... wa <Pi “ Po) * ’"h *therefore • a .a— i ...

also,

Pn—t aod *1>so

numbers, because:Again, the con vergents themselves form an

> 0 .

Now it has been shown that:

Pn “Pn— a

and

(•)heace . ♦ (»t wt... wn )Pn

(b>» 1 *w, ♦

Pn<in

Um

Thia result is used continually ia all our discussions concerning the continued fractions 
F sad 3 .

In

WN
* tN

1 * bj ♦ b>b* ♦...1 ♦ wa for every a, and the series 
converges to s sum s, 
then V ■ 1 — X- , but if the series diverges.

n “ i) Pn—t ” Pn—» *n^Pn-i — Pn—a )

If vo

* » * a...*o

*t

PN * *<> Pfr-i
tn * ’n- j

wn wn— i

» * s ... wo ) •

PN * * PN-* 
**N * R ^N-»

1. 2, —

^n— t

Pn— a 
^n— t

> n

So - ’lo-a

• 1 ♦ wn for all n, then from (a) and (b):
- i, -i-J-

<io %

^a — ^n— a

w i wo,..vn
*ln 'In— a

wo wn— i ... **(«!* — <lo) *itwn—a
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No* let N be the least value of n for which

rf and) SE»n;

where 0 < k <= (1-k) qo - Pn >let

then from (a) and (b) we have, for n « (N - 1) :

(c)1 - k qn

Now:

> <*,qN-

<0 < k <

0thus,

’ (rN~ l> XN-and

that ia. 1

£ 1

> 0

Also x

(1 -k) qQ >

prop vni
(62)VLet

Then if:

* W2O and Tsn > 2 for all n ,2 n — i

convergea co a sum a ,

then

0 < V <

If the series (ii) diverges, then 0 < V < x”.

so

>qa qi

Thus lim 
Q — 00 qn

+ w i wa ... wy q_ i
WaW*... WaO

w, X 
*1

2 X s 
I + 2 s

— X
Pn 
qn

77___________

qN~ qN-i

*h *
rn

[ q?- qi - (▼« - 1) q»

XN

(i) ▼an—i

qN

1 ♦ wt 

converges to a sum a or diverges.

*n

- WN qN~2> • by <c)

}

1
qN-!

>o > «N-
But since Pn 

%

" *fcqN-a

n—2 ), «o
< (1-k).

♦ wxwa ♦ ... + (wx wa ... wn)
This proves the second part of the proposition.

WN <XN- i

(ii) ~~ * *W2 *2W*

> ("n * 1 ) qN-1 *°

s 1 or 1 — -i- according as the series

put vN- (1 ♦ wN

x n

” xN~i

V________
qN ~ qN- i

-WaXqo>qi-*2 S-Wi.

xN-2>

xn ~ x n— i wn(xn— i 
pn for n N ; hence

it must tend to a positive limit less than unity ] .

XN- i >

i - *N xN-2
XN ~ XN- x ’ ’I - k ( 7? qN_ t + wN qN_ 

*> - k {(>N- 1) qN _

- k { qN- qN_ , }

N “ ’ii )qN- i

> 1 *

> w2qo > 0 .

t > 0 for n > N. Therefore 

increases with n and is positive

where vn, wn > 0 foz an o ao<j o < X « 1 .
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ThenIsn-* > 0 •> 9 2 n — 3 an — 2

= * 2 0 — 1 <120— 2 ~92 n— i
(•)— 9 20 — s ) >0.therefore 920—1

Again,

(b)> 0 .~ w 20 9 20— 2

0 and it follows(by induction) that all the above relations hold>> * 20 920—29 20— 1

New from (a) and (b).

— 9 20— 3 )> W9 20—19 20 -
(C)920 — 920—1 wan — i w2n-3...hence

Qn = w2 wA *20 .= w.Put

Theo because q2 — 9i 2- * i

9 20-19 2n

9 2 0— 1 — *20 9*0—2

whence by addition 920 — * 20 920— 2

> -x-and

J

soNow

(d)1 ♦ 2 so

where:

sn

thenPut Xn

*i x >*2,y2-yi’ (v2-i)yi-*2*yo>o, so

y2 > yi *2 yo ,

QnHence 920

is a positive monotonic increasing function of n , we have:and, using (d) and the fact that

