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* INTRODUCTION

The aim of this program is to contribute to certain facets
of the development of the MHD/coal power system, and particular-
ly the CDIF of DOE with regard to its flow train. Consideration
is given specifically to the electrical power take-off, the
“diagnostic and instrumentation systems, the combustor .and MHD
channel techhology, and electrode alternatives. Within the.con—
traints of the program, high priorities were assigned to the
problems of power take—off and the related characteristics of
the MHD channel, and to the establishment 6{ a non~intrusive,
laser-based diagnostic system. The next priority was given to
~the combustor modeling and to a significantly improved analysis
of particle combustion. Electrode studies were held in abeyance,
being aséigned a low priority here by necessity.

A revised work plan consistent with the planned effort level
was provided for the period prior to 31 Aug. 79 in Polytéchnic's
communication to DOE/MHD. This revised work plan enumerated the
following tasks:

WORK PLAN
I. Power take-off
A. Evaluate current and voltage consolidation
schemes.
B. Design prototype consolidation schemes.
IT. Combustor
a. Underﬁake orientation studies
b. Check simple design codes. in currenﬁ use
c. Initiate effort to place in operation an
equilibrium chemistry combustion code for hydro-

carbons.



III. MHD Channel

a. Evalﬁate current-distribution effects in a one-

dimensional analysis. |

b. Evaluate boundary layer effects in a two-dimen-

sional model.

IV.  Diagnostics and Instrumentation
a. Purchase laser, data acquisition and data anélyF
sis equiément for a laboratory set-up leading to a
prototype design of a non-intrusive diagnostic
system.
b. éheck out equipment delivered, and evaluate
its'perfOrmance relative to vendor's claims.
c. Design system for measg;ing compositions, temp-
eratures and velocities relevant to electrical con-
ductivity in the MHD channel and felevant to combus-
tion-effectiveness and environmental effects invan'
MhD/eoal‘system type of environment. Consider both
spontaneous Raman and "CARS" systems.
4. - Provide‘doeumenta;ion leading to the setting up
of a field«operational>cybtem}A |
e..,Obtain'preliminaryvdata inllaboratory flows.

V. Geseous electrodesA(Hold in abeyance).

It should be noted that the MHD boundary layer task (III b.)
was only carried to the set-up etage. WOrk‘on selving the govern-
ing equations numerically was held in abeyance. One‘:eason for
this was that a "target of opportunitj" was perceived‘&ith respect

to an analysis of particle combustion'of carbon, which could be



" inversion and consolidation circuit byAZ. Zabar. Further Part I,

improved substantially by the use of newly-developed asymptotiq

methods. It was considered important to achieve this gain in a .
timely manner. Therefore the MHD boundary layer task was post-
poned, and‘the partiéle combustion analysis was pursued. The
results were very successful, and will be depicted in the body
of this report. The combustion analysis is relevant to the
Combustor task (II).

The other tasks enumerated were carried forth reasonably
within the plan. for the“period up to-31 Aug. 78, as set forth in
the Technical Progress Report for that period. However, the
wofk of that period pointed to the need for continued efférts,
essentially along the same topicgl lines as those enuﬁerated

above. This then formed the basis for the work plan for the peri-

‘od from 1 Sept. 79 - 31 Aug. 80. It is expected that the original

‘'work plan envisaged on this program, which was planned for a more -

extensive effort, will be revised for consistency with the work
plan now being implemented.
Using the prior Technical Progress Report on this contract as

a reference, we shall now describe the work in the enumerated

“areas during the period prior to 31 Aug. 80.

TECHNICAL PROGRESS

a. Power Take-Off (Work Plan ftem I) and MHD Channel (Work Plan Item IiI)

In this area, the prior technical report devoted Part I, Sec-
tion 2 to a "Study of Voltage Consolidation Schemes". This sec-

tion included a circuit invented by L. Birenbauﬁ, and a combined

Section 3 set forth a "Preliminary Design for the Power Take-Off



' of Singly-Loaded Magnetohydrodynamic Channels" by E. Levi. This
was sﬁbsequently published in the Journal of Energy Conversion
and Maﬁagement'(Vol. 20, pp. 33-39, 1979). Pergamon Press. A

copy is attached as Appendix A. Finally Part I, Section 3 dealt

with "Electrical NonfUniformities'in Diagonally Connected Gener-
ators", by S. Kuo, B. Cheo, and E. Levi. This has been published

in the Journal of Energy (AIAA Vol. 4, No. 2, .p. 88, Mar-Apr.

1980). A copy is attached as Appendix B. The.further work in
this connection has resulted in two additional papers, 6ﬁe dealing
with true two-dimensional effects in the MHD channel, and the
other with effects of wall leakage on non- uniformities in diaé-
onally cénnected MHD generators. !

The first new paper is entitled "Two-Dimensional Power Take-
<Off Analysis in Diagonal Conduéting Wall Channels" by S. Kuo and
E. Levi. This has been submitted for publication.

‘It,shows that a trué two-dimensional analysis of diagonal-
cbndudting-wall MHD channels leads to deéign principals for the
power take-off and good quantitative agreement with the experimen-
tal data. Also it investigates analytically the effect of'power
take-off schemes on the butput’péwer level, and finds that it is
possible to design the electrical circuit of the channel with pas-
sive elements in the take—off region,’and thus to achieve a fairly
even load Currént distribution under changing load éonditions.

This' analysis explains quirks .in the current distributions which

were observed in the seventh test of the U-25B facility of the

USSR. The complete paper is included here as Appendix C.

The second paper is entitled: "The Effect of Wall Leakage on



Non-Uniformities in Diagonally Connected MHD Generators" by
S. Kuo, E. Levi and B. Cheo. This paper has been accepted for
publication by the Journal of Energy of AIAA. The entire paper

is included here as Appendix D.

In this paper the effect.of wall leakége, symmetric as well
as asymmetric is examined in the linear anq non-lineaf regimes.
It is found that -
1. The range of wavelength in the nonuniforﬁities is re-
ducéd, and in thc asymmetric anode and cqthodefcase splits
into 2'separatelpassfbands. The mechanism responsibie for
quenching tbe‘short wave-lengthh non-uniformitice . is ndn—
‘linear modefmode coupling in the cése of.wall leakage, and
the wall leakage itself when it is strong. |
2. Depending upon wavelength, forward waves‘can propagate
both upstream and downstream, backward Qaves only upstream.
. In the case of asymmetric characteristiésl the spécial non-
uniformities are accompanied by témporal osciliationé.
3. The growth rate of instabilities is minimél when the
leakage at the cathode wall is'fqur times thatlof the
anode wall. This can occur naturally due to preferenfial
depositién,of sged at the gathodes, or by adding a voltage
divider externally, as has been the USSR éracﬁipé in the
U~25 %aci lity. ”
4. In all cases, a resistance introduced in the diagonal
bars feduces the growth rate by a constant. The frequeﬁcy
of the temporal oscillations 1is inve;sely proportionéi~to

the inductance of the frame circuit.



In connéction with power consolidation of the MHD generaﬁor,
studies were undértaken'of the dynamic behavior of the channel
‘and in particular of the arcs, because the previously¥derived
?'equivalent ci;cuit did not describe adaquately the channel inter—‘
face under transient conditions.

‘7. Zabar, in collaboration with H. M. Abramowitz (a doctoral
., student, also associated with the Bell Laboratories) are taking
the following approaches to analyze power take-off schemes:
| In order to‘limitpthe available techniques, it was decided to
limit the anélysis to a Faraday connection scheme for power take-
off. The major emphasis is to examine the channel and the‘con—
sblidation‘circuitry_under‘discontinuous current from each elec-

f trode pair and compare the results to a channel utilizihg contin-
 uous current takeoff schemes. The expectation is to chop the cur-
rent between'different'électrode pairs and reduce the size and
cost of the consolidation circuitry; |

| 0f major importance to thé.aﬁalysis is the channel model
utilized. A ﬁuﬁber of models have been used and this area is con-
stantly undergoing change as the cohputer simulatién résults'are
examined. Some models are dnly relevant to é continuous current
consolidation scheme contéining reéistive type elements to simu-
late the plasma impedance and voltage drop. The final model must_
contain a good model for the transient,éonditions in the boundary
layer (Fig; 1) and must contain parasitic inductance and cépaci—
tance of the  plasma.

The thrust of the study is in the power consolidation scheme
of the MHD channel. The study can be subdivided into two cate-

| vgoriés.l) that of continuous current loads<and 2) switched loads



attached to each electrode pair. Figure 2 depicts the continu-
ous current takeoff scheme having each electrode pair attached
to a constant loaa. Figure 3 depicts the same channel with a
single load and current loading equivalent to Figure 2.

Channels containing 3, 5; and 10 electrode pairs have beén
analyzed. This analysis resulted in the following:

- 1. Channel edge - The end electrodeApai;s of the simu-
lated channel must be graded to an increasing impedance
to reducc £hc cffcct of the abrupt discontinuiﬁy. o
2. Current loading - The grading effect was also neces-
sary to limit the number -of electrode pairs contributing
to the output current (Fig. 3). The internal impedance
of the plasma model was insufficient to limit the current
contribution of the exterior electrode;pairs..‘
3. Channel Consolidation limit - Resqlting ffqm tﬁe cur-
rent flow in opposite direction in the anode and cathoude

- areas of a single load condition (Fig. 3). Along one

path the resistive voltage drop adds to the Hall valtage

produced and causes breakdown conditions (Fig. 4’. This

puts a practical limit on the amount of c¢urrent availlable
to a single electrode pair and séts an upper bounaary on

the number of electrode pairs that can be consolidated in
thig fashion.

The final phase is to:ada switching elements to each electrode
pair and switch a single load between these electrode pairs.
Figure 5 depicts a.simplified scheme using this approach.

Studies are presently under way analyzing the effects of the

switching process on adjacent electrode pairs and the transients




that concern practical application as the parésitic inductance of
the load and plasma parasitics are included. Presently a scheme
“utilizing 3 electrode pair sets are under invesiigation to pro-
vide~infofmation necessary to the potential feasibility of this
approach. ‘SwitChing'times,Afrequency, and waveforms wiil be ex-
amined to provide several output waveforms and provide the anély—
, sis necessary to.optimize the power consolidation in terms of

size and cost.
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b. Flow Modeling (Work Plan Item II)

The effort in this area has resulted in a report entitled a
"Oge—Dimensional Flow Model for Coal Combustors" by W. O. Peter
and é. M. Sforza. This includes a code to deal with chemical
equilibrium. Radiative heat losses can also be accounted for. .
The results obtained thus far are consistent with fhogé available
in the current literature. A preliminary version of this report

is included here as Appendix G.

The combustion of a solid particlé, in thig oase carﬁon, has
been the subject of an innovative analysis by M. Matalon. 1In this
work quasi-steady burning of a particle which undergoes gasifica-
tion at its surface is dealt with by the use of asymptotic methods
(fof large values of the activation energy). The model considers
, a homogeneous reaction in the gas phase.  The burning rate M is
found as a fﬁnction of the gas phase Damkdhler number D§~for the
thlé range 0<Dg<w. The monotonic M(Dg),curve, obtained fof rela-
tively very hot or very cold particles, describes the gradual
transition from frozen flow to eguilibrium. For moderate particle
temperatures the transition is abrupt and the M(Dg) curve is
'eithervs—shaped or Z-shaped. 1In the former the burning is enhanced.
at ignition while in the latter it is slowed down; ﬁhis depends on
the rélative importance of the two competitive surface reactions,
At extinction, the reverse is true: burning is slowed down in the

case of an S curve and is enhanced in the case-of a Z curve.

13



c. Diagnostic System (Work Plan Item iV)

The features of the program to develop a laser~based non-
intrusive syétem for the diagnostics of the hostile flow environ-
ment of the MHD/Coal power system was described in the prior
Technical Progress Report. The fundamental principles and five
qlternquge arrangements were depicted theréin. The general aim
is to péovide spacially-resolved, and to a certain extent time-
resolved measurements of flow concentrations and temperatures,
with a view'toward identifying flow non-uniformities and turbulent
characteristics, as well as more gross behavior. Clearly the éom-
plex nature of the high—temperature, three-dimensional, particle‘
and slag-laden flow within the confined flow passage pfesent
problems of great difficulty in this regard. However, it is'be—

lieved that the worthwhile goal here can be achieved. " Appendix E.

by S. Lederman presents a general view of this work in addition to
the prior Progress Report.
In the present period, an effort has been focussed on using

a single high-power pulsed laser source to drive simultaneously a

éARS system and a spontaneous Raman scattering system. Thié simul-
taneous feature provides a great amount of information at a partic-
"ular point and time. The system has wdrked successfully with a
Ruby laser and a stimulated Raman cell to generate the Stokes

line of the specie of interest for the CARS measurement. With this
Stokes line as one of the laser lines of the CARS system, the Ruby
laser‘line is employed as the driving‘lineifor CARS. A note des-
cribing this system has been submitted by S. Lederman and C. |
Posillico f&r publication. It is entitled "A Unified Spontanebus

Raman and CARS System” and is included here as Appendix F.

14



Another version of this system is also nearing completion.

It involves.doubling the Ruby laser line, pumping a tunable dye

laser to generate the Stokes line of the specie of interest and

to be subjected to CARS, and utilizing the remainder to generate
the sponténeous Raman spectrum of the flow field.

A replacement for the previously-tried multichannel spectrum
analyzer which was not satisfactory for our purpose, has now been
incorporated into the system. The new analyzer is an OMAII, and
appears to be working properly.

A laboratory set-up for generating coal flames is being con-
structed, so that the diagnostic system can be applied to them.

A mefhod has been devised for réduding substantially the
size of the laser system which would eventually be applied to a
£1ow system in the field. Likewise a method for maintaining clear
Viéwing windows in a practical'environment'has been 'proposed and
will be aevelbped further.

This work has resulted-in'a series of 3'papers beiﬁg'published
in the journal "Combustion and Flame". These papers, listed helaw,
are included.here as Apendices H, I and J.

H. lMétalon, Moshe: "Complete Burning and Extinction of
a Carbon Particle in an Oxidizing Atmosphere". POLY
M/AE Report 80-16.

I. Matalon, Moshe: "Weak Burning and Gas-Phase Iqnition
About a Carbon Particlé in an Oxidizing Atmosphere".
POLY M/AE Report 80-21.

J. Matalon, Moshe: "Combustion of a Solid Particle".

POLY M/AE Report 80-30,.

15
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PRELIMINARY DESIGN FOR THE POWER.
TAKE-OFF OF SINGLY-LOADED
MAGNETOHYDRODYNAMIC CHANNELS

ENRICO LEVI.
" ‘Polytechnic Institute of New York, 333 Jay Street,- Brooklyn NY 11201. USA.

(Received 17 July 1979)

Abstract—A one-dimensional analysis of diagonal-conducting-wall MHD channels leads to design prin-
ciples for the power take-off and good qualitative agreement with experimental data. Analytical refine-
ments which account for two- and three-dimensional effects enhance the’ accuracy of performance

predictions.

MHD Power take-off Diagonal conducting wall channels Diode scheme

NOMENCLATURE

a = proportionality coefficient (equation 1)
A = cross-sectional area, anode
Ay = collecting area of the cathode
b = scaling parameter (equation 9)
B = applied magnetic field induction
E = electric field intensity
E, = equivalent electric field associated with effective
voltage drop
= current in the channel
I, = load current
I,,, = nominal load current
J = current density
K = current entering the channel. cathode
M = number of overlapping electrodes
N = number of conducting diodes
r = ballast resistance per unit length
R = ballast resistance in each branch
flow velocity
coordinates
increment
—arctan (E/E,)
¢ = conductivity

—

{1 [

u
z
A
3

@ =tan J
Q = Halil parameter
Subscripts
f = forward
! = load
In = nominal load

m = summation index
n = branch number
s = short-circuit

X,y = X,y directions

I. INTRODUCTION

One of the major problems standing in the way of
economic and reliable generation of electric power by
magnetohydrodynamic (MHD) means stems from the
need to segment the anodes and the cathodes of the
channel. Continuous electrodes would short-circuit
the Hall potential which results from the anisotropy
of the plasma. A very large number of electrically
insulated loads is required, when each pair of oppo-
site electrade segments is separately loaded (Faraday

E.C.M. 20/1—C

connection). The Hall component of field, however,
being in the direction of flow, skews the equipotential
surfaces. It becomes then possible to connect the
anode and cathode segments in series by means of
diagonal links. This connection scheme was first pro-
posed by de Montardy [1] and realized by Dicks [2]
in his diagonal conducting wall (DCW) channel,
which consists of a stack of metallic electrode
modules, similar to window frames, insulated from
one another. The diagonal connection permits the use
of a single load, as shown in Fig. 1. Hence, power
take-off in a DCW channel should, in principle, be a
simple process. However, two important problems
still remain to be solved. The first is the optimization
of the positions of the inlet and outlet connections
with changing load. The second is the distribution of
load current over a number of electrodes.

A scheme for the power take-off in DCW channels
has been proposed by Brogan [3] for the U.S. chan-
nel to be tested in the Soviet U-25 facility. The same
scheme is currently being used in the U-25 B chan-
nels [4].

The scheme, which is sketched in Fig. |, takes
advantage of the low Hall field prevailing in the fring-
ing field of the magnet, where the inlet and outlet
regions of the channel are located. In these regions
the resistive voltage drop caused by the flow of the
load current within the channel may exceed the
motion-induced voltage [5]. As a result, in each of
these regions there exists a frame at which the Hall
field vanishes; in the outer sections of the channel
lying beyond these frames, the Hall field changes sign
and is in the same direction as the load current. It
follows that, there, part of the output power of the
generator is reabsorbed.

In order to avoid this loss of output, the outer sec-
tions should be rendered ineffective; in the Brogan
scheme for connection to the load, the outer frames
are short-circuited. In so doing, the additional objec-
tive of distributing the load current among a number
of leads and framcs is achicved.
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B

(0)
1

4

N
[averter

(o)

Fig I. DCW channel configuration; (a) Magnetic field pr‘oﬁle: {b) Power take-off and coordinate
system. .

The location of the point of field reversal and,
hence, the number of leads to be short-circuited varies
with changing operating conditions. To allow for
these variations a diode is inserted in each lead. All
diodes located between the inlet and outlet points of
field reversal are expected to block the passage of
current [3]. ]

The main advantage of this scheme is its simplicity
and., therefore, its low cost and reliability.

One disadvantage of the short-circuit scheme is the
strong tendency toward nonuniformity of current dis-
tribution among the leads. This is undesirable,
because it may lead to overload and damage in some
of the power take-off electrodes and frames 6]).

Furthermore, such a nonuniformity is propagated
with the active region of the channel by the diagonal
connections. The problem 1s compounded by the
natural trend of diagonal channels to distribute the
current unevenly among adjacent frames, as a result
of the arc-mode transfer of current to the elec-
trodes [7]. Dangerous current concentrations may
result when the wavelength of the nonuniformity, im-
pressed on the take-off leads, corresponds to the
wavelength of one of the natural non-uniformity
modes of the channel.

For this reason. it has been Soviet practice to insert
ballast, or equalizing resistors in series with diodes,
The presence of these resistors, however, changes the
fundamental mode of operation of the power take-off
and complicates the task of the designer. The Hall
voltage profile becomes a function of the resistor
values and the designer is faced with the task of
determining the size of the resistors, in addition to
determining the location and number of leads.

The following sections present an analysis of the _'

diode scheme for power take-off, that is based on the
one-dimensional theory of diagonal channel perform-

ance [8]. The range of validity of this analysis is
checked against data obtained in tests with the #1
channel of the U-25 B facility. Also included are guid-
ing principles for the design of such a power take-off.

IL. BASIC RELATIONS

Consider the configuration and vector orientation
of Fig. I. The Hall field E, can be expressed as a
function of the current I flowing in the channel [8],
and cast in the form

E.=all-1) (1
where
1+Q
a=——"_ .
(1 + ¢2) A0
Ao
I =4:_Q_2 Q+ ¢)uB — E,)
Q = Hall parameter
¢ = conductivity
E4 = equivalent electric field associated with
effective electrode voltage drop
A = channel cross section

¢ = —E|JE, = tan6

The current I, corresponds to short-circuit condi-
tions (E, = 0); it is a function of the axial coordinate

_ x and is indicative of the profiles of velocity, plasma

conductivity, and magnetic field. .
To establish the constraints imposed by the connec-

tions external to the channels, we examine Fig. 2

which represents the inlet section; similar relations
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Anodes

Diodes V.

Balliost
Resistors Ra

—
£

——3 =
E b,
V'
+
R'IQI
+
Inol

Fig. 2. Inlet connection.

hold for the outlet. Applying Kirchhoff's law to the
nth and (n + 1)th branches, we obtain:

"EAx =Ryl + V=R, -V,

or
Rn+11n1~1 _ Rnln
Ey= ———— "~ 2
Ax @
where
R = resistance
V, = forward voltage drop of diode

Ax = segmentation pitch

Moreover, we observe thal

1,>0 (
=31, (4)
1
AY ’
1/=X1,,, t (5)
1

where N is the number of conducting diodes. This set
of equations completely determines the system.

III. DESIGN CONSIDERATIONS

‘The nominal load current J,, should be evenly
spread among a number of leads, approximately
equal to the number of parallel branches in the chan-
nel; i.e. the number of overlapping electrodes. If we let
this number be M then the current in each is specified
as :

Iy==22 (6)

In order- to determine the value of the resistances
and the location of the power take-off connection, we
observe that, in order to minimize. the external ohmic
losses, E, should be minimized, and, in order to avoid
absorption of power in the channels, E, should be
negative.

Since, according to equation (1), E, is proportional
to the difference between I and /g it is expedient to
plot these currents.

For example, the situation prevailing at the inlet
section of the channel (Fig. 2) is depicted in Fig. 3 for
various locations of power take-offs, having uniform
current distributions among the leads. 1t is seen that
location 1 is undesirable, since there exists a large
region where E, is positive and hence the channel
absorbs power. Location 3 is also undesirable, .since
the channel is not fully utilized, while position 2

|
)
|
|
¥, x

Fig. 3. Current in the channel and short-circuit current.
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seems to be a reasonable compromise. The branch
corresponding to position x, will require no resist-
ance while the branch corresponding to an arbitrary
point x will require a resistance:

[
— f E dx
P Jx

The resistance is thus proportional to the area con-
tained between the curves [ and /..

It follows that I and, hence, the field of the magnet
should be designed, so as to decay over a region cor-
responding to the extent of the overlapping elec-
trodes.

The resistances given by equation (7) are the mini-
mum resistances required to give the desired current
distribution. The same uniform distribution could be
obtained by adding equal resistances in all branches.
This may be required in oider tv davold dangerous
current concentrations under off-design and fanlt can-
ditons.

R = (7

IV. CURRENT DISTRIBUTION IN THE
ABSENCE OF RESISTORN

In order to get a feeling of the current distribution
for a given set of resistances we note that the pitch Ax
is usually small as compared with the extent of ovcr-
lapping electrodes. In the limit of Ax—Q, the set
formed by equation (1) through (7) becomes:

2 X
,,9—':—+ rd—K—_y—_- _—liiﬂ___[ f K,dx ~ 15:'
dx dx (1 + ¢H)Ao 0
®)
where K, is the current entering the channel per
meter length in the y direction and r{x) = RAXx is the
external ballast resistance of a unit length. In general,
this is a second order linear differential equation with
variable parameters,

It is instructive to consider first the ennditions con
lemplated for the U.S. U-25 channel when r and there-
fore E, vanish identically. Equating the left hand side
of equation (8) to zero, we find that K, is given by the
slope of I, and, hence, a reasonably uniform current
distribution obtains when the connection is located in
a region in which /; varies linearly. This conclusion is
independent of the value of load current.

We also vbserve that the condition E, = 0 forces
the current [ in the channel to assume the value /,
everywhere. It {ollows that the first diode to block is
the one for which [, is greater than the load /; Muue
diodes start conducting as /; increases. Therefore,
enough diodes must be installed to carry the maxi-
mum load current /,; otherwise, the last conducting
diode will carry the difference between I, and /.

K

V. CURRENT DISTRIBUTION WIiTH
' EQUAL RESISTORS

Equation (8) can be solved in closed form when Q is
small and the branch resistors are equal [r = f(x)}.

This is the case in the power take-off for the U-25 B
channel.

Denoting the Fourier transform with a bar on top
we have:

. 9)
T oAb -h (
where
. 1+ a
T (1 + ¢DAar
Assuming a linear rise in /; or
K
Iy = p—; (10)
we get
K, =K, + (K0} = K.lcosh hy (o
and

K (0) - K

lmf K,dx = K« + “sinhbx  (12)
s ‘

Here, the second term to the right denotes the
deviation from the case of ballast resistors and b,
which is a measure of the ratio of internal to external
resistance, becomes a scaling parameter.

We observe that the current density K, is larger or
smaller than the one corresponding to short circuit,
depending on the initial value K,(0). Assuming that
the conducting diodes range from x =0 to x = x,
and making I = I, in equation (12), we obtain:

b(ll - stl)

K0 =K
A0 s+ sinh bx,

(13)

We note that, for the design conditions /, = Iy, itls
possible to choose the number of diodes and hence
x,, so that the current distribution is uniform. This
conforms with the prediction of Section 11, that a
uniform distribution is not changed by the addition of
arbitrary, but equal branch resistances. Any current
overload will cause the distribution to increase
rapidly with increasing x. If the number of diodes is
adequate, then some will block. x, is then the un-
known location of the last conducting diode. and is
obtained by first making K, equal to zero in equation
{11). Then introducing the corresponding relation

K
coshbx, = ——__ !
T (14)
into equation (12), we can obtain x, from:
—taul bx, = b—————(ll = Kox) (15)
K,

The current is sketched in Fig. 4 for two different
values f;, and I, of the load current and under the
assumption that the diode connection ranges over the
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/ increasing r

I

!
o X . ) X
Xy=location of last diode

|
|
|
|
/ oo
n
|
}

Fig. 4. Buildup of channel current in the inlet conneciion.

interval Ox,. We consider first the case of ‘high’ load
current /, ;. In the absence of ballast resistors (r = 0),
the current builds up along the broken line OBC.
Each diode carries the same current, except the last
conducting diode which carries the additional current
BC.

The current distribution becomes more uniform
when ballast resistors are inserted. The higher the
resistance r, the smoother the distribution. The whole
region of the channel between O and D absorbs
power. '

Next we consider the case of ‘low’ load current I, .
In the absence of ballast resistors {r = 0), only the
diodes in the interval Ox, conduct; all carry the same
current. Those between x, and x, are blocking. With

finite resistors {r = 0) more diodes become conduct- -

ing and with increasing values of r, the current
becomes more evenly distributed. The whole <.:tion
of the channel between O and x, generates power.

Of course, the term ‘“high’ or ‘low’ load current
relates to the section of /; cut-off by x,, i.e. the extent
of the connection region. With a higher conductivity
or a steeper magnetic field rise (e.g. line I; in Fig. 4)
and the same [, ; and x,, the channel would behave as

1A
sor
a0t
3or run NO. 1998
{r=.014 R-m)
20}
10}

in the ‘low" load current case and there would be no
power absorbing section.

VI. COMPARISON WITH
EXPERIMENTAL DATA

The effect of the ballast resistors was checked dur-
ing the fourth test in the U-25 B facility. Run #1998
was performed with ballast resistors of 0.5 Q (corres-
ponding to p = 0.014Q m) connected in series with
the diodes and run #1999 with the resistors short-
circuited. The current distribution in the inlet connec-
tion is shown in Fig. 5. A comparison with Fig. 4
demonstrates good quantitative agreement between
theory and experiment, with particular reference to
the smoothing effect of the ballast resistors.

Since none of the diodes blocks, the extent of the
collecting region appears to be inadequate. The chan-
nel operates in the ‘high’ current regime and, with
short-circuited diodes, the last conducting diode car-
ries the difference between I, and /. Therefore, under
the conditions prevailing in the test, the inlet connec-
tion should have been moved downstream or more
diodes added.

Alternatively, the short-circuit current /; should
have been increased by raising the conductivity, as
explained in the previous section. Indeed, the general
performance of the channel gives evidence that the
effective conductivity never attained the design value.
As it turned out, this low conductivity was caused by
water and cold air leaks and by inhomogeneities in
the. plasma originating in the combustor and seed
injector. .

It follows that the quantitative analysis lends
further support to the one-dimensional theory of
power take-off. Neverthless, the current in the outer
diodes cannot be accurately predicted, especially in
the outlet connection. The reason is that equation (1)
was derived under the assumption that over the chan- -
nel cross section A, the flow velocity u is constant and
both the currents carried by the plasma and by the
diagonal links are uniformly distributed.

These cpnditions, however, are not satisfied in the
outer portions of the collection regions.

run NO.1999
(r=0)

P R SV .
10 1 12 13 14 15 16 7 18 ~ frame NO,

Fig. 5. Current distribution in. ine inlet connection of the U-25 B #1 channel.
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- B(T}

Fig. 6. Inlet connection for U-25 B #1 cfu‘annel; {a) Magnetic field profile: (b) Current streamlines for
: E, =0 .

BA(T)

1.5
X
(o) _
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Fig. 7. Outlet connection for U-25 B #1 channel; (a) Magnetic field profile: (b) Current streamlines for

x
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When the ballast resistors are short circuited
(E. = 0); the x,y components of current density J
satisfy the relation

J,=9QJ, (16)

and the current streamlines can be easily drawn. Two-
dimensional plots of the current distribution in the
U-25 B channel are shown in Figs 6 and 7. 1t is seen
that with the inlet connection spanning frames 5 to
16, the diagonal links of the first six frames carry no
current. In contrast, at the outlet, with the current
being drawn from frames 132 to 143, very littie cur-
rent is carried by the plasma. The broken streamlines
in Fig. 7 deénote current filaments flowing near the
side walls and turning in the z-direction towards the
diagonal links. It was found- that this three-
dimensional effect of current collected by the sidebars

could be accounted for, by increasing the collecting -

area Ay of the cathodes by 20%,.

Under the assumption that the voltage drops in
"adjacent cathodes are equal, and hence compensate
one another, the currents collected at the outer cath-
odes and carried by the diagonal links to the outer
diodes under short circuit “conditions can be
determined as

’ ouB
I,=124,J, =124y ——
Ky K1+ 2

)

As seen from Fig. 7, the currents collected by these
cathodes flow in the proximity of the wall. Therefore,
the values of ¢ and u should be representative of the
local conditions, ie. they should characterize ‘the
boundary layer. When the measured values of I, are
introduced in equation (17), the product ou assumes a

value equal to about one quarter of the value pre-
sumed to prevail in the core. .

It must be mentioned that u.and Q were calculate
from measured values of the static pressure which
were not too reliable. These uncertainties make
further effort aimed at validating the theory unwar-
ranted at this time. '

In conclusion, it can be said that guidelines for the
preliminary design of the diode scheme of power take-
off for DCW channels have been established. A very
conservative approach in terms of the number of
diodes and value of ballast resistors is recommended,
because at the present state-of-the-art in MHD, the
plasma parameters are likely to depart significantly
from the design conditions. ’ ‘
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Experimental data show that stationary nonuniformities may occur at much longer wavelengths than the
unstable ones predicted by the linear theory. A nonlinear analysis shows that the mechanism of mode coupling
may be responsible for this occurrence. It is found that the instability regime extends over a much wider
parameter range than previously determined. Analyses also show that over sections of the channel, the Hall field

may diminish or even reverse.

Nomenclature
h =width ot the channel
h’ =htané
H  =electrode length along magnetic field
I, =background decurrent
P =clectrode scgmentation pitéh
x  =longitudinal coordinate
y = transverse coordinate
¢ =angle of the diagonal link

I. Introduction

T has been known for some time that the distribution of

Hall potential along an MHD channel is not uniform.'#
This effect is due to the uneven distribution of current among
the electrodes and leads to overvoltages between adjacent
electrode segments. The result is a degradation in the per-
formance of the MHD channel, with particular reference to
its durability.

Solbes and Lowenstein® have performed a two-dimensional
linear stability analysis of the MHD channel and have been
able to explain the development of these spatial fluctuations
in the Hall field in terms of the arc-mode transfer of current
from the core region of the plasma to the electrodes. Their
analysis determines the conditions for which the negative volt-
ampere characteristics of the arc overcomes the ballasting
resistance of the plasma and leads to current concentrations.

The eigenvalues characterizing the resistance of the
freestream plasma are dependent upon the wavelength of the
fluctuations. For long wavelengths, typically on the order of
the generator length, the ballasting resistance is large, and,
hence, the current distribution is linearly stable, As the
wavelength decreases, however, the ballasting effect becomes
weaker and the fluctuations grow with time. The fastest
growing modes have wavelengths on the order of the
segmentation pitch, and Solbes and Lowenstein have been

. able to show good agreement with the experimental evidence
obtained in their diagonally connected Faraday channels.

In contrast, the diagonai conducting wall channels of the U-
25 and U-25B facilities seem to be affected by spatial
nonuniformitie€s which may extend over a wavelength as large
as the width of the channel.* This type of channel is likely to
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be more prone to instability because the link connecting anode
and cathodc docs not contain a ballasting resistance, as in the
casc of Faraday channels. Nevertheless, according to the
linear analysis, the fastest growing modcs arc still those
corresponding to the shortest wavelengths. Therefore the
presence of longer and ncarly stationary wavclengths is an
indication that the mechanism of mode coupling, resulting
from nonlinearities, is at play.

In this paper the nonlinear problem is considered. Of many
nonlinearities in the governing equations, the nonlinear volt-
ampere characteristic of the arc V=al~* is singled out for
attention, because the arc is the most likely source of the
instability. Following Solbes and Lowenstein,! we assume
that the currents in the freestream plasma are rotation and
divergence free. The currents flow from the plasmas to the
electrodes through a nonlinear arc. A nonlinear differential-
integral equation which governs the time evolution of a
current perturbation at the electrode walls is formulated. In ~~
Sec. II, we demonstrate that a short wavelength linearly
unstable mode may transfer energy into a long wavelength
linearly stable mode, confirming the mode coupling _-
mechanism mentioned earlier. In Sec. III, the time evolution
of an initial current burst with a Gaussian spatial distribution
is analyzed numerically using the nonlinear governing
equation. A close form of the kernel which is different from
that given in Ref. 1 is obtained by performing a contour
integration in the k plane. The procedure is given in the
Appendix. Numerical results show that within certain range
of parameters a localized perturbation can spread and evolve
into relatively long wavelength instabilities causing sections of
the wall current at the electrodes to vanish. In Sec. 1V the
effect on the Hall field is studied. It is shown that the form of
the instability arrived at in Sec. I1II may cause the Hall field to
decrease and even to change signs at some places in the
channel. Section V summarizes the main findings.

II. Coupling between Two Modes

The nonlinear analysis takes off from the Solbes and
Lowenstein effort! and the same notation is used. Their Fig. 1
showing the dimensions of the generator and the external
connection is repeated here for convenience.

The equation governing the time evolution of the per-
turbation F(x) in the load current distribution is

. - 1 1 ’
L—I=AV (—“ - ——) .
P +a T (Y]
where
A= S +o §+°’ I(x’,t)cosk(x—x")[cosh(kh) —cos(kh')]
Tl ) woHPksinh (kh)

x dkdx’
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Fig. 1 Two-dimensional
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is the ohmic voltage drop along the diagonal path in the
freestream plasma resistance caused by the current fluctuation
f(x’). The second term in Eq. (1) represents the idealized
nonlinear characteristics of the anode and cathode arcs which
serves as sources for the instabilities. The other symbols are as
shown in the Nomenclature.

To show how transfer of energy occurs from the short
wavelength unstable modes to the long wavelength modes, we
focus our attention on two modes only. We thus assume that

the fluctuation current is
I=1,(k))+1,(k,)

where I, is a long wavelength fluctuation (k, =0) and I, is
a linearly unstable fluctuating mode. In general, it may
represent a whole ensemble of unstable modes and %,
represents its central wavenumber.

If we expand the second term of Eq. (1) to include the first
nonlinearity, the coupled mode equations for I, and I, are

obtained as:

L%It—’ —(51—2;%)71—37:;;(75+(75)) 3)
and i, o - 3 a ;-
5= (5 =)l g @
where '

S, =h/oHP(1+tan?0) = freestream resistance for mode 1
S, =2/koHP=freestream resistance for mode 2

S, Vral;¥12(S,
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We now observe that the term (J3) in Eq. (3) provides
a source of excitation for the long wavelength mode 1. As the
amplitude I, of the linearly unstable mode grows with time, l
is excited to a negative value. This, in turn couples into mode
2 and enhances its growth rate, since the last term of Eq. (4)
becomes positive. This explosive growth can be explained by
noting that 7, causes the space invariant current to decrease.
The lower value of current shifts the operating point of the arc
toward a region in which the slope is more negative.

In order to show how the instability settles down to a
stationary value, one might be tempted to include higher
order nonlinear terms. However, if one did take those higher
order nonlinear terms into account, the result would be the
same, both /, and 7, would grow absolutely. When they reach
the levels

I,=— U, +8-V2 +20,) (5)
and
Ly=~0+N0? 42U, (6)

(where ¢=8(S, — “aly " yI3/?/3a and [, is the amplitude of
I,), the polynomlal expansion of the arc terms in Eq. (1)
ceases to converge. Beyond this point, one should go back and
re-examine the arc term (1/v7, — 1/\/70—+ [y in Eq. (1). Since
1, tends to suppress Iy, one can contemplate a limiting
situation in which 1/, + 7,1 ~0. In this case one has:
(Lp+1) =% =1, =% =14~ "exp(—jk,x/2) 0

i.e., the k, mode loses energy to a subharmonic of double
wavelength through this arc term. This implies that the in-
stability may reach a stationary value before I, +1,1—0

The above discussions have not taken into consnderatlon the
effect of the positive slope region at low arc currents. This
effect is accounted for by the numerical analysis of the
dynamics of the nonuniformities, as is presented in the next
section.

III. Time Evolution of Localized Nonuniformity

A more rigorous analysis must consider the whole spectrum
of modes. By performing a contour integration in & (see the
Appendix), the ohmic drop of the free plasma in Eq. (1) can
be expressed as:

(> =spatial average —av=— r dx' K (x—x')T(x") (8)
ToHP )=
where:
coshvr(x_x >+cosh(7rtan0) ,
K{x=x")=10n - for < —tand
osh(wx-x ) -1
¢ A
., r coshvr(x-x ) +cosh(wmtand) 7 ,
_r(r—hx +lan0)+0u for —tan0<i—li<0
1

’

r coshvr(x

cosh(wx—x > ~1
h

X .
) +cosh(mtanf)

v

cosh (Wx

X ) + cosh (ntanké@)

h( X—x') I
o -—
({0} w P

=1

X=X’
for0< 5 <tand

’

X=X
for tanf< ——
h
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Fig. 2 Plots of kernel for freestream voltage current functional
relation.

