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1. Introduction

ON THE DESIGN OF QUADRJPOLE FOCUSING_SXSTEMS

J. P. Blewett

October 2, 1958

MAS7 c,

In this report we present solutions of the design problem in which a system 

of quadrupole lenses is required to carry a particle beam from given fecal lines 

in the x and y planes to other given focal lines. Particular attention will be 

given to the case of the anastigmatic lens system which takes a beam from one 

fecal point to another focal point.

Since the general problem is almost impossibly complicated a simplification 

is introduced by breaking the lens system into two parts. The first part cf the 

lens system is required to bring the initial beam to the state where it is 

parallel to the z axis in both planes. The second part carries the initially 

parallel beam to the required final condition. Each part will involve two quad­

rupoles sc that the complete system will consist of four quadrupcles; usually.

however, the field gradients in the second and third quadrupoles can be made 

identical so that these quadrupoles can be combined into one and the system be­

comes a three quadrupole system.

The configuration of the lens element will be as shown in the figures below.

These figures indicate also the general character of the beam path in the two

planes.
The

LEGAL NOTICE 
e ae aemm et it -i ■ riM ■— -pmre

Facsimile Price $

Microfilm Price $

z >.So- ~

R5

Available from the
Office of Technical Services 
Department of Commerce 
Washington 25, D. C.



-2-

in the Xz plane: Quadrupole 1 Quadrupole 2
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2. Symbols
The pertinent lengths (all to be measured in meters) are indicated in the

figures in the precedinc section.

The characteristics of the particle bean are as follcws:

velocity v meters per second

kinetic energy - T electron volts

total energy W electron volts
©B, ©B,

Quadrupole 1 has nagnetic field gradients G1 "sy " x

Quadrupole 2 has nagnetic field gradients —G2 .

Wo shall mrke extensive use of the symbols C1 and G2 whore

c2 GV
vW for non-relativistic particles) ,( -

"27 * for non-relativistic particles) .

c is the velocity of light - 2.996 x 108 metor per secend.
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For calibration of future results we tabulate a few a’s for field gradients of

1000 gauss per centimeter: (the particles are assuned to be protons)

Particle energy: 750 kev 50 Hev
8.9 3.1 0.87

10Bev
.52

25 Bev 
o.3Lx

The initial conditions for the particle bean as it enters Quadrupole 1 are 

(as indicated in the figures):

X • X 
Q

K/v - X,/f,

y - Yo y/v * ¥./ry

Wo shall also make use of the following abbreviations:

" cot CS1 C2 - cot G2S2

" coth a, S1 K2 " coth Q2S2

3• Fararetcrs frem Quadrupclc 2

The displacement end Velocity components in the X plane as the particle

leaves Qundrupole 2 are given by

— sinh a,5, c2 2 2
cos a, S L sin Xo

ecsh GaS2 sin Q,S, cos X

x , C,
- fsinh “252 sin S‘a/“x*-"2S1 *Ca- “fx-*2 * a.

x

»

K2C1 - * C2(fx*L) 2+a -w?
(1)
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In the y plane, the position and velocity are given by changing all a’s to ja’s

and all x’s to yis in the above transformaticn so that

y Yo /Fy+L)K1C2
sinh CSsin G2S2 /

1 K af,= + a,f.L)C, + —- +1 y 2 C2 C2

y/v C2,K1C2 * “iVz * C2(fy+L)K1 - a, *
(2)

L. Relations between the Lens Parameters

The relations between parameters which give a lens section yielding a beam

parallel to the axis in both planes will be obtained by setting x - y - O. This

equation can be written

, l " 1

' “I kfx-S
2

a, C
2 _ 1 (CfvE* 1
2 al {afy

C

a

(3)

If we eliminate L between the equations (3) we obtain

K2 + C2 1 (

I af, -ci

* 1)
(L)

+ 1

r 
y J

If equations (3) are satisfied, our lens has the desired property. In this 

case it is fairly easy to show that the displacements as the particle leaves

Quadrupole 2 are given by

xl a,f, sin 
x - c - X

- cos

Caf,sinh C2S2
(5)9

yp( c-^fySinh CjSj* cosh )

af,sin a252 (6)
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The latter expression, for "the displacement in the initially defocusing plane, 

gives the maximun displacement anywhere in the system and will be the expression 

which defines the aperture for the whole system.

