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ABSTRACT

A set of 69 pile yield curves for the production of plutonium, 
lb -2 -1asericiun, and curium isotopes in a neutron flux of 5 X 10 cm sec is 

given. The differential analyzer of the University of California Radiation

Laboratory was used in obtaining the curves. The curve* are given also on 

log-log plots for comparison.
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I. INTRODUCTION

UCRL-2387

The irradiation of isotopes vith neutrons at high fluxes results in

changes in the isotopic compositon of the irradiated material , and the

magnitudes of the changes are dependent on the length of t ime involved. The

problem of calculating an expected isotopic composition for a proposed

irradiation even when the neutron flux and the neutren cross sections

involved are known is often difficult and tedious. After an irradiation is

completed and the composition has been determined. it may be in certain cases

very time-consuming to compute the cross sections. Such problems as these

play an important role in the work of preparing Isotopes and mearuring

their properties. The success or failure of the experiments often depends 

on the preparation of certain isotopes in the optimum ratios or amounts for 

the measurements which follow. The difficulties are enhanced when mnny

modes of decay or destruction occur aimultaneously, as is the case in the

heavy element region. In this region, in addition to the ordinary changes

resulting from beta decay or electron capture, changes occur as a result of

fissionability and alpha particle decay.

For many experiments it is desirable to use the highest neutron fluxes

obtainable, and the transmutations occurring even in a short time mny be of

large magnitude. When a particular product produced is of high order in the

reaction sequence, slight changes in the flux or nvt may produce large

a• •
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difference* in its amount. Such problem* as these are commonplace in

utilizing the high neutron flux available in the Materials Testing Reactor 

(MTR) at the Reactor Testing Station in Idaho.

# To facilitate certain experimental work in connection with the MR, it 

has been useful to prepare sets of yield curves showing changes in

commposition of certain isotopes as the time of irradiation is varied.

rhis report Includes yield curves for seme of the heavy isotopes. In this

ease the problems were first formulated as described in Appendix I using

best available cross sections and other constants which could be obtained 

at that tm. Then the curves were plotted by the UCRL differential 

annlyer as dereribed in Appendix II. It was necessary to assume 

a reasonable value for the flux rate which would be obtained at MTR, since 

the calculation* were made before the MTR was in actual operation; however.

the assued alue was only slightly different from the flux which is actunlly 

being obtained now. The cross sections used have been in several cases 

*

superseded by more accurate values; however, the yield curves in general 

remain very useful in their present form and it does not seem worth-while as 

yet to revise them.

It should be mentioned that the cross sections used here are not for 

therml neutrons or for a particular energy spectrum. These values are cross

Sections for pile neutrons as obtained in the Hanford and NRX Chalk River

piles. For this reason, the apparent cross sections my be different in MTR B-- •
irradiations, depending on the energy distribution of the neutrons. Dirrer- 

enes in the cross sections apparently have been observed in irradiations 

involving different reactor* and even in irradiation* utilising different 

parts of the same reactor. Nevertheless, from the practical standpoint the
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cross sections as used here give a good indication of the nmounts of the

products to be formed and are justified on ths basis alone.

Since the results to be described here have been very useful at UCRL,

it is believed they might also be useful to other laboratories engnged in 

similar work. This report has been prepared in the hope that the Method* 

used and the results obtained vill have some value in this connection.

II. YIELD CURVES

There follow exact reproductions of the curves plotted by the differ

ential anaiyzer usng the assumed "pile neutron cross sections" for radintve

capture (a,) and for total absorption (a,) , the sums of the cross sections 

for radiative capture and for fission; the cross sections used are listed in

Table 1. Each curve plots the yield of a particular isotope with one

parent Isotope present initially. The notation hO/b?* indicates the yield 
210 239curve for Pu with Pu -- initially present. In some cases, where 

production nay proceed by alternate paths, additional information indicates 

the path plotted.

To convert the vertical scale to absolute ratio of the number of ntomms 

of the Isotope plotted to the intial number of atoms of the parent it is 

necessary only to Multiply by the f ac -or indicated at the upper right 

(1 .e., x 0.035) of each curve. For isotopes produced by sore than one path

"The isotope abbreviation consists of two digits, the first of which is the 

last figure in the atomic number, and the latter of which is the last figure

in the mass number.

a sea
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1t la wecessary to add the contributions from the different pnths 

problem in unich several isotopes are nitinlly present the ylela of
For •

any

inotePe my be obtnaned by suzmmmng the approprinte curves correspondng 

to the different parent isotopes, -eighting each ter accorang to the 

fraction of the part iculnr parent in the ortgnn target mixture.

Scme of the resuits rrom the analyser curves are plotted together 

on log-log plots permtting direct comparson. These plots are labeled ■
Fi<. 1 through Pig. 6.

