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' INT'BODUCTION 

The aim of this program is to contribute to certain facets 

of the development of the MH~/coal power system, and particular- 

ly the CDIF of DOE with regard to its flow train. Consideration 

is given specifically to the electrical power take-off, the 

diagnostic and instrumentation syst&s, the combustorand MHD 

channel technology, and electrode alternatives. Within the con- 

traints of the program, high priorities were assigned to the 

problems of power take-off and the related.characteristics of 

the MHD channel, and to the establishment of a non-intrusive, 

laser-based diagnostic system. The next priority was given to 

the combustor nodeling and to a significantly improved analysis 

of particle combustion. Electrode studies were held in abeyance, 

being assigned a low priority here by necessity. 

A revised work plan consistent with the planned,effort level 

was provided for the period prior to 31 Aug. 79 in Polytechnic's 

communication to DOE/MHD. This revised work plan enumerated the 

following tasks: 

WORK PLAN 

I. Powgr take-of f 

A. Evaluate current and voltage consolidation 

schemes. 

B. Design prototype consolidation schemes. 

11. Combustor 

a. Undertake orientation studies 

b. Check simple design codera,in current use 

c. Initiate'effort to place in operation an 

equilibrium chemistry combustion code for hydro- 

carbons. 

1 



111. MHD Channel 

a. Evaluate current-distribution effects in a one- 

dimens'ional analysis. 

b. Evaluate boundary layer effects in a two-dimen- 

sional model. 

IV. . Diagnostics and ~nstrumentation 

a. Purchase laser, data acquisition and data analy- 

sis equipment for a laboratory set-up leading to a 

prototype design of a non-intrusive diagnostic 

system. . . 

b. Check out equipment delivered, and evaluate 

its. performance relative to vendor's claims. 

c. Design system for measuring . . compositions, temp- 

eratures and velocities relevant to electrical con- 

ductivity in the MHD channel and relevant to combus- 

tion-ef,fectiveness and environmental effects in an 

MHD/coal 'system type of environment. Consider both 

spontaneous Raman and "CARS" systems. 

d. . Provide documentation leading to the setting up 

e. .Obtain'preliminary da,ta in'laboratory flows. 

V. Gaseous electrodes (Hold in abeyance). 

It should be noted that the MHD boundary layer task (111 b.) 

was only carried to the set-up stage. Work on solving the govern- 

ing equations numerically was held in abeyance. One reason for 

this was that a "target of opportunity" was perceived'with respect 

to an analysis of particle combustion of carbon, which could be 



improved substantially by the use of newly-dev,eloped asymptotic 

methods. It was considered important to ach.leve thi's gain in a 

timely manner. Therefore the MHD boundary layer task was post- 

poned,' and the particle combustion analysis was pursued. The 

results were very successful, and will be depicted in the body 

, .  of . > .  this report. The combustion analysis is relevant to the 

Combustor task (11)'. 

The other tasks enumerated were carried forth r,easonably 

within the plan for the period up to 31 Aug. 78, as set forth in 

the Technical Progress Report for that period. However, the 

work of that period pointed to the need for continued efforts, 

essentially along the same topical lines as those enumerated 

above. This then formed the basis for the work plan for the peri- 

od from 1 Sept. 79 - 31 Aug: 80. It is expected that the original 

work plan envisaged on this program, which was planned for a more 

extensive effort, will be revised for consistency with the work 

plan now being implemented. 

Using the prior Technical Progress Report on this contract as 

a reference, we shall now describe the work in the enumerated 

'areas during the period prior to 31 Aug. 80. 

TECHNICAL PROGRESS 

I a. Power Take-Off (Work Plan ften I) and MHD Channel (Work Plan Item 111) 

In this area, the prior technical report devoted Part I, Sec- 

tion 2 to a "Study of Voltage Consolidation Schemes". This sec- 

tion included a circuit invented by L. Birenbaum, and a combined 

I 
i inversion and consolidation circuit by. Z. Zabar. ~urther Part I, 

Section 3 set forth a "Preliminary Design for the Power Take-Off 



of Singly-Loaded Magnetohydrodynamic Channels" by E. Levi. This 

was subsequently published in the Journal of Energy Conversion 

and Management. (Vol. 20, pp. 33-39, 1979). Pergamon Press. A 

copy is attached as Appendix A. Finally Part I, Section 3 dealt 

with "Electrical Non-Uniformities in Diagonally Connected Gener- 

ators", by S. Kuo, B. Cheo, and E. Levi. This has been published 

in the Journal 'of Energy (AIAA Vol. 4, No. 2, .p. 88, Mar-Apr. 

1980). A copy is attached as Appendix B. The further work in 

this connection has resulted in two additional papers, one dealing 

with true two-dimensional effects in the MHD channel, and the 

other with effects of wall leakage on non- uniformities in diag- 
I 

onally connected MHD generators. 

The first new paper is entitled "Two-Dimensional Power Take- 

Off Analysis in Diagonal Conducting Wall Channels" by S. Kuo and 

E. Levi. This has been submitted for publication. 

It shows that a true two-dimensional analysis of diagonal- 

conducting-wall MHD channels leads to design principals for the 

power take-off and good quantitative agreement with the experimen- 

tal data. Also it investigates analytically the effect of power 

take-off schemes on the output'power level, and finds that it is 

possible to design the electrical circuit of the channel with pas- 

.sive elements in the take-off region, and thus to achieve a fairly 

even load current distribution under chang'ing load conditions. 

This'analysis explains .quirks .in the current distributions which 

were observed in the seventh.test of the U-25B facility of the 

USSR. The complete paper is included here as Appe'ndk' C. 

The second'paper is entitled: "The Effect of Wall Leakage on 



Non-Uniformities in Diagonally Connected MHD Generators" by 

S. Kuo, E. Levi and B. Cheo. This paper has been accepted for 

publication by the Journal of Energy of AIAA. The entire paper 

is included here as Appendix D. 

In this paper the effect of wall leakage, symmetric as well 
. 

as asymmetric is examined in the linear and non-linear regimes. . . .  

It is found that 

1. The range of wavelength in the nonuniformities is re- 

duced ,  and in thc asymmetric anode and cathode case splits 

into 2' separate pass-bands. The mechanism responsible for 

quenching the,short wave-lenytl-1 non-uniformitics.i6 non- 

linear mode-mode coupling in the case of wall leakage, and 

the wall leakage itself when it is strong. 

2. Depending upon wavelength, forward waves can propagate 

1 both upstream, and downstream, backward waves only upstream. 
-c 

In the case of asymmetric characteristics,, the spacial non- 

, uniformities are accompanied by temporal oscillations. - .  

3 .  The growth rate of instabilities is minimal when the 

leakage at the cathode wall is . four . times that of the 

anode wall. This can occur naturally due to preferential 

deposition. of seed at the cathodes, or by adding a voltage 

divider externally, as has been the USSR practice in the 
I 

. . U-25 f a c i  1.ity. . . .  

4. In all cases, a resistance introduced in the diagonal 

. .  bars reduces the growth rate by a constant. The frequency 

of the temporal oscillat.ions is inversely . . proportionii to 

1 the inductance of the frame circuit. 



In connection with power consolidation of the MHD generator, 

studies were undertaken'of the dynamic behavior of the channel 

'and in particular of the arcs, because the previously-derived 
. .  . 

"equivalent circuit did not describe adaquately the channel inter- 

.. face under transient conditions. 
. . 
Z. Zabar, in collaboration with H. M. ~bramowitz (a doctoral 

. . 
. 6 .. , student, also associated with 'the Bell ~aboratories) are taking 

the following.approaches to analyze power take-off schemes: 

In order to.limit the available techniques, it was decided to 

limit the analysis to a Faraday connection scheme for power take- 

off-. The major emphasis is to examine the channel and the con- 

solidation circuitry . . under discontinuous current from each elec- 
. . 

trode pair and compare the results to a channel utilizing contin- 
I 

1 
i uous current takeoff schemes. The expectation. is to chop the cur- 

! . : .  . 
I rent between 'different electrode pairs and reduce the size and 

cost of the consolidation circuitry. 
. . 

Of major importance to the analysis is the channel model 
. . 

utilized. A number of'models have been used and this area is con- 

stantly undergoing change as .the computer simulation results. are 

examined. Some models are only relevant to a continuous current 

. , ,  .consolidation scheme containing resistive type elements to simu- 

late the plasma impedance and voltage drop.' The final model must 

1 contain a good model for the transient conditions in the boundary 

layer (Fig. 1) and must contain parasitic inductance and capaci- 

tance of the, plasma. 

i : The thrust of the study is in the power consolidation scheme 

of the MHD channel. The study can be subdivided into two cate- 
- .  

gories. 1) that of continuous current loads, and 2) switched loads 



a t t a c h e d  t o  each  e l e c t r o d e  p a i r .  F i g u r e  2 d e p i c t s  t h e  cont inu-  

o u s ' c u r r e n t . t a k e o f f  scheme having each e l e c t r o d e  p a i r  a t t a c h e d  

i 
I t o  a  c o n s t a n t  l oad .  F i g u r e  3 d ,ep ic t s  t h e  same channel  w i t h  a 
I 

s i n g l e ,  load  and c u r r e n t  load ing  e q u i v a l e n t  t o  F igu re  2.  

Channels c o n t a i n i n g  3 ,  5 ,  and 10 e l e c t r o d e  p a i r s  have been 

analyzed.  Th i s  a n a l y s i s  r e s u l t e d  i n  t h e  fo l lowing:  

1. , Channel edge - The end e l e c t r o d e  p a i r s  o f  t h e  simu- 

i l a t e d  channe l  must be graded t o ,  an  i n c r e a s i n g  impedance . 
. . 

I 
i t o  reducc t h c  c f f c c t  of t h o  abrupt discontinuity. 

1 2.  Cur ren t  l o a d i n g . -  The g rad ing  e f f e c t  was a l s o  neces- 
I .  

s a r y  t o  l i m i t  the .number , .of  e l e c t r o d e  p a i r s  c o n t r i b u t i n g  

t o  t h e  o u t p u t  c u r r e n t  (F ig .  3 ) .  The i n t e r n a l  impedance 

I of t h e  plasma model was i n s u f f i c i e n t  t o  l i m i t  t h e  c u r r e n t  
I 

con t r ibu t - ion  ,of t h e  e x t e r i o r  e l e c t r o d e  . p a i r s .  . 
. . 

3 .  Channel Conso l ida t ion  l i m i t  - Resu l t i ng  from t h e  cur -  
. . 

r e n t  f low i n  o p p o s i t e  d i r e c t i o n  in t h e  anode and catliude 

a r e a s  of a  s i n g l e  load  c o n d i t i o n  (F ig .  3 )  . Along one 

~ ~ 7 t h  t -he  resi c t i v e  vol tage  drop adds to t h e  Ha'1.1 vn l f -aqe  

produced and causes  breakdown c o n d i t i o n s  (F ig .  4 ) .  Th is  
. . 

p u t s  a ' p r a c t i c a l  l i m i t  on t h e  amount of ciiitrent a v a i l a b l e  

t o  a  s i n g l e  e l e c t r o d e  p a i r  and s e t s  an upper boundary on 

t h e  number of e l e c t r o d e  p a i r s  t h a t  can be conso l ida t ed  i n  

t h i s  feshinn. 

The f i n a l  phase' i s  t o  add swi tch ing  e lements  t o  each e l e c t r o d e  

p a i r  and swi tch  a s i n g l e  load  between t h e s e  e l e c t r o d e  p a i r s .  

F igu re  5 d e p i c t s  a . s i m p l i f i e d  scheme using. t h i s  approach. 

I S t u d i e s  a r e  p r e s e n t l y  under way ana lyz ing  t h e  e f f e c t s  of t h e  - .  

swi tch ing  p roces s  on a d j a c e n t  e l e c t r o d e  p a i r s  and t h e  t r a n s i e n t s  



that concern practical 'application as the parasitic inductance of 

the load and plasma parasitics are included. Presently a' scheme 

utilizing 3 electrode pair sets are under investigation to pro- 

vide information necessary to the potential feasibility of this 

approach. Switching times, frequency, and waveforms will be ex- 

amined to provide several output waveforms and provide the analy- 

. . . .  . .. . sis necessary to optimize the power consolidationin terms of 

size and cost. 
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OUTPUT 



FIG. 5 FARAOAY CHANNEL - SWITCHED OUTPUT. 
3 ELECTRODE PAIRS PER LOAD 



b. Flow Modeling (Work Plan Item 11) 

Th'e effort in this area has resulted in a report entitled a 

"One-Dimensional Flow Model for Coal Combustors" by W. 0. Peter 

and P. M. Sforza. This includes a code to deal with chemical 

equilibrium. Radiative heat losses can also be' accounted for. . 

The results obtained thus far are consistent with those available 

in the current literature. A preliminary version of this report 

is included here as Appendix G. ..- 

'the c u r r t b u s , t i u ~ ~  of.,& solid particlel in. ,this uace casbon, has 

been the subject of an innovative analysis by M..Matalon. In this 

work quasi-steady burning of a particle which undergoes gasifica- 

tion at its surface is dealt with by the use of asymptotic methods 

(for large values of the activation energy). The model considers 

a homogeneous reaction in'the gas phase. .The burning rate M is 

found as a function of the gas phase Damkijhler number D .for the 
9 

- - 

whole range O<D < m .  The monotonic M ( D  ) curve, obtained for rela- 
g g 

tively very hot or very cold particles, describes the gradual 

transition from frozen flow to equilibrium. For moderate particle 

temperatures the transition is abrupt and the M(D ) curve is 
4 

either S-shaped or Z-shaped. In the former the burning is enhanced 

at ignition while in the latter it is slowed down; this depends on 

the relative importance of the two competitive surface reactions. I 

At extinction, the reveLse is true: k u r n i n g  i n  ~lowcd down in the 

case of an S curve and is enhanced in the case.of a Z curve. 



c. Diagnostic System (Work Plan Item IV) 
2 

The features of the program to develop a laser-based non- 

intrusive system for the diagnostics of the hostile flow environ- 

ment of the MHD/Coal power system was described in the prior 

Technical Progress Report. The fundamental principles and five 

alternative % .  . . arrangements were depicted therein. The general aim 
. . . . .  . . - .  . ' 

is to provide spatially-resolved, and to a certain extent time- 

resolved measurements of flow concentrations and temperatures, 

with a view toward identifying flow non-uniformities and turbulent 

char.acteristics, as well as more gross behavior. Clearly the corn- 

plex nature of the high-temperature, three-dimensional, particle 

and slag-laden flow within the confined flow passage present 

problems of great difficulty in this regard. However, it is be- 

iieved that the worthwhile goal here can be achieved. 'App'e'ndi:~' E. 

by S. Lederman presents a general vlew of this work in addition to 

the prior Progress Report. 

In the present period, an effort has been focussed on using 

a single high-power pulsed laser source to drive' sim'u.lta'n:e:o~u'sly a 

CARS system and a spontaneous Raman scattering system. r his simul- 

taneous feature provides. a great amount of information at a partic- 

ular point and time. The system has worked successfully with a 

Ruby laser and a stimulated Raman cell to generate the Stokes 

line of the specie of interest for the CARS measurement. With this 

Stokes line as one of the laser lines of the CARS system, the Ruby 

laser line is employed as the driving'line for CARS. A note des- 

cribing this system has been submitted by 'S. Lederman and C. 

Posillico for publication. It is entitled "A Unified Spontaneous 

Rman and CARS Systemu and is included here as' Appendix' F. 



Another version of this sys.tem is also nearing camp.letion. 

It involves dolibling the Ruby laser line, pumping a tunable dye 

laser to generate the Stokes line of the specie of interest and 

to be subjected to CARS, and utilizing the remainder.to generate 

the spontaneous Raman spectrum of the flow field. 

A replacement for the previously-tried multichannel spectrum 

analyzer which was not satisfactory for.our purpose, has now been 

incorporated into the system. The new analyzer is an OMAII, and 

! 
I 

appears to be working properly. 
I 
I A laboratory set-up for generating coal flames is being con- 

structed, so that the diagnostic system can be applied to them. 

A method has been devised for reducing siibstantially the 

size of the laser system which would eventually be applied to a 

flow system in the field. Likewise a method for maintaining clear 

I 
viewing windows in a practical environment has been'proposed and - - 

, will be developed further. 

This work has resulted in a series of 3 papers being published 
I 
I 

i in the journal  ombu bust ion and, Flame". These papers, listed helnw, 

are included here as Apendices H, I and J. 

H. Matalon, Moshe: "Complete Burning and Extinction of 

I a Carbon Particle in an Oxidizing Atmosphere". POLY 

! M/AE Report 80-16. 

I 
I I. Matalon, Moshe: "Weak Burning and Gas-Phase Iqniti~n 

I About a Carbon Particle in an Oxidizing Atmosphere". 
. . 

POLY M/AE Report 80-21. 

i 
1 J. Matalon, Moshe: "Combustion of a Solid Particle". 
I 

POLY M/AE Report 80-30. 
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APPENDIX A 

PRELIMINARY DESIGN FOR THE POWER 
TAKE-OFF O F  SINGLY-LOADED . 

. . ,  , . 
. ' EYRICO LEV]:' :;. . : . . 

'Polytechnic ~nstitute'of New ~ o r k .  333 Jay Street,.Brboklyn. NY 11201. U.S.A. 

(Receiwd 17 July  1979) 

Abstract-A one-dimensional analysis of diagonal-conducting-wall MHD channels leads to design prin- 
ciples for the power take-ofland good qualitative agreement with experimental data. Analytical refine- 
ments which account for two- and three-dimensional effects enhance the'accuracy of performance 
predictions. 

MHD Power take-off Diagonal conducting wall channels Diode scheme 

NOMENCLATURE connection). The Hall component of field, however, 

a = proportionality coefficient (equation I )  
A = moss-sectional area. anode 

A, = collecting area of the cathode 
b = scaling parameter (equation 9) 
B = applied magnetic field induction 
E = electric field intensity 

Ed = equivalent electric field associated with effective 
voltage drop 

I = current in the channel 
I, = load current 

I,,, = nominal load current 
J = current density 
K = current entering the channel. cathode 
M = number of overlapping electrodes 
N = number of conducting diodes 
r = ballast resistance per unit length 

R = ballast resistance in each branch ' 

u = Row velocity 
s, g. P = coordinates 

A = increment 
3 = -arctan ( E , / E , )  
0 = conductivity 
cp = tan 3 
R = Hall parameter 

Subscripts 
f = forward 
I = load 

I,n = llorr~irlal load 
m = summation index 
11 = branch number 
s = short-circuit 

.~,y = .~,g directions 

I. INTRODUCTION 

One of the major problems standing in the way of 
economic and reliable gerteratiun of electric power by 
magnetohydrodynamic (MHD) means stems from the 
need to segment the anodes and the cathodes of the 
channel. Continuous electrodes would short-circuit 
the Hall potential which results from the anisotropy 
of the plasma. A very large number of electrically 
insulated loads is required, when ea,ch pair of oppo- 
site electrode segments is separately loaded (Farsday 

being in the direction of flow. skews the equipotential 
surfaces. It becomes then possible to connect the 
anode and cathode segments in series by means of 
diagonal links. This connection scheme was first pro- 
posed by de Montardy [ I ]  and realized by Dicks [2] 
i r ~  his diagonal conducting wall (DCW) channel, 
which consists of a stack of metallic electrode 
modules, similar to window frames, insulated from 
one another. The diagonal connection permits the use 
of a single load, as shown in Fig. I. Hence, power 
take-off in a DCW channel should, in principle, be a 
simple process. However, two important problems 
still remain to be solved. The first is the optimization 
of the positions of the inlet and outlet connections 
with changing load. The second is the distribution of 
load current over a number of electrodes. 

A scheme for the power take-off in DCW channels 
has been proposed by Brogan [3] for the U.S. chan- 
nel to be tested in thc Sovict U-25 facility. The same 
scheme is currently being used in the U-25 B chan- 
nels [4]. 

The scheme. which is sketched in Fig. I ,  takes 
advantage of the low Hall field prevailing in the fring- 
ing field of the magnet, where the inlet and outlet 
regions of the channel are located. In these regions 
the resistive voltage drop caused by the flow of the 
load current within the channel may exceed the 
motion-induced voltage [5] .  As a result, in each of 
these regions there exists a frame at which the Hall 
field vanishes; in the outer sections of the channel 
lying beyond these frames, the Hall field changes sign 
and is in the same direction as the load current. It 
follows that, there, part of the output power of the 
generator is reabsorbed. 

In order to avoid this loss of output, the outer sec- 
tions should be rendered ineffective; in the Brogan 
scheme lor connection to the load, the outer frames 
are short-circuited. In so doing, the additional objec- 
tive of distributing the load current among a number 
of leads and fromcs is nchicvcd. 

E.C.M. 2011 -C 
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I LEVI: SINGLY-LOADED MAGNETOHYDRGDYNAMIC CHANNELS 

. . 

~ i g ,  I .  DCW channel configuration; (a) Magnetic field profile: (b) Power take-nff and coordinate 
system. 

The location of the point of field reversal and, 
hence, the number of leads to be short-circuited varies 
with changing operating conditions. T o  allow for 
these. variations a diode is inserted in each lead. All 
diodes located between the inlet and outlet points of 
field reversal are expected to block the passage of 
current [3]. 

The main advantage of this scheme is its simplicity 
and. therefore. its low cost and reliability. 

One disodvantngc of thc short-circuit schelnr is the 
strong tendency toward nonuniformity of current'dis- 
tribut~on among the leads. This is undesirable, 
because it may lead to overload and damage in some 
of the power take-off electrodes and frames [63. 

Furthermore, such a nonuniformity is propagated 
wlth the active regior~ of the channel by the diagonal 
connections. The ~roblern is compounded by the 
natural trend of diagonal channels to distribute the 
current unevenly among adjacent frames, as a result 
of the arc-mode transfer of current to the elec- 
trodes [7]. Dangerous current concentrations may 
result when the wavelength of the nonuniformity, im- 
pressed on the take-off leads, corresponds to the 
wavelength of one of thc natural non-unifo~~mity 
modes of the channel. 

For this reason. it  has been Soviet practice to insert 
ballast, or equalizing resistors in series with diodes. 
T t ~ e  presence of these resistors, however, changes, the 
fundamental mode of operation of the power take-off 
and complicates the task of the designer. The Hall 
voltage profile becomes a function of the resistor 
values and the designer is faced with the task of 
dctcrmining the sizz of the resistors, in addition to , 

determining the location and number of leads. 
: . The following sections present an analysis of the 

diode scheme for power take-OK, that is based on the 
one-dimensional theory of diagonal channel perform- 

ance[8]. The range of validity of this analysis is 
checked against data obtained in tests with the # I  
channel of the U-25 B facility. Also included are guid- 
ing principles for the design of such a power take-off. 

11. BASIC RELATIONS 

Consider the configuration and vector orientation 
of Fig. I .  The Hall field Ex can be expressed as a 
function of the current I flowing in the channel [8], 
and cast in the form 

Ex = u(l  - I,) ( 1 )  

f2 = Hall parameter 
a = conductivity 

Ed = equivalent electric field associated with 
effective clcctrnrlr: voltage drop 

A = channel cross section 
4 = - E J E ,  = tan 8 

The current I ,  corresponds to short-circuit condi- 
tions ( E x  = 0); it is a function of the axial coordinate 
.Y and is indicative of the profiles of velocity, plasma 
conductivity, and magnetic field. 

To  establish the constraints imposed by the connec- 
tions external to the channels, we examine Fig. 2 
which represents ttie inlet section; similar relations 
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Anodes 

Diodes 

Ballost 
Resistors 

Fig. 2. Inlet connection. 

hold for the outlet. Applying Kirchhoff's law to the 
nth and (n + 1)th branches, we obtain: 

E X A i  = R , , ,  I,+ + Vj - R , I ,  - Vj 

or 

E x  = 
R " +  1 I"+ I - R"1"  

A s  ( 2 )  

where 

R = resistance 
V, = forward coltage drop of diode 

Ax = segmentation pitch 

Moreover, we observe that 

I ,  > 0 (3) 

In order. to determine the value of, the resistances 
and the location of the power take-off connection, we 
observe that, in order to minimize. the external ohmic 
losses; E x  should be minimized, and, in order to avoid 
absorption of power 'in the channels, Ex should be 
negative. 

Since, according to equation (1 ), E x  is proportional 
to the difference between I and I ,  .it is expedient to 
plot these currents. 

For example, the situation prevailing at  the inlet 
section of the channel (Fig. 2) is depicted in Fig. 3 for 
various locations of power take-offs, havirig uniform 
current'distributions among the leads. It is seen that 
location 1 is undesirable. since there exists a large 
region where E x  is positive and hence the c h a ~ ~ n e l  
absorbs power. Location 3 is also undesirable, .since 
the channel is not fully utilized, while position 2 

where hi is the numbcr of conducting diodes. This set 
of equations completely determines the system. 

111. DESIGN CONSIDERATIONS 

.The nominal load current I,., should be evenly 
spread among a number of leads, approximately 
er111;il to ~ t le  ~ l u ~ ~ l b e r  of parallel branches in the chan- 
nel; i.e. the number of overlapping electrodes. If we let 
th'is number be M then the current in each is specified 
as 

11." 
X 

1 = -  
" M (6) Fig 3 Current in the channel and short-circuit current. 
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seems to be a reasonable compromise. The branch 
corresponding to position xo will require no resist- 
ance while the branch corresponding to an arbitrary 
point s will require a resistance: 

The resistance is thus proportional to the area con- 
tained between the curves I and I,. 

It follows that I, and, hence, the field of the magnet 
should be designed, so as to decay over a region cor- 
responding to the extent of the overlapping elec- 
trodes. 

The resistances given by equation (7) are the mini- 
mum resistances required to give the desired current 
distribution. The same uniform distribution could be 
obtained by adding equal resistances in all branches. 
This may be requircd in O I ~ C I  L U  avold dangerous 
current concentrations under off-design and falrlt nsrl= 
ditions. 

IV. CURRENT DISTRIBUTION IN THE 
ABSENCE OF RESISTORS 

In order to get a feeling of the current distribution 
for a given set of resistances we note that the pitch AY 
is usually small as compared with the extent of ovcr- 
lapping electrodes. In the limit of AY- 0. the set 
formed by equation ( I )  through (7) becomes: 

dr dK 
K,- + r 2 = + "' [ 1: K , ~ . Y  - I,] 

d~ d . ~  (I + 4 2 ) ~ a  

where K, is the current entering the channel per 
meter length in the y direction and r(.u) = R A s  is the 
external ballast resistance of a unit length. In general, 
this is a second order linear differential equation with 
variable pnrarneters, 

It is inslructive to consider fibst the cnndirions con 
remplated for the U.S. U-25 channel when rand  there- 
fore E ,  vanish identically. Equating the left hand side 
of equation (8) to zero, we find that K, is given by the 
slope of I, and, hence, a reasonably uniform currellt 
distribution obtains when the connection is located in 
a region in which I, varies linearly. This conclusion is 
independent of the value of load current. 

We LIISO ubxrve that the condition E x  = 0 forces 
the current I in the channel to assume the value I, 
everywhere. It follows that the first diode to  block is 
the one for which I, is greater than the load I , .  Mt:~lt. 

diodes start conducting as I, increases. Therefore, 
enough diodes must be installed to carry the maxi- 
mum load current I,; otherwise, the last conducting 
diode will carry the difference between I, and I,. 

V. CURRENT DISTRIBUTION WI'I'H 
EQUAL RESISTORS 

Equation (8) can be solved in closed form when R is 
small and the branch resistors are equal [r = f(x)]. 

This is the case in the power take-off for the U-25 B 
channel. 

Denoting the Fourier transform with a bar on top 
we have: 

where 

Assuming a linear rise in I, or 

we get 

K ,  = K, + (K@) - K,)cosh hs ( I  1) 

and 

F[ Kids 2 XIx + Kv'O' - K a  sinh b r  (12) 
b 

Here, the second term to the right denotes the 
deviation from the case of ballast resistors and h, 
which is a measure of the ratio of internal to external 
resistance, becomes a scaling parameter. 

Wc observe that the current density K, is larger or 
smaller than the one corresponding to short circuit, 
depending'on the initial value K,(O). Assuming that 
the conducting diodes range from s = 0 to .u = .u, 
and making I = I ,  in equation (12). we obtain: 

K,(O) = K, I- 
b(I1 - Ksxl) 

sinh b.u, (13) 

We note tllat. for the design conditions I, = I,,, i t  Is 
possible to choose !he mlmhnr nf  diode^ n ~ l d  hell& 
x,, so that the current .distribution is uniform. This 
conforms with the prediction of Section 111, that a 
uniform distribution is not changed by the addition of 
arbitrary, but eqnal branch resistances. Any current 
overload will cause the distribution to increase 
rapidly with increasing .u. If the number of diodes is 
adequate, then some will block. .ul is then tllr un- 
hiiuwrl locat~on of the last conducting diode. and is 
obtained by first making K, equal to zero in equation 
( I  I ) .  Then introducing the corresponding relation 

into equation (12), we can obtain .Y, frgm: 

b(1, - K S . ~ , )  - tall11 b s ,  = 
Ks 

(1 5 )  

The current is sketched in Fig. 4 for two different 
values I,, and Ill of the load current and under the 
assumption that the diode connection ranges over the 
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I I t 
0 X A x 

X,=locotion of last diode 
- 

Fig. 4. Buildup of channel current in the inlet conneciion. 

interval O x , .  We consider first ihe case of 'high' load 
current I , . , .  In the absence of ballast resistors (r = O), 
the current builds up along the broken line OBC. 
Each diode carries the same current, except the last 
conducting diode which carries the additional current 
BC. 

The current distribution becomes more uniform 
when ballast resistors are inserted. The higher the 
resistance r, the smoother the distribution. The whole 
region of the channel between 0 and D absorbs 
power. 

Next we consider the case of 'low' load current I , . , .  
In the absence of ballast resistors ( r  = 0), only the 
diodes in the interval Ox, conduct; all carry the same 
current. Those betwccn s, and s, are blocking. With 
finite resistors (r  = 0) more diodes become conduct- 
ing and with increasing values of r, the c r r e n t  
becomes more e\ealy distributed. The whole :.stion 
of the channel between 0 and x ,  generates power. 

Of course, thc term 'high' or 'low' load current 
relates to  the section of I ,  cut-off by .u,, i.e. the extent 
of the conneciion region., With a higher conductivity 
or a steeper magnetic field rise (e.g. line 1;  in Fig. 4) 
and the same I , , ,  and .u,, the channel would behave as 

in the 'low' load current case and there would be no 
po,wer absorbing section. 

VI. COMPARISON WITH 
EXPERIMENTAL DATA 

The effect of the ballast resistors was checked dur- 
ing the fourth test in the U-25 B facility. Run # 1998 
was performed with ballast resistors of 0.5 R (corres- 
ponding to p = 0.014Qm) connected in series with 
the diodes and run # 1999 with the resistors short- 
circuited. The current distribution in the inlet connec- 
tion is shown in Fig. 5. A comparison with Fig. 4 
demonstrates good quantitative agreement between 
theory and ex perimen t, with particular reference to 
the smoothing effect of the ballast resistors. 

Since none of the diodes blocks, the extent of the 
collecting region appears to be inadequate. The chan- 
nel operates in the 'high' current regime and, with 
short-circuited diodes, the last conducting diode car- 
ries the difference between 1, and I,. Therefore, under 
the conditions prevailing in the test, the inlet connec- 
tion should have been moved downstream or more 
diodes added. 

Alternatively, the short-circuit current I, should 
have been increased by raising the conductivity, as 
explained in the previous section. Indeed, the general 
performance of the channel gives evidence that the 
effective conductivity never attained the design value. 
As it turned out, this low conductivity was caused by 
water and cold air leaks and by inhomogeneities in 
the plasma originating in the combustor and seed 
injector. 

I t '  follows that the quantitative analysis lends 
further support to the one-dimensional theory of 
power take-off. Neverthless, the current in the outer 
diodes cannot be accurately predicted, especially in 
the outlet connection. The reason is that equation ( I )  
was derived under the assurtlption that over the chan- 
nel cross section A, the flow velocity u is constant and 
both t'he currents carried by the plasma and by the 
diagonal links are uniformly distributed. 

These conditions, however, are not satisfied in the 
outer portions of the collection regions. 

run NO. 1998 
l r  a . 0 1 4  n-m) 

run NO. 1999 

5 6 7 8 9 I0 1 1  12 13 14 15 16 17 10 f r o m a N 0 .  

Fig. 5. Current distribution in ;he inlet connection of the U-25 B # 1 channel. 
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Fig. 6. Inlet connection for U-25 B # I  channel; (a) Magnetic field profile: (b) Current streamlines for 
E ,  = 0: 

A 

links 

Fig. 7. Oullet connection for U-25 B # I channel; (a) Magnetic field profile: (b) Current streamlines for 
Ex = 0. 
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When the ballast resistors are short circuited 
( E x  - 0); the x,y components of current density J 
satisfy the relation 

J ,  =. RJ, (16) 

and the current streamlines can be easily drawn. Two- 
dimensional plots of the current distribution in the 
U-25 B channel are shown in Figs 6 and 7. It is seen 
that with the inlet co~nection spanning frames 5 to 
16, the diagonal links of thk first six frames carry no 
current. In contrast, at the outlet, with the current 
being drawn from frames 132 to 143, very li!.tle cur- 
rent is carried by the plasma. The broken streamlines 
in Fig. 7 denote current filaments flowing near the 
side walls and turning 'in the z-direction towards the 
diagonal links. It was found that this three- 
dimensional effect of current collected by the sidebars 
could be accounted for, by increasing the collecting ' 

area AK of the cathodes by 20%. 
Under the assumption that the voltage drops in 

adjacent cathodes are equal, and hence compensate 
one another, the currents collected at  the outer cath- 
odes and carried by .the diagonal links -to the outer 
diodes under short circuit 'conditions can be 
determined as 

As seen from Fig. 7, the'currents collected by these 
cathodes flovr in the proximity of the wall. Therefore, 
the values of a and u should be representative of the 
local conditions, i.e. they should characterize ihe 
boundary layer. When the measured values of I, are 
introduced in equation (l7), the product au assumes a 

value equal to about one quarter of the value pre- 
sumed to prevail in the core 

I i  must be mentioned that u and R were calculated 
from measured values of the static pressure which 
were not too reliable. These uncertainties make 
further effort aimed at validating the theory unwar- 
rarited at  this time. 

In conclusion, it can be said that guidelines for the 
preliminary design of the diode scheme of power take- 
off for DCW channels have been established. A very . 

conservative approach in terms of the number of 
diodes and value of ballast resistors is recommended, 
because at the present state-of-the-art in MHD, the 
plasma parameters are likely to depart significantly 
from the design conditions. 
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Electrical Nonuniformities in Diagonally Connected Generators : 
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S. Kuo,' B. Cheo,t and E .  LeviS 
Polytechnic Institute of New York, Farrningdale, N. Y. 

Experimental data show that stationary nonuniformilies may occur at much longer wavelengths than the 
unstable ones predicted by the linear theory. A nonlinear analysis shows that the mechanism of mode coupling 
may be responsible for this occurrence. It is found that the instability regime extends over a much wider 
pornmeter range than previously determined. Analyses also show that over sections of the channel, the Hall field 
may diminish or even reverse. 

Nomenclature 

h =width of the channel 
h '  = htantl 
H =electrode length along magnetic field 
I, =background dr: current 
P = electr.odc scgmentatiorl pitcn 
x = longitudinal coordinate 

=transverse coordinate 
0 =angle of the diagonal link 

I.  Introduction 
I T  has been known for some time that the distribution of 

Hall potential along an M H D  channel is not uniform. 
This effect is due to  the uneven distribution of current among 
the electrodes and leads to  overvoltages between adjacent 
electrode segments. The result is a degradation in the per- 
formance of the M H D  channel, with particular reference to  
its durability. 

Solbes and Lowenstein ' have performed a two-dimensional 
linear stability analysis of the M H D  channel and have been 
able to explain the development of these spatial fluctuations 
in the Hall field in terms of the arc-mode transfer of current 
from the core region of the plasma to the electrodes. Their 
analysis determines the conditions for which the negative volt- 
ampere characteristics of the arc overcomes the ballasting 
resistance o f  the plasma and leads to current concentrations. 

The eigenvalues characterizing the resistance of the 
freestream plasma are dependent upon the wavelength of the 
fluctuations. For long wavelengths, typically on the order of 
the generator length, the ballasting resistance is large, and, 
hence, the current distribution is linearly stable. As the 
wavelength decreases, however, the ballasting effect becomes 
weaker and the fluctuations grow with time. The fastest 
growing modes have wavelengths on  the order of the 
segmentation pitch, and Solbcs and Lowcnstein have been 
able to  show good agreement with the experimental evidence 
obtained in their diagonally connected Faraday channels. 

In contrast, the diagonal conducting wall channels of the U- 
25 and U-25B facilities seem to be affected by spatial 
nonuniformities which may extend over a wavelength as  large 
as the width of the channel. This type of channel is likely to  
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index categories: MHD; Boundary Layers and Convective Heat 

be more prone to instab~llty because the llnk connect~ng anode 
and cathbdc docs not contain o bd!nsting resistgnce, a:s in the 
casc o f  Fnrndnv channels. Nevertheless, according to the . 
linear analysis,-the fastest growing modcs arc still those 
corresponding to the shortest wavelengths. Therefore the 
presence of l o~ger  and nearly stationary wavclcngths is nn 
indication that the mechanism of  mode coupling, resulting 
from nonlinearities, is at play. 

In this paper [he nonlinear problem is considered. Of many 
nonlinearities in the governing equations, the nonlinear volt- 
ampere characteristic of the arc V=crI -% is singled out for 
attention, because the arc is the most likely source of the 
instability. Following Solbes and Lowenstein, we assume 
that the currents in the freestream plasma are rotation and 
divergence free. The currents flow from the plasmas to  the 
electrodes through a nonlinear arc. A nonlinear differential- 
integral equation which governs the time evolution of a . - 
current perturbation at  the electrode walls is formulated. In 
Sec. 11, we demonstrate that a short wavelength linearly 
unstable mode may transfer energy into a long wavelength 
linearly stable mode, confirming the mode coupling - -  
mechanism mentioned earlier. In Sec. 111, the time evolution 
of an initial current burst with a Gaussian spatial distribution 
is analyzed numerically using the nonlinear governing 
equation. A close form of the kernel which is different from 
that given in Ref. 1 is obtained by performing a contour 
integration in the k plane. The procedure is given in the 
Appendix. Numerical results show that within certain range 
of parameters a localized perturbation can spread and evolve 
into relatively long wavelength instabilities causing sect~ons of 
the wall current at the electrodes to vanish. In Sec. IV the 
effect 011 [he Hall field is studied. It is shown that the form of 
the instability arrived at  in Sec. I11 may cause the Hall field to  
decrease and even to change signs at some places in the 
channel. Section V summarizes the main findings. 

11. Coupling between Two Modes 
The nonlinear analysis takes off from the Solbes and 

Lowenstein effort and the same notation is used. Their Fig. 1 
showing the dimensions of the generator and the external 
connection is repeated here for convenience. 

The equation governing the time evolution of the per- 
turbation f ( ~ )  in the load current distribution is 

where 

Transfer-Turbulent; Plasma Dynamics and MHD. 
'Research Assistant Professor, Dept. of Electrical Engineering. +- ~(xl,t)cosk(x-x' ) [cosh(kh) -cos (kh l ) )  

tProfessor, Dept. of Electrical Engineering. mHPksinh (kh ) 
$Professor. Dept. of Electrical ~ngineering, and Director of Power 

Engineering Institute. x dkdx' 
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Fig. 1 Two-dimensional 
channel mo,del for study 
of nonuniformities. 

WALL 
LAYER - - - - - - - - - *- -I- - 

/ /I 1 ' 1  

WALL 
LAYER 

is the ohmic voltage drop along the diagonal path in the 
freestream plasma resistance caused by the current fluctuation 
f ( x ' ) .  The second term in Eq. (1) represents the idealized 
nonlinear characteristics of the anode and cathode arcs which 
serves as sources for the instabilities. The other symbols are as 
shown in the Nomenclature. 

To show how transfer of energy occurs from the short 
wavelength unstable modes to  the long wavelength modes, we 
focus our attention on two modes only. We thus assume that 
the fluctuation current is 

where I, is a long wavelength fluctuation. (k, 2 0 )  and 1, is 
a linearly unstable fluctuating mode. In general, it may 
represent a whole ensemble of unstable modes and k ,  
represents its central wavenumber. 

If we expand the second term of Eq. ( I )  to  include the first 
nonlinearity, the coupled mode equations for I, and I, are 
obtained as: 

and 

where 

S, = h / u H P (  I + tan28) = freestream resistalice for mode 1 

S, = 2 / k a H P =  freestream resistance for mode 2 

S2( fia1,yJi2 ( S ,  

( ) =spatial average 

where: 

x -XI  r coshn (?) + cosh (ntan8) 1 

We now observe that the term ( j ; )  in Eq. (3) provides 
a source of excitation for the long wavelength mode 1.  As th_e 
amplitude 4 of the linearly unstable mode grows with time, I, 
is excited to  a negative value. This, in turn couples into mode 
2 and enhances its growth rate, since the last term of Eq. (4) 
becomes positive. This explosive growth can be explained by 
noting that f ,  causes the space invariant current to  decrease. 
The lower value of current shifts the operating point of the arc 
toward a region in which the slope is more negative. 

In order to show how the instability settles down to a 
stationary value, one might be tempted to include higher 
order nonlinear terms. However, if one did take those higher 
order nonlinear tetms into account, the result would be the 
same, both 1, and I, would grow absolutely. When they reach 
the levels 

and 

@here P= 8(S,  - fi~1;"~ )1$'2/3a and I, is the amplitude of 
I , ) ,  the polynomial expansion of  the arc terms in Eq. (1) 
ceases to  converge. Beyond this point, one_should go back and 
re-exaniine the arc term ( 1 / c -  I/<+ 1) in Eq. (1). Since 
4 tends to  suppress I*, one can contemplate a limiting 
situation in which 11, +I, I -0. In this case one has: 

i.e., the k, mode loses energy to a subharmonic of double 
wavelength through this arc term. This implies chat the in- 
stability may reach a stationary value before 11, + I, I -0. 

The above discussions have not taken into consideration the 
effect of  the positive slope region at  low arc currents. This 
effect is accounted for by the numerical analysis of the 
dynamics of the nonuniformities, as is presented in the next 
section. 

111. Time Evolution uf Localized Nonuniformity 
A more rigorous analysis must consider the whole spectrum 

of modes. By performing a contour integration in k (see the 
Appendix), the ohmic drop of thc free plasma in Eq. (1) can 
be expressed as: 

x -x '  
for - 

h 
< - tan8 

X-x' + cosh (ntan8) 
x -x '  

for - tan8 < - < O  
/ I  

c o s h ( n x G )  - 1 

.Y - x '  
~ o s h n ( ~ )  + cosh (.tad) x -x '  

for0< - 
h 

< tan0 

r cosh (nX+) + cosh (r tank0) 1 
x-X' 

for t a d <  - 
h 
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Fig. 2 Plots of kernel for freestream voltage current functional 
relation. 

We observe that the kernel X(X-x ')  is an even function. 
Also, this kernel differs from the one given in Ref. 1, since it 
contains an additional term in the range - t a d <  (x-  
x '  ) / h <  tanbr, where one of the contours muSt be closed below 
the real k axis. The kernels of Eq. (8) and of Ref. 1 are plotted 
for the case B = 45 dcg in Fig. 2. The effect of the additional 
term is to  reduce the ballasting effect of the freestream in the 
region between (x-x '  ) l h  = 0 and (.u-x' ) l h  = * t a d .  The 
current nonuniformity in one frame has little effect on the 
voltage drop in the neighboring frames and, therefore, tends 
to remain localized. 

The kernel is too complex to allow a n  anlytical solution of  
Eq. (1). In order to  .obtain numerical solutions, the variables 
are normalized as follows: 

a! t x -x '  
t ' =  - i (x , t )  - -=£-£'=a - = I ( £ , ( ' ) ,  

LIil2 7 h Io 

instability only in a much narrower range, 
A <  l / [ r( l  + tan2B)](-0.15). 

2) For 1 < A  < 1.5, the channel is marginally stable and the 
perturbation will remain stationary. This seems to be tl 
parameter range prevailing in the Soviet experiments. 

3) For A ?  1.5, the channel is stable and the initial per- 
turbation will decay. 

In the above discussion we have defined the term 
"marginally stable" in the following sense. The perturbation 
remains more or less constant as shown in the special case of  
Fig. 3c (width = 0.32h. A = 1.2). If this perturbation grows or  
decays, it does so at a very slow rate, since the amplitude o f  
the initial perturbation remains practically constant until the 
normalized time reaches l o 3  at  which time the computation is 
terminated. 

Positive wide perturbations are stable for lower values of 
A. This could be expected, because the slope of the arc 
characteristic becomes less negative as  the current increases. 

The time cvolution of narrowly localized current 
nonuniformities requires much more computer time and is 
investigated tor tne unsrable case only. The resulrs for an 
initial negative perturbation of width 0.1 h are summarized in 
Fig. 4. Apparently perturbations are spreading all over the 
cha.nnel, longer wavelength nonuniformities are developing, 
and thc ovcrall output current is decreasing. 

IV. Effect of Current Flircti~ation on the Hall Field 
As shown in Sec. 111, when the channel is unstable, the 

current distribution along the wall will develop into long 
wavelength nonuniformities. It is of interest to cotrelate this 
current nonuniformity with the nonuniformity of Hall field 
slnce this is the quantity that has been recorded in several 
experiments. l 4  The Hall field is related to the current densify 
distribution by the following relation 

where E, =( l /o )  (J,+PJyo) is the unperturbed Hall field. - .  
(9)  Using the notation of Rcf. 1, one can show that 

I 
! So that Eq. (1) takes the form: 

where 

is the normalized ballasting resistance. 
We are addressing the problem of determining the time 

e6olution of  a "bursting" type of current fluctuation, as may 
be caused by turbulence or  combustion inhomogeneities. The 
initial perturbation is assumed t o  have a Gaussian distribution 
in space. We vary its width and the parameter A for a channel 
with tan0 = 1. 

The results for a n  initial negative perturbation of' width 
0.32 h are summarized in Fig. 3. The following conclusions 
can be drawn: 

1) For A <  1, the channel is unstable and the initial per- 
turbation will develop and spread over the rest of the channel. 
It must be noted that the linear analysis predict absolute 

h '  h 1 -  
j X - ,  - 2 -) = - -(j ~ p h  0 d y [ i ( x - y )  - i ( ~ + ~ ) ]  

and hence 

The last equation gives the Hall field at  the plasma boundary,. 
where the experimental data were acquired. 

In order to,study the relation between current and voltage- 
nonuniformities, we use two specific examples by assuming I 
in forms shown in Fig. 5. These waveforms are seen to be 
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Fig. 3 Initial perturbation pulse shape and time evolved resulls for 
A =  1 . 2 t j = 0 . 4 x l O ' , d ) A = 2 0 f j = 0 . 5 ~  10'. 