We observe that the kernél K({x—x') is an even function.
Also, this kernel differs from the one given in Ref. 1, since it
contains an additional term in the range —tanf< (x-
x’)/h<tand, where one of the contours riust be closed below
the real k axis. The kernels of Eq. (8) and of Ref. 1 are plotted
for the case § =45 deg in Fig. 2. The effect of the additional
term is to reduce the ballasting effect of the freestream in the
region between (x—x')/h=0 and (x—x’)/h=+tanf. The
current nonuniformity in one frame has little effect on the
voltage drop in the neighboring frames and, therefore, tends
to remain localized.

The kernel is too complex to allow an anlytical solution of
Eq. (1). In order to obtain numerical solutions, the variables
are normalized as follows: '

a t x—-x' I(X.t)
= — =, =¢t-t' =9, =7 s
lem’ T h £E-8 =1 Io (£.t7)
L o
=g R= ;5—,;‘ )

So that Eq. (1) takes the form:

A ® .
5,—,!(5 ry==-"2 Ho dn(n—tand) [I(E—n1")

'

+I(E+,t')] + §:dn[&<

coshwn + coshmtanf ) ]
coshmny —~1

1
><[1(£—n,t’)+I(E+n,t’)]}+[1—71-—+—ﬁT—77] (10)

where
2h Iy?

ToHP «

is the normalized ballasting resistance.

We are addressing the problem of determining the time
evolution of a ‘‘bursting”’ type of current fluctuation, as may
be caused by turbulence or combustion inhomogeneities. The
initial perturbation is assumed to have a Gaussian distribution
in space. We vary its width and the parameter A4 for a channel
withtanf=1.

The results for an initial negative perturbation of width
0.32 h are summarized in Fig. 3. The following conclusions
can be drawn:

1) For A<, the channel is unstable and the initial per-
turbation will develop and spread over the rest of the channel.
It must be noted that the linear analysis predict absolute

instability only in a much narrower range,
A<1/[x(1 +tan?6)]1(~0.15).

2) For 1 <A< 1.5, the channel is marginally stable and the
perturbation will remain stationary. This seems to be tl
parameter range prevailing in the Soviet experiments.

3) For A=1.5, the channel is stable and the initial per-
turbation will decay.

In the above discussion we have defined the term
“‘marginally stable’’ in the following sense. The perturbation
remains more or less constant as shown in the special case of
Fig. 3¢ (width =0.32h, A =1.2). If this perturbation grows or
decays, it does so at a very slow rate, since the amplitude of
the initial perturbation remains practically constant until the
normalized time reaches 103 at which time the computation is
terminated.

Positive wide perturbations are stable for lower values of
A. This could be expected, because the slope of the arc
characteristic becomes less negative as the current increases.

The timec cvolution of narrowly localized current
nonuniformities requires much more computer time and is
investigated tor the upstavle case only. The results for 4n
initial negative perturbation of width 0.1 / are summarized in
Fig. 4. Apparently perturbations are spreading all over the
channel, longer wavelength nonuniformities are developing,
and the ovcrall output current is decreasing.

1V. Effect of Current Fluctuation on the Hall Field

As shown in Sec. I1I, when the channel is unstable, the
current distribution along the wall ‘will develop into long
wavelength nonuniformities. It is of interest to cotrelaié thig
current nonuniformity with the nonuniformity of Hall field
since this is the quantity that has been recorded in several
experiments. ' The Hall field is related to the current density
distribution by the following relation

1l . - - -
E,=Eqg+ - (J,+8],) =Eo+E, an

where E,,=(1/0) (J,o+BJ ) is the unperturbed Hall field.
Using the notation of Ref. 1, one can show that

(5 -5 L

(=5 =3) =g vty T

1 ® -
X m + S() dylI(x—y—h")

—I(x+y-h' )]]—;;,,—,;} (13,)
and hence
L Y
Ex-5.-5) =~ P10
+£rd [I{x=y)=T(x+y)] ——
7o ly y Y et _ |
® , - , 1
+Sody[1(x-y—h )—I(X+y—h )] I+e,y,;,} )

The last equation gives the Hall field at the plasma boundary,
where the experimental data were acquired.

In order to study the relation between current and voltage
nonuniformities, we use two specific examples by assuming [
in forms shown in Fig. 5. These waveforms are seen to be
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Fig. 3 Initial perturbation pulse shape and time evolved results for several cases: a) initial pulse (width =0.32 h), b) 4=0.9 lj—O 4% 104, c)
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Fig. 4 Evolution of narrow initial perturbation for unstable case: a)

initial pulse (width =0.1 k), b) 4=0.9 tf =0.67x 104.

20

typical of the unstable current nonuniformities obtained in
the nonlinear analysis (Fig. 4). The corresponding J and J
and hence E derived through Eqgs. (12-14) are calculatcd as:

Case 1
i h h\ _( (I,/Hp) Ixi<a
Jy(x— 5 2)‘{0 x|l >a =
5 ( h’ h) 1, Fix.a) 16
X ==, ~3)= g X
x 2 2 Hp~ e (o
where
(1 +e—x(h'+a—x)/h) (I_er(a+x)/h)

F(x,a)= (1+e"“' —a-x)/h) (] —g-7la= x)u.)x< —-a
(1+e—x(h'+a—x)/h) (I_e—r(u+x)/h
(1+e_1(h'—a-x)/")(I—e"("_x)”’) —a<x<a
(]—e"('”'x)/h) (1 +e—1r(h’+a—x)/h

a<x<o—a

! _e—r(x—a)/h) I +e-T —a—x)/h)

(] _e—:(a+x)/h) (1 +e—t(h’ +a-x)th

o (l’_g-wl'.r—u)/h)(1+e_,(a+x_,,,/),,,) a—a<x<at+a

(I—e—*@+n/hy (] ye+xth +a=x)ih

(1 _e-r(x—a)/h) (1 +e—r(a+x-h')/h)

x>a+a

an
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~a_ 0 +0 - h’ h 1, I,
X _ J"( 2’ 2) Hpa L X¥a @)= F(x=b,6)
-1 ’ (oo
v -1, ~0<x<a : .
3] I(x)= L
. . [ 0 |xl»a where F'is given by Eq. (17).
1 20gh Plots of J, and J, as given by Egs. (1 5 19) are shown in Fig.
2 6 for the case a= b 0.25 h, I,=1I,, h’ =h. It appédrs that
-20 0 2b there exists a region in which both J, and J, are posmve As
X/h follows from Eq. (11), the value of the f-lall field is less
‘negative and may even become positive in that region. For
-1, example if we assume /,=0.8 1, as in the case of Fig. 4b,
: { I, -20<x<0 Jo=0, and =1, then Fig. 6b shows a region which extends
b) i(x)=[ I, O<x<2b ‘over about 0.2 A having a positive Hall field. It must be noted
| o eisewnere .. that Fig. 4b depicts. a situation in which steady state has not
2a<h'<4q "-been attained and the wavelength of the current
b<a Anonumformmes is still 1ncreasmg _Therefore, one can expect

Fig.5 Typical shapes of current fluctuations in unstable cases; -

ap’ 025 X /h

X/h

_h

b) HP

Fig. 6 TFluctuating current densities used in determination of Halt
field.

_ Case2
(I,/Hp) ~2a<x<0
N ok
L(x~5. -3)={-sHp  0<x<2o (9

0 clsewherec.

that- the nonuniformities in Hall field may eventually reach

the even larger- wavelength recorded in the experimental data
of Ref. 4.

For the square wave, current distributions used. here, there
appears in .J_ a mild logrithatic singularity as shown in Fig. 6.
Since the real current fluctuation will not be in peak sharp
steps, these singularities are not expected to occur.

V. Conéhisions

We have presented a nonlinear analysis of the
nonuniformities which occur in a diagonal MHD channel.
The criterion of stablhty characterized by the parameter
A=2hI }/?/ (woHpa) is established by the results otP examples
‘which use a negative Gaussian pulse as the initial per-
turbation. For sufficiently large 4 (=20 for instance), the
evolution of an initial perturbation as shown in Fig. 3d in-
dicates that long wavelength modes damp away and only
short wavelength modes remain in agreement with the linear
stability analysis. This is because for long wavelength modes .
the ballasting effect of the plasma dominates over the-
destabilizing effect of the arc. As A dcercases, the system
tends to become unstable. The nonlinear mechanism of mode-
mode coupling becomes significant, and balances the linear .
damping of long wavelength modes. This is demonstrated in’
Fig. 3¢, wherse the linearly stable modes do not damp away;
hence. linear stability analysis breaks down for the
corresponding values of A. As A decreases further (< 1), the
system becomes unstable. Not only do all the modes become
unstable, but also an initially localized perturbation spreads
over the whole channel. The domain of stability extends over
a much narrower range than predicted by the linear theory.

As already mentioned the kernel presented in Sec. I is
different from the one obtained in Ref. 1 when h’ 0. The
new kernel shown in Fig. 2 for A’ =h is more localized at the
center and has a peak at each side. This can be viewed as a
long-range effect across the plasma in the Faraday direction
produced by ihe diagonal bar connection. We therefore expect
the spreading of the perturbation to accur in discrete steps,
since the kernel will transport each induced perturbation from
one step to another A4’ distance away. If the system is un-
stable, these perturbations will grow simultaneously at dif-
ferent locations, and eventually form the long wavelength
nonuniformities as shown in Figs. 3b and 4b.

The analysis of the effect of the current nonunifarmities on
the Hall field (Fig. 6b) indicates that the Hall field can
decrease and even change sign at some place in the channel, as
has been observed in Ref. 4. -

At this point it will be appropriate to comment on the time-"
scaling factor a/L[ /2. Here L is the inductance of th P
consisting of the shorting bars of the diagonal chann e’
arcs at the electrodes, and the path of the fluctuating current.
in the freestream plasma. Taking H=h=1 m, the value of L
is about 10 ~H. a/I}/2=V,/1,, where V, is the arc drop at
the operating current [, is approximately 1Q. The time
constant L/ (V,/1,) is thus estimated to be on the order of 1
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us. Hence 1000 time units in our computation correspond to only 1 ms. The pattern of the current distribution shown in Fig. 4b is
obtained after about 6000 time units, and thus in real time corresponds to only 6 ms. Furthermore, in the computation, one can see
noticeable changes of the fine grain details from frame to frame in steps of about 100 time units. Therefore these fluctuations at

any point of space will correspond to oscillations at about 10 KHz.
It is to be noted that the present analysis does not include wall leakage effects, which are under investigation.

Appendix

To proceed from a double integration to an expression of Eq. (8), a contour integration in k is performed as follows:

5“’ cosk(x—x )[cosh(kk)—cos(kh )] b {‘? ekx=x"Ycosh (kh) +(§> q e ~k(x=x) cosh (kh)
—w ksinh (kh) T2 x50 “ksinh (kh) X—x'>0 ksinh (hk)

fi elk(x X" +h") yi e—:k(x x'=h") I elk(x X" =h')
- = dk—,—-————§> dk——,—-——-———é) dk——m—
2 Jx-x+n>0  ksinh(kh) 2 Jx-x-n>0 ksinh (kh) 2 Jx-x-n>o0 ksmh(kh_)

e—ik(x-x' +h")

1
- - Kk o————
2 (gyx'-xwh»od ksinh{(kh) (Al

+ (contributions from < 0 parls)}

where€Q (or () stands for a contour closed in the upper (or lower) plane as shown in Fig. Al. Since there is no sirigularity at k=0in
the original integrand [LHS of Eq. (A1)], we concern ourselves only with the pole conmbutlons at xinw/h, n=1,2... Hence each
contour integration becomes a summation of residues of the poles, and Eq. (A1) becomes

e De ~n7 Ix—x'1/4 —nxix=x"+h'l/h —nxix—-x'=h"lth
-t -n"t S (A2)
n=1 n
Furthermore, this summation can be expressed as
cosh (Wx—x ) + cosh (wtanf) .
x—x'
b ; < —tanf
osh (_”x—x ) -1 ’
¢ h
_x,
T )+cosh(1rtan0) —x
_W<x—h_x +tan0> +ln , —tanf<——<0
cosh(w -1
cosh(vr . >+cosh(7rtan0) ”
-— 4 x.._.
1r<x X —tan0) + b 0<—— <tané
h —x’) . h
cosh(wx-x ) + cosh (wtanf) “ ,
n tang< =% (A3)
cosh(wx—x'> -1 l
s - h -~
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: . with the aid of Eq. (A1-A3), AV reduces to the exbression of
“ Eq. (8) i
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APPENDIX C

Two-dimcnsional Power Take-off Analysis
in |

Diagonal Conducting Wall Channels
S. Kuo and E. Levi

Polytechnic Institute of New York
‘ Route 110
Farmingdale, NY 11735

ABSTRACT

- - A true two-di}mens',ional analysis of diagonal-conducting-wall MHD
channels leads to design principles for the power take-off and good
gquantitative agreement with experimental data. The effect of power
‘take-off schemes on the output power level is investigated analyti-
cally. It is f,oﬁnd that it is possible to design the electrical circuit ‘of

the channel with passive elements in the take-off region, and, achieve

a fairly even lead current distributicn under changing load conditions .

without loss of power output.
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Nomenclature

: hi,o,m = width ofl the channel in inlet, outlet and middle regions
' respectively '
H = eleétrod‘e length along magnetic field
P . = electrode segmentation pitch
A "—'>cross, sectional area of the channel
I = local short circuit current
I © = current in the channel -
4 ' _dI A
dx
In = P i = current in the nth lead
Rn. =R (xn) = resisfan(j,e in the nth electric iead.
B = Hall parameter .
o = conductivity
u : = flow velocity
Vf B fofwafd voltage d_rop
X,y = Cartesian coordinates -
W | = xt(y-h/2)tane
8 - = angle of the diag;)nal link
B = magnetic ficld‘
E = electric field
h' = h tano
v =

collision frequency between electron and neutral gas



schemes used in DCW channels,”’

I. Introduction

Over the yéars . a large effort has been devoted to the develop-
ment of economic and durable MHD power generators. Among the
qhannel types, the Diagonal C.onductiné Wall (DCW) channel offers the
advantage of a 'simple design for the power take-&ff.; The diagonal
connecti‘on permits the use of a single load, hence, the power take-off
in .a DCW channel should, in principle, be a simple scheme. Several

problems however, still remain to be solved. If ballasting resistors

‘are not used in the power take-off connection, or are not properly

chosen, dangerous current concentrations may appear in the leads
when operating under off-design condition and in the case of faults.

Moreover, the Hall field may change sign over a certain range and

‘have the same direction as the load current. This so called Hall field
reversal causes that section of the channel to absorb rather than
‘déliver pawer. Hence reliable and/or efficient operation of the chan-

nel cannot be achieved. Therefore, the main design problem in the '

power take-off is to determine the distribution of the resistors so-as

to establish a uniform current distribution under design conditions

and avoid dangerous current concentrations under -off-design and

fault conditions. Effective utilization of the power take-off region of

the channel, so as to avoid the loss of output power due to the field

reversal should also be considered simultaneously.
In a previous analysis, Levi1 developed a one-dimensional model
ta describe  the performance char_acteristics of the power take-off
2,3 aﬁalytically. He only dealt with

the case of uniform resistance distributions (short circuit or constant

~ resistance).



Pan and Doss?+® derived a similar model in which the parameters were

-averaged over the second dimension instead of simply assuming to be

uniform as in Levi's model. A numerical investigation of several cases
of electrical loading was made. They extended Levi‘sj work fo include
non-uniform resistance distrib-utions: (1) niono,ton’ic increasing (2)
monotonic decreasing (3) peak or trough in the middle. ’I;hey, how-
ever, considered the problem only from the point of view of analysis.
This can b..e, inferred from their figures which show that their typical

resistance distributions, when carrying evenly distributed currentg,

result in different profiles far the short circuit currents. Since the

short circuit current reflects the profile of the magnetic field im-
pressed on the channel, it must, instead, be considered as a fixed
specification for the design of the power take-off. ’

In this paper, a true t\vofdimensioﬁal .'model has been developed
for the analysis and design of the ballasting .resis,t.ances. in -the power

take-off regions of the DCW channel. The results show that, even if

‘the plasma parameters are constant along a cross-section of the chan-

nel, the one-dimensional analysis falls short of giving an accurate
piéture, because in the power take-off regions, the current density is
not uniformly distributed along a normal cross-section. Moreover, it
is shown that it is not enough to aim at a uniform current distribu-
tion undcf design conditons, because unsafe cuurren,t concentrations
can arise under overcurrent situntions. It is alsu shown that, with
the proper design of the ballasting resistors, these passive elements
will not cause any loss of .oﬁtput power from the channel. The rea-
son is that the proper resistance distribution makes available to powér

gencration an additional section of the-power take-off region, so that

-3-



this additional generated power exactly bala‘nc,es the joule loss in the
resistors. ,Thé paper also considers the power take-off in the immedi-
ate region-in a different manner from-Pan and Doss4.

In Section II fundamental relations are derived. The.effect of
the power take-off s,chemeg on the output power 'is- considered in
~ Section III, and guiding principles for choosing resistors in the light

of efficiency considerations are obtained. In Section IV, the equa-

tions derived in Section ‘II and the results of Section III are applied

-t_o, specific designs. Comparisons with U-25B experiments are made in

Section V, and Section VI presents a summary and conclusions.

~ II.__ Fundamental Relations:

Consider the configuration and vector orientation of Fig. 1. The

electric ficld E, and the current, density T in the channel are related

as follows:
E. =1 (3 +pT.) 6D
X o0 ¥YX "™y . ,_
_ . o
By =B+ 5 Oy-pl) ().

where the electric field E satisfies the Maxwell equation:

8 p 28 g =0 ' 3)

= o
VAR VXE'-.aX v - @ X

and the relation established by the diagonal bar connection_ez

E, = - tand E,, | (4,)‘ ‘

y

fhus_ Ed. (3) becomes:

9 d - A '
.(tane, é—)_( + 'a'§) .EX,Y =0 o . (38)



The solutions have the functional dependence:

Ex(X,y) = Ey(x-ytane) and E_(x,y) = E_(x-ytane) (5)
Thus one obtains from Egs. (1) and (2),
Iy = 115z [(Btan0)E,-uB] a (6).
Ty = Tegz [(14B 1ane)E, +puB] | M

Since V~T = 0 in the channel, one can relate the current flowing in
the channel I(x) ta the current density 7 in the channel by integrat-
ing the current f{luw Lhrough the cross section cut along the diagonal

bar as shown in Fig. 1: .

h/2 3
160 = £ Tohda = = £ dy UL ¥) - Jy00pdene) - (8)

where A=Hh is the cross sectional area of the channel a‘n,d.
W=x+(y-h/2)tan6 is defined.

Substituting Egs. (6) and (7) into Eq. (8), the latter becomes

I(x) = A (1+tan?0) Bx(x-h'/Z)a_(x) + ATE(X)+tanA n(x)] - (d)
where
‘ h/2
_ 1 (W, y)
= kLW mED) | (10
h/2 '
-1 (W, y)
00 = f S 9 gy MO VB, 9)) (11)

[PORRE W
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h/2
E(x) = %i f dy | o(W,y) ﬁ(w YIUW,yIB(W,y) 1 A (12)

~h/2 14 (W, y)

Ex can now be expressed as

‘ oo M-I

EX-(X“h /2) = A (1+tan26)q(x) - (13)
where

I,(x) = A[E(x) + tan8 n(x)] o : (14)
is. the short circuit current correspondmg to (E —' 0).

A second relation is obtained by applymg the Klrchhoff's voltage
relation to .the circuit external to the channel a_s s_ho,wn in Fig. 2. In

the limit of vanishing electrode pitch, this relation becomes}: .

Ex(x_-h’/Z) | I(x) - 1 (x)

d d - X ' A
dx% [R(x) gx 1] = P PA(1+ tanze)oz(x) 15)
.where the relations Rn = R(Xn_) ‘and\In =P i(xn) ;—PdI/d.xiX':% are

émpfo.yed. Equation (15) constitutes the fundamental equation for the
power take-off within the framework of a two-dimensional analysis.
Evidence for the major differences between the one-dimensional analy-
ses. of Ref. 1 and 4 and the two-dimensional analysis is given by the
- different expressions for the X dependence in Egs. (10), (11) and
(12). This implies that even if the parameters o, B, and B are inde-
pendent of the ‘y variable, the results of the one-dimensional analysis
are still different from those of the two-dimensional analysis.

Eq. (13) provides a relation between the Hall field Ex and the
channel flowing current I. Since «(x) is a positively definite func-
tion, as' it appears from its definition in Eq. (10), the sign of the

Hall field depends on the sign of the difference of I and I.,. If the



.channel current I(x) at any point X is larger than the local short

circuit current Is(x), Ex lies in the same direction as the flow.

When such a Hall field reversa! occurs, the plasma in that region

operates in the motoring, or accelerating mode, thus reducing the net

output power level. Three typical Hall field distributions along the

channel are shown in Fig. 3 for three different loadings connected to

the nozzle and diffuser.. Fig. 3a corresponds’ to. the minimum loading
case (open circuit). Since I=0, no field rgv_ei‘sal occurs in the whole
region. With finite load, the field distribution acquires the shape
shown in Fig. 3b. Field Wreversal does occur in the inlet ahd outlet
regions due to. the weak magnetic field and hence low I When the
channel is short circuited,the field distribution is shown in Fig. 3c.
One observes that the channel region which generates pbw,er, i.e. fhe
regioh between thé positive and negative extremes in Hall potential
d.acreas_és with increasing loading. In order to optimize the output
power level for each given load (or operating point),: field reversall
regions must be reduced in extent or completely avoided, so that the
load voltage corresponds to the Hall potential difference between its
positive and negative extremes. This can be achieved by optimizing

the positions of the inlet and outlet connections and by designing the

- power take-off arrangement (i.e. the distribution of the resistance)

broperly.

" In the following, a(x). n(x) and £(x) are présented in explicit
expression for two typical magnetic field profiles. To simplify the
analysis, o, u, and v, are kept constant, while full variability in Jx

and Iy is retained.



Case I: B(x) =B

ot B_lx and hence .-B' = Bo + 5l’x = a }3, where

B‘o = aBo and a = e/mu

o . -1 A B,h tané
*() = 5p, tans " " TF[B, 6, (x-Hiane/2)IZ-(p htano/2yz . (16)

ou ; 1+(ﬁo+le)2 |
nxX) = Zanptane M W GoR@nO 1 - Qan
£00 = 2 (1-a(x)/0) o 8)

Case I_I: ' B(x) = B, (x0+x)2 and B(x) =.aB(x) = Bo(xofx)z

a(x) = —2 { 1 g(x) + L f(x)} - | 19 -
h “hyB tane 42 2J2 K
ax) = - —ou [ . g(x)- = ()] | (20)
- ahy_tané 42 22 ‘
£(x) = 55 (1-a(x)/0), | @
where
: -1 _ Boﬁﬁgtane{lwo[(x—htan6/2+xo)?—hztanze/tl]}
- E(x)=tan {1+|3'0[(x-htane/2+xo).2-'h?tan'ze/él]}?-2:30[(x-htan6/2+_xo')2+h?t'anze/4]

(22)

{Boi(x-htan6/2+x0)2—hztan20/4')]—JBO/Z Ahfane]2+(1+,/[3072 htane)?
{ﬁo[(x—htane/2+x o)2’—}12’tan?-e/4]+‘/;30/2 htan6]2+(1-\/ﬁ§/2 htang)?
(23)

g(x)=4n

* One should bear in mind that the value B  in Case 1 or x_ in Case II
are determined by the chosen positions of the inlet and outlet con-

nections.



I111. Effect of Power Take-off Schemes on Outp\it Power

The power take-off affects the distribution of Hall potential ana,
hence the output power. It is therefore worthwhile to examine, in
gencral, how the output level is -affected by the presence of resistors
in the power take-off leads. '

In the absence of resistors, consider the general loading model
shown in Fig. 1. The. inlet and outlet sections in which the diodes are
not blocking are short circuited; no power . is genérated in those sec-
tions of the channel but there is no joule loss in the loading scheme
either. The available power generating region of the channel is con-
fined between the last conducting diode in the inlet region and the
first conduct.ing diode in the outlet region; the output power is
Vg/Rz. However, if resistors are connected in series with the
diodes, it 1s conceivable to shape the profile of the Hall potential, so
that the power take-off regions are also made available for power
generafion. The additional generated power, for example in the inlet

region, can be calculated as follow,s:

Pyq =- ST REav

a
- *  h2 | o -
= - Hd[ dx {h/z dy {IX(W,y) Ex(x-h /2) f]"Y ( W,y). Ey(x-h /23]
i

-f dx I(x).Ex(x-h'/Z)
0. .

: X
f 2
=~ P R(xf) I(xf) i(xf) + Pf dx R(x) i (x) (24) .
o
where use has been made of Egs. (8), and (15), i(x) = dI(x)/dx is

defined as before, and X¢ corresponds to the position of the last con-



' ducting} diode. Since resistors are now connected in serics with the
diodcs, additional joule loss is also ex;;ected. This loss is calculated
"as follows: |

The exte’rnal. resistanceé in the power take-off leads are smeared
into an equivalent volume dlstnbutlon and a volumé current density

- 1(x)

Q}s_tmbutlon IYA and an equivalent resistivity p(x) are intro-
. _ , ) 2 '
duced. Thus IyA = EYA/p(x) and R(xX) = p(x) Hp- .where_EyA is the

electric field intensity inside the resistors and £ is the physical

' .length of the resistors.

The power dissipation in the volume of re31stance is then defined

X
£
Ploss = f IyA YA dv = He f dx IyA yA :
Xg ‘ _
= Pf dx R(x) i%(x) S (25)
0 .

Introducing the expression in Eq. (25), one obtains the following

relation
Poaa = Ploss PR(xf) I(xf) i (xf) Ploss : - (26)

It folblows.‘that, at best, the additional generated power covers the
loss in the ballasting resistors. Therefore, the condition for ob-
taining maximum output when resistofs are deemed necessary in order
to even out the current distribution, is to let the resistances be zero_"
in the last conducting lead of the inlet region and in tﬁe first lead of

the outlet region.



IV. Guiding Principles for the Design:

The resistors iﬁ the power take-off should be chosen, so as to
establish a uniform- current distribution under design conditions and
avoid dangerous current concentrations under off-design and fault
conditions. Case I, in which the magnetic field profile variés linearly
in space, is cons.idéred.'. Equations (15) through (18) are applied to
.determine current and resistance. distribut_ions for the #2 channel in
the U-205B facility. .The dimensione and the operating conditions used
in the calculations are given m Table 1. The leaas in the inlet and |
outlet regions, contain a diode .as well as a resistor while the leads in
the mid-channel havé resistors but no diodes. Sevefra] cases are
analyzed for the inlet connection, sy'mmetrical distribution‘s, are ob-
tained for the oﬁtlet. The first two cases deal with a channel de-
“signed for maximum output, | the other two for a High efficiency chan-

nel.

Case la: Inlct in a channel decsigned for high output with all diodes

conducting ( no spare diodes.)

The distribution of resistors needed to achieve a uniform design cur-
rent distribution is shown in Fig. 4a and the current distributions
corresponding to design conditions (curve I), reduced load current
{curve II), and enchanc_ed load current (curve III and IV) are shown
in Fig. 4b. One observes from curve II that with reduced current,
part of .the diodes are blocking. The load currént is distributed

among the reméining leads without exceeding the design value.

~11-



Undercurrent, therefore, preserits no problem and since this is al-

ways the case, undercurrent will not be discussed further.  With
higher currents than the design value, instead, curve III shows that
the excess current is. carried hainly by the last lead; thus creating a
potentially dangerous current concentration. This appears as a & -
.fuhction in curve III, because of the initial assumption of v‘anishingly
small - electrode pitch. Adding equal resistances in all leads (.14Q in
curve IV of Fig. 4b) would leave curve I and II unchanged and re-
duce somewhat the current concentration (See curve IV.) This,
however, would violate the condition derived in the previous section;
it would result in additional joule losses and reduce the output power.
1t becomes clear that allowance should be made for overcurrent in the
design stage by concentrating ‘the current over.a fractfon of the
take-off leads. This consideration, therefore, guides the design in

all the following cases.

Case 1b: Inlet in channel désigned for high output with spare block-

ing diodes.

It is now clear that, for the same load currcnt, the fewer con-
ducting leads are called upon to carry a higher current than in the
preceding case. For a take-off region extending over 1.5 hi' rather
than 2 hi' the current i is 30% larger. The correéponding distribu-
.t,ion'of, resistors. is shown in Fig. 5a. The value of the resistors has
decreased by one order of magnitude. The current distribution with
14% overcurrent is. shown in Fig. 5b. In this design, no current

-conce_ntra'_cion will occur for load current below 308.6A. With over-

-12-



current, additional leads start conducting. Since these leads contain
no resistances, the current I(x) in the channel attains the local value
of the short circuit éurrent 1 s(x) and the distribution of current i is
governed by the slope of Is(xj. As long as. the load current is less
than the value attained by the short circuit current. at the location of
the last lead, this will carry no particularly high current. Overcur-
.renté are expected to be more d‘angexfo.us in channels designed for
high efficiency, and, thefefo.re,_ for load currents which are a smaller
fraction of the short-circuit current. This situation is considered in
the next cases.

C.asé 1c: Inlet in channel designed for high efficiency'with most of

the diodes conducting.

As in thé'ﬁif;gfjvious. case, the channel is designed with the leads
extending beyond 1.5 hi having blocking diodes, but with a logd
current about 30% lower: As Fig. 6a shows, higher value resistors
are needed. Fur Llhis reason, when.hlgher than design current s
called for, the current callected in the resistive leads is below the
level of the short circuit current. This level is attained in the first
nonresistive lead, as shown in curve I of Fig. 6b. This lead there-
fore must carry excess current. Again this discontinuity in the
current flowing in the channel cause a 6 - function to appear in its
derivative, curve II of Fig. 6b, which represents the distribution of -
current in the leads, hecause of the initial assumption of vanishing
electrode pitch. To ward against the occurrence of such currenf
concentration an attempt is made to restrict further the number of

leads which are conducting under design conditions.

-13~



Case 1d: Inlet in channel designed for high 'efficiency with ‘half of

the diodes conducting.

The needed distrii)ution of resistors is shown in Fig. 7a. As ex-
pected from the more limited extent of the conducting region, the
~ value of the resistor is csmaller. However, it is not possible to obtair;
a smooth transition with the non-resistive leads. For this reason, in
| order to avoid the small loss. of poﬁfer output due to the finite value
of R(xf), as explained in Sec. II, one should make sure that, also
under design cbndit.ions, the first non-resistive lead is conducting.
As the load current increases, more non-resistive loads become con-
ducting, uniil none of the diodes 1s blocking, as shown in Fig. 7b.
No current concentration occurs even up tb 55% overcurren_t; Further
increases in the load current will be forceci upon the last conducting
diode. "1f a channel is expected fo. operate under such conditions for
a long‘ time, either more diodes should be ad_fied, or the whole take- .
off region moved towards higher magnetic fields, so that ‘t,hc load

‘current remains lower than the short circuit current.
Case 2: Mid-channel take-off

It is advantageous to be able to tap the current in midchannel in
érdexf to. gain operational flexibility. For uniform current distribution
the resistances éhould increase in value monotonically when the cur-
rent is taken out, as shown in Fig. 8a and décreas.e monotonically in
a similar fashion when current is fed in. ThAercforAe, when. the direc-

tion of the current is not known,a priori variable resistances should



be used. The'effect of a 20% varlatlon of the load current from a

design value, on the distribution of the lead ' current for a flxed

current withdrawn (10% of the design value) is shown in Fig. 8b. It

appears, that in the overcurrent case most of the current is withdrawn
from the first lead and in the undercurrent case from the last lead.

An attempt was also made to study the case of equal resistances to

.allow drawing current in both direction. The results are shown in

Fig. 9 for two cases. corresponding to two leads ha\}i'ng equal resis-
tances of 5 and 10 ohms respectlvelv, As experted, the h]gh rcslf‘-
tance reduces the amount of circulating current between the two .

leads.

V. Comparisons with Experiments:

Since dﬂat_a ‘frorn the seventh test on the U-25B faci]ity are avai'll-_
able, it is possible to check the two-dimensional theory with the ex-
perimental observations In these experiments equal resistancescf‘
W98 werc connected in series with all diodes in the inlet and outlct
power take-off regionis. A total of twelve leads in each region were |

connec}ted. The general features of the profile of the current distri-

','hution in the inlet region may be classified into two distinct cate-

gories:

1. Low efficiency, hi_gh operating load current, with field
reversal m the region of the last tWo or three electrodes.
For ‘instances, tests # 5361, 5495, 5586, 5656, 5784, 5797,
5886 etc. | | |
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2. High efficiency, lower operating load current, without field
reversal. For instances, test i# 5368, 5542, 5621, 5686,

5805, 5881, etc.

The outlet profile is much more irregular. This may be due to
the presence of an oblique shock near the channel exit, but data on
lead currents and interelectrode voltages give consistent evidence

(over many tests) of short circuited resistances .and loose contacts.

Tests #5797 and 5804 are chosen for the comparisons, since the
profiles’ of current distributions in the inlet region are typical and
can represent the general features of each category respectively.

Besides these two tests have significant output power: In test #5797 =~

the load current was 399A and the power output was 1386W. In test .-

#5805 the load current was 264A and the power output was 1296W. .
These operating conditions were probably close to the design expec-
‘tations. The time separation between the two tests was about 14
minutes. This also leads one to assume that most of the pai‘ameters
(for instance, the conductivity and the temperature, etc.) remained
the same for the two tests. The only difference between the two
te'sts- was. a.slight variation in background pressure, and hence, the
collision frequency and Hall parameter. Consideration of this slight
differencé in pressure was indeed needed to obtain the very good
agreement with the experimental data on the inlet current distribu-.
tion, as shown in-‘Figs. (10). and (11). This sensitivity of the
rcs,ults on slight pressure variation aftests to the accuracy of the

analytical procedure.



12.

Reasonably good agreement between theory and. experiment can

also be observed for the outlet current distribution as shown in Fig.

Four data of points of -test #5797 had to be discarded for the

reasons. mentioned above and the rapid oscillatory trend observed in

test #5805 could not be duplicated.

VL

Summary and Conclusions:

1.

An exact two difnensipnal- formulation for the analysis of power
take-off problems is obtained by ihtegra.ting the current flow -
through the cross section cut along the diagonal bar instead of
th_é com)entionally used normal cross, section. The result of the
formulation indeed demonstrates that the o_ne-dimensiona‘I analysis
can only provide a qualitative description of the power take-off
problems. This is because in the power take-off regions the

current’ distribution in the channel varies in both- x and y.

The cffect of -power takc-off schemes on output power level is
investigated. If only paséive elements are used, the scheme in
which the leads contain no resistances provides’ fnaximum output
power level. waevcr. broperly ‘designed resistance distribu-
tions can also give the same output level. The analysis shows -
that Wwhen the resistances, in series with the last conducting
diode in the inlet region, or with the first diode in the outlet
region are }f‘ini‘te, the output power is always Areduce_d. There-
fore, if resistors are deemed necessary, in order to even out the

current distribution, the last conducting lead in the inlet region
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and the first lead in the.outlet region should have zero resis-

“tance, in order to maximize the output power. In this case the

additionally geneArated power in the power take-off region balan-

-ces the joule loss in the series resistors exactly.

Guiéjng principles for the design are provided by. examples
ﬁhiéh show how to .determine the resistance distribution, so. that
uniform current distribution is obtained under design condition
and no current concentrations occur in the allowable range of

off-design conditions. Moreover, the power absorbed by the

'b‘allast resistors is withdrawn from the channel, without reduc- -

tion in the level of power delivered to the load.

Mid-channel power take-off (two leads only) is also analyzed.
The effect of 20% variation of the load current from the design
value on the distribﬁtion of the lead current for a fixed current
withdrawn (10% of the design value) is examined. It appears
that, in the overcurrent case most of the current is withdrawn
from the first lead, and in the undercurrent case, from the last

lead.

The results of this two-dimensional analysis are compared with

the U-25R experimental data. Good agreement is observed.

v
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| Table I: U25B Channel Operating Conditions

Channel Dimensions:

: Width: . = . h,i = 0:.1‘68@, ho‘ = 0.253m", 'hI—n = 0.19m\
Height: © H=h
Length: o - .4 ‘5m-‘ )
Magﬁeti; Field: =~ 5T mainnu’m_
Conductivl:ty (r e .inletits ﬁ/m, ,out:let 7 -IJ‘-I{m.
‘ flo_w Vel,q:c‘:i'tyjﬁ:,"' 1000 m/se;

Collision f‘requency: =1.94 x loll/s‘ec, gy = 3.23 X

U
n ouf

1011/sec
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Distribution of resistance for uniform current distribu-
tion under design conditions: tan 6 = 1, Bl = 0.7,
Bo = (0.287, 12 = 278A, ip = 23.2A

Lead current distribution: (I) Design case;

(II) Undercurrent; - (III) Overcurrent; (IV) Over-

current with augmented resistors.

Distribution of resistance for uniform current distribu- .
tion with 25% _spare blockmg diodes under de51gn
conditions: I = 270A, ip = 30A :

Lead current distribution with 14% overcurrent.

Resistance distribution for uniform current distribution
with 30% spare blocking diodes under high efficiency
design conditions: I g = 198.5A, ip = 23.2A

Distribution of current flowing in the channel (I) and
in the leads (II) under overcurrent condition:
1 g = 308.6A.

Resistance distribution for uniform current distribution
with 50% spare blocking diodes under high efficiency
design conditions: 12 = 198.5A, ip = 33.1A.

Lead current distributions under design and over-
current conditions.

Resistance distribution for uniform current distribution
in mid-channel leads. The design conditions are:
I 214.5A = zI ip = 10.725A, B. = 3.2,
s‘h = 0.149. | °

Distributions of the lead currents for a 20% wvariation
of the load current.

. Mid-channel lead current distributicns for equal resistances

(5 and 10 Q). 12 = 214.5A.