•=- 4
• * ♦ •* • • • •
• • • •
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Table 1

Cross Sections Uwd for Dirrerentinl Ann lyt ten Hark-

Nuclide Or (bnrns) o (barns)

*6
*9
*O
*1
4z
*3
51*

-20
325
*10
307
50

38
10*3
*1O

1300
50

T1/z (e)

92 y
z.x 10- y 
6.6 x 103 y 
5 x 105 y
5 x 105 y

T1/z (o)

14 y

5 hr

52
52"

53
5*

150 to 58
636 to 52"

2000

869

8000 -10 y 60 y
16 hr (e- - KT)

150 150 1O* y

25 m
62
63
64

23
ms ■ i —• O*

10

23
nosu O*

1O

162 d

10y*

*75 y

=
•Ml* neutron rlux or 5 x 10:* sec-cm-“ -ns used ’n all enlculatlons.

Since 52 decays e:EC • *:1, errective a for productton or 62 rrom 51 
is 583 b, and of -2, 148 b.

As stated in the text, the above vnlu-s for eronm nectlonn and nnr-lives 
ere used in the production of the curves published herein. More recent 

data, to be published, indicate the folloving possible nsnimmenta.

Nuclide “r (barns) Go (berns) T1/2 (a)

62
63
64

15
250

10

15
~500

10

162 A
35.1 y
19.1 y

* ae •s * ese • s-s ••• - • * •• • •=•• • • -- • -m e •ee « ••• •• •** • • a • • •* ••" • •• e* » • • se*
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Index t-o cwrres.

The various chmins are numbered 1 through 9 (5 and 8 omittea) and 

consist at the folloving sequences of nuclides:

Chain No. is

2:

3;

22-ho-kl-2 -5 3-64 

+8-49-0-1-51-62-48 

±9-40-41-51-52-53-64 

49-40-41-51-42-53-61

6. 51-52 -53-64

7; 51-42-53-64

9:* 51-62-48-19-40-41-52

Curves are given starting with each voder lined nuclide.

"Some of chain 91s given a second time with expanded scale.

*

: •* 2 "*
■

♦* • •
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Chain Mo. 1: yield vs t at 5 x 1o-

9-0-1-42-53-6*
from Ehnin 2

b - 16-48 (3)

b2 - 6.166 (7.7)

b3 - 20.55 (2.)

b, - 0.7885 (60)

b5 - 8.565 (20)

bg - 0.01577

•••
• ese • -a- •♦ • • • •♦ •• •• • * • •* e • « •
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Chain 1A: 48-49-0-41-42-53-64
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Chain 1b: 40-1-42-53-6

b - 6.466 (7)

b2 . 20.55 (2)

b3 - 0.7865 (60)

H - 2.365 (»)

bs - 0.01577 (3000)

Y

Y
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1 
.1 
2

- -b1Y

- bY - 22

y5 -

em •e= • - • ** •• e aes • •a=
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Chain le: 41-42-53-64 at 5 a 101*

bj - 20.55 (2.4) t

°z " 
b,-

0.7885 (60)

2.365 (20)
/

a
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Chmin ID: 42-53-64 nt5x 10

b. - 0.7885 (‘

b, - 2.365 (20)

b3 - 0.01577 ( 3000)
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Chain 2: 49-40-41 -5 1-62-48

b ’ 14 >6

b2 6.466* and 5.52**

b3 " 20.55 

bu “ 14 .02

1.924

b6 = 6.907

- 0
"Corresponds to o. 

Lo""Corresponds to 0t
« 410

- 350

NOTE: o,2.23 in curves; - 10 in factor. —l factor " 0.311; cheeked
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Chnin 2A: e8-h9-k0->-51-62-8
from chnin la
(1000 Y. Input)

Llba 

51b5

- 20.55

= 1M.019
62°6 " 1*92"
u8b, - 6.9073
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Chain 2c: 41-51-62-8 dt 5 x 101

b, - 20.55 (2.4)

b, - IM.019 (3-5)
b3 “ 
, ■

1 924 (25)

b 6.9073 (7)
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Chain 3: 89—0-1-53-52-53-6

from chain 2

b - .019

b5 =126.2
b6 - 2.365

b, - 0.01577
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Chain 7: 51-2-53-61 st 5 x 101

b, - 1.019

b2 * 0.7805
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Chain 9: 51-2-8-9-0-1-2 at 5 x 10
(23)(138)

b - IM.019
b2 - 1.92

b3 "

b, -

6.9073

16.180

55 
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6.466

- 20.55

b • 0.7065
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APPENDIX I

The problem of radioactive growth and decay of members of • radioactive 

chain is represented =athe=tically by • system of si=enteneous linear dif

ferential equation* of first order. The inclusion of neutron-induced 

production and destruction of various nuclei can be introduced into the

,.w differential equation rormulntion quite simply where the neutron rlux
is constant in tine.