<

converges to a sum s , and

• k < h, then XH < h ,h so
2

92
Q i

9 an
Qn

P 20 
9 an

* a
* 2

920
Qn

*1*3 +
* 2 * 4

2 Pn 
Qn

that which led to (a) and (b) we can show that 
Therefore y 20 * 2n Y 20 2 • *nd so y 20 Qn •

5* Pq

lim 
n — ®

_Pn 
9n

Pa n — 1
9 an- 1

Suppose that 920— 2

2 Pn

Po

Pn

20— 1 (920—2

920 — 920—1 920—1

* 1
1 ♦ 2 w7 ,

Pn
Yn “ 9n - ~ * vn Xo —1 wn * Yn— 2

*3

920—2
Qn—1

we have, from (a) and (c) :

*20—1

Therefore, if the series X Pfl
Qn 

2 x s
3 T^2s

and yo = 1 i

and by inductive reasoning exactly the as
y an - y an —1 ^Yan-i - *snyan-a 0 .

pan 
x 

Pn 
9n

also, y 1 ” vx -

*20—1 X 920—3 (*20—1 * *20)9 20—2 — *20— 1 920—3 >

*20 920—2 *20—1(920—2

1____  x

*3 ...

(92 - 9i) •

920 ~ V2O 920—1 — * an x 9 an — 2 2 920—1

> w

920— 2 » so

x (1 - 2S- ) 4 x ( 1 - 
9 20

+ *1*3 * an— 1
* 2 * 4 • • • * 20

Therefore q2n > 
for every n,.

Pn
9o
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k < x ] .diverges.If on the other hand, Z X and<

Returning to the problem of evaluating the truncation error associated with the continued
fraction

(52)Ri

into the equivalent fraction:using PROP &

(52b

where 82k- i

b
and g2k b e ...

for k 1, 2, ...

Now

Rak- 1

and
' Rak X , A)Rak

For given k , X , > 0 andsince < 0 , we have

f Rak— 1 ^min

>m ax

and min

Now

rapidly approach unity as Rak-i *nd «»k *«<*» k.and k , and both

0<k) , say, where d*(k) is a strictlyNow >

Therefore <£(k) > 2 for all k > 4 and so g
K.

Pn 
**n

Pn 
<?n

= Ai 

• 1

1.3.5.... (2k—1)
2. 4.<5. ... 2k

lim 
t>—s

2.4.6 .. (2k)
3.5.7 ... ( 2k *1)

Pn
Qn

Rak
R ak * a

3.5.7
2.4.6 ...

Rak - :
Rak* 1

•' <1LUL>
(2k)

(2 *X)<4 *A)(6 *X) ... (2k *X)
H *X)(3 *X)(5 *A) ... (2k — 1*X)

2k ♦ 1 * x 
2k* 1

2k 
1 ♦ —

(1 *X)(3 *X)(5 +.K) ... (2k-1 *X)
(2 *>)(4 *A)(6 *X) ... (2k *X)

2k ♦ 1 ♦ x 
2k * 2

2.4.6 ... (2k)
1.35 ... (2k-1)

Bgak 
a x

b 3 bs

2k 1 ♦ —

ba
*a

» ... bak— 1 • a k

r 2k'L1 • —

2 b4 b

2 1c > 2 for all k » 4.

Rak- 1

Ri

1 R ak j m ax

2.4.6. ... (2k)
3.5.7 ...(2k*l)

3 5.7 ... (2k* I) 
2.4.X ... (2k)

b2 b« b
STTT

R ak (k , X , X) 

increasing function of k .

V and PROP. Ill, we convert R 
1 I 1 
Ri - ga - ga -

1.3.5. ... (2k—1)
2.4.6. ... 2k

•• 2 1
^ak—3 b2k—1

= Rak- i<k . * . X) -

T 2k ♦ 1 ♦ X
L 2k~T*X
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Now
>

> 2 if 2 i <sod certainly Bak — *

Bak- a > 2 .ao for X 6

<6 5)R , - r

where 0 < e < 1. 0 < X < 1

We bareOf course, we can evaluate E quire accurately.

1 (64)e

where we have written

Po Pn — i •

>> 1 ♦ Po iAo Ro— i

Thue the difference between the

b»/^»
(63)

■ a

Now the relation

implies (66)Xo

and the converse.

Suppose the relation (66) holds for a particular value of a; then, for X > 1.