- Fig. 10
Fig. 11

Fig. 12

Current distribution at the inlet power take-off region of
the U-25B channel. I, = 399A, Power output = 1386W, Test
7, #5797. 2

Current distribution at the inlet power take-off region of
the U-25B channel. I, = 264A, Power output = 1296W, Test
7, #5805. A

Current distribution at the outlet power take-off region of
the U-25B channel. Iz = 399A, Power output = 1386W, Test

7, #5797.
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(h) Lead current distribution: (1) Design case;
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QUEENS GUARD

| / | RUTGERS The State Unzverszty |
o BOX 85
[ 'RUTGERS'STU'DENT. CENTER .

66 . | 126 COLLEGE AVENUE .

NEW BRUNSWICK, NEW JERSEY

A short history of the Queens Guard

The Queens Guard Trick Drill Team from Rutgers, the State
University of New Jersey was formed in 1957 under-guidance from
the Air F]” ROTC program, During the 1960's the team repre- .
sented New Jérsey in the 1961 and 1965 Presidential Inaugural
Parades for John F, Kennedy and Lyndon B. Johnson. In addition:.

the Queens Guard won the national parade championship in 1963.:

and the national drill championships in 1961 and 1965, Then,

" in 1968 the team went overseas for its first international

performance in the Edinburgh Military Pattoo in Edinburgh,
Scotland., In 1969 and 1970 the Queens Guard and the Scarlet
Rifles (Rutgers' Army ROTC drill team) merged to form the-
present day Queens Guard, a student run organization,

In 1973 the Queens Guard went on to take first place at
the national championshlp competition during the National Cherry’
Blossom Festival in Washington, D.C. During the summer of that
same year the team returned for its second performanee at the
Edinburgh Tattoo, Since then the Q.G. has participated in the
1976 and 1980 ' tattoos in Melbourne and Hobart, Australia; the
1980 Edinburgh Military Tattoo; the 1977 NATO Musik Festival

'in Kaiserslautern, West Germany and the 1974 Canadian National.

Exposition Scottish World Festival in Ontario, Canada. This

- summer the Queens Guard looks forward to participating in the

3rd Annual Durban Military Tattoo in the Republic of South
Africa,

This year the 17 member team is under the guidance and
leadership of its commander Verne A, James, Jr,; Jeff D, Dunne
it executive commander and Captian Richard Commisso its advisor.
Other team members include: Tom Barrale; Lewis Brooks; Chris+opher
Buhner; Richard Crosta; Kenneth Danielson; John Dick; Donald
Dubois; Richard Harsell; Gregory Lehman; Brian Mortensen; Alan
Moryan; Robert Plano; Terry Trepel; Patrick Woody and John Young,
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Fig. 5 _(a) Distribution of resistance for uri_iform current distribu-
tion with 25% spare blocking diodes under design
conditions: 12 = 2707, ip = 30A

(b) Lead current distribution with 14% overcurrent.
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with 30% spare blocking diodes under high efficiency
design conditions: I, = 198.5A, ip = 23.2A

(b) Distribution of current flowing in the channel (I) and

in the leads (II). under overcurrent condition: -

12 = 308.6A.'
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(a) Resistance distribution for uniform current distribution
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current conditions.

@



(A)

' 308.6
300

150

4(1_3) |

23.2 (A)



(Q)

23.56 |

20 |-

10 =

s 1
0 ‘ A .1 . 2 .3

%/ h

3.30 17 1

(a)

- -

.Fig. 8 (a) Resistance distribution for uniform current distribution

in mid-channel leads. The design conditions are: .
I, = 214.5A =4l _, ‘ ip = 10.725A, B. = 3.2,
© Bih, = 0.149. | | 0

(b) Distributions of the lead currents for a 20% variation
of the load current. ‘



(b)

(A)

33.90
0 1:198.5A |\
|
. |
ixP |
| o
15 b N
l
|
| :
- I-278A
0 | 1 | I ; ¥
0.0 .50 1.00 1.50 2
X/ hi
P




(A)

21.450

UNDER CURRENT

DESIGN

OVER CURRENT -

N x/h;



(A)

'25.40 | o ' - | R

58
30

| - S R=100
20 L. ' : 4
ixP

10 |-

0 e e el e ot —— — e om— — —— — w— ——

X/ hi

| Fig. 9 Mid-chanmne! lead curr«.nt distributions for‘ equal resxstances _
' ' (5 and 10 Q). 1, = 214.3A. . :



(A)

(A)
396 7 57.4
0 EXPERIMENTAL
300 j= l__. 50
L, Ig ixP
200 =
- 40
100 f-
o) N
\ . . I
g A | o1& Cr 27.3
0.0 50 1.00 © 1.50 2.00
x/hj
" ' Fig. .130

the U-25B channel I

Current distribution at the inlet power take-off region of

2= 399A, Power output = 1386W, Test
7 #5797. T _ : A




(A} R o

150 |-

O EXPERIMENTAL

o Z | | i ' i ‘ 0
2.0 - .50 - 1.00 , 1.52 : c.00

X /h;

Fig..11" Current distribution at the inlet power take-off region of
' the U-253 channel. 1 g = 264A, Power output = 1296W, Test
7, #5805. ] , ' :



Ay I (A)

377.0 .~ — 36.5
355.6 5
300
I,Is - 32.5 1P
200 : ~
| | | | | — 30
100 ) . . | . N
by . / O EXPERIMENTAL N \o
~\ - 27.5
| \_:7 o ,
0 S S ﬂ ! > 26.6
0 050 +  1.00 1.50 o 2.00
x/hj |

Fig.. 12 Curren,tﬁistribuﬁon at the outlet power ‘take-off region of
i the U-25B channel. I, = 399A, Power output = 1386W, Test
7, #5797. .. - * SR |



 APPENDIX D

WALL LEAKAGE EFFECT ON NON- UNIFORMITIES IN
DIAGONAL MHD-CHANNELS

S. Kuo, E. Levi, and B. Cheo
Polytechnic Institute of New York

Route 110
Farmingdale, NY 11735

ABSTRACT
The effect of wall leakage, symmetric as well as asymmetric is -
examined in the linear and nonlinear regimes. . It is found:

1. The range of wavelength in the nonuniformities is
reduced and in the asymmetrlc case splits into
two separate pass-bands.

2. Depending on the wave length, forward waves can
- propagate both upstream and downstream, back-
ward waves only upstream. :

3. The growth rate is minimal when the leakage at
the cathode wall is four times that of the anode
wall. S

4. 1In all cases, a resistance introduced in the diago-
nal bars reduces the growth rate by a constant.

1.1 Introduction

.Recently, experihental results in the U-25 and U-25B Soviet
facilities have shown that the performance éharacteristics of MHD
channels may be strohgly- degraded by the presence of large scale
electrical nonuniformities in the current distfibution. The stability of

the channel with regard to these nonuniformities, then, becomes one



of the most important factors in achieving economic and reliable genef—
ation of electric power by magnetohydrodynamic -means. For this
reason much effort has been devoted in trying to unde’rstandthe
origin of these fluctuations. Solbes and-.Lowenstein1 have performed
a ;tvglq-dimensional linear stability analysis of the MHD channel and
have been able to explain the development of the observed spatial
fluctuations in the Hall field in terms of the arc-mode transfer of the
current to the electrodes. Their analysis determines the conditions
for which the negative voltage-ampere characteristic of the arc over-
comes the ballasting resistance of the plasma and leads to the devel-
opment of electrical nonuniformities. Since the ballasting resistance
becomes smaller as the wavelength decreases, their theory predicts
that the fastest growing modes'have shortest possible wavelengthsl, in
the order of the segmentation pitch. This is in good agreement wifh
the expérimental observations obtained in their diagohal Faraday
channels. . - |

- In contra'st,‘ Kuo et al® have focused on the subject of the
development of large scale nonuniformities observed in the experi-
ments of U-25 and u-2583+4 facilities. They have preéented a non-
linear analysis of the nonuniformities.in the diagonal MHD channel,
and concluded .that nonlinear mode-mode coupling is the mechanism
responsible for the transfer of energy from the short wavelength
linearly unstable modes to the long wavelength modes. The temporal
-evolution studies of th_e nonlinear instabilities enabled them to estab-
lish a stability criterion expressed in terms of a normalized ballasting
resistance. Their numerical results have also demonstrated that the
diagonal bar connections are responsible for the spread of the local-
" ized stationary nonuniformities. Although the theory provides "good
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"aéreenxent with the experimental observations of U-25 and U-25B
facilities, the analysis did not include the effect of wall leakage, and
hence of the coupling between frames. " | |

In the following, the stability ‘problem of an MHD channel having
ai‘k‘;i'ffary wall charactefistics is considered. A general set of coupled
nonlinear equations is formulated from the circuit model shown in
Fig. 1. The procedure of formulation is presénted in Sec. 2. Sec-
tion 3 deals with the linear stébilify analysis. .An equivalent éir_cuit
for the origingl mudel of the channel is derived. This equivalent
circuit provides great insight about fhe stability - behavior of the
channel' and the effects of wall leakage on the instabilities. Moreover,
the neutral stability boundaries are .<also -establishcd.. ~ Nonlinear
coupled mode equations are derived in. Sec. 4 for the two limiting

cases of cdmplet‘e symmetry and asymmetry at the cathode and anode. .

The effect of wall leakage on the nonlinear developmeht of large scale =~

nonuniformities is ‘discussed. The main finds are summarized in

Sec,5.



2. Formulation ‘With Wall Leakage

. In the absence of current leakage along the walls of the channel
the current in each frame does not depend on the interframe voltage
-and the temporal evolution of the current fluctuations is governed by

a single rate equation. The wall leakage, however, introduces a

. coupling between the frames and more equations are needed. These

are obtained in -the limit of vanishing electrode pitch by applying
~ Kirchhoff's volltage anc current laws to the channel model shown in
Fig. 1.

Current continuity leads to:

Ty 00 =100 - P 2 Tya (x*h'/2) S ¢h)
Te(x) = T,(x) + P & Tpe(x-h'/2) | @ .

where TA(X) = -HP TA(X‘\"}]'/Z) and TK(X)-'- -HP _TK(X'h'/Z): and vol-
tage loops lead to: Lo .

o : - d 11
Pflx(x+h /2,0/2) =TyypSyn * Pay oo {-JIO#fA - I ) 3
PE, (x-h'/2,-h/2) = Ty Sy - Poy o 7 jf, - 411 ) @
: ' © ._K : o .
L2 T= a0+ a0, -5, Tk ay Jio - J12+TA) * ag -J}—o JI:{sz)
where : ‘ |
- [Te(x‘)-P%T‘V_(x')]coslt(x-x')[cosh(kh)ecos(kh"-)] -
Ay = -ff MGHKPSIA(KRY — axidk
and | | .
[2r T (XD ISInCxext) 270
87, = 55— 18 - SRk ARk



are the ohmic voltage drops across the free stream plasma resistance
. from cathode to anode resulting from the current fluctuations. The
" last terms to the right in Egs. (3), (4) and (5) are the idealiz'ed,
nonlinear éharacteristic of the anode and cathode arcs ,which serve as.
sources for the instabilities. Also the definition TWt(X) = %
['IVWA(x+h"/2) + AiWK (x-h'/2)], has been used in A\71 and AV,. The
assumption of vanishing pitch may be justified if the wave lengths of
the ﬂuctuatiqns under. consideration are longer than several electrode
pitch. Eguations (3)\aud (4) can be reexpressed by subvtracting and

adding one another and become:

T

=~ ~ _ o 3 9 ‘
Iw+$w_+ Iy- Sw+™ PIL 3¢ 5% Te * Se ax Lel .(6)
28 > %A K 2P
S wilyw Sw3 I, P21 )P | ] 7 (x)
W+ " W+ W- " oH X W oX ‘ho +ivA JI X (7).
where the relation E. (x+h /2,h/2)-E (x-h /2:h/2) = -—(Av +Av2) and the x

deviative of Eq. (5) have been employed to ob,tam Eq. (b), Generalized
Ohm's law has been used to derive Eq. (7),

. [P 2.1 (x')]sink(x-x’)[coéh(kh)+cos(kh")]
_ 1 d W+ ,
T 0 = - gp S — ISR (KR)

L 1T, xD-P=32, Ty, (x') Jcosk(x-x")sin(kh')

} dx'dk:
2nsinhi(kh) -

is the averaged fluctuating current density along the core boundaries

and S SWK' Equations (1), (2), (5), (6) and (7) provide a

WA =
complete description of the effect of wall leakage within the framework
of the circuit model. With no wall leakage, Eq. (5) reduces to the

‘rate equation of Ref. (1). and (2). The rate equation (5) clearly



: ' _shoWs that the ﬂuétuating current T:e“is coupled to the fluctuating
lWall ‘leakage currenfs thx'oﬁgh both " the. plasma and the arcs. To
study the effect of wall leakage on -th'e4 stability of the fluctuétions,
the nonlinear ‘qu. (5), (6) and (7) have to be solved simulianeously.
:A'ﬁle' linear regime will be considéred first, since in this case each

mode k can be considered separately.



3. Lmear Stablllty Analysxs

The nonlmear arc terms are hneanzed by keeping only the first
expansion term, so that Eqs (1), (2)', (5), (6) and (7) can be
combined to obtain a smgle rate equetion for the k mode of the fluc-
tuatlon current I Sin-cevthe ballasting effeet of the free stream is
'wavelength dependence only the short wavelength modes are linearly
unstable, and are of interest in the linear regime. For the short

wavelength mode k, the rate 'equation governing "I'P(k) is:

| ' IS, |+igS IS_|-igS
3 % ey = g et ‘WA[ + P

L2 T(k=-{S . . - 1T (%) (8)
ot ‘e e IS, [+1BS IS..1-18S e _

SWK+SK “‘E‘z—B N N e

where Sp = (ﬂz—I_Pk is the ballasting resistance of the free stream,

H ]

SWK = SWK/kZPz, SWA WA/l(2 2 are the effective resistances of

cathode and anode wall respectively, and SK = K/213/ 2 and

Sp = —aA/213/ 2 are the negative cathode and anode are resistances

serving as sources for the instabilities.

Without wall leakages, Eq. (8) reduces to the previous result.l"‘
" Eq. (8) can be represented by the equivélen_t circuit of Fig. 2. Itis
seen that when leakage is present, the wall leakage impedances are
essentially shunting the arcs and the plasma. The Hall effect intro-
duces reaetances of opposite sigh at fhe anode and cathode. Unless
there is complete symmetry in the arcs and leakages at the.anode and
cathode, these reactances cause the fluctuations to oscillate in time as
well as space. It should be noted at this point that, whereas the
ballast resistance of the plasma ISpI is always positive, the signs of

the reactances BSp change with the' sign of k. The Hall effect also



- enhances tho overall ballasting effect of the free stream, as will be
“shown later. The solution of Eq. (8) indicates that the fluctuations
- oscillate at the complex frequency w=wo+iy, the growth rate and the

oscillation frequency W, of the k mode are obtained from Eq. (9) as:

Sic (St 15, 1/2) Sy S+ 1S, 1/2)+6°55/4)

yL = -{S, +

S 1 \(d | 2.2

Suwnl(Sat]S 1/2)(5,,a+Sp*1S 1/2)+6Sp/4]

+ WA A b WA ZAZPZ S )
(Syn*Spt15,1/2%40%8, 2/ ‘

B L Sa
“’oL"‘ZR{('+5+ T T e ae e e Ty
» Suict Sk 1S, 1727875 /4 (§gptS eI /2008 2/

C : '4 12 12 1 ' oy 1 2 ' 2 2‘21
25,05t S8, 1§D Sy 18,118 )-8 S [ (Sy38, 18, DS yrs S, )

' 2,0¢ 2 NRYEY RRY
[(8g4#5,#15, D +B%8 ;% (5_16y )71+ 285,05+, )]

o 4 1 1 1
where S.izsAiSK and %Niz%»]AiSw_K' |
By setting y < 0 the following stability criterion is obtained:

? .
S. S

B ' \2,q2c 2 ' \2 ! . e "W+
. [(S++|Spl+%v+) +B Sp -(S_+§V_) ]{(S++|spl+%+)(s++lspl + .S_{-_S;V'—
. . e +
2. 2.2 Sw- ' A
t S-S s, [25.8¢+5y_(5,#1S51+5)1F
2¢ 2,4 ' '
NN O R e , )
(5 *5rs)

'This criterion is, in general, different from that cbtained by Solbes

1

“and Lowenstein®. For symmetric wall characteristics (S\;V_=O=S_), 'Eq.

. (11) reduces to



. . 1
' . Se Sy 24 2,

+
e W+
. .‘ : . 13 ' ’ . .' ‘ .
the neutral stability boundary in the (-S+/ISp|, S\M+/ls.p|) .plane is .

then given by the two curves:

-8,/1851 = 3 {2480/ 15, 1460 Se/(§a 18IS 11
£ 8,5/ (8815 288 : )

The boundary givevn by Eq. (13) agrees with the result of Solbes and
Lowensteinl, except that they found an additional oscillatoAry domai’h.
This ?annot exist, as can be seen by introducing symmetric cénd_i—.
tions in Fig. 2 and Eq. (10), which reduces to wOL=O..

In a channel with asymmetric wall leakage, there ére, instead,
two unstable regions separated by one stable region. These are best
studied starting with the case of the most pfactical interest when the

wall leakage is weak:

3.1 Weak wall leakage

In the limit of weak leakage, S,/IS,| > 1, the Hall effect
terms 5285/4 in Egs. (9) and (10) can be neglected and Eq. (11)

reduces to four asymptotes described by the following straight lines: .

-S,/1S,1 = 1+ (S./1S 1) o SR ¢ LY
- - l-a TWt :
S+/|Sp| 1B Ts—p'l o ' (15)
2 2 -
(1-a™)S,,. /1S |+(a-b)"s /IS |
-8,/18_| = Lt e p (16)
p 1-b



]
b

S .
_ 1ta "W+
"S+/'I'Sp| = 1B Tgr;‘ o Qan

where a = %:V—/%:H and b = S_/s, represent indexes of the degree of
asymmetry in the channel. In the analysis, they are assumed to be
parameters varying between -1 and +1. As %:H decreases the Hall
" effect terms must be considered; these straight lines curve to eonnect
(14) and (15), and (16) and (17), thus limiting the extent of the
instability domains, ‘as shown in Fig. 3 for the particular case of b=0
“and a=0.6. In order to assess the effect of 'esyfnmetry, one should
start from the symmetric condition. In this'caeef the lin}es'»given by

' (15)- (16) and (17) reduce -to the smgle ]me =S, %\H' whlch_‘

connects with (14) to form the smgle neutral stablhty curve repre— | )

sented by Eq (13). As asymmetry appears between the cathode and
anede walls, the straight lines (15), (16) and an spht up - A new |
| stable region appears between lines (15) and (16) and the extent of
the stable region above line (17) is decreased. | | ﬁ

This peculiar behavior on the stability of the channel is due to
the shunting effects of the wall leakage reactances on the sources of
'_;the fluctuations, the arcs. In the eymmetric case, the presence of
leakage modifies the source impedance from S ++|Sp| into

' '

SW+(S++|SpI)/(%++S++lsp')‘ ‘This expression changes sign twice as
the negative arc impedance S, increases. It is positive as long as
|S+| <‘ [sp|. A further increase in 1S,1 makes the source impedance
‘sufficiently negative to overcome the ballasting eftect of the resis-
tance Se of the diagonal bar. The channel then vbecomes unstable.
Stability is regained, however, when |[S_| is sufficiently large to
render negative the denominator, as well as the numerator of the

source impedance.
-10-



1
As the dencminator SW++S++|Sp| approaches zero from the posi-

tive side the growth'rate which is given by

t ' '
Sys {(8,#15) (8, #8,#18 s *
' S, #5,+IS_| ¥+ °
( w+ + I pl B p

(19)

YLz_Se

would increase without bound if it were not held in chéck by the Hall

effect term 525 2 . This may result in a growth rate having a larger

P
value, than in the absence of leakage, as can be seen from Fig. 4a.
In the case of asymmetric wall characteristics, the source: impe-

dance  has two components

1 t 5
DWA(SA"'lSpI/Z) S'WK(bKﬂbpl/Q
SeatSptIS,l/2 Sk Sk 15pl/2

instead of one. They change signs for different values of S+=SA+SK‘

+

"Since the term which undergoes a change in sign in the denominator
becomes infinitely large, and hence dominant, the sign of the com-
bined source impedance changes four times. As [S,1 is incrcased
along the vertical line I of Fig. 3, one crosses four stability boun-

daries.

3.2 Strong Wall Leakage, Hall Effect

The stahility of the channel is increasingly affected by the Hall
reactances, as the wall léakage becomes stronger. It was already
mentioned that they have a stabilizing effect. The reactances con-
nected in series with the arc sources reduce the growth rate, and in
the limit §;+<<—(S++|Sp|),\they completely prevent the onset-of insta-

bility, as can be seen from Eq. (18) and Fig. 3.

-11-



In addition the Hall effect causes oscillations to appear, when-
ever the anode and cathode walls have dissimilar characteristics.
| If, for instance, seéd deposition completely short-circuits the
cathode (SWK=O), while the anode retains good insulation (SWA—mo),
Egs. (9) and (10) become

YL = =[S, * 5(S,+1S, D) (19)

g :
w L = - EZE ) ‘ (20)
A comparison with the value of y when no leakage is present on
either side, shows that the source value is halved, as can be ex-
bected, since only one side of the channel is functioning. Moreover,
the absence of a Hall effect tefin in Eq. (19) shows that the stabiliz-
ing effect of the Hall reactances depends on the degree of asymmetry.
Figures 4a and b show that it is maximum around |a| ~ .6.
| N Equation (20) for the oscillation frequency shows that the Hall
term, which couples with the loop inductance L, represents an equi-

valent capacitance of value Z/fsspwo.

3.3 Wavelength Dependence

3.3.1 Growth Rate

Both the free-stream plasma-resistance Sp and the normal-
ized wall leakage resistarices %'V are fﬁnctions of the wavenumber k|
.of the fluctuations. The ballasting effect of the plasma resistance
decreases in proporti(;n to the wavelength and leads to the onset of
the instability at a certain value of |k|. The growth rate increases,
then, with k. Beyond a certain value, however, the damping pro-

vided by the wall leakage effects, which are quadratic in k, takes
C-12-



over and rapidly quenches the instability. “This band-pass behavior
is clearly shown in Figs. 4 and 5 which portray the growth rate of a
channel with high and low anode wall resistance respectively, and
with varying cathode wall leakage.

Figure 4a clearly shows that, as the cathode wall leakage in-

_cresases, the growth rate decreases. In fact for intermediate values

of asymmetry the unstable band (y > 0) splits into two bands sepa-
rated by a stable band y < 0. This could be expected from the
discussion of the stability boundaries, since for the channel of given
characteristics a variation in k corresponds to the tracing of a
hyperbole ‘in the s+/|sp|--s‘;/15p| plane. Curve II and III in Fig. 3
represent a channel having the dimensions and operating points of the
U-ZSB channel #1, under conditions of weak and strong wall leakage
respectively.

The general trend is more graphically displayed in the 3-dimen-

“sional plot of Fig. 4b.

A comparison of Figs. 4 and 5 shows that, the greater the anode
wall leakaye, lhe smaller the value of k at which the instubility is
cut-off. In the common range of wavelength, the curves for the
lilmiting cases of a=0 and a=1 almost overlap.

3.3.2 Frequency

The dependence of the frequency on the wavelength of the
ﬂuctuations is depicted in Fig. 6 for lhe case of -high anode wall
resistance. (Similar trends are obtained in the case of strong anode
wall leakage.) Again, the degree of asymmetry (a) serves as a

parameter. Starting with the symmetric case represented by the top

" line (a=1), one observes that W, is zero in the whole range of k.

-13-



: However, with the smallest degree of asymmetry, regions with positive
~and negative frequencies. can be detected. A comparison between
Figs. 6 and 4b shows that: the maximum in the range of positive
frequency occurs at the peak of the growth rate, and the minimum in -
the range of negative frequency occurs at the instabil‘ity cut-off value
of k These extremes in frequency, as well as the zero crossing,
divide the wavelength domain into modes having gfoup_and phase
velocities in the same and opposite directions. Starting from ihe
longer wavelength end (small k) one finds that both phase (w/k) and
group velocity (aw/ak) are positive. This is a forward wave-mode
propagating in the direction of the diffuser. Beyond the peak in y
the phase velocity is still positive, but the group velocity becomes
"negative. This is a backward wéve—mode propagating towards the
nozzle. Beyond the =zero cross-over point in w, both group and
phase velocities are negative. This is again a foward wave mode, but
propégating towards the nozzle. The mode beyond the instability

cut-off point (y=0) is of no interest, since it is damped.

3.4 Effect of the Diagonal Bar Resistance

| The diagonal bar resistance S e has a stabilizing effect. Equation
(9) shows that S o reduces the growth rate by a constant. Therefore
all that is needed to account for Se is a shift in the zero lihes of
Figs. 4 and 5. Also according to Eq. (14) and (16) and Fig. 3 the
main effect of Se on the stability boundaries, is to increase the

extent of the stable regions.
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4. Nonlinear Mode-Mode Coupling
To examine the pdssibility of transfer of enérgy from the short
wavelength uns{able modes to the long wavelength modes, one extends
the procedure outlined in the pl;evious pape'rz. Namely, one con-

_sj;de_rs two current-fluctuation modes:
Te= Tl(k1)+~”1"2(k2) and i”w =1”w1 (1<1)+i“w2 (k) (21)

where Tland le are the linearly stable long wavelength fluctuations
(k1 ~ 0) and TZ and fwz are linearly unstable short wavelength cur-
renit fluctuation modes centered around the wavenumber kZ' Again,

as before two extreme cases are considered:

4.1 Symmetric Characteristics <S—=0:SV'V- )

In this case f;_ = 0. By letting I, =1, and S, =0, intro-
ducing Eq. (21) into Egs. (5), (6), and (7), and then expanding the
nonlinear terms to include the first nonlinearity, one finds that the:

coupled mode equations for Tl and Tz are:

- S 2002, 2
L 3T, = - [5;+s, + -RHEtan®) jy
(aﬂ++zsp/k2h)
. .
3 ' NS '

+3 i;‘ (af + (208, (W28 HTe1) < T ) (22)
I PR Y S SO N R |
L § T, = G [ 5,078 )71 T, | (23)

where A - §e+tlISp1 + S, (- 3 T, /1)1, tane=ht/h, Sp=§p(k2),
SW+=£§N+(k2), < > stands for spatial average, and Slfh(1+tan 8)/0HP
is the free stream plasma resistance for mode 1. Equations (22) and
(23) reduce to the previous result of Ref. 2, in the limiting case of
no wall leakage (Sw++<»).

-15-



It was mentioned before that the effective arc sources display a
singular behavior when leakage is présent. Even though the leakage
may increase the growth rate of the short wavelength unstable modes
in a narrow k interval around kz, the rest of the modes is stabilized.
This significant reduction in the extent of the instability range, leads
- to a reduction of the total vcu.rrent Tz carried by the short wavelength
fluctuations and thereby of the transfer of energy from the short
wavelength unstable modes to large scale nonuniformities. Equation
(22) shows that leakage, “as represented by Sv'v+(k2), adds both
negative damping and forcing terms which enhance the large‘ scale

2

nonuniformities only if Bz < tan“6 and

L Bs SIS 148,131, /215) 12

+

-, where I,Spl+s* (1-311/210 <0
—2[|sp|+s+(1-3T1/210)] -

" by definition.

4.2 Extremely Asymmetric Wall Leakage Characteristics

=0, Syp=®, and S_=0=5)

(Swx=0. Syp

In this case T'WA = 0. By letting IWK

fW+ = fw_ =fw/2, and using the same approach as in the prevjous

= fw and, hence,

case, one obtains the coupled mode equations for Tland 'fz
L 52T =- [s, + h(1+B )/oHP) T, + 35, 1/41 | (24)
o .
L 57 Tz - Z (s*+|sp|-ussp)1 + 38 11 12/41 (25)

Obviously, Tl is not coupled to the linearly unstable modes TZ and the
process ofAener.gy transfer from the short wavelength unstable modes
to the long waizelength modes will not occur. Equation (25) is also

consistent with the results (19) and (20) of the linear analysis,namely

-16-



"~ "that the growth rates of the unstable modes are reduced by half and

instabilities will oscillate at frequency W, = —BSp./ZL.A

- -17-



5. Summary and Conclusions

Wall leakage affects the performahce of an MHD channel in a
very complex way. - Considerable insight can be gained by first
considering the excitation of cufrent-distri-bution nonuniformities,
having short-wavelength and " small amplitude. The channel can then
be modeled by the equivalent circuit of Fig. 2.

It appears that the anode and cathode wall resistances SW shunt
the series combinations of a nega'tivé arc resistance S, which is the
source of the ins’tébility, the resistance of the plasma free stream
IS-I;|~, and a reactance ijB»Sp, due to the :Hall effect. 44"I‘he. most signi-
ficant result of this parallel arrangement of positive and negative
rgsistances is the occufrence of a "paraliel resonance”" phenomenon
which leads to a sudden change from negative to positive damping of
the nonuniférmities. . | | |

With ing:reasi_ng magnitude of the negative arc resistance S,
instability is excited when the arc overcomes the ballasting effect of
the ffee-st_ream, plasrﬁa,resista‘nce ISpl. Rapid restoration qf stability
oCcurs,' howéver, when w1th further increase in |S|, the wall leakage
paf.h draws more current than can be supplied by the arc source.
The remainder, then, must come from the external circuit by dis-
charging whatever magnetic energy happens to be stored in L.

It follows that the domain of instability in the S-S5y plane is
bounded. The stabilizing effect.res'ulting from the reduction in the
extent of the unstable domain is, in the case of wall leakage, coun-
terbalanced by an increase in the érowth rate y, above the value it
would have in the complete absence of wall leakage (see Fig. 4a).
This increase is restricted to the neighborhnod of the "parallel reso-
nance" condition. -

-18-



If the anode and cathode have dissimilar characteristics, such
"parallel resonance" cut-off does not occur simultaneously .at the
anode and at the cathode, so that the domain of instability splits into
two regions separated by a stable one, as shown in Fig. 3.

The ballasting effect of the free stream plasma is linearly depen-
dent on the wavelength, while the shunting effect of the wall leakage .
is quadratic in the wavelength. It follows that the unstable domains
in the S +/ ISpl-Sw+/ |Sp| plane of fig. 3 transforin into band pass filter
characteristics in the y-k plane of Fig. 4. With increasing wall leak-
age the . cut-off point shifts toward smaller k, thus. stabilizing an
| increasing range of ‘short wavelengths, until instability is eliminiated
' com;iletely °(see Figs. 5 and‘3). A

As long as symmetry -'px;evai]s at the anode and cathode, the
effect of the opposite signs in thé Hall effect reactances, balances out
and the non-uniformities remain stationary. The slightest ‘asymmetry,
however, is sufficient to introduce a temporal dependence. Thei‘efore
the non-unifo;mitigs become traveling waves which propagate toyva’rd
the diffuser or t}ie nozzle, depending on their wavelength. More-
over, both forward and backward waves may be excited.

. As 'the amplitudes of the fluctuations increases,'energﬁ/ is trans-
terred from the short to the long wavelength modes by the nonlinear
mechanism of coupling. This mechanism becomes less efficient, as the
wall leakage increases and, in particular, for the case of asymmetry.

How do these thgoretical findings stand up against experimental
evidence? " Unfortunately theré is a dearth of reliable data. As was
mentioned before, nonunifoi‘ix\ities extending over a waveléngth as

large as the width of the channel were observed in the U-25 and
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U-25B Soviet channels®+4. - The absence of the fast growing short

‘ waizelength modes can now be explained either by the mode coupling

mechanism, in the case of weak wall leakage, or by the wall leaka'ge

 effect if significant. It is interesting to note that the U-25 channel

was loaded by connecting each frame to a resistive voltage divider

which duplicated the effect of strong asymmetry in the wall leakage.

- This arrangement evened out the interelectrode voltages at the ex-

pense of strong current nonuniformiti_eé which caused the blowing of
fuses in'the frame leads. As for the #1 channel in the U-25B faci-
lity, there was plenty of leakage, symmetric or otherwise.

" In both facilities the sweep rate of the data acquisition system
was too slow to detect temporal fluctuations. It is hoped that this
analysis will stimulate more experimentation performed With better
instrumentation.

Without the backing of experimental evidence it would be pre-

sumptious to draw from this analysis guiding principles for the design

of MHD channels. A few comments, however, are in order.. A cer-
tain amount of wall leakage and its asymmetry due to preferential
deposition of seed at the cathode seems to be a reality to be reckoned

with. Two methods for the contro!l of the nonunitormities in the

" diagonal conducting wall channels have been tried out. AVCO intro-

-duced nonlinear resistors S.e in the diagonal link. The Soviets intro-

duced what in effect amounted to an artificial and asymmetric wall
leakage. = Even though both methods should eventually develop into
dynamically adjustable and nondissipative controls, the present anal-
ysis can provide some clues on their relative merits in specific situa-

tions.
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- Figure Legends:

Fig. 1  Two-dimensional model of MHD channel for studying the

Fig.

Fig.

| Fig.

~ Fig.

Fig.

effect of wall leakage on the nonuniformities.

Equivalent circuit of the two-dimensional channel model.

5 e - 2,2 A 2552

SszK/ZIg/ 2), SAz-uA/gzlg/ 2), g=Hall baraiueter;

Stability boundaries for generator with asymmetric wall.

‘leakage. a=0.6, B=2 and 0 < S, < 8.

(a) Growth réte VsS. ‘normalized wave number in éhannel
with _Weak anode  wall leakage: p=2, -5,=40, se'=o,
.khS_~p=2h/c“rHP=SQ, 0cacl, and S, h%/P?=1000. N

(b) ' Three-dimensional plot of Fig. 4(a).

Growth rate  vs. normalized wave humber in channel with

strong  anode wall - leakage: g=2, -5,=40, S =0,

: _ _ . ‘ . . 2 2-
..khSp.—Zh/oHP—8Qi 0<a<1 andew‘Ah /P7=300Q..

Frequency vs. normalized wave number in channel with

" weak anode wall leakage of the case of Fig. 4(a).
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Nomenclature

. -~-Io = b’ackgr’bund dc.currént

H = électfode segmentation pitch

" h = width of the channel -

;) = 'aﬁgle of the diagonal link
h' =htan 6
X = longitudinal coofdiﬁate
y = transverse coordinate - '

'S'e = externally connected resistance in"'_che diagonal'bars

Téx) = total fluctuating current in the diagonal bars
;"Te(k) = k mode componént of the‘fluctuatin.g current -

k= wave number
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' Fig. 1. -Two-dimensional model of MHD channel for studying the
effect of wallleakage on the nununiformities,
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Fig., 2. Equivalent circuit of the two-dimensional channel model.
: ot _ 2 2 ‘ _ 2 2
Sp= z/(onpg, SWK = SWK/k: p /- Swa = SWA/k P,
Sk =- “K/ZIQ ‘).‘ <SA% 'aA(jZIb ), B = Hall parameter.,"
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‘Fig. 3. .Sté.bility'boundaries for generator with asymmetric wall
leakzge, 2 =0,6, B=2and 0<'Se< 8%2.
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(a) Growth rate vs, normalized wave number in channel
.with weak anode wall leakage:' B=2, -5, =40, S_ =0,

khS = 2h/GHP =82, 0<a<1, and S ,h?/P2 = 1000,
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DEVELOPMENTS IN LASER BASED DIAGNOSTIC TECHNIQUES

S. LEDERMAN

Aerodynamics Laboratories, Department of Mechanical and Aerospace Engineering
: Polytechnic Institute of New York
Farmingdale, New York 11735, USA

Several laser based diagnostic techniques, applicable to -
fluid dynamic and combustion research consistiag of the
spontaneous Raman effect, coherent anti-Stokes Raman scat-
tering, coherent Raman gain spectroscopy, laser induced '
fluoreacence and the laser Doppler velocimeter are dis-
cussed. Characteristic features of each of these techniques
are brought forth. It is shown that these modern, laser
based diagnostic techniques are capable of measuring most of
the variables of interest in fluid dynamics and combustion
research. Among these are the temperature, gpecies concentra~-
"tiom, velocity, turbulent inteusity temperature and concen-
tration fluctuation as well as a number of correlatiom and
crosscorrelation parameters. Practical examples of the ap~
plicability to flow fields and combustion diagnostics are
presented. .

INTRODUCTYIOR

The appearance of the laser and its introductioun into the field of spec~
troscopy was a turning point in the development of light scattering diagnostic
techniques. In a relatively short period of time, laser based diagnostic tech-
niques emerged as major investigative tools in a number of branches of the
physical sciences. Since in this work the application of laser based diagnos-
tic techniques to the iavestigations of flow fields and comhustion systems are
of interest, only some of the techaiques which have been succeasfully applied,
and vhich present some potential promise in the future for those iavestigationa

-will be discussed. ) )

Some of these techniques as mentioned previously are based on light scat-
tering. A number of scattering processes have been considered for diagnostic
purposes of flow fields and combustion systems. Among these the elastic scat-
tering processes such as Rayle;ghl 3 and Mie“ and the inelastic scattering _
processes represented by Raman, near-resonant Raman®’7and fluorescencel8 20
have been extensively investigated. Qther processes which could be utilized in
combustion and flow field diagnostics are the absorption and nonlxnear optzcal
processes. The latter are regresented by coherent anti-Stokes Raman?!”27and
stimilated Raman scattering. From this list of potential diagnostic tech-
niques applicable to flow fields and combustion, the Mie and spoataneous Raman -
scattering techniques are the most versatile. The Mie scattering phenouenon
has been utilized in Laser Doppler Velocimetry?1732 capable of providing non-
intrusively velocity, turbulent intensity, and particle size distributiosn in
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flow fields. The spontaneous Raman effect can provide simultaneocusly, remotely
and instantaneously species concentration and temperature of a flow field coo-
sisting of any number of species. When properly used it canprovide, in additioa,
local turbulence properties, correlation and cross-correlation parameters and
the so called mixedness parameters in reactive flows.33 However, due to the
very low equivalent scattering cross-section under certain conditions occurring’
in hydrocarbon turbuleat combusators, difficulties -may develop in securing re—~
liable measurements. These difficulties are related to the very high noise
level, generally attributable to carbon emissions. The signal to.noise ratio
under those conditions may become unacceptably low thus making the utilization
of the spoataneous Raman technique very difficult. Here the coherent anti-
Stokes Raman spectroscopy appears to fill the gap. The equivalent scattering
cross-section in conjunction with the coheremce of the radiation combine to -
provide siguals 5 to O urders uf magultude higler than the spontaneous Raman ef-
fect. Its coherent character permits,in addition to the collection of the total
generared signal, the simulraneous suppression of che collected lncerfersnce
signals, resulcting in high signal to noise ratios ia very hostile environments.
. One of the major drawbacks of CARS is its nonlinear character which may cause
difficulties in a number of situations encountered.

