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Abstract

The zu * O amplituaes ar* stuatea 1n +he hborhood of the p-meson
— a smple eynemicel enlculation based on . consistent une of the strp
appr -mutlon u propoeed to study the vertex P * W. In partcular, the -erte
°**4 “poeed Ln tex=s of • "poten tial" (assusa to get at. strongesr 
contribution, fro 2ov =as• deryon states exehengcd 1. the .. channe. > ana en.

PhM. mnarte. W. therefore «-erat. the vorte , .x ana 
eompere tas -eatetaom v• experimentel anfor-atton about th. nucicon .xcctro 
-emte (M) strueture. xr taere a agre-et, thl. .Ul p-ova. . postortor 
3untareatkoa or tne .trip avprozi=attoe am boot.tr., calculatfon. an th. „ 

ena " =yete=s. x. bota ensos tbe vertex • - n play. . non-trtvi. Ml..
Te — couple to the ™ syat- in two weys: rarst , can coupi.

to th. chree or th. msacleom (eal1 thi. eoupline v„) ana secona to tne anenotae 
—t («u tai. couplang v;. xr m aenore the ccupline or » - m m , ta. 
remults of this analyuis can be mumarizea a* Followe,

“=4-°, (2.3)
* Y,

i -+ -6, <O.8S) 1

’ T,
—-+2.T‘N

boot.tr
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The first two numbers depend on the details of the strip approx last ion used for 
▼4ww scattering. The ratio
Tu 

also possible to emleulate r‘

The results are

!• relatively independent of these details. It is

w® and YN/Yw from the mucleon • structure.

y"
- 4 

T,
6- (2.6) I

Y,

Y v}
" • 3.TYn

Asain the first two numbers depend on the details of the strip approximation 

used for vs scattering and the third is relatively independent of these details.

I. In Vroduc tloo

The present study was activated by an attempt to understand low

scattering within the fl enswui k of the bootstrap principle and the un-Reggeisea 

version of the strip approximation.1 This work (which is in progress) attempta 

to generate low energy *3 scattering in the p(1,1) and pl 3.3) states ansumng 

the potential operating in these states is generatea by the exchange of low nasi 

meson states in the crossed t—channel («=•I) and low naas baryon states in the

crossed u-channel ("N * "N)• In particular, the P nseon is kept la channel t;
the P meb- ("p) and the couplins orp*** (r,) and • • 1 (v,„v* appear as
parcaetere. The parameters of the nucleon and (3,3) poles are taken as the ele-

ments to be determned by selr-consistency.

In principle, one should etermine all the parameters in the analysis 

selr-consistently mekng systentic use of a particular approx inat ion achee.

Hovever» vhat happens in practical calculations is that soma paramoters in the 

analysis are introduced as "knovn" and others are calculated selr-connistently. 

In the "N strip calculation described above m, and Y, are ansumea knovn and an
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ttempt fe -ede to enlculate Ty and v" from • strip approximation to the
•u * »» and ♦ W emplitudes. The present work discusses in detail the calcu-
-atkon or Tn and ‘i- it differs fro. past staeta. of the vertex 0-8 by =ak- 
ine consistent uze of the atrip approzimation and avotang the Introauct-on of

X J» Potation

The chunnela for the 2•-28 proble are defined in Higure 1. The xinemarcs 

for the ** • W channel has been dtscussea by fraser3 and Fulco and the equations 

weed here are taken free their work.

Tbe T-matrix for the proaoea #T + n can be vritten In terms of the invar

T--A+ tv (g *8) b (1)

The -p-tudes CA,B) are functions of the Lorentz invariant variables (s,t,u) 
and are assumed to satisfy a Mandelstam Representation.