(67)o ♦ 1 > X

« )Now the relation (66)*■n ♦ 1 x

implies (69)• va ♦ »

Therefore, if we cud show that for s certain value of n , (66) is true, and

f 2a ♦ 2 *A
(70)

1 
-Bio — ...

2k 
x

X
Be

1 
rt

11

11
-

I x
” Tj

- 2.
go

2_
Ba - ..

f 2n *A 
( 2a*x— 1

2a • 3 • A 
2»H‘l

b »k ♦ a /*« »k

• afc ♦ t

b»/>* t

2

2n • 1 • A 
2 n • 1 ♦ I

3 5 ... (2k —1)
2.4.. (2k—2)

b»k/**«fc

b ♦

ban

Men

a/A« an ♦ a

<n From the proof of PROP. Vfl we showed that

; hence applying this to (64) we get:

This concludes the analysis of the convergence note of the continued fraction (32) for 
range 0 < X < 1 
vergents needed before we can introduce E. 
R i as the equivalent continued fraction

X io the
For X > 1 this technique is a little awkward because of the far larger number of con — 

To handle thia case we write a^ • 2^^ *®<f espreaa

> h 90 ♦ 90

2n♦1*A 
* 2n ♦ 1 ♦ X

b a

- 1} •

±1 
~ 2 f

2n*1 • A 
2n ♦ 1 *x

R i

1 * Pn- t

but qt • f, > 2, so q2 > 3, qs > 4, and generally, q» > a ♦ 1. 
value of the N'" convergent to E and E is less than the quantity

• ’ (firrn (!»'♦« * (jrrjvwTj)...................frn

gak-i > tgak-i J mio

•n * An-a

2n < > *A 
2n * £•x

1 
gr- *

Therefore, by PROPOSITION Vll or VfH we can put

. P 7 ~ *P« 
q, — < q<

1 3.3 ... (2k —1)
2. 4. d . . 2 k

n * 1 f 2n * 1 
n ^2 n • X — 1

3. 3 ... (2k—1) e F Jl
2. 4 ...(2k —2) L « J *

b»n- t

w i w a... wn *

“ Bn♦? •

An >

I , k > 5 ,

n ♦ 1 f 2n * 1 
n po *X - 1

2n*2 *A 
2 n • 1 ♦ x
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*•
<71)*

I

If * 4 1 *2A, we map cake a > 2 ia (71). OtberwtM, we have to show that;

where a la rhe particalar valve which taahea (71) tree.

>0Now *
so

> - ^(«.e.O)*

h,

• 1

aad O < C*< 1. bp PROPOSITION VIII.

with a

e •
bwhere P »o*afc

P ir*tk

. a«fc *

rhea from rbe proof of PROPOSITION V|ll we have

Rea

<; bracetherefore <

lor all a.and ao 0 <

2fc ♦13 *1 
2k • 13•A

baa
Pte

Rte

(a • 1)(2» *A) a(2a eJtA) 
2« • 3 ♦ «

a a

AI ao. (66) holds for 
a > 7, 1 < * < 7, and we trap pot:

Pro

h;

6»’*(9»6X- i)r ♦ AQet)
(2a • I - l)(2a • I • 3)

2k* 12 *> 
2k * 12**

1___
Mrs-9

» -<l * 2A )
X2a* I * « )

pis — eP i» 
Its — f^ltt

h ta/p it
2— f

h sa/p i«

Rhea eatrraaciaR «* i« ia to be Bored that the awcceaaive coavergeaca are positive and «a ere are 
Also, if we write-

3.

Prw~r | 
Rra-» '

£ate— r

2*»

- • 7 aad 1 < » < 7. while *(«.7«0) > 1 for I < * < 7. Heace (71) holds lor

h*a/p »»
□hb.i. a.. .a............ .

« -(1 ♦ 2 A)
^TSVTTb)

-J H»a-*

2(6o* *(9 *6 A->)a *h(5 *M) j (2b«1*») 
(2a *m -i) (2a • 3 •« ) (i-(1 • 2A) ]

&a... flaw 
q» Ra- t

2k * 1) * A. 2«
2k • 12♦X ’ 2k ♦ 13*»

will have showa char for this sad all oabBeqwest valaea of a,

>a->
*»•“ * P»a-»

Now (70) ia eqwivaleat to-.

