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The goal of this research is to measure viscosity via the analysis of amplitude response of 

a piezo driven vibrating cantilevers partially immersed in a viscous medium. As a driving 

frequency is applied to a piezoceramic material, the external forces acting on the system will 

affect its maximum amplitude. This thesis applies this principle through experimental and 

analytical analyses of the proportional relationship between viscosity and the amplitude response 

of the first natural frequency mode of the sinusoidal vibration. 

Currently, the few cantilever-based viscometer designs that exist employ resonant 

frequency response as the parameter by which the viscosity is correlated. The proposed 

piezoelectric viscometer employs amplitude response in lieu of resonant frequency response. The 

goal of this aspect of the research was to provide data confirming amplitude response as a viable 

method for determining viscosity. A miniature piezoelectric plate was mounted to a small 

stainless-steel cantilever beam. The tip of the cantilever was immersed within various fluid test 

samples. The cantilever was then swept through a range of frequencies in which the first 

frequency mode resided. The operating principle being as the viscosity of the fluid increases the 

amplitude response of cantilever vibration will decrease relatively. What was found was in fact 

an inversely exponential relationship between dynamic viscosity and the cantilever beam’s 

vibrational amplitude response. The experiment was performed using three types of cantilevers 

as to experimentally test the sensitivity of each. 
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CHAPTER 1 

INTRODUCTION 

1.1 Overview of Microcantilever Viscometer 

Knowing the viscosity of a fluid is often critical when designing and operating 

mechanical systems. Devices for measuring viscosity (known as viscometers) are extremely 

important both commercially as well as in the laboratory setting. Most viscometers are large, 

intrusive, cumbersome devices. The advantage of vibrational based viscometers is they can be 

made much smaller and much less intrusive than conventional viscometers. The use of vibration 

as a means of determining viscosity is not a recent one. Research around cantilever-based 

viscometers date back to the 1950’s Bendix Instrument [2].  The United States Air force was also 

performing research in this area as far back as 1972 [1]. The basic principle behind vibrational 

type viscometers is as they oscillate, the surrounding fluid affects the vibrational characteristics 

of the oscillatory body. The change of these characteristics directly reflects the viscosity and 

density of the fluid. By measuring the changes in the vibrational characteristics, one can 

ascertain the viscosity. Historically, the vibrational characteristic correlated to viscosity is 

resonance frequency.  

The goal of this research is measure viscosity via the analysis of amplitude response of a 

piezo driven vibrating cantilevers partially immersed in a viscous medium.  A thin 301 stainless-

steel cantilever under fixed free conditions was chosen as the oscillating body for 

experimentation. The free end (tip) of the cantilever was immersed 4mm into different oil 

samples of various viscosities (Fig 1.1.). As the cantilever oscillated, the fluid produced a 

viscous drag force on the immersed tip. An American Piezo brand PZT-5H piezoceramic is 
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attached near the fixed end of the cantilever to drive the vibration. The piezo was driven over a 

range of frequencies containing the piezo-cantilever system’s first mode resonance frequency.  

Figure 1.1: Viscometer Overview Reference Diagram 
 

The displacement of the system was tracked optically using a Polytec OFV-505 laser 

vibrometer and associated Polytec OFV-5000 Vibrometer Controller. The output of the 

vibrometer controller was fed to LabView creating a displacement graph over the range of 

frequencies. The data for each test was exported from LabView to an excel workbook. As the 

viscosity of the testing sample increased the displacement amplitude of the cantilever decreased 

in a negative exponential curve. Therefore, it can be said that the cantilever’s amplitude directly 

corresponds to the viscosity of the fluid sample.  

Three different cantilevers were tested during the experiment to ascertain which yielded 

the best sensitivity. The cantilevers of (Fig 1.2.) depict the three cantilevers types used in this 

experiment along with section descriptions. The reference names used for each cantilever (from 

left to right) are “zero-step”, “one-step”, and “two-step. This naming convention remains 

consistent throughout the rest of this paper. Each stainless-steel cantilever is clamped on one end 

leaving 18 mm of free length to the tip (Fig 1.2.). The displacement was measured at position 

(X=12mm) as measured from the clamping surface for each cantilever.  
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Figure 1.2: Cantilever Specimen Reference Diagram 
 

Table 1.1: Cantilever Specimen Dimension Reference Table  
 

1.2 Literature Survey 

This section briefly describes the results of the literature review performed prior to 

embarking on the experiment. Basic concepts of piezoelectricity are first discussed. Viscometers 

of all types are briefly reviewed. Lastly literature pertinent to this research is reviewed. 

 

1.2.1 Physical Properties 

A piezo is an electrical device that when deformed or compressed creates an electrical 

current. Direct current will either compress or expand the piezo depending on the polarity of the 
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induced charge.  When an alternating current is applied the piezo will contract and expand at the 

frequency of the alternating current. For example, if 60hz is applied to the piezo it will vibrate at 

60hz. Like most electrical devices the piezoelectric process is reversible such as in an electric 

motor. When an electric motor armature is rotated it will create an electrical current. A piezo 

behaves the same way, when voltage is applied to a piezo it will compress or deform. This 

scientific journal focuses on ceramic type piezoelectric devices as this is what was used. [26] 

Piezoelectricity is a phenomenon with a myriad of uses. These uses include engine knock 

sensors, pressure sensors, electric toothbrushes, ultrasonic cleaners, instrument pickups, and 

most commonly cellphone and earbud speakers. [26] 

For a material to display piezoelectric properties it must possess certain properties. A 

piezoelectric material must be anisotropic elastic as well as be anisotropic dielectric where both 

properties are coupled. The material must also be able to be polarized. The aforementioned 

properties are discussed in the subsequent paragraphs. [26] 

The first of these characteristics to be discussed is anisotropic elasticity. As 

counterintuitive as it may seem, piezoelectric materials such as ceramic or quartz have elastic 

properties. Without elasticity a material, cannot deform. When it comes to elasticity, there are 

two types, anisotropic and isotropic. Isotropic elasticity defines a material that deforms evenly in 

all directions. A piezo however, is an anisotropic elastic material, meaning piezoelectric 

materials deform differently in one direction than all others. An example of anisotropic elasticity 

is wood. The elasticity of wood along different axis depends on if the elasticity is being 

measured parallel or perpendicular to the grain structure. It is therefore imperative to consider 

anisotropic elasticity when making calculations for piezoelectric materials as calculations for 

isotropic materials are much different. [25], [26] 
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Polarization in this context refers to forcibly moving the positive and negative electrical 

charges to opposing sides of the material being polarized, thus creating a dipole. A dipole as it 

applies to a piezo is defined as a pair of oppositely charged poles of equal magnitude (depicted 

as the red and blue spheres in (Fig 1.3)). Synthetic piezoelectric materials such as piezoceramics 

require polarization. [25], [26] 

Polarization of a piezoceramic material is the process by which the dipoles are roughly 

aligned along one axis using a strong electrical field. A ceramic type piezo consists of two metal 

electrodes with the piezoceramic material sandwiched between. The poling axis is perpendicular 

to the surface of the electrodes (top and bottom surfaces of (Fig 1.2). 

Figure 1.3: Piezoceramic Dipole Polarization Process Diagram (Before-Left, During-Middle, After-
Right) [25] 

 

In (Fig 1.3.) the leftmost diagram represents the material before polarization; the charges 

within the material are randomly aligned and the circuit is open. The middle picture of (Fig 1.3.) 

shows the material during polarization; the circuit is closed, and the dipoles are aligned to the 

applied DC (direct current) electric field. Note that in (Fig 1.3.) the positive poles align to the 

negative (top) electrode and the negative charges align to the positive (bottom) electrode. 

Between the middle and rightmost stage of the polarization process one might inquire as to how 

the dipoles themselves stay locked into their new position. To answer this question, it is 

necessary to briefly discuss the process by which a piezoceramic material is created. The 
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piezoceramic material starts off as a powder containing the specific metal oxides of the 

piezoceramic being created. The powder is then fired to sinter the powder into a crystalline 

structure. Sintering is the process by which a powder is heated to a point where it coalesces 

without heating it to the point where it liquifies. Once sintered, the material is then formed into 

the desired final piezoceramic shape and the electrodes are applied. This stage is depicted in the 

leftmost diagram of (Fig 1.3.). The material is then reheated past what is known as the Curie 

point. As the material is heated an electrical field density of 106 V/m is applied to the electrodes 

to align the dipoles in approximately same direction. The process by which this happens is called 

spontaneous polarization and is depicted in the middle diagram of (Fig 1.3.). The material is then 

cooled, thus locking the dipoles in place. The rightmost diagram of (Fig 1.3.) has the circuit open 

as at this stage the applied electrical field is no longer necessary because the pertinent dipole had 

been created [5]. Lastly, the rightmost diagram shows the dipoles aren’t perfectly aligned with 

the poling axis. This is no accident, if the dipoles were perfectly aligned the piezo would not 

function. The slight amount of misalignment allows for the piezo to deform by using the dipoles 

to exert toque on the material as an electrical field is applied. [25], [26] 

A piezoelectric material must also be dielectric. A dielectric material (Fig 1.4.) is a 

material that will support an electrical charge, however that property alone doesn’t make a 

material dielectric. For a material to be dielectric it must have little to no free electrical charges. 