Follovine Jacob and Wick* the differential eroce section for-.x 1.

ezpressed in terms of helicity amplitudes p(1,1)

2
(2)

whara FC,* is the mplitude for production of • nucleon with ballcity 1(+) 

end an anti-mucleoa with helicity l(a). The aecoposition of ran into 

partial vave helicity ampltuaes is gtven ty
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.. ■ * F__ = 1 2 (a + 1/2) T.(t) P,(z) * J • (3)

F.E+y =1) -----, 
4 J (J(J*!/?) (4)

The scatterine mngle in channel t is defined in terms or the invariant varlablea 

for this channel as followt,.

t - 4(q2+1) - 4(p2+2)

• - 2-1-22 +2pE, i S " cos et (5)

vhere

u - 2(M2+1) -s-t- 2-1-22 - 2pq ,

7

A - megnitude of the CM momentum for the 2 pinna

P " seme for the 2 nucleons

M = nucleon mass

e, " CM scattering angle

The partial vave helicity amplitudes with simple analytic properties are

= P —1, q I r {JL (pa) J ++
r__(t) (6)

1
«pq)J (7)
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where E " total nucleon energy in CM and fe + constants at the physical three- 
2 9hold (p • o) and the unphysical threshold (a" * o) . The fJ can be related to 

as
partial wave projections of the invariant amplitudes. The result is

f*co) ' 8 -a; * 7^^ 35., • 3 (8)

BJ_1 - BJ., (9)

where

UAj‘* 35’61 - j , as p^b) (AI(t,s)i B‘(t,2)1 (10)

III* Expressions for Yy and YR

Let T, be the partial ware belicity saplitude for the state J ■ 1, I ■ 1.

In the usual way an N/D solution for r, can be formulatea.

N.(v)*,‘v) - D,cs 2 v=Q (11)3

Unitarity in channel t ~ in the approzimation where only the 2w intermediate
states are kept -- reads

Im f, • P A, [r,]" (12)

where A. • the elastic vs scattering amplitue for the state Je I • 1.
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Since p is a real phase space factor for t> 4, it follows that A, must carry 

the phase of f,- In this approximation we can therefore write

N.(v)
‘.v " Dco " V,‘v * F,(v) (13)

where D-“ v) is the denominator function in the n/D solution for A,- in detail 

we have

» (v) i,-me
A_(v) - -Ti • —" P-- v) P. (14)

The quantity V, is the potential operating in channel t. We assume the strong­

est contributions to V. come from low mass baryon states exchanged in the crossed 

s— and u-channels (in particular, the nucleon and (3,3) resonance). The quantity

F. carries the channel t poles (which correspond to Re D, = 0) and the residual 

integral over the channel t strip ( 0 < v < v,).

Define N, to carry the singula: .ties of V, and to be real on the channel t 

strip (O « v < v,). Normalizing D_(+e) = 1 ve have

D_(v) - 1 - A n‘1 P (v*) N (v1) dv® -J------ v—Z-------V"=Vo
(15)

vhere the strip for the vs • ww amplitude is (O < v < v,). At first sight there

seems to be no connection between v

•trip approximation requires v 3 v2•

and V2• but — ir 1 ng consistent use of the

With this in mina ve can vrite

V1 p (v') V (v») N (v)
v‘ -1----------- ,--------1-------

v’-v
V,(v) D_(v) +1
• Jo

(16)
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-ltl^ dow (15) and (16) elaatic unitarity has been ovez +h.
i.e.

Im Dw(v) - _ O M (v) (O < v < v,) " 3. (17)

It then follows that

"±‘‘o” -< ‘1 ay. 0,(v"V(v")N,(v*)
V* - V9 (18)

"here P mplies a principal value integral.

Next consider (13) for I-I Tn +, _ ____vp. In the narrow zeeonance approximation ve 
rind

v) £= * p * 9
• V — V9 (19)

where D’(v ) - (H Re D ), =
"O dv w p

From (8) and (9) f, can be written

f.(v) = P AP + M app ♦ DP] * wLq"1 3 ' ? o- (20)

— (B0 - B2) ] (21)

55° 526 w. projection, of the Invariant asplitudes are mad. vith
rererence to channel t. The codtributions6 ot the o-meson to (AB) an th# j.
approximaton are
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t - m 2 p
N (22)

BF(t,z) - - Yk) 

t - m 2 
p

(23)

where a is given by (5). We first make the appropriate partial wave projections 

of (22) and (23) and substitute these into (20) and (21). Comparing with (19) 

we find

IN
Y,

_ ~3

‘» y,2vz(v) 1 M (24)

IN.’ -3
" y,2dz(vo

N ( V ) = 2
/2 / (25)