X/h 

several cases: a) initial pulse (width = 0.32 h),  b) A = 0.9 tj  = 0.4 x 10" C) 

typical of the unstable current nonuniformities oblained i_n 
the nonline_ar analysis (Fig. 4). The corresponding Jx and J, 
and hence Ex derived through Eqs. (12-14) are calculated as: 

i I I. Case 1 

- "; I ,  
J - ! ) = - F ( X , Y )  2 HPT (16) 

-0.5 - 2.0 - 1.0 o I .o 2.0 where 
X/h 9 

( 1  + , - r ( h ' + o - x ) l h  ) ( 1  - e r ( o + x ) l h  

F (x ,a)  = R  ) 
T---- ( 1  + , - r ( h ' - a - x ) l h  ) ( ] - e - r ( o - x ) l h  x< - a  1 

( I + , - r ( h ' + o - x ) / h )  ( 1  - e - r ( ~ + a ) I h  

R ( 1  + e - r ( h ' - o - x ) l h )  ( 1  - , - r ( o - x ) l h  
) - a < x < a  
1 

- ( 1  - e - r ( o + x ) / h )  ( 1  + , - r ( h ' + a - x ) l h )  
I R 

( 1  - e - r ( x - o ) / h )  ( 1  + , - r ( h 0 - a - x ) l h  1 o < x c n - a  

( 1 - , - r ( o + x ) l h )  ( 1  + , - r ( h ' + o - x ) f h  

Pn 
) 

( 1  -e - r i . r - u ) / h  ) ( I + , - a ( o + r - . h ' ) t h  a - u < x < ~ + u  1 

0 2.0 
( ~ - , - r ( o + x ) l h  

1 .o 
) ( 1  + , + r ( h ' + o - x ) l h  - 2.0 - 1.0 

X/h  
R ) x > a + a  

( I - e - r ( x - o ) l h )  ( 1  + e - r ( o + x - h ' ) / h )  

Fig. 4 Evolution of narrow initial perturbation for unstable case: a) 
initial pulse (width ;. 0.1 h) ,  b) A  = 0.9 tj  = 0.67 X lo4. (17) 
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. . 
I ( x ) z  I2 0 C x C 2 b .  ' 

0 E L S E W H E R E  ' .  . . . I . .. 

Fig. 5 Typical shapes of  current fluctuatiofis i" unstttble cos&;-' '. . 

Fig. 6 Fluctunting currcnt densities uood in determination of Hall 
field. 

Case 2 

( ~ / / H P )  -2a<x<O 
h' 

j . " ( ~ - ~ ,  -!)= - ( 1 2 / H p )  I O<x<2b  (18) 
2 

clscwherc. 

(1  a\ 

where F is gjven by-Eq. (1 7). 
Plots of Jx and J,  as given by Eqs. (15-19) are shown in Fig. 

6 for the case a = b = 0 . 2 5  h, I, = I', h' =h. it appears that - - 
there exists a region in which both Jx and J are positlve. As -- 
follows from Eq. ( l l ) ,  the value of the ha11 field IS less 
negative and may even become positive in that region. For 
example if we assume 1, =0.8 I,, as in the case of  Fig. 4b, 
J ,  = 0 ,  and 0 = 1, then Fig. 6b shows a region which extends 
over about 0.2 h  having a positive Hall field. It must be noted 
that Fig. 4b depicts a situation in which steady state has not 
been attained and the wavelength of the current 
nonuniformities is still increasing. Therefore, one can expect 
that the nonuniformities in Hall field may eventually reach 
the even larger wavelength recorded in the experimental data 
of Re[. 4. 

For the square wave current distributions used here. there 
appears in .r, a m ~ l d  logrithmlc singular~ty as shown ID Fig. b. 
Since the real current flr~ctuation will not be in peak sharp 
steps, these singularities a re  not expected t o  occur. 

V'. COdCbli~iOdS 
We have presented a nonlinear analysis of the 

nonuniformities which'occur in a diagonal M H D  channel. 
The criterion of stability characterized by the arameter 
A =IhI  B'/ ( r o H p o )  is established by the resulls or i ia inples  
.which use a negative Gaussian pulse as the initial pei- 
turbation. For sufficiently large A ( = 2 0  for instance), the 
evolution of an initial perturbation as  shown in Fig. 3d in- 
dicates that long wavelength modes damp away and only 
short wavelength modes remain in agreement with the linear 
stability analysis. This is because for long wavelength modes 
the ballasting effect of the plasma dominates over .the' : 
deslabilizilig effect of thc arc. A3 14 dccrcnses, thc sy9tcm 
tends to become unstable. The nonlinear mechanism of mode- 
mode coupling becomes significant, and balances the linear . 
damping of long wavelength modes. This is demonstrated i n '  
Fig. 3c, where the linearly stable modes d o  not danip away; 
hence. linear stabi!ity analysis breaks down for the 
corresponding values of A.  As A decreases further (< I ) ,  the 
system becomes unstable. Not only d o  all the modes become 
unstable, but also an initially localized perturbation spreads 
over the whole channel. The domain of stability extends over 
a much narrower range than predicted by the linear theory. 

As already mentinned the kernel presented in Sec. J I J  is 
different from the one obtained in Ref. 1 when h' $ 0 .  The 
new kernel shown in Fig. 2 for h' = h  is more localized at thc 
center and has a peak at each side. This can be viewed as a 
long-range effect across the plasma in the Faraday direction 
produced by tllr diagollal bal. E U I I I I C C ~ ~ U ~ I .  We Ll~erefu~ r e ~ p c c t  
the spreading of the pertllrhatinn t.n occur in discrete steps, 
since the kernel will transport each induced perturbation from 
one step to  another h' distance away. If the system is un- 
stable, these perturbations will grow simultaneously at dif- 
ferent locations, and eventually form the long wavelength 
nonuniformities as shown in Figs. 3b and 4b. 

The analysis of the effect o f  the nlrrent nr?oi~ni.formiti~s on 
the Hall field (Fig. 6b) indicates that the Hall field can 
decrease and even change sign at  some place in the channel, as 
has been observed in Ref. 4. 

At this point it will be appiopriate to comment on the time-' 
scaling factor a / L I  i". Here L is the inductance of  th p .. 
consisting of the shorting bars of the diagonal c h a m  e 
arcs at  the electrodes, and the path o f  the fluctuating curreni. 
in the freestream plasma. Taking H = h  = 1 m, the value of L 
is about 1 0 - 6 H .  cu/Ii'2 = Vo/Io ,  where Vo is the arc drop at 
the operating current lo, is approximately lQ.  The time 
constant L /  ( V o / I O )  is thus estimated to be on the order of 1 
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gs. Hence 1000 time units in our computation correspond to only I ms. The pattern of  the current distribution shown in Fig. 4b is 
obtained after about 6000 time units, and thus in real time corresponds to  only 6 ms. Furthermore, in the computation, one can see 
noticeable changes of the fine grain details from frame to frame in steps of about 100 time units. Therefore these fluctuations a t  
any point of space will correspond to oscillations at  about 10 KHz. 

It is to be noted that the present analysis does not include wall leakage effects, which are under investigation. 

Appendix 

To proceed from a double integration to an expression of Eq. (8), a contour integration in k is performed as follows: 

+- C O S ~ ( X - x ' )  [cosh(kh)  - c o s ( k h l ) ]  e i k ( x - x ' ) c ~ s h  (kh)  e -"("-x') cosh (kh)  

ksinh ( k h )  dk='[# 2 X - X , > O  dk ks inh(kh)  X-X' >o 
+ 

dk ksinh(hk) 

I , - i k ( x - x ' + h ' )  
- - 

2 ? i -~ ,+h .>o  dk ks inh(M)  
+(contributions from < 0 parts) 1 ( A l l  

w h e r e 0  (or (P) stands for a contour closed in the upper (or lower) plane as shown in Fig. A l .  Since there is n o  singularity a t  k =  0 in 
the original integrand [LHS of Eq. (Al)],  we concern ourselves only with the pole contributions at  + i n ~ / h ,  n = 1,2 ... Hence each 
contour integration becomes a summation of residues of the poles, and Eq. (Al )  becomes 

Furthermore, this summation can be expressed as 

corh (7rY) + cosh ( n a n e )  

COS~(H?)  - I 1 
cosh (rx$) +cosh ( r tane)  1 

cosh (rx$) + cosh(~ tan0)  

x(~$-tane)+k[ C O S ~  ( x i x , )  H- - I  

cOSh (H?) + cosh ( r t a n e )  

c o ~ h ( ~ ~ G )  - I 
1 
I 
2 

x-x '  
h 
- < - tane 

x-x '  
- t a d <  - 

h 
< o  

x-x '  
t a d <  - 

h 



Fig. A l k plane. 
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with the aid of Eq. (Al-A3), A reduces to the expression of 
Eq. (8). 
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ABSTRACT 

' 

. A, t rue  .two-dimensional analysis of diagonal-conducting-y:,all XIID. 
. . 

cl!annels !exis' t c  dzsig1.1 principles for rne power take:-off and good, 

quantitative agreement with expcrime~tal  data.  T h e .  effect of power 

tage-off schemes on the output power level is  investigated analyti- 

cally. I t  is. found that it is possible to design the electrical circuit of 

lhe channel with .passive elements in the take-off region, and,  achieve 

a fairly even lead current  distribution under changing load conditions 

without loss of power output. 



. . 
Nomenclature 

h. = width of the channel in inlet, outlet and middle regions i,o,m 
respectively 

. '  W .  = electrode length along magnetic field 

. P . = electrode segmentation pitch 

A. = cross. sectional area. of the .channel 

I = local short circuit current 6 

I '  = current in the channel 

In = P .i = current in the nth lead , 

Rn = R (x,). = resis.tance in the nth electric lead, 

f! = Ijall, parameter 

(T = conductivity 

u = flow velocity 
. .  

vf = forward voltage drop. 

X, Y = Cartesian coordinates 

. .  .VV, = xt(y-h/2)tan8, 

8 = angle of the diagonal link 

B = magnetic ficld, 

E = electric field . 

u = collision frequency b.etween electron and neutral gas. 



" ' I. Introduction 

Over the years, a large effort has been devoted to the develop- 

ment of economic and durable MHD power generators. Am,ong the 

channel types, the Diagonal Conducting Wall (DCW) channel offers the . . .  

advantage of a simple design for the power take-off. The diagonar 

connection permits the use of a single load, hence, the power take-off 

in a DCW channel should, in principle, be a simple scheme. Several 

problems however, still remain to be solved. If ballasting resistors 

a r e  not used in the power take-off connection, or are not properly 

chosen, dangerous current concentrations may appear in the leads 

when operating under off-design condition and in the case of faults. 

Moreover, the Hall field may change sign over a certain range and 

have the same direction as  the load current.  This so called Hall field 

' '  reversal causes that s.ection of the channel to absorb rather than 

dclivar power. Hence reliable and/or efficient operation of the chan- 

- .  .nel cannot b.e achieved. Therefore, the main design problem in the 

power take-off is. to determine the distribution of the resistors so .as  

to establish a uniform current distribution under design conditions. 

-and avoid dangerows, current concentrations under off-design and 

fault conditions. Effective utilization of the poh7er take-off region of 

the channel, so. as. to avoid the loss of output power due to the field 

reversal should. a1s.o be considered simultaneously. 

1 In a, previous analysis, Levi developed a one-dimensional model 

ta describe' the performance characteristics of the power take-off 

schemes used in DCW channels,283 analytically. He only dealt with 

the case of uniform resistance distributions (short circuit or constant 

resistance). 



Pan and ~ o s s ~ ' ~  derived a similir model in which the parameters, were 

averaged over the second dimension instead of simply assuming to be 

uniform as in Levi's. model. A numerical invest igati~n of several cases 

of electrical loading was. made. They extended Levi1s. work to include 

non-uniform resistance distributions: (1) monotonic incr5asing (2) 

monotonic decreasing (3) peak or trough in the middle. They, how- 

ever, considered the problem only from the point of view, of analysis.. 

This. can b.e inferred from their figures which show 'that their typical . . 

resistance distributions, when carrying evenly d i s t r i b~~~ ted  c u r r ~ n t c ,  
.;. 

result in different profiles. far  the short circuit currents.. Since the 

short  circuib current reflects the profile of the magnetic field im- 

pressed on the channel, i t  must, instead, ' be considered as  a fixed 

specification for the design of the power take-off. . 

In this. paper, a t rue two-dimensional model has been developed 

for  the analysis, and design of the ballasting resistances. i n . t he  p,ower 

take-off regions of the DCW channel. The results show that ,  even if 

$he plasma parameters are cons.tant along a. cross-section of the chan- 

nel, the one-dimensional analysis falls short af giving an accurate 

picture, b.ecause in the power take-off regions., the current density is 

not uniformly distributed along a normal cross.-section . Moreover, i t  

is. 'shown that it is, not enough to aim at  a unifo.rm current distribu- 

tion under design conditons., because unsafe current concentrations 

can arise under  overcurrent sit.~lntions.. I t  is. dlcu SIIUMT~ that,  wit11 

the proper design of the ballasting .resistors, these passive elements. 

will not cause any loss of output power from the channel. The rea- 
l 
I son is th.at the proper resistance distribution makes available to power 

i generation an additional section of the power take-off region, so that 



this additional generated power exactly balances the joule loss in the 

resistors. The paper also considers the power take-off in the immedi- 

4 ate region. in a different manner from.Pan and Doss . 
In Section I1 fundamental relalions are derived. Thee f f ec t  of 

the power take-off schemes on the output power i s  considered in 

S.ection 111, and guiding principles for choosing resistors in the light 

of efficiency considerations. are obtained. In Section IV, the . . equa- 

tions derived, in Section .I1 and the results of Section 111 are  applied 

tp. s.pecific designs. Comparisons with U-25B experiments are made in 

. . S.ection V, and Section VI presents. a summary and conclusions.. 

, 11. ~undarnkntal Relations : 
C .  

Consider the configuration and vector orientation of Fig. 1. The 

electric field E l  and the current density f in the channel are  related 

where the electric field satisfifs the Maxwell equation: 

and the relation established by the diagonal bar connection6: 

t h u s  E ~ .  (3)  becomes: 



. The solutions have the functional dependence: 

E,(x,y) = Ex(x-ytan0) and E (x.y) = E  tan^) (5). Y Y 
- - 

Thus. one obtains from E q s .  (1) and (2). 

Since POT = 0 in the channel, one can relate the current flowing in 

the, channel I(x) to the cul?ent density f in the channel by integrat- 

ing thc current Iluw ilir*ough the cross section cut along the diagonal. 

.bar . . as shoiyn in Fig. 1: . 

where A=Hh is. the c ros s  sectional area of the channel itld 

W=x+(y-h/2)tane is defined. 

Substituting Eqs,. (6) and (7)  into. Eq. (8), the latter becomes 

' where 

h/2 1 
rl(x) = r; I 

-hi2 . 
dy ( u(W, y)B(W, y ) )  I t P  ( W , Y  



Ex can now be expressed as  

is .  the short circuit current corresponding to . . (Ex = 0.)'. 

A second relation is obtained by applying the Kirchhoifts voltage 
. . 

relation to, .the circuit external to the channel as'shawn in. Fig,. 2. In 

the 'limit of vanishing electrode pitch, this relatipn becomes,: . . 

i - . . .  ! - 
! where the relations. Rn = R ( x  ) and. 1, = P i(xn) ~?dI/cixjx- are 

n. -5 ! 
! - .  
1 - -  

&nplo.yed. E.quation (15) constitut\es. the fundament31 equation f o ~  the 
I 

I - -  

power take-off within the framework of a two-dimensional analysis. 
/ 

I Evidence for the major differences between the one-dimensional analy- 
I 

I s.es. of Ref. 1 and. 4 and the two-dimensional analysis is given by the 

I different expressions for the x dependence in Eqs, (lo)., (11) and 
I 

I (12). This implies. .that even if the parameters a, $, and B. are inde- 

i 
I pendent of the y variable, the results of the one-dimensional analysis 
! 

are still different from those of the two-dimensional analysis. 

Eq.  (13) provides a relation between the Hall field Ex and the 

I channel flowing currenl I .  Since a(x), is a positively definite func- 

tion, as  it  appears from its definition in Eq:  ( lo) ,  the sign of the 

Hall field depends o n  the sign, of the difference of I and Is. If the 1 :, 
1 .  I -6- 
! 



I 
! 
I '  

I channel current I(x). a t  any point x is larger than the local short 

1 '  . .  circuit current Is(x), Ex lies in the same direction as  the flow. 
I 

When such a Hall field reversa: occurs, the plasma in that region 

operates in the motoring, or  accelerating mode, thus reducing the net 

output power level. Three typical Hall field distributions along the 

channel are shown in Fig. 3 for three different loadings connected to 
. .  . 

I 

i the  nozzle and diffuser. . Fig. 3a. corresponds to. the minimum loading 

I case (open circuit). Since I=O, no field reversal occurs in the whole 
I 

I region. With finite load, ' the field distribution acquires the shape 

I , ,  

shown in Fig. 3.b. Field reversal does. occur in the inlet and outlet 

I regiu~.is due to, the weal< magnetic field a n d .  hence low I When. the 
1 s. ' 
I 
! channel is  short circuited.,the field distribvtion is shown. in Fig,. 3.c. 
I 
i One observes that the channel region which generates power, i .  e. the 
i 

I 
. . 

region between the positive and negative extremes. in Hall potential 

I decreases with increasing loading. In order t o  optimize t h e  output 

power level for each given load (or operating point), field reversal 

regions must be reduced in extent or  completely avoided, so that the 

i . load voltage corresp.onds. to the Hall potential difference between its 

I positive and negative extremes. This can be achieved by optimizing 
I 
i the positions. of the inlet and outlet connections and by designing the i 

power take-off arrangement (i . e . the distribution of the resistance) 

properly. 

In the following, a(x) .  q(x) and E(x) arc presented in explicit 

expression for tivo typical magnetic field profiles. To simplifl! the 

analysis., o. u ,  and u. are  kept constant, while full variability in J, 

and J i s  retained. 
Y 



Case I :  B(x) = Bo + Blx and .hence p, = Po + x = a B ,  where 

- ,  

$0 
= aBo and a = e/mu 

. . E(x) = .y (l-a(x)/o): 

where 

{$o[(x-htan8/2+xo)2-h2tan20/4~)] - / 2  .htan0I2+(1+ Jv h t a n ~ ) ~  
g(x)=An 0. - 

(f.3, [ (~-h tan8 /2+x , )~-h~tanz8 /4]+W2 htane] 2+(1-JB72 0. htan0)2 

One should bear in mind that the value B, in Case 1 or  x, in Case 11 

are determined by the chosen positions of the inlet and outlet con- 

nections. 



111. Effect of Power Take-off Schemes on Output Power 

The power take-off affects the distribution of Mall potential and, 

hence the output power. It  is therefore worthwhile to examine, in 

general, how the output level is .affected by the presence of resistors. 

in the power take-off leads. 

In the absence of resistors, consider the general loading model 

shown in Fig. 1. The inlet and outlet sections in which the diodes, are 

not blocking are short circuited; no po.~ier, is generated in. those sec- 

tions, of the channel but there is no. joule loss in the loading scheme 

either.   he available power generating region of t h e  channel is con- 

fined between th.e last conducting diode in the inlet region 'and the 

firs.t conducting diode in the outlet region; the output power , is 

Vz/Re. However, if resis.tor7 are connected. in series with the 

dio.des, i t  is. conceivable to shape the profite of the Hall potential., s.0 

.that' the power take-off regions. are also made available for power 

generation. The additional generated po.wcr, for example in the inlet . 

region, can be calculated as follows: 

1 2 
= - P R(xf) I(xf) i(xf) + PJ dx R(x) i (x) 

0 

where use has been made of E ~ S .  (8), and (15). i(x) = dI(x)/dx is 

defined as before, and xf corresponds to the position of the last con- 



ducting diode. Since resistors are now connected in series with the 

diodes, additional joule loss is also expected. This, loss is calculated 

.as follows: 

The external resistances in the power take-off leads are smeared 

into an equivalent volume distribution, and a volume current density 

, distribution , ? .  JyA - - - i(x) H and an equivalent resistivity p(x) a r c  intro- 

. ' duced. Thus. J = E /p(x) and R(x) = p(x) kP, where E is. the 
YA YA YA 

electric field intensity inside the,  resistors and 2. i s  the physical 

length of the resistors. 

The power dissipation i n  the volume of resistance is. then defined 

Introducing the expression in Eq.  (25), one obtains. the following 

relation 

I t  follows. that, at  best, the additional generated power covers. the 

loss in the ballasting resistors.. Therefore, the condition for oh- 

taining maximum output when resistors are deemed necessary in order . 

to. even out the current distribution, is. to let the resistances. be zero. 

in the last conducting lead of the inlet region and in the first lead of 

the outlet region. 



IV. Guiding Principles for the Design: 

. . " .  

The resistors in the power take-off should be chosen. s o  as to  

establish 3 uniform current distribution under deissign conditions and 

avoid dangerous current concentrations under off-design and fault 

conditions. Case I. in which the magnetic field profile varies linearly 

in space. is considered. . Equations (15.) through (18) are applied to 

.determine current and resistance. distributions for the #2 channel in 

. Lhe U-25B facility. The dimensions and the operating condifions 11se.d 

in the calculations. are given in Table 1. The leads in the 'inlet and 

outlet regions. contain a diode a s  well, as a resistor while the leads, in 

t h e  mid-channel have resistors, but no diodes. Several cases a r e  

analyzed for the inlet connection. symmetrical distributions, are ob- 

tained for the outlet. The first two cases. deal with a channel de- 

signed for maximum output, the other two for a high efficiency chan- 

nel.. 

Case l a :  Inlct in a. channel dcsjgned for high output with all diodes 

conducting ( no. spare diodes. ) 

I 
. . 

I The distribution of resistors needed to achieve a uniform design cur- 

rent  distribution is shown in Fig. 4a and the current distributions . 

corresponding lo  des ig~i  culillitiuns (curve I). reduced lodd current 

(curve 11). and enchanced load current (curve I11 and IV) are shown 

in Fig. 4b. One observes. from curve I1 that with reduced current.  

part  of . the diodes are blocking,. The load current is distributed 

among the remaining leads, ~vithout exceeding the design vaiue. ' , 



Undercurrent, therefore, presents no problem and s i n c ~  this is al-' 

ways the case, undercurrent will not be discussed further. With 

higher currents than the design value, instead, curve 111 shows that 

the excess current is carried mainly by the last lead; thus creating a 

potentially dangerous current concentration. This. appears a s  a 6. - 
function 'in curve III, because of the initial assumption of vanishingly 

small: electrode pitch. Adding equal resistances in all leads. (.14Q in 

-curve .IV of Fig. 4b) would leave curve I and I1 unchanged and re- 

duce somewhat the current concentration (See curve IV.) This., 

however, would violate the condition derived in the previous s.ection,; 

i t  would result in additional joule losses and reduce the output power. 

I t  becomes. clear that allowance should be made for overcurrent in the 

design stage by concentrating t h e  current over a fraction of the 
. - .  . 

take-off leads.. . This consideration, therefore, guides the design in 

all the following eases. 

Case lb:  Inlet in channel designed 'for high output with spare block- 

ing diodes. 

I t  is now clear that, for the sdlie loed currcnt,  the fewer con- 

.ducting. leads are called upon to carr,y a higher current than in the 

preceding case. For a take-off region extending over 1.5 hi,  rather 

.than. 2 hi, the Current i is 30% larger. The corresponding distrihu- 

.tion of resistors. is shown in Fig, 5a. The value of the resistors. has 

decreased by one order of magnitude. The current distribution with 

3.4% overcurrent is. shown in Fig. 5b. In this design, no current 

concentration hill occur for load current below 308.6A. ' With over- 
i 



cur ren t ,  additional, leads s tar t  conducting. Since these leads contain 

no resistances, the current I(x) in the channel attains the local value 

of the short circuit current Is(x) and the distribution of current i is 

governed by the slope of Is(x). As. long as. the load current is less 

than the value attained by the short circuit current a t  the location of 

the last lead, this will carry no particularly high current.  Overcur- 

rents are expected to. be more dangerous in channels, designed for 

high efficiency, and. therefore, for load currents which. are a smaller 

fraction of the short-circuit current.  This situation is considered in, 

the next cas.es.. 

Case lc: Inlet in channel designed f o r .  high efficiency. with most of 

the diodes conducting. 

A s  in the .ilf@vious, case, the channel is. designed d t h  the leads 
.:5 

extending beyond 1 .5  hi having blocking diodes,, but  with a load 

current  about 30% lower; As. Fig. 6.a shows, higher value resistors 

ai.a tlrrded. Fur Uiis railso~i, wllerl hlyher than design currenr is 

called for,  the current collected in the resistive 'leads is below the 

level of the short circuit current.  This, level is. attained in the first 

nonresistive lead, as  shown in curve T of Fig. 6h. This. lead there- 

fore must carry excess current.  Again this, discontinuity in the 

current flowing in the channel cause a 6 - function to. appear in its,  

derivative, curve I1 of Fig.. 6b, which represents  the distribution of 

cvrrent in the leads, because of the initial assumption of vanishing 

electrode pitch. To ward against the occurrence of such current 

concentration an attempt is made to restrict further the number of 

leads. which are 'conducting under design conditions. 



. . 
, 

Case Id: Inlet in channel designed for high efficiency with half of 

the diodes conducting. 

The needed distribution of resistors is shown in Fig. 7a. As ex- 

pected from the more limited extent of the conducting region, the 

wlue  of the resistor is smaller. However,' i t  is not possible to obtain 

a smooth transition with the non-resistive leads. For this reason, in 

order to avoid the small loss, of power output due t o  the finite value 

of R(xf), as explained in Sec. 11, one should make sure that,  also 

under design conditions, the . . f i r i t  non-resistive lead. is conducting. 

As the load. current increases, more non-resistive loads become con- 

ducting, until none of the diodes., is. blocking,, as. shown in Fig. 7b. 

No current concentration occurs. even up to 55% overcurrent. Further 

increases. in theload current will b.e forced upon the last conducting 
. . 

diode,. If a channel i s  expected to. operate under  such, conditions for 

3 long time, either more diodes should, be added, , or. the whole take- 

off region 'moved towards. higher magnetic fields, so that the load 

. current remains. lower than the short circuit current. 

Cas.e 2: Mid-channel take-off 

I t  is. advantageous. to be able to tap. the current i n  midchannel in 

order to. gain operational flexibility. Far uniform current distribution 

the resistances should increase in value m~notonically when the cur- 

rent is. taken out, as. shown in Fig. Ba and decrease monotonically in 

a similar fashion when current is fed in. Therefore, when the direc- 

tion of the current i not known,a priori variable resistanccs should 



be used. The '  effect of a 20% variation of the load current from a 

design value, on the distribution of the lead,  current for a fixed 

I 'current withdrawn (10% o f  the design value) is shown in Fig. 8b. I t  

1 . .  , '  

appears. that in the overcurrent case most of the currentvis  withdrawn 
. . 

I from, the first lead and in the undercurrent case from the last lead. 
I 

1 An attempt was a1s.o. made to study the case of equal resistances to 
! 

.allow drawing current in both direction. The results are shown in. 

Fig. 9 for two cases. corresponding to t~yo leads having equal resis-' 
t 

tances of 5 and 10. ohms respectively, As cxp~ctpd, the high rccic- 
. . 

tance reduces. the amount of circulating current bemeen the'. two: 
. 

leads ,. 

V. Comparisons with Experiments: 
, . . .  . 

. . 

Since data from the seventh test on the U-25.B facility are avgil- 
. . 

ablp. i t  is possible to check the two-dimensional theory with the ex- 

perimental observations. In these experiments equal resistances bf 

' . 5 r ~  werc connected in ser ies ,  with all diodes. in the inlst and outlct 

power take-off regions. A total. of twelve leads in each, region were 

connected. The general features of the profile of the current distri- 

bution in t h e  inlet region may b.e c1ass.ified into two distinct cate- 

gories.: 
. . ,  

. . 

. . 
1. Low efficiency, high operating load current,  with field 

.reversal in the region of the last two or three electrodes. 

1 '  ' Forinstances.  tests # 5361. 5495. 5586. 5656. 578.4, 5797. 

I *  5886 etc. 

I , ,  

i 
i -15- 



2 .. High efficiency, . lower operating load current ,  .without field 

reversal. For instances;. test 14 5.368, 5542, 5621, 5686, 
. . 

5805, 5881, etc. 

The outlet profile is much more irregular. T h i s  may be due to. 

the presence of an oblique shock near the channel exit, but data on 

lead currents and interelectrode voltages give consistent evidence ' 

(over 'many tests.) of short circuited resistances . and, loose contacts. 

Tes.ts. #579.7 and 5804 are chosen for the comparisons, s.ince the 

profiles.' of current distributions in the inlet region are  typical and 

can represent the general features of each category respectively. 

Besides. these two tests, have significant output power: In test  #579.7, ' . . 

- .  
the load current was 399A and the poLyer output, was. 1366W. In test . . 

- - #5805 the load .current was. 264A. and the power output was 1296W. 

These operating conditions were probably close to the .design. exp.ec- 

i 
tations. The time separation, between the two tests was. about 14 

I 

i minutes. This also leads one to sssurnc that most of thc 
I 
! (for ins.tance, the conductivity and the temperature, etc,)  remained 
I 
1 .  

i the same for the two tests.  The only difference between the two 
I 
i tests. was. a slight variation in background pressure, and hence, the 1 

collision frequency and Hall parameter. Consideration o.f this. slight 

difference in pressure was, indeed needed to obtain the very good 

i agreement. wit.h the experimental data on. the inlet current distribu- 

, _  tion, as. shown in .  Figs. (10). and (11). This sensitivity of the 

reswlts on slight pressure variation attests to the accuracy of the 

analytical procedure. 



Reasonably good agreement b.etween theory and .experiment can 

also. be observed for the outlet current distribution as shown in Fig. 

12. Four data of points of .test #5797 had to be discarded for the 

reas.ons, men tioncd above and the rapid oscillatory trend observed in 

test #5805 could not be 'duplicated. 

. '  VI . Summary and Conclusions : 

I b  An, exact two dimensional 1or.mula.tio~l f u r  the . . analysis .. . of power 

take-off problems is. obtained by integrating the current flow 

through, the cross section cut along the diagonal bar instead of 

the conventionally used noi-mal, cross: section. The result of the 

forml~lation indeed demonstrates that the one-dimensional analysis 

can only provide a qualitative description of the power t~ke-off . 

problems.. This is, because in the power take-off regions the 

' current- distribution in the channel varies. in, bath. x and y.  

2. The cffect of ,power takc-off schemes on output power level. is 

I investigated. If only passive elements. are used, the scheme in. 

1 . which the leads contain no resistances provides' mayimum output 

I . . ,  

I 
power level. However, properly 'designr.rl resistarlce distribu- 

I 
I 
1 

tions can also give the same output 'level. The analysis shows. . 

I that when .the resisLtlnces. in series, with the last conducting 

diode in the inlet region, or with the first diode in the outlet 

I , '  

region are finite, the output power is always reduced. There- 

fore, if. resistors are deemed necessary, in order to' even out the 

current distr.ibution, the last conducting lead in the inlet region 



and the first lead in the outlet region should have zero resis- 

tance, .in order to maximize the output power. In this case the 

additionally generated power in the power take-off region balan- 

ces the joule loss in the series resistors exactly. 

3. Guiding principles for the design are provided by examples 

which show how to determine the resistance distribution, so that 

uniform current distribution is obtained under design condition 

and no current concentrations occur in the allowable range of 

off-design conditions. Moreover, the power absorbed by the 

ballast resistors is withdrawn from the channel, without reduc- - 

tion in the level of power delivered to the load. 

.. . - 

4. Mid-channel power take-off (two leads. only) is also. analyzed. 

The effect of 20% variation of the load current from the design 

value on the distribution of the lead current for a fixed current 

withdrawn (10% af the design value). is. examined. It appears 

that, in the overcurrent case most of the current is withdrawn 

from the first lead, and in the undercurrent case, from the 1as.t 

lead. 

5. The results of this two-dimensional analysis a re  compared with 

the U-25R experimental data. Good agreement is observed. 
I 
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Table I: U25B Channel Operating Conditions . . 

Channel Dimensions: . : 

Width: . ' 

5m . 
. . Length : . . 

. . .  

Magnetic Field i . 5T maximum 

. . . , 
, . 

. . Conductivity Q: ., .. . .  inlet . 9 x f m ,  outlet 7 %!m 

Fioy Velocity ii : , . 

11 Collision Frequency: u .  in = 1.94 x 10 / sec t  uout = 3.23 X 
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Figure Legends : 
.. , 

Fig. 1 DCW channel configuration: . . 
(a)' Magnetic field profile; 
(h) power take-off and coordinate system., ' , . . 

I 
Fig. 2 Inlet connection. I 

1 . .  Fig. 3 , Typical profiles. of the Hall potential distributions. f o r  dif- 
1 ferent loadings: (I) Open circuit; (11): Finite load; . (111) ' 

Short circuit . . I 
Fig. 4 (a )  Distribution of resistance for uniform current distribu- 

tion under design conditions : tan 0 = 1 ,  6. h. = 0.7, 
= 0.287, I, = 278A, ip = 23.2A 1 1  

8, 
(b) Lead current distribution: (I) Design case; 

(11) Undercurrent; . (111) Overcurrent; (IV) Over- 
current with augmented resistors.. 

Fig. 5 (a) Distribution of resistance for uniform current distribu- 
tion with 25% spare blocking diodes under design 
 condition.^.: I, = 2,70A, ip = 3.0A . . . 

i . . (b) Lead current distribution with 14% overcurrent. 
I .  
I - 

Fig. 6 (a) Resistance distribution for u~ i fo rm curi:e,lt dis.trilrutioli 
with 30% spare blocking diodes under high efficiency 

- .  
I 

design. conditions.:, Ie = 198.. 5A, ip = 23.2A 

(b). ~ i s t r ibu t ion  of current flowing in the channel (I) and - 
in the leads. (11) under overcurrent condition,: 
I, = 300.6A. 

Fig. 7 (a) Resistance distribution for uniform current distribution 
with 50% spare ,  blocking diodes under high efficiency 
design conditions: Ie = 198.5A, ip = 33.. 1 A .  

1 (b) Lead current distributions under design and over- 
1 current conditions,. 
I 
1 Fig. 8 (a) Resistance distribution for uniform current distribution 

in mid-channel leads. The design conditions are: 
I = 2.14.5A =$Is, ip = 10.725A, Po = 3.2, 
$hi = 0.1.49. 

(b) Distributions of the lead currents,  for a 20% variat-ion 
of the load current.  I 

Fig. 9 . Mid-channel lead current distributicns. for equal resistances 
(5 and 10 $2). I e =  214.524. 

I .  



Fig. 10 Current distribution at  the inlet power take-off rcgion of 
the U-25B channel. Ie = 399A, Power output = 1386W, Test 
7, #5797. 

Fig. 11 Current distribution at the inlet power take-off region of 
the U-25B channel. I, = 264A. Power output = 1296W, Test 
7,  85805. 'A. 

Fig. 12 Current distribution a t  the outlet power take-off rcgion of 
the U-25B cliannel. Ip = 3998, Power output = 1386W, Tesf . ' 

. 7, .#5797.' 



I t  

I f nverter 

Fig. 1 DCW channel configuretion: 
(a) Magnct.ic ficld profile; 
.(h) Porvcr take-off and coordinate system. 
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Anodes 
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Fig. 2 Inlet coni~cction. 
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Dif fuser  
I 

. . . . ,' 

Fig .. :3 .: ~ ~ ~ i c a l  profiles of the Hall potential disti ibutions foi. dif- 
. . : ferent loadings: ( I )  Open circuit; (11) Finite load; (111) - 

. . . . . . . . .  . . . . . .  Short .circuit. , - .  ... . . . . . . .  . . .  
. . .  . ,  , . .  

. . . . .. I .. 
t .  . 



Fig. 4 (a) Distribution of resistance for unifornl current distrihu- 
tion undcr dcoign conditions: tan 8 = 1, pllli - 0.7, 

Po = 0.287, Ip = 278A, ip = 23.2A 

(h) ~ e a d  current distribution: (I)  Design care; 
(11) Undercurrent; (111) Overcurrent; (IV) Over- 
curtent  with augmen ted resistors. 



! # . ,  .*, . , 

- I, . QUEENS GUARD, . .  

R U T G E R S ,  The State ffniversit y 
. . BOX 85 . 

. .. 
RUTCERS'STU'DEIVT CENTER - 

. . . . . ,126 COLLEGE' AVENUE . . 

I 
.,.. . . NEW B R U N S W C K ,  NEW J E R S E Y .  

- 1 - 
I 
1 . . . . -  , ; . . 0@b3 

A sho r t  hi:story of. ' t h e  .Queens -Guard ' . ' . 
I . .  . .  , . . . 

. ' . S .  

). : 
I . . .  ' " ' 1  . * *. '  
I 

I w .  

. . 

~he' ,Qu&ns Guard Trick ~ r i l i  Team f rom Rutgers, t h e '  S t a t e  
! UniversP.tgt ,of New Jersey w a s  formed i n  1957 under ,gui'dance from 
I the  A i r  EZ&$# ROTC program. During the  19601s  the  team repre-  . 

I ,sented New 'r&ey i n  t he  196.1 and v 6 5  P r e s i d e n t i a l  Inaugural 
! Parades foi; John F. Kennedy and Lyndon B. Johnson. I n  addit ion. : .  

. t h e  Queens Guard, won.the na t iona l  parade championship i n  1463.:  
I 
I and t he  na t iona l  d r i l l  ch+mpionships i n  1961 and 1965. Then, .. 

' . i n  1968 the  team went overseas f o r  i t s  f i r s t  i n t e r n a t i o n a l  . . .  

i performance i n . t h e  Edinburgh Mi l i t a ry  Tattoo i n  Edinburgh, 
1 Scotland. I n  1969 and 1970 the  Queens Guard and t h e  S c a r l e t  

R i f l e s  ( ~ u t g e r s '  Army .ROTC d r i l l  team) merged to ,  form t h e -  . 

present  day Queens Guard, a s tudent  run organi,zation. 
! I n  1973 the  Queens Guard went on t o  t ake  f i rs t  place  a t  .. 

the  na t iona l  championship competition dur ing the  National Cherry' 
Blossom F e s t i v a l  i n  Washington, .D.C. During the  summer of t h a t  
same y e a r ' t h e  team returned f o r  i ts  second performance a t  the 
Edinburgh Tattoo. Since then the  Q.G. has  pa r t i c ipa t ed  i n  the  
1976 and 1980 . t a t t o o s  i n  ,Melbourne and Hobart, Aust ra l ia ;  the  
1980 Edinburgh Military Tattoo; the  1977 NATO Musik F e s t i v a l v  

I 
i n  Kaisers lautern ,  West. Germany. and. the  1,974 Canadian National.  

I Exposition S c o t t i s h  World Pes t i%al  i n  Ontario, Canada. This 
I summer t h e  Queens Guard looks forward t o  p a r t i c i p a t i n g  i n  Che 

! 
3rd Annual Durban Military Tattoo i n  t he  Republic o f .  South ; 

Africa. 
This year  the  17 member team i s  under t h e  guidance and 

leadersh ip  of i t s  commander Verne A. James, Jr.; Jeff  D. Dunne 
it executive commander and  'Captian Richard Commisso i t s  advisor.  

1 Other team members include:. Ton! Barra le ;  Lewis Brooks; Christopher 
, Buhner; Richard. Crosta; Kenneth Danielson; John. Dick; Donald ' 

Dubois; Richard Harsell; .  Gregory Lehman; Brian Mortensen; Alan 
! Moryan; Robert Plano.; :Terry .Trepel; P a t r i c k  Wood,y, and John Young. 

. .  . 
! . a  . 

I d .  I 

_ I '  ! . . 



F i g . .  5 (a) Distribution of resistance for uniform current distrib.u- 
tion with 25% spare blocking diodes under design 
conditions: Ie = 270A, ip = 30A 

(b) Lc.ixi currerit distribution wirh 14% overcurrent. 



Fig. 6 (a) Resistsl~cc distribution for uniform current  distribution 
with 30% spare blocking diodes under high efficiency 
design conditions: I& = 198. SA, ip = 23.2A 

1 (b) Distribution of current flowing in the channel (I)  and 
i 
j in the leads (11). under overcvrrcnt condition: 

Ip = 308.6A. I 
I 

I 
! 
I 
I 

I 





Fig. 7 (a) Resistiince distribution for uniform current  distribution 
with 50% s are blocking diodes under-. high efficiency 1 dcslgn con itlons: Ip = 198. bA, ip = 33.1A. 

(b) Lead current distributions under design a n d .  over- 
current conditions. , .. 





. . 
Fig. 8 (a)  Resistance distribution for  uniform c u r r e n t  distribution 

in mid-channel leads. The design conditions a re :  
t .  , 1 = 211.5A =$Is. ip = 10.725A, po = 3.2. 

f$hi = 0.149. I 

i . . 

I I 
(b) Distributions of the  lead cu r ren t s  for  a 20% variation 

of the load cur rent .  
I 







Fig. 9 Mid-charenel lead current distributions for equal resistances 
(5 and 10 0). Ie = 214.5A. 



. . . . 
. Fig. 10 Current distribution a t  the i n k t  power, take-off region of . .  . . 

. . 

. the U-25R channel. I 1  = 399A. Power output = 1386W. Test . . .  

7, P5797. 



Fi. a.. 11 ' Current  distribution a t  the inlet power take-off region of 
the U-253  channel. le = 264A. Power output = 12961V. Test  
7, #5805. 
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Fig:.:. f 2 Current distribution a t  the. outlet power . take-off region of . . .  
.. , . . the U-25B channel. Ip = 399A; Power output = 1386W, Test 

' 

7, #5797. . . . . . . 
i . - 



. . APPENDIX D 

WALL LEAKAGE EFFECT ON NON-UNIFORMITIES I N  

DIAGONAL MIID-CHANNELS 

S. Kuo, E .  Levi, and B. Cheo . 
. . 

- .  
. . Polytechnic Institute of New York 

. . Route 110 
Farmingdale, NY 11735 . 

ABSTRACT . 

The  effect of wail leakage, symmetric as  well ,as  asymmetric is 

examined in the linear and nonlinear regimes. . I t  is found: 

1. The range of wavelength in the nonuniformities is 
reduced and in the asymmetric case splits into 

.- two separate pass-bands. 

2. Depending on the wave length, forward waves can . . 

- .. . propagate bcth upstream aild downstream, back- 
.. , ward waves only upstream. 

.. . 
. . 3.  ' The growth rate is minimal when the leakage .at  

the cathode wall is four times. t ha t  of the anode 
wall. , 

4. In all cases, a resistance introduced in the diago- 
nal bars  reduces the growth rate by a constant. 

1.1 Introduction 

Recently, expe.rim~ntal results in the U-25 and U-25B Soviet . . 

facilities have shown that the performance characteristics of MHD 

channels, may be strongly degraded by the presence of 'large scale 

electrical nonuniformities in the current distribution. The stability of , 

the channel with regard to these nonuniformities, then,  becomes one 



of the most important factors in achieving economic and reliable gener- 

ation of electric. power' by magnetohydrodynamic .means. For this 

reason much effort has been devoted in trying to understand the 
1 origin of these fluctuations. Solbes and .  Lowenstein have performed 

a two-dimensional linear stability analysis of the MHD channel and 

have been able to explain the development of the observed spatial 

fluctuations in the Hall field in terms of the arc-mode transfer of the 

current to the electrodes. Theii- analysis determines the conditions 

for which the negative voltage-ampere characteristic of the arc over-, 

comes the ballasting resistance of the plasma and leads to the devel- 

opment of electrical nonuniformities . Since the ballasting resistance 

becomes smaller as the wavelength decreases, their theory predicts 

that the fastest growing modes have shortest possible wavelengths, in '  
' 

the order of the. segmentation pitch. This is in good agreement with 

the experimental observations obtained in their diagonal Faraday . . 

channels. 
2 In contrast, Kuo et  a1 have focused on the subject of the ' 

development of large scale nonuniformities observed in the experi- 

ments of U-25 and u - 2 5 ~ ~ ' ~  facilities. They have presented a non- 

linear analysis of the nonuniformities in the diagonal MHD channel, 

and concluded that nonlinear mode-mode coupling is the mechanism 

responsible for the transfer of energy from the short wavelength 

linearly unstable modes to the long wavelength modes. The temporal 
I 

I 

-evolution studies of the . . nonlinear instabilities enabled them to estab- 

I - lish a stability criterion expressed in terms of a normalized ballasting 

1 _ -  resistance. Their numerical results have also demonstrated that the 

diagonal har connections are responsible for the spread of the local- 

i ized stationary nonuniformities . Although the theory provides . good 



agreement with the experimei~tal observations of U-25 and U-25B 

facilities, the analysis did not include the effect of wall leakage, and 

hence of the coupling between frames. 

In the following, the stability ,problem of an MHD channel havin.g 
. ,  . . 

arbitrary wall characteristics is considered. A general set of coupled 

nonlinear equations is formulated from the circuit model shown in 

Fig. 1. The procedure of formulation is presented in Sec. 2. Sec- 

tion 3 deal's with the linear stability analysis. An equivalent circuit 

for Llle u~-iyilldl. i~ludel 01 the channel is derived. ~ h i a  equivalent 

circuit provides great insight about the stability behavior of the 

channel' and the effects of wall leakage on the instabilities. Moreover, 

the neutral stability boundaries are .also . established. Nonlinear 

coupled mode equations are derived in Sec. 4. for the two limiting - 
cases of. complete symmetry and asymmetry a t  the cathode and anode. . 

The effect of wall leakage on the nonlinear development of large scale . - 

nonuniformities is 'discussed. The main finds are summarized in 



2. Formulation 'With Wall Leakage 

, . In the absence of current leakage along the walls of the channel 

the current in each frame does not depend on the interframe voltage 

and the temporal evolution of the current fluctuations is governed by 

a single rate equation. The wall leakage, however, introduces a 

. coupling between the frames and more equations are needed. These 

are obtained in t h e  limit of vanishing electrode pitch by applying 

I Kirchhoff's voltage anc current laws to the channel model shown in 

Fig. 1. 

Current continuity leads to: 

IV LI 

IA (x) = I,(x) - P & TWA (x+ht/2) (1) 

CI 

TK(x) = Ie(x) + P & TWK(x-hf/2) (2) 

- ,  where TA(x) = -HP yA(x+hf/2) and TK(x) = -HP TK(x-ht/2), and vol- ' , 

. . 
. , 

tage loops lead to: 

I where 
a [re(x1)-pa7 'fly-(xt )] cosk(x-x') [cosh(kh)-cos(khf ) ]  

A V ~  = -JJ n u w k m  dx'dk 
. . 

' . I :  . .  . " and . . . , . . 
. . 



are  the ohmic voltage drops across the free stream plasma resistance 

from cathode to anode resulting from the current  fluctuations. The 

last terms to the right in Eqs. (3) ,  (4) and (5) are the idealized* 

nonlinear characteristic of the anode and cathode arcs ,which serve as  
1 sources for the instabilities. Also the definition TWf(x) = 

[,TWA(x+h1/2) 5 TWK (x-h'/2)], has been used in ~v~ and AV2. The 

assumption of vanishing pitch may be justified if the '  wave lengths of 

the f l~~ctuat , ions under. consideration are longer than several electrode 

pitch. Equations (3) aud (4) cwi be reexpresseel by  subtracting and 

adding one another and become: 

a where the relation E;(x+hf/2,h/2)-$(x-hV/2;h/2) = =(AVl+AV2) and the x . . 

deviative of Eq. (5) have been employed to obtain Eq. (b),  Generalized 

Ohm's law has been used to derive Eq. (7), 

is t h e  averaged fluctuating current density along the core boundaries 

and SWi=SWA f SWK Equations (I), (2); (5), (6) and (7) provide a . '  
complete description of the effect of wall leakage within the framework 

of the cirscuit model. With no wall leakage, Eq. (5) reduces to the 

rate equation of Ref. (1) and (2). The rate equation (5) clearly 



shows that the fluctuating current 7 ,  is coupled to the fluctuating 

wall leakage currents through both the plasma and the arcs. To 
. study the effect of wall leakage on the stability of the fluctuations, 

the nonlinear Eqs. (5). (6) and (7) have to be solved simultaneously. 

  he linear regime will be considered first,  since in this case each 

mode k can be considered separately. 