In other words, a dielectric material has a near infinite electrical resistance while still being able 

to support an electrical charge. Instead the charges are shifted from their rest position thus 

polarizing the dielectric material. This property is also important for capacitors. In a capacitor the 

dielectric material is sandwiched between two metal plates. Once charged, the capacitor 

maintains an electron imbalance until discharged. For a dielectric material to be piezoelectric it 
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must be a special type of dielectric called an anisotropic dielectric. Much like anisotropic 

elasticity, an anisotropic dielectric has an electric charge in one direction or along one axis (the 

poling axis). [25], [26],[34] 

Figure 1.4: Dielectric Reference Diagram [34] 
 

The understanding of piezoelectric devices first requires a foreknowledge of several 

concepts and properties. Stress “T” is defined as the force per unit area of the applied force. 

Stress is often given in units of pascals (Pa) which is equivalent to one newton per meter squared 

or alternatively in pounds per square inch in imperial units. Stress in piezoelectric materials can 

either be caused by deformation due to an applied electrical field or of an external force applied 

thus creating an electrical charge. It is also worth discussing sign convention as it applies to 

stress. Generally, a material under tension is deemed to have a positive stress, whereas under 

compression it is negative. [25], [26] 

Strain is often an accompanying concept when discussing stress with the two terms being 

proportional. Strain is the deformation of a material along a particular direction divided by the 

original length of the material along that same direction due to an applied stress. In other words, 

strain is the change in length divided by the original length and as such is dimensionless. [26]  
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As piezos are electrical devices the concept of an electric field “E” is applicable. For the 

purposes of this research in depth explanation of electric fields is not required. An electrical field 

is simply the voltage per meter (either direct current (DC) or alternating current (AC)) that is 

applied to the piezoelectric material. The unit of volts per meter is a way of quantifying the 

intensity of the electrical field based on the voltage between two points one meter apart. [26] 

The piezoelectric constant “d” is a ratio that changes definition based on whether an 

electric charge is being applied or produced. Due to the reversable nature of piezoelectric 

materials this constant is defined in two ways. When applying an electric field, the piezoelectric 

constant is termed the piezoelectric “charge” constant with units of meters per volt. The 

piezoelectric charge constant relates stress and the applied electric field. Conversely, when the 

piezoelectric material is being mechanically deformed and producing an electric field, it is called 

the piezoelectric “deformation” constant. The piezoelectric deformation constant relates the 

electrical charge produced to the mechanical stress with units of Coulombs per Newton. [26] 

Permittivity “ε” is yet another important concept required for the understanding of 

piezoelectric materials. Permittivity in this context refers to the ability of the piezoelectric 

material to store either electrical or mechanical energy depending on whether the electricity is 

being applied or produced with units of farads per meter. [26] 

Equations 1.1-1.4 are arguably the most common forms of the piezoelectric constitutive 

equations and are referred to as linear constitutive equations. They are most commonly used for 

finite element analysis (FEA). [26]a 

S = sE ∗ T + [d]t ∗ E  Equation 1.1 

D = d ∗ TεT ∗ E Equation 1.2 

Equations 1.1-1.2 are the equation forms used when an electric field is being applied. The 
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sE term is the elastic compliance (Strain/Stress) during the closed-circuit condition. The 

superscript “t” on the [d]t  term simply indicates a matrix transpose during calculation. The 

superscript “T” on the εT term denotes permittivity as it relates to stress. [26] 

S = sDT + [g]tD Equation 1.3 

E = −gT + [εT]−1D Equation 1.4 

Conversely, equations 1.3-1.4 are the equivalent forms when the piezoelectric material is 

being mechanically deformed and producing an electrical field. The sD  term is the elastic 

compliance (Strain/Stress) during the closed-circuit condition. As with equations 1.1-1.2, the 

superscript “t” on the [g]t term simply indicates a matrix transpose during calculation. The “g” in 

the [g]t  term represents the piezoelectric voltage coefficient. This can simply be thought     of as 

the “d” equivalent of this case. Again, the superscript “T” on the εT term denotes permittivity as 

it relates to stress. [26] 

 

1.2.2 Overview of Viscometers 

Viscosity is a fluid dynamics property that quantifies a fluids resistance to flow. There 

are two methods of quantifying viscosity, kinematic and dynamic. Conceptually, dynamic (also 

known as absolute) viscosity is a measure of tangential force required to move one plate past 

another parallel stationary plate given a fixed gap distance and velocity (Figure 1.5.).  

Figure 1.5: Diagram of Kinematic Viscosity Definition [15] 
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The quantification of dynamic viscosity requires the fluid to be in the laminar flow regime as 

well as the fluid to be Newtonian.  

µ = τ ∗ dc/dy Equation 1.5 

where: 

µ = dynamic viscosity (kg/ms) 

τ = fluidic shear stress(N/m2 ) 

dc = unit velocity(m/s) 

dy = unit distance between layers(m) 

Kinematic viscosity is simply a modification of dynamic viscosity. Kinematic viscosity is 

simply dynamic viscosity divided by the density of the fluid in question.   

v = µ/ρ Equation 1.6 

where: 

v = kinematic viscosity(m^2/s) 

µ = dynamic viscosity (kg/ms) 

ρ = density of fluid(kg/m^3 ) 

The above equations were not directly used for the purposes of this research. However, it 

is necessary to research the concept and differences between dynamic and kinematic viscosity 

for the purposes understanding their application. Dynamic viscosity was what was used in this 

research. [15], [26] 

There are quite a few techniques and devices for measuring viscosity. Most of these 

devices historically relied on non-vibrational techniques. These techniques are only briefly 

discussed in the subsequent sections as this research involves vibration related techniques for 

measuring viscosity, this area is much more relevant and is discussed in further detail.  
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U-Tube viscometers are very simple devices (Fig 1.6.). Also called Ostwald viscometers, 

was invented by Wilhelm Ostwald. The operating principle involves recording time it takes for 

fluid to flow from one area to another due to gravity. A specific version of the U-tube viscometer 

used for high viscosity fluids, called a Ubbelohda Viscometer, places the U-Tube in a 

temperature-controlled bath to lower the viscosity to allow for measurement. The fluid is sucked 

up to fill the upper bulb. Once the suction is released the fluid travels through the capillary tube 

below marker D to the lower bulb. The time it takes for the surface up the fluid to translate from 

line C to line D is measured. The time it takes the fluid to travel between these two markers is 

directly proportional to kinematic viscosity. The calibration factor of the U-Tube viscometers 

can be derived using the manufacturers specifications or by calculating it from a fluid of known 

viscosity. [16], [20] 

Figure 1.6: U-Tube Viscometer [20] 
 

Another very common method for determining viscosity is termed the Falling Sphere. 

The sphere is placed inside a transparent tube filled with the tested fluid. Two marks are placed 

toward the bottom of the tube as to allow the sphere to reach terminal velocity.  In principle, the 

viscosity induced terminal velocity is calculated from the time required for the sphere to pass 

between the two marked points at the spheres terminal velocity. As terminal velocity is the point 
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at which the force of gravity equally opposes the viscous drag force (Fig 1.7.), a higher viscous 

drag force results in a lower terminal velocity. Therefore, the terminal velocity of the sphere is 

inversely proportional to dynamic viscosity. The viscous drag force induced on the sphere is 

calculated via Stokes-Law. As it turned out, a version of Stokes-Law was used for the purposes 

of this research (Section 2.2). [16] 

Figure 1.7: Falling Sphere Viscometer [20] 
 

The Falling Piston viscometer, also known as the Norcross Viscometer, was invented by 

Austin Norcross. Although it may seem congruent to the Falling Sphere method, the theoretical 

principle is very different. While held in the up position (leftmost diagram (Fig 1.8.)), the fluid is 

drawn into the empty space below the piston. The piston is then released and falls due to gravity. 

The testing fluid flows toward the top of the piston via a specified clearance between the piston 

and cylinder. The time it takes for the piston to reach the bottom of the cylinder is proportional to 

the viscosity of the tested fluid. As the fluid moves through the clearance, it is slowed due to the 

shear stress of the fluid between a static cylinder and the moving piston. [16] 

Figure 1.8: Falling Piston Viscometer [18] 
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Although distinctly different to the Falling piston method, the Oscillating Piston works 

via a very similar principle. Like the Falling Piston method, the Oscillating Piston measures 

viscosity based on a clearance induced fluidic shear stress between its piston and cylinder. The 

key difference is the piston is made to oscillate back and forth within the cylinder using 

electromagnets (Fig 1.9.). The time required for each oscillation cycle is then measured. The 

viscosity is therefore proportional to the length of time for each oscillation. [16], [17] 

Figure 1.9: Oscillating Piston Viscometer [20] 
 

The Bubble viscometer is arguable the most rudimentary means by which a viscosity 

measurement can be taken. However, that is not to imply extreme variances in accuracy. The 

fluid is placed within a vertical testing tube and sealed with a cork. The principle is simple, the 

time it takes for the bubble to pass between two marks on the testing tube is proportional to 

viscosity. The tested fluid is filled up to the 100 mm mark for the specific version depicted in 

(Fig 1.10.). This forms an air gap between the 100mm mark and the 108mm mark. After capping 

it off with a cork, the sample is oriented cork side down until the bubble formed by the air gap 

reaches the other side of the cylinder. The testing tube is then flipped cork side up. Lastly the 

time it takes the bubble to pass between the 27mm and the 108mm line is measured. The 

advantage of this method is it can be performed quickly cheaply, and simply. However, results 

may vary depending on the shape of the bubble formed. [19] 
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Figure 1.10: Bubble Viscometer [19] 
 

Rotational Viscometers relate torque to viscosity through fluidic shear stress. A specific 

type of rotational viscometer is termed the “cup and bob” (Figure 1.11.). This consists of a 

rotating cylinder placed within a fixed cylinder filled with the tested fluid. As the cylinder rotates 

the torque required to overcome the fluidic shear stress is measured. The Torque and 

consequently shear stress, is proportional to viscosity. This type of viscometer is most commonly 

used as instrumentation. Other variants along this same principle include a rotating cone set close 

to a static plate as well as a rotating disk set near a static plate. [16], [20] 

Figure 1.11: Rotating Viscometer [35] 
 

1.2.3 Design Review 

This section includes the relevant literature reviewed concerning the design of 

microcantilever viscometers. Topics include forced vibration techniques, various cantilever 

profiles, as well as different methods of cantilever fluid interaction.   
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W. Shih et al. [6] experimented with a unimorph 

cantilever made of a ceramic piezo and stainless steel. A 

thin cantilever was fabricated where its width is much 

less than its overall length. The cantilever then had the 

piezo mounted nearer to its clamping end to drive the 

vibration. The free end of the cantilever was immersed in 

the tested fluid. The driver and sensor were made to 

operate from the same piezo by dividing one electrode 

into separate sections (Fig 1.12). The resonant 

frequencies of the piezo-based sensor were then 

determined by use of an oscilloscope  

M. Salgar [7] experimented with a cantilever 

design by which a pyramid shaped tip was attached 

facing down to a horizonal cantilever (Fig 1.13). Rather 

than the cantilever itself interacting with the fluid sample 

the perpendicular mounted pyramid-like tip provided the 

interaction. 