P owhere p = (v +1)- 
P P

Solving (24) and (25) for y1/, and /, we find
N • ‘N ‘

2
_(P.Y_ 

1 M2 I Y,
-3 N (v,) N.(v ) 1 — P p |

/ ■ M I (26)

IN 
Y,

-3
y,2pr(v,)

k
Y, (27)

l» (v )

1 /2

For future reference we introduce the following notation

“5-"k-E, au‘ t(3 (28)
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P p

/a
o,(v°) N_(v°)M» _ 3 (•(*•))

p
(29)

v (v) V (v) 
vhere V(v)= -------------g—

(30)

Vjv) 
and o(v) z ■ ~

(31)

IV. Calculation of the Potential (V ) 
——— ________ _ =

The potential is Just the J - 1 projection of the Born approximation to 

the scattering amplitude. We define

V. " (32)

vhere

+ - contribution to the partial vave helicity amplitudes r 

erisins from nucleon ezchange in the crossed wK channels, 

■at arising from exchange of the (3.3) resonance (a - particle). 

For nucleon exchange the invariant ampltudes take the For

\

AN*1-1 " 0

)
B)-(t,2) - -

(33)

• - 2
ts

•1.1/2

/
for a nucleon in channel a and
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\

• o

(3k)

B-(t,x) —111.,2 (-s1,1/2
7

for a nucleon in channel u (s1 1, a - + 2/3) •

For A - particle exchange the invariant amplitudes take the fora

+bu l 81,3/2
3

(35)

B*(t,=) ■ s1,3/2
33 7

for a A — particle in channel s and

.H",. . I d+ba l / . +* \Ai-1‘*,2) " .2 (-b1,3/22
33 / (36)

I

B“,(t,=) - - •♦fa

“"33
(-s1,3/2)

/

for a A - particle in channel u (s103/2 = - 2/3) • 

»«- interchanges the 2 pions and thi- requires"

We further notice that

A-"(s,u) - - AI“1(u.a)

(37)

BI"1(o.u) - ♦ BI"^(u,o)

The invariant amplitudes in this approxmaton must then have the fora
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AI"l(+.2) • sts —-5-” ”1,3/2
LS- 3

r - - a--k(r,-=) 
3-

B-"-(t,z) - s1,.,2 - 16=y,, 1,-1 (38)

ets cfu e-ra l !•!81,3/2L.-1, * ‘
"e 6PH1ei* emleudatton or ", Do Anvolves the tedious chore or calculating 
the "propFdat• peruie _ or (38) ana mubetitutsng ees. projactton. anto 
(8) ana (9). The final result 1e

^v) - y-(v)_V." 
J M M M

▼ (v) »

/2 •2
7 t

(39)

j /
"here end "") are defined in teras or w^(%) through c28) ana (29) ana

---------------6, Vh* J M 3’11 pq (40)

4 , 2, Q,(x,)< 5 ’U (1*2") -23
p q (L1)

M —PA}7X q 1
BE"

(^2)

saR «2-}.*-*2,- #, (43)
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32---2*2,2.*.-2,-, (44)

. £ 2r3(Bu) 9u3w

: <■
3(8) (45)

2.. *2,-2)1 p Q
2-.*-*2-4} (46)

Other quantities needed to evaluate (39) are

b-* 8”Y33
3(M,5•M)(E*-w)]

ZZ -2

d • a ♦ c

33 33

2(v?-1) - v2, 17
1—22-1

f - +

33
(M,3-M)(E"+)

"33 T3(E"-w) 
2.2

JI 3(E"-w)/ ♦
2q•2 —

• (M,, ± v) 2-1 
233
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, . • [(M,,-x)2-1][(M,,-x)2-1]
- (i ♦«) (E -x) • —-S---------IL 13-----------

3

xL ♦ 2q2 + 1 - v?

x - -33—2,------
Q,(x) - & in () - 1

The quantities v(v) ana a(v) are plottea in Figuren 2 and 3(v= q2) vith

M " 6.T» M33 - 8-9, Y11 " 15 and Y33 - 7.5.