For completeness we include the expression for the maximum displacement in

Quadrupole 1 in the initially focusing plane. It is

x o 1 +1 2f,2 (7)

This expression defines the aperture required in Quadrupole 1.

5• Combination of Lens Elements to form a complete Lens

When a double quadrupole system has been designed by satisfying equations(3)

(for quick methods see Section 8), it can be combined with another combination

satisfying the same equations to give a complete lens system. in this fashion,

a beam emerging from focal lines distant f and f from the entry point of the x Y
first quadrupole can be restored to focal lines distant f: and f» from the exit

of the last quadrupole. The system will new look like this

Quadrupole 1 Quadrupole 2 Quadrupole 21 Quadrupole l’

Generally it will be possible to set 2 = a; If this is done, Quadrupoles

2 and 21 can be combined into one quadrupole so that the complete lens consists of 

three quadruroles in all.

Once a Lens system has been set up, it is possible to change th location of 

the focal lines within wide limits by changing G, and G2 without making any 

changes in lens geometry.
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6. Anastigmatic Lenses

If the beam emerges from a focal point instead of from two focal lines, the

design formulae (3) are modified only by setting f ,= f — f where f is the dis- x Y
tance of the focal point from the entry into the first quadrupole. The element sc 

derived can be combined with another element having a focal distance f‘ to restore 

the beam to another focal point distant f* from the point of exit.

It should be emphasized that this is not a true lens since it will not restore 

a beam from another point on the axis to a new focal point. As the point of origin 

of the beam is displaced, the final focal point will move to different points in

the XZ and yz planes.

To illustrate this and other properties of anasti gmstic lenses we consider the 

special case of a symmetric lens designed to have f = ft = 1 meter. This lens is 

to be used with 750 kev protons and has a gradient of 200 gauss per cm. Consequent­

ly a = it. We allow a space of 10 cm between lens elements. From the tables of

Section 9 we find G81 == 0.618 and asp = 0.502, whence S1 = 15.4 cm and S2 5 12.5 cm.

The whole lens will thus consist of initial and final quadrupoles 15.4 cm long and 

a central quadrupole 25 cm long. Including the two 10 cm spaces, the total length 

of the lens is 75.8 cm.

First we use equations (3) to study the motion of the point at which the 

beam is parallel to the axis as the point of origin is displaced from f F l meter.

By some graphical manipulation we can rather easily derive the shift in the final

focal points in the two planes.

Distance of initial focal 
point from point of entry 
into first quadrupole 

(meters)

The results are summarized in the following table.

Distance from point 
of exit of final 
focus in xz plane 

(meters)

Distance from point 
of exi.t of final 
focus in yz plane 

(meters)

0.70
0.80
0.90

1.00

1.10
1.20

1.30

1.41
1.25
1.11
1.00

0.91
0.83
0.77

1.53 
1.30 

1-13 
1.c0 
0.92 
0.85
0.80
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These figures illustrate the splitting of the final focus as the initial focal

point is displaced frcm the design point.

Once a lens has been set up, it is of interest to determine whether it can be

used as an anastigmatic system for different focal distances merely by changing

the field gradients without changing quadrupole lengths or positions. It can be

shown, using equations (3) that this is indeed possible. We illustrate ths point

by tabulating the necessary gradients in the lens just discussed for various focal

distances. It is assumed that we wish to keep the lens symmetric so that the

initial focal distant c f remains equal to the exit focal distance f!. The results

are as follows:

f 
(meters)

Gradient in first and 
final quadrupoles

Gradient in central 
quadrupole 
(gauss/cm)

0.6
0.8
1.0
1.2
1.1
1.6

268
227 
200
180

165 

15!