S. Sathiya et al. [8] tested three different 

cantilever designs (Fig 1.14). The three different designs 

facilitated the comparison of cantilever sensitivity. The 

vibration was driven by a piezo mounted towards the clamping end of the cantilever. Each 

cantilever was tested with tips immersed in the testing fluid. The straight cantilever was analyzed 

as a 1-DOF vibration while the one step and trapezoidal cantilever were analyzed as 2-DOF 

Figure 1.12: W. Shih et al.  
Cantilever [6] 

Figure 1.13: M. Salgar Cantilever 
[7] 

Figure 1.14: S. Sathiya et al. 
Cantilever [8] 
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systems. The indentions between the two sections of these cantilevers served to provide an 

additional DOF. 

G. Eris et al. [9] used a unique approach. The 

fixed-free cantilever design was made from layers of gold 

and nickel with a chromium coating and mounted on a 

silver base (Fig 1.15).  What makes the methodology 

unique is a electromagnetic field was used to oscillate the 

cantilever. A field coil was constructed and connected to 

a waveform generator with an alternating current output.  

G. Wang et al. [10] experimented with a bimorph 

cantilever design with its tip immersed in the testing 

fluid. The design employs two piezoceramic plates 

mounted on each side of the cantilever toward its 

clamping end. Uniquely, the tip is oriented with the 

major surface area oriented perpendicular to the cantilevers oscillation (Fig 1.16.). The 

cantilevers interaction with the testing fluid is primarily the shear stress of the fluid acting on its 

major surface areas.   

 

1.2.4 Analytical Review 

This section overviews literature reviewed over the various analytical methods performed 

in previous studies. Content includes the various analytical modeling methods involved in 

calculating the vibrational characteristics of cantilever beams.   

 

Figure 1.15: G. Eris et al. 
Cantilever [9] 

Figure 1.16: G. Wang et al. 
Cantilever [10] 
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Figure 1.17: W. Shih et al. Analytical model [6] 
 

W. Shih et al. [6] modeled their cantilever as an oscillating sphere. This technique models 

the cantilever as a spring mass system where the mass is a sphere (Fig 1.17.). The sphere is 

modeled as oscillating in a fluid. The attachment point of the coil spring is taken as an external 

harmonic force 𝐹𝐹0𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖.  The effects of viscous drag force are then calculated using Stokes-Law.  

C. Riesch et al. [12] calculated resonant frequency via the Euler-Bernoulli beam theory 

equation as seen below. See (Fig 1.18.) for reference. 

𝐸𝐸𝐸𝐸 �
𝑑𝑑4�𝑤𝑤(𝑥𝑥, 𝑡𝑡)�

𝑑𝑑𝑥𝑥4
� + �

𝑑𝑑2�𝑤𝑤(𝑥𝑥, 𝑡𝑡)�
𝑑𝑑𝑡𝑡2

� = �
𝑑𝑑2 �𝑀𝑀𝑝𝑝(𝑥𝑥, 𝑡𝑡)�

𝑑𝑑𝑡𝑡2
� 

where: 

• 𝑤𝑤(𝑥𝑥, 𝑡𝑡): displacement of cantilever at position (x) and at time(t)  

• E: The elastic modulus  

• I: Second moment of inertia  

• 𝜌𝜌: Density of the cantilever 

• 𝐴𝐴: Cross sectional area of cantilever 

• 𝑀𝑀𝑝𝑝=Moment due to piezoelectric force  

Using Euler-Bernoulli beam in combination with Stokes-Law they were able to calculate 

resonant frequency 

𝐹𝐹𝐷𝐷 = 6𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   
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Figure 1.18: C. Riesch et al. Cantilever Design [12] 
 

The force of drag (F_D) is calculated where 𝜋𝜋, 𝜋𝜋, and 𝜋𝜋  represent the dynamic viscosity, 

relative velocity of the cantilever tip, and equivalent radius of the cantilever tip respectively. The 

equivalent radius is typically found by equating the volume of the cantilever to a sphere. This 

method has proved to be an accurate way of determining the drag force on the tip of a vibrating 

cantilever while making theoretical calculations. A variation of this method was chosen as a 

reference for the analytical calculations of this report due to the similarity in design (Fig 1.17). 

Their method for measuring oscillation via a laser vibrometer was also adopted.  

S. Boskovic et al. [13] researched the oscillation of a cantilever completely immersed in 

the testing fluid. The cantilever was modeled by approximating it as simple harmonic motion. 

The method by which they derived an equation to account for the hydrodynamic forces was via a 

transfer function within the harmonic excitation equation. Values for resonance frequency an 

quality factors required to solve their harmonic excitation model were experimentally derived 



19 
 

and therefore acted as calibration factors for their analytical calculation. This was done due to the 

complexity of solving a problem such as this.  

 

1.3 Scope and Objective  

The main objective of this research is to develop a piezoelectric viscosity sensor and 

evaluate its viability and sensitivity based upon amplitude change due to the drag force on the 

Microcantilever system as its tip oscillates through testing fluid. As a baseline the amplitude 

change will be evaluated against known viscosities of oil.  

The specific objectives for this research are:  

• Fabricate three piezoelectric microcantilever viscometers  

• Calibrate the fabricated microcantilever viscometers amplitude change against known 
oil viscosities  

• Compare the sensitivity between the three microcantilever viscometer designs 

• Analyze the sensitivity of amplitude as it relates to viscosity verses frequency 
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CHAPTER 2 

MATHEMATICAL MODELING 

2.1 Known Viscosity Values 

Mathematical modeling was performed to determine an equation to correlate cantilever 

viscosity to cantilever maximum displacement. The first step was to obtain a temperature verses 

viscosity graph for each of the oils tested.  

Table 2.1: Dynamic Viscosity 

For the purposes of this research the dynamic viscosity is the pertinent measurement to 

consider. (Table 2.1) displays the dynamic viscosity verses ambient temperature for testing 

samples used in the experiment. The testing samples include motor oil types: SAE10W-60, 

SAE15W-40, SAE30 and SAE5W-20.  From these tables a scatter type plot was created using 

excel. A sixth order polynomial regression was chosen as the best “Fit” for the excel data. The 
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trendline itself was automatically “fitted” via Microsoft Excel (Fig. 2.1). The resulting sixth 

order polynomial was then used to calculate the viscosity at the specific room temperature of the 

testing environment (23 Celsius) (Table 2.2.). REF [11], [29] 

 

Figure 2.1: Dynamic Viscosity vs. Temperature Trendline Fit 
 

Table 2.2: Dynamic Viscosity Calculated Values and Polynomial Trendline Regressions 
 

2.2 Euler-Bernoulli Beam Vibration & Mode Shape 

Once a method of determining viscosity at a given temperature was established, it was 

then time to derive the maximum displacement of the cantilever at any given point. The Euler-

Bernoulli beam equation (eq 2.1) for undamped free vibration was used as a starting point. 

𝐸𝐸𝐸𝐸 �𝑑𝑑
4�𝑤𝑤(𝑥𝑥,𝑖𝑖)�
𝑑𝑑𝑥𝑥4

� + 𝜌𝜌𝐴𝐴 �𝑑𝑑
2�𝑤𝑤(𝑥𝑥,𝑖𝑖)�
𝑑𝑑𝑖𝑖2

� = 0 Equation 2.1 

where: 

• 𝑤𝑤(𝑥𝑥, 𝑡𝑡): displacement of cantilever at position (x) and at time(t)  
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• E: The elastic modulus  

• I= Second moment of inertia 𝐸𝐸 = �𝑏𝑏∗ℎ
3

12
�  

• 𝜌𝜌=Density of the cantilever 

• 𝐴𝐴 = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶𝑒𝑒𝑠𝑠𝑡𝑡𝑠𝑠𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝐶𝐶𝑒𝑒𝑠𝑠 𝐶𝐶𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠𝑒𝑒𝑐𝑐𝑒𝑒𝐶𝐶 

Of course, the cantilevers are not in an undamped, free vibrational state. A reasonable method 

was necessary to approximate (as close as possible) the real-world cantilever vibration scenario. 

Given that the displacement of the cantilever depends on distance from the clamping 

position at a specific time for (eq 2.1), separation of variables is then needed to solve the Euler-

Bernoulli partial differential equation for 𝑤𝑤(𝑥𝑥, 𝑡𝑡). In terms of separation of variables 𝑤𝑤(𝑥𝑥, 𝑡𝑡) 

equals the X(x) term multiplied by the T(t) term (eq 2.2), where 𝑋𝑋(𝑥𝑥) represents the mode shape 

of the cantilever and 𝑇𝑇(𝑡𝑡) representing the time domain.  