A process which holds out great promise for flow field and combustion
diagnostics has been recently demonstrated.2® This process known as stimulated.
Raman spectroscopy, [SRS] has been known for over a decade3“”35 and applied in .
the first practical demonstration of a collinear CARS system. It has been used
with high power pulsed lasers and CW low power lasers.2? Being of a coherent
nature, the SRS signals under certain conditions may exceed the signal strength-
of the CARS signals, with the added advantage of being linear and the fact that
the technique is self-phase matched and thus requires no great effort in this
Tespect. .

In terms of high signal response, a technique which has been known for
geveral decades is the fluorescent diagunostic method. Here the major {nterfer-
ing phenomenon of the spontaneous ‘Raman technique is being utilized as a diag-
nostic technique. This technique.in spite of its very high signal levels, has
oot been until recently very successfully applied. The major obstacle being
the strong collisional quenching process associated with fluorescence, which is
competing with the radiative decays, and thus makegs the measured fluorescent

~inteneitiea ambiguous.

. The cited possible nonintrusive diagnostic techniques are discussed at
length in this work. A description and evaluation of these new techniques,

the accomplighments to date and their potential applicability to flow fields and
combustion systems is presented here.

THE RAMAN EFFECT

The Raman effect 1s the phenomenon of ligh¢ scattering from a material
nedium, whereby the light undergoes a waveleugth chauge aud the scatiering moles
cules undergo an energy change in the scattering process. The Raman scactered light
has no phase relationship with the incident radiation. Based on quantum theo—
retical considerations, the incidenr photoans ¢ollide elastically or inelastical-
ly with the polecules to give Rayleigh and Raman lines respertively wirh the in-
elastic process much less probable than the elastic. .The process of light scat-
tering can be visualized, as the process of absorption of an incident photon
of energy E by a molecule of a given initial state, rising the molecule to a
virtual state, from which it immediately returas to a final stationary state
emitting a photon of the difference energy between the two stationary states
and incident energy E. This is seen graphically in the schematic diagram of
Fig. 1, where vibrational and rotational transitions are indicated correspond-
ing to the appropriate vibrational and rotational selection rules which are
4) = 0,+ 2 and AV = + 1. Since the anti-Stokes lines wust originate in mole-
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cules of higher energy level, which are less abundant at normal temperatures,
the anti-Stokes lines would be expected to be much weaker than the Stokes lined.
- This qualitacive description of the Raman effect is obviously very superfictal.
For a more rigorous and complete discussion of this effect one must consult the
cited references. :
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An inspection of Fig. 1 reveals that the iancidence of a photon on a mole-
cule, if Raman acrive, may result in the exictation of vibrational as well as
rotational traansitions. Fig. 2 presents an approximate Raman and Rayleigh
scattering response from air illuminated by a Ruby laser. It is evident that
the Rayleigh ‘as well as the vibrationmal spectra have closely associated rota-
"tional wings. Since, for our purposes, the vibrational scattering is of direct
interest, it is worthwhile to examine the vibrational Raman response. It con-
sists essentially of three branches: (1) the intense Q-branch for which AJ = 0,
(2) the much weaker O-branch for which AJs=2, and (3) the S-braunch for which
AJ=+2 of approximately the same inteunsity as the O-branch. The O and S branches
are much weaker than the Q-branch and represent only about 1Z of the intensity
of the Q-branch. They are therefore of minor importance as far as the present
applications to fluids are concerned. The Q-branch, if a high dispersive in-
strument is used, can be resolved into components corresponding to the energy
levels characterized by the quantum numbers v = 1,2,3, etc. These of course
will appear at elevated temperatures, and may be used to determine temperatures,
Fig. 3. ~Since in fluids the orientation of the molecules cagnot be fixed, the
‘scattering will correspond to aan average overall molecular orientation, and the

vibrational Raman scattered intemsity as derived using the Placzek polarizabil-
’ 1ty theoty may be expresaed as

(v tV) "f(c‘.v‘)
- m ———-———
S.4 ° (exp (2]
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Laser Based Diagnostic Techniques

-;nd from the relative intensity of the Stokes and anti-Stokes lines, taking ac~
count of the Boltzmamn factor, the temperature is given by

v

1
hev ] [
T -5 {ta x"+ 420 (vo_v

-1
)]

l.ﬂr

ALLATIVE INTERDITY

o™ (i)

FIG. 3 THE RESOLVED Q-BRANCH®

ft should be noted that the scattered intensity is proportional to the fourth
power of the frequency and to the incident intensity and, of course, to the
mmber density of a given species. It is well-known that the pure rotational
Raman spectra appearing near the exciting radiation frequency can be quite
{ntonse. However the very small waveléngth separation of the lines particular-
ly in a mixture of gases makes the pure rotational spectya very difficulr to
usc for diagnestic purposcy as dufined hewo in cpite of its ctronger signals.
The weakness of the Raman scattering technique is its low scattering cross-
section, Consequently, the signal obtainable is a major factor in determin-

ing the applicability of the technique to a given problem. The number of photo-
electrons contributing to the signal, may be written

n = E Notan n E "1
S 4] n 8 ll .
vhere SP is the energy per photon, n, is the optical efficiency of the collect-

ing optics, and ng is the quantuin efficiéncy of thé photocathode. 1he iast
equation may alsc be written in terms of an output voltage from a photomultip-
1fer tube across a load R, with a gain G and laser pulse duration t,

. . o . "
Vs - EoNcl-unong-G-eR-(hp-tj
where e is the electron charge in coulombs and VS the signal voltage. The last
two equations permit the evaluation of the achievable voltage signal or photon-
count in a given situation, 1f not exactly, at least to a first reasonable ap-
proximation. (The laser pulse in the above approximation is assumed to have a
rectangular shape whercas in actuality the laser pulse has generally a Gaussian
distribution in intensity). The voltage signal or photon count must exceed the

aignals due to background noise or other disturbing signals, if the measurement
18 to be useful.

Q-
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Some features of the Raman diagnostic technique

At this point it i3 clear that, in principle at least, instantaneous and
simultanecus data for the determination of species concentration and tempera=
ture can formally be obtained. The former because the Raman transition takes
place in a time of the order of fractions of picoseconds for most Raman active
wolecules, 1f illuminated by light in the visible range; and the second ba=
?ause one may record the Stokes and anti-Stokes intensity at the same time,
the number of data points depending on the number of receiving channels one has
available. The vibrational Raman system, which generally permits clear identie
fication of species involved, 1s generally used. An obvious difficulty ia
performing Raman intensity measurements is the extremely swall equivalent Ramanm
scattering cross-section. Typically, this cross-section may vary between
10"2%m? and 107 3!cm?, depending on the molecule under investigation and the
frequency of the primary light. Since the frequency depeundence is of over-
ridiag importance here (fourth power), and is essentially the only parameter
vhich is at the disposal of the experimentalist, one would tend to automaticale
ly chose the laser operating at the highest frequeacy. While this choice-
might be desirable in one respect, aother aspects of this choice might be less
favorable.

The line separation of the resulting Raman spectra is greater as a resule
of longer wavelength lasers, than shorter wavelength sources of primary radia-

tion. This feature may become important in cases where several species are in- =
volved and their measurement and resolution are desired, in particular when nar-
row bandpass filters are contemplated. Figs. 4 and 5 illustrate this problem

— 0y
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FIG. 5 ROTATIONAL UINE OENSITY OF A MIXTURE
OF 3 GASES

very clearly, both in terms of concentration measurements of a mixture of gas-
es and the preference of using the ratio of the vibrational Stokes to anti-
Stokes intensity for the determination of temperature, as opposed to the rota-
tional spectra. It should also be pointed out that the use of a nitrogen
laser at the conventional enmergy (lmj) levels available, requires the utiliza-
tion of photon counting techniques and generally mean values of the measured
variables are obtained, while with a Ruby laser, due to its much higher energy
(4 joules) per pulse (several orders of magnitude), single pulse operation is
possible and therefore instantaneous values can be obtained. The latter is
also true for a doubled neodymium yag laser operating at 5320A available at a
repetition rate of 10pps at emergy levels in excess of 0.5 joules.

In addition to these pulsed lasers, C-W lasers are being utilized to per-
form Rapan measurements. In particular the argon ion laser operated at S1454
or 4880A is very useful in steady state systems where mean conceantration and
temperatyxe are desired. C-W lasers would, of course, be ideal for time re~
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solved Raman measurements of fluctuating flow fields and combustion systems.
However, the available commercial lasers are of iansufficient power to provide
useful data concerning fluctuating systems.

It 1s therefore apparent from the above that spontaneous laser Raman
scattering has all the desired features of an ideal probe. There are, however,
problems associated with this diagnostic method.

In discussing the feasibility of diagnostics by means of monitoring the
intensiry of radiation, and particularly scattered radiation resulting from
the Raman effect, one must consider the background radiation which may inter-~
fere with the desired signal and render it useless. There are a aumber of
sources which may coutribute to the undesired background radiation. In order
of significance they are: Rayleigh scattering, scattering of the incident‘bean
by viewing port windows, walls and. large particles im the flow, gas particle
and surface fluorescence, ambient light, detector dark current electrical
noise and detector shot noise.

The first two, being of the same frequency as the incident beam and thus
spectrally separated from the desired signal, can be filtered out using proper
interference filters or spectrographs used for the selection of the desired
signals. The fluorescence problem can be a very serious problem. Careful se~
lection of the materials and surface codtings wmay eliminate this problem. In
some cases by proper choice of the primary laser this problem can be avoided.
In thie respect, the use of a Ruby laser has not caused any significant C
fluorcscent problem in this laboratory. The detector dark current and electri~ ...
cal noise can generally be coped with by using photomultiplier coolers, which
serve a dual purpose of decreasing the dark current and shielding the photo-’
multiplier from electrical interferences. As far as the shot poise is con—-
cerned, this problem must be dealr with at the data processing level.

In general the larger the signal-to-noise ratio the better the system.
As has been pointed out,!“ a very convenient parameter to assess the capability
of & system is the ''feasibility index". This index was defined as X=NLo Qe
where N is the number density of the scatterers per cm?, L is the length of the
sample in the direction of the laser beam, o, reference cross-section, and Q
and e the solid angle and optical efficiency, respectively. The minimm feasi-
bility index for a 1 joule Ruby laser in a single pulse operation_is approxi-
mately 107!3, Thus, for a satuation where this index is belew 10713 a 1 joule
siuglc pulse lacer would nnt provide the desired information. An increase in
the laser energy or any of the other factors may be necessary. There 15, how-
ever, a limit on the laser energy one may apply. The laser energy density
should be below the breakdown threshold which for Ruby and air appears to be
around }0!%/cm2,

The choice of the proper method of spectral analysis can be very impor-
tant. There are basically three methods available. The standard monochroma~-
tors, interference filters and Fabry-Perot interferometers. Each has a range
of appiicability and if¢ positive as well as negative foatures. The interﬁsted
reader may consult standard texts or some of the references czted

The detection of the scattered photons of iaterest is best accomplished
by photomiltiplivrs. They are the most sensitive low level light detectors
svailable at present, applicable in the wavelength range from u.V. to near in-
frared or from about 310 thousand Angstrdm wave jength. The output of the
photomultiplier may be used {n one of several ways: a) as an iaput to a d.c.
amplifier, b) as an input to a photon counter, ¢) as an jinput to a phase sensi~
tive detector, or as a combination or modification of the above basic schemes.

In general photdn coun:ing is more accurate than a direct reading of the
photomultiplier curreat. The reasons are: 1. the d.c. level caused by leak-
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age curvents of photomultiplier tubes cannot be detected by photon counters, '

" 2. the statistically varying heights of the detector output pulses are replaced
by standard height pulses, 3. the photon counting rate with proper care can bde
made insensitive to power supply voltage fluctuations. However, at high photon
count rates photon counting may.present someldifficulties paxticularly 1if the
detection rate exceeds about 10  counts sec ~.

Recently a new detection system has been introduced. It offers a number
of advantages over photomultiplier tubes. It is supposed to be capable of pro-
viding simultaneous measurements of the Raman scattering signals of a multi-
plicity of species at maany spatial poiants, during a single laser pulse. It
. would therefore be capable in conjunction with proper computational facilities
to provide in addition to councentration and temperature, data necessary for the-
determinactton of spacial eorrelation functions.

Tvo commerical versions are now on the market, the first and most known
is the optical-multichannel analyser OMA and the more recent entree, the DAARS.
Both claim a photon sensitivity as high as the best available photowmultiplier.
Oune claims one signal count for two detected photons, the other one count per
photon. I have not been able to confirm that with either. Be it as it may,
this kind of a detector represents a major advance in the laser scattering
diagnostic technology. At this point it must be wmentioned that, due to the
uimultaneous ‘and’ {nstantaneous response of the spontaneous Raman signals the
correlation and crosscoxrelation parameters defined in the folloving can be
obtained. Thus:s

k.
o7 o 1 - i
cocB n i-l fi(coi-ca)(cﬂi-cﬂ)
k
7. 1 -2 =
c2c- -1 fi(c €)%, -T.)
@B Bga %y @B B
7 1% -
and - c; c; -;'i-l £1(C -c)(cBi 6)

vhﬁre f1{ 1s the frequency of ocecurrence of the joint values cai and cBi’ and

n=f fi and Ca and C
1=}

8 are the concentratians of species a and 8.

LARS

Coherent anti-Stokes Raman scattering has been receiving a great deal of
attention since its introduction in 1973 by Regnier, Moya and Taran. It became
popular among the researchers in the field nf combustion and particularly com—
bustion in systems with excessive soot. As discussed previously, the sponrane—
ous Raman techniques camnot easily handle this type of flow field. It has been
 shown2123+2%.33 that the coherent anti-Stokes Raman scattering system can pro-

vide sxgnals several orders of magnitude higher than the Spontaneous Raman sig-
nals for the same initial driving laser intensity. In addition, the coherent
character of the signal beam allows the collection of the total beam and at the
same time minimize the collection of the interfering radiation.

Theory

When an Iincident photon of fixed frequency wj,interacts with a tunable
photon w, (Stokes photon of the given specie of interest) through the third or-
der nonlinear Raman susceptibility it generates a polarization field which is
responsible for coherent radiatrion of frequency @, 2w, ~w,. If w -w, 1s of or
near a Raman resonance line the intensify of the gohexent radiation bécomes
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very large, in fact several orders of magnitude larger than the intensity of

the epontaneous Racan radiation, and it occurs at the Raman anti-Stokes line

with reapect to the incident radiation w,. In Fig. 6 an emergy level and the
corresponding phase matching diagrams sre shown, which are self-explanatory.

The CARS radiated power for the case of collinear diffraction limited beams s

can be shown to be: ) .

2
w 45w
1.2 3.2 2
Py= G ¢ 3 ) PIZPZIX|

wvhere P,, P, and P3 sre the incident, Stokes and anti-Stokes powers respective-
ly and }x[ gs the absolute Raman nonlinear susceptibility given by

. -1
3 (8uy-1T)

where Auj e B (“L-UZ) = the detaning frequency and

- R.T
L

(3a/30)

- 4uc‘<nugrj)‘lnajgj

%
w, is the frequency of a particular possible tramsitiom from V,JV;J", 4, = the
nérmalized population difference berween the levels involved in the transi-
tion, g, = line strength factor equal to (V ,+1) when at resonance Aw, = O and
Ix|a ¥, dnd T, 1e Zemen line width. The inferactian nf thie rype afia CARS
systemwill oécur in a beam diameter d of length £ given by:

d = 4A£/7D 2 = 2d?/2A

where {, ) and D are the focal length of the lems, the wavelength of the inci-
dent beam and the beam diameter at the lens respecrtively.

As 1s evident from the above, the CARS techmique is a nonlinear technique,
unlike the spontaneous Raman téchnique. It is a double ended: technique. It is
therefore necessary to traverse the sample and obtain the desired signal at the
opposite side of the signal input to the sample. CARS can resolve omly one
aspecie at a time. The resolved specie corresponding to the applied Stokes
beam, Sponraneous Raman as pointed out previously can resolve simultaneously
as many specics as there are in a mixture providing the acquisition system
Is capuble of resviving che acquired specrra.

In applying CARS to a system, one must exert caution if the flow-
‘field is very turbulent and extensive. Beam steering may cause difficulties
in phase matching and relating the signals to actual concentrations and
temperatures as obtained by this method.
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COHERENT RAMAN GAIN TECHNIQUE

‘A technique as old as CARS which provides a cohereat signal beam of con-
siderable strength has until recently been completely neglected as a diagnostic
tool. This technique is based on stimulaged Raman spectroscopy SRS. Recently
it has been reported?8 30 that sensitivities comparable or exceeding those of
CARS under similar conditions can be obtained. The added attraction of this
new techuique 1s the possible utilization of two low power C-W lasers, and the

1inear respouse of the technigque.
Theory

The idea behind the direct SRS technique using C-W sources is as follows.
A linearly polarized pump beam of a frequency w, is ~using an e;ectxo—optical
modulator - modulated and combined coaxially thfough a dichroic mirror with a
probe beam of frequency w,. The combined beam is focussed through the sample.
The modulated pump beam produces a modulated Raman gain at the Stokes fre-

quency or Raman loss at the anti-Stokes frequency vhich is then detec%ed by
the probe beam Fig. 7. 1f the probe and pump beams are focussed collinearly

TUMABLE | Plan) |g AN {}_ SAWPLE
een MOOULATOR [ (o )
. 1
I AVawWwnN
MODE Plosg) Pl
PROBE _
LASER

G.7 SRS CONFIGURATION

through the sample, it can be shown that the fractional power gain
8P(w2}/P(wz) at the probe frequency wp induced by the pump beam of a
frequency w; is given approximately by30

§4.=2 -1 =
- G = 8P(wy) /P(uy) = 38n 2%l lImxa(—mz,wz,-ul,ul)‘P(ul)

where n is the refractive indei at frquency.wz, P(mz) and E(ml) are the probe
‘and pump powers respectively A = (2mc)/w.w, ‘Snd I Xq1s the imaginary part of

the third order nonlinear susceptibility aid“is givin byt .

‘ 3 4y~
L Xy(~0g,my,00,,0,) = wNG (26hw, Y L (w) ~,) do/di d(1/2)

where L(wy-wy) is the line shape function equal to unity at the line center.
Since both CARS and SRS depend on the nonlinear susceptibility x3; it is worth
pointing out that SRS is linearly dependent on x and the pump power P(wy),
vhereas CARS's dependence on these. parameters is quadratic. Ome other property
of SRS is the fact that the SRS technique is self-phase matched and thercfore
requires only an overlap of the two beams to proceed with the interaction,
similar to the collinear CARS system. The technique is iunsensitive to slight
depolarization of the beams, and offers high resolution.

As an example of the signal strength of SRS, Owyoung cites the following:
the 992 cm”! mode of liquid benzene for which I x3. = 15.9:10 }*cm3/erg, a pump
- power of 100mw yields an SRS signal &P(wp)/(P(ws) © 3.5.1075 which is about 6
orders of magnitude larger than that obtained at comparable power levels in
CARS. . : :
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There sre, however, certain problems associated with this diagnostie
technique. The most gserious of them being the required probe laser stability,

and node purity.

As of now, experimental data in liquids and dense media have been ob-
tajned. The agglication to gaseous media have been limited as of now to molee-

ular hydrogen? at 1/4 to 14 atm. of pressure.
LASER INDUCED FLUORESCENCE

A technique vhich holds out great promise as a diagdostic tool i flames,
combustars and combustion driven MHD generators is laser induced fluorescence.
The great attraction of this techanique is the relatively very high scattering
cross-section, compared to any of the thus far discussed techniques. It is a
very sensitive, spacially precise technique for determination of the species
concentration in difficult environments. Fluorescence occurs when 2 light beam
which is {n resonance with a particular absorption lime of an illuminated
molecule, exciteg it into a higher emergy level which, after a time delay of
the ovder of 10 “sec, radiatively decays to the original or intermediate energy
- level with the spontanequs emission of a coiresponding photon. This process is

t1iustiated in the simple energy level diagram Fig. 8. This process could

4

By B

he hae

k

FIG. 8 ENERGY LEVEL DIAGRAM FLUORESCENCE

therefore be used for diagnostic purposes, provided that this spontaneous
enission is the only deexcitation process active. This however is not the
case. Since at STP the collission rate is of the order of 1020 see™?,
collisional deexcitation of the excited molecules may occur without radiative
emissiun. lhis phenomenon known as collisional quenching i3 cssencially a

very cgmplir:tﬁd proccss depending on a number of properties of the gas under.
investigation such as density, temperature etc. Since those are the properties
one is trying to measure, the computation of the quenching effects, effecting
the measurement -of some of those properties is generally very difficult.

Theory
Recently, Daily3é proposed a technique which may result in a very

sensitive and useful methad nf obtainiug vuneéntrations. It is based on the -
80 valled saturation condition given by

_“!' M B /By

whera B, and N are the upper and lower state number densities. This condition

requires tl'u:::k

By I >>Q %4,
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vhere B,, and are the Einstein coefficients for stimulated emisaion and
-bcorptfsn. Ankia the total Einstein coefficient for spontaneous emissions
summed over ali transitions, Q, is the total quenching probability, and
1 -P/AAv is the lager beam energy density of the wavenumber interval Av and

!Ynal*y P and A are the incident power and crossectional area of the focal
"yoluwe of the sample, respectively.

Assuming that the saturation conditiom is satisfied aund “1 is sa:uraﬁeg.
the fluorescent intensity can be writtea: :

-1
Il - thL(ka) acvcuknkllslk

vhere § 18 the solid angle of the collecting optics and V_ is the excited
voluge.c In the simplest case of -a two level system No the total aumber

density is given by

N =N +N
°

AL TR T

2
SN =1
Li=I= hVAZ(b") ncvc.uo(l+81,52)
Qtth hkzlslk - 31/8k - 32/31 resulting in the total aumber density
N, = Iz(gz+gl)4w(hv329cvcgz)-1

For multi-level system, assuming that the lines can be geparated, similar expres-
sion for the total number density can be found. The complexity, however, ia~
creases greatly particularly the separation of the fluorescence specttum of the
various levels. In principle this techaique requires the illumination of a gae
- volume vith the intensity I and the collection of the fluoresceuce radiatloa

at 90° to the laser beaw. Prom the last equation it is apparect that ths come
centration can be measured without any knowledge of the quenching probabilities
vhen the saturatioa techanique is used. However not all species are suitable

for fluorescent diagnostics., First of all the specie must have {ts first ex-
cited electronic energy level located such that the absorption transitions are
in a portion of the spectrum that cam be covered with a laser. Second, the
rotational spectrum must be sufficiently wide spaced such that the individual
absorption and emission lines can be easily isolated. The last requirement
oight be difficult to satisfy with more complex woleculesg, whose rotational .
vibrational structure can be very complicated. It is therefore clear that while
this technique can provide very stroang signals in hostile environments, the
range of applicability is limited to a selected group of species. In additionm,
only one specie at a time can be measured, with a given laser wavelength, in
contrast to spontaneous Raman, where all the species present -can be identified
simultaneously using ounly one laser. In addition the temperature can be deter-~
mined simultaneously with the concentration using spontaneous Raman, wvhereas
the fluorescence technique camnnot provide the temperature. :

Laser Doppler Velocimeter

Laser Doppler Velocimetry is the best known laser based diagnostic tech-
nique. Mie scattering in conjunction with the Doppler effect provides the
theoretical basis of the LDV. The laser Doppler velocimeter hds been in use
for over a decade. Its development has reached a point where most laboratories

"use it as a standard measuring device. The theoretical and operational back-
ground 1s described in References 31, 32 where most aspects of LDV technology
have been treated and additional refereaces can be found.

)
The operation of an LDV 1is predicated on the assumption that particles
suspended in the flow, move with the same velocity as the fluid whose velocity
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coe is ~ttempring to measure. Furthermore, in the case of a turbulent flow, it

fe aseuncd that the frequency spectra of the scattering particles, provide the

tequired information regarding the turbulent structure of the f}ov field.. The .-
jatter i3 associeted with particle dynamics. The effect of particle dynangggkl

on the performance of LOV has been considered by a number of researchers.

They all came to the conclusion that the size of the scatterimg particle has an

.effect on the {requency resolution of the spectrum. This is showm im Fig. 9.
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It is evident from the above, that the relationship of the frequency

spectre from an LDV, to the turbulence spectra of a flow field is limited to

the lower frequency region, that limitation being a function of the size of - . R

tho majority of the scattering particles. This puts also a restriction on the : T

use of naturally occurring particulates, because their sizes are generally

unknown. The above suggests that for a more meaningful. interpretation of the )

LDV measurements, a monitoring of the sizes of the particulates should be T

carrled out and incorporated in the data reduction process. Careful choice, ’ ’

hovever, of the size and mmber of scatterers does permit one, within limits,

to determine the velocity of the fluid and its turbulent intensity. The najor - .
_ problem in laser Doppler velocimetry is the ecquisition, processing, and ©

handling of the acquired data not the principle itself. Of the many optical

arrangements possible, the one most frequently used is the dual scatter ar

sumecimes knowh as the differential scatrer systems. A schematic diagram of

this type of an arrangement is shown in Fig. 10. 'The reason for its popularity

is the fact that it can be operated in the forward as well as backward

FIG.I0 SCHEMATIC DIAGRAM OF THE OUAL SCATTERER
LDV SYSTEM '
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scatter mode. The acquired signals are independent of t@e angie of 9bserva;ion,
and the alignment process is very simple. The translation of the sxgng%s inte
velocity and turbulent intensity of a2 one dimensional dual scatter LDV is
essentially reduced to the measurement of frequeycy. S1§ce f;equency can be
measured with very high precision, extreme care 1is requlrgd in acquisition,
processing, seeding and control of the LDV system to obtain precise velocity

information,

. At this point it should be mentioned that one of the very important pac-
sgpeters in combustion research is the droplet or particle size distribution ia
the flow ficld. Besides the standard sampling probe methods, optical mecthods
based on the Mie scattering have been developed over the years. It has been
found that for spheres the scattered light intensity is a complicated functiom
of the scattering angle, of the size parameter a = wnd/i, the refractive index
and the polarization, Durst“? using two photomultipliers on both sides of op-
tical axis of a forward scattering LDV was able to show that under certain
conditions the phase difference between the two signals could be related to the
particle size. Farmer*3 on the other hand, using fringe spacings larger than
100um, was able to mcasure particles whose diameter was less than 100um using
the visibility concept. Youle et al“* using a dual scatter LDV was able to
measure particle sizes between 30-240um. The particles had to be transparent,
spherical and larger than the fringe spacing. They found that under those
conditions, the peak LDV signal increased monotomnically with the diameter of
the particles. As of novw there appears to be no satisfactory diagnostic tech-
nique based on Mle scattering, holography, or diffusion correlated spectroscapy
capable of providing unambiguous measurements of size and coucentration of
particulates fn a flow remotely and nonintrusively. Most of the techniques
mentionced are under development and further research is needed to develop par-
ticle diagnostics for combusticn flows.

Applications: Expertfmental Results

The previously discussed, laser based diagnostic techalques have been and
are still being develosed for the most part for a unique purpose. That is, to
provide a reliable, noniatrusive, nondisturbing probe for the measurement of
the relevanc parameters of fluild dynamics and combustion. It is obvious that
the spofitaneous Raman and LDV techriiques would fit that purpose completely if
all the encountered practical systems would be ideal, that is, free from in~
terfering radiation and noise. As has been pointed out previously, the equiva-
lent scattering c¢ross section of the spontaneous Raman technique is relatively
very low and subsequently this technique is not universally applicable. How-
ever in systems wvhere this technique can be applied, it, in conjunction with
an LDV, presents a very unique diagnostic system. As an example, the system
utilized in our laboratories and shown in Fig.ll is capable of providing
simultaneous measurements of concentration of 4 species, or 2 species and
their respective temperatures, the velocity, the turbulent intensity, the
correlations and crosscorrelations of species and velocities and in reacting
flows the mixedness parameters. In addition the probability density functions
(PDF) which is of importance in combustion modeling can be obtained easily.

The system shown in Fig.1ll is self-explanatory. The number of receivers
is by no means limited to four. Any number required for a given system may b¢
incorporated without affecting the systems performance. In the next several
figures examples of measurements performed on turbulent diffusive flames are’
given. Thus Fig.12 shows the normalized axial velocity and temperature dis-
tribution in a flame with the corresponding turbulence intensity and temperatur
fluctuation. Fig.l> shows the normalized nitrogen, carbon dioxide and oxygen
concentration distribution and the corresponding fluctuations in the same
flame. Fig.l4 represents the first and second order correlations between
oxygen,nitrggen and carbon dioxide. Finally some histrograms of the Ny speciv
in the flame are shown in Fig.15 at several points. It must be emphasized

zha; 811 these data have been taken simultaneously with the apparatus shown
n Fig.1l1. '
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FAIG.12 VELOCUTY AND TEMPERATURE, AXIAL
PROFILES IN A ALAME

As discussed previously, under certain conditions the spontanecus Raman
technique becomes inapplicable. Under those conditions, attempts have been made
to utilize CARS.. While CARS cannot replace spontaneous Raman, it is capable of
Providing information concerning density and temperature of a single specie in
a hostile environment. There are essentially two types of optical arrangements
utilized in CARS. They are both shown in Fig.16. The first one is the so
called collinear one. The other is the so called wpoxcars' .2 Both are essen-
tially self-explanatory. The reason for the ''boxcar" is the desire to improve
the spacial resolutions, with a possible sacrifice in the anti-Stokes intensity.
One should remark that the collinear type is self-phase matching, whereas the
"boxcar" requires some delicate adjustments. The collinear system can be

Quite simple if one uses a stimulated Raman cell to generate the necessary
Stokes line.22232
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FlG; 16 COLLINEAR AND BOXCAR SCHEMATICS OF CARS

Some exa.ﬁples of data obtained using CARS are shown in the next few
figurcs. Thus Fig.l7 shows the concentration of unburmed methane in a sooty
(lame, obtained with a collinear system and a stimulated cell, 32 while Fig.18

the radial temperature profiles in a laminar propane diffusion flame?5 obtain-

‘ed using the so called "boxcar” system. It would be emphasized again that CARS,
unlike spontaneous Raman, can supply only temperature and concentration of one
“specie at a time with a given set of lasers. It is not generally appl:.cable to
provide fluctuatmn mfomat:.on or cor-ela.tlon parameters.
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£1G. {7 CONCENTRATION OF LNBURNT METHANE

The practical application of laser fluorescence is still very limite
The available data in the open literature are scarce and of limited scope.
The same 1s true of the stimulated Raman technology. Both of these techaiques
98 discussed previously hold out great promise for the future, by virtue of
their. great radiation transfer efficiency and their pointwise reaolucion capa—
biltty. Both techrniques need further development.
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FG. I8 TEMPERATURE PROFILE INA PROPANE FLAME

TABLE I - SUMMARY

ACKNOWLEDGEMENT

Ramag CARS SRS Fluorescence Lov
{Specificity Yes Yes Yes Yes . " X
Linearity Yes No Yes No Yes
Independent
esponse Yes Yes Yes No X
[spacial Resolution Yes Yes Yes Yes Yes
[Remoteness : Yes Yes Yes Yes Yes
Single Endedness Yes No No Yes ) Yes
Ingtantaneity Yes Yes Yes Yes# Yes*
Nonintrusiveness Yes- les Yes Yes Yes#*
Simultaneicy Yes No No No Yes
General Applicability Yes Yes No No Yes
_|Applicability to .
Fluctuation Meas. Yes No No No . Yes
jAuto and Crosscorrelation Yes No No No Yes*
*conditionally
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e T APPENDIX F

. ) *
. A UNIFIED SPONTANLOUS RAMAN AND CARS SYSTEM

'S. Lederman and C. Posillico
Polytechnic Institute of New York .

Aexodynamics Laboratories
Farmingdale, N.Y.

. ABSTRACT

A4novel arrangement Whicd;permits the utilization of a single

- Q-switched high power Ruoy laser to obtain simultaneously CARS,

and spontaneous Raman signals is described. With the two
vefsions'indicated one has the additional option to chose
between two cperating frequenéy ranges as may be'required due .
to possible inteference of ambient tadiation. ﬁitn'this sfstem
upon incorporating, in addition, a LDV.as indicated.in Ref.'6,

a most versatlle dlagnostlc apparatus for flow flelds and com-

'bustlon research is made avallable.

Thls work was supportcd by the Department of Energy. under
Contract No. ET- 78 -C-01- 3084. .



~ INTRODUCTION

A hope of every experimentalist involved in fluid-dynamics
or combustion research has been to find a unlversal probe capable
- of prov1dlng with reasonable accuracy parameters of 1nterest,
nonint:usively, instantaneously, simultaneously and remotely.
It appeared for a while that such a probe can be provided by the
: ufilization of the spontaneous Raman scattering techniques. As
:is'well known (Ref;l~3) theseftechniques can provide élmost all
of the 1mportant measurables in a flow field or flame. Partlcularly,
if the short time duration high power laser pulse technlque 1s
-utlllzed,some of the derlved panmeters, of ma]or 1mportance, in
turbulent combustlon modellng or chemlcally reactlng flows, can
Aeas1ly be obtained.

While the above is still true for clean flow fields and
flames (Ref. 4-6) in cases wﬁere carbon particles or sootAis
rpresent ﬁhe appearenCe'of“fluofescehce,.imcandeseence and other'
imterferring radietioﬁ may make the utiliietiom of the spontane-
_ous Raman scatterlng techniques very difficult. While certain.
deta equisition techniques, eueh as.gqting{ utilization of some
field polarization properties etc. mav help in‘improviné the
signal to noisé ratio under difficulticonditions, the basically
low scattering crosssection of the spontaneous Raman effect, has
made it necessary to reach into the_nonlinear wave mimlmg phen—
.omena  to oevelop.a technique based on the Raman effect, which
is capable of providing a diagnostic probe'seVerel orders
of magnitude more efficient in terms of signal strength. This
technique the Coherent anti-Stokes Raman scattering technique

ox CARS, while providing larger signals, is not capable of re-

s



placing the spontaneous Raman scattering technique in terms of
'Qeﬁerality. In addition it generally reqﬁ?fes two lasers
to‘provide a‘single specie or temperature measurement. In oéder
:td'pfovideAa more universal diagnostic épparatus using as a |
prototype the integrated system of Ref. 7 L.D.V.;and spontane- -
oﬁs Raman, a novel arrangement is being described here. This
_ arféngement in its simplest variety utilizes a Q~sﬁitchéd Ruﬁy
laser and a Raman cell filled with a gaé of particular interest;
whereby stimﬁiation of the Stokes line of thelparticulaf gas
is caused, and.when:collinearly mixed Qith thé primafy beam
_génerateé'a.CARS signal in a given flow field. The part
of the inéidént Ruby lasef is simultaneouslyvﬁfilized to obtain
sponﬁaneous Raman signals. Thus, one is able to avail himself
of the-advantages of both'the spontaneous andeARS techniques
utilizing only one Ruby laser. The.system can also be operated
using a douﬁler on the Ruby laser, a broadband dye laser
pumped with part of the doubled laser and a spontaneous Raman B
systems centered on 69432 and a CARS system based on the 3471&
as the‘driving wavelength. These systems are describéd and some
preliminary data are shown.
| THEORETICAL BACKGROUND

The basic thecoretical background of the formulation and op-
erafion of both. the spontaneous Raman fechniques and CARS have

XN . .
been discussed abundgntly in the literature. It"is ‘therefore

4+

sufficient here just to cite some of the references, (1-7)

- and point out only some of the major differences between the
spontancous Raman and the coherent anti-Stokes Raman scattering

(CARS) systems. Thus, spontaneohs Raman is single ended,. CARS



is not.

Spontancous Raman can resolve any number of Raman, actlve
speeres in a mixture 31multaneously, CARS can not. .

Spontaneous Raman can provide the temperatures of any number
of Raman active speciee in a mixturevsimultaneouely and eimply,
CARS can not |

Spontaneous Raman can provide a measure of the fluctuatlon,
of a number of species in a flow field and thus a measure of
turbulent intensity, CARS can not.

Spontaneous Raman can prov1de a measure of the mixedness
parameters, autocorrelatlon or correlation of parameters of im-
portance in a flow fleld, CARS can not. |

| Spontaneous Raman is linear, CARS is not.

Those are some of the aduantages of spontaneous Raman seat—
tering over CARS.

However, one of the majox drawbac%s of epontaneous Raman is
its extremely low differential scattering crosssection. This
feature is responsible for very'lom signal levels and therefore
limits the application of spontaneous Raman scattering diagnostics
to well bchaved, clean, low noise eyetems, partieularly systems
containing.essentially no carbon partieles or carbon soot. In
‘those cases which are most important in a majority of combustion
systems, CARS with its coherent signals, several orders of magni-
tude higher than the spontaneous Raman signal, is- highly preferred-
in spite of its other limitations. |

Pxpexlmental Apparatus'

To take advantage of the posxtlve prOpertles of both systems,

‘& unified diagnOstic system utilizing a single Q-switchcd Ruhy



1aser'has been aesigned, built and tested. A schematic diagram
" of the system is shown in Fig. 1. Here the Stoke line of the
speéie of interest is generated in a stimulated Raman cell,‘
which tpgether with the primary pumping wave (69435) is co;
linearly focussed on the flgw field under invest}gation. The
primag& pOWer of the Ruby laser is sufficient here to provide-
éhe.necessary power for the CARS and in éddition to provide
' sﬁfficient intensity to provide the excitaﬁion for the spontane-
ous Raman signals, from the same point in the flow field;

Fig.'Z indicates a different-version'of.the same apparatus.
Here a douﬁler éonverts part of the kﬁby pulse at 6943& to a
34?1% which is then sepérated by a dichroic mirror from the
fundamental. Part of the 347l£-laser energy is used'to pump a
broadband dye laser, which is then combined coaxially with the
rest of the 3471£ laser energy and foéugsed at a point in the
'working fluid to obtain CARS. The tbtal energy of the second
harmonic (37413)'is approximatgly 500 mj. SiﬁCe the originél
'Ruby'laser pﬁlse energy was over 3 joﬁles, well over 2 joules of
laser light is available after'separaﬁion_by the dichroic mirror
. £0 $e,f9cussed on the working.fluid to be used to excite spontane-

‘ous Raman scattering.