. . - . . L  ; 

3 .  Linear stability' Analysis 
. .  . .. . 

The nonlinear arc terms are  linearized by keeping only the f i rs t  
, . ,  . . . 2 .  

expansion term, so that Eqs. (1). (2). (5) , (6) and (7) can be 
. . .  .. . , . 

combined to obtain a single rate equation ' for  the k mode of the fluc- 

tuation . . current  , . 7,. Since the ballasting effect of the free stream is 
. , .  . ! .  

. . 
.wavelength . . dependence, only the short wavelength modes are linearly 

. . 

unstable, and are  of interest in the linear regime. For the short 

wavelength mode k ,  the rate  equation governing T,(k) is: 

1 1 

+ L ; Te(k) = - (S, + 
I S I+iBS 

% K + ~ K  +.I 
2 where SD - is the ballasting resistance of the free stream, 

1 
A 2 2  %K = SWK/k P , ( q A = ~ W A / k 2 ~ 2  are  the effective resistances of 

cathode and anode wall respectively, and SK = -aK/2IO 3'2 and 

S~ = - iA /2~ i / 2  a re  the negative cathode and anode are  resistances 

serving as  sources for the instabilities. 

Without wall leakages , Eq. (8) reduces to the previous resu i t . l t2  

Eq. (8) can  be represented by the equivalent circuit of Fig. 2. I t  is  

seen that when leakage is  present, the wall leakage impedances are  

essentially shunting the arcs and the plasma. The Hiill effect' intro- 

duces reactances of opposite sign a t  the ano e and *cathode. Unless 

there is complete symmetry in the arcs and leakages a t  t h e  anode and 

cathode, these reactances cause the fluctuations to oscillate in time a s  

well as space. I t  should be noted a t  this point that ,  whereas the 
. !  

. - ballast resistance of the plasma IS I is always positive, the signs of 
P 

the reactances pS change with the sign of k .  The Hall effect also 
P 



. . 
, . enha~lces the overall ballasting effect of the free stream, as will be 

'. shown later. The solution of E q .  (8) indicates that the fluctuations 

oscillate a t  the complex frequency wwo+iy, the growth rate and the 

oscillation frequency wo of the k mode a re  obtained from Eq .  (9) as: 

1 1 1 1' : :  . . , , 

where S<SAkSK and I 
1 ,  
I - . '  

~y setting y - < 0 the following stability criterion is obtained: 

i 
1 This criterion is, in general, different from that obtained by Solbes 

I 1 and Lowenstein . For symmetric wall characteristics (%-=O=S-) , Eq. 
. . 

(11) reduces to 

I _ . . . 



I 

1 

the neutral stability boundary in the (-S+/ I Sp 1 , %+,/I  Sp 1 ) plane is 

then given by the two curves: 

The boundary given by Eq .  (13) agrees with the result of Solbes and 
1 Lowenstcin , except that they found an additional oscillatory domain. 

This cannot exist, as can be seen by introducinq symmetric condi-. 

tions in Fig 2 and E q .  (10) , which reduces to woL=O., ' . 

In a channel with asymmetric wall leakage, ,there are,  instead, 

two unstable regions separated by one stable region. These are best 

studied starting with the case of the  most practical interest when the 

wall leakage is weak: 

3.1 Weak wall leakage 
t 

In the l h i t  of weak leakage, Sd+/l Spl >> 1, the Hall effect 
2 2 terms p S /4 in Eqs. (9) and (10) can be neglected and Eq, (11) 

P 
reduces to four asymptotes described by the followi~~g straight lines: 



1 t 

where a = $-/%+ and b = S-/S+ represent indexes of the degree of 

asymmetry in the channel. In the analysis, they are assumed to be 
1 

parameters varying hetween -1 and +l. As  %+ decreases the Hall 

' effect terms Must be considered; these straight lines curve to connect 

(14) and (15), and (16) and (17). thus limiting the extent of the 

instability domains, 'as shown in ,  Fig. 3 for the particular case of b=O 

and a=0.6. In order to assess the effect of  asymmetry, one should 

start  from the symmetric condition. In this case, the lines given by 

E q .  (15) , (16) and (17) redu'ce, - to . . . .  the . single . 7 . .  1,ine . . .  -s+=$+, which 
. . 

connects with (14) to form the single h&utral:,ystabil% . . 
. curve . . repre- . , . ' 

. . 

sented by E q .  (13). As  asymmetry appears between the' cathode and 
, ,  ' 

anode walls, the straight lines (IS), (16) and (1.7) split up.  A new 

stable region appears between lines (15) and (16) and the exten!. of 

the stable region above line (17) is decreased. 

This peculiar behavior on the stability of the channel is due to 

the shunting effects of the wall leakage reactances on the sources of 

,the fluctuittions, the arcs. In the symmetric case, the presence of 

leakage modifies the source impedance from S++ I Sp ( into 
1 1 

%+(S++ I Sp 1 )/(%++S++ I Sp I ) . This expression changes sign twice as  

the negative arc impedance S+ increases. I t  is positive as long as  

I S+I < I Sp 1 . A further increase in I S+I makes the source impedance 

'sufficiently negative to overcome the ballasting effect of the tesis- 

tance S, of the diagonal bar. The channel then becomes unstable. 

Stability is regained, however, when IS+ I is sufficiently large to 

render negative the denominator, a s  well as the. ~iulilerator of the 

sourcr? impedance. 

-10- 



1 

A s  the denominator %++S++l S I approaches zero from the posi- 
P 

. tive side the growth rate which is given by 

would . .. increase without bound if it were not held in check by the Hall 

effect term p 2 ~  2. This may result in a growth rate having,.a larger 
P 

value, than in the absence of leakage, as can be seen from Fig. 4a. 

. I n  the case of asymmetric wall characteristics, the source. impe- 

dance has two components 

instead of one. They change signs for different values of S+=SA+SK. 

Since the term which undergoes a change in sign in the denominator 

becomes infinitely large, and hence dominant, the sign of the com- 

bined source impedance changes dour times. AE IS+I io increased 

along the vertical line I of Fig. 3, one crosses four stability boun- 

daries. 

3.2 Strong Wall Leakage, Hall Effect 

The fitability of the channel is i~lcr.casingly affecred by the Hall 

,r,eactances, as the wall leakage becomes stronger.  I t  was already 

mentioned that they have a stabilizing effect. The reactances con- 

nected in series with the arc sources reduce the growth rate ,  and in 
1 

the limit qv+<<-(S++ I S I) ,  they completely prevent the onset of insta- 
P 

bility, as can be. seen from E q .  (18) and Fig. 3. 

-11- 



In addition the Hall effect causes oscillations to appear, whcn- 

ever the anode and cathode walls have dissimilar characteristics. 

i . 
I , -  If , for instance , seed deposition completely short-circuits the 
I 

I cathode (SWK=O) , while the anode retains good insulation (SWA*) , 

1 Eqs. (9) and (10) become 
I 

A comparison with the value of y when no leakage is present on 

either side, shows that the source value is halved, as  can be ex- 

pected, since only one side of the channel is functioning. Moreover, 

the absence of a Hall effect term in E q .  (19) shows that the stabiliz- 

ing effect of the Hz11 reactances depends on the degree of asymmetry. 

Figures 4a and b show that  i t  is maximum around 1 a 1 - .6. 

I - -  
. Equation (20) for the oscillation frequency shows that the Hall 

I term, which couples with the loop inductance L,  represents an equi- 

I valent capacitance of value 2/pS w 
I P 0' 

i .3.3 Wavelength Dependence 

1 '  3.3.1 Growth Rate 
i 

Both the free-stream plasma-resistance S and the normal- 
P 

1 ized wall leakage resistances S& a r e ,  functions of the wavenumber lkl 
I 

.nf t he  fluctuations. The ballasting effect of the plasma resistance 

decreases in proportion to the wavelength and leads to the onset of 

1 ) -  the instability a t  a certain value of I k l .  The growth rate increases, 
! 
I - then, with k .  Beyond a certain value, however, the damping pro- 

I - vided by the wall leakage effects, which are  quadratic in k ,  takes 
1 



over and rapidly quenches the instability. This band-pass behavior 

is clearly shown in Figs. 4. and 5 which portray the growth rate of a 

channel with high and low anode wall resistance respectively, and 

with varying cathode wall leakage. 

Figure 4a clear*ly shows that, as the cathode wall' leakage in- 

, cresases, the growth rate decreases. In fact for intermediate values 

of asymmetry the unstable band (y > 0) splits into two bands sepa- 

rated by a stable band y < 0. This could be expected from the 

discussion of the stability boundaries, since for the channel of given 

characteristics a variation in k corresponds to the tracing of a 

hyperbole in the S+/( S ( /IS ( plane. Curve I1 and I11 in Fig. 3 
P -< P 

represent a channel having the dimensions and operating points of the 

U-25B channel #I ,  under conditions of weak and strong wall leakage 

respectively. 

The general tr.erid is more graphically displayed in the 3-dimcn- 

sional plot of Fig. 4b. 

A comparison of Figs. 4 and 5 shows that,  the greater the anode 

wall leakaye, Lhe sll~;iller the value sf k at  which thc in3Lcrbility ic 

cut-off. In the common range of wavelength, the curves for the 

limiting cases of a=O and a=l almost overlap. 

The dependence of the frequency on the wavelength of the 

fluctuations is depicted in Fig. 6 i'ur. 111e cdse 01 .Iiiyh anode wall 

resistance. (Similar trends are obtained in the case of strong anode 

wall leakage.) Again, the degree of asymmetry (a) serves as a 

parameter. Starting with the symmetric case represented by the top 

line (a=l) ,  one observes that wo is zero in the whole range of k .  



However, with the smallest degree of asymmetry, regions with positive 

and negative frequencies can be detected. A comparison between 

Figs. 6 and Ib shows that: the maximum in the range of positive 

frequency occurs a t  the peak of the growth rate ,  and the minimum in 

the range of negative frequency occurs a t  the instability cut-off value 

cf k .  These extremes in frequency, as  well as  the zero crossing, 

divide the wavelength domain into modes having group and phase 

velocities in the same and opposite directions. Starting from the 

longer wavelength end (small k )  one finds that  both phase (u~/k) and 

group velocity (aw/ak) are  positive. This is a forward wave-mode 

propagating in the direction of the diffuser. Beyond the peak in y 

the phase velocity is still positive, but  the group velocity becomes 

negative. This is a backward wave-mode propagating towards the 

nozzle. Beyond the zero cross-over point in w, both group and 

phase velocities are  negative. This is again a foward wave mode, but  

propagating towards the nozzle. The mode beyond the instability 

cut-off point (y=O) is of no interest, since i t  is damped. 

3 .4  Effect of the Diagonal Bar Resistance -- 

The diagonal bar resistance Se has a stabilizing effect. Equation 

(9) shows that Se reduces the growth rate by a constant. Therefwe 

all that is needed to account for Se is a shift in the zero lines of 

Figs. 4 and 5 .  Also according to Eq. (14) and (16) and Fig. 3 the 

main effcct of Se on the stability boundaries, is to increase the 

extent of the stable regions. 



4. Nonlinear Mode-Mode Coupling 

To examine the possibility of transfer of energy from the short 

wavelength unstable modes to the long wavelength modes, one extends 
2 the procedure outlined in the previous paper . Namely, one con- 

siders two current-fluctuation modes : 

'fe= rl (kl)+r2(k2) and rw =fwl (kl)+rwz (k2) (21) 

where 'fland fW1 are the linearly stable long wavelength flucfuatlons 

(kl - 0) and r2 and rw2 are linearly unstable short wavelength cur- 

mnt fluctuation modes centered around the wavenumber k2. Again, 

as  before two extreme cases are considered: 

I 

4.1 Symmetric Characteristics (S-=O=SW- ) 

In .  this case rw- = 0. By letting &+ = ,rw and Se = 0,  intro- 
. . 

ducing Eq. (21) into Eqs. (5). (6) , and (7) , and then expanding the . 

nonlinear terms to include the first nonlinearity, one finds that the 

coupled mode equations for rl and T2 are: 

1 

where A = %++[IS I + S+ ( 1  1 tanO=ht/h, Sp=Sp(k2)f 
t 1 

P 
2 %+=%+(k2), < > stands for spatial average, and S1=h(l+tan 0)/uHP 

is the free stream plasma resistance for mode 1. Equations (22) and 

(23) reduce to the previous result cf Ref. 2 ,  in the limiting case of 

no wall leakage (Sw++m). 

-15- 



I t  was mentioned before that the effective arc sources display a 

singular behavior when leakage is present. Even though the leakage 

may increase the growth rate of the short wavelength unstable modes 

in a narrow k interval around k2, the rest of the modes is stabilized. 

This significant reduction in the extent of the instability range, leads 

to a reduction of the total current T2 carried by the short wavelength 

fluctuations and thereby of the transfer of energy from the short '  

wavelength unstable modes to large scale nonuniformities. Equation 
1 

(22) shows that leakage. -as  represented by %+(k2), adds both 

negative damping and forcing terms which enhance the  large scale 
2 2 nonuniformities only if fi < tan 0 and 

i p 2 ~  2+[ 1 sp l+~+(1-31~/21:) l 2  
$+ ' , where I S I+S+ (1-3r1/2~o < 0 

P 
-2 [ ; sp I + ~ + ( 1 - 3 ~ ~ / 2 1 ~ )  I 

by definition. 

4.2 Extremely Asymnletric Wall Leakage Characteristics 

(SWK=O , SWA=m , and S-=O=Se) 

In this case r W A  = 0. By letting TWK = rw and, hence, 

- N rw+ - Iw- =rw /2 ,  and using the same approach as  in the previous 

case, one obtains the coupled mode equations for rland % 
a - L - 1  = - 2 [s+ + h(l+p )/oHP] T1 + 3S+ ?:/41~ (24) a t  1 

Obviously. is not coupled to the linearly unstable modes 'f2 and the 

process of .  energy transfer from the short wavelength unstable modes 

to the long wavelength modes will not occur. Equation (25) is also 

consistent with the results (1.9) and (20) of the linear analysis,namely 



that  the growth rates of the unstable modes are reduced by half and 

. instabilities will oscillate a t  frequency wo = -PS P /2L.  



5. Summary and Conclusions 

Wall leakage affects the performance of an MHD channel in a 

. - very complex way. Considerable insight can be gained by first 

considering the excitation of current-distribution nonuniformities , 

having short-wavelength and small amplitude. The channel can then 

be modeled by the equivalent circuit of Fig. 2. 

I t  appears that the anode and cathode wall resistances SW shunt 

the series combinations of a negative arc resistance S, which is the 

source of the instability, the resistance of the plasma free stream 

ISPI., and a reactance tjpS due to the Hall effect. The.  most signi- 
P' 

ficant result of this parallel arrangement of positive and negative 

resistances is the occurrence of a "parallel resonance1' phenomenon 

which leads to a sudden change from negative to 'positive damping of 

the nonuniformities . 
With increasing magnitude .of the negative arc resistance S, 

instability is excited'when the arc overcomes the ballasting effect of 

the free-stream plasma resistance I S I . Rapid restoration of stability 
P 

occurs, however, when with further increase in I S I , the wall leakage 

path draws more current than can be supplied by the arc source. 

The remainder, then, must come from the external circuit by dis- 

charging whatevey magnetic energy happens to be stored in L. 

I t  follows that the domain of instability in the S-SW plane is 

bounded. The stabilizing effect resulting from the reduction in the 

extent of the unstable - domain is, in the case of wall leakage, coun- 

terbalanced by an increase in the growth rate y, above the value i t  

would have in the complete absence of wall leakage (see Fig. 4a). 

Thi3 increase is restricted t~ the neighborhood nf the "parallel reso- 

nance" condition. 
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If the anode and cathode have dissimilar characteristics, such 

"parallel resonance1' cut-off does not occur simultaneously .at the 

anode and at  the cathode, so that the domain of instability splits into 

two regions separated by a stable one, as shown in Fig. 3 .  

The ballasting effect of the free stream plasma is linearly depen- 

dent on the wavelength; while the %shunting effect of the wall leakage 

is quadratic in the wavelength. I t  follows that the unstable domains 

in the S+/I S I -SW+/ I S I plane of f ig .  3 transform into band pass filter 
P B 

charaeeeristics in the y-k plane of Fig. 4. With increasing wall leak- 

age t h e .  cut-off point shifts toward smaller k ,  thus. stabilizing an 

increasing range of 'short wavelengths, until instability is eliminated 

completely (see Figs. 5 and 3) .  

A s  long as  symmetry .prevails a t  the anode and cathode, the 

effect of the opposite signs in the Hall effect reactances, balances out 

and the non-uniformities remain stationary, The sligh t ~ s t  asymmetry, 

however, is sufficient to introduce' a temporal dependence. Therefore 

the non-uniformities become traveling waves which propagate toward 
L 

the diffuser or the nozzle, depending on their wavelength. More- 

over, both forward and backward waves may be excited. 

As 'the amplitudes of the fluctuations increases,, energy is trans- 

ferred from the short to the long wavelength modes by the nonlinear 

mechanism of coupling. This mechanism becomes less efficient., a s  the 

wall leakage increases and, in particular, for the case of asymmetry. 

- How do these. theoretical findings. stand up ' against experimental 

evidence? Unfortunately there is a dearth of reliable data. As was 

mentioned before, nonuniformities extending over a wavelength as 

. large as the width of the channel were observed in the U-25 and 



U-25B Soviet channels3f4. The absence of the fast growing short  

wavelength rnodes can now be explained either by the mode coupling 

. - mechanism, in the case of weak wall leakage, or  by the wall leakage 

effect if significant. It is interesting to note that the U-25 channel 

was loaded by connecting each frame to a resistive voltage divider 

which duplicated the effect of strong asymmetry in the wall leakage. 

This arrangement everled out the interelectrode voltages a t  the ex- 

pense of strong current nonuniformities which caused the blowing of 

fuses in the frame leads. A s  for the #1 channel in the U-25B faci- 

lity, there was plenty of leakage, symmetric or  otherwise. 

' In both facilities the sweep rate of the data acquisition system 

was too slow to detect temporal fluctuations. I t  is hoped that this 
I 

1 analysis will stimulate more experimentation performed with better 
1 

I - :  . 
instrumentation. 

I :- Without the backing of experimental evidence i t  would be pre- 
1 
1 . .  sumptious to draw from this analysis guiding principles for the design 
I 
t of MHD channels. A few comments, however, a re  in order .  . A cer- 
i 

i 
I 
I tain amount of wall leakage and its asymmetry due to preferential 

deposition of seed a t  the cathode seems to be a reality to be reckoned 

I . .  with. Two methods for the control of' the nonuniformities in the 

i diagonal conducting wall channels have been tried out. AVCO intro- 

duced nonlinear resistors Se in the diagonal link. The Soviets intro- 

duced what in effect amounted to an artificial and asymmetric wall 

leakage. Even though both methods should eventually develop into 

dynamically adjustable and nondissipative controls, the present anal- 

1 a ysis can provide some clues on their relative merits in specific situa- 
I : . . 

I 
I - 

tions. 
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Figure Legends : 

Fig. 1 Two-dimensional model of MHD channel ' for studying the 

effect of wall leakage o n  the nonuniformities . 

Fig. 2 Equivalent circuit of the two-dimensional channel model. 

2 2 4. =S /k P , '4 2 2 S =2/(aHkP), K WK =S /k P , 
P . . A WA 

3/2 , . s -+ 121. ), ~ ~ = ~ ~ / ( ~ i / ~ )  , FHall pdrdrlleter i 
K- K 0 

Fig. 3 Stability boundaries for generator with asymmetric wall 

leakage. a=0.6, p=2 and 0 5 S, 2 8Q.'. . . 

Fig. 4 . (a) Growth rate vs. normalized wave number in channel 

with weak anode wall leakage: $=2, -S+=4R1 Se=O, 
2 :-2, khS =2h/oHP=8Rl Oca<l and SWAh /P -10000. ' . 

.P - -- . . 

(b) ~hrde-dimensional plot of Fig. 4(a). . . 

Fig. 5 Growth rate vs. normalized wave number in channel with 

strong anode wall leakage: $=2 , -S+=4RI Se=O. 

'' 2 2, khS =2h/oHP=8C1, O<a<l - - and SWAh /P -300R.. 
P 

Fig. 6 Frequency vs.  normalized wave number in channel with 

weak anode wall leakage of the case of Fig. 4(a). 



I .  : . . . , 

Nomenclature 

. : lo = background dc current 

, ,  H . '.' = electrode segmentation pitch 
\ 

h = width of the channel 

.8 ,= angle o f t h e  diagonal link 

h ' = h tan 8 

x = longitudinal coordinate 

= transverse coordinate' Y 

'e = externally connected resistance in ' the diagonal bars 

?kx) = total fluctuating current in  the diagonal bars 

,[re(k) = k mode component of the fluctuating current 

k ,  , = 'wave number 
. . . . 



WALL 
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WALL 
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Fig.  1. Two-dimensional model of MHB channel for studying the 
effect of wall leakage un the nununifur~x~i ties. 



Fig.  2. Equivalent circui t  of the two-dimensional channel model. 
/ 2 2 2 2 

S,= Z / ( o ~ k ~ ) ,  SWK = sWK/k p skA = sWA/k p , 
312 

. . 

= -'%/2103/2), S = - Q  (21 , 8 = Hall s~ A A .  0 



Fig. 3. Staklility boundaries for generat3r with asymmetric w a l l  
leakzge. a = 0.6, B = 2 and 0 < Se < 88. 

- 
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NO WALL 
LEAKAGE 

. . 

a = l  . 

Fig. 4. (a) Growth rate v s .  normalized wave number in channel 

with weak anode wall leakage: fi = 2, -S+ = 4R, S, = 0, 

khS P = ~ ~ / O H P  = 8S2, 0 - < a - < 1, and sWAh2/p2 = 1000R. 



(o) Three-dimensional plot of Fig.  4(a). 
. 



Fig. 5.  Growth rate vs .  normalized wave number i n  channel with 
strong anode.wal1 leakage: 8 = 2, -St= 4S2, Se = 0, khSp =. . 

2 h / o ~ P =  8R, 0 - < a - < 1 and sWAhZ/p = 3013n. 
. . - 
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Fig. 6. Frequency vs. normalized wave number i n  channel with 
weak anode -*all leakage of the case of Fig. 4(a). 
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DEWIDPMENTS IN LASER BASED DlAGNOSllC TECHNIQUES 

. . .  S. LEDDIMAN 

. . .  . A&- Lobwoloria, Departmrru of Mahanicd nnd A-pae Engiacrring 
Pdyteche Imitate of New York 

F ~ i n ~ o l e .  New York 11735. USA 

Several h e r  based dfagnostic techniques, applicable to 
f l u i d  dyaamic and combustion research corraisting of t h e  
spoataneoue Raman e f f ec t ,  coherent anti-Stokes Raman scat-  , '  . . 
terlng,  coherent Raman gain spectroscopy, laser induced 
fluorescence and the  h e r  Doppler velocimeter a r e  dis- 
cussed. Choracter ie t ic  fea tures  of each of these  techniquce 
u e  brought for th .  It is shawo t h a t  these wderrr, l a s e r  
based diagnostic techniques a re  capable of measuring most of 
the  var iables  of i n t e r e s t  i n  f l u i d  dynamics and combustiao 

. . ressarch.~ngthesearethettmperature,epecies coocentra- 
ti-, velocity.  turbulent  i n t e n s i t y  temperature and coocen- 
t r . t fon  f1uctuat ion .as  w e l l  as a number of co r re l a t ion  and 
crosscorre la t ion  parameters. P r a c t i c a l  -lea of the a p  
p l l c a b i l t t y  t o  flw f i e l d s  and combustion dlagPostico a r e  . ..-. 
presented. . . 

. . 
~ C r I O I P  

. .. 
rtre appearaace of the laser and its int roduct ioa  i n t o  the  f i e l d  of spec- 

troscopy was a t u d n g  point  i n  the  developaent of l i g h t  s ca t t e r ing  diagnostic 
techniques. I n  a r e l a t ive ly  shor t  period of the. laser based d iagnost ic  tech 
Piques emerged ae major inves t iga t ive  toole i n  a number of branches of the 
physical  sciences. Since i n  this work the appl ica t ion  of laser based diagnos- 
t ic  techniques t o  the imres t iga t lons  of flw f i e l d s  and combustion aystems are 
of in t e re s t .  o d y  some of the techniques which hare bear successfully applied, 
and vhich present a- potential promise i n  the  f u t u r e  f o r  those inves t iga t ions  

. .viU be diecussed. . . 

Some of these techniques as mentioned previously are based on l i g h t  sca t -  
te r ing .  A number of s ca t t e r ing  processes have been considered f o r  diagnostic 
purposes of flow f i e l d s  and combustion systems. Among these  the e l a s t i c  scat-  
t e r ing  processes such a s  Raylei h1-3 and ~ i e *  and the  i n e l a s t i c  s c a t t e r i n c  - 
-esser represented by Rum.1-17 near-resonant R a r ~ a n ~ ' ~ ~ a n d  fluorescence'"'( 
have been extensively investigated.  Other processes which could be u t i l i z e d  i n  
combustion and flow f i e l d  diagnostics a n  the absorption and nonlineaf op t i ca l  
processes. The l a t t e r  a r e  r e  resented by coherent anti-Stokes Rasmf1 27and 
s-laced Rvvl ~ c a t f e r i n g . ? ~ ~ ~  0- t h i s  list of potenr ia l  d iagnost ic  tech- 
niques applicable t o  flow f i e l b s  and combustion, the nie and spontaneous Raman 
sca t ter ing ' techniques  a rc  the  most ve r sa t i l e .  The Uie sca t t e r ing  phenolitenon 
bas been u t i l i z e d  in Laser Doppler ~ e l o c i m e t ~ ~ '  32 capable of providing non- 
intrusively velocity,  turbulent  in tens i ty .  an$ particle s i z e  d i s t r ibu t iwr  in 



flow f i e l d s .  The spontaneaus Raman e f f e c t  can provide s ~ l t a n c o u s l y ,  remotely - .  
a d  ins tan taneous ly  s p e c i e s  concent ra t ion  and temperature of a flow f i e l d  con- 
s i s t i n g  of any number o f  species.Uhenproperlyuseditcanprwide.inadditi~, . . 

l o c a l  tu rbu lence  p r o p e r t i e s ,  c o r r e l a t i o n  and c r o s s - c o r r e l a t i o n  parameters  and 
t h e  so c a l l e d  miredness parameters i n  r e a c t i v e  flows.33 However, due t o  t h e  
very low e q u i v a l e n t  s c a t t e r i n g  c ross -sec t ion  under c e r t a i n  condi t ions  o c n i n g '  
io hydrocarbon t u r b u l e n t  combustors. d i f f i c u l t i e s . m a y  develop In secur ing  re- . 
l iable,measuren!ents. These d i f f i c u l t i e s  a r e . . r e l a t e d  t o  t h e  v e r y , h i g h  wise . ' 

. . 

l e v e l ,  g e n e r a l l y  a t t r i b u t a b l e  t o  carbon emissions. The s i g n a l  co .no ise  r a t i o  
d e r  those  condi t ions  may become unacceptably lw t h u s  making the  u t i l i r a t i o o  
of t h e  spontaneous Raman technique very d i f f i c u l t .  H e r e  t h e  coherent  a n t i -  , . . . 
Stokes Rzmaa speccroscopy appears  t o  f i l l  t h e  gap. The equiva len t  s c a t t e r i n g  
c ross -sec t ion  i n  conjunct ion v i t h  t h e  coherence of t h e  r a d i a t i o n  combine t o  
p r w l d e  s i g i l ~ l ~  5 C t j  G u i d e ~ s  u t  may~~iLurle l l iyllir t h z i  t h e  s p o n t a n w w  E+%MXI ef- 
f e c t .  Its coheren t  c h a r a c t e r  permi t s , in  add i t i cm t o  t h e  c o l l e c t i o n  o f  t h e  t o t a l  . .  

g&ierarea signal, r h e  slmulcaneous auppressioa of t h e  c o l l e c r c d  Lncerferencc 
s i g a a l s .  r e s u l t i n g  i n  high s i g n a l  t o  n o i s e  r a t i o s  i n  very h o s t i l e  environments., . . 

. One of  t h e  major drawbaclo of CARS is its nonl inear  c h a r a c t e r  vh ich  may cause  
d i f f i c u l t i e s  i n  a number of s i t u a t i o n s  encountered. 

A process  which holds ou t  g r e a t  promise f o r  flow f i e l d  and combustion 
d i a g n o s t i c s  has been r e c e n t l y  d e m o n ~ t r a t e d . ~ ~  This  p c e r s  know a s  s t h u l a z e d  
Raman spectroscopy,  [SRq has been known f o r  over  a d e c a ~ t e ~ " ~ ~  and a p p l i e d  id 
the fint pkactncai demonsfxa~x~rl qf a c o l l i n e a r  CARS :$stem. I t  has  been used 
with high power pulsed l a s e r s  and CW low power lasers. k i n g  o f  a coherent  
n a t u r e ,  t h e  SRS s i g n a l s  under c e r t a i n  condi t ions  may exceed t h e  s i g n a l  s t r e n g t h  
o f  t h e  CARS s i g n a l s .  with t h e  added advantage o f  being l i n e a r  and t h e  f a c t  t h a t  
t h e  technique i t  se l f -phase  matched and thus r e q u i r e s  no g n a t  e f f o r t  i n  t h i s  . - 
respec t .  

. . 
l o  t e k  of high s i g n a l  response. a technique e i c h  has  bee; ham f o r  

s e v e r a l  decades is the  f l u o r e s c e a t  d i a g n o s t i c  method. H a e  t h e  n a j o r  f n t e r f e r -  . . . .  - . ,- . - 
i n g  phenomenon of the  sponcaneous.Raman technique Fe being u t i l i z e d  a s  a diag- 
n o s t i c  technique. This  techaique.in s p i t e  of  its .very high  signal l e v e l s ,  has 
not  been u n t i l  r e c e n t l y  very s u c c e s s f u l l y  appfied.  The major o b s t a c l e  being 

' t h e  s t rong  c o l l i s i o n a l  quenching process  a s s o c i a t e d  v i t h  f luorescence ,  v h i c h  is 
competing v i t h  t h e  r a d i a t i v e  decays. and thus  makes the measured f l u o r e s c e n r  

, *  i a taes i t i ea  ambl~uous.  

The c i t e d  p o s s i b l e  nonin t rus ive  d i a g n o s t i c  techniques are d iscussed  a t  
l e n g t h  i n  t h i s  work. A d e s c r i p t i o n  and e v a l u a t i o u  of t h e s e  new techniques, 
t h e  accomp.lishments t o  d a t e  and t h e i r  p o t e n t i a l  a p p U c a b i U t y  t o  f low f i e l d s  and 
combustion s y s t e m  is presented here. 

. . 

THE RAMAN EFFECT 

The Ramaa e f f e c t  is t h e  phenomenon of l i g h e  s c a t t e r i n g  from a m a t e r i a l  
medium, whereby t h e  l i g h t  undergoes a ravclst~gch cl~auye aud the s c a t t e r i n g  m u l e  
cule,s undergoanenergychangeinthe s c a t t e r i n g p r o c e s s .  T h e R a ~ v a n s c a c t e r e d l i g h ~  
has no phase r e l a t i o n s h i p  v i t h  the  i n c i d e n t  r a d i a t i o n .  Bosed on quantum theo- 
r e t i c a l  considerat ions.  t h e  inc iden t  photons C o l l i d e  e l a s t i c a l l y  o r  i n e l a s t i c a l -  
1~ w i t h  the mlecules t o  g ive  Rayleigh and Ramnn ljncrn tesper.cSvely v i r h  t h e  i,n- 
e l a s t i c  process  much l e s s  probable than t h e  e l a s t i c .  .The process  of l i g h t  s c a t -  
t e r i n g  can be v i sua l ized .  as t h e  process  of absorp t ion  of an i n c i d e n t  photon 
of energy E by a molecule of a given iaitlal s t a t e .  r i s i n g  the 'molecule t o  a 
v l r t u a l  s t a t e .  from which it inmediately r e t u r a s  t o  a f i n a l  s t a t i o n a r y  s t a t e  
e m i t t i n g  a photon of t h e  d i f f e r e n c e  energy between t h e  two s t a t i o n a r y  s t a t e s  
and i n c i d e n t  energy E. This  is seen g r a p h i c a l l y  in t h e  schematic diagram of  
Fig. 1, where v i b r a t i o n a l  and r o t a t i o n a l  t r a n s i t i o n s  a r e  i n d i c a t e d  correspond- 
i n g  t o  the  a p p r o p r i a t e  v i b r a t i o n a l  and r o c a t i o ~ l  s e l e c t i o n  rules which a r e  
dJ - 0,k 2 and AV - + 1. Since t h e  ant i -Stokes lines must o r i g i n a t e  i n  mole- 



cules of  h igher  energy l e v e l .  which are less abundant a t  no-1 temperatures ,  
t h e  ant i -Stokes l i n e s  vould be  expected t o  be much weaker than  t h e  S tokes  linedi 
lhir q u a l i t a c i v e  d e s c r i p t i o n  o f  t h e  Rarppp e f f e c t  is obOiOusly v e r y  s u p e r f i c i a l .  
For a more r igorous  and complete discussion of this e f f e c t  one must c o n s u l t  the  
cited r e f e r m c c s .  

n ~ !  -C a u ~ w  OF YMCUUR FIG. 2 RAMAN ARO RAYLEIGH SCA;TrrRING 
mM6frDI(* FROM muY 

& i a s p e c t i o n  of Fig. 1 r e v e a l s  t h a t  t h e  inc idence  of  a photon on a mole- 
cu le ,  i f  Bamsn a c t i v e ,  may result in t h e  e x l c t a t i o n  of  - r a t i o n a l  as v e l l  a s  
r o t a t i o n a l  t r a n s i t i o n s .  Fig. 2 p r e s e n t s  a n  approldmate Barnan and Rayleigh 
a c a t c e r i n g  response from air  i l lumina ted  by a Ruby laser. It is eviden t  t h a t  
the R a y 1 e i g h . a ~  wel l  as t h e  v i b r a t l o u a l  s p e c r r a  have c l o s e l y  a s s o c i a t e d  rota-  
t i o n a l  vings. Since. f o r . o u r  purposes.' t h e  v i b r a t i o n a l  s c a t t e r i n g  is of  d i r e c t  
i n t e r e s t .  i t  is w r t h v h i l e  t o  examine ' the v i b r a t i o n a l  R a w  response.  It con- 
n i s t s  e s s e n t i a l l y  of t h r e e  branches: (1) t h e  intense +branch f o r  vh ich  A J  = 0, 
(2) t h e  much weaker O-branch f o r  v h i c h  A.S-2. and (3) t h e  5-branch f o r  which 
AJ42 of approximately t h e  same i n t e n s i t y  a s  the  0-branch. The 0 and S b r a n c k s  
a r e  much weaker than t h e  Q-branch and r e p r e s e n t  only about  1% of t h e  i n t e n s i t y  
of t h e  Q-branch. They a r e  t h e r e f o r e  of minor importance a s  f a r  a s  t h e  p resen t  
app1ication.s t o  f l u i d s  a r e  concerned. The Q-branch. i f  a h i g h  d i s p e r s i v e  in- 
strument is used. can  be reso lved  i n t o  components corresponding t o  t h e  energy 
l e v e l s  charac te r ized  by t h e  quantum numbers v - 1.2.3. e t c .  These of course 
dl1 appear a t  e leva ted  ' temperatures, and may be used t o  determine tempqratures, 
Fig. 3. Since i n  f l u i d s  t h e  o r i e n t a t i o n  of  t h e  m l e c u l e s  cannot  be f ixed ,  the 

s c a t t e r i n g  w i l l  correspond t o  a n  average o v e r a l l  molecular  o r i e n r a t i o n .  and thc  
v i b r a t i o n a l  Raman s c a t t e r e d  i n t e n s i t y  a s  der ived  using t h e  P laczek  p o l a r i z a b i l -  
ity theory may be expreseed as 



.d fnnn t he  r e b t i v e  iatepeitp of the S t o b  and anti-Stolrce IlPcs. taking a&- 
mt of the B a l m  factor.  the t e q e r a c u r e  ie given by 

- .  

It should bo noted that the sca t t e red  i n t e n s i t y  k pmport ional  t o  the four th  
power of the  frequency and t o  t h e  inc ident  h t e m i t y  and, of  course, t o  t h e  
number density of a given species. It  is well-known t h a t  t h e  prae m a t i o n a l  
Uamtm spect ra  appearing near the  exci t ing  r ad ia t ion  frequency can be qu i t e  
intonse. Hovever the  very smail wav.l*ngth separation of t h e  lines p a n i d a r -  
ly in  a mixture of gases makes the  pure r6tatiowl Spctn'a VcPy b f f f i c u l r  KO 
rub far diagno~tio purpasa3 as dufiinud hoao in c p a t ~  o f  a t r  c3mg.r  r igna l s .  
The wakness of the  Raman sca t t e r ing  technique is its low sca t t e r ing  czoss- 
saction. Consequently, the  s ignal  obtainable is a major f a c t o r  in  detennin- 
ing t he  app l i cab i l i t y  of, the technique t o  a given problem. The mnaber of photo- 
electrons contributing t o  the  signal, may be wri t ten  

-1 ns = E,;NuMn,,n8Ep 
when E is the  energy per  photon, no is t h e  op t i ca l  e f f ic iency of the  co l l ec t -  

D 
h g  op&ts, and q _  is t h e  quantum eificiblley 6f U i C  phGt6Catlidde. lnt last 

6 
equation may a l so  be wr i t ten  i n  terms of an output voltage from a photoanrltip- 
l i e r  tube a c m s s  a load R, with a gain G and laser pulse draat ion  r ,  - E N ~ L - a n  q -c :~H-(E . t jwl 

"s 0 0 8  P 
*here e is the  e lec t ron  charge i n  coulombs and Vs t h e  s ignal  voltage. The last 
tvo equations permit the evaluation of the achievable voltage s igna l  o r  photon- 
count i n  a given s i tua t ion ,  i f  not exactly,  a t  l e a s t  to  a f i r s t  reasonable ap- 
proximation, (The l a se r  pulse i n  the  above approximation is assumed to  have a 
rec tmgulnr  shape vherc- i n  ac tua l i t y  the laser pulse has genera1.l~ a Gaussian ' 

d i s t r ibu t ion  in i n t ens i ty ) .  The voltage s ignal  o r  photon count must exceed t h e  
eigaals due t o  background noise o r  o ther  d is turbing s iw.  if the measurement 
is t o  be useful. 

8 .  . .  . 



Soae , f e a t u r e s  of  t h e  Raman d i a g n o s t i c  technique 

At t h i s  p o i n t  i t  is c l e a r  that .  i n  p r i n c i p l e  a t  least, l ~ s t a n t a n e o u s  4 
s i a u l t a n e o u s  d a t a  f o r  the  de te rmina t ion  of s p e c i e s  c o n c e n t r a t i o n  and tempera- 
t u r e  can formally be obtained.  The former because t h e  Raman t r a n s i t i o n  t a k e  
p k c e  i n  a time of t h e  o r d e r  of f r a c t i o n s  of picoseconds f o r  most Raman a c t i m  
~ l e c u l e s ,  i f  i l lumina ted  by l i g h t  i n  t h e  v l s i b l e  range; and the second ba- 
p i m e  one may record the  S tokes  and ant i -Stokes i n t e n s i t y  a t  t h e  same time. 
t h e  number of d a t a  p o i n t s  depending on t h e  number of r e c e i v i n g  channels  one ham 
a v a i l a b l e .  The v i b r a t i o n a l  Raman system, vhich g e n e r a l l y  p e r m i t s  c l e a r  i d e n t i -  
f i c a t i o n  of  s p e c i e s  involved, is g e n e r a l l y  used. An obvious d i f f i c u l t p  fa 
performing Raman i n t e n s i t y  mekurements  is the extremely small e q u i v a l e n t  &aman 
s c a t t e r i n g  cross-sect ion.  T y p i c a l l y ,  this c r o s s - s e c t i o n  may v a r y  between 
10'29m2 and depending on t h e  molecule under i n v e s t i g a t i o n  and t h e  
frequency of t h e  primary U g h t .  S ince  t h e  frequency dependence is of over- 
r i d i n g  importance here ( f o u r t h  p w e r ) .  a d  is e s s e n t i a l l y  t h e  on ly  parameter  
u h i c h  is a t  t h e  d i s p o s a l  of t h e  e x p e r i m e n t a l i s t ,  one w u l d . t e n d  KO automatical-  
l y  chose t h e  l a s e r  opera'ting a t  t h e  h i g h e s t  frequency. While t h i s  choice.  
might be d e s i r a b l e  i n  one respec t .  ocher  a s p e c t s  of t h i e  cho ice  might b e  less 
favorable .  

The l i n e  s e p a r a t i o n  o f  t h e  r e s u l t i n g  Raman s p e c t r a  l a  g r e a t e r . -  a r e s u l t  
of longer  wavelength l a s e r s ,  than  s h o r t e r  wavelength s o u r c e s  of  p&ry rad ia -  
t i o n .  This f e a t u r e  may become important i n  c a s e s  where several s p e c i e s  are in- . ' 

. 

volved  and t h e i r  measurement and r e s o l u t i o n  are d e s i r e d ,  i n  p a r t i c u l a r  when nar -  
mu bandpass filters a r e  contemplated. Figs. 4 and 5 i l l u s t r a t e  this problem , . 

very c l e a r l y ,  both la terms of concent ra t ion  measurements of a mixture of  gas- 
e s  and the pre fe rence  of using t h e  r a t i o  of t h e  v i b r a t i o n a l  Stokes t o  a n t i -  
Stokes i n t e n s i t y  f o r  t h e  de te rmina t ion  of temperature, as opposed t o  t h e  ro ta -  
t i o n a l  spec t ra .  It should a l s o  be pointed ou t  t h a t  t h e  use of  a n i t r o g e n  
l a s e r  a t  the  conventioual  energy (lmj) l e v e l s  a v a i l a b l e , r e q u i r e s  t h e  u t i l i z a -  
t i o n  of photon counting techniques and genera l ly  mean va lues  of t h e  measured 
v a r i a b l e s  a r e  obcained, y h i l e  w i t h  a Ruby l a s e r ,  due t o  f t s  much higher  energy 
(4 jou les )  per  pu lse  ( s e v e r a l  o r d e r s  of  magnitude). s i n g l e  p u l s e  o p e r a t i o n  is 
p o s s i b l e  and t h e r e f o r e  ins tan taneous  v a l u e s  can be obtained.  The l a t t e r  is 
a l s o  t r u e  f o r  a doubled neodymium yag l a s e r  o p e r a t i n g  a t  5 3 2 0 i  a v a i l a b l e  a t  a 
r e p e t i t i o n  r a c e  of lOpps a t  energy l e v e l s  i n  excess  of  0.5 jou les .  

I n  a d d i t i o n  t o  t h e s e  pulsed l a s e r s ,  C-W l a s e r s  a r e  be ing  u t i l i z e d  t o  pgr- 
form R a y n  measurements. I n  p a r t i c u l a r  t h e  argon i o n  l a s e r  opera ted  a t  5145A 
o r  4880A is very u s e f u l  i n  s teady  s t a t e  systems where mean c o a c e n t r a t i o n  and . 
temperature a r e  desired.  C-V l a s e r s  would, of  course,  be ideal f o r  t i m e  re- 



s o h e d  Raman measurements of f l u c t u a t i n g  f low f i e l d s  and combustion systems, 
Hwever, t h e  a v a i l a b l e  commercial l a s e r s  a r e  of i a s u f f i c i e a t  paver t o  p r d d e  
u s e f u l  d a t a  concemiag  f l u c t u a t i n g  syscems. 

1.t is t h e r e f o r e  apparent  from t h e  above t h a t  spontaneous laser Raman 
s c a t t e r i n g  has  a l l  t h e  d e s i r e d  f e a t u r e s  of a n  i d e a l  probe. There a r e ,  hwe*er, 
problems a s s o c i a t e d  v i t h  t h i s  d i a g n o s t i c  method. 

I n  d i s c u s s i n g  t h e  f e a s i b i l i t y  o f  d i a g n o s t i c s  by means of  d t o r i n g  the 
i n t e n s i t y  of r a d i a t i o n .  and p a r t i c u l a r l y  s c a t t e r e d  r a d i a t i o n  r e s u l t i n g  from 
t h e  Raman e f f e c t .  one must consider  t h e  background r a d i a t i o n  vh ich  may i n t e r -  

. f e r e  v i t h  t h e  d e s i r e d  s i g n a l  and render  i t  use less .  There are a nrrmber of  
sources  which may c o n t r i b u t e  t o  t h e  undesired background r a d i a t i o n .  I n  o rder  
of  s i g n i f i c a n c e  they a r e :  Rayleigh s c a t t e r i n g .  s c a t t e r i n g  of t h e  inc iden t ,beam 
by viewing p o r t  windws,  v a l l s  a n d - l a r u e  p a r t i c l e s  in t h e  f l m ,  gas p a r t i c l e  
ant surfeee f luorescence,  ambient l i g h t ,  d e t e c t o r  dark  c u r r e n t ,  e l e c t r i c a l  
nolac and d e t e c t o r  s h o t  noise. 

The f i r s t  two, being of t h e  saae frequency a s  t h e  i n c i d e n t  beam and thus 
s p e c t r a l l y  separa ted  from t h e  d e s i r e d  signal. can  be f l l t e r e d , o u t  u s i n g  proper  
i n t e r f e r e n c e  f i l t e r s  o r  specrrographs used f o r  t h e  s e l e c t i o n  of  t h e  d e s i r e d  
s i g n a l s .  The f luorescence  problem can be a  very s e r i o u s  problem. C a r e f u l  se- 
l e c t i o n  of t h e  m a r e f l a l s  and s u r f a c e  coa t ings  may e l i d n a t e  th is  problem. In 
some cases  by proper  choice of t h e  prFmary laser this problem can be avoided. 
In this respec t ,  t h e  use of a  Ruby l a s e r  has  n o t  caused any significant . .. 

f luorescen t  problem i n  t h i s  l abora tory .  The d e t e c t o r  d a r k  c u r r e n t  and e l e c M -  . . .  
c a l  no ise  can general ly  be coped v i t h  by us ing  photorrmlt ipl ier  coo le rs ,  vhich 
acme a dua l  purpose of decreasing t h e  dark  c u r r e n t  a a d , s h i e l d i n g  t h e  photo- 
m u l r i p l i e r  from e l e c t r i c a l  i n t e r f e r e n c e s .  A s  f a r  a s  t h e  s h o t  n o i s e  is eon- 
cerned, th i s 'p rob lem must be d e a l t  v i t h  a t  t h e  d a t a  p rocess ing  l e v e l .  