𝑤𝑤(𝑥𝑥, 𝑡𝑡) = 𝑋𝑋(𝑥𝑥)𝑇𝑇(𝑡𝑡)  Equation 2.2 

Generally, the mode shape equation is represented as (equation 2.3) below. 

𝑋𝑋(𝑥𝑥) = 𝐴𝐴𝑛𝑛 cos(𝐵𝐵𝑛𝑛𝑥𝑥) + 𝐴𝐴𝑛𝑛+1 sin(𝐵𝐵𝑛𝑛𝑥𝑥) + 𝐴𝐴𝑛𝑛+2 cosh(𝐵𝐵𝑛𝑛𝑥𝑥) +  

𝐴𝐴𝑛𝑛+3𝐶𝐶𝑠𝑠𝑠𝑠ℎ(𝐵𝐵𝑛𝑛𝑥𝑥) Equation 2.3 

where: 

• X(x): Mode Shape 

• x: Distance from clamping surface 

• 𝐴𝐴𝑛𝑛: Undetermined Coefficients 

• 𝐵𝐵𝑛𝑛: Beta Value for mode shape  

The mode shape X(x) gives the unitless shape of the cantilever at any position along the 

cantilever.  
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2.3 Time Domain and Viscous Damping Model 

It was necessary to determine a way of calculating the drag force on the tip of a cantilever 

immersed in a fluid before determining the time domain 𝑇𝑇(𝑡𝑡)  . The method that is Stokes-Law 

(eq 2.4).  

𝐹𝐹𝐷𝐷 = 6𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 Equation 2.4 

The variable 𝜋𝜋  represents the dynamic viscosity of the fluid flowing past the object in 

question. The variable 𝜋𝜋 represents the velocity of the fluid with respect to the object in question. 

Stokes-Law’s primary use is for drag force on a sphere through a fluid with given radius (R). 

However, Stokes-Law can be used to accurately estimate drag force on non-spherical objects. An 

equivalent radius for (R) is therefore determined. By equating the volume of the portion of the 

cantilever immersed in the fluid with the volume a sphere and solving for the radius equation (eq 

2.5) was achieved. 

𝜋𝜋 = �𝐿𝐿𝐿𝐿𝐿𝐿 � 3
4𝜋𝜋
��

1
3

 𝜋𝜋   Equation 2.5 

Therefore equation (eq 2.4) then becomes (eq 2.6). 

𝐹𝐹𝐷𝐷 = 6𝜋𝜋𝜋𝜋 �𝐿𝐿𝐿𝐿𝐿𝐿 � 3
4𝜋𝜋
��

1
3
𝜋𝜋   Equation 2.6 

The remaining variables remain as previously defined.  

Now that a method of relating the drag force due to a fluid of a certain relative velocity to 

dynamic viscosity has been determined it must now be integrated into the Euler-Bernoulli beam 

theory equation. For this a few assumptions have been made. For the real case, the sensor is a 

damped, forced vibration system. For the purposes of deriving an equation that will closely 

represent the real-world measured values it was beneficial to keep the equation as simple as 

possible and yet still maintain the necessary parameters. The first assumption made was that the 
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vibration of the system will be negligibly affected by the addition of the PZT-5H. This 

assumption was validated via a couple of different means. Given its mounting position high up 

on the cantilever, the piezo will not impart much of a moment of inertia due to its mass. The 

assumption was further verified once the natural frequency and displacement were calculated and 

compared to its measured value. The effects of viscous damping due to the air were also 

neglected given that its dynamic viscosity is nearly zero.  It is also assumed that the real-world 

system could be closely approximated by modeling an undamped vibrating cantilever while 

accounting for the viscous damping term as a forcing function. The equation was therefore 

modeled as an undamped cantilever with the drag force on the cantilever represented as a forced 

vibration term. The Euler-Bernoulli equation. (eq 2.1) therefore becomes (eq 2.7) below.  

EI �d
4�w(x,t)�
dx4

� + ρA �d
2�w(x,t)�
dt2

�+ G ��w(x,t)�
dt

� = 0 Equation 2.7 

The third (rightmost) term in (eq 2.7) represents the drag force on the tip of the cantilever 

determined by (eq 2.6) 

where: 

• 𝐺𝐺: 6 ∗ 𝜋𝜋 ∗ 𝜋𝜋 ∗ �𝐿𝐿 ∗𝐿𝐿 ∗ 𝐿𝐿 ∗ � 3
4𝜋𝜋
��

1
3
 

• �𝑑𝑑�𝑤𝑤(𝑥𝑥,𝑖𝑖)�
𝑑𝑑𝑖𝑖

�: The change in position with respect to time 

As the cantilever vibrates back and forth in the tested fluid, it will increase and decrease in 

velocity as it oscillates. Thus, the “Stokes-Law” equation must include a velocity term that is a 

derivative of the cantilever displacement with respect to time and distance from clamping 

position. After implementing the method of separation of variables resulted in (eq 2.8). 

(𝐸𝐸∗𝐼𝐼)
𝜌𝜌∗𝐴𝐴

�𝑋𝑋(𝑥𝑥)𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼

𝑋𝑋(𝑥𝑥) � = ��𝑇𝑇(𝑖𝑖)"�
𝑇𝑇(𝑖𝑖) �  + � 𝐹𝐹

𝜌𝜌∗𝐴𝐴
� �𝑇𝑇(𝑖𝑖)′

𝑇𝑇(𝑖𝑖)� = −𝜔𝜔2 Equation 2.8 
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Solving the Euler-Bernoulli beam equation now in terms of separation of variables for the 

time domain T(t) yields (eq 2.9). 

𝑇𝑇(𝑡𝑡) = 𝑒𝑒−𝑁𝑁𝑖𝑖(𝐶𝐶1𝑠𝑠𝐶𝐶 𝐶𝐶 ��(𝑁𝑁2 − 𝜔𝜔2 )𝑡𝑡� + 𝐶𝐶2 𝑠𝑠𝐶𝐶𝐶𝐶 (�(𝑁𝑁2 − 𝜔𝜔2 )𝑡𝑡) ))   Equation 2.9 

where: 

• T(t): Time Domain where “t” is time is seconds.  

• 𝜔𝜔: The natural frequency of the Cantilever 

• 𝐶𝐶1,𝐶𝐶2: Undetermined Coefficients 

• N: 

⎝

⎜
⎛
�3𝜋𝜋𝜂𝜂�𝐿𝐿𝐿𝐿𝐿𝐿� 34𝜋𝜋��

1
3 �

𝜌𝜌∗𝐴𝐴

⎠

⎟
⎞

              

As the maximum value of the time domain is the only value of interest, the value of “t” 

can be treated as an unknown constant value. Furthermore, as there were no initial conditions 

available for the time domain there is no practical way to derive an exact solution the time 

domain as 𝐶𝐶1 and 𝐶𝐶2 could not be calculated. Therefore, the term (𝐶𝐶1𝑠𝑠𝐶𝐶 𝐶𝐶 ��(𝑁𝑁2 − 𝜔𝜔2 )𝑡𝑡� +

𝐶𝐶2 𝑠𝑠𝐶𝐶𝐶𝐶 (�(𝑁𝑁2 − 𝜔𝜔2 )𝑡𝑡)  )) of (eq 2.9)  can now be collapsed into the unknown constant 

coefficient “K”. As for the 𝑒𝑒−𝑁𝑁𝑖𝑖 term of (eq 2.9), the “t” value will be represented as another 

unknown constant “Q”. The final equation for the time domain (eq 2.9) therefore becomes (eq 

2.9). 

𝑇𝑇(𝑡𝑡) = 𝐾𝐾𝑒𝑒(−𝑄𝑄𝑁𝑁) Equation 2.9 

By inserting (eq 2.3) and (eq 2.9) into (eq 2.2) results in (eq 2.10). 

𝑤𝑤(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴𝑛𝑛𝑠𝑠𝐶𝐶𝐶𝐶(𝐵𝐵𝑛𝑛𝑥𝑥) + 𝐴𝐴𝑛𝑛+1𝐶𝐶𝑠𝑠𝑠𝑠(𝐵𝐵𝑛𝑛𝑥𝑥) + 

𝐴𝐴𝑛𝑛+2𝑠𝑠𝐶𝐶𝐶𝐶ℎ(𝐵𝐵𝑛𝑛𝑥𝑥) + 𝐴𝐴𝑛𝑛+3𝐶𝐶𝑠𝑠𝑠𝑠ℎ(𝐵𝐵𝑛𝑛𝑥𝑥)�𝐾𝐾𝑒𝑒(−𝑄𝑄𝑁𝑁)� Equation 2.10 
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The unknown constants “Q” and “K” can be derived for with the experimental results 

(section 4.5). The unknown constants “Q” and “K” are now regarded as calibration coefficients 

for the raw data. Given that the unknown constant K will be experimentally attained it was not 

necessary to derive a value for the actual mode shape as this will be a constant as well. 

Therefore, the mode shape was absorbed into the “K” constant of (eq 2.10) giving the final 

equation as (eq 2.11) below. 