........ ‘e

*E%ﬁe;imégtal'Resuitglaﬁé ésnéiué;ogs
Preliminar?hexperimenté using theée syétems have been con-
ducted on a methane diffusion-flame. - The purpose of these exper-
iments was the demonstration of ité feasibility, practicality and
‘advantéges in terms of making this a more universal diagnostic
system. |
As is well knowh; the cbncentration of the unburned methane

LI N L. . . 1y
in a air methane flame is generally very low, and its measurement
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at a point of about lmm cubed is almost impossible using

sertaﬁeousARamah scattering. On the other hand, the concentra-

tion of the products of combustion as well as heated nitcgen

andhtheir temperature, simultaneously is impossible using CARS.

This cémbinea apparatus permits a complete diagnesis of the
fflame 51mu1taneously and 1nstantaneously.

Fig. 3 1nd1cates a prellmlnary survey of the concentratloh
of the-unburned methane u51ng CARS,,Fighre 4 shows the concen-
tration of nltrogen, and Figure 5 the temperature of the nltro—'
gen in the flame using spontaneous Raman. |

It is ¢lear from the above that this eystem Qith the addi-
tieh of the LDV capability.which.has been included previously
- intd the diagnostic system'using only spontanecous Raman (Reff7)'
fullfils the requirements for a.univereal diagnostie systeﬁ.
Itfcan provide data on most practical flow fields of interest,.
be they "cieah"; or "contaminated", be they ehvironmentally>
“friendly" or fhestile". A system like this portable'and ed-
~'justable with respect to the'flow field of ipterest should be

very useful.
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-APPENDIX G

ABSTRACT :

ONE~-DIMENSIONAL FLOW MODEL

FOR

COAL COMBUSTORS

by
. Walter O. Peter
Advisor: Dr. éasquale M. Sforza .

Submitted in Partiél Fulfillment of the Requirements for the
Degree of Master of Science (Mechanical Engineering)

Jung 1980
A qgasi—one-dihensional approaéh tovthe analyéis of a
high éemperature coal combustor is presented. The results
obtained with these eqﬁatiohs are éompared to pfesent analyses.
An existing chemical equilibrium code is then wutilized to‘ |
imprbvé the acéuracy of the required input dafa to this
analysis. An operating MHD cémbustorHis modelled aséuminé'

a specified chemical heat release. Both adiabatic and

radiative heat loss cases are examined. Results obtained

. are .shown to be in agreement with the pfesent-day,literature.
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I. INTRODUCTION

Much time and effort is currently being spent on new
ways of producing eiectrical energy to meet the ever-incred&ihy
energy demands of today's society. One area presently being
explored is that of magnetohydrodynamic power genération.

Tﬁe magnetohydrodynamic genefator,Alike ﬁhe electrical
generators currently being useé, prodﬁces a current by moving 7
a conductor through a magnetic field. In the conventional
turbuyenerator, the conduétor is an armature driven by'é steam
turbine. 1In the magnetohydrodynamic generator, the conductor is

a stream of hot ionized gas that has been seeded with metal

A‘particles to improve its electrical conductivity. Thgg/p&asma
‘ , o ,

is accelerated through a rocket-like nozzle and seht through a
channel lined with electrodes, where its electricai\paggf_is

drawn off. There are many advantages claimed with this system.

Since there are no moving parts and you are dealing with much

higher. temperatures than in present-day electrical generation,
up to 30 perceunl wore ﬁowef from_thu uameAfuel, with lawer pol-
lution, is claimed [1].

With thelprojected construction of oﬁen*cycle magnetohydro—
dynamic power generation systéms utilizing coal'és the primary
fuel,,interést‘has‘arisen in recent yéars in the design of‘
efficient coal cqmbustors which would satisty the requireﬁcnts.

of such a system. (For a more complete description of existing

"large-scale test‘facilities, see the works presented by Jackson

[2] and Dicks, et. al. [3]). The demands of this system on the .

. coal combustor are to produce combustion products on the order

of 3000 °K, yet at a sufficient rate to meet the power réquire-



ment. The‘flue‘gasymust also contain oniy a small fraction of

the original ash content of tﬁe.coal, SO as hot to damage'the
electrodes in the generator chaunel; ~

Coal has been perhaps the most commonly used fuel for power
genegat}op in the past, and much information can be found on its
éroperties and use. With the rising interest in coal-fired
magnetohydrodynamic generators, however, there is a need to

understand the behav1or of the coal under these highly. elevated

and stringent operating condltlons. The ba51c properties of coal

which dictate the ignition, combustion, and slag fozgatioh/é€///’_

these high temperatures are not well known. Never eless{ there

is a need to model these coal combustors in view of the current

design work being performed inithis area.
‘The ourpo se of this work is to construct a v1able model

for these high temperature coal combustors and to accurately

predict'their'overall behavior. Commensurate with the degree

of accuracy of the data currently available on the properties

of coal_aud existing ooal combustors, this model will be developed

using a'simélified flowffieid configuration.
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II. DERIVATION OF THE BASIC ONE-DIMENSIONAL

FLOW EQUATIONS

The equations of motion which-describe the flow'thrbqgﬁ )
a combustor within the éonsﬁraints of a quasi—bne—dimehsional
approximation will be developed in this sectiqn.‘ These.
equations are particularly simple to deal with‘yet they ar§<
commonly acknowiedged as being reasonably accuraté, even for
rather complex problems, such_as the one considered heré. 'THé N
analysis will take into account‘tﬁé‘fql?owin arametersﬁf
(i) changes in the combustor's cross-sectional area,
(ii) chemiéal reaction, |
(1ii) variations in the molcoula \ﬁgigif and specific heat
of the mixture due to combustion, |
(iv): exchange of heat QigﬁAthe surroundings,
(v) drag caused bf intérnél bodieé or solid pérticles
within the flow, | |
(vi) losses due to f;idtionAalong the combustor w&lisa

These equations will be developedvin such a.manner that close

correspondence with the combustor problem at hénd'will be

'maihtained,AWithout significant loss of‘generality.'AThese

equations could, thérefore,ibe:applied to other problems Cuéh'
as rocket nozzles, ramjéts, and combustion chambers for gas
turbines or turbojet and turbofan engines. o

Theﬁnecessaéy floﬁ—field equations will be treated
individualiy in the developmen; that follows. They will be
expressed in }an;ithmic diffégentiai form, followiﬁg ;ﬁé format -

used by Shapiro [4]. . ,. . : s



II.1—Equation of State

We assume that the mixtures flowing through the combustor
behave as ideal gases and are well-described by the perfect
gas law: |

_ pRyT (1

.where p, ¢, and T denote the mixture pressure, nsity, and
temperature; respectively. W represents the_mixture moleeular
weight, and R, is the universal'gas cdnstant;. The:presence of
liquid or solid particies in the’flow will-be heglected in the
general'development of these equations. The effects due to these
'particles.will be treated.indivtdually,'as they arise. Taking the
.1ogar1thm of the state equatlons, we obtaln- A

log p = 1og p + log R + log T - log 1
Re&ritihg this in differential form, we have:: |

dp-_ do', 4T _ QW

p- e T W. A ¢ )5
"IX.2 Speeé of Sound
For a semiperfect gas, the sound speed may be written as:
42 o kR T . S o |
W L : S - (3)
where k is the ratio of " total specific heats, which are those
spec1flc ‘heats which include heats of formation, heats of vapor—'
1zat10n, etc. For flows of nonreacting perfect gases the gquantity

k reduces to y, the ratio of sensible specific heats. In dif-~

. ferential form, Eq. (3) becomes: ' “;:'~ N

xT T W)

da _ 1fak _ ar _aw] o -
a2 : |

(4)
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I¥.3 Mach Number

In general, the Mach number is defined as the ratio of the

chal flow speed to the local sonic velocity, or:

=
f
|

(5).

Casting this equation in terms of M2, for convenience in the

manipulations of these equations to follow, and \recalling the

expression given for the sonic velocity, we. obtain the foildwing

equations in differential form:

am® av® _ aw dk 4T .
=Tzt - (6)
M v W k- T

I1.4 Conservation of Mass'.

The basic concept ot mass conservation, for a steady [luw,

| may be expressed by the.integral equation:

A - R (7)

where ¥ is.the velocity vector, A'is the surface area ot a
conﬁrol_yolume, fixed in’ space ahd enclosing all or part of the
flowinélfluid; and'ﬁ ie the ﬁnit outward normal vector of that-
surface. If fhe,fluid can be éonsiderea a continuum,‘thisil,
egﬁation can be written in cylindrical polar coordinates as:

)

3, » oy . ® Nooa
(paV_) + =5 (V) + 5= (pxv,) o . ©(8)

r
where r, 0, z are the radial, azimuthal, and axial coordinates,

respecfively; and Vr' Ve, Vz are their associated velocity

components. Assuming that the flow is axisymmetric, there are
no changes occurring with respect to ©, and Eq. (8) simplifies
to: A |

3_

3 Y
5T ‘prvr)-+ 37 (prvz) = Q

(9)



Multiplying this equation by 2m and integrating @ith'respeCt
to r between the limits of 0 and rw(Z) we obtain, using the

. Leibniz rule:

r (z) L '
'%— 2nf Ypov_rdr| - ov r drw —vr,é/ _
z 0 z ZWWlgT T T 0 -.(10)

w

z
where’rw(z) is the radial coordinate of the Ball bounding the

flow, V_ is the radial component of velocity at the wall, and

’

v is the axial component of velocity at the wall.

zZ,w

e following expression:

'For an inviscid flow, we can write

' drw- Vr'W

‘dz . vz'w - ) '.A ’ (ll)

| This describes the fact that the flow follows the shapé of
"the wall exéctly. Even for,viséous flow, this is generaliy a
good ;pproximation as long as a well-developed bdundary léyér
exists at the wall, and there is no evidence of sep;rétion;.
For the combustor c#se beingncoﬁsidéred here .such conditions
- will, in general, be satisfied. »Eq.(lO) maylfheréfofé be
rewritten as: L | | |
| %; anrwéslrdr =;0f R

0o - (12)

‘where the quantity enclosed’byfthé square brackets represents

~ the mass flow rate, m. Thus we have:

rw(z) o :
m=2nS szrdr = constant ' {13) -

Since we are developing a quasi-one-~-dimensional flow..
analysis, the values of p and Vz are assumed to vary 1ittle~.t
with respect to r so that théyfmay be replaced by constant mean

-values and_femoved from under the integ:él‘sign. Eqg. (13) then




P

becomes:

msznrz = VA = constant' ' . (14)

where p now denotes the mean value for the density at any

-axial station, V is the mean-axial velocity.a£ that -station,

"."and A is the cross-sectional area normal to the z-axis asso-

ciated with that same axial location.” The assumption made for

p and v, is a reasonable one,| provided that the variation in

flow cross-sectional area along the€ axial direction is small.
Thig provision can be expressed as:

drw

az <1 T . . (15)

For most problems concerning combustors,4inclﬁding-fhe
case studies of magnetohydrodynamic combustors which follow,

this requirement'is met. There are certain systems, however,
that confain large cross-sectional area_differentials or abrupt
turns in thé.floh path. Such configurations would suggest
that_the-qqasi—one—dimensional approximation would fail locally
for some distance downstream 6f these abrupt changes. Oue

such example would be a £wo-sta§e magnetohydroaynamic coal
combustor where a vertical gaéifier and siag removal stage is
mated to é hdrizohtal combustor éfége, thereby eausing the flow
to qhange direction by ninety Aeérees. In more conventional
combustor designs, such abrupt-changes in the'fiow would not
be_preseﬁt, With these constraints in mind, we can rewrite
the‘maés conse:vatién.equation; Eq.k14), in. the differential

~

form:

(16)
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II.5 Conservation of Energy

As was noted previously for our gquasi-one-dimensional

flow analysis, we may assume that the quantities of interest

vary only with axial location and are.¢onstant acrosg any
. f$e¢tion of the combustor. With this jf mind, we méy apply
the'principle of energy conservation quite readily. Con-
sideriﬁg a control volume beyond any mixing region that may
occur, we may wrife;A | .' -
B m[dQ - dwk] =.mth ._',:,' ‘ a | »(17)»
.where dQ is the net heat added ¥o the streamlfrom.externai
sourCes'by way of conduction, radiatibn,.or conﬁection,
measured on a upit mass basis. The variable dwk represents
the work per Enit mass removgdifrpm the'flow,‘aqd th is
_ the change in the total_enthélpy‘pef unit mass of the fluid
flowing through theICOntrol volume. This equation may‘be
rewritten as: | , _ ;‘
m[dQ - 'dwk] #.'m[dh +.g\ﬁ]
: o2 (18)
- whe;e h is the enthélpy of the‘mixture pér unit mass, ahdvm
repreéents the méss flow rate of the entire'mi#ture.‘ Therefore,
m is the sum of £hé oxidaht and fuel méssAfiow ratés(and may be
represented as: - | |
m = mo + mf | , ‘ | -‘19)

On a mass basis, the enthalpy may be defined as:

p.h, . (20)
oqid _ ' ) '
where o, is the mass density of species i, and N is the total

number of species preseht in the mixture. The quantity hifis.
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9
the enthalpy of species i, and is given by:
o T. : . _
h, = Ah_” + f'c_dT - (21)
1 f‘ p’ .
b 8 T 1 : -
r
where hfoigis the heat of formation per unit mass of specieé
: i A 4
i at the reference temperature, Tr‘= 298.162%K; and c is the
sensible specific heat per unit mass of species i. Differen-
tiating Eq{(20), we obtain:
o N N
dh = p.dh, + I h.dp, '

and it is noted that: A
" an, = c | /;////423)
\_ P

were the mixture sénsible'specific heat may be written as:

N
- ecp =1L p,C (24)
i=} * Py .
‘ Thérefore, Eg. (22) may be expre§séd as:
dh = cpdT +i£1hidpi (25)

Recalling the energy conservatién relation given by Eq. (18),

and substituting the above result into that equation, we

obtain: o
aQ - aw, - I h.dp; =:c_dT + dv~ (26) -
k=1t 0 Wi
which can be rearranged totyield:
dQ.- de - dH _ar +}dV2 -
c T - T  2cT o (27)

p ‘ - P
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where we have:
’ N o - . ‘
dH = I h.dp, o L (28) -

The last term in Eq;(27f may be put into the following form:
Cav? _ a’m® av?

3¢ T 2c.T .2 : ' ‘ - | (29
“p °p” v | . | (29)

Using the expression derived previously for the speed of sound:
2 o : . - L
a = kRuT o . : : ' ) - ) (3)

1)

- and noting the following relatibnships:'

(30)

cC. -~ C, = Ru
p VvV
Y = | L B
& | | |
we obtain: )
o av’ _k [Y‘~ 1].M2 av’ - 32)
| 2T ¥ | 2\\\§ vl o
so that Eq.(27) now becomes:
- d ~dl _ar .k [1—:‘}]4M2;§YE S (33)
CpT . T Yt 2 4 ‘v2 o

It is noted heré that the(factpr k/yY in Eq;(33)'indicgteé

the importance of thé chémistrj.that is taking'élace in the' 
flow; that is, thgt the speéd df sound is altered dué.to the
presence of chemical reactions. ‘This difference is rareiyv
aescribed in previous applications of the qﬁasi—one-dimensional
equations to reacting flows, and, as will be'seen»Subsequently}
" can be quite important. | | R

The term defined by Eq.(28)‘can be written in nolar
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form as:

N K .
dd = I H,dc, . - (34)

where Hi is the enthalpy on a molar basis and cs is the molar
concentration of species i. For a reaction between ideal gases,

we would have:

N N ‘ . .
£ c!A, - Zc" A, o '(35)
= i=1l - :

where‘ci'and c; denote the number of moles of species i in
the reactants and the produc~s,frespectively, and Ai denotes
a general chemical specie . Penner fgﬁ shows that the héat

of reaction for a*given temperature and)pressure is: .

- N [ T
AH(T) = L c¥ |AH, + [ c_ 4T
= T

T
AH_ '+ [ ¢ a7 : (36)
Uy A : - .

bH(T) = il [c; - ‘?i]’*i (T).v - (37)

‘We see that this is the equivaleﬁt of Eqg. (34) in the case of

finite, rather than infinitesimal, chemical‘changes. Therefore,
the dH term in Eqg. (28) is actﬁally the heat of reaction for the
fuel and oxidizer under consideration. The détailslof.hoﬁ this

equation will be manipulated for.thé problem at hand appear in
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a later section.
11.6 Conservation of Momentum

For this equation, we will employ Newton's second law,
whlch equates the rate of change of momentum of the f1u1d in

a fixed control volume to the net force actlng on that f1u1d.

For the cases considered here we may . formulate thls asz:

mdv = - Adp - T dA - dF) - o (38)

where A is again the crossfsectionZE\area of the channel,) T

is the wall shear stress which acts to\EEtard the flow, -

is the wetted area of the channel, and ar_ is tt net/éiiernal

force, such as the drag of stationary bodies in the flow'or
body forces which act on the flow. The shear stress ‘may be

expressed in coeff1c1ent form by notlng that~l

£ L N T

N =

A

- where Cf'is the'skin friction coefficient, which of course may

vary w1th ax1a1 locatlon. The wetted area may be related to

the cross- sectlonal area by means of the hydraullc dlameter°

D = cross-sectional area
wetted perimeter

as follows: . j'. o
A _4dz S B ' . . :

A D - o : 4 (40)
Substituting these expressions into the conservation of momentum

relation, Eq. (38), and rearranéing terms yields: .
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. 2 ar ‘
oR + %kngzi + %kMz 4Cng75 fyo—gl=0 (a1)
P v '’ SkpAM |

II.7 Equations of Motion in Standard Form

o The~independen£ variables in the preceding development méy

be chosen to be:

dA
A
daQ - dwk ~4§H
c T
p
: 9 o c -
£ + z . .
D : %kpAMZ' : T ‘
an-
w
dk
k
while the dependent variables are seiected_a$:
2 ‘ 4
am” . oA
M2 - .T
av | dp.
\ S p
da - dp
a P

‘0f course additionalrdépéﬁdent variables could haVe been
chogen, but the six above are sufficient for our purposes.
Manipulatibn of the governing equations reduces them toa -
‘standard'form which is best reported in the form.of a table of

influence coefficients as shown in Table I. The equation for

~any of the dependent variables in the first column is_forméd

by the sum of the products of the influence coefficients and



the respective independent variables in the first row of the

téble, for example:

-

dp
P

e

-

aQ - da

YkM2 a - ykMz Wk.- dH
Y - kMz A v _ kMZ CpT
kMz(Y + (Y -_l)kMz)‘ 4Cfdz'+ sz

2(y - Jar’) | FkpAM”

(42)



III. ARGONNE CASE STUDY

To utilize the equations of motion, as they appear in

Table I, one must first understand the Combustion process that

will be taking place. Typical operating conditions for existing

magnetohydrodynamlc (MHD) combustors can be found Iﬁ/t;e\ahaly51s

done by Chung and Smith [6] In the’ case of either a two-stage

or s1ngle—stage combustor, it is nated that a’precipitous rise in

the tempefature of the mixture oce;>s\§go' after entering the.

combustor. This characterizes the ignition of the coal particles

within the combustor due to the presence of intense radiative heat

flux. To model. this jump in temperature,'an S-shaped exponential
curve was used. Thus, the chemical heat released within the

combustor is glven by:

dH = H(exp (- Bl;Bz)) R | 5 L - (43)

~where:

z
z1 1

and z is the axial location as you march down the combustor,

z = - (44)

while zl is the 1ocation of»complete conbustion. Bl and B2 ‘are
constants which can be varled to obtain the de51red curve shape.
(In.thls case, Lhe dlstrlbutlon of chem1ca1 heat release due to
reaction as a functlon of z). H, in this case, represents the

total amount of chemical heat released, while dH would be the

amount released. at each z locatinn- The term H, as we will see,

can be- expressed as some fraction of the total heatlng value of
the fuel used
When examining the hlgh temperatures present in the MHD

combustor, it is noted that radlatlon would be the predomlnant

15
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mode of heat transfer. Depending on the flow configuration,
convective heat transport through the wall boundary layers may

not be negligible. Chung and Smith state, however, that the

Asimple radiative relationship based on the gas and zall temperatures

tra In

an@ emissivities would tend to overestimate the hea
any case, the uncertainties in the gas and wall emissivities would
not warrant the inclusion of the convective heat'lpss. While both
the solid particles and gaseous species within the flow interchange
'heat with the combustor wall, we will deal with the flow as if it
were composed purely of gaéeé to simplify the aﬁalysis. Much work
has been carriéd out on the radiatiye.transport properties of the
gaseous combustion prédﬁcts. For further discussions on thié
topic, see the publications of Eetrick and Shumyatsky [7]iahd
Palmer and Beeér {gl. -
Haywood and.WomaqkA[Q] have deveioéed the following equation

to describe the radiative heat loss from a cylindrical combustor:

0 =[4.77 x 15°\a e T £ - e [T N |
S v 9(1()(9 Y1 100 (45)

(1.53 X 107°)2/5" - - e)

where: £
g .

and: e =~ 0.8 _ o : . | (47)
w » . . }

Thé.temperatures in this case are in °R; while D, A, and Véjare

dimensioned in ft., ft.z, and ft;3 respectively. The radiative

heat'loss of the gas, Q, will then have the units 6f Btu per ft.3—
sec. (Sincé the flow-field equations where employed using metric

units,lthe above equations can be multiplied by the proper con-

version factors for consistency in units). The above heat loss

- .-

equations are valid when the combustor contains only the gaseoﬁs

" species. Of course, a more accurate heat transfer analysis




III.1 First Stage of a Two-Stage Combustor
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could be performed based on a detailed concentration distribution
of the radiating gaseous species;~howeVer,'the above analysis
will be sufficient for our purposes. .

These two quantities, the chemical heat released due to

chemical reaction and the radiative heat loss (to the combustor

LU
walls, define the parameters which will have e gredtest affect
on the temperature of the gas as we proceed lalong the combustor

length. While losses due to friction will be\nomipal, theY'will“

also be‘ihcluded since Heywbod.end Womack provide teblés'of
friction factors for various combustor configurations. Drag
losses will not be considered here since werate assuming the
flow to be gaseous. With this in mind, we are now teady to

utilize the quasi—qne¥dimensional equations derived in Section II.

Chung and Smith model a two-stage combustor, whose first
stage has a diameter of 0.19 m. The . first stage operates at a

pressure of 8 atm. and an air inlet temperature of 1866 °K.

- It burns approx1mate1y 1 kllogram of coal per second at a,

st01ch10metr1c ratio of 0.3951. Plots of velocity, gas temperature,

and percent combustible coal consumed versus z looation were also

available for this'case. These" served to furnlsh the initial data
required for the one- dlmen51onal equatlons. For lack of more
complcte chemical data, the gaseous mixture's spec1f1c heat (at
coﬁstant'pressure) and molecular weight where assigned constant
global values. The ratio of total specific.heats.and'Sensible

specific heats where assumed equal and constant for this case as

»

well.




The purpose of this first stage, as is typical with most two-

stage MHD combustors, is to gasify the pulverized coal with eithet
oxygen or air to form a. hot fuel gas. This fuel-rich mlxture is
then sent to'the second stage of the combustor, where additional
oxidant is added to complete combustion. The details of a typical
two-stage gomQusEEE\hill be shown in a.later section. We are |
primatil interested; in this section, in compariog the results
.obtained osengvthe one-dimensional equat;ons to the_work dope by
Chung and Sﬁéth.

UtiliZingiEqu43) - (47)? we now have a means of distributing
the chemical heat release and rediative heat loss along the coi~
bustor length, witbout going into the details of a chemical
reactionAanalySis.4AThe use of the radiative heat loss equations
is selfeexplanatory when it is noted that Chung and Smith list
'the'combustor wall tempe:aturelas 2089 °K. The chemical heat
release equation, hoWever, requires some explanation. To use the
S-shaped expoﬁential curve shown in Egs. (43) - (44), we heve to
determine the varlables zl, Bl, and B2. Since a plot of percent
combustible coal consumed versus z location was available for this
case; z1l was orlglnally set equal to 1.5 m.,.the_total combustor
first—stage length, since only 78% of the combustible.coal was
consumed at thisolocation. Chung and Smith noted that‘this two-
stage conflguratlon would have trouble consumlng all of the
‘combustlble coal in a finite length since only 80% would be
consumed if the first stage were extended to 2.4 m. Now, with zl
determined, Bl and B2 were originally taken:as 2 and -12 respec-
tively. (These values were chosen to yield the required distribution

after an analysis was performed to determine their affect on the



results obtained). Values for the total chemical heat released,

H,'w?re then chosen which would lead to the desired temperature,
pressure, and velocity at the exit, as stated by Chung and Smith.

The value yielding the best results  was:

., cal.
H = .5
3?6 3‘gm. | |
Chung and Smith give a heating value for the coal of:
L Btu. _ cal.
HV = 10262 75— coa1 __5705 gm. coal

This seeﬁs to be a reasonable value, after checking the wdfks
'-by Smith and Stinson Djﬂ andAWilson'and Wells Q1)- 'Since Chung,,
ané-S@ith claim that only 30 percent of the flow th;ouéh the
cbmbustor'is ¢omprised of.coai,.we can determine a cqmbustor
efficiehcy és follows: ”
H = HV (0.30)n o - © (48)
vfo: this casé; we obﬁain:, | | |
| n ; 0.22 |
Since only é percentaée of the combustible éoal is conéumed; a
more accurate value for the combustor:efficiencf could geu
obtained as follows: 4 | .
" H = HV (0.30) (% coal consumed) (n,) T (49)
where;:in this case; 78% of the combustible coalAis'coﬁsumed.for
the combustor length specified. This yeilds a'ﬁruevefficiency
tor thc-uombustor of: |
| n, = 0;283 : o | |
Thus, a true efficienéy of only 28;3 percent was obtained. . While
this value éeemé very low for a combustor'efficieﬁcy, it is noted

here that the purpose of this first Stage was not td\completely

burn the coal and air entering. Rather, it was to serve as a



20

gasifier stage to form a hot fuel gas to be completely burned
in the second stage of the combustor. (Recall the rather low
equivalenée ratio given by Chung and Smith for‘tﬁis fue;—rich
-mixture). | |

Even thouéh the one-dimensional solutions obtained were in
agreement with the results given by Chuﬁg and Smith; the température
and velocity'aistributions.as functions of z obtained did not closely
'match their results., To obtain the initial jump hndergone by the
temperature, zl was varied while maintainihg Bi, B2, and H constant.
A final vaiue of zl equai to 0.15 m. was chosen to best match %he
resultsfgivén by Chung and Smith. Recall that zl-specifiés the
position of complete combustion; it is noted here, that while
only 78% of the combustible coal was ﬁohsumed at the combustor:
total length of 1.5 m., 60% was already'ponsumed»at.0.15'm;_ Even
though the combusior.¢§nfigurat16n chosen has diffiéulty in_Eoné
4suming all of the available coal within a given length, it is seen
that the majority of the réaétidn occurs within the first 0.15 m.

With 2zl and H now determined, Bl and B2 were varied'siightly_
to determine their éffecf on the solutiéns obtained. -Varying Bl
and B2 Qould result in changes to the final velocity, pressﬁre,
'temperature; and density of less than 10 percent. The diétributions
of temperature, and'velocity‘as functioné of z, on the other hand,
'EQuld be brought closer to the resuits 6f Chuﬁg and Smith in.this
manner. .Thé final results were obtained with the values:.
| Bl =2 B2=28 zl=0.15m. |

~Temperature and velocify profiles comparing the fesults
Obtained using our quasi-one-dimensional analysis with tﬁe
~xesdits obtained by Chung and Smith (using a complete.chemical

reaction analysis) ap?ear on pages 47 and. 48, respectively.



¥ IR S e

et Am

21

I1I.2 Single-Stage Combustor

Chung and Smith also give results for a typical single-

n

stage ccmbustor. Thls combustor has a dlameter of 0.56 m. and

It also operates at -a constant

OK-Q

an overall length of 1.5 m.

pressure of 8 atm. with an air inlet temperature of 1866
While likewise consuming approximately 1 kilogram of coal per

second, ‘this ‘combustor operates with a nearly stoichiometric

‘fuel to air.mixture. The stoichiometric ratio is given as

0.9491. ‘As with the first-stage case, Chung and“Smith‘provide

curves of gas temperature, velocity, and percent coal consumed

versus axial distance along the combustor. The above figures

and information yield the initial variables needed for our

guasi-one-dimensional equations; namely, the initial pressure,

temperature,’ velocity, area, and change in area. The properties

involving the chemistry of the problem, that is,'the values for

were again chosen as constant global values.

L]

4kl Y WI‘ and Cp
Chung and Smith state that the single—-stage combustor seems

- to burn most of the coal within the finite combustor length, due.

to the‘fépid devolatilization of the coal particles possible at

such high temperatures. Therefore, the variable zl (which is

' the location of total combustion) was chosen as the combustor

total length of 1.5 m. The constants in the exponential dis-~

tribution curve, Bl and B2, were again chosen to yield variations
in;temperature and velocity versus axial positidn along the
combuétor which were similar‘to the results of Chung and Smith.
Thé vélues yielding the best results in this case were: ’

‘e

Bl = 6 B2 = 20 zl = 1.5 m.



The value for the total chemical heat released which'yielded
results élosest'to that 6f the reference is:
‘ cal.
H = 382.69 ———
gm

Fof this single-stage combustor case, we are given that the flow
initially contains 12 percent coal. Theréfore, a combustor
efficiency can bé found to bé:
H = HV (0.12)n : - : (50)
where wé obtain:
n = 0.56

Since 100% of the combustible coal is consumed by the end of the
combustor, we have: |
| ng =n = b.56
. Yielding an overéll efficieﬁcy fqr the combustor of 56 percent.

Temperature and velocity pxofiles 6btained utiiizing the |
one—diménsibnal equations as they appear in Table I (and the
éhemical heat'disﬁribution and_radiétive heat loss equations as
defined above), can be founa on'pages 49 and 50, respectively.
For this combustor, the flow-field calcuiationsiwefe also per-
formed assuming 2ero heat loss (adiabatic case),‘to.see the |
_affects that radiative heat transfer would have on the final
solutions. ‘These results also appear on the temperature and
velocity curves. For this éinglé—stage combustor, Chung and
Smith list an outlet temperature of 2856.8.°K assuming heat
losses due to radiation. The program.developed using the guasi-.

one-dimensional approach obtains an exit temperature of 2877.9 °K

when the radiative heat loss equation given by Heywood and Womack,

Eq. (45), is'emplqyed. When assuming the combustor operates
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adiabatically, the exhaust temperature is given as 3001.8 °K.
Thus, we can see thatvthe radiative heat losses incurred do -
not severely.degrade the efficiency of the combustor, even
for such large diameter’combustors as the one modelled here.
-When‘examining Figs. (1) - (4),Awe note thaf the fipal
~conditions obtained are élose.to'those values given by Ch&ng
and Smith. The results obtained also follow the basic trends
shown in the reference. It is noted, ﬁowever, thatAthere arc
jdifficultieslin using the S-shaped distribution curve to modei
- the energy released due to chemical reaction. No matter how
Bl, B2, and zl are varied,‘it is extremely‘difficﬁlt fo model
the thermal shbck which occurs initially when the cuval particles
and oxidant ignite. - This can be seen as fhe'dramatic jumb‘tha£
occuﬁs in the.teﬁperature and velocity‘of the gas over the.?irst
0.2 m, of combustorllength. It can be found, when examining the'
literature, that it is'éenerally the case that the majority‘of
the reaction occurs over a Qery small time (and space) interval.
Therefore, to modéi this phenomenon within the combustér more
precisely, a chemical equilibrium code was employed. This céde‘
was used to provide more precise information on the values of
k, vy, W, and Co and their.changes with respect to axial |
location. The heat of reaction term, H, coula now also be

calculated in a more precise manner. A description of this pro-

gram appears in the next section.




1v. CHEMICAL EQUILIBRIUM CODE

The reactants for a coal-fired MHD cémbustor fall into the
same cétagory as those required for standard elecfrical poﬁer
genération. A hydrocarbon fuel, in this case coal, with a given
chemical anélysis and heating value is burned in a preheated
air or aif/oxygen mixture. For MHD applications, a small amount
of potassium seed, usually_in the form of KZCOB' is also injected
iptb'the'flow. F?r particular cqmbustors,4this fuei, air, and

seed. mixture may- also be accompanied by some given amount of

" water.

Coal? upon analysis, is found to be an.extremely COmplex
chemical compound. Therefore,‘én‘existing cheﬁical equilibfium
code was empioyed'to obtain a detailed account of the éheﬁical
species ;esultingfrom the combustion of coal.- This equilibrium
code will be deécribéd in this section. For a more completé.
discussion of the équations used by this code, the reader is
directed to the reports by Gbrdon and McBride [12], and Svehla
and McBride [13].

This Forfran IV computer program hasithe ability of cal-:
culating the thermodynamic and transport properties of rather
complex mixtures. Thermodynamic data for a large number of
ideal gases and condensed species are provided with thé prégramit
for a temperature range of 300 to 5000 °K. Traﬁsport dété_aré-';f“
also provided; and for many cases, over a widér range. VSomé3§fv
the calculations which this code is capable of perfofming are:

(1) -chemical equilibrium for assignéd thermodynamic
states, : : . -

(ii) theoretical rocket performance for both equi-
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librium and frozen compositions during ex-
pansion,
(iii) incident and reflected shock properties,
(iv) Chapman-Jouguet detonation properties.
-Condensed species, as well as gaseous species, are Q9Q§§defed
in the thermodynamic calculations. Only gaseous species, ﬁowe?er,
are considered in the transport property calculations. When using
this program, it is noted that the range of applicability of'fhese
thermodynémic Caicﬁlations is approximately described by the limits
6f appiicability of thg ideal gaé law. In all of these céses, this
program utilizes the international systems of units (SI units).
To apply fhis program to our oné—dimensional study on coalAééﬁﬁﬁéﬁo
Qé will primarily be interested in the code's chémical equilibrium
capabilitieg. | | |
| Chemical equilibrium can be described by eithér‘specifyihg:“}
equilibrium constants or the minimization of free energy. This
code has chosen'to use the fiee—energy miniﬁization fqrmulation.
The'COnditlons tor équllibrium may be stated in tefmg of any of
severél fhermodynamic functions such as thé minimizatioﬁ of the
Gibbs free energy or Helmholtz free.energy or theAﬁaxiﬁization
of‘entropy. Thermodynamic states may be specifiéd by assigning
any of the following pairs of thermodynamic state fﬁncﬁions:“
(i) temperature and pressure, | |
(ii) enthalpy and preésure,
(1iii) entropy and pressure,
(iv) temperature‘and volume or denéity,
(v) internai'energy and volume or density;-

(vi) entropy and volume or density.



. The two equilibrium processes that would substantially aid

in our flow-field calculations are the constant temperature
and pressure (TP) and constant enthalpy and pressure (HP)
pnocesses.

For the TP process, a schedule of one or more assigned

temperatures and pressures may be speCified Chemical equilibrium

'is then allowed to occur at each of these specified temperature .

and preSsure positions. Such a process could be very useful in
constructing a Mollier diagram.

When the program is run in the HP mode, the heat of formation

of each reactant (as input or as computed) is multiplied by its

fspe01f1ed mole fraction. These terms are then summed to yield

the total enthalpy for the reactants. Chemical equilibrium is
then calculated for that total enthalpy term and each speCified
pressure. This calculation is valuable, in that it defines the

adiabatic flame temperature for the'given pressure and initial

- reactants.

The thermodynamic properties which result from these processe

are printed out. in tabular form. They include the mixture's

pressure, temperature, density, enthalpy, entropy, molecular weigt
(3 1n Vc/’alnp)T, (3 1in vc/amlﬁ T)p, specific heat at constant
pressure, isentropic exponent, sonic velocity, and composition.
The_calculated transport properties are viscosity and thermal
conductivity. The specific heat and thermal conductivity are
calculated for both frozen and equilibrium conditions. “Prandtl
and Lewis numbers are also included.

The intended purpose of this section was not to cover in deta

the equations and numerical techniques used in the calculations of



thesé~therquynamic properties; but rather to give a brief de-
écriptiaxéf this equilibrium coae and show its ﬁsefulness in the

MHD combustor problem at hand. The fdliowing equations, however;
have beenirepioduced here in anAattempt to clarity some of the.
terms.derived in Section II. Gordon and MéBride define the veibcity

- . of sound, a, as follows:

» {3 1n -p (5 1np ) (51)

2_(i)_2 p) zB[2 lnp |

a” = aps =p ( np)s = p\9 anc 3 o A

where all of these terms have previonsly been explained. From

-standard Bridgman tables, it can be shown that:

(3 1np \ _. c | | S
19 1lnV =P
\ c/S [ 1nV 19 9 1nVv \2
| Pl ) * T (3 T (52)
| | P o b :
This may be rewritten .as:
A (8 lnp -
' 3 anC' S (53)
where: o A 2
S . pv (a 1nv ) o S
e c . S
L T \o InT /p " : S (54)
. cv;f °p + (3 lnv) T .
. 3 lnp T . o .
Using the symbols: : o ' ‘
vg (2 1np ‘ | ' (55)
_ 9 Inpfo - o 4
~and: '
- (56)

<
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<O }OO
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Eg.(53) may be réwritﬁeh as:

N . (57)

'Using the equation of state,'Gordon-and McBride then express the

'sonic velocity as:

a = /ARTY, | S | . (58)

where n is the total number of moles and R is the gas constant

.on a molar basis.

Comparing theseAequations to the ones derived in Section
II, we note that here y represents the ratio. of sensible

specific heats, just as it does in our one-dimensional equation

development. The term yg defined by Gordon and McBride is seen

to be the term k uéed in Sectibn II. . Therefore, we note fhat

this,equilibfium code will provide us with precise Valueé of vy

.and k, along with the_pther-required information related to

chemical reaction, needed for our combustor analysis. The

method in which this program will be utilized will be fully"
explained in the next section.

" Others have utilized this chemical equilibrium'code as well.

. For another approach in the use of this program to model combustc

and heater components with MHD applications, see the work- of

-Sacks, ei.-al. [14].