V.BumercalResults
To faclitate the dlacuaBlon in ths •action ve recall that y! and

, mre 6iven by (26) and (2T), nanalgr,

,E (v,) ■ (v )
. r- g _ .t., a1 m M 1}

1 N (v,)
v,»l-F

v"

Y-

(50)

/

- N (v )
V ’ • pt, I - -r*- I (51)

I
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1 1 N_( v,) J2‘•)-d;l-ac (51)

To carry out the analysis a strip model for scattering in the state J = 1, 

1 - 1 is needed. Such a model has recently been proposed by Balzs.- It is

6 admittedly a crude model and the main source of error in the present analysis.

However, there is no other strip model available which calculates m,. fN (v ) P Pw' p * - - pl• and "1 self-conslstently. In the Balds* model cm can see how 

these 3 numbers are interrelate; it does not appear possible at this time to

construct * 1—channel strip moel for Tw dynamcs vhich produces the experiments!

P meson mass and vidth with a reasonable strip width.

The basic structure of the Balzs model is as followst

N„(v) IB , -• e BinQD,(v) P- ; Pa - (52)

N,(v) ■ Bv

D,(v) - 1 - I
o

V
d —.r_. v — v

X (53)

Re D,(V) = 1 - Bh(v) . In the linear approximation

h(v) - = [(v, - 4v.) ♦ vln 4v,]

Belzs found the self-consistent values Vo ■ 3.

to be compared with the experimental values Vo

r 
p

- «.
= 2 and V, “ 26. These are

r_ - 1 and v, 126. Of P X
course, to make consistent use of the strip approximation we must use the self-

consistent values found by Baidas. Usng (53) It follows that
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Bln 4v,
D‘(v ) •------------—1 

# P m (54)

J,(v,) = - i F 
- P i la a

— [p ~‘1 a, e.(v‘)v‘v(v")
vl/ h Jo v'-v

D

)

\

J2"v,) " - (55)

p
/

Referrin6 to (50) with p.*/m2 ~-1ve rind

4, Y 2 t,‘,) - “,(*,) (56)

We nov notice that for 1/2 , y• , y
— 1

••(v?) - v(v’) ♦ 0.26
(57)

The failure of (57) for y• , 1/9 ,, _-/2 16 of no consequence .inc. both
Ket their strongest contributions for v‘ large.

- 2 and J,

Using (55) - (57) one rind.

,-+-6, (D.85) 

" Y, (58)

We can nov calculate I* fro (50) by notne 

linear approzimation can be mnde For
that Tor l/2 $Lv‘ < v, a fairly gooa

1.e.

v(v’) • •v‘ * a, where'
m, - - 0.043 1

a - + 1.26 j 
1

(59)
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Again the failure of (59) for v* < 1/2 is of no consequence. Carrylng out the

appropriate integrations we find

‘i 

Y,
-6, (2.3)

Y,
(60)

From (58) and (60) it follows that

Yk
— - ♦ 2.7
YN (61)

Equation (61) is to be compared with the corresponding ratio used in recent «-N 

and N-N phase shift analyses. In particular, Hamilton9 and co-workers have shown

that T.’u and Y,‘” must be positive in order to be consistent with the nucleon E 

structure and s-vave wh scattering at low energies. Bryan-Arndt10 and Scotti- 

Wong11 have fit the p-p phase shifts from the Livermore Group with

-.3
YN

We conclude this section with a discussion of the sensitivity of r’/y , 

Yx‘Y,• and Y’/Yu on the details of the strip model for ww scattering. Suppose 

we force v,=6,v,= 26 in the Balzs strip model. This requires F - U (as
P

compared to the experimental value T

will be sensitive to this change

p= 1)• It is clear that y’/y, and y /y
2 " "
5 4r,)• To find out if these numbers sire

sensitive to a large change in the p-mass we calculated e Yv’Y, and YR,
using V,=6 (instead of 3). The results are
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y/y, ■ + A (2.1) ;,-6, (o.9): — - 
Ya » YN

♦ 2.3

Th. sensdtivit 1, therefore berid in r,. for • given strip viath v,.