2L3
217 
200
186 
17L 
166

7. Choice of Lens Parameters

Obviously equations (3) can be satisfied by many ccmbinations of parameters.

The final choice will be governed by such practical considerations as aperture

available, maximum field gradient attainable and so forth.

if we are interested in minimum aperture, the palticles must be deflected

as rapidly as possible with a minimum drift distance ir which, after defocusing,

the particle can drift away from the axis. This means that high field gradients

should be used and the a’s should be as large as possible. At the same time L

should be kept as small as possible.
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8 • Procedure for Lens Design
In the next section we have tabulat d numerical solutions of equations{3)

for the special case where f,=f=f ard a, = a = a. If an anastigmatic lens 

of this type is desired, its parameters can be derived directly from the table.

if a lens is to be designed for focal distances fx and f which are differ­

ent in the two planes, the tables can still be used in a rapid successive approx- 

mation method. This method makes use of the fact that the ratio

(W1 + + K, ) which appears in equations (3) does not usually differ
Y 1

very much from unity. The quantity f dees not appear an:rwhere else in these 
J

equations; consequently, to a first order, the parameter a of the lens arc inde­

pendent of f , and the lens parameters taken f: or the table for the case f = the
Y

desired value of € , will be a first order approximation to the parameters of 
x

th? desired lens. To proceed from this approximation to the case of a lens having 

focal distances fx and fy and having the same gradients in both lens sections

(sc a, = a, = a) the method is as follows: x c
We use the formulae (derived by rewriting equations (3)):

and

Ca EX

af K + 1- —=-- - + aL
if t r 

y i
(8)

C1 r:

K + ar L - 1 
- C- --

a(fx +L)+ F2
(9)

>

The following steps are necessary:

a) Choose a value of a consistent with the particle energy, estimated 

aperture and quadrupole pole-tip field considered desirable.

b) Choose a value of L. If small aperture is impcrtant, L should be 

barely long enough to allow space for the end windings of the quadrupoles.
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c. In the tables of Section 9 look up the value of as, for the given values

of aL and af.

d. Lock up K a table of hyperbolic cotangents (all of the necessary

tables can be found in the Chemical Rubber Publishing Companys "Handbook of

Chemistry and Physics") .

e)

1)

From equation (8) derive C2.

Look up as^ in a table of cotangents.

8)

h)

i)

j)

Look up K2 in a table of hyperbolic cctangents.

From equation 9 derive C, .

Frcm a cotangent table find the new value of aS,-

Repeat (d) tc (i) until the process converges - usually about three

times will be sufficient.

k) Compute the maximum aperture from equation (6).

This whole procedure takes about a half hour. As an example we derive the 

parameters cf a lens to focus a beam, radiating from two focal lines in the two 

planes, to a single point focus. The beam wall consist of 50 Mev protons. The 

focal line in the xz plane will be at z = O, the focal line in the yz plane will 

be at z « I meter, and the focal point to which the beam is to be restored will 

be at z “ 6 meters. We shall study the case where the beam dimensions are such 

that a field of 900 gauss/cm gradient is appropriate so .hat a (from Section 2) 

is 3.0. We start the lens arbitrarily roughly midway between the focal points

at z = 3.0 m. so that of =9.0 and cf = 6.0. Between lens elements we leave xy
a space of 25 cm for end windings; thus cL is 0.75.

From the tables of Section 9 we find a starting value of aS, for af = 9.0 

and cl “0.75. This value is as, = 0.362. The equations (8) and (9) for this 
-I-

case are:
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C2 t3
6.OK + 3
- CT + iq- +°-75

6.75K, + 5.50

6.0 + K
(8a)

C1
9.OK2 +5.75 

« ■!- ■ ■ ■■ —■ ■ ■
9.75 + E2

(9a)

We now carry through the procedure (d) to (i) with the follcwing results:

GS. F

C2 - 
as = 
K, ’

First Second
App r cxina t i cn

Third
Apprcximaticn

0.362 

2.87 
2.80

0.323 

3.03 
2.58

0.370

2.82

2.78 

0.315 

2.99
2.56

0.372
2.81

2.78
(

The final result is CS = 0.372 and aS = O.345 whence S = 12.4 cm and S2 = 11.5cm.