I n  genera l  t h e  l a r g e r  t h e  s igna l - to -no ise  r a t i o  ihe b e t t e r  t h e  system. 
b has been pointed out,14 a very convenient  parameter t o  assess the c a p a b i l i t y  
of o system is t h e  " f e a s i b i l i f y  index".' This index was d e f i n e d  as X==-NLoOQe 
where N is t h e  number d e n s i t y  o f  t h e  s c a t t e r e r s  p e r  cm3, L is the  l e n g t h  of the 
sample i n  t h e  d i r e c t i o n  of t h e  l a s e r  beam, oo r e f e r e n c e  c ross -sec t ion ,  and 0 
and e t h e  s o l i d  angle and o p t i c a l  e f f i c i e n c y ,  r e s p e c t i v e l y .  lXe minimum f e a s i -  
b i l i t y  irtdcx f o r  o 1 joule  Ruby laser i n  a s i n g l e  p u l s e  operazion is appmxi- 
P u t e l y  10-I). n u s ,  f o r  a  s l t i r i o n  where this index is below 10'15 a 1 joule 
jiriglc pulse  lacoo would nnt prnvide the d e s i r a d  information. An increase in  
t h e  l a s e r  energy o r  any o f  t h e  o t h e r  f a c t o r s  may be necessaiy.  There 15, how- 
ever ,  a l i m i t  on t h e  l a s e r  energy one may apply. The l a s e r  enirgy d e n s i t y  . 
should be below t h e  breakdown t h r e s h o l d  which f o r  Ruby and air appears  t o  be  
amund 1 0 ' ~ ~ / u n ~ .  

The choice of  t h e  proper method of s p e c t r a l  a n a l y s i s  can  be  very,  impor- 
tant. There a r e  b a s i c a l l y  t h r e e  methods a v a i l a b l e .  The s t a n d a r d  monochroma- 
tors,. i n t e r f e r e n c e  f i l t e r s  and Fabry-Perot i n t e r f e r o m e t e r s .  Each has a . r a n g e  
of a p p i i c a b i l i t y  and if9 p o s i t i v e  ;rj well as negative foaturss. The inter sfcd 
r e a d e r  may consu l t  s tandard  t e x t s  o r  s y e  o f  t h e  r e f e r e n c e s  

. 

The d e t e c t i o n  of t h e  s c a t t e r e d  photons of  i n t e r e s t  is beet  accampllshod 
by p h b t ~ r l p l i u r s .  They are tho  moot s e n s i t i v e  .l.w l e v e l  l i g h t  d e t e c t o r s  
a v a i l a b l e  a t  p resen t ,  app l icab le  i n  t h e  vavelength range from u.V. t o  near  ici- 
f r a r e d  o r  from about  3-10 thousand &ngstr&$m wave iength. The ou tpu t  of t h e  
photomul t ip l ie r  may be used i n  one of s e v e r a l  vays: a )  a s  an i n p u t  t o  a d.c. 
a m p l i f i e r ,  b)  a s  a n  input  t o  a  photon counter ,  c )  as a n  i n p u t  t o  a  phase sens i -  
t i v e  d e t e c t o r ,  o r  a s  a  combination o r  modi f ica t ion  of t h e  above b a s i c  schemes. 

I n  genera l  photdn ~ o r i n t i n g  is more a c c u r a t e  than a  G l r e c t  r;ac.llng o f  tho 
p h ~ t a m u l t i ~ l f e r  cur ren t .  The reasons a re :  1. t h e  d.c. l e v e l  caused by leak- 



a g e  c u m e n t s  of  photomultipLfer tubes  cannot  be d e f e c t e d  by photon counte rs , '  
2. t h e  s t a t i s t i c a l l y  vary ing  h e i g h t s  of r h e  d e t e c t o r  o u t p u t  p u l s e s . a r e  rep laced  
by standard he igh t  pu lses ,  3. t h e  photon counting race vith proper  c a r e  can be 
made i n s e n s i t i v e  t o  pover supply v o l t a g e  f l u c t u a t i o n s .  kmever, a t  high photon 
count  r a r e e  photon counting m y 7 p r e s e n t  - l d i f f i c u l U m  p s r t i c u b r l y  i f  t h e  
d e t e c t i o n  r a t e  exceeds about  1 0  counts  s e c  . 

Recently a new d e t e c t i o n  system has been introduced.  I t , o f f - s  a number 
of advantages over  photomultiplier tubes. It ia supposed to be  capable  of pro- 
v id ing  simultaneous measurements of t h e  Raman s c a t t e r i n g  s i g n a l s - o f  a multi- 
p l i c i t y  of s p e c i e s  a t  many s p a t i a l  po in t s ,  dur ing  a s i n g l e  h e r  pulse.  It 
r a r l d  there fore  be capable i n  conjunct ion v i t h  p roper  computariondl f a c i l i t i e s  
t o  provide i n  a d d i t i o n  t o  concent ra t ion  and temperature, data Pecessarp  f o r  t h e  
determinat ion of s p a c i a l  c o r r e l a t i o q  functi-. 

hro connaerical v e r s i o n s  a r e  n w  on t h e  market, the f i r s t  and most known 
1.8 t h e  o p t i c a l - m u l t i c w n e l  a n a l y s e r  OPtA and t h e  more r e c e a t  entree, t h e  DAARS. 
Both claim a photon s e n s i t i v i t y  a s  high as t h e  best a v a i l a b l e  photomul t ip l ie r .  
One claims one s i g n a l  count f o r  N o  d e t e c t e d  photons, the ocher  orre count  p e r  
photon. I have not been a b l e  t o  confirm t h a t  v i t h  e i t h e r .  Be i t  a s  i t  may, 
this kind of  a d e t e c t o r  r e p r e s e n t s  a major advance in t h e  l a s e r  s c a t t e r i n g  

' 

diagnos t ic  technology. A t  t h i s  p o i n t  i t  must be  men.tloned that, due t o  t h e  
simultaneous and . ins tan taneous  response of  t h e  s p o n a e o u s  Raman signals, t h e  
c o r r e h c i o n ' a n d  c r o s s c o r r e l a t i o n  parameters  d e f i n e d  .in the follovingJZ can be 
obtained. Thuss 

and 

v%re f i  is t h e  frequency of occurrence of  t h e  joint vdute Cd and Cgi, and 

ill: f i  and c and C a r e  t h e  concexxtraefons of &ecies a and 8. 
a B 1-1 

Coherent ant i -Stokes Raman s c a t ' t e r i n g  has been r e c e i v i n g  a g r e a t  d e a l  of 
a t t e n t i o n  s i n c e  its i n t r o d u c t i o n  i n  1973 by RegnieqMoya and Taran. It became 
popular among rhe researchers  i n  tho f1el.d nf coPrbugtion and p a r t i c u l a r l y  c o p  
bust ion i n  systems wi th  excessive soot .  As d i scussed  prev ious ly ,  t h e  s p o n c a l e  
ous Raman techniques cannot e a s i l y  handle t h i s  t y p e  o f  f low f i e l d .  I t  has been 
shovn21*23*2'*33 t h a t  t h e  coherent  an t i -S tokes  Raman s c a t t e r i n g  system can pro- 
v i d e  s i g n h l s  severa l  o r d e r s  o f  magnitude h igher  than the Spontaneous Raman s i g -  
nals f o r  the  same i n i t i a l  d r i v i n g  l a s e r  i n t e n s i t y .  I n  a d d i t i o n ,  t h e  coherent  
c h a r a c t e r  of t h e  s lgna l 'beam a l l o v s  t h e  c o l l e c t i o n  of  t h e  total.  beam and a t  rhe 
same time minimize t h e  c o l l e c t i o n  of t h e  i n t e r f e r i n g  r a d i a t i o n .  

Theory 

When An inc iden t  photon of f i x e d  frequency y , i n t e r a c &  w i t h  a tunable 
photon w t  (Stokes photon of t h e  given s p e c i e  of interest) through t h e  t h i r d  or-  
d e r  nonlrnear  Raman s u s c e p t i b i l i t y  i t  genera tes  a p o l a r i z a t i o n  f i e l d  which is 
respons ib le  f o r  c o h e r e n t . r a d i a t 1 o n  of frequency w - 2wl-w2. I f  w -w is of  o r  

1 2  near  a Raman resonance l i n e  rhc  in rens i , iy  of  t h e  &herent r a d l a t i o o  become 



9.r~ l a r g e ,  i n  f a c t  s e v e r a l  o r d e r s  of magnitude l a r g e r  rhao t h e  i n t e n s i t y  of  
ehQ mpontaaeoua Raaan r a d i a t i o n ,  and i t  occurs  a t  t h e  Raman ant i -Stokes line 
d t h  rempece t o  t h e  i n c i d e n t  r a d i a t i o n  wl. In  Fig. 6 an energy l e v e l  and the 
rorresponding phaae metchfng diagrarna are shovn; vhich are self-explanatory.  
% W S  r a d i a t e d  power f o r  the  case  of c o l l l n e a r  d i f f r a c t i o n  l i m i t e d  beams. 
a n  be mhovn t o  be: .. 

wheze bw 1 
- w, - (uh-u2) , the detonfng freqtzmcly and 

m i a  t h e  frequency of a p a r t i c u l a r  p o s s i b l e . t r a n s i t i o n  from T.M;J'. A - t h e .  , , 

od-lired populat ion d i f f e r e n c e  becveen t h e  l e v e l s  involved i n  t h e  tradsi- 
tion.. g s: l i n e  s t r e n g t h  f a c t o r  equa l  to(V +1) vhen at resonance &A - 0 a d  
/X I - .  K And d ii ePe.me.n l.ina s~+.dth.  The linJsrartiQ? of. t h i s  t y p ~  a f j a  CP3.S 
s t . c d v i l l  OL!CUI i n  a beam diameter d of l e n g t h  L given by: 

d - bXf/uD P - xdz/2A 

uhera 1. 1 arid D a r e  t h e , f o c a l  l eng th  o f  the l ens .  t h e  uavelenqth of the i n c i -  
dent beam and Chc beam diameter a t  t h e  l e n s  respecr ive ly .  

As is ev iden t  from t h e  above. t h e  CARS technique is a nonl inear  technique. 
u a l i k e  t h e  spontaneous Raman technique. It is a double ended:technique. It is 
there fore  necessary t o  t raverse  t h e  sample and o b t a i n  t h e  d e s i r e d  signal at the 
oppos i te  s i d e  of t h e  s i g n a l  input  co t h e  sample. CARS c a n  r e s o l v e  only one 
epec ie  a t  a time. The resolved s p e c i e  corresponding to t h e  a p p l i e d  S tokes  
be-. Spontaneous Raman a s  pointed out  prev ious ly  can r e s o l v e  s i m u l t a ~ e o u S l g  
as many s p c c l c s  as t h e r e  are i n  a mixrure provid ing  the a c q u s i t i o n  systen! 
As cnyuble UP rcsu lv ing  t h e  acquired speerra. 

I n  applying CARS t o  a system, one must eXeR c a u t i o n  if t h e  flow- 
. f i e l d  is  very t u r b u l e n t . a n d  ex tens ive ,  Beam s t e e r i n g  may cause d i f f i c u l t i e s  
i n  phase matchi.ne and r e l a t i n g  t h e  s i g n a l s  t o  a c t u a l  concent ra t ions  and 
temperatures  a s  obtained by t h i s  methad. 

FIG. 6 ENERGY LEVEL AN0 M A S  UATCHLNG 
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'11 technique a s  o l d  aa CARS which provides a coherea t  e i g n a l  -.of con- 
miderable s t r e n g t h  has u n t i l  r e c e n t l y  been colapletely neg lec ted  a s  a diagnostic 
tool. This  technique is based on s t imula ted  Raman spectroscopy SRS. Recently.  

it k s  been reportedz8 30 t h a t  s e n s i t i v i t i e s  c o ~ i a r a b l e  o r  axceeding t h o s e  of 
CARS under s i m i l a r  condi t ions  can be  obtained.  me added attraction of t h i s  
ncv technique is t h e  p o s s i b l e  u t i l i z a t i o n  of t m  low poaff  C-W lasers, and the 
linear reeporrsc of the techd+0. 

The idea M i n d  t h e  d i r e c t  SBS technique u s i n g  C-W s o u r c e s  is aa followe. 
A l i n e a r l y  po la r ized  pump beam of a frequency wl is -using an e lec t ro-op t ica l  
a d u l a t o r  - modulated and combined c o a x i a l l y  tehrough a d i c h r o i c  m i r r o r  vlth a 
probe beam of  frequency w2. The combined beam fa focussed through t h e  sample. 
The modulated p w p  beam produces a nwdulated W g a i n  a t  t h e  S t o w  f r e -  
quency o r  Raman l o s e  ac t h e  ant i -Stokes frequency which is t h e n  d e t e c t e d  by 
t h e  probe beam Fig. 7. If t h e  probe and pump beams a r c  focussed c o l l i n e s r l y  

F, q+ 
PROBE 
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through t h e  sample, it can be  shown t h a t  t h e  f r a c t i o n a l  power gain 
6P(w2)/P(%), a t  t h e  probe frequency us  induced by t h e  pmp beam o f  a 
sfrequincy ul is given approximately by30 

where n i a  t h e  r e f r a c t i v e  inde a t  f r e q  ency.w2. P(ut) and E(o ) a r e  t h e  probe f Y 1 *ad pump powers r e s p e c t i v e l y  A (2nc) /w o 'and 1,xgis the imagiaarg p a r t  of  
1 2  the c u r d  o r d e r  nodinear susceptibility and is given by1 

where L(ul-u2) is t h e  l i n e  shape f u n c t i o n  equa l  t o  u n i t y  a t  t h e  line cen te r .  
Since both CARS and SRS depend on t h e  nonl inear  s u s c e p t i b i l i t y  x3 it is w o r t h  
poin t ing  ou t  t h a t  SRS is l i n e a r l y  dependent on x and t h e  pump power P ( w l ) ,  
whereas CARS'S dependence on these  paraatetere is quadra t ic .  OM o t h e r  p r a p e r t p  
of SRS is t h e  f a c t  t h a t  the  SRS technique is self-phase matched and t h e r e f o r e  . 
requ i res  only an over lap  of t h e  two beams t o  proceed wi th  the Fnte rac t ion ,  
aimFlar t o  the  c o l l i n e a r  CARS system. The technique is  i n s e n s i t i v e  t o  e l i g h t  
d e p o l a r i z a t l o n  of t h e  beams, and o f f e r s  high reso lu t ion .  

As an example o f  the s i g n a l  s t r e n g t h  o f  SRS. Owyoung c i r e s  t h e  following: 
t h e  992 cm-I mode o f  l i q u i d  benzene f o r  which 1 , ~ ~  = 15.9.10 lrcm3/erg, a pwup 
power of lOOmw y i e l d s  art SRS s i g n a l  6 P ( w 2 ) / ( P ( w z )  = 3.5- which is abaut 6 
orders  of  magnitude l a r g e r  than t h a t  ob ta ined  a t  comparable power l e v e l s  i n  -. 



. . 

m e r e  a r e ,  however, c e r t a i n  p r o b l e m  a s s o c i a t e d  v i t h  t h i s  d i a g n o s t i c  
(.chnlgur. The moat oerioua of  them be ing  t h e  requ i red  probe l a s e r  s t a b i l i t y ,  
.nd aodo p u r i t p *  

~j of now, experimental d a t a  i n  l i q u i d s  and dense wdia have been ot)- 
.. 

eatncd. The a ~ g l i c a t i o n  t o  gaseous media have been l i m i t e d  as o f  now t o  nolee-  
u l o r  hydrogen a t  1/4 t o  14 a m .  of  p ressure .  

W E R  INDUCED FLUORESCENCE 

A technique vh ich  holds o u t  g r e a t  promise as a d i a g n o s t i c  t o o l  -1ii Planies, 
combustars and combostion d r i v e n  WID genera tors  is l a s e r  induced f luorescence .  
fhe g r e a t  a t t r a c t i o n  of t h i s  technique is t h e  r e l a t i v e l y  very high s c a t t e r i n g  
cross-sect ion.  compared t o  any of the thus  f a t  discussed techniques.  It is a 
very s e n s i t i v e . s p a c i ' a l l y  p r e c i s e  technique for de te rmina t ion  of the s p e c i e s  
concent ra t ion  i n  d i f f i c u l t  environments. Fluorescence occurs  vhen a l i g h t  b m m  
which is i n  resonance v l t h  a p a r t i c u l a r  absorp t ion  l i n e  of  an i l l u m i n a t e d  
molecule. excites i t  i n t o  a higher  energy l e v e l  which, a f t e r  a t ime d e l a y  of 
the order  of 10 sec ,  r a d i a t i v e l y  decays t o  t h e  o r i g i n a l  o r  in te rmedia fq  energy 
l eve l  wi th  t h e  spontanqws  cmlta lon of a cosrespondlng photon. This process  is 
1 1 1 ~ 8 ~ ~ a t e d  i n  t h e  s b p l e  energy l e v e l  diagram Fig.  8. fils process  could 

there fore  be  used f o r  d i a g n o s t i c  purposes, provided t h a t  t h i s  spontaneous 
s a l s s i o n  is  t h e  on ly  d e e x c i t a t i o n  process  a c t i v e .  This  however is Ijnt the 
case. Since a t  STP t h e  c o l l i s s i o n  rate is 04 the o r d e r  o f  10'' sec 
c o l l l s i o n a l  decxc i ta t ion  of t h e  e x c i t e d  molecules may occur  without  r a d i a t i v e  
emis>iun. i h r s  phenomenon known a s  c o l l i s i ~ n a l  q~r~nch ing  is e ~ s c ~ ~ r l a l l j r '  a 
very ~ o m p i i c a t ~ d  pr8ctrJ Jependlng on a number o f  p r o p e r t i e s  o f  t h e  gas under 
i n v e s t i g a t i o n  such as dens i ty ,  temperature e t c .  S ince  t h o s e  a r e  t h e  p r o p e r t i e s  
one is t r y i n g  t o  measure. t h e  computation of  t h e  quenching e f f e c t s ,  e f f e c t i n g  
t h e  measurement of some o f  those  p r o p e r t i e s  is g e n e r a l l y  very d i f f i c u l t .  

Recently, ~ a i l y ~ ~  proposed a t echnique  which may r e s u l t  i n  a very 
s e n s i t i v e  and usefu l  methnrl nf obboinirrg cunc&ntra t ions .  I t  is based on t h e  

' ca l led  s a t u r a t i o n  condi t ion  given by 

~1*4r0 U t  and ti a r e  t h e  upper and lower s t a t e  number d e n s i t i e s .  This  c o n d i t i o n  
requ i res  tha t :  k 



I 

are t h e  E i n a t e i n  c o e f f i c i e n t s  f o r  e t i m h t e d  e d s s i o n  a d  , 

s t h e  t o t a l  EfnStein c o e f f i c i e n t  f o r  spoataneous e m i s s i o m  
Q p  is t h e  t o t a l  quenching p r o b e b i u t y ,  and 

I - p / ~ "  f s , ' t h e  l a s e r  beam energy d e n s i t y  of  t h e  vavenumber i n t e r v a l  Av and 
f l n a l ~ ~  P and A a r e  t h e  i n c i d e n t  p w e r  and c r o s s e c t i o a a l  a r e a  of . the f o c a l  

'volume of t h e  eac~ple,  respec t ive ly .  . . 

k-lag t h a t  t h e  s a t u r a t i o n  condi t ion  la s a t i s f i e d  and Np is a e r u r a t c d .  
. .  . 

, 
tbs f luorescen t  i n t t n s i t y  can be v r l t t e n :  

vhcre 4 is the  s o l i d  ang le  of t h e  c o l l e c t i n g  opt& and Vc is the e x l i t a d  
volu~pe. In the  s imples t  c a s e  of a t w  l e v e l  systcm No t h e  t o t a l  number 
d e n s i t y  is given by 

. . 

no - rr, + N& - N~ + N~ 

with %/BLk ' gp/gl, - g2/g1 r e s u l t i n g  i n  t h e  t o t d  number d e o s i t y  

No - I2 (g,*a,) 4 = ( h v $ ~ ~ ~ ~ 4 3 ~ ) - ~  

For multi-level system, assuming t h a t  t h e  l i n e s  can be s e p a r a t e & s i m i l a r  expres- 
gion f o r  the  t o t a l  number d e n s i t y  can  be found. The complexity, hovever, k- 
cTeases g r e p t l y  p a r t i c u l a r l y  t h e  s e p a r a t i o n  o f  . the f luorescence  spectrum of  t h a  
various l eve l s .  I n  p r i n c i p l e  this techalque r e q u i r e s  t h e  i l l ~ t i o n  of a gas 

. volrrme v i t h  t h e  i n t e n s i t y  I and t h e  c o l l e c t i o n  of t h e  f luorescence  r a d i a t i o o  
st 90. t o  t h e  l a s e r  be=. ? ram the last .ec;uatioa it is a p p a r e r t  t h a t  t t ~ e  c o w  
c e n t r a t i o n  can be measured v i t h o u t  any k n o v l e d ~ e  of t h e  quenching p r o b a b i l i t l e a  
vhcn the  s a t u r a t i o a  technique is used. Eovever n a t  all s p e c i e s  a r e  suitable 
f o r  f l u o r e s c e n t  d iagnos t ics .  F i r s t  of a l l  t h e  s p e c i e  must have its f i r s t  ex- 
c i t e d  e l e c t r o n i c  energy l e v e l  l o c a t e d  such t h a t ' t h e  absorp t ion  t r a n s i t i o n s  a r a  
in  a por t ion  of t h e  spectrum t h a t  can b e  covered wi th  a l a s e r .  Second, t h e  
r o t a t i o n a l  spectrum must be s u f f i c i e n t l y  v i d e  spaced such t h a t  t h e  i n d i v i d u a l  . 
absorp t ion  and emission l i n e s  can be e a s i l y  i s o l a t e d .  The last requirement  
might be d i f f i c u l t  t o  s a t i s f y  w l t h  more complex molecules, whose r o t a t i o n a l  
v i b r a t i o n a l  s t r u c t u r e  can be very complicated. It is t h e r e f o r e  d e a r  t h a t  while  
this technique can provide very s t r o n g  s i g n a l s  i n  h o s t i l e  environments. t h e  
range of a p p l i c a b i l i t y  is l i m i t e d  t o  a s e l e c t e d  group of  spec ies .  I n  add i t ion .  
only one spec ie  a t  a time can be measured, v i t h  a given l a s e r  wavelength, i n  
c o n t r a s t  t o  spontaneous Raman, vhere a l l  t h e  s p e c i e s  p r e s e n t . c a n  b e  ' i d e n t i f i e d  
s imultaneously using only one l a s e r .  I n  a d d i t i o n  t h e  temperature can be de te r -  
mined s imultaneously with t h e  concent ra t ion  using spontaneous Raman, whereas - 

the  f luorescence technique cannot  provide t h e  temperature. 

Latier Dopplet Velocimctar 

Laser Doppler Veloc-tq is t h e  b e s t  b o v n  l a s e r  based d i a g n o s t i c  tech- 
nique. Xie s c a t t e r i n g  i n  conjunct ion w i t h  t h e  Doppler e f f e c t  provides t h e  
t h e o r e t i c a l  b a s i s  of the LDV. The l a s e r  Doppler velocimeter  has  been i n  use 
fo r  over a decade. Its development has reached a po in t  where most l a b o r a t o r i e s  
use i t  a s  a s tandard measuring device.  The t h e o r e t i c a l  and o p e r a t i o n a l  back- 
ground is described i n  References 31. 32 vhere most a s p e c t s  of I D V  technology ' 

have been t r e a t e d  and a d d i t f o n a l  re fe rences  can be found. 
t 

The operat ion of a n  LDV is pred ica ted  on t h e  assumption t h a t  p a r t i c l e s  . 

auapended i n  t h e  f l w ,  move v i ~ h  t h e  same v e l o c i t y  a s  t h e  f l u i d  vhose v e l o c i t y  



- 1. . - t tmpr ing  t o  measure. Furthermore. i n  t h e  case  of a t u r b u l e n t  f l ~ ,  i t  
1. ... U H ~  chat  t h e  frequency s p e c t r a  of t h e  s c a c t e r i n g  p a r t i c l e s .  p rov ide  t h e  
,.,.,lr.\) ( n f o r m t i o n  rcgording t h e  t u r b u l e n t  s t r u c t u r e  of t h e  f l o u  f i e l d .  The 
j.ttcr 1s assoc ia ted  with p a r t i c l e  dynamics. The e f f e c t  o f  p a r t i c l e  dynamics 
on tho  performance o f  LDV has been considered by a number o f  r e ~ e a r c h e r s . ~ ~ - ' l  
mry 4 1  roes to the ronclueion t h a t  t h e  s i z e  of t h e  s c a t t e r l a g  p a r t i c l e  has a n  

. e t foc ' t  oa t h e  frcqucncy r e s o l u t i o n  of t h e  spectrum. This +s shown i n  Fig. 9. 

I t  is evident  from t h e  above, that t h e  r e l a t i o n s h i p  o f  t h e  h q u e n c y  . 
rpoctra frum an LDV, t o  t h e  tu rbu lence  s p e c t r a  o f  a flow f i e l d  is l i m i t e d  t o  
tho looor frequency region,  t h a t  l i m i t a t i o n  being a funct ion o f  t h e  s i z e  o f . .  
tho  majori ty  o f  t h e  s c a t t e r i n g  p a r t i c l e s .  This p u t s  a l s o  a r e s t r i c t i o n  on  the 
use o f  n a t u r a l l y  occurr ing p a r t i c u l a t e s ,  because t h e i r  s i z e s  are g e n e r a l l y  
unknown. The above suggests  t h a t  f o r  a more meaningfd.in:erpretation o f  tne 
LOV moorurcments, a monitoring o f  t h e  s i z e s  o f  t h e  p a r t i c u l a t e s  should be 
c a r r i e d  out and incorporated i n  t h e  d a t a  reduc0Aon process .  Carefu l  cho ice ,  
hovevcr, o f  t h e  s i z e  and number o f  s c a t t e r e r s  does permit  one, wi th in  limits, 
t o  determine t h e  v e l o c i t y  o f  t h e  f l u i d  and its t u r b u l e n t  i n t e r i s i t y .  The major 
problem i n  1- Doppler velocimetry is  t h e e q u i s i t i o n ,  processing,  and 
handling of t h e  acquired &fa  not t h e  p r i n c i p l e  i t s e l f .  O f  t h e  many o p t i c a l  
arrangements p o s s i b l e ,  t h e  one most f r e q u e n t l y  used i s  the dual scatter nr 
suncrimes );YlOiiii i s  t h e  d i f f e r e n t i a i  s c a t t e r  systems. A schematic  diagram o f  
t h i s  type  o f m  zrrangement is shown i n  Fig. 10. 'The  reason  for its p o p u l a r i t y  

t h e  f a c t  t h a t  it can be operated in t h e  f o r w e d  a s  well  as backward 

FIGLO X M Y A T l C  OF WE DUN. S W X R  
LDV SYSTEM 



rcstter mode. The acquired signals are independent of the ongle,of observatlaq, 
and the oligmcnt process is very simple. The translation of the signals into 
rclocfty and turbulent intensity of a one dimensional dual scatter L D V ~ ~  is , 

essrntially reduced to the measurement of frequency. Since frequency can be 
.m,urcJ with very high precision, extreme c a n  is required in acquisition, 
procclsing, seeding and control of the LDV system to obtain precise velocity 
infomat ion. 

~t thin point it should be mentioned that one of the v u y  important par- 
-ters in rombuation research is the droplet or pardcle size distribution in  
the f l w  field. Besides the standard sampling probe methods. optical methods 
based on the Wie sc~ttering have been developed over the years. It has been 
found that for spheres the scattered light intensity is a complicated function 
of the scattering angle, of the size parmeter a nd/A. the refractive index 
urd the polarization. ~urst'~ using two photomultipliers an both sides of op- 
tical axis of a forward scattering LDV was able to show that under certain 
conditions the phase difference betwem the two signals could be related to the 
particle size. ~armcr'~ on the other hand. uskg fringe spacings larger than 
100ua. was able to mcasure particles whose diameter was less than lOOua using 
the visibility conccpt. Youle et alk4 using a dual scatter LDV was able to 
mcaeure parricle sizes between 30-240um. The p a r t i c l e s  had to be transparenc, 
spherical end larger than the fringe spacing. They found that under those 
conditions. the peak LDV signal increased monotonically with the diameter of 
the particles. As of nov there appears to be no satisfactory diagnostic tech- 
nique based on We scattering, hologaphy, or dfffusioa correlated spectroscopy 
capablc of providing unambiguous measurements of size and concentration of 
pnrticulates in a f l w  remotely and nonintrusively. &st of the techniques 
mentioned are under development and further research is needed to develop par- 
ticle diagnostics for combustion flws. 

Applications: Experirnezrtal Results 

fhe prwiously discussed. laser based diagnostic techniques have been and 
are still beine developed for the most part for a unique purpose. Tnat is. to 
provide a reliable. nonlntrusive. nondisturbing probe for the measuremsct of 
the relevanc parameters of fluid dynamics and combustioo. It is obvious that 
the spontaneous Raman and LDV techniques would fit that purpose completely if 
all the encountered practical systems w u l d  be ideal, that is, free from in- 
terfering radiation and noise. As has been pointed out previously, che equiva- 
lclrt scattering cross section of the spontaneous Raman technique is relatively 
very l w  and subsequently this technique is not universally applicable. How- 
ever in systems &ere this technique can be applied, it. in conjunction with 
an WV. presents a very unique diagnostic system. As an example, the system 
utilized in our laboratories and shown in Fig.11 is capable of providing 
simultaneous measurements of concentration of 4 species, o r  2 species and 
their respective temperatures, the velocity, the tmbulent intensity. the 
correlations and crossconelations of species and velocities and in reacting 
flows the mixcdness parameters. In addition the probability density functions 
(PDF) which is of importance in combustion modeling can be obtained easily. 

The system shown in Fig.11 4s self-explanatory. The number of receivers' 
is by no means limited to four. Any number required for a given system may be 
incorporated without affecting the syste& performance. In the next several 
figures examples of measurements performed on turbulent diffusive flames are,' 
given. Thus Fig.12 shows the normalized axial velocity and temperature dis- 
tribution in a flame Gith the corresponding turbulence intensity and temperatul 
fluctuation. Fig.13 shows the nonnalized nitrogen. carbon dioxidc and oxygen 
concentration distribution and the corresponding fluctuations in the same 
flame. Fig.14 represents the first and second order correlations between 
oxYgen,nitrggen and w b o n  dioxide. Finally some histrogratzs of the N2 specit. 
in the 'flame are shoun in Fig.15 at several points. It must be emphasized 
that a11 these data have been taken sia~~ltaneorrsl~ with the apparatus shown 
in Fig.11. 



FlG.12 VUOOTY AND TEMPERANRE. 
-tLS IN h SLAW€ I 

As discussed previously, under certain conditions the spontmeous Raman 
technique becomes inapplicable. Under those conditions, attempts have been made 
to utilize CARS. While C.WS cannot replace spontaneous Raman, it is capable of ' 

Providing information concerning density and temperature of a single specie in 
hostile environment. 'nere %re essentially two types of optica.1 arrangements 

utilized in CARS. They are both shown in Fig.16. The first one is the Sd 
called collinear one. The other is the so called  boxcar^".^' 80th are essen- 
tially self -explanatory. The reason for the "boxcar" is the desire to improve 
the spacial resolutions, with a possible sacrifice in the anti-Stokes intensity. 
One should remark that the collinear type is self-phase matching, whereas the 
''boxcar" requires some dellcatc adjustments. The collinear system can be 
quite simple if .one uses a stimulated Raman cell to generate the necessary 
Stokes line.22~ 32 



- - - 
C'*CI ci2c; C ' ~ C '  
x Em- F . 9  u 

D g ~ %  x Y Z& . Z Y =  2~ 
.- - c;cf c*ce2 C'C'~  

G - 5  H-- - - 2 1 - X Z  -- 
C C .  c c 2  
x Y cxcz Y *  



flG. I6 CULLWEAR AND BOXCAR SCHEMBTKS OF CARS 

Some examples o f  d a t a  ob ta ined  us ing  CARS a r e  shown i n  -the n e x t  'few 
f igurrs .  Thus Fig.17 shows t h e  concent ra t ion  o f  unburned methane i n  a . s o o t y  
f l r r ,  obtained u i t h  a c o l l i n e a r  system and a s t i d a t e d  ce11,32 whi le  Fig.'lB 
the rad ia l  temperature p r o f i l e s  i n  a laminar  propane d i f f u s i o n  flamezS ob ta in-  
'4 using. the s o  c a l l e d  "boxcar" system. I t  would be emphasized a g a i n  .that,CARS. 
unlike spontaneous Ram*, can supply o n l y  temperature and concent ra t ion  o f  o w  

' qpccie a? a time u i t h  a given s e t  o f  l e e r s .  I t  is not  genera l ly ,  a p p l i c a b l e  t o  
provide f l u c t u a t i o n  information o r  c o r r e l a t i o n  parsmeters .  

f ie  p r a c t i c a l  a p p l i c a t i o n  of l a s e r  f luorescence  is s t i l l  very l i d t e g ,  
The avai lable  d a t a  i n  t h e  open l i t e r a t u r e  a r e  s c a r c e  and of l i m i t e d  Scope- 
The s-e is t r u e  of t h e  s t imula ted  Raman technology. Both of  t h e s e  techniques . 

discussed previously hold o u t  g rea t 'p romise  f o r  t h e  f u t u r e ,  by v i r t u e  of . 
t h c i r - g r e a t  r a d i a t i o n  t r a n s f e r  e f f i c i e n c y  and t h e i r  p o i n t v i e  r e s o l u t i o n  Caps- 
b l l t t ~ .  Both t e c h d q u e s  need f u r t h e r  development. . . 

- .  

. .  - 
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. A. nove l  arrangement  which. p e r m i t s  t h e u t i l i z a t i o n  o f  a s i n g l e  
:. . 

Q-switched h i g h  power ~ u b ~  l a s e r  t o  o b t a i n  s i m u l t a n e o u s l y  CARS, 
. . 

and spontaneous  Raman s i g n a l s  is d e s c r i b e d .  .With ' t h e  t w o  

v e r s i o n s  i n d i c a t e d  one  h a s  t h e  a d d i t i o n a l  option t o  c h o s e  

. . between two c p c r a t i n g  f requency  r a n g e s  . . as  may b e  ' r e q u i r e d  d u e .  ' 

. . 
. . . . . .  . . . . . . . . . . 

to p o s s i b l e  i n t e f e r e n c e  o f  ambient. r a d i a t i o n .  With t h i s  sys t em 

upon i n c o r p o r a t i n g ,  i n  a d d i t i o n ,  

a most  versa t i l e  d i a g n o s t i c  appar .a tus  f o r  

b u s t i o n  r e s e a r c h  i s  .made a v a i l a b l e .  
- . . .  . . . . .  . . . .  . .: 

i n d i c a t e d  i n  Ref. 

f l o w  f i e l d s  and corn- 

* 
T h i s  work was s u p p o r t e d  by t h e  Department o f  Energy unde r  
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INTRODUCTION 
. . 

A hope o f  e v e r y  e x p e r i m e n t a l i s t  i n v o l v e d  i n  f l u i d - d y n a m i c s  

- o r c o m b u s t i o n  r e s e a r c h  h a s  b e e n  t o  f i n d  a u n i v e r s a l  p r o b e  c a p a b l e  

of p r o v i d i n g  w i t h  r e a s o n a b l e '  a c c u r a c y '  parame.ters o f  i n t e r e s t ,  . . 
n o n i n t r u s i v c l y ,  i n s t a n t a n e o u s l y ,  s i m u l t a n e o u s l y  a n d  r e m o t e l y .  

I t  a p p e a r e d  f o r  a  w h i l e  t h a t  s u c h  a p r o b e  c a n  b c  p r o v i d e d  by t h e  

u t i l i z a t i o n  o f  t h e  s p o n t a n e o u s  Raman s c a t t e r i n g  t e c h n i q u e s .  ' As 

i s  w e l l  known ( ~ e f  . l - 3 )  t h e s e  ' t e c h n i q u e s  c a n  p r o v i d e  a l m o s t  a l l  . .  . . 
. . 

of t h e  i m p o r t a n t  m e a s u r a b l e s  i n  a f l o w  f i e l d  or f l a m e .  P a r t i c u l a r l y ,  

i f  t h e  s h o r t  t i m e  d u r a t i o n  h i g h  power laser p u l s e  t e c h n i q u e  i s  
. . 

u t i l i z e d , s o m e  of t h e  d e r i v e d  p a m e t e r s ,  of major i m p o r t a n c e ,  i n  
.. . . . . .  

t u r b u l e n t  combust ion  mode l ing  o r  c h e m i c a l l y  r e a c t i n g  f l o w s ,  c a n  

e a s i l y  be o b t a i n e d .  . , .  

While  t h e  above is s t i l l  t r u e  f o r  c l e a n  f low,  f i e l d s  and 

f l a m e s  ( ~ e f .  4.06) i n  c a s e s  where c a r b o n  p a r t i c l e s  or  s o o t  is  
,. . . . . . .  . . ,. i ' '  

- p r e s e n t  t h e  a p p e a r a n c e  o f  f l u o r c s c e n c e ,  i n c a n d e s c e n c e  a n d  o t h e r  9 - 
. . .  . 

i n t e r f e r r i n g  r a d i a t i o n  may . . make t h e  u t i l i z a t i o n  o f  t h e  s p o n t a n e -  

o u s  Raman s c a t t e r i n g  t e c h n i q u e s  v e r y .  d i f f i c u l t .  Whi le  c e r t a i n  

d a t a  a q u i s i t i o n  t e c h n i q u e s ,  s u c h  as  . g a ; t i n g ,  . .. u t i l i z a t i o n  of some 

f i e l d  p o l a r i z a t i o n  p r o p e r t i e s  e tc .  h a y  h e l p  i n  improv in<  t h e  

s i g n a l  to. n o i s e  r a t i o  u n d e r  d i f f j - c u l t  c o n d i t i o n s ,  t h e  b a s i c a l l y  

' l o w  s c a t t e r i n g  c r o s s s e c t i o n  o f t h e  s p o n t a n e o u s  Raman e f f e c t ,  .. . h a s  

made it n e c e s s a r y  t o  r e a c h  i n t o  t h e a o n l i n e a r  wave m i x i n g  phen- 
\ 

omena . t o  a e v e l o p a  t e c h n i q u e  b a s e d  on t h e  Raman e f f e c t ,  which  

i s  c a p a b l e  o f  p r o v i d i n g  a d i a g n o s t i c  p r o b e  sevcrbl o r d e r s  
I 

. . of magni tude  more e f f i c i e n t  i n  terms o f  s i g n a l  s t r e n g t h .  T h i s  - . 

t e c h n i q u e  t h e  Coheren t  a n t i - S t o k e s  finman s c a t t e r i n g  t e c h n i q u e  

or CARS, w h i l e  p r o v i d i n g  l a r g e r  s i g n a l s ,  i s  n o t  c a p a b l e  of re- 



plat-ing . . t h e  spontaneous  Raman s c a t t e r i n g  t e c h n i q u e  i n .  terms of .  ' ' 

. . g e n e r a l i t y .  I n  a d d i t i o n  it g e n e r a l l y  r e q u i r e s  t w o  lasers j 

I - 
t o  p r o v i d e  a s i n g l e  s p e c i e  or t e m p e r a t u r e  measurement. I n  o r d e r  

. . 

t o  p r o v i d e  a  more u n i v e r s a l  d i a g n o s t i c  a p p a r a t u s  u s i n g  a s  a 

p r o t o t y p e  t h e  i n t e g r a t e d  sys tem o f  Ref. 7 L.D.V. and spontane-  

o u s  Raman,a 'novel  a r rangement  i s  b e i n g  d e s c r i b e d  h e r e .  T h i s  
. . , . . ... . . . . . 

. a r r a n g e n ~ e n t  i n  i t s  s i m p l e s t  v a r i e t y  u t i l i z e s  a  Q-switched Ruby 

laser and a  Raman c e l i  f i l l e d  w i t h  a g a s  pf p a r t i c u l a r  i n t e r e s t ,  
. . 

whereby s t i m u l a t i o n  o f  t h e  S tokes  l i n e ' o f  t h e  p a r t i c u l a r  g a s  
. . 

is caused ,  and.when c o l l i n e a r l y  mixed w i t h  t h e  pr imary  beam 

generates's CARS s i g n a l  i n  a g iven  f l o w  Z i e l d .  The p a r t .  
. ~ 

of t h e  i n c i d e n t  Ruby laser  is s i m u l t a n e o u s l y  u t i l i z e d  to d b t a i n  

spontaneous  Raman s i g n a l s .  Thus, one i s  a b l e  t o  a v a i l  h imse l f  

of t h e  advantages  o f  b o t h  t h e  spon taneous  and  CARS t e c h n i q u e s  
. . 

. .  . . u t i l i z i i ~ g  o n l y  one Ruby laser . .  The.. sy s t em can  a l s o  b e  o p e r a t e d  . . , 

u s i n g  a doub le r  on t h e  Ruby l a s e r ,  a Broadband dye l a s e r  . 
. 

pumped w i t h  p a r t  of  t h e  doubled l a s e r  and a spontaneous  Raman 
0 0. 

sys tems  c e n t e r e d  on 6 9 4 3 A  and a  CARS s i s t e m  based  on t h e  3471A 

as t h e  d r i v i n g  wavelength.  These sys t ems  are d e s c r i b e d  and some 

p r e l i m i n a r y  d a t a  are shown, 

THEORETICAL BACKGROUND 

The' b a s i c  t h e o r e t i c a l  background of  t h e  f o r m u l a t i o n  and op- 

e r a t i o n  o f  bo th  t h e  spontaneous  Raman t e c h n i q u e s  and CARS have 
* 

been d i s c u s s e d  abundqnt ly  i n  t h e  l i t e r a t u r e .  '- It* is . t h e r e f o r e  
8 

k 

s u f f i c i e n t  h e r e  j u s t  t o  c i t e  some o f  t h e  r e f e r e n c e s ,  (1-7) 

and p o i n t  o u t  on ly  some o f  t h e  major  d i f f e r e n c e s  between t h d  

spontaneous  Raman and t h e  c o h e r e n t  a n t i - S t o k e s  Raman s c a t t e r i n g  

. (CARS) systems.  Thus, spontaneous Raman i s  s i n g l e  ended , .  CARS 



is  n o t .  

Spontaneous Raman can  r e s o l v e  any nunlber o f  Raman. a c t i v e  , . 
.,. 

' - 4  

. . 
s p e c i e s  i n  a m i x t u r e  s i m u l t a n e o u s l y ,  CARS c a n  n o t .  

Spontaneous Raman can  p rov ide  t h e  t e m p e r a t u r e s  o f  any number 

O f  Raman a c t i v e  s p e c i e s  i n  a m i x t u r e  s i n ~ u l t a n e o u s l y  and s imply ,  
. . 

CARS c a n  not.. . . . - 
1 , '. 

Spontaneous . . Raman can  p rov ide  a measure  o f  t h e  f l u c t u a t i o n  

of a number o f  s p e c i e s  i n  a f low f i e l d  and  t h u s  a m e a s u r e  o f  

. . . . . .  . . . .  t u r b u l e n t  i n t e n s i t y ,  CARS can  n o t .  . . . . .  . . . . . . 

Spontaneous Raman can p rov ide  a measure  of  t h e  mixedness  

p a r a m e t e r s ,  a u t o c o r r e l a t i o n  o r  c o r r e l a t i o n  o f  p a r a m e t e r s  o f i m -  

pox tance  i n  a f low f i e l d ,  CARS c a n n o t .  

Spontaneous Raman i s  l i n e a r ,  CARS i s  n o t .  

. Those are some of t h e  advantages  of spon taneous  Raman scat- 
. . 

I :  

t e r i n g  o v e r  CARS. , ' 

. . . . . .  . . . .  . . . . . .  . - . .  ... . . 

However, one o f  t h e  major drawbacks o f  spon taneous  Raman i s  

sts ex t r eme ly  low d i f f e r e n t i a l  s c a t t e r i n g  c r o s s s e c t i o n .  This 

f e a t u r e  i s  r e s p o n s i b l e ' f o r  v e r y  low s i g n a l  l e v e l s  and t h e r e f  o r e  

l i m i t s  t h e  a p p l i c a t i o n  of  spontaneous  Raman s c a t t e r i n g  d i a g n o s t i c s  

to w e l l  behaved,  c l e a n ,  low n o i s e  s y s t e m s ,  p a r t i c u l a r l y  sys t ems  
I . 

c o n t a i n i n g  e s s e n t i a l l y  no carbon p a r t i c l e s  o r  ca rbon  s o o t .  I n  

- t h o s e  c a s e s  which a r e  most impor t an t  i n  a m a j o r i t y  o f  combust ion 

CARS w i t h  i t s  c o h e r e n t  s i g n a l s ,  s e v e r a l  o r d e r s  o f  magni- 

t u d e  ' h i g h e r  t h a n  t h e  spontaneous Raman 

In s p i t e  of i t s  o t h e r  l i m i t a t i o n s .  
. . . . . . . . . . . . . . . . . . . . .  

s i g n a l ,  

Exper imental  Appara tus  

is-. h i g h l y  p r e f e r r e d ,  

To t a k e  advantage o f  t h e  p s i t i v e ' p r o p c r t i e s  of b o t h  sys t ems  , 
. a u n i f  i cd  d i a g n o s t i c  systcln u t i l i z i n g  . . a s i n g l e  Q-switched ~ ~ h y  



laser h a s  bccn d e s i g n e d ,  b u i l t  and t e s t e d .  A schematic . . diagram 

of t h e  sys t em i s  shown i n  F ig .  1. Here t h e  S toke  l i n e  of t h e  . . . . 

s p e c i e  of i n t e r e s t  i s  g e n e r a t e d  i n  a s t i m u l a t e d  Haman ce l l ,  
0 . . 

which t o g e t h e r  w i t h  t h e  pr imary  pumping wave ( 6 9 4 3 ~ )  i s  co- ' 

! . 

l i n e a r l y  focussed  on t h e  f low f l e l d  unde r  i n v e s t i g a t i o n .  The 

pr imary  power o f  t h e  Ruby l a s e r  is s u f f i c i e n t  h e r e  t o  p r o v i d e  
. .  , 

I r . . 
t h o  n e c e s s a r y  power for t h e  CARS and i n  a d d i t i o n  t o  p r o v i d e  

s u f f i c i e n t  i n t e n s i t y  t o  p r o v i d e  t h e  e x c i t a t i o n  f o r  t h e  spontane-  

ous Raman s i g n a l s ,  f r o m , t h e  same p o i n t  i n  t h e  f l o w  f i e l d .  

Fig. 2 i ~ l d f c a t e s  a d i f f e r e n t  v e r s i o n  of t h e  same a p p a r a t n s .  
c! 

Here a d o u b l e r  c o n v e r t s  p a r t  o f  t h e  Ruby p u l s e  a t  6943A t o  a 
0 

3471A which is t h e n  s e p a r a t e d  by a d i c h r o i c  m i r r o r  from t h e  
0 

fundamental .  ' P a r t  o f  t h e  3471A l a s e r  e n e r g y  is used  t o  pump a 

broadband dye l a s e r ,  which i s  t h e n  combined c o a x i a l l y  w i th .  t h e  
0 . . 

rest o f . , t h e .  3 4 7 ' 1 ~  laser . . . . .  energy  and f o c u s s e d  . . . . . .  a t  a p o i n t  . _ . _ . . _ . . . . . . . .  i n  t h e  
. . .  

working f l u i d  t o  o b t a i n  CARS. The t o t a l  ene rgy  of t h e  second  
0 

harmonic (3741A) is  approx ima te ly  . . 5 ' 0 0 ' m j .  S i n c e  t h e  o r i g i n a l  

' R U ~ Y  l a s e r  p u l s e  energy  was. o v e r  3 j o u l e s ,  w e l l  o v e r  2 j o u l e s  o f  

l a s e r  light i s  a v a i l a b l e  a f t e r  s e p a r a t i o n  - by t h e  d i c h r o i c  mir ro ' r  

t o  , b e  focussed  on t h e  working f l u i d  t o  be used  t o  e x c i t e  spontane-  
. . . . 