L7 ]



V. PERC CASE STUDY

In this section, the quasi-one-dimensional flow-field
eéuations will be ﬁtilized, along with the cﬁemical equilibrium
code, to model a MHD coal combusﬁor currently ﬁnder test'at
lthe Pittsburgh Energy Research Center, Pittsburgh, Pennsylvania.
This combustor is to eventually be installed in the Component
Development and Integration Facility curfently under construction
in Mon;ana. (Rerall the report authéred by Jackson descfibiné
this facility). A complete techpical report containing the
operating conditions of this combustor can be found by Kurtzrock

and Bienstock [15]. A brief,discussion of this combustor follows.
V.1l Combustor Description

- PERC has advocated high slag rejéction using staged:com-
'bustiqn as a technique to assure‘high recoverability of
potassium seed and reduce~dowﬁs£ream design and material prdb—
lems résulting from the presence of molten coal slag. Therefore,
the degree of ash cafryovér in the PERC éombustor is controlled
‘by adjusting Qperating parameter§, sqch as .coal particle size-
range and air velocity.
| The configgration chosen by PERC was that uf a two-stage
combustor. The'first stage acts as a slagging gasifier, operating
at 50 to 54 percent of stoichiometric air. This section is
actualiy a vertical cycldne with an axially iocated slag tap
‘and discharge throat (vortex tinder). Preheated éir at 2050 °K
.is fed into the gaéifier through a scfoll—shaped side entry in
a path essentially tangént to the outer wall of the sc;olla.

Pulverized coal at room temperature is fed into the scroll at a

7
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rate of approximately 6000 kg./hr. inside the airstream;
that is, on a shorter radius which could be considered as a
secant referenced to the scroll diameter. Separation of the:

" coal slag is obtained in this section by‘the cyclonic~fluid
motion, employing_the vortex flow principle. Good separation
(greater than 90 percent) is claimed by PERC to depend on a set
of interrelated design parameters. They ieclude the first-stage
geometry, operating temperature, stoichiometry, fuel particle
size, gas Qelocities, and viscosity—temperatufe characteristics
Qf.ﬁhe slag.

The hot fuel gas created in the gasifier leaves‘through the
gasifier throat and passes throﬁgh an interstage'conﬁection which :
conducts the gas to the second stage horizontalAcombgstor; PERC
states that this combustor configuration was chosen for two ;easens

"First, as the gasifier stage is vertical, a turn had toAbe made to-
matevWith the Horizontal MHD generator. Second, this eonfiguration

':was seen to prov1de a 31mple but effective way to mix the oxidant
with the fuel gas while at the same time u51ng the oxidant at a
veloc;ty ratio of 4 to 1 to stralghten the sw1r11ng flow of the.
'fuel gas froh the first stage. The oxldant apd any seed that
may be used is injected at the bend, and PERC claims that mixing
should be com?lete in less than 0.5 combustor diameﬁe;s. Upon

‘!mixing with the oxidant, the hot fuél gas hasventefed the.second.
"stage at a temperature of approximately 2350 °K. This.stage
operates as a combustor at a pressure of 6 atm. and an overall’
system stoichiometronf 95 percent. It is approximately 1.45
m. long, with a cross-sectional diametes of 0.6 m. The resulting

hot plasma exits this stage at a temperature of 2870 °K and Mach




" number of 0.05. The flow is then accelerated through a‘nézzle

to raise the Mach number to 0.3 before entering the generator

. channel. A sketch of this combustor drawn to approximate séale
can be found on page 51. Again, i£ is noted here that the quasi-
one-dimensional flow-field equations préviously deveioéed would
fail locally in the mixing reéion. This is primarily due to the
assumptions uéed when deriving these equations. They would,
however, dffe: good results.wheh applied in the combustion régiuh,'
assuming that mixing of the hot fuel gas and oxidan£ is completed
by this stage. With this in mind, we can proceed to model the

second stage of this two-stage combustor.
V.2 Model Assuming Adiabatic Process

The PERC combustor was choSen for-this case because .of the
extensive information available on its opera£ing conditioﬁs.' In. ..
beginning this éalculation,-it'was necessary to determine the ‘
composition of the hot fuel gas entering thé second stage_elgow
combustor. The PERC féport provided information on the species‘
concentrations of this hot fuel gas in terms of mole fractiéns.
These Vélues:haﬁe been reproduced, ané can be fouﬁd in Table II,
page 45; Knowing these initial values,iand recalling that PERC
states that the second stage operates at an o;erall sistem
s;oichiometry of 95 percent, we are now able to completély define
'thé total initial reactantsAin terms of theif mole fractions.
Noting that the hot fuel gas entexrs the second stage at 2350 °K
and the.extra oxygen enters at 298 °K (room temperature), we
ére'now.prepared to use the chemical equilibrium code explaine

earlier.



Specifying the mole fractions of the total initial re-

‘ a¢tants at their‘given input temperatureS,'and an equivalence

ratio at.which_the reaction is to occur; ﬁhe equilibrium code

- was then run in‘the_HP mode.previously dgscribed. This calculatit

 yielded the'folléwing’result:'
| Tap = 2908 °K

where TAF represents the ‘adiabatic flame température. This is

'thgigas temperéture that we would obtain if‘the following as-
- sumptions were made: —

(i) the velocity of the gases andvcondensed phases
is small enough so that the contribution of
kinetic.energy to an overall energy balance is
negliéible (thereby fepresentihg'the combustof
energy as completely random thermal'energy);

(ii) the combugiion occurs as an isobéric process,
(iii) the coﬁbustionvproducts,are gasés and, in
| particular, Beﬁavé.like perfect gaées,
(iv) the_combuétibn process is'adiabatic:
The first three assumﬁtions are'generally réasonable for a
combustor problem of this type,awhile the'fourth one is a more
_idealiStic'approximation. fhié éssumptiop_ presumes that thefe
~is no heat trénsferred to or from the gas during reaction.
VTherefore, the entire enthalpy of reaction would be'uéilized'in
' _:éising the temperature in the chamber.  This vaiue is uéeful
since it represents .a theoretical ideal with which to compare
actuai results.
.Once this had beeh done, the chemical code was then run

assuming a constant temperature and pressure process. While




the pressure was maintained constant at 6 atm., the temperature

was varied from 2200 °K to 3400 °K in increments of 100 °K. T.._
values obtained-at these positions; that is, the mixture's mc‘
lecular ueight{specific heat, isentropic exponent, and
(3 1n Vc/pa'lnp)T were all stored on data files. Values for the
- individual species' enthalpies and mole fractions were also
stored on date files. These values were to. be used to furnish
the detailed information necessary to determine the variables W,
c , k, dk, v, Hi (f), and ci‘and c; as functions of the combustor
axial distance. (These variables'were defined previously~in
Section II). With this iuformation available, a more complete
analysis of the actual chemical-reactionuundergone by'the
Acombustor could now be performed. Of course, the basic assumptiop
made in using this chemical equilibrium code -to modelmthese
combustor parameters is that the chemical reactions defining the'
"vcombustion'of these gases Occur at infinitely fast rates. This .-
is also assumed true for any recompinaticn or dissociation~that
:may take place. Therefore, the gases-in the combustor are said
to achieve chemical equlllbrlum 1nstantaneously at each locatlon
,along the combustor's length; and we w111 not concern thls
analysis with finlte—rate reactlon technlques.

Starting w1th the deflnltlon descrlblng the adiabatic flame

temperature, as glven by Sforza [16], we have:

- " - [} —_ L -
80 = zci H,(T,0) Tei Hi(T,) =0 | . (59)
where To_is the initial temperature of the reactants, and the

other variables are as previously defined. Subtracting the
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fquOWing quantity from both sidés'of the abové<equation:-

fci Hi(TAF) |
we obtain, with a little hanipulation:' .

(e - i) B (Tyy) = 2 of [#:(T) - (T )] (60)
Notiﬁg that the right-héhdAsidé of thi; equatioh is equivalent‘
}to the expression given by Eq.(3?), we obtain.the final resglt:

oH =1 ocf [H(T,) - H, (T,p)] : | | (61)
whiCh'defineé the;chemical heat release term. Referring back .
to Table II, we see that the ci have been givéﬁ fér'this case.
Therefore, this form of the equation will be used‘to describé
‘the heat reiease due to chemical reaction.

In reviewing the existing literature on MHD combﬁstors, ii
has been found‘that.the majority of the reaction was seen to
occur;withiﬁifinite distance down the combustor length. When
comparing temperature or velocity profiles, as giﬁen by Figs;(l) -
(4), Qe séé that the majority of the change in these péramefers
" occurs within lolto'lslperceﬁt of the total combustor length..
After this.initial jump, these vélues gradually levei off tov
their fihal results. | | |

| Using‘the info;mation provided by Téble IT and the chemical
equilibfium code,.this combustor stagé was}then-médelled utilizing
the quasi—one;dimensional equations. In this case, Since the
adiabafic_flame temperature had been calculated; and species
enthalpies where knownas a function of témperature, a global
cheﬁical heat release could be-determined for this combustor
utiiizing Eq. (61). It.is noted here that only the species en-
" ‘thalpies of the original nine reacfing species were retaihed as

functions of temperature. Therefore, they were the only species



considered when determining the chemical heat release. While

other species had formedrdue to recombination and dissociation;
their concentrations over the tempefature range'at hand were so
sméil as not to warrant their inclusion. It was found that the -
change in concentratioﬂ of the initial reactants waé the pre-
dominant‘influenge on the thermal aspecfs of‘the combuétion
problem. This total chemical heat release was theﬁ distriﬁuted
in a‘linear fashion, over the first 10 percent of combustor
length. Sihce‘thié case assumed an adiabatic process,.thére
were no radiative heat losses‘considered. Thus, Qe have defined
the energy terms required to make use of our one-dimensional
equations. Frictional losses were qonéidered uéing the tables
of friction factors supplied by Heywood and Womack. Changes !
dﬁe to drag and area change were assumed negligible fof this case.”’
With this informatioﬂ, the one-dimensional quatidns Qere
<u§ed to calculate new values for the dependent Qariables aslthej
are listed in Table I. Thesé calculations were continued, in"
an incremental fashion, along the entire combustor length. At
each statién new values of'k, y; and W were used, having béén
deﬁerﬁined”as functioné of temperature by the chemical equiiibrium
code. The species mole fractibns were also updaféd in ﬁhis.manner.
Since the variations in these properties were smooth, a simple
linear intefpolation schemelwas usea to ébtaiﬁ the actual values
for these variables at the temperature corresponding to each
axial location. Since a large number of points were originally
determined for these parameters utilizing the equilibrium code
TP process, this linear scheme proved to be both accurate and

efficient. It was found to be commensurate with the -accuracy
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obtained in employing the quasi-one-dimensional flow;field
equaéions. |

The results obtained utilizing this model can be seen as
Figs.(6) - (7) on pages 52 and 53, respectively. These plots
cah be seen to follow existing trends. It is noted, that the
chemical heat release was confined to the first 0.145 m. of the
total 1.45 m. length. This along with the fact that no radiative
heat losses were assumed, resultedAin the "freezing" of the
'temperature and velocity aftef this short distance. That is to
say, that the changes in W, k, Yy, and cp were veff_small from
this peint on, ana could not alter the dependent variables
appreciably after this point. This shows that the chemical

heat released is a major factor that results in the greatest

changes to these variables.
V.3 Model Including Radiative Heat Losses

The abeve-analysis was repeated, this time assuming.thet
after the chemical heat was released -adiabatically, radiative
heat losses would occur for the remaining length ef the eombustor.
Since a wall temperature fof this combustor was not specifiedc
the radiative heat loss equation developed by'Heywood and Womack
(shown as Eq. (45)) wasAnot used. Rather, PERC specified a tqtal
heat loss fhrough this section of approximately 40 cal./gm. AThis
value was distributed linearly aleng the eombﬁstor length; This
represents only a small portion of the value obtained for AH,
which is approximately 350 cal./gm. (Recall that AH represents

the total heat released due to chemical reaction). Thus we see,

as was the case with the Argonne combustor, that the total heat
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loss due to radiation is only a small fraction of that heat
liberated due to chemicalireaction. This has been shown to
. be’the casé, even when the combustor'diameter has.approached .
| bneAthird to one half bf the total overall length. fhis result
lends credibility to the adiabaticAproéess prev?ggs}y assumed.

Thé temperature and velocity plots 6btained assﬁmiﬁg radiative
heat loss can be found on pages 54 and 55. A'table comparing the
species concentrations obtained at the end of tbé second stage. -
combustor using thé'one—dimensiénal analysis with those values .
~ given by~PEkC appears on page .46. it can be seén.fhat these
values are ‘close to those stated by PEﬁC. Discrepanciés arise
since these concentration values»are a function of teﬁperaturé;
and the one-dimensional analysisbdid not match the exit tempefaturé
‘given by PERC exactly. .Mdre will be §aid abOut theseAresult§'4
in the»seétion to follow. | -

. Fig. (10), which appears oﬁ’page”SG, shows the concentrations _
‘of the major spécies as‘they»vary aldng the cbmbustor length. |
Thé trends shbwn by this figufé are in:agreemenfjwith the work
‘Performed by4Chung and Smith. . ' '
Fig.(ll);‘which can be found oﬁ page. 57, was inéluaed‘to
- show the difference between the values of y ahd'k, which represent
the ratio of sensible specific heats and the ratio of total
séecific heats, respectively. Thus, a difference betweén these
two variables can be'notéd for the combustof'prbblem at hand.

It is notéd here, for the sake of uniformity, that all of
" the figures appearing in this work show the';esults obtained with:'

this process versus axial location. The combustor axial locati

was denoted as z. in the flow-field equation development. All
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of the figures denote axial distance down the combustor as X.

These two variablés are equivalent in this work.
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.- which might occur.

VI. CONCLUSIONS AND DISCUSSION

In the Argonne case study, the quasi-one-dimensional

‘analysis yielded results that were consistanﬁ with the operatifig

conditions given. The method used in evaluating the overall

chemical heat released due to reaction was rather cumbersome.

While it was a simple task to have the flow-field equations
yield the proper results by varying AH;.it was difficult to

obtain values for Bl, B2, andbzl for the S-shaped curve that

‘would accurately éepict the required distributioh of this heat

release. Thts,<whileAexit conditions could be obtained to match
the values given in the literature, it was a formidable task to °
obtain the proper variation of these parameters as functions &6f

axial location. To do this, a more accurate method was needed

to determine the chemical heat reieaSe and any heat losses

To improve this'siﬁuation, an existing chemical equilibrium
code.was utilized. Now, given a knownlquantity of initialire-
actants, it was possible to obtain the required ehemical propert&es
needed to model the:coalAcombustor Witﬁiju:flow-field equatioﬁs
developed. | ' | o

For the PERC twe-stage combustor case, it is recalled that

“an adiabatic flame temperature of 2908 °K was obtained with the

equilibrium code. When the qua§i—6ne4dimensional equations
where utilized with a linear cheﬁieal heat distributionAas
described'earlier: both the adiabatic and radiative heat loss
cases resulted in a value of(2850 °K at this location. For the
adiabatic ease, this temperature remained constant until the en

of the combustor-A This was due to the fact that the chemical
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heat release due to reaction was assumed complete and there

were no heat losses to diminish this temberature. For the case
allowing 'for radiative heatAlosses,'rhe final temperature
obtained atAthe combustor exi£ was 2806 °K. The exit temperature
, sPecified by PERC was 2870 °K.'l

) PERC also listed an exhaust Mach number of 0.05 at a pressure
of 6 atm. The results thalned for both the adlabatlc and heat
loss cases were 0.07 and 5.99 atm., respectively. Thus, lt can
'Abe seenAthat the flow-field equations'developed can accurately
predict the actual results. |

| Upen examinatioa of the one~dimension equations derived,
it is seen that the variables dk and dﬁ actually refer to
dlfferences between the final and 1n1t1al values of these
parameters. While these varlables are requlred to determlne the -
flnal temperature (for each 1ncrement over whlch the one-di -
men51onal.equat10nswere applled), their actual flnal values
are not known until thls.temperature is thalned. In the case
.of the term dk,»the Qalues used lagged'the calcu1arion_by one
inerementl In other words, dk was'represented as the ihitial
k minus the flnal k of the prevlous step. This was viewed as
acceptable since a curve of k versus temperature proved to be
~smooth, and the incremental step chosen Qas very small. For
the dH term, a global chemical heat release waS~initally cal-
" culated assuming that the reaction proceeded to the adiabatie
flame temperature within a specified distance down the com-
bustor length. This value was chosen as being on the order of
10 percent of thc total length. The total chemical heat re-

lease»ebtained, as calculated by Eq.(61), was then distributed



ovet this specified length. An adiabatic process, or one

allowing for radiative he;t losses was then assumed to occur
froﬁ this specified length uﬁti1~the end of the combustor. .
'The results obtained in this manneyr have beén shown to conférm
well with expected exit parameters.

A possible way of improving on these reéults would be to
set up some sort of prediction—correctibn iterative scheme. An
initial value for“the final £emperature could be assumed. Exact
values for dk and dH (making use of Eq.(34)) could then bé ob- |
»‘tained. .These values could then be‘used by the flow-ficld
equations to actually calculate the final temperature.: This
process'could continuevin an itérati?e fashion at each in-

' crémentai step until the initiélly aéSumed value for the final
température was within a given tolerance of the caléuiated'

final temPEIature,
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TABLE I. INFLUENCE COEFFICIENTS FOR QUASI-—ONE-DIMENSICNAL FLOW

da dQ - dw,_ - dH f4cedz + aF gvgv ax
A c T | D 1. .2 W k
2 L 2 2 2 L L2 2
am -2y + Z(y = 1)xm y(1 + xmM%) kM [y + 2(y - l-)kM] -y(1 + kM%) { -1
M2 y - kM% Y - km? y - kM? y - kM
av - Y _Y}'(MZA —y 0
A e Y - s 2(y - i) v= e’
2 - 2 2.4 2
da {y - 1)xm v(1 - xm?) -(y - 1)x°m —v(1 - xmM?) 1
a 2(y - xm°) 3(y = xm?) a(y - xm?) 2(y - kM?) 2
dar (v - 1)km? y(1 - xu?) (v - 1)k%u (y - 1)xm 0
T y = xM? y - km? 2(y - xM?) y - kM?
2 2 - .
dpo | wt -y kM2 v 0
9 Y - kM2 Y - kM2 Z(Y - kMz) Yy - kM
dp ykM2 ~ykM? -kMz[y + (y - 1)kM2] ykM2 0
P Yy - kM? Yy - kM? Z(Y - kMz) ' Y - kM2

1A%




TABLE II.

‘ Component

N,

CO2

co

H,0
Ar
Hy
1

SO

2.

FIRST STAGE GASIFIER EXIT GAS COMPOSITIONS

Mole Fraction

0.489
0.094
0.232
0.122
0.006
0.054

.0.001
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. TABLE III. SECOND STAGE COMBUSTOR EXIT GAS COMPOSITIONS

Component , Mole Fraction
| e 1D
N, - 0.446  0.4653
Co; S . 0.221 0.2208
co K 0.082  0.0927
H,0 | . 0.176 0.1510
0, | 0.025  0.0225
ar 0.005  0.0058
Hy _ 0.009  0.0093
H | 0.003  0.0033
o © 0.003  0.0033
OH | 0.016  0.0152
NO o 0.010 0.0097
KOH | ~ 0.005 -
K : ~ 0.003 —
S0, | ©0.001  0.0009

1.005° 0.5998

*NOTE: Second stage includes aqueous seed solution.
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Complete Burning and Extinction of a

Carbon Particle in an OxidizingﬁAtmquhere'

Moshe Matalon
Aerodynamics Laboratories
Polytechnic Institute of New York
Farmingdale, N. Y., 11735

Abstract

The departure from an equilibrium gas phase behévior is des-
cribed in order to obtain the rate of mass loss M of a pure car-
bon.particle immersed in an oxidizing atmosphere over a wide
range of DamkShler numbers Dg (representihg either the particle.
size or the ambient pressure). Unlike the equilibrium limit
(ﬁg*«d in which M depends solely on the indirect oxidation C+C02,
the present analysis allows a small leakage of oxygen through the
fiame so that M depends on the direct oxidation C+02 as well.
Furthermore, the structure of a thin but finite flame where the
'CO oxidation takes place is analyzed and its influence on M is de-
termiﬁed. It leads to a minimum value Dg° (ox particle size) 5e-
low which the Co+0, flame cannot persist and the gas phase is
necessarily frozen. When the flame exisﬁs, it stands at a well
defined distance from the pérticle énd in particular it can be
adjacent'io it; this depends on the particle size and on its
surface temperature. Both cases have been anaiyzed in thé p:eSent

study.

Supported by the U. S. Department of Energy, MHD D1v1510n, under-
Contract No. ET-78-C-01-3084. _
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INTRODUCTION

The theory of the quasi-steady burning of a carbon parti-
cle immersed in an oxidizing atmosphere consists of two basic
models (Spalding, 1955). One, first proposed by Nusselt (1924),
assumes that the only oxidation occurs at the surface of the
partiéle producing CO and/or co, (the latter is formed at low
temperature only). Fig. la is a schematic representation of
this model when the only product is carbon monoxide. The second
model (Fig. 1lb) proposéd by Burke and Schumann (1934) assumes
that carbon is consumed due to the reaction with CO, while the
CO thus formed reacts with oxygen at a flame sheet to form co, . -
(seé also Avedesian and Davidson, 1973).

Research to determine the validity of the models has been
carried out by many investigators and summarized by Caram and
Amundson (1977). Most of the modelling work starts with a given
model and checks the vélidity of the assumptions. By contrast,
their study is based on the conservation laws of mass and energy
with surface heterogeneous reactions lumping all the intraparti-
cle effects. In the parameter plane of the surface temperature
versus the ambient temperature they were able to determine the
regions where solutions of the conservation equations can be
found. The present study assumes that the surface temperature Ts
is given and in taking this approach the work is more closely re-
lated to the current paper by Libby and Blake (1979). Our goal is
to determine the burning rate M (the rate of particle mass loss)
and its dependence on the heterogeneous Damkéhler numbers (Ds,
Esi and on the homogeneous Damkchler number (Dg). Note that a rela-

tion between M and the Damkdhler numbers is indirectly a relation



‘between M and the particle radius a .because'DS and 55 are linear-
'ly proportional to a and Dg to a’.

Libby and Blake (1979) examined both frozen and équilibrium
gas phase and determined the burning rate M in each casé. For the
equilibrium limit they found that M depends solely on-tbe indirect
'oxidation C + CO2 because the homogeneous reaction was'éssumed to
be infinitely fast and in the absence of oxygen the direct oxida-
tion C +,02 is not active. The maximum valge for the burning rate
say M2, is obtained whén the heterogeneous reaction is diffusion
controlled. BAll the values below M2 are attainable depending on
the par£icle size and the surface temperature. In our treatment of
the problem we consider a thin but finite flame for the homogeneous
reaction CO + Oé and in particular,discusé its structure. When the
gas phasg Damkohler number Dg*w we recover the equilibrium limit
but as Dg is ;owered a departure from eguilibrium occufs and the
‘burning rate depends on all three reactions mentioned above (sée
:Also Fig. 1). Although it has been recognized that they all play a
certain role in the process, the interplay beéween homogeneous and
heterogeneous reactions have not been fullylexplored. Only limited
cases have been discussed (Fendell, ;969).

Another new feature uncovered in the present study is the exis-
tence of a minimum D; below which the oxidation of carbon monoxide
is not possihle and the gas phase is necessarily frozen. Thus, the
burning rate has a mihimuh value Mex (see Fig..6) which correspohds
to extinction. Thg other situation corresponding to a weak gas-
phase readtion and which for small Damkdhler numbers reduces to the

frozen limit, will be discussed in a following paper. This case 1is

expected to determine the ignition conditions and as a consequence



the whole response of M versus thé Damkohler numbers may be con-
stfucted.

In formulating the problem a spécification of the different
chemical reactions taking place during the process is required.
It has been assumed that the primary reactions playing a dominant
role are tﬁose shown in Fig. 1 - and that the heterogenéous reac-
tions are first order,as~did Caram and Amundson (1977), Libby and
* Blake (1979) and others. In general, the temperature at the
partiClé surface Ts is an unknown which must be defined in the
course of finding the solution. But for analytic convenience TS
was taken as a given value and therefore the controversy of
whether the reaction rates conform a well defined Arrhenius law
was a&oided. The more precise boundary condition for the tempera-
ture given by an energy balance at the particle surface, will be

addressed in a later study.

The formulation of the problem is given in the next section
after which the method of analysis is discussed. Basically acti-
vation energy asymptotics has been employed (Wiiliams 1971, Ludford
1977) in order to confine the gas phase reaction to a thin diffusive-
reactivé zone which can be analyzed and matched with the convective-
diffusive outer flows. The flame structuré is similar to the one-
dimensional flames discussed by Lindn (1974) and Matalon et al
(1979). Note also the work by Buckmaster (1975) and Law (1975) on

the analogous problem of droplet combustion of liquid fuels.



FORMULATION

Consider a spherical carbon particle (Fig. 1) immersed in
an ambient atmosphere of oxidant-inert mixture. The oxidant in
general diffuses towards the particle and two oxidation regions
exist; one at the surface where carbon monoxide is formed by the
direct.(c + 0,) anQ indirect (C + C02) oxidation of carbon and
the other, ip the gas phase where CO oxidized to C02. Although
the particle size continuously varies as carbon is consumed, the
quasi-steady state approximation neglects this effect. Its
justification lies in the large ratio of carbon to gas density
which implies a slow rate of change in the particle size. Thus,
for any particle diameter all physicochemical processes are assumed
steady. "We also assume that spherical symmetry exists so that

.the overall continuity equation can be integrated to give
2 v : . '
rpv = M (= constant) - (1)

where b is the mixture densi;y and r, v are the'radia; coordinate
and velocity respectively. The term "burning rate" is ﬁsually -
given to M and we shall adopt it. Since the mass flux is given by
ov =AM/r2 , the momentum equation plays no role other than determin-
ing the small pressure variations and will not be considered.

The chemical species assumed present in the gas phase are CO,
0,, CO, and inert (usually Nz) and the subscripts 1-4 will be used
respectively. If fhe homogeneous reaction is

co+ Lo, +co

5 0, > (1)

\

then the species mass balance equations and the overall energy equa-



tion written in a dimensionless form, are:

1
T I=a L (Yl)

= - X
a

]
o)

L (¥, =L (¥y) =L (D

) .
> (2)

( L (Y4) =0

" where the convective-diffusive operator L is given by_~

Yi is the mass fraction of species i, T the mixture temperature and
o which depends on the stochiometric coefficients of reaction (I)

and on the molecular weights of the various species,is,given by

| a = m02/2mC02 (= .36).
In making the variables dimensionless we chose a, Q/cp and )\a/cp

as the characteristic values for length, temperature and mass flux
'reépectively, where a is the instantaneous particle raaius, A the
coefficient of heaf conduction, s the common specific heat and Q

the heat of reaction (I) per unit mass of CO,. The reaction is assumed to

be second order and its rate described by an Arrhenius law as ex-

perimental observations indicaté; see for example Hottel et al

(1965) and Howard et al (1973). Thus, we write
_n 22 1/2 - o ~ -

Q = Dgp Y, v, exp (~6/T) , (3)
where Dg-is the gas-phase Damk&éhler number given by
' . m : 3

Tcoo, | MH,0 AQTRT T2
Here, k is the pre-exponential factor, Po the uniform pressure
and YH 0 is the mass fraction of water vapor which presence serves
5

as a catalyst to the CO oxidation. The amount of water vapor is



small ehough so that Y, 4 can be considered as a parameter; €lse-~
. 2 L
‘where it is included in Y,. The other parameters affecting D

g
are tﬁé partiéle radius a and the ambient pressure P, assumed
.constant. In (3) the density was made dimensionless by{Cpéo/Qﬁ
and the equatioh of state becomes pT = 1. It should be hentioned
that in writipg equs. (2) it has been assumed that éll species
have equal ahd constant specific heats, that the diffusion coef-
ficients are all equal and that the Lewis number is oOne.

Far away from theipérﬁicle all properties are known.and con-
"'Jtant | |

Y, =¥, fori=1,4 . T =T_ as r+e. (5)

At the partiéle surface we assume that the temperature is given

T =T at r =1 , | ‘ (6a)
and avoid writing an energy balance which leads to additional non-
linearities in the boundary conditions. Mass conservation at the
- surface requires that the net mass flux equals the faté of consump-
‘Ition/production per unit area by the heterogeneous chemical reac-
tioﬁs. We consider both; the dipect oxidation of carbon

2 + 0, » 2C0 - | (I1)
and its‘reduction by carbon-dioxide | |

C + €O, + 2C0 , ; ‘ (III)

and assume (Field et al, 1967; Dutta et al, 1975) that they are
_first order reactions. Then, the conditions at r = 1 are
MY, - dv,/dr = (1-a) Dy Y,/a + 2(1-a)Dg ¥,

aY,/dr = -D_ Y -
2 s 2 . . (6b)

&
|

MY, - dY3/dr = =D Y

MY, - dY4/dr = 0 ,



where Dg and ﬁg'are the surface Damkdhler numbers for reactions
(II1) and (III) respectively, given by

fl

o 2_ ' .
DS = (Cp /AQR)apOTs kz(Ts) ’

(7)

- 2 - -1,
Ds = (cp /AQR)apOTS kB(?s)- .

In writing these relations we have used the equation of state

pT = 1 and left the temperature dependence of the réaétion rates

arbitrary, a point which will be discussed later.
The-governing'equations sum to five éecond order équations

(2) withvﬁen bbuhdary conditions (5,6). The additional ééuation

Y.+ Y. + Y, +Y, =1 | ‘ (8)

1 2 3 4
resulting from the fact that carbon is a nonvolatile matter serves

Y

to determine M. 1In parﬁicular its dependence on the Damkéhier
numbers ié a principal output of the solution which indirectly re-
lates the burning’rate to either one of the parametérs p, a, Ts.
The problem we are facing can be further reduced if we realize
that for a proper combination of the masé fractions; the source
terms can be eliminated from both, the differential equation and the
boupdary‘conditions at r = 1. The resulting linear problem can be

solved yielding

a(Y,-Y é_M/r) + (1-a) (Y,-Y e—M/r)
. 1 1l 2 2
(9)
-M/r, _
+ Za(l-q)(Y3—Y3a§ Y. =0 .
The éolution for the inert mass fraction is also known
_ -M/r ' ‘
Y4 = Y4wg , | A (10)
so that together with (8,9) we obtain |
~M/r,- _ - *M/r
a(l-e ) + (1 2a)(Y2 Y, .8 )
,M/Ty 2 , (11)

+ a(l-2a)(Y3—Y3«§

7



whichvis a relation between Y2 and Yq only. ‘Consequently, one
.mass~-fraction equation remains to be solved; the otheré result
from (9), (10) and (11). ABeing a nonlinear two point bbundary
value prbblem, it is expected that multiple solutions exist as
pointed out by Caram and Amundson (1977). Only one solution
will be adaressed in what follows and the conditions under which

it is valid will be discussed.




THE REACTION RATES

It has been mentioned above that the homogeneous'feaction (1)
may be considered as second order. Thus, relying on the correlation

provided by,HoWard et al (1973), we find that the activation energy

4

is about 30 kcal/mol so that exp(-E/RT) is at most 5-10 = for

temperafures below 2000K and becomes significant at oniighigher
temperatures. This suggests that the chemical activity may be con-
fined to a thin zone, outside of which the reaction rate is negligi-
bly small. Formally,one can obtain this behavior by assuming that
the dimensionless acti&ation energy 6 is large (Ludford, 1977,

Williams 1971). As to the Damkohler number, we use representatives

values for the various properties in (4) and take k= 1.3-1014

1/72_2_ 2

cm3/mol-s to obtain Dg = 4.2 Y a“p, where a is measured in

H,O
2
microns and Ps in atmospheres. The small amount of water vapor

3

present in the gas phase is of the order Y 10~ so that for a

H,0~
. 2
particle size in the range 10-100 um and for pressures 1-10 atm, we
find lngslos. Since Dg attains relatively large values we may
write

Dg = exp (G/Tc) ‘ : (12)

and in doing so, define s characteristic-temperatuse Te which is
indirectly related to the parameters a and Pg- Now the chemical
résction rate contains the factor exp (8/T_ -6/T) which clearly has
differenf order of magnitude for large 6§ depeﬁding on the relative
'sizes of T and T.-

The equilibrium gas phase limit, discussed by Libby and Blake
©(1979) is obtained when Dg exp (-6/T)+¥. Then, a finite.ﬂ requires
1/2 _

Yle = 0 which is possible only when both CO and O2 are totally

consumed at the flame: i.e. Yl~E-0 for r>r, (with Y, _= 0) and



Yz = 0 for r<r, where r, is the location of the flame. The temp-'
erature reéched at r, is the so-called adiabatic flame temperature
Ta‘and therefore'the equilibrium limit-fequireé Tc<Ta.

When the characteristic temperature is close to Ta to within

1/9, say’ T, =T, - (Taz/e)tc, we can write the reaction rate
o2 1/2 _ ~
Q= Dg pPTY Y, exp (G/Ta 8/T) | (13)
: o ~ t ~
in terms of the reduced Damkdhler number Qg =e °. When Q;+w we
= -1

recavef the equilibrium limit (see appendix) so that qg- measures
the departure from equilibrium which is our concern in the present
pdpéx. |

In analyzing the combustion field, the feaction rate Q can be
neglectéd everywhere but in a thin region'atlthé neighborhood of
r ., namely the flame. Again Yl's 0 for r>r, and Y2 = 0 for r<r,
but only to leading order; thus allowing a small O(1/8) leakage of
reactants through the flame. When the flame is contiguous to the
éarticle surface (r, = 1), the oxygen is not totally consumed at

the flame and a slightly different treatment is required as will be

discussed later.

We turn our attention now to the heterogeneous reactions (II)
and (III). It has been assumed that they are both first order al-

though this is of considerable doubt in general (Maahs 1971, Gray

et al 1973). It should be pointed out that other reaction orders

can be used in the following analysis without altering the qualita-
tive results significantly. The temperature dependence of the reac-
tion rates has been left arbitrary at this point as in (7).4 In do-
ing so we have avoided the controversy of whether an Arrhenius form

or a power law best represent the experimental data (Field 1969,

10



Gray et alA1973). For specific calucations we have used the rela-
tions provided:by Caram and Amundson (1977). Finally,ﬁit should
be mentioned that for a specified Tqg all the Damkdhler numbers are

. . L2 - 2
rglated, in partlcglar Dg/Ds Dg/Ds .

11



: FLAME AT THE INTERIOR OF THE GAS PHASE

When the flame surroundlng the partlcle stands at.a distance

r*>l the mass-fraction profiles are obtalned from (8 1l)

1/2

together w1th YlY2 = 0. It will be convenlent to 1ntroduce :

- the values

M,

: 2.
,Where v = (1-2a)/a. Then '

=ln (1 +V¥,/2). . My =dn [l+v (¥ +aY3°,)].

iy Mi=M/ -
| 2d-e) 3 et Fy 0 forre, o

0 . N for r>r,

o . . for r<r, - - ,
o Ml-M/r S - (14b)
1—3s e ™. -1] N L for r>r, ", .

el i.".f',ffff;"r.tafoer"f?'<.r@ BT
PSS ENNAEY T i (lae) T

' {1-[1—(1 Za)Y3 ]e M/r} fbiﬁfér;f§;7§ﬁgfafj;rjf;ff“”'

-‘roWhereothe;flameflooation r* M/M1 follows from the contlnulty of

“,";algebralc equatlon

* z'M

Y3 whlch also glves Y3 = (e,_ L

-l)/(l 2a) f In order to determlneebff

- the’ burnlng rate- M we use the boundary condltlon (6b) for ¥gq (all:;yfiv

" the others are automatlcally satlsfledQ and obtaln the"nonllnear 1tii*¢*

M - D ':(ef



:eection.which_tekes place is (III) and to leading order, the
burning‘fate solely depende on Bs' So fer the solution is identi-
~cal:to the equilibrium limit (Libby and élake, 1979) however, it
will'be_shown that a proper discussion of the flame structure
'_ieads to new featureS‘desoribing'the'departure from'eqﬁilibrium.

. It should be noted-that.since r*>l'the'lower bound of M is |
Ml' ‘
and their.eum‘one leading'to the upper bound M2' From,(15)‘it

On the other hand the mass fractions should be all positive

follows that M is an increasing fﬁnction of B which ténds
asymptoticaily to M, (see Fig. 4). For Bseél the so oailed dif-
fusion controlled limit is obtained, M achieves its maximum value
-Mz and the flame stands off'the partiCle at a distance r, = M,/M;i
4:Spaldihg (1955) and Avedesian and DavidsOh (1973) ha§é postulated
' that the flame position equals tw1ce ‘the particle radlus, but thls
result 1s obtalned when the amblent atmosphere whlch contalns no
CO2 ( 3w = 0) is lean in oxygen'(Y w<<l) as can ea51ly be verlfled.
As‘ﬁs is lowered, M decreases and the flame moves towards the
' particle,reaching'it for M = Ml’ Both Sé endpM'oan be further
'decreased with the flame sitting'et the particle sorfaoe (r, = 1)
‘but their‘relation which is no longer ObtaihedAfroh (15), will be
derived'leter. Therefofe, the kinetic controlled limit ﬁs<<l cen—
>1not be discussed at this point since it leads.to”small values of
M which in geheral do not:satisfy.M>M1. |

The mass fraction piofiles (14) were obtained under the assumpe
tion of a complete gas phase burning, namely'Yl* = Yz*'= 0. The
existeﬁoe of such a solution depehds on whether the jump in the"

gradients at r, are permissible by the conservation equations (2)

which require a detailed analysis of the thin flame. Since the

13



'reactioh'jatefﬂlfsﬁtempe:atureﬂde?endeptfjwegsta:t“byfﬁ;it;dq#;hgﬁ B

‘sQIutidpi"

| Tet T | T - for x<x, -
| o loo : : A
T - 5 C(16)
' e-M/r-l L » ' . o
Tm + --(Ta“Tm) —_—M—7-r—;—' .v - fOr r?r*.-v v
e -1 .
which satlsfles the two boundary condltlons, 'is contlnuous at r*'
and ‘has the value T, there. The determ;naL;un of the adidbatas
, : 7

‘»flame temperaturevT. requlres th“%i"“"t onal lnformatlon (derlved_
_later)

Ly

X o
'123.7“Ts‘f7(? + XY u/a - ? ) (1-e =) | (18)

»achleves its max1mum value when.M -th‘whereas at M= Ml’ since the
. flame lS contlguous to the partlcle we have T = T ‘as it should.
We. also flnd that when the partlcle surface. temperature T is below
'Ta; the addltlonal restrlctlon '

TS S T, + ¥, /0 | : v:-h' 19
should be imposed; otherwise this inequality ie reveraed. The
former case is the physically most interestihg one that we shall

conisider here.