𝑤𝑤(𝑥𝑥, 𝑡𝑡) = 𝐾𝐾𝑒𝑒⎝
⎜
⎜
⎜
⎛

−𝑄𝑄

⎝

⎜
⎜
⎜
⎛�3𝜋𝜋𝜋𝜋�𝐿𝐿𝐿𝐿𝐿𝐿� 34𝜋𝜋��
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 �

𝜌𝜌∗𝐴𝐴
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⎟
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⎞

⎠

⎟
⎟
⎟
⎞

 Equation 2.11 

This doesn’t invalidate the theoretical results. The important part of the theoretical calculations is 

the relative correlation between the dynamic viscosity “η" and the displacement 𝑤𝑤(𝑥𝑥, 𝑡𝑡).  
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CHAPTER 3 

FINITE ELEMENT MODELING 

Before beginning any experimentation, it was necessary to determine the first mode 

resonant frequency for each cantilever. Finite element analysis (FEA) was performed using 

ComSol to ascertain an estimate for the natural frequency for each cantilever while undergoing 

no effects due to viscous drag. Once found, this information made it much easier to find the first 

mode resonant frequency experimentally. The resonant frequency during actual experimentation 

with tip immersed will be below the values attained under FEA simulation due to the effects of 

viscous damping. The material parameters that were considered in the FEA simulation for all 3 

cantilevers are as below (Table 3.1).  

Table 3.1: FEA Material Parameters 

The piezo was attached to the cantilever in via the “Union” function under the Geometry 

dropdown within the ComSol model builder pane. As the FEA needs to simulate “fixed-free” 

cantilever boundary conditions it was necessary to account for the fixed constraint. The end of 

the cantilever closest to the piezo (seen in (Fig 3.2.-3.4.) as the upper left thin edge of the 

cantilever) was fixed in place to simulate the clamping condition of the physical experiment. 

This was done using the “Fixed Constraint” tool under the “Solid Mechanics” dropdown on the 

model builder pane.  
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Figure 3.1: Mesh Density Sample (Zero-Step) 

 

(Fig 3.1.) is an example of the automatic mesh calculation performed within ComSol set 

to “normal” under the “Element Size” dropdown within the mesh tool on the model builder pane. 

An “Eigenfrequency” study was performed to attain the resonant frequency. No accommodations 

for effects due to air were performed as they were negligible. (Figures 3.3.-3.5.) display the 

graphical representation of the cantilevers under max deflection during the first frequency mode. 

Figure 3.2: Zero-Step Cantilever-ComSol  Table 3.2: Zero-Step First 6 Eigenfrequencies  
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Figure 3.3: One-Step Cantilever-ComSol  Table 3.3: One-Step First 6 Eigenfrequencies  
 

Figure 3.4: Two-Step Cantilever-ComSol  Table 3.4: Two-Step First 6 Eigenfrequencies  
 

Each cantilever of (Fig 3.3-3.5) represents deflection magnitude chromatically. The 

chromatic scale itself (on the rightmost side of each figure (Fig 3.3-3.5) represents deflection in 

relative terms and do not correspond to any actual displacement unit. The values of (Table 3.2-

3.4.) are output by ComSol are in units of Hertz (HZ). The “Eigenfrequency” study within 

ComSol was set to output the first 6 natural eigenfrequency modes (Table 3.2-3.4). For the 

purposes of experimentation only the 1st Mode frequencies were considered.  
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CHAPTER 4 

EXPERIMENTAL ANALYSIS 

4.1 Cantilever Viscometer Fabrication 

The three cantilevers were fabricated from a 0.1mm thick sheet of stainless-steel. The 

stainless-steel sheet was initially cut into a circle roughly the same diameter as the mold used to 

set it in acrylic. The stainless-steel sample was then placed at the bottom of the circular mold. 

Liquid two-part acrylic resin was then poured on top of the stainless-steel sample and allowed to 

cure. Once cured the sample was removed from the mold. A DXF file was then created for the 

desired shapes of the cantilevers to be cut out of the stainless-steel sample. The acrylic sample 

with imbedded sample was then cut on a CNC laser cutting machine guided by the DXF file. 

(Figure 4.1) shows the sample after the laser cutting process  

Figure 4.1: Acrylic Sample Post Laser Cutting 

The piezo started life as an American-Piezo brand PZT-5h that was 10 X 10mm and 

0.5mm thick. The experiment necessitated that the piezo be ground down to a 0.2mm thickness. 

To accomplish this the PZT-5h was first mounted in acrylic in the same fashion as the stainless-

steel used to make the cantilevers. 
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Figure 4.2: Automatic Sample Polisher/Grinder  
 

An automatic sample polisher/grinder (Fig 4.2.) was used to grind the sample to the 

desired thickness. The piezo side of the sample was first mounted face up in the grinder as to 

flatten and level the opposing side of the sample to make the two circular sides coplanar.  The 

sample was then mounted piezo-side down against the grinding surface and progressively ground 

until the desired until 0.3mm had been removed.  

 
Figure 4.3: Piezo Acrylic Sample (Polishing) 
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Once ground and polished (Fig 4.3.), it was necessary to replace the electrode ground off 

during the thinning of the piezo. This was achieved via Electron Beam Evaporation [24] at the 

universities cleanroom.  

Figure 4.4: Acrylic Sample (Post Electron Beam Evaporation) 
 

The PZT-5h was then cut into 4 X 4mm squares using the same CNC laser cutting 

process used to cut the cantilevers. After the cutting process the acrylic was left attached to the 

square piezos that were cut out of the larger sample (Fig 4.5). The reason for this is discussed in 

the subsequent paragraph.  

Figure 4.5: Acrylic mounted PZT-5H (Post Laser Cutting) 
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The piezo then had to be mounted to the cantilevers. However, the placement of the 

piezos first had to be marked on the cantilevers themselves. As the distance for each piezo 

position from the clamping-end edge was the same for all three cantilevers, their reference line 

could be made at the same time. This reference line was positioned using the widest step on the 

two-step cantilever as a reference. As this step corresponds to one edge of the piezo for this 

cantilever it made a convenient reference for all three. This is however assuming the short edge 

of the clamping ends of each cantilever were aligned to each other. To achieve the consistent 

placement of the reference-line on each of the cantilevers required a bit of ingenuity. A scrap 

piece of plastic was used as the base for mounting the cantilevers for marking. A section of wide 

scotch brand blue painters tape was placed sticky-side up on the plastic base. The edges of this 

tape were themselves taped down to the plastic base. A scrap piece of the 0.1mm stainless steel 

(cut from the edge of the sheet for a perfect straight edge) was then placed on the edge of the 

sticky section of the tape. The straight edge of the stainless steel being used as a datum line to 

align the cantilevers with each other. All three of the cantilevers were placed parallel to each 

other on the sticky-side up tape with long edges touching. Assuring the clamping end of each 

cantilever was perpendicular and butting up against the datum the cantilevers were then aligned 

to each other. Cutting two pieces of tape the same length as the distance between the first 

shoulder of the two-step cantilever and the clamping-end edge gave two reference points by 

which to align the reference line for placement of the piezo. These pieces of tape were placed 

adjacent to the long edges of the outer two cantilevers, making sure to align them with the datum 

as well. A piece of tape was then placed on the opposite ends of the pieces of reference tape 

across all three piezos to create the reference line for placement of the piezos.  

Now that an accurate reference line had been placed, it was now time to mount the piezos 
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themselves. This was a very involved task in and of itself requiring a fair amount of dexterity. 

The piezos are very small at only 4X4mm as well as 0.2mm thick which is thinner than the 

manufacturers recommendation. Due to the 0.2 mm thickness the piezos they were extremely 

delicate and were easily broken if care wasn’t employed to prevent damage. Therefore, the 

acrylic was left attached to each 4X4mm piezo for support during the bonding process to the 

cantilevers (Fig 4.5.). The piezos needed to lay flat on the cantilever to ensure that the piezo 

driving force was perpendicular to the “width-length” plane of the cantilever.  The bonding 

method as a consequence had to be electrically conductive. Electrically conductive (WireGlue 

Brand) glue facilitated the conduction of electricity from each cantilever to its piezo. However, 

this glue was not up to the task of ensuring a strong bond between the piezos and cantilevers on 

its own. To further the difficulty of bonding the piezos to their cantilevers, a a two-part (3M 

brand) epoxy had to also be used. Before laying down any glue, the cantilevers were first sanded 

with 180 grit sandpaper. The surfaces were then prepped using isopropyl alcohol to remove any 

contaminants. The mounting of the piezos was done individually due to the short working time 

of each glue. As the cantilevers were right next to each other the adjacent cantilevers to the one 

currently being bonded were covered with yet another piece of blue painter’s tape to prevent any 

excess glue from settling on the bonding surfaces prior to moving on to them.  

Applying the glue to the cantilevers was a bit of a “trial and error” process and extremely 

tricky. The “working time” of the electrically conductive glue was somewhat shorter than the 

two-part epoxy, roughly 45 seconds. The two-part epoxy after mixing had a useful working time 

of about 2 minutes or so. That is not to say the curing time was 45 seconds, it simply was too 

dried out after that time to ensure electrical conductivity as well as mounting the piezo flat on the 

cantilever. Yet another added difficulty was the glue tended to separate after only a couple 
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minutes with the iron filings settling to the bottom, requiring thorough mixing.  Therefore, it was 

pertinent to establish an “order of operations” to the process. 

 

4.2 Bonding Process  

Figure 4.6: Cantilever-Piezo Gluing Pattern Reference 
 

1. A wooden coffee stirring stick (like a popsicle stick except longer and thinner) was 

cut it in half using a diagonal cut. The diagonal cut should be approximately 1 inch long along its 

hypotenuse. A single strand of 20-gauge stranded wire was also required. 