In any network of growth and decay not involvang closed cycle*, the 

network can be divided into its component unbranched chains, since the

drrerential equation* are linear-
Consider a chain of first order transf ormat ions (as a aerie* of nT

reactions at constant neutron flux- or a radioactive decay chain):

•3

b2-3 b
"*Anbn

•If no radioactive decay processes are sienricunt in the'chain, the 
condition of constant neutron flux need not be amponed. The total antesreced 
flux (nvt) i* all that need be known. But if radioactive decay processes 
are *i^iifleant, the flux variations give to the set of differential 

equation. constants variable with tame. If the variation. cnn be treated » 
stepwase constant, the problem any be broken up and treated in separate 
cegments. A suitable polynomini in tim t mignt be fitted to the flux 
variation and the resulting differential equations in turn treated by the 
Laplace transforation metnod. We shall not, however, be use* rm fl with 

any but the constant flux case here.

• *
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where “ 1. the consrant coefficient governing the rate of production

of isotope A, from 1ts parent A-1* If this production is by

rndionctive decay.
a, - A, - 0.693/ half -life

of *1-1 in seconds; and the production 5 bombardment

b.

part ic le-induced reaction, then ", - Ioi* "tere 11 he 

of bo=barasne particle. In particles per square centater PF 

wecona, and i. the capture eross section or A,- an sgure

centmeters.
1. the consranr coefficient governing the rate of destruction o

isotope A, toy all processes It is then the sum of all 13

for radioactive decuy of A, toy all modes J Plus the sum or all

I(1S) for .11 particie-anduced renctions * destroyans S "5 
o, 5 tar cross aectaon of A, in square centazeters for
process k- That 15,

b i

J k

The atmenstons of the ai nnd b. are reciprocal 51m*

The differential equation. relnting the mmounts of V, of "Pc1es *1

present"
-

.. . —r - of ntoms, number of moles, or other
•The quantity Ya any be tier "

conventenr mensure or number of atcmns.

» • • - • •* * "t« a a • •
:: :2
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dy/dt - -b‘1

ay,/at - ay,- b292 (1)

dyn/at - •n¥n-1 - bn’n •

It can be shown that if the above set of equations is replaced by

the followng

dz/dt - -b”

dzz/dt " b” - b2”2 (2)

dzn/dt - bn-1”n-1 - bn”n '
where each a, is replaced by bn-1» 2n 1s related to ‘n in a sirPie

manner, namely.

Yn
1 i

2<i<n

TT . 
1434n-1

•1

ba
”n (3)

For the differential analyzer calculations the set of equations (2) was 

we. Instead of (1) in order to samplary the operation of the analyser. Thus,

for each curve from the analyzer (1-e , x ) one must apply as vertical scale I
factor the coefficient of 2n in (3): this scnle Foctor 1s Eiven nuericni’ 

in the upper rght hand side of each analyzer curve.
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APPENDIX II
(1,2)

APPLICATION OF THE UCRL DIFFERENTIAL ANALYZER

The differential analyzer is an instrument for evaluating the solu-
tions of ordinary differential equations. It solves linear and nonlinear

equations with a single independent variable.

The idea of the differential analyzer is well known
(4,3) It consists

of a number of integrators which can be connected together so as to solve 

an ordinary differential equation directly for given boundary conditions. 

The output of one integrator may be used continuously as the integrand 

or variable of integration of one or more other integrators and this 

system of interconnected integrators generates the solution of the equation.

As an example of this method consider the differential equation:

dy.y-o. ax2 ’
Expressing the highest order derivative explicitly the equation becomes

y" - -y •

Now integrating with respect to x

y‘ - " J ydx Integrator 1

and Integrating once more

y - J y’dx Integrator 2.

The solution of this equation is then obtained using two intesraters’ 
connected so that the output of integrator 2 is the integ-and of integrator 1 

and the output of integrator 1 is the integrand of integrator 2 with a

sign change. The variable of integration of both integrators is the



UCRL-2387

-104-

independent variable of the machine. The solution is then obtained from

Integrator 2 and corresponds to the given initial conditions of y(xo) and 

y‘(*o)-

The UCRL Machine is a mechanical differential analyzer--that is, the 

system of differential equations is replaced by an analogous mechanical 

system of gears and connecting linkages. An integrator is a continuously 

variable gear of the ball and disk type. The connection system is an 

electromechanical one. In order to transmit mechanical rotations, self- 

synchronous electric motors (selsyns) are used.

The variables of the differential equations are represented by 

rotations of selsyn shafts. The numerical value of the function is directly 

proportional to the number of rotations or the shaft which represents it.