From equation 6 the maximum aperture in this section is given by y/y = 1.65. c
This ccmple tes the design of the first half of the lens which now extends to

z = 3.0 + 0.124 + 0.25 + 0.115 = 3.489 m. The second, half of the lens can be

taken directly from the tables of Section 9. It must meet the requirement that

S 1 +L‘+s2 + f‘ ~ 6.0 - 3.489 = 2.511 m. We use the same a and L as before.

By interpolation in the table we find for this lens as = 0.437 and as; = 0.367;

hence sj = 12.6 cm, S, = 12.2 cm and f‘ = 1.99 m. The whole lens system is: 

(all lengths are shown in meters)

First
Quadrupole

Central
Quadrupcle

Final
Quadrupole

------- f "3.0 x
-€ f "2.0 

y

0.124 —0.25—>-0.115+0.122 *-0.25
=0.237

0.146 P 1=1.99—

i i



9. Tabulation cf Parameters for Anastigmatic Lenses

The writer is indebted to Mr. K. Jellett who has computed the essential para­

meters tabulated below for a wide range of possible anastigatic quadrupole lens 

elements. Since focal distances are usually given and field gradients and quad­

rupole spacings are determined by practical considerations, the numerical data are 

presented in terras of the parameters aC and ul. All cases tabulated are for 

equal gradients in both quadrupoles. For each combination of af and oL three 

numbers are tabulated. The first nunbcr is aS1, the second is aS and the third 

is the ratio y/y which is a measure of the maximum necessary aperture.O
For changing the focal distance in a aadrupcle already constructed and in 

position it is not possible (as we have shown in Section 6) to keep a, equal to Ga- 

tic quick method for deriving the appropriate changes has yet been evolved. Conse­

quently it would be desirable tc have tabulations of G11 , G2S2 and aperture for 

other values than unity of the ratio "/a With these additional tabulations

the appropriate changes in gradient for changing focal distances could be derived 

quickly by interpolation. Tabulations of the required fora are now in process of 

preparation for values of the ratio “/a of 0.3, 0.9, 1.1 and 1.2 . It is hoped 

that they can be available during the next few months.

JPB:sh 
10/6/58
Distribut im
ATT-BL



Parameters for Anrstic: t ‘ Lenses
—r- -hi ■ ii. r ■■ i.—- — -------- • --- - — ■mi ■■■ — —-e --------- 12-

af 
0.2

at "
GS2 * 

y/y - 

o.1

0.6

0.8

1.0

TT?

1.L

1.6

178

2.0

3.0

IT.O

5.0

7.0

9.0

10.0

as, = 
y/y. -

as, -
CS2 • 

y/y ■
as - 
as? = 

yly -

0.0
1.960 
0.799

30.0
-1.775
0.798

11.6

y72- 

ds - as? • 
y/yo -
°’i =

y/yo - 
asi = 
as, = 

y/y -

52 •

aS1 -
C5p •

y/y •

0,52 •
y/yo-

0,52 •
_y/Ya

aS =
a So •
y/y - a • 
as, - 
y/y
aS" 
as, - 

y/y« -
1 -

y/y© -

y/3} •

1.616 
0.796 
9.U8 
1.175
0.791 
6.98
1.367 
0.786 
5.50 
1.272
0.778 
L.63 
1.191, 
0.770 
L.01 
1.129 
0.761 
3.56 
1.073 
0.752 
3.21 
1.026 
0.712 
2.97 
0.851, 
0.691 
2.25 
57759 
0.657

_1.92 
0.703 
0.623

-5:2 

0.595 
1.62 
0.618 
0.517

—8:586- 

0.550 
1.17 
0.58G...  