VI Calculation }/, Y,/y, and y/y, from the——aw—________ * •*,  W It IMNucleon EM Structure
Th. nucleon E structure 1. described by 4 tora Factors usually denote12

G^t) -

; " at- $‘

J9 t t 1 - 1,2 (62)

ey(t') 
dt‘ t^-t 1 = 1,2 (63)1

V s
The G,* (t) are normalized so that

C’(O) + G¥(o) - . oj(o) + 0*(0) - „
N

)
G“(o) - 0^(0) - 0 c!(0) - o’(o) - u2 2 n

(64)

/

Thia means that

c(o) - * f 1 r gY(t')- - / dt’ —
’ Ik t" (65)

i

c(o) . (—P,"n 1 ~ 62(t‘)
T dt‘ ' U 

JU (66)

where e ■ electric charge
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Mp-* 1.79 ■ anomalous magnetie moment of ths proton

u_ = - 1.91 ■ same for the neutron n

Hy = 1 nuclear magneton in netural units

Equations (65) and (66) can be used to predict v‘/Y_, Y,,/Y_, and y,/Y, once a n w Ci w 11 • n
model for TT scattering is specified. To be consistent with our previous work

the Balzs node! shall be used again.
V 2The spectral functions 8,(t) have been written down by Frazer- Puleo. The 

result is (with t “ 4(v+1))

e F*(v) v3/2 
g(v)--------------",r------------  r (v)X C.2 x

Dw(-1)
where F,"v) " D(v) " pion form factor

(67)

(68)

r.( v) - ~2
p

r E2 
f - f, 

M/2 ~
(69)

ra(v) --1a2p =e
f - — r
* 2 -

(70)

p
and t = Ue = 4(v-1)

p_2 ■ m2 - 1 = M2 - (v+1)

For 4 < t < 16 r; has the same phase as F,• In order to preserve the reality
V 2of s. we shall assume this is true at least for t "em . Now insert (67) into 
1 P

(65) and (66) and carry out the integrals over the spectral functions in the 

approximation where
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v ,2) (71)

The integrations13 are then simple and the results are

c1(o) ■ 2 - 2) s2p,2
L

D (-1)-|/Y 
_ 41

J Ywi [-2] (72)

G(o) - M_-M p n
2

e - ero.2 D,(-1)7
2. " 12. 3D‘(v )

- w P J

Y* N
Y, [-2] (73)

Equations (72) and (73) require

Y , ye-N =u — u +3.7, N _ 2 6
‘n P n 3'* Y, 5 ,2

‘w
(2.6): -4 —6, (0.7) 

’ Y,
(74)

Equation (T4) is to be compered with our previous analysis

5 - • 2.T: I - 4 6, (2.3); . 4 6, (0.85)
“‘u" (75)

Teetore* th. enelysis 1. anternally consistent and the next Amprovement WU1 
come from a better strip approximation to * scattering.

VII . Concluaions

Th. vertex p - W has been studied sakng consistent use or th. .trip 

approxaettod- Tade approxLmatzon 1. codgLotent vith anformation knovn about 
th. nucX^n EH structure. Buentitative ostAsates of y;/y, ana Y,/y, eunt 
. better .trip approx2mation to ** ecatterng. Hovever, y;/y,, to be
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relatively insensitive to the details of the strip model used for w scatrerng
and can therefore be used

charge coupling of

■oat important role
P

11,

♦ NN,
“S a measure of the relative importance of 1

It is clear that magnetic -type coupling plays the

in oootstrap calculations where the p rw^on helpe to
&enerete the force to produce the scattering.

Acknovledgements
It is a pleasure to acknovledge helpful conversations with Professor 

Geoffrey Chew. Dr. Ian Drummond, Dr. Louis Balls. and Dr. L. David Roper.

The author thanks Dr. Sidney Ferdbach For hospitality extended to him at 

the Lawrence Radiation Laboratory.



-21- UCRL~7871-7

FootnotosandReferences
Thi work performed under the nuspices of th* U. S. Atomic Energy Commission.

♦

1

2

Recipient of a Lawrence Radiation Laboratory Post-Doctoral Fellowship (Sup­

ported by the U. S. Atomic Energy Commisslon).

L. Balze Simple ” Boot*trap Calculation Using the Strip Approximation 

(1964 preprint — to be published). The Reggetzed version of the strip 

approximation has been studied by Chew and Jone* (UCRL10992).