2(2a* 1 *«) (6a* » (9- « )a } 
>(2s ♦» -1X2& ♦ « * 3)

3» 3» .. 3«a~ r 
q»«- i Raa-•

* Rra—9

# (X.a. A) •
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1 iwpiie*<

, ood the coa verge.P«a*« << 1«i*i<!»•—*or

•Ad therefore the ioetpatdity ^n*> * $aat*a 1m-i

—» •

far A > 7 , Mid if •« coati•• r to the rcgioa 1 < « < 7.!»•« 2 •

<!<«*•♦ t

• * bar* 6aalljr:Aloo, becaoae >Wm

/ ***** 
' «»•Add AO o < <

chad the latter ia toSa clover to

Pro 1 / / Paa
•* I—wan I / ■ iu.mmowhi

<ra f / V Im
A.aia,

*

for « < 1 « 7. a > l>.<

<

1 < «< 7.•ad for o > 15 »

Pa we have:«

A.o .<■$■) Awo . << I

<

A* r<<•Ad

♦Therefore

A»o<

will be m* accarate eatiraate of t‘. ie|a practice.< < 1 thenObvioaaly. if

t' —

P AB

P» 
5»o

P«A Pea

P«A-»
<STZT

Pa~t 
<• -»

Wow 5>a*i 
i» et|Ai*al«ot to

Peopled

p »• 
q»»

t.t.9
<|>o

^>t-> 
5»o«»

1
-iML-t" 
5»a—i Pa*

P m—»r 
<'«a—»;

Pg-r 
la-e

3»w* >
<»t‘ >

Pa—» 
<10-,

Peg—, |

Al AO.

A»»

A*.

A eo * A • »

A «o
A**

/ Paa*»
I <AA*e

*ea», 5*o > 7 0»o*i <••-,.

A»«

£«»♦* 
5»o*»

sm*> 1m — 0»A*a 5»a—a 
• «A*a <•• > P»a** Wet

5w> 
WAA-a

<

1 P»A« I
’ ^»A*»

Pea-, | 
5»o-t r

l±-l -| 
ao ♦ a

/ * — * *
‘ 5»o**

■fA ;
Aqq 

5 *

Tbee if «« pot A*

Saroalorfy. the reletioo (

____ - ------------------------ - -------
®»a*» ’»♦» W»o —Peo*a <eo—

thia 1am ratio io < , provided
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, where N < 10. aad chi* value differ* very little foam «'

However. by writiag ga

». - • ••

7 < M < 12.if • > ZJ.> 1 ♦aad W* CM show that

Tira*

where

Before coacladiag we mate that the coeciaaed fractioas

05)

♦

•ad 09) .
y***_

•■m be liaeariy ia depead eat b«CM*r ft* f a*d

Heac*

< CONCLUSION

- 0 .

D

l/»i 
V2

«
Li
Ft

h.

For 0 < I < 7 we may calculate the fwadameatal aoiatioa* of Equatioa 7,

♦ 1 y' » A.y

1 
«o ♦

For 0 < 1 < 12 rbore estar rapidly coavergeat coatiaa*d fractioa eapaasioaaof cbe logarithmic 
derivative* of tbe foadameatal aoiatioa*, aad tbeir accuracy caa be checked fairly easily by coavertiag 
them «ato equivalent forms

1 
*o ♦

P** ~ 
<•* -5/2

1/6.6.. t

b.

la term* of cbe origiaal physical model, thia mean* char we caa accurately evaluate tbe 
aoiatioa of tbe *y*t*m represented by Equations 1 aad 2 for tbe special case of coaatMt Ea, 
aad aero source tens S.

Tbaa we base established a criterion for cbecfciag the accuracy of ’’austerical»• aoiatioa* of 
cbe ay seem (1) aad (2) for thia model; aoiatioa* which are geaerally much easier to prograatme oa a 
computer than ’'aaalytical*' aoiatioa*

V2

*»

ba Md «a P *• for all a,

i/frc 
J/2 -

o < i.

osiag either iafiaite sene* or a combiaatioa of defiaite aad iadefiaice iategral*. If 1 > 7 we caa 
obcaia accurate asymptotic serie* or we may still ase tbe "mixed iategral" form of tbe solatia*.

Pm extremely close to .-IS.

Far 7 < « < 12 asymptotic method* ar* probably better aad cerraialy mor* coaveoiewt.

6h »• (521 . P««* 15) •• base:

yi a-dR •< + -»>♦ it ♦ -rj- ♦...
« 

are liaearly <adepeadear aoiatioa* for ch* logarithmic derivative JL .

« 7
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