2. Pre-mix the electrically conductive glue to reduce the mixing time required later. 

3. A “marble sized” amount of two-part epoxy was deposited onto a mixing surface. 

Using any less than this amount would greatly increase the chance of not having equal amount of 

each part of the epoxy resulting in it not curing. Using another coffee stirring stick the epoxy was 

mixed thoroughly for about a minute. There was now only about two minutes to accomplish the 

following steps.  
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4. The electrically conductive glue was further mixed for about 30 seconds. Using the 

single strand of braided wire to deposit the electrically conductive glue, a very minimal amount 

was placed at the center of the square section of the cantilever surface where the piezo will be 

placed. Using the wire move the glue around until a roughly 1mm diameter circle of glue was 

covering the center of the mounting surface (Fig 4.6.).  

5. Using the pointed end of the diagonally cut wooden mixing stick, a very thin layer of 

glue was applied to the mounting surface around the conductive glue (Fig 4.6.).   

6. The piezo was then placed onto the cantilever with the aid of a pair of tweezers 

grabbing onto the acrylic backing. It was imperative not to move the piezo around once in in 

contact with the glues to prevent them mixing as this would prevent electrical conduction. The 

piezo also tended to float around on top of the glue. It therefore had to be held into place for few 

minutes with tape to prevent it from moving out of position while the glue sets up.  

Once the bond had been allowed to cure for about 8 hours (per manufacturer 

recommendations for the two-part epoxy) the acrylic piezo backing had to be removed. This was 

done by immersing the entire cantilever in acetone to dissolve off the acrylic. A single strand of 

20-gauge stranded wire was then attached to the now exposed electrode of the piezo using a 

minimal dot of electrically conductive glue at the center of the electrode. This process was 

repeated for all three cantilevers. 

 

4.3 Cantilever Viscometer Fabrication (Amended)  

Section 4.1 describes the initial cantilever fabrication used during the initial 

experimentation. This section describes the amended methods that were necessary for 

completion of the experiments. The fabrication method was changed due to a myriad if reasons. 
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This section covers the amended cantilever fabrication process ultimately used for the results in 

this experimental research. The original AmericanPiezo brand PZT-5H piezos that were 

fabricated were unsalvageable. Therefore, a Boston Piezo Optics Inc. brand PZT-5H was 

acquired, already at the desired 0.2mm thickness.  

Figure 4.7: New Piezo Acrylic Samples Boston 
Piezo Optics Inc. [33] Figure 4.8: Jewelers Saw [32] 

 

The new piezo was again mounted in acrylic to support it during the cutting process (Fig 

4.7.). A new method was employed for cutting of the 4x4x0.2mm piezos required for 

experimentation.  The amended cutting method used for fabrication of the final viscometers 

ended up being a jewelers saw as pictured in (Fig 4.8.). This method was far superior to the CNC 

laser method as it reduced the risk of depolarizing the edges of the piezo due to the heat of the 

CNC laser as well as the ability to accurately (requiring some skill) cut it to the desired 

dimensions.  

 

4.4 Bonding Process (Amended) 

The reliability and repeatability of the initial cantilever was severely lacking. It proved 

quite difficult to repeat the experimental results from what day to the next. Furthermore, the 

piezo on the Two-Step cantilever fell off during an experimental run. Both problems were 

symptoms of improper bonding between the piezo and the cantilever. The two-part epoxy had 
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not hardened properly causing inconsistent results as well as bonding issues. Furthermore, due to 

the soft epoxy between the piezo and the cantilever, there was poor propagation of the oscillation 

force of the piezo to the cantilever. A major reason for this was due to the acetone used to 

remove the acrylic backing from the back of the piezo. The acetone had softened the two-part 

epoxy. Therefore, the acrylic on the piezos used for this new method was removed first before 

bonding it to the cantilever. As before, a single strand of wire was bonded to the top of the piezo 

using the electrically conductive glue. The electrically conductive glue had the added benefit of 

acting like a backing material to support the piezo during bonding. The attached wire also helped 

to position the piezo during bonding.  

Figure 4.9: Cantilever-Piezo Gluing Diagram (Amended) [32] 
 

The new bonding process (detailed in (Fig 4.9.)) uses the electrically conductive glue 

only between the piezo and the cantilever. A cap of two-part epoxy was added on top of the 

piezo and cantilever for additional strength (Fig 4.9.).  
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4.5 Test Bed Description   

This section describes the actual equipment and methods used to set up the experiment. 

The clamping methodology, measurement equipment, as well as all associated equipment is 

discussed in detail. 

Figure 4.10: Clamped Cantilever Electrical Configuration Reference Diagram  
 

Firstly, a method of mounting the cantilever viscometer under a clamped-free boundary 

condition was devised. A passive vibration isolation scientific table was used to set up the 

experiment. A clamp was then fabricated using 3/8” aluminum plate. The plate was cut into two 

~1.5” square sections. A 6mm hole was then drilled through both square aluminum sections and 

a bolt was passed through to allow for mounting as well as tighten the clamp (Fig 4.11.-4.12.).  

The interior mating surfaces of the clamp were insulated using simple blue painters tape. 

The insulation was to prevent any electricity traveling to the stainless steel worksurface of the 
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scientific table and adversely affecting the electric signal.  A stranded 20-gauge wire (Red wire 

of (Fig 4.4)) was inserted between the mating surfaces of the clamp to conduct the electric signal 

through to the cantilever viscometer. When mounting the cantilever in the clamp, it was pertinent 

to make sure to align the cantilever’s clamping section with the bottom edge of the (Fig 4.11.-

4.12.).  The electrical continuity between the cantilever and the red 20-gauge wire was then 

verified with a multimeter. Two vertical extruded aluminum supports were bolted to the surface 

of the scientific table. An extruded aluminum crossmember was then bolted between the vertical 

supports creating a gantry. The clamp along with cantilever viscometer was then bolted to this 

crossmember (Fig 4.11.-4.12.). 

Figure 4.11: Clamp CAD Diagram  Figure 4.12: Cantilever Clamp  
 

Next, a method of accurately setting the immersion depth of the tip of the cantilever into 

the testing fluid was necessary to conduct the experiment. An adjustable platform jack was 3d 

printed as seen in (Fig 4.14.-4.15.) as the black plastic device under the cantilever/clamp. A 

spring was installed onto the platform jack’s scissor mechanism to take up the slack in the 

mechanism to further facilitate accurate setting of the immersion depth. 
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Figure 4.13: Test Tubes Containing Testing Samples 
 

Figure 4.14: Clamp, Viscometer, and Platform Jack 
CAD Representation  

Figure 4.15: Clamp, Viscometer, and Platform 
Jack  

 

Figure 4.16: Laser Alignment Reference Diagram  
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Each fluid testing sample was placed in plastic test tubes with a screw-on sealed orange 

cap (Fig 4.13.-4.15.). It is worth noting that the level of oil (testing fluid) in each test tube were 

equal in each and stored relatively close to each other (Fig 4.13.) for a good reason. This was 

done in an attempt to make sure that each testing sample remained the same temperature with 

reference to each other as the room temperature varied. The orange cap of the test tubes 

conveniently doubled as the testing fluid reservoir. A circular socket was acetone-welded to the 

top of the platform jack to firmly hold the test tube cap in a fixed position under the cantilever as 

seen in (Fig 4.14.-4.15.). The laser beam itself was aligned per (Fig 4.16.) for all 3 cantilevers.  

Figure 4.17: Equipment Block Diagram 
 

A female BNC cable equipped with alligator clips was affixed to the 20-gauge red wire 

as well as the wire attached to the exposed surface of the viscometer’s piezo. The female end of 

this BNC cable was then attached to the Agilent 33220A Waveform Generator through a T-
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splitter (Fig 4.18. (Top)). The waveform generator was then able to supply the electrical signal to 

the piezo. A female to female BNC cable was then attached to that same T-splitter with the other 

end going to input-1 of the Tektronix TDS-3054C Oscilloscope. This allowed for monitoring of 

the waveform generator signal being sent to the viscometer as seen in (Fig 4.21.) as the top 

yellow sinusoidal signal.                  

Figure 4.18: Measurement Equipment Reference Picture 
 

The Polytec OFV-505 laser vibrometer (Fig 4.19.) actively measure the cantilever 

viscometers displacement during oscillation. A Polytec OFV-5000 vibrometer controller (Fig 

4.20., Fig 4.18. (Bottom)) running the DD-900 displacement decoder software.  A second female 

to female BNC cable was connected from the vibrometer controller’s displacement output to 

input-2 of the oscilloscope (Fig 4.18. (Middle)) 

 
Figure 4.19: OFV-505 Laser Vibrometer [21]  

Figure 4.20: OFV-5000 Vibrometer Controller [22] 
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Under the vibrometer controller menu the displacement setting was selected. Within the 

displacement setting the most appropriate range for the output signal from the vibrometer 

controller. The selection of this range was chosen based on what gave the most consistent 

resonant amplitude between runs for a specific testing fluid. 

 
Figure 4.21: Laser Vibrometer Alignment Picture and Reference Diagram  

 

Figure 4.22: Sample Oscilloscope Waveforms 
 

The vibration of the cantilever as measured by the laser vibrometer could then be 

monitored on the oscilloscope as seen in (Fig 4.21.) as the bottom blue sinusoidal signal.  
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4.6 Test Bed Description (Amended)  

(Fig 4.22.) was the final configuration of the cantilever clamp. The original method was 

dropped due to inconsistent electrical continuity.  

 
Figure 4.23: Clamped Cantilever Electrical Configuration Reference Diagram (Amended) 

 

The interior faces of the cantilever clamp were covered in copper tape as pictured in (Fig 

4.2.2.). The red wire was soldered to the top face of the outer clamp. Before application of the 

copper tape, 2 layers of blue painter’s tape were put on both sides on the interior faces of the 

clamp. 

