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ABSTRACT

A numerical procedure was developed to solve transient three-
dimensional (3-D) eddy current problems for nonmagnetic conductor.
Integral equation formulation in terms of vector potential is used to
simplify the matching of boundary conditions. The resulting equations
and their numerical approximation were shown to be singular and to
require special handling. Several types of symmetries were introduced.
They not only reduce the number of algebraic equations to be solved,
but also modify the nature of the equations and render them nonsingular
Temporal behavior was obtained with the Runge-Kutta method. The pro-
gram is tested in several examples of eddy currents for its spatial
and temporal profiles, shielding, boundary surface effects, and
application of various symmetry options.

1. INTRODUCTION

In tokamak-type fusion devices, pulsed magnetic fields are
required and 3-D transient eddy currents are produced. A code is
needed to compute these eddy currents. A finite difference method
is not easy to implement for such a system due to geometrical com-
plexity (e.g., toroidal field coils may have noncircular shapes).
Boundary conditions are easier to handle with the field equations!
formulated as integral equations. The vector potential A. fits natu-
rally with these requirements and has been adopted as the basic variable
in earlier work. A Coulomb gage is appropriate for this application,
and our code for the external vector potential Ao is formulated in this
gage.1 This choice implied that the scalar potential <J> is needed to
describe the effect of surface charges, which are induced by the
interruption of eddy current at the boundary.

Previously, we tried to solve the time-dependent part of the
field equation by a perturbation-polynomial expansion method.1*2

Although this approach exhibits no stability problem, it is not suit-
able when shielding becomes significant, 'i.e., if the skin time of
the conductor is longer than the characteristic time of the pulse. A
different approach has been used successfully on 2-D transient eddy
current problems by Biddlecombe et al.3 In this paper, their approach
has been adopted, with some modifications, for the 3-D problem. As
before, we limit ourselves to a single nonmagnetic conductor with
constant conductivity. The external source is assumed to have a
given current waveform, and the interactions between eddies of dif-
ferent conductors are assumed to be small and negligible.

Our basic equations, as derived earlier,1*3 are summarized
below (SI units are used):
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y a t (3A/3t) + V<j> _
A(r,t) = A^r.t) - £ - J — — d3r' ,• . (1)

(2)

Here, the integration is over the conductor volume and surface, respec-
tively, and a is the conductivity. In Eq. (2), the factor 2ir is used
when IT lies on the boundary surface. For interior points, it should be
replaced by 4if.

2. NUMERICAL DISCRETIZATION

The conductor volume is divided into N 8-node bricks, and the
boundary surface into L quadrilateral surfaces. For simplicity,
(3A/3t) and V$ are assumed to be constant over each volume element, and
<j> is assumed to be constant over each boundary surface element. After
discretization, Eqs. (1) and (2) become

N rdA,
+

dA

In Eq. (4) the factor 1/2 is replaced by 1 for interior points. The
expression (dAjj/dt)^ is the rate of change of the outward normal com-
ponent of ̂  in the volume element where the kth boundary surface
element belongs. Coefficients are defined by

y a r d r .

j = i -J - d t

d Sk>

1 f d S

4
Collie derived formulas to reduce integration over volume .to
integration over surface and line, and i = j or I = k cases do
not present special difficulties.

It was noted earlier2*5 that Eq. (2) was "singular" in the
operator sense. This singularity is preserved in Eq. (4),
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• provided that the coefficients in Eqs. (5)-(7) are evaluated exactly.
'' If crude approximations to Eq. (6) were used, examples showed that the ,

numerical result converges to the wrong answer in an iterated solution.
In general, subdivision into volume and surface elements of equal

•sides tends to give better numerical results. In particular, for a
thin, flat, platelike conductor, the terms on the right-hand side of
Eq. (A) are dominated by the solid angles ft., associated with the top
and bottom surfaces of the plate. These terms change very slowly for
points around the centroid of the element. Hence, the direct differ-
entiation of Eq. (4) may not reflect the actual variation of <j> across
the element. Instead, we approximate (V(j>)j of Eq. (3) as the vector sum
of the central difference of <j>, between opposing surface centroids.
This approximation becomes less accurate for more highly askew volume
elements.

3. ELIMINATION OF V<|>

To eliminate (V<|>)j in Eq. (3), we first solve for (Jî 's on the
boundary surfaces by Eq. (4). Since this equation is singular,

A ^ - * •
k=l
the <J>£ obtained will be of large magnitude (if no overflow error occurs
during computer operation). The (V(j>)j which results from subtracting
two large <|>'s may have substantial error. This singularity is related
to the fact that only V4> is prescribed at the boundary surface; hence,
$ is not determined to within a constant. This uncertainty can be
removed by fixing the <f> value of one of the boundary surface elements
at zero. V<|) was found to be insensitive to which value of <j>£ was chosen
to be zero.