0.533 
1.13 
0.513 
0.316 
1.39

0.5 
1.775 
0.601

31.9
1.592
0.599

15.5
1.231 
0.596

10.06
1.291 
0.594 
7.U3
1.165 
0.589 
5.91
1.691 
0.584 
U.58

”1.511' 
0.578 
L.23 
0.917 
0.570 
3.76 
0.991 
0.562 
3.10 
0.8L2 
0.551 
3.13 
0.68 
0.510 
2.37

1.0
1.655
O.171

35.8

1.5
1.599
0.387 

U0.6
1.L971.72L
0.170 0.386

17.L 19.6

2.0
1.566 
0.32«

L6.0

0.327 
22.2

2.5
1.5L1
0.26

51.6
1.353
0.283

21.9

3.0
1.518
0.251

57.3
1.333
0.250

27.7
1.32?
0.168

11.26
1.190 
0.267 
8.32
1 
0.L6U 
6.58 
0.985 
0.L60 
5.17 
0.510 
0.U56 
L.73

0.150
U.20 
o.77 
0.L12 
3.80 
0.7L5 
O.L33 
3.U8 
0.591 
O.400 
2.61

1.26? 
0.384

12.75
1.128 
0.382 
9.39
1.015 
0.380
7 .L3 
0.920 
0.377 
6.19 
0.917 
0.374
5.3L 
0.763 
0.369
L.72

0.36 
L.26 
0.687 
0.357 
3.90 
0.53 
0.331 
2.90

1.221
0.326

12.22
1.086
0.324

10.58
0.975 
0.322 
8.38

0.320
6.98 
^.806
3.317 
6.00

0.3 IL 
5.29 
0.692 
0.3GB
L.77
0.649
0.303
L.37 
0.198 
0.282
3.21

0.5910.553.29 O.115
O.L75
2.02 
0.529 
O.LLh 
1.82 
0.153 
0.118 
1.70 
v.tt8 
0.100 
1.60 
0.4.20" 
0.379 
1.51 
v.tOI 
0.36L 
1.19 
3.380 
0.350 
1.25

0.370
__ 2.21 

0.LL3 
0.348 
1.99

’ .162 
0.326 
1.8U 
0.370 
0.309 
1.71
0.34 
0.296 
1.66

— 0.326 
o.281a 
1.60 
0.307 
0.272 
1 .54

0.308 0.265
2.1 __2.68
0.393 0.360
0.289 0.218
2.17 2.37
0.353 6.322
0.272 0.234
2.00 2.17
a; 372—xm - 
0.258 0.222
1.88 2.02
0.300 0.270
0.216 0.212
1.70 1.92
0.280 0.252
0.236 0.202
1.72 1.82.

1.19 
0.262

16. 19
1.061 
0.280

11.86 
t .918 
0.278 
9.38
0.857 
0.276 
7.78 
0.7 
0.271 
6.69

. • 17 
0.270 
5.90 
^7^7 
0.267 
5.32 
: . • 2 5 
0. 063 
L.BL 
0.L72
0.218 
3.53
3.^1 
0.233

_2.92 
0.335 
0.217
2.57 
0.299 
0.206
2.3U 
c.2r1 
0.195 
2.18

C. 750 
0.186 
2.06 
0.233 
0.178 
1.96

2.173 
O.2L6

17.97
—1.0L2 

0.247
13.26 
0.928 
0.216

10.Ul 
^7538 
o.21 
8.6L 
0.761 
0.212 
7.L!
0.655 
0.238 
6.51 
0.6.5 
0.23L 
5.86 
0.600 
0.232 
5.33 
0.153 
0.220 
3.86

^373 
0.206
3.17 
0. 318 
0.19L 
2.80 
6.282 
0.1 at 
2.51

0.257 
0.176
2.33 
0.23 
0.166
2.18
3.218 
0.162 
2.08

■MB.

END 1

-

0.265 0.238 0.2190.201
0.226 0.191. 0.17 2 0.155
1.A6 1.77 1AA *--