 

4.7 Sweep Testing  

Using the undamped 1st mode resonant frequencies acquired from the ComSol FEA as a 

starting point, the resonant frequency viscometer with tip immersed in the testing fluid could be 

easily approximated. The immersed resonant frequency was attained by manually decreasing the 
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signal frequency from the waveform generator until the signal from the vibrometer ((Fig 4.21). 

(bottom blue signal)) reached peak amplitude. Next an appropriate range for the frequency sweep 

was attained where the resonant frequency was approximately the midpoint of that range. The 

minimum range for the sweeping frequency was determined to be a minimum of 100Hz. This 

100Hz minimum range was based on providing a wide enough graph for accurate trendline 

fitting. A LabView program LabView was used to record the amplitude of the vibrometer 

sinusoidal signal during each frequency step over the selected range of frequencies. The settings 

for the LabView program are listed in (Table 4.1.).  

Table 4.1: LabView Input Parameters 
 

LabView, once finished with the sweep, would then display a plot of its readings such as 

in (Fig 4.24.). The LabView data table used to make the plot (Table 4.1) was then exported to 

Microsoft Excel to be further analyzed. Each measurement was run four times during the testing 

of each viscosity the purposes of further experimental control. The experimental redundancy 

eliminates the chance of an errant or “fluke” reading.   
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Figure 4.24: Sample LabView Displacement Graph 

 
 

4.8 Experimental Results 

The intent of the experimentation was to analyze each of the three microcantilever 

viscometers under five different operating parameters. 

• Atmospheric Air (Fully immersed) 

• SAE-5W-20 (4mm Tip insertion) 

• SAE-30 (4mm Tip insertion) 

• SAE-15W-40 (4mm Tip insertion) 

• SAE-10W-60 (4mm Tip insertion) 

All tests were performed with the testing fluid at 23 Celsius. For each operating condition, four 

experimental runs were performed. The range of the laser vibrometer displacement setting was 

set to 5 micrometers per volt (um/v) for all runs for each operating parameter. (5um/v) was 

chosen through “trial and error” based on the minimum setting which gave consistent resonant 

amplitude values between trials. As stated previously, the laser vibrometer was aimed at position 

(x=12mm) along the cantilever, as measured from clamp face.  
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The experimental results for all tests were analyzed using Microsoft Excel. The first step 

in this process was to graph the table of frequency steps and corresponding amplitude values that 

have been exported from LabView.  A scatter plot was made of the average of the four runs for 

each of the tested oil samples (operating conditions). (Fig 4.25.) is an example of the averaged 

voltage amplitude values (y-axis) from the Two-Step vibrometer for SAE-5W-20 over the 

frequency sweep range (x-axis). 

 
Figure 4.25: Sample Excel Trendline Fitting to Averaged LabView Exported Data Set 

 

A trendline is then fitted to the scatter plot values using a sixth order polynomial-type 

trendline. A polynomial was chosen because upon inspection of the scatter plot points (Fig 4.25. 

(blue dots)), it seems to follow a polynomial-type curve. (Fig 4.25. (red line)) shows an example 

of the trendline fitting that was performed in Microsoft Excel. Next, an equation was 

automatically generated via Excel for the polynomial trendline. It is worth noting that the 

numerical values within the trendline were taken to 20 decimal points to assure adequate 

accuracy. An 𝜋𝜋2 value was also generated via Excel (Fig 4.25.) for the purposes of assuring a 

well fitted trendline to the averaged raw data points.  
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It is then necessary to find the maximum amplitude of each of the trendline produced 

from the averaged data for each of the tested samples. This was accomplished using the 

aforementioned sixth order polynomial equations for each oil viscosity. The generated trendline 

equations were formatted to produce values to the 20th decimal place as to maintain accuracy. 

The generated equation was placed into a cell within excel. The “x variable” in each equation 

was replaced with the range of frequencies of the original frequency sweep. The maximum value 

of the resulting values was then found using the Excel “MAX()” function.  

The average values were then multiplied by the vibrometer controller’s displacement 

range setting of 5 micrometers/volt (5um/v) to convert the resonant amplitude values (provided 

in volts) to the actual displacement (micrometers (um)). The values for which can be seen (Table 

4.2.-4.4.). 

  
Figure 4.26: (Zero-Step) Compiled First Mode Resonant Frequency Amplitude (Laser position 

from clamping surface: x=12mm) 
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Table 4.2: (Zero-Step) Compiled Numerical Data of (Figure 4.26) 
 

 
Figure 4.27: (One-Step) Compiled First Mode Resonant Frequency amplitude (Laser position from 

clamping surface: x=12mm) 
 

 
Table 4.3: (One-Step) Compiled Numerical Data of Figure (4.27) 
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Figure 4.28: (Two-Step) Compiled First Mode Resonant Frequency amplitude (Laser position from 

clamping surface: x=12mm) 
 

 
Table 4.4: (Two-Step) Compiled Numerical Data of (Figure 4.28) 

 

An analysis of the variation between the 4 runs for each testing fluid was also performed. 

The amplitude for each run was found individually and then averaged. The standard deviation 

between each of the four runs was calculated to ascertain the error (standard deviation) induced 

from the slight variation in maximum amplitudes between each run (Table 4.5.-4.7.). As can be 
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seen in (Table 4.5.-4.7.) the error between runs remained relatively low for all 3 cantilever 

designs, having a maximum error of only 1.273% of the maximum amplitude between them. 

Table 4.5: (Zero-Step) Standard Deviation & Percent Deviation Calculation 
 

Table 4.6:  (One-Step) Standard Deviation & Percent Deviation Calculation 
 

Table 4.7: (Two-Step) Standard Deviation & Percent Deviation 
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A “Percent Deviation” calculation was also performed. This calculation marks the 

percent difference between the run average and the standard deviation. This calculation serves to 

provide a basis for comparing the run-average standard deviation values for all tested fluids 

between all 3 cantilevers (Table 4.5.-4.7.).  

Table 4.8: Percent Deviation Average Calculation 
 

The average of the percent of change with reference to each cantilever was also 

calculated (Table 4.8.). This was done simply to ascertain a possible trend in the consistency 

between runs with regards to tip width.  However, as can be seen in (Table 4.7) no such trend 

seems to exist. Possible reasons for this are discussed in (section 5.2).  

The measured values were then plotted in Excel using a scatter plot (Fig 4.28.-4.30.). The 

scatter plots were then fitted with an exponential-type trendline. (Fig 4.28.-4.30.) displays the 

measured values after each had been converted to displacement values. The “𝜋𝜋2” value of (Fig 

4.28.-4.30.)  is a measure of the trendline fitment of the experimental data. As a value of “1” for 

an “𝜋𝜋2” represents a perfect fit, the indicated values in (Fig 4.28.-4.30.) show quite a good fit, 

thus helping to verify the measured values. 
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Figure 4.29: (Zero-Step) Measured 
Amplitude Graph  

Table 4.9: (Zero-Step) Trendline vs Measured Calculation  

Figure 4.30: (One-Step) Measured 
Amplitude Graph  

Table 4.10: (One-Step) Trendline vs Measured Calculation  

Figure 4.31: (Two-Step) Measured 
Amplitude Graph  

Table 4.11: (Two-Step) Trendline vs Measured Calculation  
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Using the measured amplitude response values, it was now possible finish the theoretical 

calculation. The first step was to calculate the “N” values of (section 2.2). The results of which 

can be seen in (Table 4.12).  

Table 4.12: Theoretical Calculation (Obtaining N Value) Reference  
NOTE: Values for “K”, “N”, and “Y” used to calculate “Q” are all taken from the highlighted row of (Table 4.12) 
SAE-10W-60. 

 

Next, by comparing the measured trendline equations of (Fig 4.28.-4.30.) with (eq 2.11), 

the calibration coefficient “K” was determined by simply inserting the coefficient value of the 

measured trendline equation. Next the measured amplitude trendline value (Fig 4.28.-4.30.) was 

inserted for the “Y” value of the theoretical equation seen in (Table 4.13.).  

Table 4.13: Theoretical Calculation (Obtaining Q & K) Values Reference  
NOTE: The “Q” and “K” values remained constant for every operating condition (Tested Sample). 
 

The calibration coefficient “Q” was determined by setting (eq 2.11) with determined “K” 

value equal to measured trendline displacement value (um) from (Fig 4.28.-4.30.) along with 
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corresponding dynamic viscosity “N” value inserted into the theoretical equation and solving for 

“Q”.   

Table 4.14: Theoretical Calculation (Final Equations) 
 

With the completed theoretical equation now derived, the calculated theoretical values 

along with measured values were plotted on the same graph  for each cantilever (Fig 4.31.-4.33.).   

Figure 4.32: (Zero-Step) Measured and Theoretical Plotted Values and Trendline Fit  

 

S

 

S
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Figure 4.33: (One-Step) Measured and Theoretical Plotted Values and Trendline Fit  

Figure 4.34: (Two-Step) Measured and Theoretical Plotted Values and Trendline Fit  
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As can be seen in (Fig 4.31.-4.33.).  the theoretical (calculated) trendline and the 

measured trendline overlap virtually exactly. To verify this, trendline for each testing fluid are 

compared (Table 4.15.)   

Table 4.15: Theoretical Trendline Data Vs Measured Trendline Data 
 

An additional goal of this research was to compare the sensitivity values of the three 

cantilever viscometers. However, due to time constraints caused by equipment failures only the 

Zero-Step data has been considered thus far. The sensitivity is calculated via (eq 4.1) below. 