Next, the scalar potential is computed for the centroids of the
surfaces of each volume element by Eq. (4). (V<|>)j is then obtained as
the central difference. Let X2, XI; Y2, Yl; and Z2, Zl represent the
position vectors to centroids of opposing faces. Then

(V0>) = - ^ 2 XI (x2 _ xl) +
 Y 2 **\ (Y2 - Yl)

|X2 - XL| |Y2 - Yl| ~~ ~~

(Z2 - Zl) . (8)
|Z2 - Zl|

After elimination, we have
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The Fx, Fy, and Fz matrices are defined by Eqs. (3) and (8), and
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S is the unit outward normal vector on the boundary surface. The
sum over boundary surface elements,

L

2 »
k=l

may be converted into a sum over volume elements,

L N 6
S + S S A , (12)
k=l p=l t=l J

with

6

5
t=l

the sum over all the surfaces of a volume element and Atj = 0 if it is
not a boundary surface, and Atj = 1 if it is a boundary surface.

Equation (9) is solved, after direct matrix inversion, by the
Runge-Kutta method. Then the eddy current in volume element i is given by

The eigenvalues of the M-matrix of Eq. (10) have been checked.
Eigenvalues with a positive real part, implying growing rather than
decaying transients, were sometimes encountered, but only for conductors
using very coarse meshes (one or two volume elements). For finer meshes,
the real part of eigenvalues seems to be always negative and insensitive
to the choice of which surface element scalar potential is set to be zero.

4. SYMMETRY CONSIDERATION

Since the M-matrix of Eq. (10) is dense and needs direct inversion,
its dimension should be minimized. This can be done if the conductor
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and source currents possess certain symmetries, so knowledge of the
resulting eddy current in one part of the conductor implies knowledge
of those of other parts. Certain types of symmetries, furthermore,
remove the singular character of the equation. The following two
properties of Maxwell's equation are the basis of our symmetry con-
sideration.

(a) Maxwell's equation is invariant under reflection transfor-
mation. Hence, for a conductor with reflection symmetry, if the source
currents are reflected, so are the induced currents.

(b) Maxwell's equation is linear. Thus, if the source currents
are reversed, so are the induced eddy currents.

Four types of symmetries are now considered.

4.1 Reflection symmetry (Type 1)

Assume that the source current J and the conductor are invariant
under reflection transformation about the x-z plane. That is, for given
x,z,

J
ox

(y> - J«x(-*>' V y ) • -Joy
(-y)' Jo« (y> = •'o.'-rt • (14)

Then, from property (a) above, we expect that the induced eddy current
£ also transforms like Eq. (14). The symmetric nature of R^j also implies
that A (and hence dA/dt) transforms like Eq. (14). Hence (3$/3n)(y) =
(3<J>/3n)(-y), <))(y) = (J)(-y), and V$ also transform like Eq. (14). Although
this symmetry allows us to reduce the order of the M-matrix by half, the
resulting equations remain singular in nature.

4.2 Reflection symmetry plus current reversion (Type 2)

Assume that the conductor is invariant under reflection transfor-
mation about the x-z plane, but the source current J transforms like

J « ^ = -V-^' Joy(y) = +V- y )' Joz(y) = " V ^ • (15)

that is, reflection plus reversion. From properties (a) and (b), one
can show that ̂ J, A, dA/dt, and V<j> also transform like Eq. (15), and
3(|>/3n(y) = -3(|>/3n(-y) and 4>(-y) + <Ky) = constant.

The reduced matrix equation is not singular. Hence, in solving
the reduced equations, the value of <f> should not be fixed for any
boundary surface element. An alternative way to solve <j> is to apply
Eq. (2) to only half of the conductor (j > 0) with <{> fixed as some
constant in the x-z plane. It then becomes a mixed boundary condition
problem, and Eq. (2) is also no longer singular. However, unless suffi-
cient mesh division is provided in the x-z plane, this approach may be
less accurate than solving the reduced M-matrix equation.