W. R. Fraser and J* R. Fulco, Phy*. Rev. 117 160914 (1960): J. s. Ball 

and D. Y. Wong, Phy*. Rev. 130 2112-16 (1963).

3 W. R. Frazer and J. R. Fulco, Phys. Rev. 117 1603-08 (i960).

5

M• Jacob and G. C. Wick, Ann. or Phys. I 404-28 (1959).

For future reference the invariant variable* for th* *- and u-channele ar*

recorded here. For channel s: s - t - - 2q2 (1z ). u

For Channel u. Just replace • * u. Natural units are used throughout this 

work: c - 1. +- 1. =, . 1. Then A - A (—3/2 x 10“13c.) - 1.

- t.

6 D. Roper (MIT Thesis — unpublished). It should be pointed out that (22) 

and (23) are obtained by using Feynman's rules for the graph «♦(>■* x. 

One could carry on the same discus.lon without this reference by defining 

f^ (t / -x—■ , The Y, are then linear combinations of y and y*. Roper's
- tr™o - N N

equations are used in order to have a basis for comparison with phenomenolog­

ical work done in the TN and NN systems.

T

8

0. F. Chew S-Matrix Theory of Strong Interactions (Benjamin, 1962).

The numerical values of Yk and Y* are quite senstrive to th* details of 

the model but ‘k/‘n seeme to be relatively insensitive. These matters will 

be discussed in more detail later.



UCRL~7871T

9 See for exa-ple A. Donnachie, J. Humilton and A. T. Lent Prediction of p-. 

M Scattering (196k preprint) and references given there.

The connection betveen (C

I2C1
12C, h

1•S22 and CYx•YB) is - w Z • ♦ M Y,v‘ and
Ca

- 8"Y,‘s vhere C * * 0.27 and C. " - 0.95. It is not hard to

show that for T,‘n > 0 the exchange of the p-meson leads to an attractive 

force in the p(l.l) and p3,3) states and a repulsive force in the p(3,1) 

•nd p(1.3) states. The attraction is weak in the p(3,3) state. nodcrate 

in the p(l.l) state and the repulsion is moderate in the p(3.1) and p(1.3) 

states. This agrees with observations made by Bovcock, Cottingham and 

Lurie (Muovo Cimento 16 918 (i960)) and Prautachi (Phys. Rev. Lott. 5 159 

(I960)). I an Indebted to Professor Geoffrey Chew for a helpful discus­

sion on this matter.

1O R. Bryan and R

(unpublished). I am indebted to Mr. Richard Arndt for a discussion of this
vork.

12

A. Scotti and D. X. Wong Phys. Rev. Lett. 10 142-16 (1963). I an indebted 

to Dr. David Wong for a helpful conversation about his work.

G. F. Chev, R. Kar plus, 8. Oasiorovics, and F. Zachariseen, Phys. Rev. 110 

265.76 (1958). We have written the form factors without substractions.

This 1mplies g • (t)  ---- o(4) n > 0. The mnoar recent data on the nucleon
t

KM structure seems to Justify this.

13

11

To calculate D,(-1) we have just made a linear 

This fact was not realised by Abers and Zemach, 

(1963). In their work. y; a 0.

extrapolation usng (53).

Phys. Rev. 131 2305-17



* LCPI-Te Tl-T

N

P2

ll

/ W
2 P

N

t s

H1

T

CHANNEL s:
CHANNEL t:

T + N " T 4 N 
m+n--N+N

CHANNEL u: T + N —- m + N

Bi and Pi are the 4-momenta for the pions and nucleons. respectively.

Figure 1



5.0

N

4 0
1 
I 
I 
I 
I 
I 
a

UCRL-7871-T

3-0
, 2, 2v (9 ) vs q

2.0

1 .0 1.26

LOW POINT 29.5

0 
0

1
5

|
10

|
1 5 20

1
25

2• =
Figure 2



4

6.0

5 ()

4.0

3. o

—

2.0 ----

1.0 —

0 — 
0

1
5

UCRL-7871-T

26 6 (q” - O)

(q2) 2 
0

I 0
L 
1 5

L
20

L
25 30

V-Q

F i gu re 3 END
A