0,us Raman s c a t t e r i n g .  

'. Experimen' tal '  Rcsul ts and 'Concl~usi.nns 

P r e l i m i n a r y  expe r imen t s  u s i n g  t h e s e  systems liavc been con- 

d u c t e d  on a  methane d i f f u s i o n  flatne. : The pu rpose  of t h e s e  exper- 

' irnents w a s  t h e  demons t ra t ion '  of i t s  f e a s i b i l i t y ,  p r a c t i c a l i t y  and  

' advan tages  i n  terms o f  making t h i s  a more u n i v e r s a l  d i a g n o s t i c  . . 

systcm. 

As is w e l l  known, t h e  c o n c e n t r a t i o n  o f , . t h e  unburned methane 

' f n  a a i r  inctllnne f lame is  g e n e r a l l y  v e r y  low, and i ' ts  measurement 



a t  a p o i n t  o f  abou t  lmm cubcd i s  a l m o s t  i m p o s s i b l e  u s i n g  

: ,  spontaneous  Raman s c a t t e r i n g  On t h e  o t h e r  hand, '  t h e  c o n c e n t r a -  

t i o n  of  t h e  p r o d u c t s  o f  combustion as w e l l  a s  h e a t e d  n i t c g e n  
- -  . , 

and t h e i r  t empera tu re ,  s i m u l t a n e o u s l y  is i m p o s s i b l e  u s i n g  CARS. 

T h i s  combined a p p a r a t u s  p e r m i t s a  comple te  d i a g n d s i s  o f  t h e  

f l a m e  s i m u l t a n e o u s l y  and i n s t a n t a n e o u s l y .  
. . . . . . . . 

Fig. 3 i n d i c a t e s  a p r e l i m i n a r y  su rvey  o f t h e  c o n c e n t r a t i o n  

of  the -unburned  methane u s i n g  CARS..  ~ i ~ u r e  , 4 . shows t h e  concen- . - a,. 

t r a t i o n  o f  n i t r o g e n ,  and F i g u r e  5 t h e  ;enperatire of t h e  b i t rg-  
. . , .  . .. , . 

gen i n  t h e  f lame u s i n g  spontaneous  Raman. . . 
. . 

It is  clear from t h e  a b o v e t h a t  t h i s  sys tem w i t h  t h e  addi -  

t i o n  o f  t h e  LRV c a p a b i l i t y  which. h a s  been  i n c l u d e d  p r e v i o u s l y  

i n t o  ' t h e  d i a g n o s t i c  system u s i n g  o n l y  spon taneous  Raman ( R e f .  7) 

_ f u l l f i l s  t h e  r equ i r emen t s  f o r  a u n i v e r s a l  d i a g n o s t i c  system.  
! I .  

- - .  . . .  1t ,'can p rov ide  d s t a  o n  most  p r a c t i c a l  f low f i e l d s  o f  i n t e r e s t , ,  

be t h e y  "clean". ,  o r  "contamina ted" ,  b e  - t h e y  e n v i r o n m e n t a l l y  
- 

. . ' ! f r i end lyN o r  " h o s t i l e ' .  A system l i k e  t h i s  p o r t a b l e  and ad- 
. . 

j u s t a b l e  w i t h  r e s p e c t ,  t o  t h e  f low f i e l d  o f  i n t e ' r e s t  s h o u l d  be '. 

5 .  

. . '  ve ry  u s e f u l .  . . 
. . 

. .  . 
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A quasi-one-dimensional approach to the analysis of a 

high temperature coal combustor is presented. The results 

obtained with these equations are compared to present analyses. 

An existing chemical equilibrium code is thenutilized to 
. . 

improve the accuracy of the required input data to this .. 

analysis. An operating MHD combustor is modelled assuming 

a specified chemical heat release. ~o;h adiabatic and 

radiativeheat loss cases are examined. ~esults obtained 

areshown to be in agreement with the present-day, literature. 
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NOMENCLATURE 

. , 

. speed of  sound . . 

.' . 

' Surface,  a r e a .  . - 

Channel we t t ed  a r e a  , . .  
. , 

Constant  appear ing  i n  Eq. (43) 

Constant  appear ing  i n  Eq.(43) . . 

Molar c o n c e n t r a t i o n  . . 

S k i n f r i c t i o n  c o e f f i c i e n t  

S p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e  
. . 

s p e c i f i c  h e a t  a t  c o n s t a n t  volume 

Hydraul ic  d iameter  

N e t .  e x t e r n a l  f o r c e ,  

Energy term d e f i n e d  by ' ~ q .  ( 2 8 )  

Change i n  t h e  t o t a l  en tha lpy  p e r  u n i t  mass 
. . 

N e t  h e a t  added t o  t h e  flow from e x t e r n a l  sources  

Work.per u n i t  mass removed from t h e  flow . .. dWk . . .  

Enthalpy p e r  u n i t  mdss h 

Fue l  h e a t i n g  v a l u e ,  . Hv. . . 

k . R a t i o  of t o t a l  s p e c i f i c  h e a t s  

Mass flow r a t e  m 

Mach number 9 . .  M 

T o t a l  number 'o f  moles i 

fi Surface  a r e a  u n i t  outward normal v e c t o r  I N ~ o t a i  number of s p e c i c s  

P ressure  P Z 
F 

Radia t ive  h e a t  l o s s  g iven  by Eq.(45) Q 
' .: , 

i 

v i i i  



Ah; 

Gas constant on a molar basis 

Universal ,gas constant,. 

Temperature . 
. . 

Adiabatic flame temperature 
. , 

Initial temperature : 

Local flow speed 

Combustor volume 

Mixture molecular weight . .  . 
. . 

Axial coordinate . 

Location of complete combustion 

Ratio of sensible specific 'heats 

Heat of formation per unit.mass.. 

Gas emissivity 

Wall emissivity. . . 

Term defined by Eq. (44) 

Efficiency 

~rue,:: (or actual) ef Fic iency  
rl,t 

Azimuthal coordinate . . 8 

3.1415927 

Density 

Shear stress 

Percent coal consumed 

SUBSCRIPTS AND SUPERSCRIPTS 

. ' Fuel f . . 

Counter used for a total of N species i 

Oxidant 



Radial component 

Constant enthalpy proce'ss 

Constant temperature process 

Component occurring at thechamber wall 

Axial component 

Reactants 

Products 



. . 
I. INTRODUCTION 

Much tine and effort is currently being. spent on new 

ways of producing electrical energy to meet the ever-increbsih[j , - 

- .  
energy demands of today's society. One area presently being 

explored is that of magnetohydrodynamic power generation. 

The magnetohydrodynamic gen&rator,'like the electrical 
. . 

generators currently being used, produces a current by moving 

a conductor,through a magnetic field. In the conventional 

turluyei ierator , the conductor is an asmature ' driven by 'a steam 

turbine. In the magnetohydrodynamic generator, the conductor is, 

a stream of hot ionized gas thaL . . ,  has been seeded with metal 

particles to improve its electrical conductivity. ~ h i ~ f a G a  
/" 

I is accelerated through a rocket-like nozzle and se't through a P 
I channel lined with electrodes, where its electrical-s 

. .  drawn off. There are many advantages claimed with'this system. - .  

Since there are no moving parts and you are dealing with much . c 7  * 

higher. temperatures than iri present-day electrical generation, 

up to 90 y r ~ c r l ~ l  ritol-e power 5rom thc 1;itrilu f u e l ,  w i t h  lowcr pol - - ,  

lution, is clahed [l] . 
With the projected construction of open-cycle magnetohydro- 

dynamic power generation systems utilizing coal as the primary 

fuel,,interest has arisen in recent years in the design of 

efficient coal combustors which would satisfy the requircmcnts 

of such a system. (For a more complete description of existing 

large-scale test'facilities, see the works presented by Jackson 
. . . . 

[2] and Dicks, et. al. [3]). , The demands of this system on the ' .  

coal combustor are to produce combustion products on the order 

of 3000 OK, yet at a sufficient rate to meet the power require- 



. . . .' . . . . 
> . .  . 

ment. The flue gas must also contain only a small fraction of 

the original ash content of thecoal, so as not to damage the I 

electrodes in the generator channel. 

Coal has been perhaps the mostcommonly used fuel for power > - 

/i generation . ' ,  in the past, and much information can be found on its 
L., ' .  

properties and use. With the rising interest in coal-fired 

magnetohydrodynamic generators, however, there is a need to 

understand the behavior of the coal under these highly-elevated 

and stringent operating conditions. The basic properties of coal 

which dictate the ignition, co&ustion, and slag form;;" /- 
/-. 

these high temperatures are not well known. Never 7 heless, there 
is a need to model these coal combustors in view 

design work being performed inthis area. 

i he purpose of this work is to construct'a viable model 

for these high temperature coal combustors and to accurately 

predict their overall behavior. Commensurate with the degree . 

of accuracy of the data currently available on the properties 

1 of coal i d  existing coal combustors, this model will be developed 



. . 

. . 

11. DERIVATION OF THE BASIC ONE-DIMENSIONAL ' . . 
.FLOW EQUATIONS ---_ _ . . 

. . . . 

The equations of motion which-describe the flow throuR 

/ : . a combustor within the constraints of a quasi-&ne-dimensional 

+ approximation will be developed in this section. These 
t 

equations are particularly simple to. deal with yet they are. 

commonly acknowledged as being reasonably accurate,even for 
: i . . . :  ' :  .. , 

i : rather complex problems, such as the one considered here. ' The [ ,,',.: 
, , .  , 

6 . :  
r analysis will take i r k t o  account the' fol owin arameters: .. 7 ""-- .I \. 

(i) changes in the combustor's I cross-sectional area, 

(ii) chemical reaction, 

(lii) vo~iations in thc molcaulh weight and s p r i  fix heat 
L 

t of the mixture due to combustion, 
. . 

(iv):: exchange of heat with . . the surroundings, 

(v) drag caused by internal bodies or solid particles . - 
. . . . 

' within the 'flow, . . . . 

(v i )  losses due to friction along the combustor walls. 

These equations will be developed in such a.manner that close 

correspondence with the combustor problem at hand'will be 

maintained, without significant loss of generality. These 

equations could, therefore, be applied Lo uLher problcma ~ u o h  

as rocket nozzles, ramjets, and cuinhuslion chambers for g i c  

turbines or turbo jet and turbofan engines. . . 

I I' 

The necessary flow-field equationswill be treated 

individually in the development that follows. They will be 

expressed in logarithmic , . differential form, following the format 
1 .  

used by Shapiro 14 1 . 



W e  assume t h a t  t h e  mixtures  f lowing t h  
t h e  combustor 

I 
i 

behave a s  i d e a l  gases  and are w e l l - d e s c r i b  d by t h e  p e r f e c t  P .  , , .  gas  'law: 
i 

PRuT p = -  (1) ' . I I 
! 

W I 
I 
I 

where p,  p ,  and T denote  t h e  . . 

tempera ture ,  r e s p e c t i v e l y -  W r e p r e s e n t s  t h e  mixture molecular  . '  

weight ,  and Ru is  t h e  u n i v e r s a l g a s  c o n s t a n t  The presence  o f  

l i q u i d  o r  s o l i d  p a r t i c l e s  i n  t h e  flow w i l l b e  neg lec ted  i n  t h e  

g e n e r a l  development of  t h e s e  equa t ions .  The e f f e c t s  due t o  t h e s e  

p a r t i c l e s  w i l l  be  t r e a t e d  i n d i v i d u a l l y ,  as they  arise. Taking t h e  

logar i thm of  t h e  s ta te  equa t ions ,  w e o b t a i n :  

. . 
' 

l o g  p =  l o g  p + l o g  RU + .log T - 10gW 
.- . 

Rewri t ing t h i s  i n  d i f f e r e n t i a l  form, we.have': 

11.2 speed . .  , of Sound . .. . 
"'. , . ,. 

. . For a semiper fec t  g a s ,  t h e  sound speed may be w r i t t e n  as: 
. . 

. . 

where k is t h e  r a t i o  o f t o t a l  - s p e c i f i c  h e a t s ,  which are t h o s e  

s p e c i f i c  h e a t s  which i n c l u d e  h e a t s  of  format ion ,  h e a t s  of vapor- 

i z a t i o n ,  e t c .  For flows of nonreac t ing  p e r f e c t  gases  t h e  q u a n t i t y ,  

k reduces t o  y ,  t h e  r a t i o  of  s e n s i b l e  s p e c i f i c  h e a t s .  I n  d i f -  
. , 

f e r e n t i a l  form,' Eq. ( 3 )  becomes: 



I . . 
11.3 Mach 

In general, the Mach number is defined as the ratio of the 

local flow speedto the local sonic' 

v M = -  
a 

2 Casting this equation in terms of M 
. , 

manipulations of these equations 

expression given for the sonic 

equations in differential. £om:' 

dM2 dv2 dl4 dk dT , .  . = + -  - - -  - 
M~ v2 W . . k. ' T  

. . 

11.4 Conservation of Mass . . . . 

The basic concept ot mass conservation, for a study l l u w ,  
. , 

may be expressed by the integral equation: 

where is the velocity vector, A, is the surface area of a ' , 

. control volume, fixed inlspace and enclosing all or part of the 
flowing fluid, and fi ic the unit outward normal vrct.nr of that 

fluid can be donsidered a continuum,. this. . 

equation can be written in cylindrical polar coordinates as: 

a a - (pl.Vr) + a 
ar (pVO) (p rVZ)  0 (8 )  

where r. 0, z are the radial, azimuthal, and axial coordinates, 
. . 

V are their associated velocity respectively; and Vr, Vg, 

components. Assuming that the flow is axisymmetric, there are 

no changes occurring with respect to 0 ,  and Eq.(8) . . simplifies 
. . 

to: >. 

. . .  



4. . ' 

Multiplying this equation by 2n and integrating with respect ' 

to r between the limits of 0 and rw (2) we obtain, using the 

Leibniz rule : 

where rW(z) is 

- 

the radial coordinate of the dall bounding the 

flow, V is the radial component of veloci y at the wall, and 
r ,w d 

This describes the fact that the flow follows the shape of 

the wall exactly. Even for viscous flow, this is generally a 

good approximation as long as a well-developed boundary layer 

exists at the wall, and there is no evidence of separation. 

For the combustor case being considered here such conditions 

will, in general, be satisfied. Eq.(lO) may therefore be 

rewritten as: 

az 
(12 

where the quantity enclosed by the square brackets represents 

the mass flow rate, m. Thus we have: 
. . rw (z) 

m,= 2 n j  pVZrdr = constant (13) 
0 

Since we are developing a 'quasi-one-dimensional flow 

analysis, the values of p and V are assumed to vary little., . . , .  , 

? .  . . 

with respect to r so that they ':may be replaced by constant 'mean 

values and removed from under the integral sign. Eq.(13) then 



' becomes :, . . 

2 . . . . m-p~nr = VA = con~tant (14.1 

. .: where p now denotes the mean value for the density at any 

. axial station, V is the meanaxial velocity. at that-statimi . . 
, . . . 

. . .  
. and A is the cross-sectional area normal to the z-axis assoL . . 

.I ' 

ciated with that same 'axial 1 

p and VZ is a reasonable one, 

i flow cr~ss-sectional area w : I ' 'Phi5 provision Can be exyresr<d as; 

For most problems concerning combustors, including .the 

. case studies of magnetohydrodynamic combustors , which fcillow;. 

this requirement is met. There are certain systems, however, 

that contain large cross-sectional areadifferentials or abrupt - 

turns in the flow path. Such configurations would suggest 

that the quasi-one-dimensional approximation would fail locally 

for some distance downstream or these abrupt changes. O l ~ r  

such example would be a two-stage magnetohydrodynamic coal 

combustor where a vertical gasifier and slag removal stage is 

mated to a horizontal combustor stage, thereby causing the flow 
. . 

to change direction by ninety degrees. Inmore conventional 

combustor designs, such abrupt changes in the flow would not 

be present.. With these constraints in mind, we can rewrite 

the mass cdnservation equation, Eq.(14) , in. the differential 
form: 



k 1 1  5 Conservat ion o f  Energy 

A s  was noted p r e v i o u s l y  f o r  o u r  . . 
. . 
. . 

flow a n a l y s i s ,  we may assume t h a t  t h e  . , 

vary on ly  wi th  a x i a l  l o c a t i o n  and are 

s e c t i o n  o f  t h e  combustor. With t h i s  

t h e  p r i n c i p l e  of energy c o n s e r v a t i o  q u i t e  r e a d i l y .  Con- 

. (  , . ,: . . 

s i d e r i n g  a  c o n t r o l ,  volume beyond a y mixing reg ion  t h a t  may 

occur ,  w e  may w r i t e :  

, m [ d ~  - dwk] = mdhT . . (17) 

where dQ i s  t h e  n e t  hea t ,  added t o  t h e  stream from.  e x t e r n a l  

sources  by way of  conduction, r a d i a t i o n ,  o r  convect ion ,  

measured on a  u n i t  mass b a s i s .  ,' T h e v a r i a b l e  dWk r e p r e s e n t s  

t h e  work p e r  u n i t  m a s s  removed'from t h e  f low,  and dhT is 

t h e  change i n  t h e  to ta l  en tha lpy  p e r  u n i t  m a s s  of  t h e  f l u i d  
0 

flowing through t h e  c o n t r o l  volume. This  equa t ion  may be  

r e w r i t t e n  a s  : 

m ( d ~  - dwk] = r n  [dh + dY2] 2 - 
where h is t h e  en tha lpy  of t h e  mixture p e r  u n i t  mass, and, m 

r e p r e s e n t s  t h e  mass flow r a t e  o f  . , t h e  e n t i r e  mixture .  There fo re ,  

m i s  t h e  sum of t h e  ox idan t  and f u e l  mass ' f low rates a n d  may be 

I r ep resen ted  as:. 

On a mass b a s i s ,  t h e  enthalp)'  may b e  de f ined  as:  

N 
h = I: pihi (20) 

i=l 

where pi i s  t h e  mass d e n s i t y  of s p e c i e s  i, and N i s  the, t o t a l '  

number of  s p e c i e s  p r e s e n t  i n  t h e  mixture.  The q u a n t i t y  h i ' i s  



t h e  en tha lpy  of s p e c i e s  i, and i s . g i v e n  by: 

O i s  t h e  h e a t  of  formation pe r  u n i t  m a s s  of s p e c i e s  , where hf . . 

i 
i a t  t h e  r e f e r e n c e  tempera ture ,  Tr = 2 9 8 . - m e  and c is the 

\ .Pi 
s e n s i b l e  s p e c i f i c  h e a t  p e r  u n i t  mass of  s p e c i e s  . 

. 

t i a t i n g  Eq. ( 2 0 )  . we ob ta in :  

. . 
and it is noted t h a t :  

dhi = C dT 
P i  - 

w e r e  t h e  m i x t u r e  s e n s i b l e  s p e c i f i c  h e a t  may be w r i t t e n  as: 

Theref o r e ,  Eq. ( 2 2 )  may be expressed  as :  

~ e c a l l i n ~  t h e  energy conse rva t ion  r e l a t i o n  g iven  by Eg. ( 1 8 )  . 
and s u b s t i t u t i n g  t h e  above r e s u l t  in . to  t h a t  e q u a t i o n ,  w e  

obt  

which can be rear ranged t o  y i e l d :  



where we have: 

N 
. , dH = Z hidpi 

i=l (28) 
. . 

' The last term in ~ q .  (27)' may be put into the following form: 

. . 

Using the expresshi derived previously for the speed of sound: 

. , 

and noting the following . relatibnships: . 

3 . . '( ji j. 
y = 

. . .  . . . . _ :  . . 
. . . . we obtain: 

so that Eq. (27) now become 
. "  :\,&. .: 

* It is noted here that the factor k/y i n  Eq; (33) indicates 
. . 

the importance of the chemistry that is taking place . in . the 

flow; that is, that the speed of sound is altered due to the 

presence of chemical reactions. This difference . . is rarely 

described in previous applications of the quasi-one-dimensional 

equations to reacting flows, and, as .will be seen subsequently, 
I ' .  , can be quite important. 
I 

1 The term defined by Eq. (28)' can be written in molar 

! 



form as: 

N 

- - 
where Hi is the enthalpy on a molar basis and ci is the molar' 

concentration of species i. For a reaction between ideal gases, 

we would have: 

. . 

wherecl and cl denote the number of moles of species i in 

the reactants and the produc 2 (respectively, and Ai de.otes 
\ 

a general chemical the heat 

of reaction for 
. . 

which may be rewritten as:. 
. . 

We see that this is the equivalent of Eq. ( 3 4 )  in the case of 

finite, rather than infinitesimal, chemical changes. Therefore, 

the dH term in Eq. (28) is actually the heat of reaction for the 

fuel and oxidizer under consideration. The details of how this - 

equation will be manipulated for the problem at hand appear in 



. a l a t e r  s e c t i o n .  

11.6 Conservat ion of Momentum 
. . 

For t h i s  equa t ion ,  we w i l l e m p l o y  Newton's second law, 

. . which equa tes  t h e  rate of change of  momentum of  t h e  f l u i d  i n  

a f i x e d  c o n t r o l  volume t o  t h e  n e t  f o r c e  a c t i n g  on t h a t  f l u i d .  
. . 

For t h e  c a s e s  cons idered  h e r e  w e  may f o r m u l a t e  t h i s  . . as: 

mdV = - Adp - TwdAw- dF\ . '  (38) 
. . .  . . . . 

where A i s  aga in  t h e  \ of t h e  

i s  t h e  w a l l  s h e a r  s t r e g s  which a c t s  to h a r d  t h e  f low,  d 
i s  t h e  we t t ed  a r e a  of  t h e  channel ,  and dFZ 

f o r c e ,  such a s  t h e  d rag  of  s t a t i o n a r y  bod ies  i n  t h e  flow o r  

body f o r c e s  which a c t  on t h e  flow. The s h e a r  stress may be  

expressed  i n  c o e f f i c i e n t  form by n o t i n g  t h a t :  
- ,  



11.7 Equat ions of  Motion i n  S tandard  Form 

The . independent  v a r i a b l e s  t h e  preceding  development may 

be chosen t o  be: . . 
. . 

dk . . - . . k . . - .  
whi le  t h e  dependent v a r i a b l e s  are s e l e c t e d  as: 

Of course  a d d i t i o n a l  dependent v a r i a b l e s  cou ld  have been 

chosen, b u t  t h e  s i x  above are s u f f i c i e n t  f o r  o u r  purposes;  

Manipulation o f  t h e  governing equa t ions  reduces  them t o  'a . , 

s t andard  form which is b e s t  r e p o r t e d  i n  t h e  f o r m o f  a t a b l e  of 
, , 

i n f l u e n c e  c o e f f i c i e n t s  as shown i n  Table I. The equa t ion  f o r  

any of t h e  dependent v a r i a b l e s  i n  t h e  f i r s t  column i s  formed ., 

- b y  t h e  sum of t h e  p roduc t s  of t h e  i n f l u e n c e  c o e f f i c i e n t s  and 



the  respec t ive  independent v a r i a b l e s  i n  t he  f i r s t  r o w  of t h e  . 
. .  , . . 

t ab l e ,  f o r  example: 
. . 



111. ARGONNE CASE STUDY 

To utilize the equations of motion, as they appear in 

Table I, one must first understand the &ombustion process that 

will be taking place. Typical operating conditions for existing .(. . 
. - 

magnetohydrodynamic (MHD) combustors ,can be found 6 the 
'..' .." . / / . . 

done by Chung. and Smith 161 . In case of ei,dher a two-stage 

or single-stage combustor, it is rise in 

the temperature of the mixture entering the. 
. . . I . , 

combustor. This characterizes the ignition of thecoal particles 

within the combustor due to the presence. of intense radiative heat 

flux. To modelthis jump in temperature, 'an S-shaped exponential 

curve was used. Thus, the chemical heat released within the 

combustor is given by: 

where : 
. . . (44) 

. - 
and i is the axial location as you march down the combustor, 

while zl the location of.comglete combustion. and B2 'are 

constants which can be varied to obtain the desired curveshape. . . 

(In this case, the distribution of chemical heat release due to 

reaction a s a  function of z). H, in this case, represents the 

total amount of chemical heat released, while dH would be the 

- .  amount rexeased,at each z locatjnn. The term M I  as we wil1,see.t 

can be expressed as some fraction ofthe total heating value of 

the fuel used. 

When examining the high temperatures present in the MIID' 
. , 

combustor, it is noted that radiation .wouzd be the predominant. 



mode of heat transfer. Depending on the flow configuration, 

convective heat transport through the wall boundary layers may 

not be negligible. Chung and Smith state, however, 

simple radiative relationship based on the gas and 

and emissivities would tend to overestimate the 

any gase, the uncertainties in the gas and wali 
. ~< 8 .  

not warrant the inclusion of the convective heat loss. While both 

the solid particles and gaseous species within the flow interchange 

heat with the combustor wall, we will deal with the flow as if it 

were composed purely of gases to simplify the analysis. Huch wbrk 

has been carried out on the radiativetransport properties of the 

gaseous combustion products. For further discussions on this 

topic, see the publications of Petrick and ~humyatsky [7 1 .  and ' 
. 

Palmer and Beer [8]. . . 

Haywood and Womack . . 19) have developed the following equation 

to describe the radi'ative heat loss from a cylindrical combustor: 

(2 = [ 4.77 X . 15 " ] [ J [ . g p j  - . E W ( ~ ) ]  ( 45 )  

vc 

where : E = ( 1.53 X 10-~)T/k (46) 
g .  . 

and:. E = 0.8 
W (47 

,   he temperatures in this case are in OR; while D, A, and Vc :are 
dimensioned in ft . , ft . * , and ft. respectively. The radiative 

3 heat loss of the gas, Q, will then' have the units of ~ t u  per ft. - 
sec. (Since the flow-field equations where employed using metric 

units, the above equations can be multiplied by the proper con- 

version factors for consistency in units). The above heat loss . 
' --'. , - 

equations are valid when the combustor contains only the gaseous 

species. Of course, a more accurate heat transfer analysis 



could be performed based on a detailed concentration distribution 

of 'the radiating gaseous species; however, ' the above analysis 

will be sufficient for our- purposes. 

These two quantities, the chemical heat released due to 

chemical reaction and the radiative 
\ 

walls, define the parameters which 

on the temperature of the gas as we proceed combustor 
. . 

length. While losses due to friction will they will 

also be included since ~ r ~ b o d ,  and ~omack provide tables . . of 

friction factors for various combustor configurations. .Drag 

losses will not be considered here since we are assuming the 
I 
I 

i 
I flow to be gaseous. With this in mind, we are now ready to . 
! 

utilize the quasi-one-dimensional equations derived in Section 11. 
. - 

1111 First Stage of a Two-Stage Combustor . .  

Chung and Smith model a two-stage combustor, whose first 
1 . - 

stage has a diameter of 0.19 m. The.first sfage operates at a 

pressure of 8 atm. and an air inlet temperature of 1866 OK. 
. . .. . 

I 

It burns approximately '1 kilogram of coal per Gecond . . .  at a- 
- .  

stoichiometric ratio of 0.3951. Plots of velocity, gas temperature, 

and percent combustible coal consumed versus z location were also 

available for this case. These served to furnish the initial data 

required for the one-dimensional equations. For lack of more 

complcte chemical data, the gaseous mixture's specific heat (at 

constant pressure) and molecular weight where assigned constant 

global .values. The ratio of total specific heats and'sensible 

specific heats where assumed equal and constant for this case as . .  

well. 



1 8  

The purpose o f  t h i s  f i r s t  s t a g e ,  a s  i s  t y p i c a l  wi th  most two- 

I s t a g e  MHD combustors, is  t o  g a s i f y  t h e  p u l v e r i z e d  c o a l  wi th  e i t h e k  

oxygen o r  a i r  t o  form a  h o t  f u e l  gas ,  Th i s  f u e l - r i c h  mixture i s  

then  s e n t  t o  t h e  second s t a g e  of  t h e  combustor, where a d d i t i o n a l '  

ox idant  i s  added t o  complete combustion. The d e t a i l s  of a  t y p i c a l  

i n  a  l a t e r  s e c t i o n .  We a r e  

i n  t h i s  s e c t i o n ,  i,n comparing t h e  r e s u l t s  

equa t ions  t o  t h e  work done by 
' \  

, Chung and Syciith, 

U t i l i z ' i n g  Eqs . (43) - ( 4 7 )  , we now have a means o f  d i s t r i b u t i n g  

t h e ' c h e m i c a l  h e a t  r e l e a s e  and r a d i a t i v e  heat l o s s  a long  t h e  cohi- 

b u s t o r  l e n g t h ,  wi thou t  going i n t o  t h e  d e t a i l s  o f  a chemical 

r e a c t i o n  a n a l y s i s .  The use of t h e  r a d i a t i v e  h e a t '  l o s s  equa t ions  

is se l f - exp lana to ry  when it is  noted t h a t  Chung and Smith l i s t  

the .combustor  w a l l  temperature a s  2089 OK. The chemical h e a t  

r e l e a s e  equa t ion ,  however, r e q u i r e s  some explanat ion ' ,  To use t h e  

S-shaped exponen t i a l  curve shown i n  -Eqs. ( 4 3 )  - ( 4 4 ) ,  w e  have t o  

determine t h e  v a r i a b l e s  z l ,  B 1 ,  and B2, S ince  a p l o t  o f  pe rcen t  
I 

combust ible  c o a l  consumed ve r sus  z l o c a t i o n  w a s  a v a i l a b l e  f o r  t h i s  

case ;  il was o r i g i n a l l y  set  equa l  t o  1'.5 ' m . ,  . t h e  t o t a l  combustor 

f i r s t - s t a g e  l e n g t h ,  s i n c e  only  78% of  t h e  corqbustible c o a l  was 

consumed a t  t h i s - . l o c a t i o n .  Chung and Smith noted  t h a t ' t h i s  two- 

s t a g e  c o n f i g u r a t i o n  would have t r o u b l e  consuming a l l  o f  t h e  

combust ible  c o a l  i n  a f i n i t e  l e n g t h ,  s i n c e  on ly  80% would be 

consumed i f  t h e  f i r s t  s t a g e  w e r e  extended t o  2 . 4  m. Now, wi th  z l  

determined,  B 1  and B2 were o r i g i n a l l y  taken'  a s  2 and -12 respec -  

t i v e l y .  ( ~ h e s e  va lues  were chosen t o  y i e l d  t h e  r equ i red .  d i s t r i b u t i o n  

': a f t e r  an a n a l y s i s  was performed t o  determine t h e i r  a f f e c t  on t h e  



Since  only  a percentage  of t h e  combustible c o a l  i s  consumed, a 

inore a c c u r a t e  v a l u e  f o r  t h e  c o m b u s t o r e f f i c i e n c y  could  be  
. , 

ob ta ined  as fol lows:  

H = HV (0 -30) ( %  c o a l  consumed) (nt) : ( 4 9 )  

where, i n  t h i s  c a s e ,  78% of t h e  combustible c o a l  is  'consumed f o r  

' t he .  combustor ' l ength  s p e c i f i e d .  Th i s  y e i l d s  a t r u e  e f f i c i e n c y  

tor  the .r;~&usto,r of: 

'It 
= 0.283 . 

. . 

Thus, a t r u e  e f f i c i e n c y  of  only  28.3 p e r c e n t  was obta ined .  , While 

t h i s  v a l u e  seems very low f o r  a combustor e f f i c i e n c y ,  it is  no ted  
, . 

h e r e  t h a t t h e  purpose of t h i s  f i r s t  s t a g e  was n o t  t o  completely 

burn t h e  . c o a l  and a i r  e n t e r i n g .  Rather ,  it w a s  t o  s e r v e  a s  a 



. . 20 

.gasifier stage to form a hot fuel gas to be completely-burned 

agreement with the results given by chung and Smith; the temperature 

. . 

and velocity'distributions as functions.of z obtained did not closely 

match their results, To obtain the initial jump undergone by the 

in the' second stage of the combustor. (Recall the rather low 

equivalence ratio given by Chung and Smith for this fuel-rich 

.mixture) . 
Even though the one-dimensional solutions obtained were in 

temperature, zl was varied while maintaining B1, B2, and H constant. 

A final value of il equal to 0.15 m. was chosen to best match the 

results given by Chung and Smith. Recall that zl. specifies the 

position of complete combustion. It is noted here; that while 

only 78% of the 'combustible coal was consumed at the combustor. 
. . 

total length of 1.5 m., 60% was already consumedat.0.15 m. Even 
. . . . - . .  

I 'though the combustor configuration chosen has difficulty in con- 

I suming all of the available coal within a given length, it is seen 

that the majority of the reaction occurs within the first 0.15 m. 
. . 

With zl and H now determined, B1 and ~2 were varied 'siightly 

to determine their affect on the solutions obtained. -Varying 'E3.1 

and B2 would result in changes to the final velocity, pressure, 

temperature, and density of less than 10 percent. The distributions 

of temperature, and'velocity as functions of z ,  on the other hand, 

could be brought closer to the results of Chung and Smith in this 

manner. The final results were obtained with the values: 

Bl = 2 B2'= 8' zl = 0.15 m. 

Temperature and velocity profiles comparing the resu1t.s 

obtained using our qua'si-one-dimensional analysis with the 

results obtained by Chung and Smith (using a complete chemical 

reaction analysis) appear on pages 47 and.48, respectively. 



I 111.2 S ingle-Stage  Combustor 

I 
Chung and s m i t h  a l s o  g i v e  r e s u l t s  f o r  a t y p i c a l  s i n g l e o  

s t a g e  c ~ m b u s t o r .  T h i s  combustor has  a d iameter  o f  0.56 m. and 

an o v e r a l l  l e n g t h  of 1 .5 m. I t  a l s o  o p e r a t e s  a t  a c o n s t a n t  

p r e s s u r e  'of 8  atm. w i t h  an  a i r  i n l e t  t empera tu re  of 1866. "5.? 

While l i k e w i s e  consuming approximate ly  1 ki logram of  c o a l  p e r  

second, t h i s  .combustor o p e r a t e s  w i t h  a n e a r l y  s t o i c h i o m e t r i c  
. . 

' f u e l  t o  a i r . . m i x t u r e .  The s t o i c h i o m e t r i c  r a t i o  i s  given  as 

0.9491. . A s  w i t h  t h e  f i r s t - s t a g e  c a s e ,  Chung and..Smith provide  

cu rves  of  g a s  t empera tu re ,  v e l o c i t y ,  and p e r c e n t  c o a l  consuxtied 

v e r s u s  a x i a l  d i s t a n c e  a l o n g  t h e  . . combustor. The above f i g u r e s  

and in fo rmat ion  yie1.d t h e  i n i t i a l  v a r i a b l e s  needed f o r  o u r  

quasi-one-dimensional  e q u a t i o n s ;  namely, t h e  i n i t i a l  p r e s s u r e ,  . 

t e m p e r a t u r e , : v e l o c i t y ,  area, and change i n  a r e a .  The p r o p e r t i e s  

i n v o l v i n g  t h e  chemis t ry  of t h e  problem, t h a t  i s , t h e  v a l u e s  f o r  

kt Y t W, and c w e r e  a g a i n  chosen as c o n s t a n t  g l o b a l  v a l u e s ,  
P 9 

Chung and Smith s t a t e  t h a t  t h e  . s i n g l e - s t a g e  combustor seems 

* t o  burn  most of  t h e  coal w i t h i n  t h e  f i n i t e  combustor l e n g t h ,  ,due .  

to t h e  r a p i d  d e v o l a t i l i z a t i o n  of  t h e  c o a l  p a r t i c l e s  p o s s i b l e  a t  

such h i g h  t e m p e r a t u r e s .  T h e r e f o r e ,  t h e  v a r i a b l e  z l  (which i s  

' t h e  l o c a t i o n  of  t o t a l  combustion) was chosen a s  t h e  combustor 

t o t a l  l e n g t h  of 1 . 5  m r  The c n n s t a n t s  i n  t h e  exponential dis- 

t r i b u t i o n  c u r v e ,  B 1  and B2 , 'were  a g a i n  chosen t o  y i e l d  v a r i a t i o n s  

i n l  t empera tu re  and v e l o c i t y  v e r s u s  a x i a l  p o s i t i o n  a long t h e  
I ' 

combustor which w e r e  s i n ; i l a r ' t o  t h e  r e s u l t s  o f  Chung and Smith. 

The v a l u e s  y i e l d i n g  t h e  b e s t  r e s u l t s  i n  t h i s  case w e r e : :  



The va lue  f o r  t h e  t o t a l  chemical h e a t  r e l e a s e d  w h i c h . y i e l d e d  

r e s u l t s  c l o s e s t  t o  t h a t  of t h e  r e f e r e n c e  is: 

c a l .  . - H = 382.69 - 
P- 

For  t h i s  s i n g l e - s t a g e  combustor c a s e ,  we a r e  g iven  t h a t  t h e  flow 

i n i t i a l l y  c o n t a i n s  1 2  pe rcen t  c o a l .  There fo re ,  a  combustor 

e f f i c i e n c y  can be  found t o  be: 
. . 

H = w ( 0 . 1 2 ) ~  (50)  

where we ob ta in :  
. . 

rl = 0.56 

Since  100% of t h e  combust ible  c o a l  i s  consumed by t h e  end of  t h e  

. . 
combus t o r ,  we have : 

. . 
'It . 

= rl = 0.56 

Yie ld ing  an o v e r a l l  e f f i c i e n c y  f o r  t h e  combustor o f 5 6  pe rcen t .  

Temperature and v e l o c i t y  p r o f i l e s  ob ta ined  u t i l i z i n g  t h e  

one-dimensional equa t ions  a s  t h e y  appear  i n  Table I (and t h e  

chemical h e a t  d i s t r i b u t i o n  and r a d i a t i v e  h e a t  l o s s  equa t ions  as 

def ined  above) ,  can be found o n p a g e s  49 and 50, r e s p e c t i v e l y .  

For  t h i s  combustor, t h e  f low-f i e ld  c a l c u l a t i o n s  w e r e  a l s o  per-  

formed assuming z e r o  h e a t  l o s s  ( a d i a b a t i c  c a s e ) ,  t o  s e e  t h e  

a f f e c t s  t h a t  r a d i a t i v e  h e a t  t r a n s f e r  would have on t h e  f i n a l  

, s o l u t i o n s .  These r e s u l t s  a l s o  appear  on t h e  tempera ture  and 

. v e l o c i t y  curves .  For  t h i s  s i n g l e - s t a g e  combustor, Chung and 

Smith l i s t  an o u t l e t  tempera ture  of  2856.8 O K  assuming h e a t  

. l o s s e s  due t o  r a d i a t i o n .  The program developed us ing  t h e  quasi- .  

one-dimensional approach o b t a i n s  an e x i t  tempera ture  o f  2877.9 O . K  

when t h e  r a d i a t i v e  h e a t  l o s s  equa t ion  g iven  by Heywood and Womack, 

Eq.  (45) ,  i s  employed. When assuming t h e  combustor o p e r a t e s  



a d i a b a t i c a l l y ,  t h e  exhaus t  tempera ture  i s  given as 3001.8 O K .  

Thus, we can s e e  t h a t  t h e  r a d i a t i v e  h e a t  l o s s e s  i n c u r r e d  do 

n o t  s e v e r e l y  degrade t h e  e f f i c i e n c y  of t h e  combustor, even -. 

f6r  such l a r g e  d iameter  combustors a s  t h e  one modelled here .  
. . 

When 'examining F igs .  (1) - ( 4 )  , w e  n o t e  t h a t  t h e  f i n a l  

c o n d i t i o n s  ob ta ined  a r e  c l o s e  t o  t h o s e  va lues  g iven  by Chung 

and Smith. The r e s u l t s  o b t a i n e d  a l s o . f o l l o w  t h e  b a s i c  t r e n d s  

' . shown i n  ' t h e  r e f e r e n c e .  It i s  noted ,  however, t h a t  t h e r e  a r c  

d i f f i c u 1 , t i e s  i n  us ing  t h e  S-shaped d i s t r i b u t i o n  curve  t o  model 

t h e  energy r e l e a s e d  due t o  chemical  r e a c t i o n .  N o m a t t e r  how 

. . B 1 ,  82, and z l  a r e  v a r i e d ,  it i s  e x t r e m e l y d i f f i c u l t  t o  model 

t h e  the rmal  shock which occurs  i n i t i a l l y  when the c o a l  pa l r t ic lco  

and o x i d a n t '  i g n i t e .  This  can  b e  seen  a s  the '  d ramat ic  j u m p t h a t  

occurs  i n  t h e  temperature and v e l o c i t y  of t h e  gas' ove r  t h e  . .  f i r s t  . 

. . 
0.2 m. of combustor l eng th .  I t  can be  found, when examining t h e  - 

l i t e r a t u r e ,  t h a t  it i s  ' genera l ly  t h e  c a s e  t h a t  t h e  m a j o r i t y  of  

t h e  r ea ' c t ion  occurs  over a very s m a l l  t i m e  (and space) i n t e r v a l . ,  

There fo re ,  t o  model t h i s  phenomenon w i t h i n  t h e  combust;r more 

p r e c i s e l y ,  a chemical e q u i l i b r i u m  code w a s  employed. This  code 

was used t o  provide  more p r e c i s e  informat ion  on t h e  v a l u e s  of 

k ,  y ,  W, and c , and t h e i r  changes w i t h  r e s p e c t  t o  axLa l .  
P 

: l o c a t i o n .  The h e a t  of r e a c t i o n  term,  H ,  could  now a l s o  be 

c a l c u l a t e d  i n  a  more p r e c i s e  manner. A d e s c r i p t i o n  of t h i s  pro- 

gram appears  i n  t h e  next  s e c t i o n .  



I V ,  CHEMICAL EQUILIBRIUM CODE 

The r e a c t a n t s  f o r  a  c o a l - f i r e d  MHD combustor f a l l  i n t o  t h e  

same ca tagory  a s  those  requ i red  f o r  s t a n d a r d  e l e c t r i c a l  power 

genera.t ion.  A hydrocarbon f u e l ,  i n  t h i s  c a s e  c o a l ,  w i th  a  g iven  

chemical a n a l y s i s  and hea t ing  va lue  i s  burned i n  a preheated  

a i r  o r  a i r /oxygen mixture.  For  MHD app l i ca t ions . ,  a  sma1.l amount 

of  potassium seed ,  u s u a l l y  i n  t h e  form of K CO i s  a l s o  i n j e c t e d  
2 3' 

i n t o '  t h e  ' flow. For  p a r t i c u l a r  combustors, t h i s  f u e l ,  a i r ,  and 

s e e d . m i x t u r e  may. a l s o  be accompanied by some given  amount o f  

water .  

Coal,  upon a n a l y s i s ,  i s  f o u n d , t o  be an ext remely  complex 
. . 

chemical compound. Therefore ,  a n , e x i s t i n g  chemical equ i l ib r iun i  

code was employed ' to  o b t a i n  a  d e t a i l e d  account  o f - t h e  chemical 

s p e c i e s  r e s u l t i n g  from thecombust ion o f ' c o a l .  T h i s  e q u i l i b r i u m  
.. . 

code w i l l  be desc r ibed  i n  t h i s  s e c t i o n ,  For  a  more complete 

d i s c u s s i o n  of t h e  equat ions  used by t h i s ,  code, t h e  r e a d e r  is  

d i r e c t e d  t o  t h e  r e p o r t s  by  Gordon and McBride [lZ], and Svehla 

and McBride [13] .  

Th i s  F o r t r a n  I V  computer program has  t h e  a b i l i t y  of  c a l -  

c u l a t i n g  t h e  thermodynamic and t r a n s p o r t  p r o p e r t i e s  of r a t h e r  

complex mixtures .  Thermodynamic d a t a  f o r  a  l a r g e  number o f  

i d e a l  gases  and condensed s p e c i e s  a r e  provided w i t h  t h e  program 

f o r  a  tempera ture  range of  300 t o  5000 OK. Transpor t  d a t a  a r e  

a l s o  provided;  and f o r  many c a s e s ,  o v e r , a  wider  range. Some'of .. 

t h e  c a l c u l a t i o n s  which t h i s  code i s  capable  of performing a r e :  

(i) chemical e q u i l i b r i u m  f o r  ass igned thermodynamic 

(ii) t h e o r e t i c a l  r o c k e t  performance f o r  bo th  equi -  
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2 . S  

librium and frozen compositions during . . ex- 

p.ansion , 
(iii) incident and reflected shock properties, . . 

(iv) Chapman-Jouguet detonation properties.' . 

Condensed species, as well as gaseous species, are ~pnkfdered 
c 

in the thermodynamic calculations. Only gaseous species, however, 

are considered in the transport property calculations. When using 

this program, it is noted that the range of app1icabilit.y of t . h ~ s e  - .  
thermodynami c ca 1 cnl a t i  n n s  i s appsoxj.mately described by the  limit^ 

of applicability of the ideal gas law. In all of these cases, this 

program utilizes the international systems of units (SI units). 

To apply this program to our one-dimensional study on coal combiistc 

we will primarily be interested in the codeS chemical equilibrium 
. . 

. . capabilities. 
. . 

Chemical equilibrium can be described by either specifying . , . : 

equilibrium constants or the minimization of free energy. This 

code has chosen to use the free-energy minimization formulation. 
. . 

l'he conditions tor equliibrium may be stated in terms of any of . '  

several thermodynamic functions such as the minimization of the 

Gibbs free energy or Helmholtz free energy or the maximization 

of entropy. Thermodynamic states may be specified by assigning 
. . 

any of the following pairs of thermodynamic state functions:' 
I 

(i) , temperature and pressure, < .  . . 
. . 

(ii) enthalpy and pressure, ' ' 

(iii) entropy and pressure, 

(iv) temperature and volume or density, .- . 

(v) internal energy and volume or density;. 

(vi) entropy and volume or density. 
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thes; thermodynamic p r o p e r t i e s ;  b u t  r a t h e r  t o ,  g i v e  a  b r i e f  de: 
. . 

s c r : i ~ t i m , ~ f  t h i s  e q u i l i b r i u m  code and show i ts  u s e f u l n e s s  i n  t h e  -: 

MHD combustor problem a t  hand. The fo l lowing equa t ions  I however, . .. 

have been reproduced h e r e  i n  an a t t empt  t o  c l a r i t y  s o m e o f  t h e .  

terms der ived  i n  S e c t i o n  11. Gordon and McBri.de d e f i n e  t h e  v e l o c i t y  

' . o f ,  sound, a r  a s  fo l lows:  

(51) 
a - 

where a l l  of  t h e s e  t o m s  have presiorls1.y bee11 epyla ined.  Prom 

I. s t a n d a r d  Bridgman t a b l e s ,  it can be shown t h a t :  

T h i s  may be  r e w r i t t e n  as: 
- . 

(53) 





V. PERC CASE STUDY 

In this section, the quasi-one-dimensional flow-field . 

. equations will be utilized, along with the chemical equilibrium . - I  

code, to model a MHD coal combustor currently under test at 

the Pittsburgh Energy Research Center, Pittsburgh, Pennsylvani3. 