4.3 Double reflection/reversion symmetry (Type 3)

Assume that conductor and source current satisfies the symmetry
described in Sect. 4.2 above for both the x-z plane and the y-z plane
(e.g., a square plate in the x-y plane coaxial with a solenoid along
the z-axis). Then the induced eddies satisfy (for given z)
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J (x,y) = -J (x,-y) = J (-x,y) = -J (-x,-y),
X A A A

Jy(x,y) = Jy(x,-y) = -Jy(-x,y) = -Jy(-x,-y), (16)

J (x,y) = -J (x,-y) = -J (-x,y) = J (-x,-y).
Z « £» £*

4.4 Symmetry for toroidal field (TF) coil in tokamak (Type 4)

Toroidal field (TF) coils and pulse coils in tokamaks possess
reflection symmetry (Type 1) about the torus midplane (x-z), and
reflection/reversion symmetry (Type 2) about the coil midplane (y-z).
Here the induced eddies satisfy

J (x,y) = J (x,-y) = J (-x,y) = J(-x,-y),
X A A A

Jy(x,y) = -Jy(x,-y) = -Jy(-x,y) = Jy(-x,-y), (17)

Jz(x,y) = Jz(x,-y) = -Jz(-x,y) = -Jz(-x,-y).

Both Type 3 and Type 4 symmetries reduce the M-matrix order
by a factor of four, and the reduced matrix equations are nonsingular.
These symmetry relations have been verified in test examples.

5. EXAMPLES

The 3-D eddy code is structured as a set of four linked programs:
mesh generation;? computation of matrix coefficients; its inverse,
computation of external vector potential; and eddy current calculation.
The program is run on a PDP-10 (KL-10). Most CPU time was used for
matrix coefficient computation and inversion. This structure allows
for changing relative coil/conductor position or pulse waveform without
the need to recompute the coefficient matrix. Symmetries are selected
as options in the matrix coefficients program.

Small jobs can be run in time-sharing mode. Example 4 below used
24 volume elements and requires 7 minutes of CPU time to compute the
matrix elements and inversion, compared to 76 minutes for a batch job
of 81 elements (a matrix of order 243)«

5.1 Time profile of eddy in a circular ring

A very small coil along the z-axis ramps up linearly and induces
eddy current in a coaxial circular ring-shaped conductor. One quarter
of the conductor is modeled as eight elements (Type 3 symmetry), as
shown in Fig. 1. Js is the magnitude of the saturated eddy current
density and varies about 1% for elements of the same layer. The time
profile of the eddy is plotted in Fig. 1. The same problem is also
solved by circuit analysis, treating the conductor as two single-turn
lumped circuits. The lumped circuit solution agrees with those of
Fig. 1 within 3%.
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5.2 Spatial profile of eddy in a square plate

A very small coil ramps up linearly and induces eddy current in
a 2-m2 plate, 0.5 m thick. One quarter of the plate was modeled by
25 elements (Type 3 symmetry). The initial (t = 0.1 sec) and the
saturated (t = 2 sec) magnitudes of eddy current density J for elements
along the line connecting the center of the plate to the center of one
side are plotted in Fig. 2, normalized to JJJ, the current density of
the middle element at that time. Also plotted for comparison is the
lumped circuit solution of a circular plate 1 m in diameter. Results
are similar to those obtained from previous work.l The saturated
value of JJI obtained from the 3-D code agrees with the lumped circuit
solution within 5%.

5.3 Shielding of an oscillating dipole by a square plate

The dipole and square plate used in example 2 were also used to
study the shielding phenomena. Dipole current is assumed to oscillate
at 60 Hz. For a plate of infinite area with oscillating current par-
allel to the surface, the induced eddy decays exponentially. In this
example, the skin depth is 8 era. For a 5-element approximation (each
layer 10 cm thick), the logarithmic plot of J(n)/J(n=l), where n is
the layer number, has a slope of -1.25. This is represented by the
solid line in Fig. 3. Our solution (dotted line) gives exponential
decay shielding behavior over three skin depths, and levels off after
that. The short solid line (improved solution) corresponds to a 20-
element, 5-layer solution, so that the width of each element is now
reduced to 50 cm instead of 1 m. This improvement indicates that the
time increment and mesh size should be selected to match or be smaller
than the characteristic pulse duration and the skin depth, respectively.

5.4 Tokamak symmetry example

A 1-m2 rectangular plate 0.4 m thick lies in the x-z plane. A
linear ramp of source current along the x-axis simulates plasma buildup.
One quarter of the plate (Type 4 symmetry) was modeled by 24 elements.
The saturated eddy current is plotted in Fig. 4. Eddy current in
elements near the x-axis flows opposite to the source current, and "the
overall eddy forms closed loops in the plate, A shielding current (one
order of magnitude smaller) was also created in the x-y plane. Thus,
in 3-D examples, eddies perpendicular to the plane of source current
are usually created due to boundary and surface charge effects.2
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