𝑆𝑆𝑒𝑒𝑠𝑠𝐶𝐶𝑠𝑠𝑡𝑡𝑠𝑠𝑐𝑐𝑠𝑠𝑡𝑡𝑆𝑆 = 𝑀𝑀𝑀𝑀𝑥𝑥 𝐴𝐴𝐴𝐴𝑝𝑝𝐴𝐴𝑖𝑖𝑖𝑖𝐴𝐴𝑑𝑑𝐴𝐴−𝑀𝑀𝑖𝑖𝑛𝑛 𝐴𝐴𝐴𝐴𝑝𝑝𝐴𝐴𝑖𝑖𝑖𝑖𝐴𝐴𝑑𝑑𝐴𝐴
𝑀𝑀𝑀𝑀𝑥𝑥 𝑉𝑉𝑖𝑖𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖𝑉𝑉−𝑀𝑀𝑖𝑖𝑛𝑛 𝑉𝑉𝑖𝑖𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖𝑉𝑉

 Equation 4.1 

The sensitivity of the zero-step cantilever for both resonant frequency and amplitude 

measurements are shown in (Table 4.16-4.18). The resonant frequency the cantilever for each 

testing sample were calculated using the sixth order polynomial trendline equations of (Fig 4.25.-

4.27.). The input amplitude values and results of this calculation can be seen in (Fig 4.22.). Note 

that the sensitivity values for resonant frequency and amplitude cannot be compared via this 

calculation as the ranges and reference values are very different.  

Table 4.16: (Zero-Step) Sensitivity Calculation 
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Table 4.17: (One-Step) Sensitivity Calculation 
 

Table 4.18: (Two-Step) Sensitivity Calculation 
 

Table 4.19: (Zero-Step) Amplitude vs. Frequency Response Comparison 

Table 4.20: (One-Step) Amplitude vs. Frequency Response Comparison 
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Table 4.21: (Two-Step) Amplitude vs. Frequency Response Comparison  
 

As there is no direct way to compare the sensitivity between the measured resonant 

frequency and amplitude values over the range of viscosities, another method was required. 

Therefore, the percent of change (POC) value was calculated using (eq 4.2) below.  

POC = �Difference between Highest and lowest measured value
Highest Value  

�100 Equation 4.2 

A “percent of change” value indicates the percent increase/decrease between the highest 

and lowest values of a given range. As the range of measured values for frequency and amplitude 

are over the same range of viscosity values, percent change provides a reasonable method to 

compare resonant frequency to amplitude response. As can be seen from (Table 4.19.-4.21.) the 

amplitude response (POC) is consistently higher than the frequency response (POC).  

As shown in (Table 4.22.) the amplitude (POC) reaches as almost high as 5 orders of 

magnitudes greater than the frequency (POC).  

Table 4.22: Amplitude (POC)/Frequency (POC) 
Using the completed analytical calculation, graphs were extrapolated over a wider range 

of values (Fig 4.34.-4.36.). The data displayed in (Fig 4.34.-4.36.) is over a wider projected range 

of viscosity values that what was experimentally measured. From the graphs, one should be able 
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to determine the viscosity of an unknown fluid based on the measured displacement amplitude of 

the microcantilever viscometer over the projected range.  

Figure 4.35: (Zero-Step) Theoretical Viscosity Vs Amplitude Extrapolation  
 

Figure 4.36: (One-Step) Theoretical Viscosity Vs Amplitude Extrapolation 

Figure 4.37: (Two-Step) Theoretical Viscosity Vs Amplitude Extrapolation 
 

4.9 Additional Analysis  

Further analysis was performed in addition to the itemized scope of this project. Firstly, 

the plotted measured amplitude response values were evaluated with logarithmic along with a 
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linear regression as to ascertain if the “𝜋𝜋2” values will present a better fit than the polynomial 

regression previously presented.  

Figure 4.38: (Zero-Step) Logarithmic (x-axis) and linear regression. 
 

Figure 4.39: (One-Step) Logarithmic (x-axis) and linear regression. 
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Figure 4.40: (Two-Step) Logarithmic (x-axis) and linear regression. 
 

(Fig 4.37.-4.39.) Show the measured displacement values with a logarithmic (x-axis) and 

a liner regression. Unfortunately, upon analyzing the “𝜋𝜋2” values, it appears to have a slightly 

worse “fit” as it were when compared to the initial method (Fig 2.28.-2.30.). Therefore, this may 

not a viable method of analysis.  

Each of the 3 cantilevers were also tested for sensitivity at different immersion depths. As 

it was easier to take new readings rather than spend the time iteratively to set the laser position, 

immersion depth, and clamping position exactly as they were in the previous experiments, all 

new results were taken for the 4mm immersion depth. However, as can be seen in (Fig 4.37.-

Fig4.39.) the 4 mm amplitude measurements were quite close to previous results.  

Figure 4.41: (Zero-Step) Depth Sensitivity Analysis 
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Figure 4.42: (One-Step) Depth Sensitivity Analysis 
 

Figure 4.43: (Two-Step) Depth Sensitivity Analysis 
 

(Fig 4.40.-Fig 4.42.) show the sensitivity calculations measured at 4mm, 3mm, and 2mm 

insertion. The Sensitivity seemed to show a general increase as insertion depth decreased. The 

difference between the SAE-10W-60 amplitude and the SAE-5W-20 amplitude increased as 

insertion depth decreased.  

 

4.10 Considerations for Error  

Throughout the experiment it was necessary to recognize possible sources of error that 

may have contributed and effected the results. The ambient room temperature during varied 

during the day by +/- 0.5-degree Celsius. The 23-degree Celsius measurement used for 

calculating the viscosity for the theoretical calculation may have slightly changed during the 

course of the experiment. However, all the testing samples were stored within 8 inches of each 

other and in the same type of test tubes. Therefore, as the amount of each sample was the same in 
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each test tube any variation in room temperature would affect the samples equally. As the 

calibration coefficients “Q” and “K” were used in the analytical calculation any deviation would 

be accounted for. If the temperature in the room had decreased slightly before the 

experimentation was performed, this samples would have cooled down the relatively equally. As 

these tests were performed during the late afternoon/night during the summer months, it is 

feasible that the temperature in the room had decreased slightly from earlier in the day.  

It is worth noting that the intended dimensions for the three cantilevers were slightly 

askew. Due to the method by which the cantilevers were cut (CNC Laser) the cantilevers grew 

by about 5.5%. The CNC Laser cutting process may have also affected the Young’s Modulus of 

the stainless steel used to make the cantilevers. However, as the calibration coefficients “Q” and 

“K” were used in the analytical calculation any dimensional deviation was compensated for and 

therefore won’t affect the results of the calculations. However, if this experiment is to be 

repeated by another party, these factors may influence duplication of the experimental results. 

After performing the experiments, the realization that the height of the capillary action of 

the oil may be significantly affected by the oil’s viscosity/density. As the top edge of the 

capillary action of the oil samples was used as the insertion depth reference, this may have 

affected the results. Further study regarding the capillary affect is necessary to determine the 

significance of this affect.  

The intended dimensions for the PZT-5Hs were slightly different than intended. As the 

new piezo had been initially cut using the CNC Laser cutter, most of the area of the piezo sample 

had been destroyed. The peizos used in the experiment were fabricated from the (off-cuts) from 

the CNC laser cutting process. Due to this they could not be made exactly to size.  

The deviations between experimental runs could have been caused by any induced 
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“noise” from external sources of vibration. As the experiments were performed on a scientific 

lab table with passive vibration only, any significant ground vibration would have introduced 

vibration. Other sources include ambient room noise/sounds as well as any air currents.  
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CHAPTER 5 

CONCLUSION 

5.1 Conclusion from Results 

In this research, analytical modeling as well as experimental analysis for the amplitude 

response of a vibrating cantilever with viscous tip drag as it applies to viscosity measurement has 

been presented. The effects of varying viscous drag forces on the tip of 3 different vibrating 

cantilever designs were observed as it applied to amplitude response. Analytical calculation were 

also performed to find a correlation between dynamic viscosity and vibrational amplitude. The 

analytical calculations were derived from the Euler-Bernoulli beam equation. A version of 

Stokes-Law was used in the beam equation to account for the effects of viscous drag force. The 

analytical calculation made allowances for calibration to the experimental data via two 

calibration coefficients built into the final equation. An FEA simulation was also performed 

using ComSol as to ascertain the first-mode resonant frequency values of each cantilever while 

vibrating in a vacuum. The FEA calculation served to provide a maximum possible resonant 

frequency value for each cantilever from which the viscously dampened resonant frequency 

required for experimentation will reside below. 

The overall objective of this research was to provide experimental evidence as to the 

viability of determining viscosity via an oscillating microcantilever partially immersed in a 

testing fluid by measuring amplitude response. The results of the experimental data clearly show 

a consistent exponential trend relating amplitude response to dynamic viscosity. The minimal 

variation between the four different runs for each of the four testing samples clearly 

demonstrates a consistent amplitude response due to dynamic viscosity for all 3 cantilevers. An 

additional comparison of the viscous effects between frequency and amplitude response clearly 
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shows amplitude response as the more sensitive measurement value. An additional study was 

performed to test sensitivity as it applies to immersion depth. The results suggest that a minimal 

insertion depth will result in the greatest sensitivity to dynamic viscosity for all 3 cantilever 

viscometers.  

 

5.2 Future Work 

Fabrication of the microcantilever via machining instead of CNC laser cutting would 

reduce dimensional inaccuracy due to thermal expansion. It would also prove to be useful to 

have an alternative viscometer as to determine the exact viscosity of the testing sample before 

running the experimentation. Lastly, testing the cantilevers over a greater range of viscosities 

would serve to further verify the theoretical amplitude response. Developing a viscometer design 

using a piezo to measure amplitude response in leu of the laser vibrometer is the next important 

step for creating a commercial product based on the research discussed in this paper.  
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