The proportionality factor is a pre-cal ulated scale factor for that

function.

Power is supplied to the independent variable selsyn which drives all 

the other selsyns by means of the connections made between units. The actual 

connections between selsyns are made by patch cords on a plug board where 

there is a socket for each selsyn properly labeled by its mathematical use.

The solutions of the system of equations are plotted on input-out put 

tables. When using the tables as Input tables a known functional relation

ship is previously plotted on the regular graph paper and a person following 

the curve with a hand crank feeds in rotations proportional to the function 

plotted. When used as output tables a graphical solution is obtained 

directly. Any two functions generated in the machine may be plotted against 
- 1 each other.
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The UCRL differential analyzer has fourteen integrators end six Piottt

ing tables.
There are also fourteen adders and twelve scalins "ltipliers:

All of these components are
described in detail in references (1) and (z) .

The differential analyser is well suited for solving the systems o

equations describea in this report. Consider the System

Y - -bV

ya “ b - 2’2 (1)

I

■ Y3 ■ 22 - 3’3
yn ’ bn-Vn-1 *

where the b,‘s are known constants. The initial condition, given are

=1,2- ¥35'45 ’
= y - O at t « O.• ‘n

The system (1) can be written as

y=-J b-dt
y, - J(bY1 - b22dt (2)

yn - J(bn-9n-1 - bn‘n)dt

The equntions, written in this for., indicate the "thod of 5ettin8 up the 

pronzem for atnlyzer solution. * system of n equntaons requires n integra

tion. to be perrormea simaltaneously. In addition, the dependent veriables.

Yi
, muast he multipltea by the constants ba and the indicated suotractions

performed.

Integrator.

The muiriplication by constants is generally perTortd on 8 

In this case the integrand atsplacement is Fixed proportional
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to the constant. The coerricients can then be set to three significant

figures. These products can be written in the following form

b,Y, - J b.dy ‘

1

The variable of integration in this case is a dependent variable generated 

simultaneously on another integrator. These products which are all 

integrator outputs are combined according to the equations on the adders 

of the analyzer. Six of the fourteen adders on the UCRL machine are 

also integrands of integrators. The selsyns used for this purpose are 

called differential selsyns and have two input terminals. The rotation of 

the shaft of such a selsyn is then the algebraic sum of the input rotations. 

These integrators then generate integrals of the form

/(u ♦ v)dx

where u and v are any two functions being generated in the machine They 

are ideal for this problem since the integrals 

J(b,-1Y,-1 ' b^pdt

are to be performed.
The given initial conditions of the problem determine the initial 

displacements of the integrands. Except where %, appears these initial 

displacements are zero. Also in this problem they,-*-”®- 30

after the various yields have grown and decayed the integrand displacements

approach zero. This is an undesirable situation as it leads to inaccura

cies for long running times (relative to the machine). To avoid this the 

integrand is initially displaced by an amount th, and the integrator output 

is then aided on a regular adder to the function tht. So a yield Y is

generated as
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y, - J(b,-y,-1 - b,Ya - h)dt * hit •

The ht is some convenient multiple of the independent variable.

Obviously the number of equations that can be solved simultaneously on 

such a mnchine is limited by the number of integrators available; however.

in this problem indefinitely long series can be solved by cutting the 

sequence off where necessary and then using a yield solution obtained as 

an input function to solve the succeeding equations. For example,

Ty y , y , y, may be solved and plotted simultaneously. The graph of 
1’2 3 4

y,(t) can then be used on an input table and with this information the

equations for y5, yg, y?, yg can be solved on a later run of the analyzer.

We can now proceed to write down the analyzer setup for a sample 

system of equations.

A,’, - - $ ! B,Qb,i - Aa(c,®) - 5 A,

-$129 ,4(A,»))

a,y, -1s B,(b,y, - »,y, - h)a(c,e) * 262 ngt

B,b,y, comes from B.bY1 through a scaling multiplier.

'4 52022 b,a(A,y2) etc .

The 1/50 cones from the fact that on the UCRL machine the radius of 

integral wheel is equivalent to fifty threads of the integrand lead screw.

This is called the Integrator

calculations. The Ai, Bi Ci

constant and figures in all scale factor 

are the scale factors associated with each 

function in the problem. They are determined by the range of the variables
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and the maximum allowable displacement of an integrator along with the size

of the plotting tables. The scale factor is then the proportionality

factor between the value of the function in its natural units and the

number of rotations representing that value on some analyzer component.

The scale factors are then expressible in

selsyn rotations

given units of variables .

The main task in analyzer setup is to determine the best scale factors.

It is generally a trial process as the range of the variables is not known;

however, in this problem the maximum possible value of any of the yields is

known and this helps considerably.
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