14



Flame Structure

In analyzing the flame structure, we perturb all variables

about their values at the flame

T Ta + e (o+8E) + ... ’ Y1 = €Yy ..o R

*
Yz = €y2 + e o 0 ? Y3 = Y + EY3 + o o0 !

3
and with the proper choice of the flame thickness
r=r, + (2e/8) & ’
we obtain in the governing equations (2) a balance between dif-

fusion and chemical reaction

2 2 2
a% Y3 _ _1%¥ 1 4N
dgz dgz a dgz l-0 dEZ- (20)
1/2 ¢+3£
——7——-——— Y Y
(1-a) 172
The parameter
(dT/dr) + (dr/dr)_ - . Y d/a-(T -T )
Ty 1 (1o 2 }Tts T
e “(l-e ™)

represents the fraction of the excess of heat conducted to one
side of the flame from the total heat generated at the flame.;-~

. Therefore if the particle is not very hot (T <T ) and_not too

cold (T >T_), heat cannot be transferred from the amblent to the

flame and |B|<l. This 1nequallty 195 eadlly obtalned from (21)

ty ' ¢

When 8 = 0, heat is conducted.equall: to both s1des of the flame,_

g>0 corresponds to the case of mo'e heat transferred towards the

H
. '

oxidant supply and B<0 to the case of more heat transferred towards
the particle. The parameter A is” the negatlve 51gn of the common
jump value .(17) Wthh can be evaluated as - | ‘

A= - [dT/dr] 2M1/(l 2a)M > '




In order to retain the chemical term and in particular its
temperature dependence in (20) we chose € = Ta2/9<<l; then

o 1/2,_ T =23 =5/2
A = 407/ % @-a)p 470

. (22)
The four equations in (20) have the same righthand side

so that the combination of any two of them can be integrated

immediately leading to the jump condition (17) mentionéd above,

A second integration yields

: ' : M,-M
yy = (Q=a)(-¢-8) , vy, = als=t) , vy, = (e =1) £+,
] (23)
"and the structure problem reduces to
CaPosde®= n(p+e) (-0-8) T/ 2YBE | (24a)
Matching on both sides of the flame with (16) provides the -
boundary~conditioﬁ§
d6/Af = + 1 as £+Fw . (24b)

The nonlinear two-point boundary value problem'(24) was solved
numerically using a shooting technique. For givén values of 8

and A, we assigned a value for ¢ at large ncgative g and.tOQethei
with d¢/df = 1, the equation was integfated out to large positive
£ to check whether the slope tends tob—i as required. A solution
was obtained by subsequent guessing and refining until both condi-
tions (24b) were satisfied. The results (shown in Figs. 2) indi-
cate that the problem possess two-distinguished solutions for

A>A0>0 and none for A<A The two solutions tend to a unique

0"
- limit as A»Ao and the critical value Ao depends on B8 as in Fig. 3.
Note that the temperature perturbation ¢ does not peak in general
at r, but is shifted away; for Bx-1 the maximum is on the particle

side and it moves towards the oxidant side as B increases to 1l.

16



Thé results are explained in terms of the Damkdhler number

Dg as fglloWs, When Bg»é the structure of the exponentially thin
flame (see appendix) has a unique solution. All the perturbations
inside and outside the flame are negligibly small so that (14) is
the solut}oﬁ'to all orders and M is the burning rate. Wh?n Bg is
- lowered, oxygen and carbon monoxide will leak through the flame

in small but finite amounts given by

ealim  |g-¢} , e(l-a)lim  |¢+E]|

E-»—oo - E;»oo
respectively. Then the burning rate will decrease below the

equilibrium value M and a correction em which depends explicitly

on the solution of  (24) has to be added. The flame temperature

‘Tf =T - e|o+BE]

max

will be lower than the adiabatic flame temperature Ta, as it should.
Because of the double structure of (24) all these variables will be

represenﬁed by C-shape curves; e.g. in Figs. 2, the 02 leakage

has been plotted versus A. Following the lower branch as we depart

from the equilibriﬁm iimit (A+=), the leak of oxygen increases until

the critical A0 is.obtained. The flame structure does not exist for

A<A . and therefore the outer flow (l4) is not acceptable. The upper

0
branch describes another possible solution which tends to a partial
'butning'flameAas A+~ and is belieng to be unstable (Williams, 1971).
Thus,thg critical Damkchler number a; (corresponding to AO) is the
minimum value below which the oxidation of carbon monoxide will not
take_place in the gas phase.

The extinction phenomenon described above can be well understood

"if the correction to the burning rate M obtained from (13) is calcu-.

17



latza. For this purpose the first order corrections eYi should
be added to the mass.fractions (14). They should satisfy the
equations |

L(y;) = -(m/r?) dvy/ar -, i=1,4 0 (25))

with appropriate conditions at r = 1 derived from (6b)‘andAwhen
S r+o théy all vanish. Ih particular, the expressioﬂ§_(9) and
flO) provide certain relations between the ;i's so.thét only one
among them remains to be solved. We will avoid writing the com;
plete solution but concentrate on the determination of m. The

solution Y, of (25) for r < r, can be reédily obtained after

2
which the boundary condition

MYs - de/dr = - DSY2 , at r = 1
and the matching requirement
Y, = a lim e~ | , at r = r,- (26)

2

€+- [+>]
should be imposed. The amount of oxygen reaching the particle is

found to be

M-M, -1
-1)+1} (27)

]

.s§zs ea lim,_ |£-0] (Q+D /M) (e

~

Now, solutions for Y. and Y., can immediately be written; in par-

1 3

ticular when the condition

~

MY3 - dY3/dr = —DSY3 - mY3 ’ at r = 1

is satisfied, we obtain

M,-M

2. (28)

ms= - szs(Ds-Ds)/(l+Dse
While the leading term M was found to depend only on the in-

direct carbon oxidation (III) its first order correction m depends

on the two heterogeneous reactions as well as on the homogeneous

18



reactction. . Near equilibrium Dg-m° and the correction to the burn-

~

ing rate is negligibly small because Y, +0. As Dg is lowered

25

the correction m is expected to be negative so that the burning
‘rate M + em is below its equilibrium value. According to (28)
this leads to ﬁs/Dszl which indirectly is a restriction on Ts
(see equ. 7). ‘Since (26) is double valued as shown in Figs. 2,
the burning rate is also such sé that by excluding the unstable
branch we find’that the lowest value B attainable is the ex-
tinction Damk&hler number 5g°.

. It has been emphasized earlier that the double structure of
the solution depends on whether |8|<l. When this condition is
not satisfiéd, the heat conducted from the ambient towards the
flame allows for the steady burning to persist and the extinc-
‘tion phenomenon is not met. This may occur when the particle sur-

face temperature Ts exceeds the flame temperature or if the sur-

rounding atmosphere is extremely hot, namely TagTa;
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FLAME' CONTIGUOUS TO THE PARTICLE

It has been indicated earlier that as the value of M approaches
My the flame reaches the particle and r, = 1. For r>l, the mass
fraction profiles are given by (14) and the temperature by (16). In
particulaf the values at the surface

. Ml-M.
Y, =0 , ¥, =2( ~1) /v,
s s

{1- (1= (1=2a) ¥, Je M}/ (1-20)

%
H]

indicate that there is a substantial amount of bxygen for the.direct
~ carbon oxidation (II) to be as éignificant as the indirect reaction
(III). And indeed in calculating the .leading order term of the burn-
ing rate by combining the relation (l11) with the boundary conditipns

at r =.1, we obtain the nonlinear algebraic equation

-\,
. M. M M <M .
M -5, (e 2 -1) + 2(5_-D) (e 17-1) =0 (29)

4

which shodld be solved numerically for any given Ds and Bs' The re-
:sulté indicate #hat M increases from M = U when Us,ﬁs+0 up to thé
value Ml (see Fig. 4); at this point (29) reduces to (15).
Also when M = 0 the surface mass fractions coincide with the ambient
values Y2m and Y3°° as they should.

Next! we cpnsider the flame zone which is now adjacent to the

particle surface and perturb all variables about their values at

Y, = €Yy + ... Y2 = Y2 + €Y, + ...

'<~
]

Y3s +eyyg +t ..., T=T_ + elo-t, + yls/(l~a)] + ...

20 o :



wiaere € = Tsz/e. With thé'new scaling r = 1 + (¢/0)E, the govern-

ing equations for yl'and ¢ reduce to

A _ i
T=s ;2 =~ ;2 T-a%n1° - (30)
after which Y, and Yy can be evaluated from

M,-M
yZ + OLY3'= e 2 (Mi/A—m)/\)

" (31)

= - My ‘
y; + (Ima)y,/a + 2(1-a)yy = (l-a)e (Y, Ja+2Y, ) (ME/ L-m)
The parameter A introduced in (30) is given by

: . - o =t +y,./ (1-a)
A = (1-a)p-T 242y, /2 g=2, s 7ls
g's _ Zs

where -et_ is the given variation from the surface temperature T.
€Y, the mass fraction of CO at the surface, as yet unspecified and
A =SM(TssTw)/(eM-l). The correction em which has been
added to M in (31) will be obtained after the solution to (30} is
-found and the boundary conditions (6b) satisfied.

It is apparent from (30) that the combination of (l--a)yl and
¢ is a linear function of &. Therefore, matching at large ¢ leads
y, = - (1=a) ($+€) - (33)

and the structure problem becomes

a®p/ag? = Ap+p)e? . (34a)
. The boundary conditions associated with (34a) are

d¢/dg

(DSY25+2aDSY3sLdA-l at £ =0,
{34b)

de/ag

the former has been derived from (éa) and (33) while the latter

-1 as g-»oo H
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latter is a matching requirement. We are facing again a non-
linear two point boundary value problem which has been solved
numerically using a shooting technique. With Bg given, the
surface.Damkéhler numbers D_ and 5; are determined. Then with

an assigned vaiue for $(0), we calculate Yq from (33) and A
according to its definition., Equ. (34a) cai be integrated from

£ = 0 with the given slope in order to check whether the condition
at = is met. The solution is obtained by subsequent guessing

$(0) until both conditions (34b) are satisfied.

The numerical results indicate that two distinguished solu-
‘tions exist for 6g>i; and none for BQ<D§ so that the dvuble struc-
ture of the flame zone is continued even when it is adjacent to
the pérticle surface. In order to calculate the correction to M
we use the boundary conditions (6b) together with (31) and obtain
once more the relation (28) for m but with ;23 replgced by yzs.

The latter is given by
M M

= o 1l _ 5
yzs = a¢(0){2e (D -D 1/ (1+D_ e

-M

2 Tyt

Near equilibrium Qg+m,'the correction m is negligibly small and the

burning rate is M. For lower values of 9;' the correction m in-

creases'and since it is expected to be negative, the resulting

burning rate M + em is below its equilibrium value. Dg can be re-
duced down to Dg° only and this’ critical value marks the extinc-

’

tion Damkéhlér number.
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THE BURNING RATE

The<primary aim of the analysis'haé been to determine the
burniné,rate and its dependence on the Damkdhler numbers. It is
theréfore appropriate at this point to describe a siﬁple algorithm
which in pfactice mﬁst be carried but numerically. For given am-
bient éonditions-an&la prescribed particle size all the paiameters '
inﬁolved in the problem are determined. If in addition the parti-
Aqle surface temperature is given, all the Dakahler numbers are
knéwn and.prpportionai. Thevleading order of the burning rate M
is first calculated from (15) and if M>Ml this ié the correct value;
otherwise equ. (29) shduld be used instead. .Tﬁen ail the parameters'
iﬁvolVed in £he-struct§re problem whether (24) or (34) are deter-

mined and in particular the critical A, is obtained and subsequently

0
Dy°. ' -Since the gas phase Damkdhler number D' was fixed by the parti-

~

-9

cle size, it remains to check whether DgzDg° or not. In the former

case the correction m obtained from the numerical solution is double

valued and in the latter the structure does not possess a solution.,

-~

Thus the burning rate M + em forms a C-curve when plotted versus Dg;

the turning point being the extinction DamkShler number Dg°.

Before‘constructing the general response of M versus the
DamkShler numbers we shall start by considering several limiting
cases:

~

. Equilibrium Gas Phase: Dgf:. It has been shown in the appen-

dix that an exponentially thin diffusion flame always exists
in the gas phase sepafating a region with no carbon monoxide
from another with no oxygen. For large ﬁé’ the flame sheet
stands a£ a distance r, = MZ/Ml and the burnipg'rate is M,.

As 55 is lowered, by reducing either the particle size ar 1its
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’

surface temperature, the flame moves towardé the particle
and‘tﬁe.burning rate M decreases as shown in Fig. 4. The
first order correction m is exponentially small\éﬁd there-
fore negligible. When the flame reaches the pa:ticle the

burning rate is M it can be further decreased when Es is

‘ 1’
lowered but with the flame remaining adjacent to the parti-
cle.

- Diffusion controlled heterogeneous reaction: 5S+f. This

i

limit corféspopds to a high surface te%perature Ts and ac-
cording to (15) the leading term of M is MZ; Its first or-
der correction can then be.evaluated leading to the burning
rate.'

M
- g{1-2a)1lim l£~¢] [(1+D_/M,) (e

E-»-on

-M
M 271 yy4177 33

.2

Note the dependence on both the direct oxidation of carbon

(II) and the homogenebus reaction (I). For large Dg, the

correction term is negligibly small and (33) reduces to M,.

When 99

and the burning rate decreases until the critical Damkdhler

is lowered, the gas phase departs from equilibrium

number Dg° is reached (see Fig. 5). For a further decrease
. in Dg the flame sitting at r, = Mz/Ml can no longer exist;
thus the minimum Qg5 marks the extinction Damkdhler number.
The second SOluticﬁ shown in Fig. 5 is presumably unstable

(Williams, 1971).

‘Kinetically controlled heterogeneous reactions Ds,ﬁs+g.
When the surface temperature Ts of the particle is low, Dy and
BS+O and the burning occurs at a slow rate. The homoaeneous

reaction is effectively frozen and the burning rate reduces to
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}o.

1-20 =
=— flaD ¥y, + D Y,

Finite reaction rates. With all the Damkohler numbers pro-

portional, we choose to represent their dependence on the

burning rate by plotting M versus D, = Dgexp(e/Ta). Start-

g
ing with large Dg the CO oxidation takes place at a dis-
tance r, = MZ/Ml while the burning rate is M,. As D, is
lowered, the flame moves towards the particle and when
reaching it remains adjacent to its surface. The burning
réte decreases below the value M obtained at equilibrium;

its corrected value M#em is double valued for all D_>D_°

g g
"and does not exist below the critical Dg°-(s§e Fig. 6).

As before, the lower branch is believed to be unstable so
that the turning point (Dg’, Mex) corresponds to extinc-
tion. These values are obtained by solving simultaneously

(22) and (15) if M>M;, or (32) and (29) otherwise, with

AéAO.
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CONCLUSION

A careful treatment of the different zones of the combustion
field surrounding a carBon particle was given for the case that
both hetergenéous and homogeneous reactions are presenﬁ. "While
in pre&ious analyses it was found that the burning rate may at-
tain any value below My, the present work indicates that this is
so only when Dg-*oo and equilibrium previals in the gas phasg
(Fig. 4). In departing from equilibrium we uncover a minimum
DamkGhler number Dg° ‘(and therefore a minimum particle size) be-=
low which the gas phase is frozen. Only for Dg>Dg° the CO oxi-
dation is possible (Figs. 5,6) and it takes place at a well de-
fiﬁed‘distance from the particle. The flame which is thin but
finite allows a small leakage of oxygen on bne side and carbon
monoxide on the other. As a consequence some O2 may reach the
particle surface. 1In the equilibrium limit no such leakage 1is
possible and the direct carbon oxidation (II) is not active;
then the burning rate depenas solely on the indirect reaction
(II1). Here all the three reactions play an essential role in
determining the burning rate.

Although the particle surface temperature TS has been as-
sumed given in the present study, its value cannot be chosen
arbitrarily. Some restrictions were discussed throughout the
analysis and they are in general agreement with the regyion of
feasible solutions on the fs,Tm plane, given by Caram and
Amundson (1977). As mentioned above 'only one possible solution
of the governing equations (2) has been discusced in the present
work.; thus in order to complete the picture of the response of

M versus the Damkdhler number the case of a weak CO+O2 reaction
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should be considered. This will be the subject of a following
papet which will describe the burning from the frozen limit

up to ignition.
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APPENDIXF

‘The cﬁaracteristic temperature fc as defined by (12) is in-
directly related to thé parameters appearing in Dg in such a way
‘thai an increase in apo_leads to a smaller ch The solution dis-
cussed in the present paper allows Tc to be at most equal to the
adiabatic flame temperature Ta; otherwise the exponential in (3)
is small everywhere and the gas phase is essentially frozen.

When T <T.. the reaction rate becomes

2

= 5 172 -
B) Q= p"Y Y, exp (e/?c 6/T)
and since in the limit 9+« the exponent is very large near Ta' i
we must have Ylel/z = 0 to all order in 1/8. The analysis of the

flame zone standing away from the;surface implies that its thick-=
ness is € ~ exp [2(8/Ta-6/Tc)/5], i.e. exponentially small; then
the governing equation reduces to (24a) but without the factor

“exp (¢+B8E&) ih its righthand side. For the flame contiguous to the
'pa;ticle € ~ exp [(G/TS-G/TC)/Z] and the governing equation reduces
to (34a). without the factor exp ¢ in its righthand side. The same

conclusions are obtained directlyifrom (24) and (34) if the

© asymptotic ‘limit A+« is considered. The former case has been

solved numeriqally; the latter possess a solution of the form

 ¢ = B.exp(~-£)~-¢{ where the constaﬁt B is  determined from the condi-
tion at £ = 0. Both cases yield a unique solution for the structure
problem and since the outer floQ (14) is valid to all orders in

1/8, the burning rate is M as'defined from equs. (15) or (29).

- These results are ideﬁtical‘to thosé given by Libby and Blake (1979)
describing equilibrium conditiong in the gas’phase although the

structure of the exponentially thin flame has not been discussed in

28



their work.

When Tc is close to Ta to within 1/6, ﬁhe exponential in
(a) beédmes'O(l) in the flame zone andvtﬁerefore must be added
to Q as in (24a) and (34a). The flame thickness is only alge-
" braicaliy small, namely € -~ 1/6. Now Tc in (A) may be replaced
by Ta and the small derivations et, = T,~Te define the reduced

~ t

Damk&hler number Dy =e © as in (13). When t »=we recover the
equilibrium limit so that Dg_l measures the departure from

c

equilibrium which is our concern in the present study.
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List of Figures
Fig. l~'Schematic representation of the two classical models
| describing thé burning of a pure~carbon in anﬁdxi—
dizing atmosphere.
:Fig; 2 The flame structure (numefical solutions of équ;|24).
?ig. 3- The critical value A  as a function of 8. |
Eig. 4 The burning rate versus the surface Damkohler numbér
55 for equilibrium gas phase. Calculated for Y,,=0.3,
¥4,20.1967 and T =1800K.
Fig. 5 The burning rafe versus the gas phase Damkohler number,
for diffusion controlled hetefogeneous reaction (ﬁg*w).
~ calculated for Y, =0.3, Y, =0.1967 and T_=3150K. The
corresponding B=0.9 and the flame is located at r,=2.3.
Fig. 6 Tﬁe burning rate versus the gas phaée Damkéhler number

for finite reéction rates. Calculated for Y2a30.3,

¥, =0.1967 and TS=1650K. The flame moves from r,=2.3

3

when Dg+@ down to r,=2.1 at Dg=D;~5000 where'extinction

| occurs.
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ABSTRACT

The departure from frozen flow behavior about a carbon

particle in an oxidizing atmosphere, has been discussed in order
to obtain the burning rate M over a wide range of the Damkdhler
number Dg-(representing either the particle size or the ambient .
‘pressure). - The frozen -limit (Dg+0) leads to values of M
ranging up to M,, the maximum burning rate correspohding to dif-
,:fusion controlled heterogeneous reactions. By contrast, for

-finite values of Dg we find that the burning rate is limited by

M. <M

igMy- The maximum Damkdhler number Dé.given by an explicit

formila, corresponds to gas phase ignitibn.
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" INTRODUCTION

., In a recent paper (Matalon, 1980), the problem of a carbon
particle immersed in an oxidizing atmosphere has been considered.
'The'depérture from equilibrium flow corresponding to4large gas
pﬁase Damkohler number bg*w, has been studied in order to des-
cribe the behavior of the flow field for a wider range of Dy
In the present study, we will address the situation corresééhding
to a frozen flow D,>0 and its extension to a weak oxidation of
carbon moroxide, by increasing D_.-

In the absence of gas phasé'reactions, the burning rate M
(rate of particle mass loss) depends solely on the surface
‘Damkéhler numbers Ds and ﬁs corresponding to the directA(C+02)
and indirect (C+C02).carbon oxidations, respectivelyf~ The re=
sponse'of M versus ﬁg‘(Fig. 1) for various values of Bé/Dsf (a
function of the surface temperature Ts aléne) is a monotonic
increasing function which ﬁends asymptotically to a finite value
My

particle size and its surface temperature. This frozen behavior

All the values up to M, are attainable depending on thé

has been previogsiy worked out by Libby and Blake (1979) and in-
;deed our results coin&ide in this limit, although their analysis
"has been carried out in terms of elemént mass fractions rather
than individual species. 'The new aspect of the present'study is
the description of the flow field while departing from the limit
Dg+0.. For finite values of the Damk8hler number Dy, a weak oxi-
aation of carbon monoxide takes place and the burning rate de-
péndé on bg as well. Furthermore,‘depending on whether ﬁg/Ds is
~greater of less than one, the burning rate is larger or smaller

than the frozen value, respectively (see Fig. 3). The chemical



activity which is confined to a thin zone near the particle sur-
face, becomes more inten;e as Dg increases until the maximum
value D; is reached. Beyond the critical Damk6hlerAnumber D;,
only strong gas-phase burning is possible as described by
Matalon (1980). Therefore Da marks the conditions where the gas-
phase is ignited and the CO+0, diffusion flame is formed. It
should be mentioned that the paiticle itself has been ignited
while reaching the temperature Tg and. the surface reactions re-
main operative as long as D and ﬁé are not negligibly small.
Transient effects during ignition and extinction of the particle
have been analyzed and reported recently by Libby (1980).

A cbmparison between the frozen and equilibrium 1im;ts
(Matalon 1980, Libby and Blake 1979) indicate that both tend to
the same burning rate M2 in the limit of diffusion controlled
hetercgeneous reactions (Ds,ﬁs+w). Furthérmore, both cases lead to
the same burning rate for all values of Bs, when the latter equals
Ds‘ However, when 5;/Ds< 1 we.find fhat M for frozen‘flow exceeds
'fhat for equilibrium whereas for ﬁg/Dgél_the reverse is true.
Since the kinetics of .carbon oxidation afe not very wéll understood
and a variety of data exist for their'reaétion rétés, the.ratiA'
T)"S/DS would be better considered as a parameter. Libby and Blake
(1979) have based their numerical calculations on the correlations
provided by Field (1969) and Dobner (1976) for which Bé/Ds<l for
all values of Ts‘ Therefore, their conclusion that M for frozen
flow exceeds that for equilibrium is consistent with ours. If the
data given by Caram and Amundson (1977) are assumed for example, wé
find that Bs/Ds<l only for surfacevﬁemperatures Tg below 1642K.

For Ts higher than 1642K, the ratio ﬁs/Ds>l and M for equilibrium



exceeds that for frozen.flow.

By plotting the response of M versus Dg, we fipd:that start~
ing from Dg = 0, the curve branches away from the frozen behaviori
;it lies above the limiting curve when ﬁs/Ds>l_and below it when
ﬁg/Ds<l. On the4other hand, we have found (Matalon, 1980) that
starting from Dg = o the response brénches éway from the equili-
bxrium béhavior.in such a way that it lies below the limiting curve
when ﬁs/Ds>lland above it when ﬁg/Ds<1. In any case, the response
curve branches away from the frozen limit heading towards its
eguilibriﬁm-counterpart.. The middle branch.connectiné the two
ends of the'qur§e éorresponds to parfial burning of-CO and O2
.and will be reported elsewhere (Matalon, 1980a). FSimilér re-
sponse curves have been constructed in related problems ke.g.
Ludford et al, 1976). | | | |

FORMULATION

We consider a spherical carbon particle immersed in an ambient .
' atm¢sphere.of oxidant-inert mixture. At the surface.of the parti-
cle., carbon oxidizes according to

(I) 2Cc + 0, » 2CO

2

(II) C + C02'+ 2C0

and the carbon monoxide thus produced may react with 02 to form
carbon dioxide, -via

v 1 R ‘

Therefore, the chemical species assumed present in the gas phase are

co, 0,. CO and inert (usually N2) and the subsbripts 1-4 will be

2
used respectively. Following Matalon (1980) (which should be con-
sulted for more details of the derivafion and the assumptions), the

governing equations written in a dimensionless form are given by



1 1 - - -
- I L(Yl) = -5 L(Yz) = L(Y3) = L(T) = Q
L(Y,) =0 - D (1)
_M2rd o at | |
r2'Hdr ,»drz

where L is the convectivefdiffusive operator, r the radial coordin-.
até, Yibthe massvfraction»Of_specieS»i, T'the temperature and M the

burning rate. The coefficieht'u =.mO /2m is a mass stochiomet-

2 €9

ric of the'SYétem (I)-(III)-where m, is the molecular weight of
species'i.‘ Fihaily, if the reéctionJIII:is assumed second order
{Howard et al, 1973) and its rate satisfied a well défined Arrheni-
us expression, then |

2 1/2

Q = Dgp Y, ¥,"" “exp (-6/T) . | (2)

In (2), Dg répresents the gas-phase Damkahler number,'e the activa-
tion energy and p the density of the mixture given by the equation
of state pT = 1.

The boundary conditions associated with (1) are

T=T_, , Yi = Yi for i = 1,4 as row | (3)
®
My, - ay,/dr = (l-a)DsYz/a + 2(1-a)D ¥,
MY, ;'de/dr = -D_Y,
MY, - dY,/dr = -D_Y, B (4)
MY4 —’afﬂ/ér =0
T = TS | "at r = 1 -

The conditions at r = 1 state that the net mass flux equals the
rate of consumption/production per unit area by the heterogeneous
reactions and that the particle 1is isothermal at its surface. The

conditions at r = « gpecify the given ambient conditions. The



parameters D_ and Bs introduced in (4) are the surface Damkdhler
numbers corresponding to (I) and (II) respectively. All the
Damkdhler numbers have been defined in the referred paper (Matalor;
1980) : ‘Dg is proportional to (apo)2 where a is the particle radius
and P, the ambient uniform pressure and D, 55 are each proportion-
al to ap, and depend on Tg through the specific reactlon rate of
the.chemicalgreaction they'represent. The ratio D /D is a func-
tlon of the surface temperature T alone.

Onr maln goal is to determlne the burnlng rate M which can be

' evaluated 1f 1n addltlon to (l), the OVerall mass conservatlon.

4 414,.

D L is used. Instead of solv1ng all the five equations (1) it
i=1 *

has been shown (Matalon, 1980) that only one spec1es equation, say

Y3, has to be solved the others result from

M/r)+(1 ~2a) (y —Yz e’ M/r -M/xy 4

a(l— )+a(l- KY -Y, e

o

3 -
o : R ' - (3)
. ;q(XléYlaf M/r)+(l a)(Y —Yzéef%4%)+?q(lfa)(§3;Y3“e‘M/r)=o .-
It should be emohasiZed that the relatlons (5):hold everywhere in
the floo field and do not involve ehyreéoroximation while derived
from the governing equatlons. : R
- Following Matalon (1980), we start by wrltlng the gas phase

Damkhler number Dg in the form

Dg = exp (B/Tc) : (6)

and in ooing so define a characteristic temperature Tc which be-
comes indirectly °related to a and p,. Considering the activation
enexrgy 0 to be large, the nature of the reaction term Q appearing
in (1), is well understood as followsl For relatively large Tc
(or small particles, for example) the factor exp(e/Tc—e/T) in (2)

is exponentially small everywhere and the gas phase is effectively

5



frozen. While reducing T  (i.e. for larger particles), this fac-
tor inereases in magnitude and becomes 0(l) in a region where Tc
" reaches the highest fempefature;'for a hot particle in a coldef
-ambient this temperature is of course Ts‘ The gas phase is
therefore frozen everywhere but in a thin zone near the particle
‘where @ is'ne longer negligible. Replacing Tc in (6) by Ts‘end
letting Bg = exp[é(TS—Tc)/Tsz] represents the'small deviations
. between the two temperatures, we obtain |
2= vy, e o/ngem (7)

e

When Dg40, we recover the frozen limit but for finite values of

-~

Dg the deﬁarture from the frozen flow behavior is described and
this is our concern in the present paper.

FROZEN FLOW (Dg = 0)

In the absence of the reaction term @, equatiQnSA(l) can be
easily solved, yielding

Y, =Y, +(Yi -Y, )(l*e_M/r)/(l—e—M) . i(= 1.4‘ (8)

i
oo S L)

- where Y, stands for the unknown value of the mass fraction of
s
species 1 at the surface r = 1 and Yi the given ambient value, as
oo :

in (3). A similar expression to (8) can belwritten for the temper-
ature T. By satisfying the boundary conditions (4), using the ex-

pressions (8), we first obtain

e ’ Y3 = Y3 1

[1+(1+D_ /M) (e¥-1) 17
s o s w

after which Y and Y
lg 2's

a transcendental equation for M

are readily obtained from'LS)Q Furthermore,

M

_ - -M ‘ vY3
M - Ds(e

-1) + (D_-D_){ @ }= 0. (9)
. s S 1+(1+DS/M)(eM-l) ‘

2




is derived which has to be solved numerically for any given set
of .DamkShler numbers D and ﬁs' In (9) we have introduced

3 )] and v = (1-2a)/a for convenience.

[+ 4]

M, = 1n[1+(1-2a)(Y2m/a+Y
| The burning rate M obtained from (9) has been plotted in
AEigf 1l as a fgnction of ﬁs for different values of the ratio
ﬁs/Dg, which is fixed once Ts is specified. When ﬁé = 0, the
surface temperatureAis low enough for the heterqgeneous reactions
to take place and M = 0. Then, M increases with Bs and tends
'asymptotically to M2 when the reactions (I,II) are diffusion con-
trolled. The same results have been previously obtained by
Libby and Blake (1979) who chose to plot the burnipg rate (K- in
“their notation) as a function of Tg- |

It is appropriate at this point to compare the response curve
Mkﬁs) to that obtained for equilibrium gas-phase bghavior (Matalon,

1980). .Both indicate that the burning ceases when ES+O and that M

for'the diffusion controlled limit. Furthermore, when

MZ—M

tends to M2

D =D eq. (9) reduces to M—ﬁs(e

s q -1) = 0; i.e. M attains the

same value whether equilibrium or frozen flow e#ist.' Thus, the

curve céfresponding to Bs/Ds = 1 in Fig. 1 corresponds to equili-~
brium as well and it is apparent that for BS/DS<1 the burning rate
for frozen flow exceeds that for equilibrium while for BS/D%>1 the

reverse is true.

-DETARTURE PROM FFROZEN FLOW.

~

For finite values of Dg, the reaction term  can be neglected
everywhere but in a thin region near the particle. Therefore, the
mass fractions distribution still follow (8) but Yi are not de-

s

termined directly from the boundary conditions (4) as before. In-

stead, the gradients near r =1 have to be corrected in order to



‘take into consideration a weak reaction ratei; formally this is

obtained'by’perturbing Q about T = T,. We start by writing the

. temperature profile

My ‘ (10)

T =T, 4 (T-T,) (-e ™)/ (1-e”
Then,_éccording to (7), we perturb the temperature about its
surface value, namely T = T, + et + ... and similarly we write

fox the mass fractions Y; = Y.

+ eyi + ..., 1i=1,4. Strétch—
s :

ing the coordinate
o : M ,
r=1+c¢ [M(T-T,)/(e-1)1¢

‘wherelg =QT32/BK<1, the_govérhing equations (1) become

19y 2 ) @t 1 s
T e = 24Ae . (11)

‘The parameter A is related to the DamkShler number and is given
by

1/2, M_
1 Yo (e

1 2/m?(r_-1_)%61D_ . (12)
S S S El

A= [2y

The boundary conditions associated with (11) for y; are the orig-
inal consexrvation lawg (4) applied‘at £ = 0 after replacing
in/dr by dyi/dgxand the matching requiremenﬁ as g, As to the
temperature,Aits value at the surface has been written as Ts+ets
(- =< ts<w) so that t =-tg at £ = 0 and matching with (10) impliés
dt/dE = -1 as E+o. |

We start by writing the solution for the temperature, namely

t = 1n {A" sech®[(£+€ ) /21} (13)

. + : -t
1 5)1/2, and note that it exists for A=<e

where £ = 2 sech ~ (e

only. When the equality'holds Eo = 0 and the solution (13) is

ts

single valued. However when'A<e 7, the two values Eo = i[&o{



lead to two distinct solutions for t as shown in Fig. 2 for
representative values of tS‘ Thus, for a given ts’ the critical

. Damkohler number

- ’ ' -t
po =0.5M2 (T -1 )2 (eM-1)"2y. "Ly, "1/25, S
g s o ls Zs )

(14)

is the maximum value of Bg above which (13) does not possesé a
'SOLutidn matchable with the outer flows (10) and (8).

Once the solution for £ is written, the remaining of edgg, (11)
are linear and therefore can be readily integrated. Tn particular,
‘the slopes dyi/dg at £ = 0 can be evaluated and together with (4)

the surface mass fractions Y, are determined. In addition, the

‘ s
following transcendental equation is derived €
= MM _ , Yzm—a (,.T,S.-Téc)[.li‘.(.l—A.e S.).l./z] ,
M- Ds(e -1) + V(DS~DS) s ' 5 —} =0
’ 1 + (14D /M) (e -1)
(15)
which has to be solved numerically for M given Ds’ﬁs and Dg: The

determination of Y; requires a higher order approximation than (11),
' | . .

namely O(r2), that we shall not discuss here.

-t

For any value of Dg<D§ {(i.e. A<e 5y

. €9. (15) yields two

distinct solutions for M which tend to a unique value Mi when D;

~ g
is: reached. WhenADg+O, one of the solutions tend to the frozen

limit and eg. (15) reduces to (9) as it should; the other solution
tends tu a different limit which has been recognized (Matalon, 1980a)

as a partial burning flame and will. not be discussed here. In Fig. 3

“~

the burning rate has been plotted versus Dg indicating the double
structure of the solution for Dg>0. The calculations were made for

representative values of the concentrations Y, = 0.05, Y, = 0.3,

oo ©o

Y3 = 0.2, for the ambientvtemperature T, = 300K and surface temp-

2]



erature Ts = 1655K with a correctipn of the order ety = 300K.
For the Damkdhler numbers we chose Esz/gg = 70 and the two dif-
ferent values for ﬁ;/DS =2, 0.5. For I_)'S/DS>1.(F_ig° 3a), the
burping rate exceeds its frozen value and the reverse is true
for ﬁg/Ds<1 (Fig. 3b). Starting from Bg = 0, the gas phase sur-
roundiﬁg the particle is frozen and M is'given by (9)<

By slightly increasing Bg' a weak oxidation of car-.

bén monoxide occurs at the vicinity of the particle and the
burning rate differs from that obtained in the frozen limit; it
achieves a higher or lowér‘value depending on whether BS/DS>1

or not. . This behavior persists until the.maximum 5; is reached;
since beyond this value a weak CO oxidétion is not possible and
according to Matalon (1980) a strong burning occurs with a dif-
fusion flame standing off the particle, B; is fecognized as the

v : ~ 8/T
ignition Damkdhler number. An explicit formula for D; = D% S

g
is.given by (14) and the corresponding Mig follows (15). It
should be emphasized that in this content ignition is referred

to the CO + 0, reaction whereas the particle itself has been al-

2
ready ignited once its.temperature has reached Tg-

Multiple solutions at near ignition and extinction have been
previously obtained while analysing the structure of a one‘dimen—
éional diffusioh flame (Linan 1974; Matalon et al, 1979). It has
been generally believed that one of the possible solutions is unsta-
ble (Williams, 1971) and some evidence are found in Peters (1978)
and Matalon and Ludford (1980). The unstable branch, which in the
'present content corresponds to the solutipn tending towards a partial
ing flame, cannot be realized physically and on that basis we have

-~

) concluded that D; marks ignition of the gas-phase reaction.

10

bu



" CONCLUSION.

The departuré'from frozen flow behavior (Dg»O) has been
studied in order to obtain the burning rate over a wide range
of Damkdhler numbers Dg.a The frozen limit leads to M.ranging
up to M, where M, is the borning rate for diffusion controlled
heterogeneous reactions (bs,ﬁé+«%.' For finite values of D, a
weak carbon monoxide oxidation occurs at the vicinity of the
pérticle and the burning rate, which now depends on Dg as well,
is corrected accoraingly. The value of M is higher or lower
than its frozen value depending on whether 5S/Ds<l or not. In
any case, the burning rate is limited from above by Mig<M2 and
the maximum DamkShler number is D; The analysis provides an
explicit formula for D; which was recognized as the gas-phase
ignition Damkdhler number.

| The present analysis leads to the'construction of on}y cne
part of the response curve of M versus Dg (Fig. 3). Completion
of the cur&e has been reported by Matalon (1980a) and is baéed
on the two studies: the departure from frozen flow behavior
(discussed above) and the departure from equilibrium (Matalon,
‘1980), Starting from Dg = 0, the gas phase is first totally
frozen; however by inofeasing Dg, a weak CO oxidation takes place

near the particle and the response curve branches away heading

towards the equilibrium limit. On the other hand startlng from

.Dg = o complete burnlng of CO and 0, occurs at a dlfoSlon flame
which, for lower-Dg allows some leakages of reactants. As a con-
sequence the burhing rate branches away from the limiting curve
“heading to&érds the frozen limit. These two cases which consist
of the end parts of the response curve are connected by a middle

branch corresponding to partial burning of CO and 0,.