This combustor is to eventually be installed in the Component 

Development and Integration Facility currently under construction 

in Montana. (Recall the report authored by Jackson describing , 

this facility). A complete technical report containing the 

operating conditions of this combustorcan be found by Kurtzrock 
. . 

and ~ienstock [15]. A brief.discussion of this combustor follows. 

V. 1 Combustor Description 

PERC has advocated high slag rejection using staged com- 

bustion as a technique to assure high recoverability of -.. 

potasslum seed and reduce.downstream design and material prob- 

lems resulting from the presence of molten coal slag. Therefore, 

the degree of ash carryover in the PERC combustor is controlled 
. . 

' 

by adjusting operating paramet&s, such as coal particle size. 

range and air velocity. 

The configuration chosen by UEKC was that uf Lwo-stage 

combustor. The first stage acts as a slagging gasifier, operating 

at 50 to 54 percent of stoichiometric air. This section is 

actually a vertical cyclone with an axially located slag tap 

and discharge throat (vortex tinder). Preheated air dt 2050 "K 

is fed into the gasifier through a scroll-shaped side entry in - 

i a path essentially tangent to the outer wall of the scroll. 
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rate of approximately 6000 kg./hr. inside the airstream; 
. . 

that is, on a shorter radius which could be considered as a 

secant referenced to the scroll diameter. Separation of the : 
. . 

coal slag is obtained in this section by the cyclonic~fluid 

I motion, employing-the vortex flow principle. Good separation 

(greater than 90 percent)' is claimed by PERC to depend on a set 

of interrelated design parameters. They include the first-stage 

geometry, operating temperature, stoichiometry, 'fuel particle 

size, gas velocities, and viscosity-temperature characteristics 

of the slag. 

The hot fuel gas created in the gasifier leaves through the ' 

1 .  

gasifier throatand passes through an interstageconnection which 

conducts the gas to'the second stage horizontal combustor. PERC 

states that this 'combustor configuration was chosen for two reasons 

'First, as the gasifier stage is vertical, a turn had to be made to. 

mate with the horizontal MHD generator. Second, this configuration 
. . 

. was seen to provide a simple but effective way to mix the oxidant 

with the fuel gas while at the same time using the oxidant at a 

velocity ratio of 4 to 1 to straighten the swirling flow of the. 
. . i 
fuel gas from the first stage. The oxidant and any seed that 

, may be used is injected at the bend, and PERC claims that mixing 

'should be complete in less than 0.5 combustor diameters. Upon 

.mixing with the oxidant, the hot fuel gas has entered the.second 

stage at a temperature of approximately 2350 OK. This stage 

operates as a combustor at a pressure of 6 atm. and an overall' 

system stoichiometry, of 95 percent. It is approximately 1.45 

.m. long, with a cross-sectional diameter of 0.6 m. The resulting 

hot plasma exits this stage at a temperature of 2870 OK and Mach 



number of 0.05. The flow is then accelerated through a'nozzle 

to.raise. the Mach number to 0.3 before entering the generator 

. channel. A sketch 'of this combustor drawn to approximate scale ..- 

can be found on page 5L Again, it is noted here that the quasi- 

one-dimensional f low-f ield equations pr&viously developed would 

fail locally in the mixing region. This is primarily due ,to the 

assumptions used when deriving these equations. They would, 

however, offer good results when applied in the combustion reyiurl, 

assuming that mixing of the hot fuel gas and oxidant is,cornpleted 

by this stage. With this in mind, w e  can proceed to model the 

second stage of this two-stage combustor. 

V.2 Model Assuming Adiabatic Process 

The PERC combustor was chosen for this case because of the' - -  
. . 

extensive information available on its operating conditions.. In.. 

beginning this calculation, it'was necessary to determine the 

composition of the hot fuel,,gas entering the second stage elbow 

combustor. ' The PERC report provided,information on the species ' 

concentrations of this hot fuel gas in terms .of mole fractions. 

These values 'haye been reproduced, and can be found in Table 11, 

page 45. Knowing these 'initial values, and recalling that PERC 

states that the second stage operates at an overall system 

stoichiometry of 95 percent, we are now able to culupleLely define 

the total initial reactants in terms of their moie fractions. 

Noting that the hot fuel gas enters the secorid stage at 2350 OK 

and the. extra oxygen enters at 298 OK (room temperature.), we 

are now prepared to use the chemical equilibrium code explainel 
I. 

earlier. . - 



Speci fy ing  t h e  mole f r a c t i o n s  of t h e  t o t a l ' i n i t i a l  re- 

a c t a n t s  a t  t h e i r  given i n p u t  tempera tures ,  and an equiva lence  

r a t i o  a t  which t h e  reac t , ion  i s  t o  occur ;  t h e  e q u i l i b r i u m  code 
. . 

. w a s  then  run i n  t h e  HP mode p rev ious ly  desc r ibed .  This  c a l c u l a t i t  
. . 

y i e l d e d  t h e  fo l lowing r e s u l t :  . . 

= 2908 .OK 
- T~~ 

where TAF r e p r e s e n t s ,  t h e  a d i a b a t i c  flame tempera ture .  T h i s  i s  

. t h e  gas  temperature t h a t  w e  would o b t a i n  i f  t h e  foll,owing as-  
. . 

. .sumptions were made: . . . . . . .  . . 

(i) t h e  v e l o c i t y  o f  t h e  gases  and condensed phases 

i s  s m a l l  enough s o  t h a t  t h e  c o n t r i b u t i o n  o f  

. . k i n e t i c  energy t o  an  o v e r a l l  energy ba lance  i s  

n e g l i g i b l e  ( the reby  r e p r e s e n t i n g  ' t h e  combustor 

energy as completely random the rmal  e n e r g y ) ,  

(ii) t h e  combustion occurs  as an  i s o b a r i c  p rocess ,  . . 

(iii) t h e  combustion products ,  a r e  g a s e s  and, i n  

. . p a r t i c u l a r ,  behave l i k e  p e r f e c t  g a s e s ,  
. . 

( i v )  t h e  combustion p rocess  i s  a d i a b a t i c .  

The f i r s t  t h r e e  assumptions a r e ' g e n e r a l l y  r e a s o n a b l e  f o r  a 

. combustor problem of  t h i s  type , . .whi le  t h e  f o u r t h  one i s  a more 

i d e a l i s t  j c  approximation. Th i s  assumpt ion ,  presumes t h a t  t h e r e  

i s  no h e a t  t r a n s f e r r e d  t o  o r  from t h e  gas  d u r i n g  r e a c t i o n .  

'Therefore,  t h e  e n t i r e  en tha lpy  of  r e a c t i o n .  would b e u t i l i z e d i n  

r a i s i n g  t h e  tempera ture  i n  t h e  c h a m b e r .  T h i s  v a l u e  i s  u s e f u l  

s i n c e  it r e p r e s e n t s  a t h e o r e t i c a l ,  i d e a l  w i t h  which t o  compare . 

a c t u a l  r e s u l t s .  

.Once this had been done, t h e  chemical code was then  run 

assuming a c o n s t a n t  tempera ture  and p r e s s u r e  p rocess .  While 
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the pressure was maintained constant at 6 atm., the temperature - 

was varied from 2200 OK to 3400 OK in increments of 100 OK. T--- - 

values obtained at these positions; that is, the mixture's mo' -. 

individual species' enthalpies and mole fractions were also 

stored on date files. These values were to be used to furnish 

the detailed information necessary to determine the variables W, 

c PI k , d k , Y # H i  (T), and c! 1 and c!' 1 as functions of the combustor 

axial distance. (These variables were defined previously in 

Section 11). With this information available, a more complete 

analysis of the actual chemical reaction undergone by the 

combustor could now be performed. Of course, the basic assumption 

made in using this chemical equilibrium code.to model these 

combustor parameters is that the chemical reactions defining the.. 

combustion of these gases occur at infinitely fast rates. This - 

is also assumed true for any recombination or dissociation that 

may take place. Therefore, the gases in the combustor are said 

to achieve chemical equilibrium instantaneously at each locatipn 

along the combustor's length; and we will not concern this 

, analysis with finite-rate reaction techniques. 

Starting with the definition describing the adiabatic flame 

temperature, as given by Sforza [16], we have: 

AQ = EC; H ~ ( T ~ ~ )  - 1 C; H~(T~) = o . . (59 

where Tois the initial temperature of the reactants, and the 

other variables are as previously defined. Subtracting the 



has  been found t h a t  t h e  m a j o r i t y  of  t h e  r e a c t i o n  w a s  s een  t o  

occur  w i t h i n  f i n i t e  d i s t a n c e  down t h e  combustor l e n g t h .  When 

I comparing tempera ture  o r  v e l o c i t y  p r o f i l e s ,  as g iven  by Figs:(l) - 
( 4 )  , w e  see t h a t  t h e  m a j o r i t y  of t h e  change i n  t h e s e  parameters  

occurs  w i t h i n  10 t o  1 5  ' o f '  t h e  t o t a l  combustor l eng th .  

A f t e r  t h i s  i n i t i a l  j u m p , t h e s e  v a l u e s  g r a d u a l l y  l e v e l  o f f  t o  

t h e i r  f i n a l  r e s u l t s .  . 

Using t h e  informat ion  provided by Table 11 a n d  t h e  chemical 

' e q u i l i b r i u m  code, t h i s  combustor s t a g e  was : t h e n  modelled u t i l i z i n g  

t h e  quasi-one-dimensional equa t ions .  I n  t h i s c a s e ,  s i n c e  t h e  

I a d i a b a t i c  flame tempera ture  had been c a l c u l a t e d ;  and s p e c i e s  

e n t h a l p i e s  where knownas a f u n c t i o n  of  te 'mperature,  a g l o b a l  

chemical h e a t  r e l e a s e  could be de termined f o r  t h i s  combustor 

u t i l i z i n g  Eq .  ( 6 1 ) .  I t  i s  noted h e r e  t h a t  o n l y  t h e  s p e c i e s  en- 

I . .  

' t h a l p i e s  o f  t h e  o r i g i n a l  n i n e  reac ' t ing  s p e c i e s  were r e t a i n e d  as 

f u n c t i o n s  of  temperature.  Therefore ,  they  were t h e  only  s p e c i e s  



I cons idered  when de termining  t h e  chemical h e a t  r e l e a s e .  While 

o t h e r  s p e c i e s  had formed due t o  recombination and d i s s o c i a t i o n ;  -. 

, t h e i r  c o n c e n t r a t i o n s  over  t h e  tempera ture  range a t  hand were-so  

s m a l l  as n o t  t o  war ran t  t h e i r  i n c l u s i o n .  It was found t h a t ' t h e  

change i n  c o n c e n t r a t i o n  of t h e  i n i t i a l  r e a c t a n t s  w a s  t h e  pre- 

dominant i n f l u e n c e  on t h e  thermal  a s p e c t s  o f  t h e  combustion 

problem. Th i s  t o t a l  chemical h e a t  r e l e a s e  w a s  t h e n  d i s t r i b u t e d  

i n  a l i n e a r  f a s h i o n ,  over  t h e  f i r s t  10 p e r c e n t  o f  combustor 

l eng th .  S i n c e  t h i s  c a s e  assumed an a d i a b a t i c  p r o c e s s ,  there 

were no r a d i a t i v e  h e a t  l o s s e s  cons idered .  Thus, w e  have de f ined  

t h e  energy terms r e q u i r e d  t o  make use  o f  o u r  one-dimensional . . . 
equa t ions .  F r i c t i o n a l  losses w e r e  cons idered  u s i n g  t h e  t a b l e s  

of  f r i c t i o n  f a c t o r s  s u p p l i e d  by Heywood and Womack. Changes ' 

due t o  d r a g  and a r e a  change . w e r e  assumed n e g l i g i b l e  f o r  t h i s  . . case.' 

With t h i s  in fo rmat ion ,  t h e  one-dimensional equa t ions  were .. 

used t o  c a l c u l a t e  new va lues  f o r  t h e  dependent v a r i a b l e s  a s  they  

a r e  l i s t e d  j.n Table I. These c a l c u l a t i o n s  w e r e  cont inued,  i n  

an inc rementa l  f a s h i o n ,  a long t h e  ' e n t i r e  combustor l eng th .  A t  

each s t a t i o n  new v a l u e s  o f '  k ,  y , and W w e r e  used,  'having  been ' 

d e t e r m i n e d a s  f u n c t i o n s  of tempera ture  by t h e  chem'ical e q u i l i b r i u m  
. . 

code. The s p e c i e s  mole f r a c t i o n s  were a l s o  updated i n  t h i s  manner. 

Since  t h e  v a r i a t i o n s  i n  t h e s e  p r o p e r t i e s  were smooth, a  s imple 

l i n e a r  i n t e r p o l a t i o n  scheme w a s  used t o  o b t a i n  t h e  a c t u a l  v a l u e s  

f o r  t h e s e  v a r i a b l e s  a t  t h e  tempera ture  corresponding t o  each 

a x i a l  l o c a t i o n .  S ince  a l a r g e  number of p o i n t s  were o r i g i n a l l y  

determined f o r  t h e s e  parameters  u t i l i z i n g  t h e  e q u i l i b r i u m  code . 

TP process ,  t h i s  l i n e a r  scheme proved t o  be bo th  a c c u r a t e ' a n d  

e f f i c i e n t .  It was found t o  b e  commensurate w i t h  t h e  a c c u r a c y  
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obtained i n  employing t h e  quasi-one-dimensional f low- f i e ld  
* 

equat ions .  

The r e s u l t s  ob ta ined  u t i l i z i n g  t h i s  model can be seen a s  

F igs .  ( 6 )  - ( 7 )  on pages 52 and 53 r e s p e c t i v e l y .  These p l o t s  

can be seen  t o  fo l low e x i s t i n g  t r e n d s .  It is no ted ,  t h a t  t h e  

chemical h e a t  r e l e a s e  was conf ined  t o  t h e  f i r s t  0.145 m. of t h e  

t o t a l  1.45 m. l e n g t h . '  This  a long  wi th  t h e  f a c t  t h a t  no r a d i a t i v e  

h e a t  l o s s e s  w e r e  assumed, r e s u l t e d  i n  t h e  " f r e e z i n g "  of  t h e  

temperature and v e l o c i t y  a f t e r  t h i s  s h o r t  d i s t a n c e .  That i s  t o  

say ,  t h a t  t h e  changes i n  W, k ,  y ,  and c w e r e  v e r y - s m a l l  from 
P 

t h i s  p o i n t  on,  and cou ld  n o t  a l ter  t h e  dependent v a r i a b l e s  

appreciably.  a f t e r  ' . t h i s  p o i n t .  This  shows t h a t  t h e  chemical ,  

h e a t  r e l e a s e d  i s  a major f a c t o r  t h a t  r e s u l t s  i n  t h e  g r e a t e s t  

changes t o  t h e s e  v a r i a b l e s .  

V.3 Model Inc lud ing  R a d i a t i v e  Heat ~ b s s e s  

The above a n a l y s i s  was repeated, ,  t h i s  time assuming t h a t  

a f t e r  t h e  chemical h e a t  was r e l e a s e d  - a d i a b a t i c a l l y ,  r a d i a t i v e  

h e a t  l o s s e s  would occur  f o r  t h e  remaining l e n g t h  of t h e  combustor. 

Since a  w a l l  tempera ture  f o r  t h i s  combustor was n o t  s p e c i f i e d ,  

t h e  r a d i a t i v e  h e a t  l o s s  equa t ion  developed by Heywood and Womack 

' (shown as Eq . (45) )  was no t  used. Rather ,  PERC s p e c i f i e d  a t o t a l  

h e a t  l o s s  through t h i s  s e c t i o n  o f  approximately 40 cal./gm. Th i s  

va lue  was d i s t r i b u t e d  l i n e a r l y  a long  t h e  combustor l eng th .  T h i s  

r e p r e s e n t s  on ly  a  s m a l l  p o r t i o n  o f  t h e  va lue  o b t a i n e d  f o r  AH, 

which i s  approximately 350 cal./gm. (Reca l l  t h a t  AH r e p r e s e n t s  

t h e  t o t a l  h e a t  r e l e a s e d  due t o  chemical r e a c t i o n ) .  Thus w e  see, 

. a s  was t h e  c a s e  wi th  t h e  Argonne combustor, t h a t  t h e  t o t a l  h e a t  



loss due to radiation is only a. small fraction of that heat 

liberated due to chemical reaction. This has been shown. to ._ 
/ 

be the case, even when the combustor diameter has approached . . 
. .. 

one third to one half of the total overall length. This result 

lends credibility'to the adiabatic process previqg?ly ! .. assumed. 
'r .*. . 

The temperature and velocity plots obtained assuming radiative 

. heat loss can be found on pages 54  and 55. A table comparikg the 

species concentrations obtained at the end of the second stage. 

combustor using the. one-dimensional analysis wilh those yaluea 

' given by ,PERC appears on page '46. It can be seen that these 

values are'close to those stated by PERC. Discrepancies arise . 

since these concentration values are a function of temperature, 

and the one-dimensional analysis did not match the exit temperature 
. . 
given by PERC exactly. More will be said about these. results 

.- . . . 

in the section to follow. . . 

Fig.(lO), which appears on page .56, shows the concentrations 

of the major species as they vary along the combustor length. 
I 

The trends shown by this figure are in agreement with the work 
. . . . 

performed by Chung and smith. . . .  

Fig. (ll), which can' be found on page. 57, was included to 

show the difference between the values of y and k, which represent 

the ratio of sensible'. specific heats and the. ratio of total 

specific heats, respectively. Thus, a difference between these 

two variables can be.noted for the combustor'problem at hand. 

It is noted here, for the sake of uniformity, that all of 

the figures appearing in this work show the results obtained with- 

this process versus axial location. The combustor axial locati 

was denoted as z in the flow-field equation development. All 





VI. CONCLUSIONS AND DISCUSSION 

I n  t h e  Argonne case  s t u d y ,  t h e  quasi-one-dimensional 
. . 

a n a l y s i s  y i e l d e d  r e s u l t s  t h a t  w e r e  c o n s i s t a n t  wi th  t h e  o p e r a t i ~ t j  . 
. - 

, c o n d i t i o n s  give,n. The ,  method used i n  e v a l u a t i n g  t h e  o v e r a l l  

chemical  h e a t  r e l e a s e d  due t o  r e a c t i o n  was r a t h e r  cumbersome. 

While it w a s  a s imple  t a s k  t o  have t h e  f low-f i e ld  equa t ions  

y i e l d  t h e  p r o p e r  r e s u l t s  by va ry ing  AH; it was d i f f i c u l t  t o  

o b t a i n  v a l u e s  f o r  B 1 ,  B2, and z l  f o r  t h e  S-shaped curve  t h a t  

would a o o u r a t ~ l y  depict tho required dlst.r~boti..fif, kk t h l . ~  heat 

r e l e a s e .  T h u s , . w h i l e  . e x i t  c o n d i t i o n s  could be o b t a i n e d  t o  match 

the v a l u e s  g iven  i n  t h e  l i t e r a t u r e ,  i t  w a s  a formidable t a s k  t o '  

o b t a i n  t h e p r o p e r  v a r i a t i o n  of t h e s e  parameters  as f u n c t i o n s  of 
. . 

axia l  1o;ation. T o  do  t h i s ,  a more a c c u r a t e  method was needed . . 

t o  determine t h e  chemical  h e a t  r e l e a s e  and any. h e a t  l o s s e s  
- 

' . which might occur .  
' . -  . . 

To improve t h i s  s i t u a t i o n ,  an e x i s t i n g  chemical e q u i l i b r i u m  

code was u t i l i z e d .  Now, g iven  a known q u a n t i t y  of  i n i t i a l  re- 

. a c t a n t s ,  it was, p o s s i b l e  t o  o b t a i n  t h e  requi&ed chemica.1 p roperb ies  

needed t o  model t h e  ' c o a l  combustor wi th  the,  f low- f i e ld  equa t ions  . . 
, . 

developed. 

For t h e  PERC two-stage combustor c a s e ,  it i s  r e c a l l &  t h a t  

an a d i a b a t i c  flame temperature o f  2908 OK was o b t a i n e d  wi th  t h e  
: .  

e q u i l i b r i u m  code. When t h e  quas'i-one-dimensional e q u a t i o n s  

where u t i l i z e d  w i t h  a l i n e a r  chemical h e a t  d i s t r , i b . u t i o n a s  

d e s c r i b e d e a r l i e r ;  both t h e a d i a b a t i c  arid r a d i a t i v e  h e a t  loss 

c a s e s  r e s u l t e d  i n  a va lue  o f ,  2850 OK a t  t h i s  ' l o c a t i o n .  For  t h e  . 

a d i a b a t i c  c a s e ,  t h i s  temperature remained c o n s t a n t  u n t i i  t h e  en . 

I of t h e  combustor. This  was due t o  t h e  f a c t  t h a t  t h e  chemical 

i 



h e a t  r e l e a s e  due t o  r e a c t i o n  was assumed complete and t h e r e  

w e r e  no h e a t  l o s s e s  t o  d iminish  t h i s  temperature.  For  t h e  case  
-. 

al lowing ' f o r  r a d i a t i v e  h e a t .  l o s s e s ,  . t h e  f i n a l  tempera ture  

obta ined  . . a t  t h e  combustor e x i t  was 2806 -OK. The. e x i t  tempera ture  

s p e c i f i e d  by PERC was 2870 OK. 

PERC a l s o  l i s t e d  an exhaus t  Mach number o f  0.05 a t  a p r e s s u r e  

of  6 atrn. The results ob ta ined  f o r  both t h e  a d i a b a t i c  and h e a t  

l o s s  c a s e s  were 0.07 and 5.99 a t m . ,  r e s p e c t i v e l y .  Thus, it can 

be seen t h a t  t h e  f low-f i e ld  equat ions .  developed can a c c u r a t e l y  . 

p r e d i c t  t h e  a c t u a l  r e s u l t s .  

Upon examinat ion of t h e  one-dimension equa t ions  de r ived ,  

it i s  seen  t h a t  t h e  v a r i a b l e s  dk and dH a c t u a l l y  r e f e r  t o  
. . 

d i f f e r e n c e s  between - the  f i n a l  and i n i t i a l  v a l u e s  o f  t h e s e  

parameters .  While t h e s e  v a r i a b l e s  a r e  r e q u i r e d  t o  determine . . t h e  

f i n a l  t empera tu re  ( f o r  each increment  over  which t h e  one-di-  

mensional equa t ionswere  a p p l i e d )  , t h e i r  a c t u a l  f i n a l  v a l u e s  

are n o t  known u n t i l  t h i s  tempera ture  is  obta ined .  I n  t h e  case  

of t h e  t e r m  dk, t h e  va lues  used . laggede . t h e  c a l c u l a t i o n .  by one 

increment.  . . I n  o t h e r  words, dk w a s  r ep resen ted  as t h e  i n i t i a l  

k minus t h e  f i n a l  k  o f  t h e  p rev ious  s t e p .  Th i s  w a s  viewed a s  

accep tab le  s i n c e  a  curve  of  k  v e r s u s  temperature proved t o  be 

smooth, and t h e  incrementa l  s t e p  chosen was very  smal l .  For  

t h e  dH t e r m ,  a  g l o b a l  chemical h e a t  r e l e a s e  w a s  i n i t a l l y  calL 

c u l a t e d  assuming t h a t  t h e  r e a c t i o n  proceeded t o  t h e  a d i a b a t i c  

flame tempera ture  w i t h i n  a  s p e c i f i e d  d i s t a n c e  down t h e  com- 

b u s t o r  l e n g t h .  Th i s  va lue  was chosen as be igg  on t h e  o r d e r  of  
, . 

10 percesit of t h c  t o t a l  length. The t o t a l  chemical h e a t  re- 

l e a s e  o b t a i n e d ,  a s  c a l c u l a t e d  by E q . ( 6 1 ) ,  was then  d i s t r i b u t e d  



0ve.F this specified length. An adiabatic process,' or one 

allowing for radiative heat losses was then assumed to occur 

from this specified length until the end of the combustor. . - 

The results obtained in this manner have been shown to conform 

well with e.xpected exit parameters. . ' , 

A possible way of improving on these results would be to . . 

set up some sort of prediction-correction iterative scheme. An 

initial value for. the final temperature could be assumed. Exact 

values for dk and dH (making use of Eq.(34)) could then be ob- 

tained. These values could then be used by Che flow-ficld 

equations to actually calculate the final temperature. This 

process could continue in an iterative fashion at each in- 

. cremental step until the initially assumed value.for the final 
. . 

temperature was within a given tolerance of the calculated' , ,  

. . 

final temperature. 
. . 

. . . . 
. . 
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TABLE I. I N F L U E N C E  C O E F F I C I E N T S  F O R  QUASI-ONE-D.IMENSIONAL FLOW 



11. FIRST STAGE GASIFIER EXIT GAS COMPOSITIONS 

Mole F r a c t i o n  



TABLE 111. SECOND STAGE COMBUSTOR EXIT GAS COMPOSITIONS 

Component 

N2 

co* 

co 

OH 

NO 

KOH 

K 

Mole ~raction 

+ PERC* -- 
0.446 

0.221 

0.082 

. 0.176 

0.025 

0.005 

0.009 

0.003 

0.003 

*NOTE: Second stage includes aqueous seed solution. 



; FIG. I ARGONNE CASE :. FIRST STAGE OF A TWO-STAGE COMBUSTOR 



FIG. 2 ARGONNE CASE: FIRST STAGE OF A TWO - STAGE COMBUSTOR 
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I n  I FIG. , 3 ARGONNE CASE:. SINGLE STAGE COMBUSTOR 
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FIG. 4 ARGONNE CASE: SINGLE STAGE COMBUSTOR 
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FIG. 6 PERC CASE : ADIABATIC ' CASE WITH CHEMIC~L HEAT 
RELEASE' . '  . 





- FIG. 8 ' PERC CASE: CHEMICAL ' HEAT RELEASE W lTH RADIATIVE 
: & a ,  

HEAT LOSS . . 



; . FIG. 9 PERC CASE: CHEMICAL HEAT RELEASE WITH RADIATIVE 
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HEAT LOSS 
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Abs t r ac t  

T h e  d e p a r t u r e  from an equ i l i b r ium gas phase behavior i s  des- 

c r i b e d  i n  o r d e r  t o  o b t a i n  t h e  rate of mass l o s s  M of a pure  ca r -  

bon p a r t i c l e  immersed i n  an ox id i z ing  atmosphere over a wide 

range of  ~ a m k a h l e r  numbers DCl ( r e p r e s e n t i n g  e i t h e r  t h e  p a r t i c l e  
7 

s i z e  o r  t h e  ambient pressure}. .  
- 

Unlike t h e  equ i l i b r ium l i m i t  

( D g + 4  i n  which. M depends s o l e l y  on t h e  i n d i r e c t  ox ida t ion  C+C02, 

t h e  p r e s e n t  a n a l y s i s  a l lows  a s m a l l  leakage of oxygen through t h e  - 

flame s o  t h a t  M depends on t h e  d i r e c t  ox ida t ion  C+02 as w e l l .  
. . 

Furthermore, t h e  s t r u c t u r e  of a t h i n  b u t  f i n i t e  flame where t h e  . . 

CO ox ida t ion  t a k e s  p l a c e  i s  analyzed and i t s  i n f l u e n c e  on M i s  de- 

termined.  I t  l e a d s  t o  a minimum va lue  D 4 ' ( o r  p a r t i c l e  s i z e )  be- 

low which the CO+02 flame cannot  p e r s i s t  and t h e  gas phase i s  

n e c e s s a r i l y  f rozen .  When the flame e x i s t s ,  it s t ands  a t a  w e l l  

d e f i n e d d i s t a n c e  from the p a r t i c l e  and i n  p a r t i c u l a r  it can be 

a d j a c e n t  t o  it: t h i s  depends on t h e  p a r t i c l e  size and on i t s  

s u r f a c e  temperature.  Both. c a s e s  have been analyzed i n  t h e  p r e s e n t  

s tudy  . 

Supported by t h e  U.  S. Department of  Energy, MHD ~ i v i s i o n ,  under 
Con t r ac t  No. ET-78-C-01-3084. I I 
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INTRODUCTI'ON 

The theory  of  t he  quasi -s teady burning of a carbon p a r t i -  

c l e  immersed i n  an o x i d i z i n g  atmosphere c o n s i s t s  of  two b a s i c  

models (Spaldfng,  1955) . One, f i r s t  proposed by Nusse l t  (1924) , 

assumes t h a t  t h e  only  ox ida t ion  occurs  a t  t h e  s u r f a c e  of  t h e  

p a r t i c l e  producing CO and/or C 0 2  ( t h e  l a t t e r  is  formed a t  low 

temperature  o n l y ) .  Fig .  l a  i s  a schematic r e p r e s e n t a t i o n  of 

t h i s  model when t h e  only  product  is carbon monoxide. The second 

model (Fig .  l b )  proposed by Burke and.Schumann (1934) assumes 

. t h a t  carbon i s  consumed due t o  t he  r e a c t i o n  wi th  C 0 2  whi le  t h e  

CO t hus  formed r e a c t s  wi th  oxygen a t  a ' flame s h e e t  t o  form C 0 2  . , 

( s e e  a l s o  Avedesian and Davidson, 1973) .  

Research t o  determine the  v a l i d i t y  of t h e  models has been 

c a r r i e d  o u t  by many i n v e s t i g a t o r s  and summarized by Caram and 

Amundson (1977) .  Most of  t h e  modell ing work s ta r t s  wi th  a given 

model and checks t h e  v a l i d i t y  of  t h e  assumptions. By c o n t r a s t ,  

t h e i r  s tudy  is  based on t h e  conserva t ion  l a w s  of m a s s  and energy 

w i t h  s u r f a c e  heterogeneous r e a c t i o n s  lumping all the i n t r a p a r t i -  

c l e  e f f e c t s .  I n  t h e  parameter p lane  of  t h e  s u r f a c e  temperature  

versus  t h e  ambient temperature they w e r e  a b l e  t o  determine t h e  

reg ions  where s o l u t i o n s  of t h e  conserva t ion  equa t ions  can be 

found. The p r e s e n t  s tudy  assumes t h a t  t h e  s u r f a c e  temperature Ts 

i s  given and i n  t ak ing  t h i s  approach t h e  work is more c l o s e l y  re- 

l a t e d  t o  t h e  c u r r e n t  paper by Libby and Blake (1979) .  Our goa l  i s  

t o  determine t h e  burning r a t e  M ( t h e  r a t e  of p a r t i c l e  mass l o s s )  

and i t s  dependence on the  heterogeneous Damkohler numbers (Ds ,  

a ) and on t h e  homogeneous Damkohler number ( D  ) .  Note t h a t  a r e l a -  
9 g 

t i o n  between M and t h e  Damkohler numbers i s  i n d i r e c t l y  a r e l a t i o n  



between M and t h e  p a r t i c l e  r a d i u s  a  because Ds and Bs a r e  l i n e a r -  

2  l y  p r o p o r t i o n a l  t o  a  and D t o  a  . 
g 

Libby and Blake (1979) examined both f rozen  and equ i l i b r ium 

gas  phase  and determined t h e  bu.rning r a t e  M i n  each case. For t h e  

. . e q u i l i b r i u m  l i m i t  they found t h a t  M depends s o l e l y  on . ' t he  i n d i r e c t  
. . . . 

o x i d a t i o n  C + C 0 2  because t h e  homogeneous r e a c t i o n  w a s  assumed t o  

be i n f i n i t e l y  f a s t  and i n  t h e  absence of  oxygen t h e  d i r e c t  oxida- 

t i o n  C + . a .  is n o t  a c t i v e .  The maximum va lue  f o r  t h e  burning r a t e  2 . . 

say M2, i s  ob ta ined  when t h e  heterogeneous r e a c t i o n  i s  d i f f u s i o n  

c o n t r o l l e d .  A 1 1  t h e  va lues  below M2 a r e  a t t a i n a b l e  depending on 

t h e  p a r t i c l e  s i z e  and t h e  s u r f a c e  temperature .  I n  ou r  t r ea tmen t  of 

t h e  problem w e  cons ide r  a  t h i n  b u t  f i n i t e  fl-e f o r  t h e  homogeneous 

r e a c t i o n  CO + O2 and i n  p a r t i c u 1 a r d i s c u s s  i t s  s t r u c t u r e .  When the  
.. - 

gas  phase Damkohler number D + w  w e  r e c o v e r t h e  equ i l i b r ium l i m i t  
4 

b u t  as D is  lowered a d e p a r t u r e  from equ i l i b r ium occurs  and t h e  
g  

. b u r n i n g  r a t e  depends on a l l  t h r e e  r e a c t i o n s  mentioned above (see 

'also Fig.  1) .  Although. it has  been recognized t h a t  they a l l  p lay a  
I 

c e r t a i n  r o l e  i n  t h e  p roces s ,  t h e  i n t e r p l a y  between homogeneous and 

heterogeneous r e a c t i o n s  have n o t  been f u l l y  explored.  Only l i m i t e d  

c a s e s  have been d i scussed  (Fende l l ,  1969) .  

Another new f e a t u r e  uncovered i n  t h e  p r e s e n t  s tudy  i s  t h e  e x i s -  

t ence  of a  minimum DO below which t h e  ox ida t ion  of carbon monoxide 
9  

i s  n o t  possj .hle and t h e  gas phase i s  n e c e s s a r i l y  f rozen .  Thus, t he  

burning rate has  a  minimum va lue  Mex (see F i g . . 6 )  which corresponds 

t o  e x t i n c t i o n .  The o t h e r  s i t u a t i o n  corresponding t o  a  weak gas- 

phase reac ' t ion and which f o r  smal l  Damkohler numbers reduces t o  the 

f rozen  l i m i t , w i l l  be  d i scussed  i n  a  fol lowing paper .  This c a s e  i s  

expected t o  determine the i g n i t i o n  cond i t i ons  and a s  a  consequence 



t he  whole response of  M ve r sus  th,e Damkonler nwnbers may be con- 

s t r u c t e d .  
7 - 

I n  formulat ing t h e  problem a s p e c i f i c a t i o n  of t h e  d i f f e r e n t  

chemical r e a c t i o n s  t ak ing  p l ace  dur ing  the process  i s  r equ i r ed .  

I t  has been assumed t h a t  t h e  primary r e a c t i o n s  p l ay ing  a dominant 

r o l e  a r e  t h o ~ e  shown i n  Fig .  1 . and' t h a t  t h e  heterogeneous reac- 

t i o n s .  a r e  f i r s t  o r d e r , a s . d i d  C a r a m  and Amundson (1977),  Libby and 

Blake (1979) and o t h e r s .  I n  gene ra l ,  t h e  temperature a t  t h e  

p a r t i c l e  su r f ace  TS is  an unknown which must be de f ined  i n  t h e  

course  of f i n d i n g  t h e  s o l u t i o n .  But f o r  a n a l y t i c  convenience 

was taken .as a given va lue  and t h e r e f o r e  the cont roversy  of  

whether t he  r e a c t i o n  r a t e s  conform a w e l l  d e f ined  Arrhenius law 

was avolded. The more p r e c i s e  boundary condi t ion  f o r  t h e  tempera- 
- - 

t u r e  given by an energy balance a t  t h e  p a r t i c l e  s u r f a c e ,  w i l l  be 
, - 
. . addressed i n  a later  s tudy.  

The formulat ion of t h e  problem is given i n  t h e  nex t  s e c t i o n  

a f t e r  which t h e  method of a n a l y s i s  i s  d i scussed .  B a s i c a l l y  a c t i -  

v a t i o n  energy asymptot ics  has  been employed (Williams 1971, Ludford 

1977) i n  o rde r  t o  conf ine  t h e  gas phase r e a c t i o n  t o  a t h i n  d i f f u s i v e -  

r e a c t i v e  zone which can be analyzed and matched wi th  t h e  convect ive-  

d i f f u s i v e  o u t e r  f lows.  The flame s t r u c t u r e  i s  s i m i l a r  t o  t h e  one- 

dimensional flames d i scussed  by ~ i f i s n  (1974) and Matalon e t  a 1  

(-1979). Note a l s o  t h e  work by Buckmaster (1975) and Law (1975) on 

the  analogous problem of d r o p l e t  combustion of l i q u i d  f u e l s .  



FORMULATION 
a .. 

Consider a spherical carbon particle (Fig. 1) immersed in 

an ambient atmosphere of oxidant-inert mixture. The oxidant in 

general diffuses towards the particle and two oxidation regions 

exist; one at the surface where carbon monoxide is formed by the 
f 

direct (C + 02) and indirect (C + COZ) oxidation of carbon and . 

the other, in the gasphase where CO oxidized to C02. Although 

the particle size continuously varies as carbon is consumed, the 

quasi-steady state approximation neglects this effect. Its 

justification lies in the large ratio o f  carbon to gas density 

which implies a slow rate of change.in the partf.cle size. Thus, 

for any particle diameter all physicochemical processes are assumed 
L 

steady. . We also assume that spherical symme.try exists so that 

the overall continuity equation can be integrated to give 

2 r pv = M (= constant) ' (1 

where p is the mixture densi,ty and r, v are the' radial coordinate 

and velocity respectively. The term "burning rate" is usually - 

given to M and we shall adopt it, Since the mass flux is given 'by 

pv = ~ / r *  , the momentum equation plays no role other than determin- 

ing the small pressure variations and will not be considered. 

The chemical species assumed present in the gas phase are CO, 

O2 ' C02 and inert (usually N2) and the subscripts 1-4 will be used 

respectively. If the homogeneous reaction is 

then the species mass balance equations and the overall energy equa- 



t i o n  w r i t t e n  i n  a  dimensionless  form, a r e :  

. . 

where t h e  convec t ive-d i f fus ive  o p e r a t o r  L i s  given by . '  

Y. 1 i s  t h e  mass f r a c t i o n  of s p e c i e s  i ,  T t h e  mixture temperature  and 

o which depends on t h e  s toch iome t r i c  c o e f f i c i e n t s  of r e a c t i o n  ( I )  

and on t h e  molecular  weights  of t h e  va r ious  s p e c i e s , i s  g iven by 

a = m  0, /2m~02 (=  . 3 6 )  . 
I n  making t h e  v a r i a b l e s  dimensionless  w e  chose a ,  Q/cp and ha/c P 

- .  a s  t h e  c h a r a c t e r i s t i c  va lues  f o r  l eng th ,  temperature  and mass f l u x  

' r e s p e c t i v e l y ,  where a  i s  t h e  ins tan taneous  p a r t i c l e  r a d i u s ,  h t h e  - .  . .  . 
. c o e f f i c i e n t  of h e a t  conduction,  c  P  t h e  common s p e c i f i c h e a t  and Q 

t h e  h e a t  of r e a c t i o n  (I)  per  u n i t  mass of C 0 2 .  , The r e a c t i o n  i s  assumed t o  

be second o rde r  and i t s  r a t e  descr ibed  by an Arrhenius l a w  a s  ex- 

per imenta l  observa t ions  i n d i c a t e ;  see f o r  example H o t t e l  e t  a1 

(1.965) and Howard e t  a 1  (1973) .  Thus, w e  w r i t e  

. 2  n = ~ , p  yly2 'I2 exp ( -B/T)  

. . 

where D g  i s  t h e  gas-phase Damkohler number given by 

m ~ 0 2  kc .  3  

D = (  
1 / 2  2 2  

1/2 a Po . ( 4 )  
'3 

rncomo2 mH20 

Here, k  i s  t h e  pre-exponent ia l  f a c t o r ,  po t h e  uniform p re s su re  

and YH is the  mass f r a c t i o n  of  water  vapor which presence s e r v e s  
2 

a s  a a a k a l y s t  t o  t h e  CO ox ida t ion .  The  amount of water  vapor i s  



s m a l l  enough s o  t h a t  Yg can be cons idered  a s  a parameter:  e l s e -  
2 

w h e r e  it is  inc luded  i n  Y T h e  o t h e r  parameters  a f f e c t i n g  D 4 ' 53 

a r e  t h e  p a r t i c l e  r a d i u s  a  and t h e  ambient p re s su re  p  assumed 
0 .  

cons t an t .  I n  (3 )  t h e  d e n s i t y  was 'made dimensionless  by C ? p o / ~ P  

and t h e  equa t ion  of s t a t e  becomes pT = 1. I t  should be mentioned 

t h a t  i n  w r i t i p g  equs.  ( 2 )  it has been assumed t h a t  a l l  s p e c i e s  

have equa l  and c o n s t a n t  s p e c i f i c  h e a t s ,  t h a t  the d i f f u s i o n  coef-  

f i c i e n t s  a r e  a l l  e q u a l a n d  that the Lewis number i s  one. 

Far  away from t h e p a r t i c l e  a l l  p r o p e r t i e s  a r e  known and con- 

. . s t a n t  , , , 

Yi = Y i m  f o r  i = 1 . ,4  I T = T-  a s  rjm. (5 

A t  t h e  p a r t i c l e  s u r f a c e  w e  assume t h a t  t h e  temperature  i s  given 

and avoid w r i t i n g  an energy balance which.  l eads  t o  a d d i t i o n a l  non- 

l i n e a r i t i e s  i n  t h e  boundary cond i t i ons .  Mass conserva t ion  a t  t h e  

s u r f a c e  r e q u i r e s  t h a t  t h e  n e t  m a s s  f l u x  equa l s  t h e  r a t e  of consump- 

t ion /produc t ion  p e r  u n i t  a r e a  by the  heterogeneous chemical reac- 

t i o n s .  W e  cons ide r  bo th ,  t h e  d i r e c t  ox ida t ion  of carbon 

and i ts  r educ t ion  by carbon-dioxide 

and assume ( F i e l d  e t  a l ,  Dut ta  e t  a l ,  

f i r s t  o rde r  r e a c t i o n s .  Then, t h e  cond i t i ons  

t h a t  they a r e  



where Ds and Es a r e  t h e  s u r f a c e  ~amkoh. ler  numbers f o r  r e a c t i o n s  
. . 

. (11) and (111) ' r e s p e c t i v e l y ,  given by 

I n  w r i t i n g  t h e s e  r e l a t i o n s  we have used t h e  equa t ion  of s t a t e  

pT = 1 and l e f t  t h e  temperature  dependence of t h e  r e a c t i o n  r a t e s  

a r b i t r a r y ,  a  p o i n t  which w i l l  be d i scussed  l a t e r .  

Thegovern ing  equa t ions  sum t o  f i v e  second o r d e r  equa t ions  

(2)  wi th  t e n  boundary cond i t i ons  ( 5 , 6 ) .  The a d d i t i o n a l  equa t ion  

Y1 + Y 2 + Y 3 + Y q = 1  
(8 

r e s u l t i n g  from t h e  f a c t  t h a t  carbon is  a  n o n v o l a t i l e  m a t t e r  s e rves  

t o  determine M. I n  p a r t i c u l a r  i t s  dependence on t h e  Damkohler 

numbers is  a  p r i n c i p a l  ou tpu t  of t h e  s o l u t i o n  which i n d i r e c t l y  re- 

l a t e s  t h e  burning r a t e  t o  e i t h e r  one of t h e  parameters pI a .  TS. 

The problem w e  a r e  f ac ing  can be f u r t h e r  reduced i f  w e  r e a l i z e  
- .  

t h a t  f o r  a  proper  combination of t h e  mass f r a c t i o n s ,  t h e  source  

terms can be e l imina t ed  from bo th , the  d i f f e r e n t i a l  equa t ion  and t h e  

boundary cond i t i ons  a t  r = 1. The r e s u l t i n g  l i n e a r  problem can be 

solved y i e l d i n g  

+ (1-a) ( Y 2 - Y 2 3  - M / r )  .a ( Y ~ - Y ~ , ~ ~  ( 9 )  

- M / r ) .  = 0 : + 2a (1-a) ( Y  3-Y ,e 

The  s o l u t i o n  f o r  t h e  i n e r t  m a s s  f r a c t i o n  is  a l s o  known 

- .  

s o  t h a t  t oge the r  w i t h  ( 8 ,9 )  w e  o b t a i n  

W r )  a ( ~ - e - ~ / ~ )  + (1-23) (Y2-Y200e 

- = + a (1-2a) (Yj-Yj,e I (11) 

7 



which i s  a r e l a t i o n  between Y2 and Yj only .  Consequently, one 

mass-fract ion equa t ion  remains t o  be so lved ;  t h e  o t h e r s  r e s u l t  

from ( 9 )  , ( 1 0 )  and (11) . Being a  non l inea r  two p o i n t  boundary 

va lue  problem, it i s  expected t h a t  m u l t i p l e  s o l u t i o n s  e x i s t  as 

po in t ed  o u t  b y  Caram and Amundson (1977).  Only one !solution 

w i l l  b e  addressed i n  what fol lows and t h e  cond i t i ons  under which 

it i s .  v a l i d  w i l l  be 'd i scussed .  



THE REACT.I.ON RATES 
. . 

. It  has  been mentioned above t h a t  t h e  homogeneous r e a c t i o n  (I)  
. . 

., may be considered a s  second o r d e r .  Thus , re ly ing  on t h e  c o r r e l a t i o n  

- - provided b y , ~ o w a r d  e t  a1 (1973) ,  we  f i n d  t h a t  t h e  a c t i v a t i o n  energy 

i s .  about  30 kcal/mol s o  t h a t  exp(-E/RT) i s  a t  most 5 . 1 0 - ~  f o r  

temperatures  below 2000K and becomes s i g n i f i c a n t  a t  only.:higher . 

temperatures .  ' This sugges t s  t h a t  t h e  chemical a c t i v i t y  may be con- 
\ 

f i ned  t o  a  t h i n  zone, o u t s i d e  of which t h e  r e a c t i o n  r a t e  i s  n e g l i g i -  

. b ly  smal l .  Formally,one can o b t a i n  t h i s  behavior  by assuming t h a t  
. . 

t h e  dimensionless  a c t i v a t i o n  energy 8 i s  l a r g e  (.Ludford, 1977, 

Williams 1971) .  A s  t o  t h e  Damkohler number, w e  use r e p r e s e n t a t i v e s  

va lues  f o r  t h e  va r ious  p r o p e r t i e s  i n  ( 4 )  and t a k e  k= 1.3.10 1 4  

3  cm /mol-s t o  o b t a i n  D = 4 . 2  YH 'I2 where a  i s  measured i n  
g 2 a Po 

microns and p  i n  atmospheres. The smal l  amount of  water vapor 
0 

. - 
presen t  in t h e  gas phase is  of t h e  o r d e r  YH 0-10-3 s o  t h a t  f o r  a  

2 
. .  - .  p a r t i c l e  s i z e  i n  t h e  range 10-100 pm and f o r  p re s su re s  1-10 atm, w e  

f-ind 1 s D  < l o b .  S ince D a t t a i n s  r e l a t i v e l y  l a r g e  va lues  w e  may 
g . 9 .  

w r i t e  

and i n  doing s o ,  d e f i n e  a characteristic.temperature Tc which i s  

i n d i r e c t l y  r e l a t e d  t o  t h e  a and po. Now t h e  chemical 

r e a c t i o n  rate con ta ins  t h e  f a c t o r  exp (8/Tc-8/T) which c l e a r l y  ha& 

d i f f e r e n t  o r d e r  of  magnitude f o r  l a r g e  8 depending on t h e  r e l a t i v e  

s i z e s  of T and Tc. 

The equ i l i b r ium gas phase l i m i t ,  d i scussed  by Libby and Blake 

(1979) i s  ob ta ined  when D exp (-8/T)+w. Then, a  f i n i t e .  S2 r e q u i r e s  
g 

Y ~ Y ~ ~ ' ~  E 0 which is  p o s s i b l e  only  when both CO and O2 a r e  t o t a l l y  

consumed a t  t h e ,  flame; i .e .  Y . =  0 f o r  r>r, (with  Y l m  = 0 )  and 1 -  , . , 



Y 2  5 0 f o r  r c r ,  where r, i s  t h e  l o c a t i o n  of t h e  flame. The temp- 

e r a t u r e  reached a t  r, is  t h e  so-ca l led  a d i a b a t i c  flame temperature 

Ta and t h e r e f o r e  t h e  equ i l i b r ium l i m i t  r e q u i r e s  TceTa. 