11
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Abstract

We consider the quasi-steady burning of a carbon particle which
- undergoes gasification at its surface by chemiéal reactioné,followed byf
a homogeneous reacgion in the gas phase. The burning rate M is found
as # function of the gas phase Damkohler number Dg for the whole range
o <Dg<1@. The monotonic M(Dg) curve; obtained for relativély very hot
or very cold particles, describes'thé gradual transition from frozen
flow to equilibrium. For moderate p;rticle temperatures the transition
is agbrupt and the M(Du) curve is either S-shaped or Z-shaped. In the

. g

former thé burning is enhanced at ignition while in the latter it is
slowed down; this depends on the relativé importance of the two competi-
tive surface‘reactions. At extinction,'the4reverselis true: burning
.is slowed down in the case of a S curve and is enhanced in the case of

a Z curve,

Supported partly by the U, S, Department of Energy, MHD Division under
Contract No. ET-78-C-01-3084.



~ INTRODUCTION

The current theory of combustion of solid particles is based on the
quasi-#teady appr?ximation. Accordingly, one assumes a slow rate ofv
éhgpgg 1p the particle size and considers a steady burning for aAgiven
~ particle diameter. For définiténeés, we'coﬁsider here the‘problem of a
carbon particle in a quiescent oxidant atmosphere as representing hetero;
geneous combustion between soiid‘énd gas followed by homogeneous burniﬁg .
" in the gas-phase.

Two basic models have been proposed [1]: Nusselt [2] assumes that
the oniy oxidation of carbon (C+02) occurs at the surface of the particle
and Burke and Schumann [3] assumes that carbon is consumed by CO2 at the
surface while the CO thus formed reacﬁs with 0, at a flame sheet to form

€O, . They have been called the single and double film models respec~

2
tively. Indeed, they correspond to thé limits in which the homogeneous
reaction is either frozen.(Dé-b) or is ver fast and equilibrium prevails

"in the gas phase (Dg-*w); here Dg is ﬁhe Damkchler number. Recently,
Mg;alop (4,5] studied the departure from these limiting casés in order ‘to
determine the behavior of thé system over a wider range of Dg . Other
works 6n thé subject have been cited in the referred papers. The ptesent
sfud}~gives a complete‘picture-of the process spanning the Qhole range‘éf
parameter values. Starting with ghe c;nservatioﬁ equations of maés and

tenétgyigoverning the‘combustion process, we look for 301utioﬁs over the

gho;é range o SDg So (Dg represents either theAparticle size or the
ambient pressure). ‘Furtﬁermore,‘the whole parameter plane TS (surface

temperature) - T _ .(ambient temperature) will be considered and the response

" of the buming raté M versus Dg will be determined in éach case. There



are two different types of response curves (see Fig. 4): the monotonic
curve characterized by a unique solu;ion for each Dg (regi&ns II, III)
‘énd S or Z curves characterized by multiple solutions for a certain range
of Dg (regions I). The monotonic curve describes the gradual transition
from a frozen gas phase through partial burming to equilibfium. The S or
-Z curves, indicate that the transition from weak to strSng burning or
vice versa, is abrupt (assuming that ﬁhe middle branch is unstable) so
that the systom axhibits ignition and aucinecipn phenqmunonc. The wvarious
states followed along the curves have been delineated as well as the modé
of the combustion along each branch.

Since there are two competitive reactions taking place at the sutface

of the particle, the ratio of their rates vy, which is a function of Ts

alone, plays a significant role. It determines whether th; burning rate
for equilibrium flow exceeds that for frozen behavior and as a COnsquence
whether the reséonse curve is S or Z shaped. In the forme; case the burn-
ing rate is enhanced at ignition whereas in the lgtter it ié slowed dowm
(the revefse 1is true at éxtiﬁction). .Lt should be emphasized that in the
present context ignition/extinction refer only to the homogeneous reaction

co +-O2 ; the heterogeneous reactions at the particle surface are continu-

ously active as long ‘as TS is high enough to make their rate significant.



FORMULAT ION

We consider a partiéle which undergoes gasification by surface chemi-
cal reactions followed by an exothermic homogeneous reaction in the sure
rounding gas phase., For a spherical pat;icle and hnder.suitable coriditions,
the gqvérﬁing equations in the gas phase in a dimensioniess form are

(1) L) =8, 8 , iL,N

(@) L =0
: N
A(3) Fafi = v

where‘Yi is the mass fraction of species 1 and T ia the temperature. Equa-
tion (1) is a mass balance for species i (N species are in the mixture),
(2) an energy balance and (3) an overall mass conservation. The épﬁeris

cally symmetric operator

is convective—diffﬁsive whefe M is the burﬁing rate and r the radial ;obr-
dinate (1 Sr‘<°°). The coefficients ;éi depend in general on the stochio-
metric numbers of the specific chémical reactions involved in the process
and (1 is the rate of the homogeneous reaction. The boundary conditions

_associated with (1-3)-afe the given ambient conditions, namely as r — @

1 1,

@) TeT. , ¥, =Y, for i=l,N
.'ﬂand;m;ss and energy balances at r=l, yhich'depend of course, on the épeqi-
fié surface chemical reactions.

For definiteness, we treatAthe case pf'a carbon sphere in an oxidizing
atmosphere which outlines the way other solid fuels could be analyzed.

The surface reactions assogiated with carbon are the direct oxidation

2C + O2 = 2C0 and the iandireet rcaction C + CO2 - 200 , The carbon



4
monoxide thus formed may react in-'the gas phase surrounding the particle
aécording to CO + %02-C02. Therefore, in the présent. N=4_ and the
subscripts i=l, 4 stand for CO, 0,, CO, and inert ree.pécciveiy. Then
the stéchiometric coefficients [ 4] are: 8 = - (1-9), Bz = - q, 'B3A= 1
and _Ba ; o where‘ a 1is half the molecular weights ;atibAof 02 té
‘(toz-l(af.= ;3636)} The.reaction<rate_ Q beébmes

5) Q= Dg pz,Y1 Y?_IS exp (- 8/T)

wﬁere Dg is the gas_phase.DamkShlér number, p is the m£xtgre density
given byA p= 1/T and 8 is‘the-activation.egergy. For more aé;ails on
the various assumptions made in this formalism as well és on the dimen-
sionless analysis, reference [4] shoulé be consulted. ’

The boundary conditions for the Y at r=1 state that the net

LS
mass flux equals the rate of consumption/production per unit area by the

surface reactions. Thus

'= . - . ’ - -
MY, -'Yl = [(1-)/a] (o Y, + 2a Ds.Y3]
MY, -¥,' = -D Y
. 2 s 2
(6) 2 i s 2 :
MYy - ¥a' = - D Y,
- , ' =
MY, YA 0

yhere prime (') denotes differentiatipn with respect to r, and’ Ds,ﬁg
are thg,Surface Damkahler numbers correspondingvto the direct and indirec:
reactioﬁs_ reSpectiveiy° _Wé assume that the ;urféce temperature of the
A-pafticle is:givén, némély

() T =T, at rel |

rather than writing an energy balance similar to (6). This simplification,

. made. mainly for analvtic convenience, can be justified for large



5

activation energies of the surface reactioms which indeed is a realistic-

assumption in the present'cese.

There are several parameters involved in the nroblemf the Damkohler
.numbere Dg’ D .and.B; and the burning rate M. Whereas Dg is ﬁropbdé
tional to (apo)2 where a is the radius of the pat;icle and P, the
uniqum ambient nresSure, ps and 6; are pronortional to apo'but depend
on T_ 'as well. Thus, for a specific set of chemical reactions and for
4é4givén_ Is, all ;he Dakahlef nunbers are related. In partlcular, the
ratio ¥ =A3;/Ds , 1is a function of T_ alone. By varylng Dg from
o to » , the product ap, w111 contmuously increase and we may say
that 4Dg controls eieher_the particle size or the ambient pressnrea On
the'echer hand, variations in_ v, nhieh.meaeures the relative impofteﬁée
oflthe surface reactions, are determined exﬁliciteiy by Ehe surfaee tem=
perature Ts“ Our main geal is to*detefmine:the'burning rate M and its:
dependence on Dg' and Y o

For the general problem of .a solld fuel, the right hand sides of the
boundary condltlons (6) w111 be mod1f1ed to 1nc1ude the relevant surface
reactions whereas (0 will be determined by the rate of the homogeneous’

reaction. As a consequence there may be several Damkohler numbers; ‘but

only two independent'parametefs: one associated with ap and the other

with Ts. We see that qualitatively the specific case considered coritains

-the~essenee of the generellptoblem-althpugh'theyAmay-differ in details.

(I)The surface Damkohler number has the form DS = k. ,exp(-es/T)
where kS is the pre-exponential factor and BS the surface activation
energy. Writing X -exp(a /Ts) we see that, in the limit 85— =, DS

is 0(1)  when T L +0(3 . Similarly, ﬁs can be treated.

V7



6
This would not be true for example, if only one surface reaction was con-

sidered.



THE PRbBLEM

The governing equation (1;2) sum to five second order equﬁtions for
the:five unknowns Yi and 'T'f. Associated with them are ten EOundary
conditions (4,6,7); The.additional'equation (3) serves fo det?rmine M.,
Solutions for’the‘%Yi's (i=l,3) aﬂdl T involve nonlineér two,point
Boundary'value proélems‘coupigd among themselves through Q °g'However,
not 311 éhe eqﬁatio;s have to be considered bgc#uée the'System can be
simplified as follows. - ;

Aﬁé,start by-writing-theAsolgtioﬁ f&f théiinert'sbeﬁiéé

KR AR AL IC L
Then, weé observe that the source terﬁs can be eliminated from bofh Eﬁé
equations and the bodndary conditions at r=1 , if a proper coﬁbination of
the mass £ractioné is chosen. The resulting linear probiém, yields

@) oYy exp(M/D)] + A0, exp(-u/D)] +

2o (1) ¥4-Y, "eicp({‘(/r)]‘ =0

Using (3) and (7) we obtain a second relation

(9 Y, +oa¥, = vt expM_-M/T) .

. )]‘ have been introduced for
@

3

convenience. (The notation M_ is based on the results indicating that

where v=(1-2)/¢ and M_=ln[1+v(Y, +a¥
. . «<

this value cor:ESpondé to the_ﬁurning raté M- when all Damkochler numbers .
tgnd to inf;hity).- Now oﬁly one més; fraéti;n eqdétién remains to be
solved; the others resultlffom tS)Zand (é)-°

"If the boundary condi;ibns (6) afe now intrqducéd in (é), the';ela-
'ﬁibn |

(10) DY, + ”,Es Yy o= ovToM

S s
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can be derived, where the subscript s in Y2 and Y3 denotes the sur-
faée-values (at r=l), as yet unsfecified. It is ;nteresting to note that
for the special case Y=1, (9) and (10) yields the transcendental équatioﬁ

1) o - B; [expM_-M) -1] = o | | -
for M. This relation, which‘has been derived directly from the governing
:equAtioné, does not involve any approximation; the complete solutioﬁ how-
ever, whi.ch will be discussé& next 'fc'n: general v, will' be based on an

asymptotic limit. We will delay the diScussion én (11) to a liter stage.

To .summarize, we address the problem

< liy) =Lm =a
‘ - ' =- | | = . : =
(12) MY2 Yz Dsi{2 5 T .A’I.‘s at r=l
Y2=Y2w, T =.Tm as r_.‘m"

after which Y, is detemined from (9), Y, from (8) and M from (10). -
' Considering the limit O8-~«, a realistic-aﬁprpach for many combustion -
problems (6], we write

(13) Dg = Dg exp(G/Té)
and in doing so, define a chéracteristic temperaﬁure T; . Sg » which is

at most algebraically large in 8 , fepresents the small 0(6‘1) varia-

- , , . ‘
tions(‘) from Tc and will be determined in the analysis.

(2)This can be easily seen L1f (13) is rewritten in the form

' _ - , -1.2 NN
Dg = ex?Le/(IZ:v 8 Tc 1n»Dg)J.



WEAK BURNING

The limit Dg - o corresponding to a frozen gas phasé has been pre-
viqusly~analysed [s]. Since - 03 iS»négligibiy‘sﬁall for all r =21, the :'

p;bbiem (12) reduces to a linear one, and

1) 8, =98, + @, -8, ) [l-exp(-W/r)]/[1-exp(-m)] -
@ s @ .

where @ stands for either T or Yi,'i=l,3° 'The valueé Yi can be eval-
: i

'uated by .applying the boundary conditions; then we obtain the transcenden-
tal equaEiOn
Y v
- . 2, |
- (15) ¥ - D Lexp( ) = 1] + v(D_-D){ - —= 1 =0
| ~ : 1 + (14D, /1) (exp M -1)

for-.M . Nbcé.that when Y=1 , (15) reduces to (11). The depehdéncé 6f
M on 5; is shown in Fig. 1 for vafious values of Y . For_smali B; R
i.e. low éurfage fempgrature IS , the surfage reaétions are very weak
and M=o . The'burning'rété_ M inéteésés w@éh 3;_ and tends asymptot-~
. ically to ﬁ@ o |
>According to (13) and in the limit 6 — = the frozen limit is obtained
even for,small bg(nOt nécéssarily 5'9) provided T; > T_; the reason being
thaﬁ ﬁhe factor :exp(e/Tc-Q/T) is th;n exponentially small eVerywhgre in
‘the flow fieid.A However, when T_ = max [TS,T@}A, or more preqiseiy when fc
is close ﬁo the larger between '1’8 o? T, to w?thin 0(9-1) , thére_exists-
a boundary .layer eithe? adjacent to ebe particle or at.infiﬁity, where 0
~cannot be neglecte&;'i.e. a Qeak reaction develops. |
For the case Ts >T, » ;he séiﬁtion (14)‘is valid for r } 1 and
breaks‘dpwn as the particle surface is reached. Stretching ;he coordinate -

-

near the surface, r =1+ €45 yhere 4 = MtTS - T)/(exp M-1) - and
2 -1 ‘ '
€=T_~ 9 ", then writing -

s -
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’ = + * 0@ : E ... .=' . .‘.
T =T, +¢€t+ s Yo FY, FEM 4 i=1,4 ,

we obtain diffusive-reactive balances in the bdundary layer. In particu-

lar, the equation for the temperature'is

dzt

- — + ¥ A exp(t) = o
ae) | ¢ | |
| t() =0 , de/d§ =~ 1 as § =

5, -2

where A = 2Y Y, 4 B'I'Dgcxp(—OKTs) « Similar cquations cai be wells

1

S s :
ten for the ﬂi's . As shown in [5] the structure of the reaction zone

which can be solved analytically, leads to the equation

W, (T T ) (1F /T=A) g

@

(17) M - D_[exp(M -M)-1] +-"’(T’s»,“l)'s") T+ (141>s/M)(exp M -1)

.for the buming rate M .‘ We see that two solutions exist for A <1
and none for A > 1 . In the limit A =~ o , one of the solution#-redﬁces
to that for a frozen flow (i.e. to equationA(IS)) while the other ten@s
to a different limit the premixed flame, discussed iater. As A-1,
the tﬁo,distinct solutions coincide and A =1 gives the méximum value
of the Damkohler nu@ber, namely D§ ~ exp(S/Ts) , for wﬁich a weak gas
phase burning is possible. It_is'épﬁropriate to mention at :chis point

that _Yl and_Y2
s s

solution in the boundary layer. Note again that for Y =1, (17) reduces

appearing in A are defined when writing the complete

to (11) és it should° Furtﬁgrmore; the two values for M are both higher
or botlI-ld@er than the éorrespondiﬁg value for frozeh flow, depending
on whether % > 1 or y<1 respeqtively'(see Fig, 2).A

- For the case T_>T, | the boundary iayer is at r == so that, in
the outer region T < = , the solution (145 i; valid only to leading

. order. In pérticular, when "applying .the boundary conditions at r =1 ,
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we obtain (15) for M . The correction to the burning racévcémes from
" the first order term of the outer solution after matching with the struct-

ure of the reaction zone. Stretching the coordinate by r = e ¥R where .

2 -1,

Z = M(T,T)/ (l-exp(-M) and € =T, 87 * then writing.

T=T,+€+... , Y =Y J’E“i';‘“ ,  isl,4

. n .
wé obtain for the temperature

N [l

2 .
de .2 dt o
| > t R a@R + A exp(t) 0
(18) . ,
K _ 2 4t _ : _
lim ¢t(R) =o', R ®- 1 at R =o0
R ™= ® - : S
where A = tTQ‘ Y, Y, %4 / ® i Dg exp(-8/T,) . The condition as R= &

reflects the original boundary conditions (4) whereas matching with (14)
leads to the condition at ‘R=o0 . Similar equations to (18) can be writ-
‘ten for the'ﬂi's.; in particular they lead to

. (19) nZ/Q +t = - [1+ (Yz» -Y, ) /.a("r'a-r.s)]n'l‘

s
and other relétions for ‘“1 aud ﬂ3 .
Now, let us include the first order 0(€) terms of the outer solution;

writing Yi

+ ai+ o0 » T+€T+oao Y M+em+o,'o. 'R thEn Sub-

stituting into (12), we obtain

?‘&2) - 'mr'z(dyz/dr)'

Y, = - ac as r—=@o

where the constant c¢ is determined from matching. The solution of the

. linear problem (20) can be readily written and the value Y2 obtained in
‘ s
terms of ¢ . Then, the correction to the burning rate is given impli-

citely by



(21) m[1+Ss exp(MQ-M)] +:\)(BS-DS) ;"2 =90 .

'We see that all is needed for the determinztiod of m is the constant c
which, in the absence of an analytical solution to (18), hés to be found
numeriéally. .Using thé transformation { = 1/R , the equafion ﬁakes the .
“form ‘Cét" + Aet = 0 with the conditions t(o) =0 and t = - { +.c

as { - o . We start by ptéscribing‘avvalue to c. and then integrate
.from large ( down ﬁé see whether t(o) =o ; The corréc: value of ¢

is decermined when'ﬁoth boundary conditions are satisfied. The resules
indicate that two distinct §a1ues'for c. exist when A < Ao and none when
A> A0 ; the soiution is unique fo; AA= Ao and thié’critical value is
determiﬁed numerically. In the limit A = o , one of the solutions 1%

t =-1/R with ¢ = o ; this corresponds of course, to the frozen limit.
The other solution tends to the partiél.bgrping flame discussed later.

We find again that ,M(Dg) is double valued for Dg < DgI gﬁd the maximum

_ADamRShler number DgI depends amorig others on the numerical conmstant ‘Ao ;

in particular DgI ~ éxp(é[Tm) .
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COMPLETE BURNING
‘The limit Dg - @, correSponds to an equilibrium state in which
both reactants CO and 02 are completely consumed at a flame sheet
standing at a well defined distance from the particle. In [4] it has
= =0 <o
> = - -
been shown that for D_ >D_~ where D | MS/[ex-p(M°° Ms) 1] and

Ms = In(1+vY, /2) the flame is standing away from the pérticle-at a

2
@
distance r, = M/M' and the burning rate is given by the same equation
as (11). The flame temperature is then

(22) T, =T, + (Yz /a +T - T ) (exp(M-M_)-1)/(exp M -1)

where M 1is the solution of (11).. When DS - 5;0 , the flame reaches

the particle (r, = 1), the burning rate M =M, amd T, =T . For
lower valuee then 3 , the flame is sxtting at the Surface, xts temper-

ature remains Ts and M 1is given by

(23) ¥ - B, (exp®M ) -1) + 20,-D) (exp (e, 4)-1) = o

o
— —

Note the eontihuous transitionAinA M as Ds approacbes Dso o« The
M(sg) curve is identical to the ome Showp ie Fig. 1 for 9 =1 ., For
y#1, M depends en .Y' only for 38 <-5;° (see Fig.'S in [4])
whereas for larger vaiueslof 5; it follows‘the same cur&e as for v =1
and tends esymptotiCally to M_ .

It is easy to verify tﬁat‘in'thezlimit 6 = = the equilibriumﬁ
behavior is qbtained‘for large ‘Do provided TC'< Te ; the reason being

[~

that the factor exp(S/T -G/T ) is‘then exponentially large and as a con-

172

coexist in the outer regidns)ai Whether the flame is adjacent to the par-

‘sequence ( is finite only if Y. Y,= o0 (i.e. both reactants do not con-

ticle surface or is in the interior of the gas phase, its thickness is

exponentially small in 9 and therefore, the product Y, ¥y =0 to all
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orders in g1, However, when T, = T, +-0(e'1), the flamé>thicknessfih
'0(9-1) and the lgst coﬁclusion is no longer true; in partiédlar when
‘f; # 1A, Y2 70 for ‘r <'r* orily to leading order. The first order

term €Y2 where € = Iez 6-1 , should satisfy the following problem:

~ 1 ~

(24) L(Y,) =o, (‘M+1)S)Y2-Y2 =o at r=1, Y,=const. at r=r,- ,
where the constant at r,- is determined nuﬁerically‘from_the details of -
the flame structure [4]. In particular, the solution for ‘§2 leads
to the corrected bdrning rate

- = -1

(25) M - € {v(ps-us) st[lﬁ—Dsexp(M@-M)J }.

2 -1 ~

When r, =1 , equation (25) is still valid; € = T,” o and Y, 1is
: 8
obtained directly from the flame structure problem. In both cases, thé .

evaluation of Y, indicates that for 'Dg > DgE

s : , '
"~ valued and does not exist otherwise. An explicit equation was given in

the solution is double

(4] for DgE ~ exp (e/Te). Thus, the M(Dg) ‘curve,has a tuming point
at DgE as in Figure 3. When Dg ~ @, one of the'solutigns reduces to
the equilibrium.limit while the other tends to a partial burning, a case
which wili_be discusse& next. The dependence on Y is also indicated in
Figure 3; the burning rate branches above its equilibrium value when
Y'>i and below it when y < 1 . The aﬂalysis in [4] was restricted to
flame temperatures T, being the mégimdm in the flow field. Tbus, for a
hot pérticle,in a relat;vely cola amﬁieﬁt,_i.e. Ts >'ig {the requirement
Ts - T, f Yz/d was imposed whereas for‘a cold particle in a relatively .
"hot ambient, i.e. T, < Ty theAtequirement s T, - T, = fcrs);' Here,
£r)) - 2vey! Cl-exp(v, 01 and X(T,) satisfies X =D [exp(t, -1)-1]
(the dependéncé of X on TS- results from 5;) . The sglution is'therefore

restricted to region I of the‘barameter plane - T_ - T_ (see Figure 4). -



t
Complete burning will also occur whén the particle is extremely hot

or cold (regioﬁslII'& III in Fig. 4), but with a £lame temperature |

T, # Te being an intemmediate value in the field. The flame structure

in this case is Slightly different and the results will be discussed later.
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PARTTIAL BURNING

Under certain conditioné, the flame surrounding the pérticle consumes
Adnly a fraétion of the reﬁctant Co gnd O2 . In this case, the flame
‘temperature T, 1is not necessarily T_ . According to (13), if T, is
the maximum in the field then, in the limit 8 -« ; T* = Tc and Q is
exponentially small on both sides of the flame. We see in this case that

T, is determined expiicitely by the Damkohler number ‘Dg . If the loca-

*

" ¢loun uf the flame is denoted by r, tu be specified, then the CEmpefacurg

~-and.mas..cfraction.profiles are given by

09 + (¢*-¢S)(exp(M4M/r)—1)/(ex§(M-M/r*)-1), for r<r,
(26) @ = . 7 . ' v . ,
| 8, + (8,-0_) (exp( M/r)-1)/(exp( M/ry)-1), for £ >r, ,

where @ stands for either Y., i=1,3 or T ..

The structure of the flame at r, 1is analysed by first stretéhing

the coordinates according to r = f* + (2/H)€E , where € = T*ZG-I and

H= - ‘{(dT/dr)L‘_ +

o
~

-(dT/dr)r ;}’; thus |H| is the magnitude of the jump
in the temperature gradients across the flame. Then, perturbing all vari-
ables'about their valuec at the flame, namcly
: . ' )
T =T, +€e+38) + ..., ¥, =Y +€0, +.., 11,3,
where 38 = [(d’r/dr)r o 7 (dT/dr)r _]/H , ‘the resulting equation is a
% *

balance betewen diffusion and chemical reaction.  The reaction term dif-

oda

fers significantly whether Y,n =-0 or not; in the former case it will

™

take the form = AV,* exp(L+HE) whereas in the latter ﬂé(g) will be

* ’ *

o *
replaced by the constant Y, # o . When, both Y, =Y, =o the

complete burning structure is reécovcrced.
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We consider first the case for which Y2 =0 . 'This.condition

- implies that YZ =o for r <r, énd provides a formula for ‘r* given
by
@7z, = M/ In{(T o /a-T ) /[T -T HTH, fa-T Jexp(-M)]] .

Y

3

Yés ='o and from 9, Yjs = éxp(Mw-M)/(l-Za) , which gives once more the

equation (11) for M . In writing the governing‘equation of the structure

Now -YI and Y can be readily obtained from (8),(9) and (27). TIndeed

problem, we note that both t and -ﬂ Ja satisfy identical equations and,
‘in particular, t + ﬂz/a = § is obtained after matching with the outer
solutions. Then

2 , _

d't . ; :
= A(§-t) “exp (£+8)
28y ( 4T

de
dE

- i 1 ‘ ‘és § - :,ﬁ
~ where A = (Aa%Y T,/H G'E)D . An aﬁalytical ;olution to (28) is not avail-
able so.that a numerical integratibn is necessary. Using a shooting teéh-
nique wé start with t = § + const. at large negative g- and integrate out
to large positive g to see whether dt/dg = -1 asvrequiréd. The constant,
' determihed when both bodndary'conditiéns are éatisfied, equals 4
‘0-1 lim '<nn2(é); a value needed. for matching as will be discussed next.

| IE or;er to f1nd the 0(€) Acorréction fo M, wé'considér the first

~order terms of the outer solution. In particular, the 02 mass fraction -

for r <r, takes the form E?z . The function ?é should satisfy the

same egquation as (24) except that now the constant at r,- 1is lim n2(§)
o . - g-‘-cn
obtained numerically from (28). After evaluating Y2 the corrected burning
' s

rate follows from (25). Before discussing the numerical results, we note

-

that after multiplying (28) by dt/df + 3 and integrating from é = - @
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"to § =+ @ .while making use of the boundary cbnditions; weAbbtain the
restfictiop: 8 >0 . This requirement is equivalent to T > T@-#YZQIZQ.
Another requirement comes froﬁ the assumption Yl* # o which tranélateé
to T, < Te . Thué, the solution is restricted to T, satisfying

T+ YZQ/ZQ < T*”<'§Te » OT eqUivalen;ly ﬁgr a‘corrésponding range of Dg .
For sﬁéh values eqaation (28) has been integrated as indicated above and a

_ then the curve 'M(Dg) has a uni-
’ . .
‘que branch in this range. !

unique solution was found for each Dg

T X . *' e
The next case under comsideration is when both Yi and Y2 are

0(1) . £s indicated pfeviously, Anz& in the reaction term is now replaced

'* . ~ v L L
. by the constant (Y, )% and as a consequence A = (Y2 G/QT*Z)ZA replaces
‘ 3)

: A ; then a first integration of the governing equatibn leads.to B=o0 .
Th;sAcondition séates Lhag (dT/dr)r*+ and (dT/dr)r*_ héve the same
. magnitude but opposite signé. When gppliéd, this-coﬁdition pr6vides a
formula for r,. , nameiy 4

(29) r, = M/1n{(2T,-T_~T ) /[ (T,-T)) + (T,-Texp()]} , |
gftar which Yih, i=1,3 gan be ehsilylevdluated. The baundary ennditima
at r=1 determine the Y, s’ and M .is obtained from

: s

'YZQ - 2x(T,-T,) v } '

1+ (14D /M) (exp M -1) =0 .

(30) M - ﬁsfexp(um-m)'-l] + v(D,-D)
Although one can proceed in calcuiating the first order correction to M
Vith no conceptual difficulties, the;e is no immediéte'néed for such an
: impfévgment presgnﬁgly becaﬁse, unlike previoﬁs cases, the leading order
of M gi§en by (30) es;ablisﬁes thé depen&ence of .M- on’ Dé, 5;' as well

(3)An analytical solution for the structure problem can be written in this

case (e.g. see [ 7)) but such details will not be discussed in the present.
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as qn, Dg (througﬁ f*). Note that tﬁe only conditioq we héve fequired in
deriving (30) is that botﬁ feactants do not vanish at the flame which céﬁ
also be written as T, < Tm + YZ;,/ZQ o Therefore;';he M(Dg) curve thus
obtained is:restricfed fd:aAcértain range of bg corresponding to
max{T_,T} < T, <T, *Y,,/20 .

Partial burning Vill also oécur when tﬁe parﬁicle is extremely hot or
cold (regibné II & IITI in Fig. 4), but the flame temperature in this case
l ‘ Tﬁe' résuiting response

* 1s at an intermediate value.between T, ad T,

will be discussed later.
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- RESPONSE CURVES

In constructing the response of M wversus Dg , we consider first

region Ia in the parameter plane TS- T, (see Fig. 4). Starting with

small values of D; , the gas phase is completely frozen and M increases
- g .

Qitﬁ ADg accordiqg to (15). 1Indeed, the burning rate is controlled only
‘by the surface reactions. By slighély incrgasiﬁg Dg . aAweak reactipn
CO‘f 02 'dEVeIOps in a bouudary layer aajacent.to,the particle surface
(because :s > szl. Now M 1is given by.one of.the sol&tions'of‘ an
corresponding to the minus sign in front of the 3q§aré root. The burming
raee‘exceeds ité‘froéeq'vqlue or is beloQ it, depending on whether v is
greaterior less than one,reépectively. This behavior persists dntll the
v#lues DgI ;s reached (or A in (17) becomes 1). Tﬁe response thenffqlidws
‘the second solution of (17) while Dg decreases below Dé[A. 4There£or§,
D;I matks a turning point of the response curve. This‘sécond

b;ancﬁ tends eventually to a partial burning flame obtéined when A —= o
in (17) or, anthé oﬁher hand, when T, = Ts in (30). The flame‘iﬁ‘this

limit is adjacent to the particle as suggested by (29). The Damkdhler

number Dq can be further decreased as T,

+ increases from ’Ts to T ..

e

The flame, which first consumes only a small portion of the reactants CO

Aaud 02 ,

moves zway from the particle according to (29), uses more of-the
reactants and its temperatufe T, increases, simultaneously. The butning
rate is now given by (30). When the intermediate value T, = Té,+'Y2$/ZI

is reached all the oxygen. is- consumed at the . flame (Yé& = 0) and (30)

- 3 (4
for M .reduces to (11)*4).

© (4)Although the corvection to the burning rate has to be added to M
obtained from (11) as Jescribed earlier, the leading tarm in this case is
only .slightly perturbed and therefore determines the main behavior of the
curve. This is not so when complete burmning occurs.

))
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Although all the oxygen is depleted at the flame, only a fraction of CO

1

T 'a Te ; in th¥s limit a. complete burning of reactants take place. Now,

1is bumnt and Y, # o. This behavior persists while decressing D, until
*

the flame is.ét r, = M/Ms and the‘cprrected burning rate giveﬁ By (255 is
double.valued for all Dg < DgE . Thus, we first follow one of che_bran-.
ches down to DgE which marks a furning pbint inltbe response curve. Then
increasing Dg' again; the ofhef solgtion of (25) takes err; ncw the Dam-

kohler number can bé increased indefinitely and the bﬁrning»rate tends'f

asymptotically to M ' ‘Aiong the brénches resulting from complete burn-

ing, the flame temperature remains at most within 0(6-1). from Te and
the flames moves O(Bfl) distances from r, = M/M_  Note that for
Yy>1, M épproaches thejequilib?iim limit from belqw_wﬂefeas’fotiiy <1.
,it'approaches_this limit from above. |

In region Ib, tﬁe constrﬁqtion of the_resﬁonsa‘curve follows the Same

outlines indicated previously.- However, the physical s;ateé‘follbwed along

" the curve are slightly different. Since herA T,> Ts the reaction

?

2

DéI' is reached, then by decreasing D_

CO + 0, starts being active at large distances from the particle until

the weak burning tends to partial

]
burning and a flame thus forméd moves towards the particle. The f1lame
temperature T

ala
W

increases- from T, up to Te along this branch and when

= M/Ms Reaching

complete burning is achieved :the flame is located at r,

: E e e o . ‘ ' : :
the point D =~ , the Damkohler number can be only increased again and now

indefinitely, so thatAin the limit D_~ = , the burning rate tends to M
. 24 L . '

°

The tesponse curves in region I are éha:écterized'by having multiple
solutions for D E <'b <D 1 , becéuse
g 3 g :

D “ ~ exp(3/T.)., D
o . . e ’

2

- fexp<6/Ts), for T, > T,
~ 7 :
8 bexp(8/T,), for T, >T,
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and therefore DoI always exceeds DgE' in this regioﬁ.' It is generally
believed that the middle'ﬁranch 15 unstable and therefore the correspond-
ing stgcesacannot be realized physically. Some evidence are found in [ 8]
and [9] for example. Indeed the concepts of ignition aﬁd-extinctidﬁ |
depépd on these facts. For, if Dg .is slowly increased the weak burning
solhtiqn'is folloyed up to DgI :wherg'the response jumps to the comple;e‘
burning solution and it follows_fha: as Dg is-increased‘furthér. Thus,
DgI marks the gas-ﬁhase ign?tion.. Simiia#ly, ‘DgE is thg extiﬁctiog
value since‘thé-:ésponse jﬁmps from a complete burning to a neafly ffdzen”
fiow. | | |
| ‘The parameter Y , representing the relative importance of'thé 6
-compgtitive surface reactions, is § functiop of Ts alone. Thu;, assunﬁng
Yy >1 .forilarge TS' (suggested by various experimental data fepofted in
the literature), the pafameter plane Ts —,Tm‘ is divided as in fng 4 ;-
When 'Y <1 (see Fig. i); M for frozgn flow is lower thaﬁ M.for'équili-
brium and the response curve is‘S-shéped. As vy approach;s one from below,
the'middlé branchAof the S cgrve coglesce to a single monotonic éufve which
represents both the ffozen snd equilibrium limits. Alfhough the three dis-

tinct solutions in the range Do < D <D have the same value for M-,
g .

& g

ﬁhey stillhdiffer in details. They have a different flame tempeféture,
consume different portion of reactants and the ﬁlaﬁe is located at diffef-
ont positiona. As ' vy inercascs éiightly'above one, M takes again differ-
ent values . for eacﬁ of the three sblutions but now the upper and lower
branches change theitr roles, TheAreSponse c@rve is now z-shaﬁed.‘ Thus.‘
depending on whethef Y is less or greateflthan one, the jump at ignition
 occurs from a lower to a higher ﬁ' and viéé vefsa,'re§§ective1y.v'The

reverse is true at extinction.
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When Y= 1, the burning rate varies continuously aiong the curve but

.a jump in the flame temperature, from Ts(or T,) to T, occurs.at ignition

- while the flame suddenly appears at r, = M/Ms . The reverse situation

occurs at ewtinCCion.

Flnally, we w111 discuss the extreme cases of a very hot (reglon II
in Fig. 4) partlcle. When T_ >Tg + Yoo /% , the weak burning solution
is no longer double valued because one of the solucions of (17) (namely

that with the + sign) gives rise to YZ <o and s not physicaily
acceptable. Furthermore, its structure differs slightly at an intermedi-

ate value of A <1 as Y2 vanishes and remains so as A increases
’ S

towardé 1. The only change in": (17) is the replacement of the last 0(1)

“term on the right hand side by an O(T 9 ) term. Here D can be

increased beyond D I and the resu1t1ng partial burning flame with ‘com-
o %

plete oxygen depletion (Y2 = 0), moves away from the particle and its

temperafure T, 'is’ lowered ) below Ts . Whlle increas1ng Dg fur-

* o . .
ther, a point is reached where Y1 = 0, 1l.e. now the CO is also com-

pletely depleted at the flame. Both the partial and the complete burning

. 'flames obtained in this case differ slightly from those disCussed-previ-'

ously. No leakage of 0, 1is allowed through the flame and Y,=o for

.~ to all orders. As a consequence the burning rate M is giVen by

(11) to all orders in oL, Furthermore, the structure of the complete

(6)

leading to ‘a-single branch of the response

(5)Although T, is no longer the maximum temperature in the field, ( is
still negllglbly small on both sides of the flame because where T > T,
either Y1 or Y, vanish identically to all orders, whersas for T < T, the
previous argument holds.

(6)In (4] the structurc was discussed only for I_, <1 and the solutlon

was donble valued. For I.I >1, aunique solution exists for all A.
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curve.':The M(Dg) cqrvgibbtainedAnow‘is ? monotonic curve which tends .
asymptotically tb M . 4
In region iII, the response is again monotonic but now, the partial
burning flaﬁe originating at infinity is of a different type. CO is
" totally cphsumed at the flame (Yi*:= o). but oxfgen 19'qoﬁ. As Dg
increases and the flame aépréaches the particle, the flame.témperaturé

T, is lowered bcldw T_ until a point is rgached_wheéelez*_ also
Qanisﬁes. The complete burniuyg thus obtained does not allow any CO
leakége, but 02 can leak through and as a nnnnaq:,mnce' M is given by
(11) to leading order. The 0(9-1) cp;rection is unique, leading to .a
.Siqgle.braq;h,of'the'reéponse curve. Tﬁe MkDéj curye iS'éégih 4 motio=
', foniéAcurve. |
Ihlsummary, two distinct fesponse curves are found. The monotonic

curve obtained in regions II and iII,.show the gradual tramsition from a
frozen gas phase throdgh<pértial burning to equilibrium, as Dg iﬁéreases
(by‘increasidé the particle size for-exan-lple)° The reason fqr.such a
smooth behavior is due to the excess of heat provided either by the par-’
ticle or by t:he'ambient:° For moderate values 6f TS -and T_ the process
is described~by‘the S or Z rtesponses (region I), which exnhihit the ﬁhe,
nomenon of ignition and extinction. ‘A flame is suddenly ignited as o

o

increases slightly above DoI

o

and is extinguished as Dg - decreases
. slightly below D_~ . The transition from frozen gas phase to equilibrium

is abrupt in this case. -
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‘Cantions
Figs 1

The solution of equation (11) for various values of Y ; calculdted:
for representative values of the ambient conditions

~The weak-bufning solution: (a) for v > 1, (b) for y < 1; calculated
for Ts > T, and for representative values af the nther parameter.

- Here Dg =.Dg exp(eB/Ts)r

Fig. 3

- The complete burning solution: (a) for Y > 1 (b) for y < 1, calcl=
lated for some representative values,

Fig. &

"The response curves in the different regions of the parameter plane
T -T The broken lines with the F,E notation represent the
frozen and equilibrium limits, respectively. D I amdp E-

‘are the .
;gnltion and ewtlnctlon Damkdhler numbers reSpectively.g
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