When t h e  c h a r a c t e r i s t i c  temperature  i s  c l o s e  t o  Ta t o  w i t h i n  

1/8 ,  say  Tc = Ta 
2 - (Ta / B )  tc, w e  ean w r i t e  t h e  r e a c t i o n  rate 

- -" 

i n  terms of t h e  reduced ~ a m k 6 h l e r  number D = etc. When D +a w e  
g  

.* -. g 
-I recover  t h e  e q u i l i b r i u m  l i m i t  (see appendix) s o  t h a t  D .  measures 

B 
t h e  depa r tu re  from equ i l i b r ium which is our  concern i n  t h e  p r e s e n t  

I n  ana lyz ing  t h e  combustion f i e l d ,  the r e a c t i o n  r a t e  R can be 

neg lec t ed  everywhere b u t  i n  a t h i n  reg ion  a t  t h e  neighborhood of 

r , ,  namely t h e  flame. Again Y1 Z 0 f o r  r>r, and Y 2  5 0 f o r  r c r ,  

b u t  on ly  t o  l e a d i n g  o r d e r ;  t hus  a l lowing  a  s m a l l  0(1/8)  leakage of 

r e a c t a n t s  through t h e  flame. . When t h e  flame i s  cont iguous t o  t h e  

p a r t i c l e  s u r f a c e  (r, = 1) , the oxygen is n o t  t o t a l l y  consumed a t  

t h e  flame and a  s l i g h t l y  d i f f e r e n t  t rea tment  i s  r equ i r ed  as w i l l  be 

d i scus sed  l a t e r .  

W e  t.urn ou r  a t t e n t i o n  now t o  t h e  heterogeneous r e a c t i o n s  (11) 

and (111). It  has  been assumed t h a t  they  a r e  bo th  f i r s t  o r d e r  a l -  

though t h i s  i s  of cons ide rab le  doubt i n  gene ra l  (Maahs 1971, Gray 

e t  a 1  1973) .  I t  should be  po in ted  o u t  t h a t  o t h e r  r e a c t i o n  o r d e r s  

can be used i n  t h e  fo l lowing  a n a l y s i s  wi thout  a l t e r i n g  the q u a l i t a -  

t i v e  r e s u l t s  s i g n i f i c a n t l y .  The temperature dependence of t h e  reac- 

t i o n  rates has  been l e f t  a r b i t r a r y  a t  t h i s  p o i n t  a s  i n  . ( 7 ) .  I n  do- 

i n g . ~ ~  w e  have avoided t h e  controversy of whether an Arrhenius form 

o r  a power law b e s t  r e p r e s e n t  t he  exper imental  d a t a  ( F i e l d  1969, 



Gray a t  a1 1973) .  For s p e c i f i c  calucations w e  have used the re la-  

t i o n s  provided by Caram and Amundson (1977) . Final ly  , . i t  should 

be mentioned that  for  a spec i f i ed  Ts a l l  t h e  Damkghler numbers are 
2 related;  i n  particular D (3 / D ~ ~ - D ~ E ~  . 

. . .  



FLAME AT THE INTERIOR OF THE GAS PHASE 

When the flame surrounding the particle stands at a distance 

r,>l, the mass-fraction profiles are obtkined from (8-11) 

together with Y1Y2 , 0. ~t will be convenient to 'introduce 
. . 

the values 

where w = (lr2a)/a. Then 

I M1-M/r 2 (1-a). 
[I - I for re, 

1-* 2cc , 8 

f o r  rcr, . 



r e a c t i o n w h i c h  takes place is  (111) and t o  leading o rde r ,  the  
- : burning r a t e  solely depends on Ds. So f a r  t h e  s o i u t i o n  is iden t i -  

-. , 

c a l  t o  t h e  equi l ibr ium l i m i t  (Libby and Blake, 1979).,however, it 

w i l l ' b e  shown t h a t  a  proper discussion of t h e  flame s t r u c t u r e  

leads t o  new f e a t u r e s d e s c r i b i n g  the departure  from equi l ibr ium. 

It should be noted t h a t  s ince  r , > l t h e  lower bound of M is 

MI. On the  o ther  hand the  mass f r a c t i o n s  should be a l l  p o s i t i v e  
. . . . 

and t h e i r .  sum .one leading t o  the  upper bound M2. From. (15) it 

fo l lows  t h a t ,  M i s  an increasing funct ion of Es which tends 

asymptot icai ly  t o  M2 (see E'ig,. 4 ) .  For zs>?l t h e  so  c a l l e d  d i f -  
. . 

fusion con t ro l l ed  l i m i t  is obtained, M achieves i ts  maximum value 
. . . . 
M2 and t h e  flame stands o f f  t h e  p a r t i c l e  a t  a  d i s t ance ' , r ,  = M2/Mii 

spalding (1955) and Avedesian and Davidson (1973) have pos tu la ted  
-. . 

that  the  flame pos i t ion  equals t w i c e t h e  p a r t i c l e  r ad ius ,  bu t  t h i s  

r e s u l t  is obtained when the  ambient atmosphere which con ta ins  no 

=02 ( Y 3 ~  = 0 )  is  lean i n  oxygen ( Y 2 j < l )  a s  can e a s i l y  be v e r i f i e d .  

A s  'Be is lowered, M decreases '  and the  f l a w  moves towards t h e  
= 

p a r t i c l e  reaching it f o r  M = MI. Both ES and M can be f u r t h e r  
. . .  

decreased with the  flame s i t t i n g  a t  the  p a r t i c l e  su r face  ( r *  = 1) 

b u t  t h e i r  r e l a t i o n  which i s  no longer obtained from (15), w i l l  be 

derived l a t e r .  Therefore, the k i n e t i c  con t ro l l ed  l i m i t  E s < < l  can- 

not  be discussed a t  t h i s  poin t  s ince  it leads t o  small  values of 

M which i n  general  do not  s a t i s f y  M>M .1' 
1 

The mass f r a c t i o n  p r o f i l e s  ( 1 4 )  w e r e  obtained * under * the  assuhp- 

t i o n  of a  complete gas phase burning, namely-Y1 = Y2 = 0. The 
' .  

exis tence  of such a  so lu t ion  depends on whether the  jump i n  t h e  

gradients  a t  r, a r e  permissible by the  conservation equations ( 2 )  

which requi re  a  d e t a i l e d  ana lys i s  of t h e  t h i n  flame. Since the  
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. . . , ,  . a  T , . =.,Ts . + , (,?; . +':y2 . A- Ts?!jDI.e-M,.,,.' ), ' -# (18)  
. . 

achieves i t s  maximum value when M = M2 whereas a t  M = M1, s ince  t h e  

flame i s  contiguous t o  t h e  p a r t i c l e ,  w e  have Ta = Ts a s  it should. 

W e  a l s o  f i n d  t h a t  when the  p a r t i c l e  sur face  temperature Ts i s  below 
. . 

Tat  t h e  ' a d d i t i o n a l  r e s t r i c t i o n  . . 

T S 6 T w  + Y 2 , / a  

should be imposed; otherwise t h i s  inequa l i ty  is  reversed. The 

former case i s  the  phys ica l ly  most i n t e r e s t i n g  one that we s h a l l  

corisider here.. 
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In order  t o  r e t a i n  t h e  chemical term pnd i n  p a r t i c u l a r  i t s  

2 temperature dependence i n  ( 2 0 )  we chose E = Ta / 8 <  <1: then 

The four  equat ions i n  ( 2 0 )  have t h e  same righthand s i d e  

so  t h a t  the combination of any two of them can be in teg ra ted  

immediately leading  t o  t h e  jump condit ion ( 1 7 )  mentioned above. 

A second i n t e g r a t i o n  y i e l d s  

- 
y1 = (1-a) ( - 9 - 6 )  , yZ = a ( < - $ )  y3 - (e 

' (2.3) 

' a n d  t h e  s t r u c t u r e  problem reduces t o  

Matching on both s i d e s  of the  flame with (16) provides t h e  

boundary. condi t ions  

The nonl inear  two-point boundary value problem ( 2 4 )  was solved 

numerically using a shooting technique. For given values of 0 

and A ,  we ass igned a value for 4 at l a r g e  ncgat ivc 5 and together  

with d$/dS = 1, t h e  equat ion was in teg ra ted  out  t o  l a rge  pos i t ive  

5. t o  check whether t h e  s lope tends t o  -1 a s  required.  A so lu t ion  

was obtained by subsequent guessing and r e f i n i n g  u n t i l  both condi- 

' t i o n s  (24b) were s a t i s f i e d .  The r e s u l t s  (shown i n  Figs.  2 )  indi- 

c a t e  t h a t  the  problem possess two d is t inguished so lu t ions  f o r  

A > A o > O  and none f o r  A < A O .  The two so ' lut ions tend t o  a  unique 

l i m i t  a s  A-A, and the  c r i t i c a l  value A. depends on f3 a s  i n  Fig. 3 .  

~ o t e  t h a t  the  temperature per turba t ion  4 does n0.t peak i n  general  

a t  r, but i s  s h i f t e d  away; f o r  B z - 1  the  maximum is  on the  p a r t i c l e  

s i d e  and it moves towards the  oxidant s i d e  a s  f3 increases  t o  1. 



The r e s u l t s  a r e  expla ined  i n  terns of t h e  Damkohlex number 
-., -., 

D a s  fol lows.  When D +a the s t r u c t u r e  of t h e  exponen t i a l l y  t h i n  
9 9 . - 

flame (see appendix) has  a unique s o l u t i o n .  A l l  t h e  p e r t u r b a t i o n s  

i n s i d e  and o u t s i d e  t h e  flame a r e  n e g l i g i b l y  small s o  t h a t  ( 1 4 )  i s  

t h e  s o l u t i o n  t o  a l l  o r d e r s  and M i s  t h e  burning r a t e ,  When D is 
.. g 

lowered, oxygen and carbon monoxide w i l l  l e ak  through t h e  flame 

i n  s m a l l  b u t  f i n i t e  amounts given by 

~ c i l i m  . 15-+ 1 , E (1-a) l i m  (9+5 1 
5'- 00 ". <-+a, 

r e s p e c t i v e l y .  Then t h e  burning r a t e  w i l l  decrease  below t h e  

equ i l i b r ium value M and a c o r r e c t i o n  E m  which depends e x p l i c i t l y  

on t h e  s o l u t i o n  o f . ( 2 4 )  has t o  be added. The flame temperature  

. - w i l l  be  lower than  the  a d i a b a t i c  flame temperature  T a r  a s  i t  should.  

Because of t h e  double s t r u c t u r e  of ( 2 4 )  a l l  t h e s e  v a r i a b l e s  w i l l  be 

represen ted  by C-shape curves;  e.g .  i n  F igs .  2 ,  t h e  0* leakage 

has been p l o t t e d  versus A .  Following t h e  lower branch a s  w e  d e p a r t  

from the  equ i l i b r ium l i m i t  (A+-),the l eak  of oxygen i n c r e a s e s  u n t i l  

L h e  c r i t i c a l  A 0  i s  obtained.  The flame s t r u c t u r e  does n o t  e x i s t  f o r  

A < A o  and t h e r e f o r e  t h e  o u t e r  flow ( 1 4 )  is no t  accep tab le .  The upper 

branch desc r ibes  another  p o s s i b l e  s o l u t i o n  which tends  t o  a p a r t i a l  

b u r n i n g  f lame a s  A + m  and i s  be l i eved  t o  be uns t ab l e  (Williams, 1971) .. - 
~ h u s ,  t h e  c r i t i c a l  Damkahler number Do (corresponding t o  A O )  i s  the 

9 
minimum va lue  below which t h e  ox ida t ion  of carbon monoxide w i l l  n o t  

t ake  p l ace  i n  t he  gas phase. 

The e x t i n c t i o n  phenomenon descr ibed  above can be w e l l  understood 

' i f  t h e  c o r r e c t i o n  t o  Lhe burning rate  M ob ta ined  from (15)  i s  c a l c u - .  



." 
1at.a. For this purpose the first order corrections €Yi should 

be added to the mass fractions (14). They should satisfy the 

equations -. ... 2 L (Yi) = - (m/r ) dYi/dr , i = 1,4 (25) . 

with appropriate conditions at r = 1 derived from (6b) and when 

r+w they all vanish. In particular ,. the expressions, (9) and . . . 

... 
(10) provide certain relations between the Yits so.that only one 

among them remains to be solved. We will avoid writing the com- 

plete solution but concentrate on the determination of m. The 
... 

solution Y2 of (25) for r < r, can be readily obtained after 

which the boundary condition 

and the-matching requirement 
... 
y2 = a lim 1 ~ - + (  , at r = r,- 

6+-" 

should be imposed. The amount of oxygen reaching the particle is 

found to 'be 
M-Pr,, -1 

NOW, 
.. 

solutions .for Y1 
... 

and Y3 can immediately be written; 

ticular .when the condition 

is satisfied,. we obtain 

in par- 

While the leading term M was found to depend only on the in- 

direct carbon oxidation (111) its first order correction m depends 

on the two heterogeneous reactions as well as on the homogeneous 



-. 

r e a c t i o n . .  N e a r  equ i l i b r ium D -cW and t h e  c o r r e c t i o n  t o  the burn- . 

9 -. -. 

i ng  r a t e  i s  n e g l i g i b l y  smal l  because Y2 + O .  A s  D g is  lowered 
s 

t h . e . c o r r e c t i o n  m is  expected t o  be nega t ive  s o  t h a t  t h e  burning 

r a t e  M + Em is below i t s  equ i l i b r ium va lue .  According t o  (28) 

t h i s  l eads  t o  B s / ~ s s l  which i n d i r e c t l y  i s  a r e s t r i c t i o n  on Ts 

(.see equ. 7 )  . Since ( 2 6 )  i s  double valued a s  shown i n  F i g s .  2,  

t h e  burning rate i s  a l s o  such s o  t h a t  by excluding t h e  u n s t a b l e  - 
branch w e  f i n d  t h a t  t h e  lowest  va lue  D a t t a i n a b l e  is  t h e  ex- - g 

t i n c t i o n  ~ a m k o h l e r  number D O .  

4 
1t has been emphasized e a r l i e r  t h a t  t h e  double s t r u c t u r e  of 

t he  s o l u t i o n  depends on whether 16 1 <I. When t h i s  cond i t i on  i s  

no t  s a t i s f i e d ,  t h e  h e a t  conducted from t h e  ambient towards t h s  

flame al lows f o r  t h e  s t eady  burning t o  p e r s i s t  and the  e x t i n c -  

t i o n  phenomenon is n o t  m e t .  This may occur whan the p a r t i c l e  su r -  

f a c e  temperature TS exceeds t h e  flame temperature o r  i f  t h e  sur -  

rounding qtmosphere i s  extremely h o t ,  namely ToO>Ta. 



FLAME. CONTIGUOUS TO THE PARTICLE 
, .- . . 

I t  has been, i n d i c a t e d  e a r l i e r  t h a t  a s  t h e  va lue  of M approaches 

M l f  t h e  flame reaches  t h e  p a r t i c l e  and r, = 1. For r > l ,  t h e  mass 

f r a c t i o n  p r o f i l e s  a r e  given by ( 1 4 )  and t h e  temperature  by (16) . I n  

p a r t i c u l a r  t h e  va lues  a t  t h e  s u r f a c e  

M1-M. 

Y1 = O  y2 = 2 ( e  - 1  r 
S S 

i n d i c a t e  that t h e r e - i s  a  s u b s t a n t i a l  amount of  oxygen f o r  t h e  d i r e c t  

carbon ox ida t ion  (11) t o  be a s  s i g n i f i c a n t  a s  t h e  i n d i r e c t  r e a c t i o n  

(111). And indeed i n  c a l c u l a t i n g  t h e  l ead ing  o rde r  term of t h e  burn- 

i n g  r a t e  by combining t h e  r e l a t i o n  (11) wi th  t h e  boundary conditions? 

a t  r = . I ,  w e  o b t a i n  t h e  non l inea r  a l g e b r a i c  equa t ion  

which should be so lved  numerical ly  f o r  any given Ds and Es. The re -  
C 

- 
s u l t s  i n d i c a t e  t h a t  M i n c r e a s e s  from M = U when u,,u,+O up t o  the 

va lue  Ml (see Fig .  4 )  ; a t  t h i s  p o i n t  (29) r educes  t o  ( 1 5 ) .  

ALSO when M = 0 t h e  s u r f a c e  mass f r a c t i o n s  co inc ide  wi th  t h e  ambient 

va lues  Y 2 _  and Y3, a s  they should.  

Next. w e  cons ide r  t h e  flame zone which i s  now a d j a c e n t  t o  t he  

p a r t i c l e  s u r f a c e  and p e r t u r b  a l l  v a r i a b l e s  about  t h e i r  va lues  a t  



2 where E = TS / 0 .  With the.new s c a l i n g  r = 1 + ( € / A )  S ,  t h e  govern- 

. . 
ing  equa t ions  f o r  yl and 4 reduce t o  

a f t e r  which y2 and y3 can be eva lua t ed  from 

The parameter A in t roduced  i n  (30) i s  given by 

where - E t s  i s  t h e  given v a r i a t i o n  from t h e  s u r f a c e  temperature  Ts. 

- - "  €yl t h e  mass f r a c t i o n  of CO a t  t he  s u r f a c e , a s  y e t  unspec i f i ed  and 
S 

. . A = M ( T , - T , ) / ( ~ ~ - ~ ) .  The c o r r e c t i o n  ~ r n  which has been 

added t o  M i n  (31) w i l l  be ob ta ined  a f t e r  t h e  s o l u t i o n  t o  (30) is 

found and t h e  boundary cond i t i ons  (6b) s a t i s f i e d .  

I t  i s  apparent  from (30) t h a t  t h e  combination of  (1-a) yl and 

@ i s  a l i n e a r  func t ion  of 5. T h e r e f ~ r e ~ m a t c h i n g  a t  l a r g e  5 l e ads  

t o  

y1  = - (1-1 ($+El 

and t he  s t r u c t u r e  problem becomes 

4) d2@/dc2 = A ( @ + C ) e  . 
The boundary cond i t i ons  a s s o c i a t e d  wi th  (34a) a r e  

d4)/d5 = -1 a s  5+m ; 

the  former has  beep der ived  from (6a) and (33) whi le  t h e  l a t t e r  



l a t t a r  is a  matching requirement.  W e  are f a c i n g  aga in  a non- 

L inear . two p o i n t  boundary va lue  problem which has  been so lved  
- 

numerical ly  u s ing  a  shoo.tinq technique.  With D given,, t h e  
9  

s u r f a c e  Damkghler numbers DS and Bs a r e  determined.  Then wi th  

an ass igned  va lue  f o r  (0(0), w e  c a l c u l a t e  yl from (331  and A 
S 

accord ing  t o  i t s  d e f i n i t i o n .  Equ. (3.4a) can be i n t e g r a t e d  from 

5 = 0 w i t h  t h e  given s l o p e  i n  o r d e r  t o  check whether t h e  cond i t i on  

a t  m is met. The s o l u t i o n  i s  ob ta ined  by subsequent guessing 
t 

4 (0) u n t i l  bo th  conditions (34b) are s a t . i s f  i.ed. 

The numerical  r e s u l t s  i n d i c a t e  t h a t  two d i s t i n g u i s h e d  so lu-  
-. - - 

t i 0 n s  e x i s t  f o r  D >Do and none f o r  D. <DO s o  t h a t  the duublt stsuc- 
9 9. 9 g 

t u r e  of  t h e  flame zone i s  cont inued even when it is  a d j a c e n t  t o  

t h e  p a r t i c l e  s u r f a c e .  I n  o r d e r  t o  c a l c u l a t e  t h e  c o r r e c t i o n  t o  M 

w e  use  t h e  boundary c o n d i t i o n s  (6b) t o g e t h e r  wi th  (31) and ob ta in  
-a 

once more t h e  r e l a t i o n  ( 2 8 )  f o r  m b u t  wi th  Y 2  rep laced  by y2 . 
S S 

The ' l a t t e r  i s  given by 

." 
Near equ i l i b r ium %+ar t h e  c o r r e c t i o n  m i s  n e g l i g i b l y  s m a l l  and t h e  

v 

burn ing  rate i s  M. For lower va lues  of D , t h e  c o r r e c t i o n  m i n -  
9 

c r e a s e s  and s i n c e  it is expected t o  be n e g a t i v e , t h e  r e s u l t i n g  - 
burn ing  r a t e  M + Em is below i t s  equ i l i b r ium va lue .  D can be re-  

.., 9 
duced down t o  D O on ly  and t h i s ' c r i t i c a l  va lue  marks  the. ex t inc-  

9  



THE BURNING RATE . . 

The. primary aim of the analysis has been to determine the 

burning rate and its dependence on the ~adcohler numbers. It is 

therefore appropriate at this point to describe a simple algorithm 

which in practice must be carried out numerically. For given am- 

bient conditions.and a prescrib,ed particle size all the parameters 

involved . . in the problemare determined. If .in addition the parti- 

cle surface temperature is given, all the ~amkahler numbers 'are 

known and. proportional. The leading order of the burning rate M 

is first calculated from (15) and if M>M1 this is the correct value; 
. . 

otherwise equ. (29) should be used instead. Then all the parameters 
. . 

involved in the. structure problem whether . ( 2 4 )  or (34) are deter- 

mined and'in particular the critical A. is obtained and subsequently -. ... 
Dg . Since the gas phase Damkohler number D was fixed by the parti- 

.... - - .  . 
. cle size, it remains to check whether Dg2Dg0 or not. In the former 

- . case'the correction m obtained from the numerical solution is double 

valued and in the latter the structure does not possess a solution. ... 
Thus the burning rate M + Em forms a C-curve when plotted versus Dg; ... 
the turning point being the extinction Damkohler number DgO. 

Before 'constructing the general response of M versus the 

Damk.ohler numbers we shall start by considering several limiting 

cases : - 
Equilibrium Gas Phase: D.+w. It has been shown in the appen- 

4 - 
dix that an exponentially thin diffusion flame always exists 

in the gas phase separating a region with no carbon monoxide 

from another with no oxygen. For large Bs, the flame sheet 

stands at a distance r, = M2/M1 and the burning rate is M2. 

As Bs is lowered, by reducing either Lhe particle size or its 



I 

s u r f a c e  tempera ture ,  t h e  flame moves towards the p a r t i c l e  

and t h e  burning rate M decreases  a s  shown i n  Fig .  4.  The . 

f i r s t  o r d e r  c o r r e c t i o n  m i s  exponen t i a l l y  smal l  and the re -  

f o r e  n e g l i g i b l e .  When t h e  flame reaches  t h e  p a r t i c l e  t h e  
- 

burning r a t e  is  MI; it can be f u r t h e r  decreased when DS i s  

lowered b u t  w i t h  t h e  flame remaining a d j a c e n t  t o  t h e  p a r t i -  

cle. 
- 

Diffus ion  c o n t r o l l e d  heterogeneous r e a c t i o n :  i D,+? Th is  

l i m i t  coi responds t o  a h i g h  surface . t e h P t m t u r e  8, and ao- 

cord ing  t o  (15)  t h e  l ead ing  term of M i s  M2.  I ts f i r s t  or-  

d e r  c o r r e c t i o n  can then be eva lua t ed  l ead ing  t o  t h e  burning 

r a t e .  Ivl2-M1 

M J e ( l - 2 a ) l i m  l ~ - $ l [ ( l + D = / M , ) ( e  - 

Note t h e  dependence on both t h e  d i r e c t  ox ida t ion  o f  carbon 

(11) a n d  t h e  homogeneous r e a c t i o n  ( I ) .  For l a r g e  Dg,  t h e  

c o r r e c t i o n  term i s  n e g l i g i b l y  smal l  and  ( 3 3 )  reduces  t o  M2.  

When Dg i s  lowered, t h e  gas phase d e p a r t s  from equ i l i b r ium 

and t h e  burning r a t e  decreases  u n t i l  t h e  c r i t i c a l  Damkohler 

number D a O  is reached ( s e e  F ig .  5 )  . For a  f u r t h e r  decrease  
J 

i n  D (3 t h e  flame s i t t i n g  a t  r, = M2/M1 can no longer  e x i s t ;  

t hus  t h e  minimum D g O marks t h e  e x t i n c t i o n  ~ a m k ~ h l e r  number. 

The second s o l u t i o n  shown i n  Fig .  5  i s  presumably uns t ab l e  

(Williams, 1971)' .  
- 

K i n e t i c a l l y  c o n t r o l l e d  heterogeneous r e a c t i o n s  D6,D,+0. - 

When t h e  s u r f a c e  temperature Ts of t h e  p a r t i c l e  1s low, Ds and 
- 

+O and t h e  burning occurs  a t  a  slow rate. The homoaeneous 
Ds. 
r e a c t i o n  i s  e f f e c t i v e l y  f rozen  and t h e  burning rate reduces, t o  



1- 2ff - Q { f fEs~gm + D s Y 2 J  . 

F i n i t e  r e a c t i o n  r a t e s .  With a l l  t h e  Damkohler numbers pro- 

p o r t i o n a l ,  wechoose  t o  r e p r e s e n t  t h e i r  - dependence on t h e  

burning rate by p l o t t i n g  M ve r sus  Dg = D 9 exp(O/Ta). S t a r t -  

i n g  wi th  l a r g e  D t he  CO ox ida t ion  t akes  p l ace  a t  a d i s -  
9 

t ance  r, = M2/M1 whi le  t he  burning r a t e  i s  M 2 .  A s  D 9 i s  

lowered, t he  flame moves towards t h e  p a r t i c l e  and when 

reaching it remains a d j a c e n t  t o  i t s  su r f ace .  The burning 

r a t e  decreases  below t h e  va lue  M ob ta ined  a t  equ i l i b r ium;  

i t s  c o r r e c t e d  value MIem i s  double valued f o r  a l l  D >D " 
g 9. 

and does n o t  e x i s t  below t h e  c r i t i c a l  D g O (see Fig.  6 ) .  

. . A s  before .  t h e  lower branch i s  be l i eved  t o  be uns t ab l e  s o  

t h a t  t h e  t u r n i n g  p o i n t  ( D  O , Mex) corresponds t o  e x t i n c -  
- .  . . g 

t i o n .  These va lues  a r e  ob ta ined  by so lv ing  s imul taneously  

(-22) and (15) i f  M'MII o r  (32)  and ( 2 9 )  o therwise ,  w i th  



CONCLUSrON 

A c a r e f u l  t r ea tmen t  of the d i f f e r e n t  zones of t h e  combustion 

f i e l d  surrounding a carbon p a r t i c l e  was 'given ' f o r  t h e  c a s e  that; 

bo th  hetergeneous and homogeneous r e a c t i o n s  are presen t .  While 

i n  p rev ious  ana lyses  it w a s  found t h a t  t h e  burning r a t e  may at-  

t a i n  any va lue  below M2, t h e  p r e s e n t  work i n d i c a t e s  that  t h i s  i s  

s o  on ly  when D +m and equ i l i b r ium p r e v i a l s  i n  t h e  gas  phase 
4 

(P ig .  4 2 .  I n  d e p a r t i n g  from equ i l i b r ium w e  uncover a minimum 

Darrlk6lller numbcr D " '(and therefnce'  a minimum p a r t i c l e  s i z e )  be- 
4 

low which t h e  gas  phase is  f rozen .  Only f o r  D >D O t h e  CO ox i -  
4 g 

d a t i o n  i s  p o s s i b l e  (F igs .  5,6) and it t a k e s  p l ace  a t  a w e l l  de- 

f i n e d  d i s t a n c e  from t h e  p a r t i c l e .  The flame which i s  t h i n  b u t  

f i n i t e  a l lows  a s m a l l  leakage of oxygen on one s i d e  and carbon 

monoxide on t h e  o t h e r .  A s  a  consequence some O2 may reach t h e  

p a r t i c l e  s u r f a c e .  I n  t h e  e q u i l i b r i u m  l i m i t  no such leakage i s  
. - 

p o s s i b l e  and t h e  d i r e c t  carbon ox ida t ion  (11) is  n o t  a c t i v e ;  

then  t h e  burning r a t e  depends s o l e l y  on t h e  i n d i r e c t  r e a c t i o n  

(TII). . Here a l l  t h e  t h r e e  r e a c t i o n s  play an e s s e n t i a l  , r o l e  i n  

determining t h e  burning r a t e .  

Although t h e  p a r t i c l e  s u r f a c e  temperature Ts has been as- 

sumed given i n  t h e  p r e s e n t  s tudy ,  i t s  va lue  cannot be chosen 

a r b i t r a r i l y .  Some r e s t r i c t i o n s  were d i scussed  throughout t h e  

a n a l y s i s  and they  a r e  i n  gene ra l  agreement With the reg ion  s f  

f e a s i b l e  s o l u t i o n s  on t h e  TS ,Twplane ,  given by Caram and 

Amundson (1977). A s  mentioned above on ly  one p o s s i b l e  s o l u t i o n  

of t h e  governing equa t ions  (2) has  ,been d i scussed  i n  the p r e s e n t  

work.; th.us i n  o r d e r  t o  complete t h e  p i c t u r e  of  t h e  response of 

M ve r sus  t h e  Damkohler number t h e  ca se  of a weak CO+OZ r e a c t i o n  



should be considered. This will be the subject of a following 

paper which will describe the burning from the frozen limit 



APPENDIX 

The c h a r a c t e r i s t i c  temperature  Tc a s  de f ined  by (12) i s  in-  

d i r e c t l y  r e l a t e d  t o  t h e  parameters appear ing i n  D i n  such a  way 
4 

' t h a t  an i n c r e a s e  i n  apo l eads  t o  a  sma l l e r  Tc. The s o l u t i o n  d i s -  

cussed i n  t h e  p r e s e n t  paper  a l lows  Tc t o  be a t  most equa l  t o  t h e  

a d i a b a t i c  flame temperature  Ta; o therwise  t h e  exponen t i a l  i n  ( 3 )  

i s  smal l  everywhere and t h e  gas phase is  e s s e n t i a l l y  f rozen .  

When Tc <Ti I t h e  r e a c t i o n  rate becomes 

2 
( A )  n = P Y,Y, 'I2 exp ( R / T ~ - ~ / T )  

and s i n c e  i n  t h e  l i m i t  $+a t h e  exponent i s  very l a r g e  near  Ta, 

w e  must have Y1Y2 'I2 E 0 t o  a l l  o r d e r  i n  1 / 0 .  The a n a l y s i s  of t h e  

flame zone s t a n d i n g  away from the  s u r f a c e  imp l i e s  t h a t  i t s  th ick-  

ness  is  s - exp [2(6/Ta-0/Tc)/5], i . e .  exponen t i a l l y . sma l1 ;  then 

t h e  governing equa t ion  reduces t o  (24a) b u t  wi thout  t h e  f a c t o r  

. exp ($+k3<) i n  i t s  r igh thand  s i d e .  For t h e  flame cont iguous t o  t h e  

p a r t i c l e  E - exp [(O/TS-0/Tc)/2] and t h e  governing equa t ion  reduces 

, t o  (34a)- without  t h e  f a c t o r  exp @ i n  i t s  r igh thand  s i d e .  The same 

conc lus ions  a r e  ob ta ined  d i r e c t l y  from ( 2 4 )  and ( 3 4 )  if t h e  

asymptot ic  l i m i t  A-+w i s  considered.  The former c a s e  has  been 

so lved  numerical ly ;  t h e  l a t t e r  possess  a  s o l u t i o n  o f . t h e  form 

4 = 9 .exp( -< ) - (  where t h e  c o n s t a n t  B i s ,  determined 'from t h e  condi- 

t i o n  a t  6 = 0. Both c a s e s  y i e l d  a  unique s o l u t i o n  f o r  t h e  s t r u c t u r e  

problem and s i n c e  t h e  o u t e r  f low (14) is  v a i i d  t o  a l l  o r d e r s  i n  

1 / 8 ,  t h e  burning r a t e  i s  M a s  de f ined  from equs.  (15) o r  (29) . 
These r e s u l t s  a r e  i d e n t i c a l '  t o  those  given by Libby and Blake (1979) 

d e s c r i b i n g  equ i l i b r ium cond i t i ons  i n  t he  gas  phase  a l though  the  

s t r u c t u r e  of  t h e  exponen t i a l l y  t h i n  flame has not  been d i scussed  i n  



t h e i r  work. 

When Tc is  c l o s e  t o  T a t o  w i th in  1/8, t h e  exponen t i a l  i n  
. . 

( A )  becomes 0 (1) i n  t h e  flame zone and t h e r e f o r e  must be added 

t o  S2 a s  i n  (24a) and (34a l .  The flame th i ckness  is  only a lge -  

b r a i c a l l y  sma l l ,  namely E - 1/8. Now Tc i n  (A)  may be rep laced  

by Ta and t h e  s m a l l  d e r i v a t i o n s  €tc = Ta-Tc de f ine  t h e  reduced 
.- 

Damkahler number D 9 = etc a s  i n  ( 1 3 ) .  When tc+a w e  recover  t h e  - 
equ i l i b r ium l i m i t  s o  t h a t  D g measures t h e  depa r tu re  from 

equ i l i b r ium which is  our  concern i n  t h e  p r e s e n t  s tudy .  
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. , L i s t  0.f F igures  . 

Fig.  1 Schematic r e p r e s e n t a t i o n  of  t h e  'two c l a s s i c a l '  models 

d e s c r i b i n g  t h e  burning of a pure carbon i n  an. ox i -  _ . . 

d i z i n g  atmosphere. , . . . 

Fig.  2 The flame s t r u c t u r e  (numerical  s o l u t i o n s  of equ. 2 4 )  . 
. . 

Fig.  3 The c r i t i c a l  va lue  A. a s  a func t ion  o f  B .  

Fig.  4 The burning rate ve r sus  t h e  surface.Damkohler number 
- 
Ds for equ i l i b r ium gas  phase. c a l c u l a t e d  f o r  Y2_=0.3, . 

Y3m=0. 1967 arid TS=1800K. 

Fig .  5 The burning r a t e  ve r sus  t h e  gas  phase Damkohler number, 

f o r  d i f f u s i o n  c o n t r o l l e d  heterogeneous r e a c t i o n  (5,"). 

.Calc ,ula ted f o r  Y2_=0.3, Y ~ 0 . 1 9 6 7  and T =3150K. The 3= S 

corresponding f3=0.9 and t h e  flame i s  loca t ed  a t  r,=2.3. 

Fig .  6 The burning rate ve r sus  t h e  gas  phase Damkohler number 

. . f o r  f i n i t e  r e a c t i o n  r a t e s .  Ca lcu la ted  f o r  Y2_=0.3, . . 

=0.1967 and Ts=1650K. The flame moves from r,=2.3 Y3 

when D -+=o down t o  r,=2.1 a t  D =Do-5000 where e x t i n c t i o n  
B 9 'J , , 

QcCurS - 
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ABSTRACT 

The d e p a r t u r e  from f r o z e n  f low behav io r  abou t  a c a r b o n  

p a r t i c l e  i n  an  o x i d i z i n g  atmosphere,  ha s  been d i scusse ,d  i n  o r d e r  

t o  b b t a i n  t h e  burn ing  rate M over  a wide range of t h e  Damkohler 

number D ( r ep re sen t ing  e i t h e r  t h e  p a r t i c l e  s i z e  o r  t h e  ambient  
'3 

p r e s s u r e ) .  The f r o z e n  . l i m i t  l e a d s  

r ang ing  up t o  M2,  t h e  maximum burn ing  ra te  co r r e spond ing  t o  d i f -  

f u s i o n  c o n t r o l l e d  heterogeneous r e a c t i o n s .  By c o n t r a s t ,  . for  

. .  f i n i t e  v a l u e s  o f  D w e  f i n d  t h a t  t h e  bu rn ing  rate i s  l i m i t e d  by 
g 

M. 412. The maximum Damkohler number D o  9. g iven  by an e x p l i c i t  
l g  

formula ,  cor responds  t o  g a s  phase  i g n i t i o n .  

. . 
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' INTRODUCTION 

I n  a  r e c e n t  paper (Matalon, 1980) , t h e  problem of a carbon 
' .  

- - 
p a r t i c l e  immersed i n  an ox id iz ing  atmosphere has  been considered.  

The depar tu re  from equ i l ib r ium flow corresponding t o  l a r g e  gas  . . 
phase ~ a m k o h l e r  number D +w, has been s t u d i e d  i n  o r d e r  t o  des- ' 

, (3 , . .  

c r i b e  t h e  behavior  of t h e  flow f i e l d  f o r  "a w'ider ' range o f  D 
..g: . > . .  

I n  the. p r e s e n t  s tudy,  w e  w i l l  address  t h e  s i t u a t i o n  corresponding 

t o - a  f rozen  flow D +O and i ts ex tens ion  t o  a weak ox ida t ion  of 
, g 

carbon monoxide, by i n c r e a s i n g  D , 
g - 

I n  t h e  absence of gas  p h a s e ' r e a c t i a n s ,  t h e  burning rate M 

(rate of p a r t i c l e  mass l o s s )  depends s o l e l y  on the su r face  

Damkohler numbers Ds and ES corresponding t o  t h e  d i r e c t  (C+02) ' ' 

and i n d i r e c t  (,C+C02). carbon o x i d a t i o n s ,  r e s p e c t i v e l y .  The re- 

sponse of M versus  Bs, (Fig. 1) f o r  v a r i o u s  va lues  of % / D ~ ,  (a 

func t ion  of t h e  s u r f a c e t e m p e r a t u r e  Ts a lone)  i s  a monotonic 

i n c r e a s i n g  func t ion  which tends  asympto t i ca l ly  t o  a  f i n i t e  va lue  

M 2 .  ~ l l  t h e  va lues  up t o  M2 a r e  a t t a i n a b l e  depending on t h e  

p a r t i c l e  s i z e  and its sur face  temperature.  This  f rozen  behavior 

has  been previous ly  worked o u t  by Libby and Blake (1979)  and in -  

deed our  r e s u l t s  co inc ide  i n  t h i s  l i m i t ,  a l though t h e i r  a n a l y s i s  

has  been c a r r i e d  o u t  i n  t e r m s  of element m a s s  f r a c t i o n s  r a t h e r  

than  i n d i v i d u a l   specie.^. The new a s p e c t  of t h e  p r e s e n t  s tudy i s  

t h e  d e s c r i p t i o n  of  t h e  flow f i e l d  whi le  depar t ing  from t h e  l i m i t  

D 0 For f i n i t e  va lues  of t h e  ~ a m k o h l e r  number D a weak oxi -  
, g g t  
d a t i o n  of carbon monoxide t akes  p lace  and t h e  burning rate de- 

pehds on l3 as  w e l l .  F u r t h r r ~ s u r e ,  depending on whether % / D ~  is 
. g  

g r e a t e r  o r  less than one, the  burning r a t e  i s  l a r g e r  o r  smal l e r  

than  t h e  f rozen  va lue ,  r e s p e c t i v e l y  (see Fig.  3 ) .  The chemical 



a c t i v i t y  which i s  confined t o  a  t h i n  zone nea r  t h e  p a r t i c l e  sur -  

f ace ,  becomes more in tense  a s  D i n c r e a s e s  u n t i l  t h e  maximum 
g  

va lue  D o  i s  reached. Beyond t h e  c r i t i c a l  Damkohler number D o  
9  53' 

only s t rong  gas-phase burning i s  p o s s i b l e  a s  descr ibed  by 

Matalon (1980).  Therefore D o  marks t h e  cond i t ions  where t h e  gas- 
9  

phase i,s i g n i t e d  and t h e  CO+02 d i f f u s i o n  flame i s  forined. It  

should be mentioned t h a t  t h e  p a r t i c l e  i t s e l f  has  been i g n i t e d  

while reaching t h e  temperature TS and t h e  s u r f a c e  r e a c t i o n s  re-  

main opera t ive  a s  long a s  DS and Es a r e  n o t  n e g l i g i b l y  smal l .  

T rans ien t  e f f e c t s  during i g n i t i o n  and e x t i n c t i o n  of t h e  p a r t i c l e  

have been analyzed and repor ted  r e c e n t l y  by Libby (1980). 

A comparison between t h e  f rozen  and equ i l ib r ium l i m i t s  

(Matalon 1980, Libby and Blake 1979) i n d i c a t e  t h a t  both tend  t o  

t h e  same burning r a t e  M2 i n  the l i m i t  of d i f f u s i o n  c o n t r o l l e d  

. . hetercgeneou~ r e a c t i o n s  (D , E s + m ) .  Furthermore, both cases  l e a d  t o  
S 

t h e  same. burning rate f o r  a l l  va lues  of q,  when t h e  l a t t e r  equa l s  

Ds. However, when % / D ~ <  1 we f i n d  t h a t  M f o r  f r o z e n '  f low exceeds 

t h a t  f o r  equ i l ib r ium whereas f o r  f i s / ~ S > l  t h e  reverseis  t r u e .  

Since t h e  k i n e t i c s  o f . c a r b o n  ox ida t ion  a r e  n o t  very w e l l  understood 

and a v a r i e t y  of d a t a  e x i s t  f o r  t h e i r  r e a c t i o n  r a t e s ,  t h e  r a t i o  
- 
DS/DS would be b e t t e r  considered a s  a parameter. Libby and Blake 

(.1979) have based t h e i r  numerical c a l c u l a t i o n s  on t h e  c o r r e l a t i o n s  

provided by F i e l d  (1969) and Dobner (1976) f o r  which % / D S < l  f o r  

a l l  va lues  of Ts. Therefore,  t h e i r  conclus ion  t h a t  M f o r  f rozen  

flow exceeds t h a t  f o r  equ i l ib r ium i s  c o n s i s t e n t  wi th  ours .  I f  t h e  

d a t a , g i v e n  by Caram and Arnundson (197.7) a r e  assumed f o r  example, w e  

f i n d  t h a t  E s / ~ s  4 only f o r  su r face  temperatures  Ts below 1642K. 

For Ts h igher  than 1642K, t h e  r a t i o  % / ~ ~ > l  and M f o r  equ i l ib r ium 



' 

exceeds t h a t  f o r  f rozen  flow. 

By p l o t t i n g  t h e  response of M ve r sus  D w e  f i n d  
g 8  

t h a t  s t a r t -  

i n g  from D = 0, t h e  curve branches away from t h e  f rozen  behavior t 
9 

it l ies  above t h e  l i m i t i n g  curve when E s / ~ s > l . a n d  below it when 
-7 

- 
DS/Ds 4. On t h e  o t h e r  hand, we have found, (Matalon, 1980) t h a t  

s t a r t i n g  from D = t h e  response branches away from t h e  e q u i l i -  
, g 

brium behavior  i n  such a way t h a t  it l ies  below t h e  l i m i t i n g  curve 

when \ / ~ ~ > l ,  and above it when ss/~Sa. I n  any case ,  t h e  response 

curve branches away frpm t h e  frozen l i m i t  heading towards i ts  
. . 

equ i l ib r ium coun te rpa r t .  The middle branch connecting t h e  two 

ends  ' of t h e  c u r v e  corresponds t o  p a r t i a l  burning of CO and O2 

a n d w i l l '  be r epor ted  elsewhere (Matalon, 1980a) .  S i m i l a r  re- 

sponse curves have been cons t ruc ted  i n  r e l a t e d  problems (e.g. 

Ludford e t  a l l  1976).  . 

FORMULAT I.ON 

~ e c o n s i d e r  a s p h e r i c a l  carbon p a r t i c l e  immersed i n  an a m b i e n t .  - -  

atmosphere. of  o x i d a n t - i n e r t  mixture. A t  t h e  s u r f a c e . o f  t h e - p a r t i -  

c le ,  carbon o x i d i z e s  according t o  

(I) 2c + O2 .+ 2CO 

(11) c + CO, - 2CO 

and t h e c a r b o n  monoxide thus  produced may r e a c t  wi th  O2 t o  form 

carbon d ioxide ,  v i a  

1 
(,III) CO + 2 o2 'COZ . . 

Therefore ,  t h e c h k m i c a l  spec ies  assumed p r e s e n t  i n  t h e  gas  phase a r e  

CO, 02, C 0 2  and i n e r t  (usua l ly  N 2 )  and t h e  s u b s c r i p t s  1-4 w i l l  be 
- 

used r e s p e c t i v e l y .  Following Matalon (1980) (which should be con- . - . 

s u l t e d  f o r  more d e t a i l s  of t h e  d e r i v a t i o n  and t h e  assumptions) ,  t h e  
- 

governing equat ions  w r i t t e n  i n  a dimensionless  form a r e  given by 



where L is the convective-diffusive operator, r the radial coordin- 

ate, Yi the mass fraction of species i, T the temperature and M the 

burning rate. The coefficient u =,mO2/2m is a mass stochiomet- 
C02 

ric of the system (I)-(111) where mi is the molecular weight of 

species i. Finally, if the reaction I11 is assumed second order 

(Howard et al, 1973) and its rate satisfied a well defined Arrheni- 

us expression, then 

In (21, D g represents the gas-phase ~amkohler number, 0 the activa- 

tion energy and p the density of the mixture given by the equation 

of state pT = 1. 

The boundary conditions associated with (1) are 

T = T, Yi = Yi for i = 1,4 as r+w 
aq 

The conditions at r = 1 state that the net mass flux equals the 

rate of consumption/production per unit area by the heterogeneous 

reactions and that the particle is isothermal at its surface. The 

conditions at r = " specify the given ambient conditions. The 



parameters  Ds and Es introduced i n  (4 )  are t h e  s u r f a c e  Damkohler 

numbers corresponding t o  (I) and CII) r e s p e c t i v e l y .  A l l  t h e  

Damkohler numbers have been def ined  i n  t h e  r e f e r r e d  paper (Matalofir 

1980) : D i s  p r o p o r t i o n a l  t o  (ape) where a i s  t h e  p a r t i c l e  r a d i u s  2 

9 - 
and po t h e  ambient uniform pressure  and Ds, Ds a r e  each proport ion-  

a l  t o  apo and depend on Ts through t h e  s p e c i f i c  r e a c t i o n  r a t e  of 

t h e  chemical , r eac t ion  they rep resen t .  The r a t i o  E s / ~ S  i s  a func- 

t i o n  of t h e  s u r f a c e  temperature Ts a lone .  
. .. 

0111: main goal-is t o  determine t h e  burning r a t e  M which can be 
, ( I ,  ... 

eva lua ted  i f  i n  a d d i t i o n  t o  (1) , . t h e 3  overall  mass conservat ion  
4 ' 

' t  ' , 

Z Yi = 1 is used. Ins tead  of s o l v i n g  a l l  t h e  f i v e  equa t ions  (1) it 
i=l 
has  been shown (Matalon, 1980) t h a t  only  one s p e c i e s  equa t ion ,  say 

Y3' has  t o  be solved;  t h e  o t h e r s  r e s u l t  from 

It should be emphasized t h a t  t h e  r e l a t i o n s  (5)  hold everywhere i n  

t h e  flow f i e l d  and do no t  involve any approximation whi le  der ived  

from t h e  governing equat ions .  

Following Matalon (.J,980), we s t ' a r t  by w r i t i n g  t h e  g a s  phase 

Damkohler number D i n  t h e  form 
g 

D = exp (O/Tc) 
9 

and i n  doing s o  d e f i n e  a c h a r a c t e r i s t i c  temperature Tc which be- 

comes i n d i r e c t l y  r e l a t e d  t o  a and po. Considering t h e  a c t i v a t i o n  

energy 0 t o  be l a r g e ,  the  na tu re  of  t h e  r e a c t i o n  term R appearing 

i n  ( l ) ,  i s  w e l l  understood a s  fo l lows.  For r e l a t i v e l y  l a r g e  Tc 

(or small  p a r t i c l e s ,  f o r  example) t h e  f a c t o r  exp (O/Tc-e/T) i n  ( 2 )  

is exponen t i a l ly  smal l  everywhere and t h e  gas  phase is e f f e c t i v e l y  



f rozen .  . . While r educ ing  Tc ( i .e .  for  l a r g e r  p a r t i c l e s ) ,  t h i s  fac -  

' 

t o r  i n c r e a s e s  i n  magnitude and becomes O ( 1 )  i n  a r e g i o n  where Tc 

. - . . 
r eaches  t h e  h i g h e s t  t empera ture ; '  f o r  a h o t  p a r t i c l e  i n  a c o l d e r  

ambient  t h i s  t empera ture  i s  of  c o u r s e  TS. The gas  phase  i s  

t h e r e f o r e  f r o z e n  everywhere b u t  i n  a  t h i n  zone n e a r  t h e  p a r t i c l e  .. 

'where R i s  no longe r  n e g l i g i b l e .  Replacing T i n  ( 6 )  b y  T S  and 
C 

- .  
2 l e t t i n g  D = exp(0  (Ts-T ) /T  ] r e p r e s e n t s  t h e  s m a l l  d e v i a t i o n s  

g  C '  S 

bettween t h e  two t empera tu re s ,  w e  o b t a i n  

..- 

When D 40,  w e  r ecove r  t h e  f r o z e n  l i m i t  b u t  f o r  f i n i t e  v a l u e s  of  
, ,  g - 

D t h e  d e p a r t u r e  from t h e  f r o z e n  flow behav io r  i s  d e s c r i b e d  and 
g 

t h i s  i s  ou r  concern i n  t h e  p r e s e n t  paper .  
. . - 

FROZEN FLOW (D ' = 0.) 
9  

I n  t h e  absence of t h e  r e a c t i o n  t e r m  R ,  e q u a t i o n s ,  (1) can he 
. . 

e a s i l y  solved ' ,  y i e l d i n g  

-M/r yi = yi + (yi -yi ) (1-e ) - e M  , i = 1 . 4  (8 )  
CO S 03 

where Yi s t a n d s  f o r  t h e  unknown v a l u e  o f  t h e  mass f r a c t i o n  of 
S 

s p e c i e s  i a t  t h e s u r f a c e  r = 1 and Yi t h e  g iven  ambient  v a l u e ,  as 
CR 

i n  ( 3 ) .  A ' s i m i l a r  e x p r e s s i o n  t o  (8)  can be w r i t t e n  f o r  t h e  temper- 

a t u r e  T. By s a t i s f y i n g  t h e  boundary c o n d i t i o n s  ( 4 ) ,  u s i n g  t h e  ex- 

p r e s s i o n s  ( 8 ) ,  w e  f i r s t  o b t a i n  

a f t e r  which Y1 and Y2, a r e  r e a d i l y  o b t a i n e d  from ( . 5 )  . Furthermore,  I 

S S . . 

a t r a n s c e n d e n t a l  equa t ion  f o r  M 



i s  d e r i v e d  which h a s  t o  be  so lved  numer ica l ly  f o r  any g iveg  set 

o f  ~ a m k o h l e r  numbers Ds and gs. I n  (9)  w e  have i n t r o d u c e d  

M2 = ln[1+(1-2u)  (y /cr+y3 ) 1 and v = (1-2a)/cr f o r  convenience.  
2a, w 

The burn ing  r a t e  M o b t a i n e d  from ( 9 )  h a s  been p l o t t e d  i n  

F i g .  1 as a  f u n c t i o n  o f  iis f o r  d i f f e r e n t  v a l u e s  of  t h e  r a t i o  

. . - 
DS/DS, which i s  f i x e d  once Ts i s  s p e c i f i e d .  When Es = 0 ,  t h e  

s u r f a c e  t empera tu re  is low enough f o r  t h e  heterogeneous r e a c t i o n s  

t o  t a k e  p l a c e  and M = 0.  Then, M i n c r e a s e s  w i t h  ES and t e n d s  

a s ) m p t o t i c a l l y  t o  M2 when t h e  r e a c t i o n s  (1.11) a r e  d i f f u s i o n  con- 

t r o l l e d .  The same r e s u l t s  have been p r e v i o u s l y  o b t a i n e d  by 

. . Libby and Blake (1979) who chose t o  p l o t  t h e  bu rn ing  ra te  ( K . i n  

t h e i r  n o t a t i o n )  a s  a f u n c t i o n  o f  T 
S '  

It i s  a p p r o p r i a t e  a t  t h i s  p o i n t  t o  compare t h e  response  curve  

M(.Ds) t o  t h a t '  o b t a i n e d  f o r  e q u i l i b r i u m  gas-phase behav io r  (Matalon, 

: 1 9 2 0 ) .  30th i n d i c a t e  t h a t  t h e  bu rn ing  c e a s e s  when D +O and t h a t  M 
S . - 

t e n d s  t o  M, f o r  t h e  d i f f u s i o n  c o n t r o l l e d  l i m i t .  Fur thermore,  when 
L 

- M2-M 
D = Ds eq.  ( 9 )  reduces  t o  M-B~ (e 
5 

-1) = 0; i .e .  M a t t a i n s  t h e  

same v a l u e  whether  e q u i l i b r i u m  o r  f r o z e n  f low e x i s t .  Thus, t h e  
. . 

c u r v e  cor responding  t o  a /Ds = 1 i n  F ig .  1 cor responds  t o  e q u i l i -  
S 

brium as  w e l l  and it i s  a p p a r e n t  t h a t  f o r  6S /~s< l  t h e  burning rate 

f o r  f r o z e n  f low exceeds  t h a t  f o r  e q u i l i b r i u m  w h i l e  f o r  s /D . S, >1 the 

reverse i s  t r u e .  

DEPARTURE PROM PRO Z EN FLOW. 
... 

For  f i n i t e  v a l u e s  of  D t h e  r e a c t i o n ,  t e r m  R can b e  neg lec t ed  
g t  

everywhere bu.t i n  a t h i n  r e g i o n  n e a r  t h e  p a r t i c l e .  The re fo re ,  t h e  

mass f r a c t i o n s  d i s t r i b u t i o n  s t i l l  fo l low (8 )  b u t  Yi are n o t  de- 
S 

t e rmined  d i r e c t l y  from t h e  boundary c o n d i t i o n s  ( 4 )  as b e f o r e .  In- 

s t e a d ,  t h e  g r a d i e n t s  n e a r  r = 1 have t o  be  c o r r e c t e d  i n  o r d e r  t o  



. . ' t a k e  i n t o  cons ide ra t ion  a weak r e a c t i o n  r a t e :  formally t h i s  is 

obta ined  by pe r tu rb ing  Q a b o u t T  = Ts. W e  s t a r t  by w r i t i n g  t h e  

. temperature p r o f i l e  ' . ,- 
. . 

-M/r)/(~-e-M) a T = T, + (Ts-Tw) (1-e (10 

. . 
Then, according  t o  ( 7 ) , . w e  p e r t u r b  t h e  temperature about  its 

. . 

. . s u r f a c e  va lue ,  namely T = Ts + ~t + ... and s i m i l a r l y  w e  w r i t e  

fox t h e  mass f r a c t i o n s  Yi = Yi. + E Y ~  + ... . i = 1 ,,4. S t r e t c h -  
S 

. in9 t h e  coordina te  
. , 

r = 1 + , E  [ M ( T ~ - T ~ ~ / ( ~ ~ - ~ ) I E '  

2 where E = ,TQ /0 ,<at t h e  governing equat ions  (1) become 
. t 2, 2 2 

. . . d .yl . . ld  .y2 . d .y3 2 d t -, l. ,,t - -  - = - A- - - - -  (ii) 
1-0 d52 adc2 - dS2 2' , 

The parameter A i s  r e l a t e d  t o  t h e  ~ a m k a h l e r  number I and is  given 

The boundary condi t ions  a s s o c i a t e d  wi th  (11) f o r  yi a r e  t h e  o r ig -  

i n a l  conservat ion  laws ( 4 )  app l i ed  a t  5 = 0 a f t e r  r e p l a c i n g  

.dYi/d,r by dyi/dSE and t h e  matching requirement a s  5". A s  t o  t h e  

temperature,  i t s  value a t  t h e  s u r f a c e  has been w r i t t e n  as Ts+ets 

(-,a< t .  s <a) s o  t h a t  t =..ts a t  6 = 0 and matching wi th  ( 1 0 )  impl ies  

d t /d< = -1 a s  5 + w .  

We s t a r t  by .writ ing t h e  s o l u t i o n  f o r  t h e  temperature,  namely 

t = l n  . {A-lsech2 [ (5+5,) /2] 1 (13) 

where 6, = 2 sech-',(hets) 'I2 , and n o t e  t h a t  it e x i s t s  f o r  Are 
-ts 

on1.y. When t h e  equa l i ty#ho lds  5 o = 0 and t h e  s o l u t i o n  (13) i s  

s i n g l e  valued. However when A e-ts , t h e  two va lues  to = + / c O \  - 



l e a d  t o  two d i s t i n c t  s o l u t i o n s  f o r  t a s  shown in Fig .  2 f o r  

r e p r e s e n t a t i v e  v a l u e s  of ts. Thus, f o r  a  g iven  ts, t h e  c r i t i c a l  

~ a n k o h l e r  number 

w 

i s  t h e  maximum v a l u e  of  D above which (13)  does  n o t  p o s s e s s  a 
9 

'so.2.ution matchable w i t h  t h e  o u t e r  f lows  (10)  and (8)  . 
Once t h e  so l . u t i on  f o r  t is  w r i t t e n ,  t h e  remaining o f  eqs. (11) 

are l i n e a r  and t h e r e f o r e  car1 be ~eadily intcgratcact. Tn p a r t i c u l a r ,  

t h e  s l o p e s  dyi/dE a t  5 = 0 can be  e v a l u a t e d  and t o g e t h e r  w i t h  ( 4 )  

t h e  s u r f a c e  mass f r a c t i o n s  Yi are determined.  I n  a d d i t i o n ,  t h e  
S 

f o l l o w i n g  t r a n s c e n d e n t a l  e q u a t i o n  is d e r i v e d  

M2-M '2;a (:T, . - T _ ) ! . l ~ . ( . l - ~ . e ~ ~ . ) ~ / ~  1 
-1) + v ( t jS -~ , i  { .S M - D , ( e  ). = 0 

I. + ( ~ + D ~ / M )  (eM-1) 

(15) 
- - , 

which. h a s  t o  be  so lved  numer i ca l ly  f o r  M g iven  Ds,DS and D . The 
'3 

d e t e r m i n a t i o n  of  y .  r e q u i r e s  a h i g h e r  o r d e r  approximat ion t h a n  ( 1 1 1 ,  - -  
2 narngly O ( F  ) ,  t h a t  w e  s h a l l  n o t  d i s c u s s  h e r e .  

* - 
-ts For  any v a l u e  of  D U1° (i e .  A -e ) , eq .  (15) y i e l d s  two 

9 4 - 
d i s t i n c t  s o l u t i o n s  f o r  M which tend  t o  a  unique v a l u e  Mi when Do 

- g 4 
is reached.  When D +0, one o f  t h e  s o l u t i o n s  tend t o  t h e  f rozen  

- 

u 
l i m i t  and eq. (15)  reduces  t o  ( 9 )  as i t  shou ld ;  t h e  o t h e r  s o l u t i o n  

tcndti tu a different l i m i t  which h a s  been recognized  (Matalon,  1980a) 

a s  a p a r t i a l  burn-ing f lame and w i l l  n o t  be  d i s c u s s e d  h e r e .  I n  f i g .  3  
* 

t h e  burn ing  r a t e  h a s  been p l o t t e d , v e r s u s  D i n d i c a t i n g  t h e  double  
4  

s t r u c t u r e  of t h e  s o l u t i o n  f o r  D > O .  The c a l c u l a t i o n s  w e r e  made f o r  
g  

r e p r e s e n t a t i v e  v a l u e s  of t h e  c o n c e n t r a t i o n s  - .  
Y1 , 

= 0.05, Y 2  = 0.3 ,  
CO 

Yg = 0.2 ,  f o r  t h e  ambient  t empera ture  T, = 300K and s u r f a c e  temp- 
m 



e r a t u r e  Ts = 1655K wi th  a c o r r e c t i o n  o f  t h e  o r d e r  c t s  = 300K. 

2 - F o r  t h e  Damkghler numbers w e  chose Es /Dg = 70 and t h e  two d i f -  

ferent v a l u e s  for For  t h e  

burn ing  rate exceeds  i t s  f r o z e n  v a l u e  and t h e  r e v e r s e  i s  t r u e  
, .  .. .. ... 

f o r  E s / ~ s < l  (Fig. 3 b ) .  S t a r t i n g  from D = 0,  t h e .  g a s  phase  s u r -  
, g 

rounding t h e  p a r t i c l e  i s  f rozen  and M is g iven  by (9) . ;  
* 

.By s l i g h t l y  i n c r e a s i n g  D a weak o x i d a t i o n  o f  car-. . . ., 

g 

bon monoxide occu r s  a t  t h e  v i c i n i t y  o f  t h e  p a r t i c l e  and t h e  

burn ing  r a t e  d i f f e r s  from t h . a t  o b t a i n e d  i n  t h e  f r o z e n  l i m i t ;  it 

ach ieves  a h i g h e r  o r  lower v a l u e  depending on whether B s / ~ s > l  
. . -, 

o r  no t .  . Th.i.s behavior  pers i"s ts  u n t i l  t h e  maximum Do is reached;  
9 

s i n c e  beyond t h . i s  va lue  a weak CO o x i d a t i o n  i s  n o t  p o s s i b l e  and 

accord ing  t o  Matalon (1980) a s t r o n g  bu rn ing  o c c u r s  w i t h  a d f f -  

and 

should emphasized 

t h e  cor responding  f o l l o w s  

t h a t  t h i s  c o n t e n t  i g n i t i o n  r e f e r r e d  

to t h e  CO + O2 r e a c t i o n  whereas t h e  p a r t i c l e  i t s e l f  h a s  been a l -  

ready i g n i t , e d  once. i t s .  tempera ture  h a s  reached Ts. 

Mul t ip l e  s o l u t i o n s  a t  nea r  i g n i t i o n  and e x t i n c t i o n  have been 

p r e v i o u s l y  ob ta ined  whi le  a n a l y s i n g  t h e  s t r u c t u r e  o f  a one dimen- 

si .ona1 d i f f u s i o n  flame "( l i i ian  1974; Matalon e t  a l ,  1979) . It h a s  

been g e n e r a l l y  b e l i e v e d  t h a t  one of t h e  p o s s i b l e  s o l u t i o n s  is  uns t a -  

b l e  ( . W i l l i a m s ,  1971) and some ev idence  are found i n  P e t e r s  (1978) 

and Matalon and Ludford (1980) .  The u n s t a b l e  b ranch ,  which i n  t h e  

p r e s e n t  c o n t e n t  corr&sponds t o  t h e  s o l u t i o n  t e n d i n g  towards..a p a r t i a l  bu 

i n 9  f lame,  cannot  be  r e a l i z e d  p h y s i c a l l y  and on t h a t  b a s i s  w e  have - 
concluded t h a t  Do marks i g n i t i o n  of  t h e  gas-phase r e a c t i o n .  

'3 



. ' CONCLUSI'ON . 
The depar tu re  from f rozen  flow behavior  +0). has  been 

(Ds7 
s t u d i e d  i n  o r d e r  t o  o b t a i n  t h e  burning r a t e - o v e r  a wide range 

of Damkohler numbers D The f rozen  l i m i t  l e a d s  t o  M ranging  
4- - 

up t o  M2 where M2 i s  t h e  burning r a t e  f o r  d i f f u s i o n  c o n t r o l l e d  

heterogeneous r e a c t i o n s  ( D s l E s + ~ )  . For f i n i t e  va lues  o f  D a 
9 ' 

Geak carbon monoxide ox ida t ion  occurs  a t  t h e  v i c i n i t y  of t h e  

p a r t i c l e  and t h e  burning r a t e ,  which now depends on D a s ' w e l l ,  
53 

i s  coxxec'ted accordingly .  The v a l u e , o f  M i s  h igher  o r  lower 

than  i t s  f rozen  v a l u e  depending on whether i S s / ~ s < l  o r  n o t .  I n  

any case, t h e  burning r a t e . i s  limited from above by M cM2 a11d 
i 9 

t h e  maximum DamkGhler number 'is D o .  The a n a l y s i s  provides  an 
g 

e x p l i . c i , t  formula f o r  Do which was recognized a s  the .gas-phase  
, g . . 

i g n i t i o n  Damkijhler number. 

The p r e s e n t  a n a l y s i s  l e a d s  t o  t h e  c o n s t r u c t i o n  of on ly  oae 
- .  

p a r t  of t h e  response curve  of  M ve r sus  D (Fig. 3 ) .  Completion 
g 

of t h e  curve  has been . reported by Matalon (1980a) and i s  based 

on t h e  two s t u d i e s :  t h e  depar tu re  f r o m  f rozen  flow behavior  

(discussed above) and t h e  depar tu re  from equ i l ib r ium (Matalon, 

1980) .  S t a r t i n g  £rom D = 0 ,  t h e  gas  phase i s  f i r s t  t o t a l l y  
, g 

f rozen;  however by i n c r e a s i n g  D a weak CO ox ida t ion  t a k e s  p lace  
g 

, near  t h e  p a r t i c l e  and t h e  response curve branches away heading 

towaxds t h e  equ i l ib r ium l i m i t .  On t h e  o t h e r . h a n d ,  s t a r t i n g  from . 1=. . . ,  . . . . . 

- D = - complete burning of CO and OZoccurs a t  a d i f f u s i o n  flame 
9 

which, f o r  lower D al lows some leakages of r e a c t a n t s .  A s  a con- 
9 

sequence t h e  burning r a t e  bra1:lches away from t h e  l i m i t i n g  curve 

heading towards t h e  frozen l i m i t .  ~ h e s e  two cases  which c o n s i s t  

of  t h e  end p a r t s  of t h e  response curve a r e  connected by a middle 

branch corresponding t o  p a r t i a l  burning of CO and 02. 
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Fig. 1 The variations of the burning rate with the surface 

. . . ~amkijhler numbers for a frozen flow .situation. (M 
!- 

- - 
plotted versus Ds for various y = Ds/Ds). 

Fig. 2 The temperature profile in the reaction zone for' 

various values of A'indicating the double structure 

of the solution. Calculated for (a) tS = 0 . S ,  

(b) t s =  -0.5; 

' Fig. 3 The burning rate versus the gas phase ~amkijhler 
" 

number (finite values of D g ) ; (a) ES/~=. = 2'1 , 

(b) 6S/~S = 0.5 4. 
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Abst rac t  

W e  cons ider  t h e  quas i - s teady  burning of  a carbon p a r t i c l e  wh3ch 

undergoes g a s i f i c a t i o n  a t  i t s  s u r f a c e  by chemical reac t ions ,  followed by 

a homogeneous r e a c t i o n  i n  t h e  gas phase.   he burning r a t e  M is  found 

as a func t ion  of  t h e  gas phase 'Damkb'hler number D f o r  t he  whole range 
g 

o <D ca.   he monotonic M(Dm) curve; ob ta ined  f o r  r e l a t i v e l y  vary  hot  
g D 

o r  very  cold p a r t i c l e s ,  desc r ibes  t h e  gradual  t r a n s i t i o n  from f rozen  

flow t o  equi l ibr ium.  For  moderate p a r t i c l e  temperatures  t h e  t r a n s i t i o n  

i s  abrupt  and t h e  ?l(Dy) curve is  e i t h e r  S-shaped o r  2-shaped. I n  t he  
. . 0 

former t h e  burning is  enhanced a t  i g n i t i o n  whi le  i n  t h e  l a t t e r  i t  is  

slowed down; t h i s  depends on t h e  r e l a t i v e  importance of t h e  two cornpeti- - 
t i v e  s u r f  ace r e a c t i o n s .  A t  e x t i n c t i o n ,  t he  r eve r se  i s  t r u e  : burning 

i s  slowed down i n  t h e  case  of an S curve and i s  enhanced i n  t h e  case of 

a Z curve. 

Supported p a r t l y  by t h e  U. S .  Department of Energy, MHD Divis ion under 
Contract No. ET-78-C-01-3084. 



INTRODUCTION 

The curirent theory  of  combustion o f  s o l i d  p a r t i c l e s  i s  based' on the  

quasi-s teady approximation. Accordingly, one assumes a slow r a t e  of 
I 

change i n  t h e  p a r t i c l e  s i z e  and cons iders  a s t eady  burning f o r  a given 
. , .  

p a r t i c l e  diameter .  For  d e f i n i t e n e s s ,  w e  .consider  he re  t h e  problem of a 

carbon p a r t i c l e  i n  a qu iescent  ox idant  atmosphere a s  r ep re sen t ing  he t e ro -  

geneous combustion between s o l i d  'and gas foliowed by homogeneous burning 

i n  t h e  gas -phase. 

Two b a s i c  models have been proposed [I]: Nusse l t  [ 2 ]  assumes thak 

t h e  on ly  ox ida t ion  o f  carbon (CtOi) occurs  a t  t h e  s u r f a c e  o f  t h e  p a r t i c l e  

and Burke and Schumann [3] assumes t h a t  carbon i s  consumed by CO at the 2 

s u r f a c e  whi le  t he  CO thus  formed r e a c t s  with 0 .at a flame s h e e t  t o  $om 2 

C02 . They have been c a l l e d  t h e  s i n g l e .  and double f i l m  models respec. 

t i v e l y .  Indeed, they  correspond t o  t he  l i m i t s  in  which . the  homogeneous 

r e a c t i o n  i s  e i t h e r  f rozen (D -0) o r  is very  f a s t  and equ i l i b r ium p r e v a i l s  
g 

i n  t h e  gas phase (D -m) ; he re  D is  t h e  Damkbkler number. Recently,  
g g 

Matalon [ 4 , 5 ]  s t u d i e d  t h e  depa r tu re  from t h e s e  l i m i t i n g  cases  i n  o r d e r  ' t o  
. . 

determine t h e  behavior  of  t h e  system ove r  a wider  range of  D . Other 
g 

works on t h e  s u b j e c t  have been c i t e d  i n  t h e  r e f e r r e d  papers .  The pfesenf  

' , s tudy ,  g ives  a complete p i c t u r e .  o f  t h e  process  spanning t h e  whole range .of 

- - .  parameter  v a l u e s .  S t a r t i n g  wi th  the  conserva t iok  equat ions  o f  mass and 

. energy governing t h e  combustion process,we look f o r  s o l u t i o n s  ove r  t h e  

whale range o S D  S m  (D r ep resen t s  e i t h e r  t h e  p a r t i c l e  s i z e  o r  t h e  
8 g 

. a  . . .. . . . . 
1 .., 

ambient p re s su re ) .  Furthermore, . t h e  whole parameter  p lane  T ( su r f  ace 
.. - S 

. ., 
temperature)  -T= (ambiznt  temperature)  w i l l  be. considered and the  response 

of t h e  burning r a t e  M versus D w i l l  be determined i n  each case.  There 
S 



. . 
a r e  two d i f f e r e n t  types of response curves (see Fig .  4 ) :  the  monotonic 

curve charac ter ized  by a unique s o l u t i o n  f o r  each D g (regions 11, 111) 

- .  
and S o r  Z curves charac ter ized  by mul t ip le  so lu t ions  f o r  a c e r t a i n  range 

, 

of D (regions I). The monotonic curve describes the  gradual  t r a n s i t i o n  
g 

from a frozen gas phase through p a r t i a l  burning t o  equil ibrium. The S o r  

. . .  Z curves, i n d i c a t e  t h a t  the  t r a n s i t i o n  from weak t o  s t rong burning o r .  

v i c e  ve r sa ,  is  abrupt  (aqsuming t h a t  t h e  middle branch is  unstable)  so 

t h a t  the  oyutom il:ehibitc i g n i t i o n  and ~ x t i n o t i o n  phonomunono. Thc vnrPoud 

s t a t e s  foilowed along the  curves have been .del ineated as w e l l  as the  mode 

. . 
of the  combustion along each branch. 

Since t h e r e  a r e  two competitive r eac t ions  taking place a t  the  surface  

of the  p a r t i c l e ,  the  r a t i o  of t h e i r  r a t e s  Y ,  which i s  a funct ion  of  TS 

a lone ,  p lays  a s i g n i f i c a n t  ro le .  It determines whether the  burning. r a r e  

f o r  equi l ibr ium flow exceeds t h a t  f o r  frozen behavior and as a consequence 

whether t h e  response curve is  S o r  Z shaped. In  the  former case the  burn- 

ing  r a t e  i s  enhanced at  i g n i t i o n  w h e r e a  i n  the  l a t t e r  it is  slowed down 

( t h e  revei?se 1s t k  a t  e x t i n c t i o n ) .  lt Should be emphasized t h h t  In  the  
' 

present  context  i g n i t i o n l e x t i n c t i o n  r e f e r  only t o  the  homogeneous reac t ion  

CO + O2 ; t h e  heterogeneous reac t ions  a t  the  p a r t i c l e  surface  a r e  continu- 

d u s l y  a c t i v e  as long as T s i s  high enough' t o  mike t h e i r  r a t e  signif ictmc. 
- 



FORMUL4TION 

We consider  a p a r t i c l e  which undergoes g a s i f i c a t i o n  by su r face  chemi- 

c a l  r eac t ions  followed by an exothermic homogeneous reac t ion  i n  the  surb 

rounding gas phase. For a s p h e r i c a l  p a r t i c l e  and under s u i t a b l e  condidncl, 

the  governing equations i n  t h e  gas phase i n  a dimensionless form a r e  

where Y is  the  mass f r a c t i o n  of spec ies  i and T i e  the  temperature. Equa- 
i 

t i o n  (1) i s  a mass balance f o r  spec ies  i (N species  a r e  i n  t h e  mixture),  

(2)  an energy balapce and (3) an o v e r a l l  mass conservation. The apher i -  

c a l l y  symmetric opera tor  

is  convective-diffusive where I4  i s  the  burning r a t e  and. r the  r a d i a l  coor- 

d ina te  ( I  g r  <- )  . The c o e f f i c i e n t s  pi depend i n  genera l  on the  stochio-  

metr ic  numbers of t h e  s p e c i f i c  chemical reac t ions  involved i n  the  process 

and n is  the  r a t e  of the  homogeneous reac t ion .  The b o u ~ d a r y  condit ions 

. . . . . associa ted  with (1-3) a r e  the  given ambient condi t ions ,  namely a s  r - a 
- - ( 4 )  T = T, Yi Yim ,; f o r  i = l , W  

and mass and energy balances a t  r=1, which depend of course, on the  speci -  

f i c  su r face  chemical r eac t ions .  

For de f in i t eness ,  w e  t r e a t  the  case o f .  a carbon sphere i n  an oxidiz ing 

atmosphere o u t l i n e s  the  way o t h e r  s o l i d  f u e l s  could be analyzed. 

The surface  reac t ions  associa ted  with carbon a re  the  d i r e c t  oxidat ion  

21: + O2 - 2C0 and tllr i ~ i d i r e e t  r cac t ion  C + COZ - 2CO . The carbon 



crionoxi.de thus  formed may r e a c t  i n -  t h e  gas phase surrounding t h e  p a r t i c l e  

according t o  CO + % 0 2 -  COZ . Therefore,  in the  p re sen t  N = 4  and t h e  

- 
s u b s c r i p t s  i=1, 4 s t and  f o r  CO, 02, C02 and i n e r t  r e s p e c t i v e l y .  Then 

- a. p3 = 1  t h e  s toch iome t r i c  c o e f f i c i e n t s  [ 4 ]  a r e :  el = - (1-a)  . B2 - - 
and Bh = o where a is ha l f  t h e  molecular  "e ights  r a t i o .  of O2 t o  

C02 (u a .3636) . The . r e a c t i o n  r a t e  n becomes 

where D is t h e  gas  phase Damkbhler number, p i s  t h e  mixture  d e n s i t y  
g 

given  by P = 1/T and 0 i s  t h e  a c t i v a t i o n  energy. Fo r  more d e t a i l s  on 

t h e  v a r i o u s  assumptions made i n  t h i s  formalism as  w e l l  a s  on t h e  dimen- 

s i o n l e s s  ana lys i s ,  r e f e rence  [ 4 ]  should be consul ted .  

The boundary cond i t i ons  f o r  t h e  Y 's a t  r=l s t a t e  t h a t  t h e  n e t  
i 

mass f l u x  equa l s  t h e  r a t e ' o f '  c o n ~ & p t i o n / ~ r o d u c t i o n  p e r  u n i t  are'a by t h e  

s u r f  ace ,  r e a c t  ions  . Thus 

- 
where prime ( ' ) denotes  different iat i .011 with r e spec t  t o  r ,  and ' Ds , D 

.S 

are the ,  s u r f a c e  Dmkt?hler  nr~m'ners corresponding t o  t h e  d i r e c t  and i n d . i r ~ s t  
- 

r e a c t i o n s  r e s p e c t i v e l y .  W e  assume t h a t  t h e  s u r f a c e  te.nperature of t h e  

; p a r t i c l e  is  g iven ,  namely 

r a t h e r  than  v r i t i n g  an energy balance s i m i l a r  t o  (6) .  This  s i m p l i f i c a t i o n ,  

made mainly f o r  a n a l y t i c  convenience, can be j u s t i f i e d  f o r  l a r g e  



\ 1.1 
ac t i v a t  ion energies  of the  surf  ace reactions,.  which indeed ' is a . r e a l i s t i c .  

assumption i n  the  present  case. 

There a r e  s e v e r a l  parameters involved i n  the  problein! the  ~ a n k b h ~ e r  

'numbers Do, DS and .< and the  burning r a t e  M. Whereas D is  pfopbr- - 
3 s 

2 
t i o n a l  t o  (ap,) where a i s  t h e  radius  of  the  p a r t i c l e  and p the  

0 

uniform ambient pressure ,  Ds and .Es a r e  propor t ional  t o  ap0 , but depend 

as w e l l .  Thus, f o r  a s p e c i f i c  s e t  of chemical reac t ions  and f o r  on Ts 

a given. Ts ' a l l  t h e  Damkb'hler numbers a r e  r e l a t ed .  In p a r t i c u l a r ,  the  
. . - 

r a t i o  Y = Ds/DS , is  a function of Ts alone. By varying D from 
g 

o t o  , the  product T o  
w i l l  c o n t i n u o ~ s l y  increase  and w e  may say 

t h a t  D con t ro l s  e i t h e r  the  p a r t i c l e  s i z e  o r  the  ambient pressure.  On 
g 

the  o t h e r  hand, v a r i a t i o n s  i n  Y, which measures t h e  r e l a t i v e  importarice 

of the  su r face  reac t ions ,  a re  determined e x p l i c i t e l p  by t h e  surface  tern- 
. . 

pera tu re  Ts. Our main goal  i s  t o  determine t h e  burning r a t e  N knd. i t s  

dependence on D . and Y . 
g 

For the  genera l  problem 0 f . a  s o l i d  f u e l ,  the  r i g h t  h a d  s i d e s  of the  

boundary condit ions (6) w i l l  be modified t o  include the  re levant  su r face  

. . 
r eac t ions  whereas Q w i l l  bk determined by the  r a t e  of the  homogerieous 

. , 

reac t ion .  A s  a consequence t h e r e  may be s e v e r a l  Damkahler numbers:, .but  
. . . . 

only two independent 'parameters : one associa ted  with ap o and' t he  o t h e r  
. . 

, with Ts. We s e e  t h a t  q u a l i t a t i v e l y  the  s p e c i f i c  case considered contains 
. . .  

. t h e  essence of the  g e i e r a l ,  . . problem although they may d i f f e r  in d e t a i l s .  

(1) The surface  Damkb'hler number h a s t h e  f o rrn Ds I ks . exp ( -  e s / ~ )  
where ks is  the  pre-exponential f a c t o r  and 8 the  surface  ac t iva t ion  
energy. W r i t  i n s  w e  see t h a t ,  the  limit 8 , D 

S i s  O(1) when T Similarly, BS can be t r c n t r d .  



This would no t  be true f o r  e i q l e , '  i f  only  one surfaci  r eac t ion  was con- 

s idered .  



THE PROBLEM 

The governing equation (1,2) sum t o  f i v e  second o rde r  equations f o r  

t h e  f i v e  unknowns Y i and T. .  Associated v i t h  them a r e  ten  boundary 

condit ions (4,6,7). The a d d i t i o n a l  equation (3) serves t o  determine k. . 
Solut ions  for '  t he  :Y; 1 ' s  ( i=1,3)  and T involve nonl inear  two. po in t  

boundary value  problems coupiad ~g themselves through fi . ; However, 
. . 

not  a l l  t h e  equations have t o  be,  considered because the  '.system can be 
. . I 

s impl i f i ed  as fol lows.  i 
' I  ! .! 

We s t a r t  by wr i t ing  t h e  s o l u t i o n  f d r  t h e  species  

Then, w e  observe t h a t  the  source terms can be el iminated from both the  

equations and the  botkdary conditipno a t  ral , i f  a proper combination of 

the  mass f r a c t i o n s  i s  chosen. The r e s u l t i n g  l ine ,ar  problem, y i e i d s  

Using (3) and (7) we ob ta in  a second r e l a t i o n  

where ~ ( 1 - 2 c r )  /a and ~ ~ ' 1 n . C  l+v(Y + Y )I ' have been iniroduced f o r  
2, 3.- 

convenience. (The no ta t ion  M, i s  based on the  r e s u l t s  ind ica t ing  t h a t  

. t h i s  value corresponds t o  the  burning' r a t e  M -  when a l l  ~amkb'hler  numbers . 

tend t o  i n f i n i t y ) .  E!ow only one m a s s  f r a c t i o n  equation remains t o  be . . 
. . . . 

solved; the  o the r s  r e s u l t  from (8) and (9). 

If the  boundary condi t ions  ( 6 )  Bre now introduced i n  ( 9 ) ,  . the  . r e l a -  



can be der ived ,  where t h e  s u b s c r i p t  s i n  Y2 and Y3 denotes  t h e  s u r -  

f a c e  va lues  ( a t  r= l ) ,  a s  y e t  unspec i f ied .  It is  i n t e r e s t i n g  t o  no te  t h a t  

f o r  t he  s p e c i a l  ca se  (9) and (10) . y i e l d s  t h e  t r a n s c e n d e n t a l  equat ion  

$o r  M. Th i s  r e l a t i o n ,  which 'has been der ived .  d i r e c t l y  from t h e  governing 

e q u a t i o n s ,  does no t  involve  any approximation; the complete s o l u t i o n  how- 

. . 
e v e r ,  which will be discussed next fo r  gcirers l  y, w i l l  be  based a n o n  

. . asymptfhtic :l. .ilmftg ,We w i l ' t ,  drl.ay the dY.~cussi.on, ,hn, (l.1,) t o  a l a t i r  stage. 

To . summarize, w e  address  t he  .problem ' ,  

a f t e r  which Y3 i s  determined from ( 9 ) ,  Y1 from (8) and M from (10). 

Considering t h e  l i m i t  0 , a  r e a l i s t i c  approach f o r  many combustion 

prublems [61, w e  w r i t e  

- 
and i n  doing s o ,  de f ine  a  c h a r a c t e r i s t i c  temperature T . D , which i s  

. . C g .  
- 1 a t  most a l g e b r a i c a l l y  l a r g e  i n '  a , r ep re sen t s  t h e  smal l  O ( 8  ) v a r i a -  

. 
t i o n s  (') from ' Tc and ~$11 be determined i n  t he  . a n a l y s i s .  

. . 

(2)This can b e . e a s i l y  se.en i f  (13) i s  r ewr i t t en  fn t h e  foim 



WEAK BURNING 

The l i m i t  D - o corresponding t o  a  frozen gas phase has been pre-  
g 

v ious ly  ana lysed  [ s ]  . s i n c e  t3 is  n e g l i g i b l y  small  f o r  a l l  r 2 1, t h e  

problem (12) reduces t o  a  l i n e a r  one , ' and 

(14) Gfi = 0 i, + (a i .  -0.  1, [ l-exp(-MI~)I  fi 1-exp(-M)] 
S 

where s tands  f o r  e i t h e r  T o r  Yi, i=1,3. The values Yi can be eva l -  
S 

uated by applying t h e  boundary condi t ions ;  thhen w e  obta in  the  trangcenden- 

t a l  equation 

Y 
2, 

(15) M - Esr.exp(~,-~) - 11 +,v(ES-Ds) 
1 + (l+Ds/M) (exp M -1) 

. . 
f o r  M . Note t h a t  when pl , (15) teduces t o  (11). The depa&lence d f  

M on i s  shown i n  Pig. 1 f o r  var ious  values of Y . For srnall , 
i .e. low s u r f  ace temperature Ts , the  s u r f  ace r eac t ions  a re  very weak 

. . - 
and M - o . The burning r a t e  M i n ~ r k s e s  with D s  and tends asymptot- 

i c a l l y  . t o  M, . 
According t o  (13) and ' in the  l i m i t  0 ' t he  frozen l i m i t  is obtained 

even f o r  s m a l l  D-(not necessa r i ly  = '0) provided Tc > T ; the  reason being 
3 

t h a t  the  f a c t o r  . exp(e/T c -0/T) is then exponential ly small  everywhere i n  

the  flow f i e l d .  However, when T c = max [ T ~  ,T,] , o r  more p rec i se ly  when T, 

-1 
i s  c lose  t o  the  l a r g e r  between T S o r  T-. t o  within O(0 ) , t h e r e  e x i s t s  

a  boundary l a y e r  e i t h e r  adjacent  t o  the  p a r t i c l e  o r  a t .  in£ kity, where' 0 

cannot be neglec ted;  i .e .  a  weak reac t ion  develops. 

For t h e  case T s > T, , the  so lu t ion  (14) i s  v a l i d  f o r  r > 1 and 

breaks down as the  p a r t i c l e  surface  is  reached. S t re t ch ing  the  coordinate 

near  the  surface ,  r = 1 + E 4 : where A =  M(TS - T,)/ (exp M-1) and 

E = T 9-I , then wr i t ing  
s. 



w e  o b t a i n  d i f f u s i v e - r e a c t i v e  ba lances  i n  t h e  boundary l a y e r .  I n  p a r t i c u -  

l a r ,  t h e  e q u a t i o n  f o r  t h e  temperature  is  

L.. - 2  -1 
where I\ = 2Y Y ' A  9 D olep(-Q/T8) S i m i l a r  equations car' tr W L ~ C -  

Is Z S  8 
- - 

t e n  f o r  t h e  I t ' s  . A s  shown i n  [53 t h e  s t r u c t u r e  of  t h e  r e a c t i o n  zone 

which can be so lved  a n a l y t i c a l l y ,  l e a d s  t o  t h e  equa t ion  

f o r  t h e  burning r a t e  N . We see t h a t  two s o l u t i o n s  exist  f o r  A < 1 

and none f o r  I\ > 1 . I n  t h e  l i m i t  A - o , one o f  t h e  s o l u t i o n s  . reduces 

to '  t h a t  f o r  a  f rozen  flow ( i .e .  t o  equa t ion  (15)) w h i l e  t h e  o t h e r  tends  

t o  a  d i f f e r e n t  l i m i t  t h e  premixed f lame,  d i s cus sed  l a t e r .  As A - 1 , 

t h e  t w o , d i s t i n c t  s o l u t i o n s  co inc ide  and A = 1 g ives  t h e  maximum va lue  

o f  t h e  Damkahler number, namely D: -- exp(B/Ts) , f o r  which a  weak pas 
J 

phase burning is  p o s s i b l e .  It i s  app rop r i a t e  t o  mention a t  'h is  p o i n t  

t h a t  Y1 and Y appear ing  i n  A a r e  def ined  when w r i t i n g  t he  complete 
S 5 

s o l u t i o n  i n  t h e  boundary l a y e r .  Note aga in  t h a t  f o r  Y = 1 , (17 ) r educes  

t o  (11) a s  i t  should. Furthennore,  t h e  two va lues  f o r  M a r e b o t h  h ighe r  

o r  b  o  t h , lower  than t h e  corresponding va lue  f o r  f rozen  f low,  depending 

on whether  \{ > 1 o r  . y  < 1 respec t . ive ly  ( see  Fig.  2 ) .  

For t h e  case Tm > T t h e  boundary l a y e r  i s  a t  r = so  t h a t ,  i n  
S 

t h e  o u t e r  region r < , t h e  s o l u t i o n  (14) i s  v a l i d  on ly  t o  l ead ing  

o r d e r .  I n  p a r t i c u l a r ,  whcn.applying : the  boundary condi.tions a t  r = 1 , 



we obta in  (15) f o r  M . The cor rec t ion  t o  t h e  burning r a t e  comes from 

the  f i r s t  o rde r  term of the  o u t e r  so lu t ion  a f t e r  m a t c h i n g q i t h  the  s t ruck-  

ure of t h e  r eac t ion  zone. S t re tching the  coordinate by r = €-%OR where 
N 2 f l  , 
4 . = M(T,-T~) / ( 1  -exp (4)) and E = T, then w r i t i n g  

we ob ta in  f o r  the  temperature. 

- 
4 t , - 2  3 ;  

where A * L T ,  Y1_ Y2- A / 8 i D exp(-e/T_) . The condit ion as b " 
1 6  . . 

r e f l e c t s  the  o r i g i n a l  boundary condit ions ( 4 )  whereas matching with (14) . .  . 
- .  

leads  t o  the  condi t i o n  a t  ' R = o . ~.hil& equations t o  (18) can be w r i t -  

. ten  f o r  the  T\, ' s .  ; in p a r t i c u l a r  t h e y  l e a d  t o  

and o t h e r  r e l a t i o n s  f o r  I$ and q3 . 
Now', l e t  US include t h e  f i r s t  o rde r  O(E) t e &  of t h e  o u t e r  s o l u t i o n ;  - - 

w r i t i n g  Yi + ai + I , T + E T + . . . .  , M + ern + ... . , then sub- 

. s t i t u t i n g  i n t o  (12), rae ob ta in  

-2 
L(Y2) = m r  (dY2/dr) 

r = l  . . 

. . 
as  r - .QD 

ohere  the. constant  c  i s  determined from matchinp. The . . so lu t ion  of  the  
N .  

l i n e a r  problem (20 )  can be r ead i ly  w r i t t e n  and the  value Y2 obtained i n  
s 

terms of c . Then, . the  correc t ion  t o  the.  burning r a t e  i s  given impli-  

c i t e l y .  by ' , 



. . 

(21) d l + <  m p ( ~ , - ~ ) ]  + , v ( ~ ~ - D ~ )  T 2  = 0 . 
S 

W e  s ee  t h a t  a l l  i s  needed f o r  the  determination of  m i s  the  constant  c 
which, i n  the  absence of an a n a l y t i c a l  so lu t ion  to (18), has t o  be found 

numerical ly.  Using t h e  transformation 6 = 1 / R  , the  equation takes the  i - 

4 "  
form , 6 t + fiet j o wi th '  t he  condit ions t ( o )  = o and t = - 6 + c 

as  6 -. = . W e  s t a r t  by p resc r ib ing  a va lue  t o  c  and then i n t e g r a t e  

from l a r g e  5 down t o  see  whether t ( o )  = o . The c o r r e c t  value of c 

i s  deeermined when'both boundary condi t ions  are s a t i s f i e d .  I h e  results 

i n d i c a t e  t h a t  two d i s t i n c t  values f o r  c  e x i s t  when A < A. and none when 

A * >  A* ; t he  s o l u t i o n  i s  unique f o r  P, = A. and t h i s  c r i t i c a l  va lue  %s 

determined numerical ly.  I n  t h e  l i m i t  ' A  - o , one of the  solut iokd .F& 

t = - 1/R with c = o ; t h i s  corresponds of course, t o  the  frozen limit. 

The o t h e r  s o l u t i o n  tends t o  the  p a r t i a l .  burning flame discussed l a t e r .  

I 
We f i n d a g a i n  t h a t  M(D) i s  d o u b l e v a l u e d . f o r  D < D  andthemaximum 

g g g 

. ~ a n k ~ h l e r  number D I depends among o the r s  on the  numerical =onstant  
g A. ; 

i n  p a r t i c u l a r  D I - & x p ( ' ? / ~ d  . 
.. g . . 



COMPLETE BURNING 

.The l i m i t  D - = , corresponds t o  an equ i l i b r ium s t a t e  i n  which 
g 

both r e a c t a n t s  CO and O2 a r e  completely consumed a t  a  flame s h e e t  

s tanding  ' a t  a w e l l  def ined  d i s t a n c e  from t h e  p a r t i c l e .  I n  [4]  i t  has 
- - 0 

been shown t h a t  f o r  Ds > EsO where DS = M ~ / [ ~ X ~ ( M _ - M ~ ) - ~ ]  and 

H . In (l+vY2 /2)  t h e  f l ame  i s  s tanding  away from t'he p a r t i c l e  a t  a 
S rn 

d i s t a n c e  r* = M / M s  and t h e  burning r a t e  i s  given by the  same equat ion  

as (11).  he flame temperature i s  then  

(22 )  T~ = T~ + (Y2 ICY +T- - T ) (exp(n-xS) - 1 j l  (exp M -1) s 
0 

where M is  t h e  s o l u t i o n  of  (11). When Es - EsO , t h e  flame reaches 
% . . .. 

t h e  p a r t i c l e  (r, - I ) ,  t h e  burning r a t e  M + Ms. and Te - T S  . Fdii 
. . - 0 

lower va lues  then  D , t h e  .flame i s  s i t t i n g  a t  t h e  s u r f  ace', its 't,e8iper- 
s.  

a t u r e  remains TS and M is g iven  by 
- 

(23) M - Ds(exp(nm-M)-1) + 26s-~s)(exp(Hs-M)-1)  = 0 ' .  
c, . - 0 

Note t h e  continuous t r a n s i t i o n  i n  M as  approaches Ds . The 

~ ( 5 ~ )  curve i s  i d e n t i c a l  t o  t h e  one ihown i n  F ig .  1 f01 Y = 1 . For.  

- 
Y # 1 , M depends on Y only  f o r  Ds < D  O ( see  Fig.  5 i n  [4]) 

S - 
' whereas f o r '  l a r g e r  va lues  of Ds it fol lows t h e  s&e curve a s  f o r  y = 1 

and tends asym?tot ical ly  t o  Mm . 
It is .  easy t o  v e r i f y  t h a t  ' i n  the l i m i t  6 ' 4, t h e  equ i l i b r ium '  

behavior  is obta ined  f o r  l a r g e  Dm provided T < Ts : t h e  rezson being 
0 - C 

' t h a t  t h e  f a c t o r  exp(B/Tc-BIT ) is  then exponen t i a l l y  l a r g e  and as a  con- 
e  

s equence  fi i s  f i f i i t e  only i f  Y1 Y 2  7 o ( i .e .  both r e a c t a n t s  dd n o t  con-' 

coex i s t  i n  t h e  o u t e r  regions). .  Whether t he  flame i s  ad jacent  t o  t h e . p a r -  

t i c l e  s u r f a c e  o r ' i s  i n  t he  i n t e r i o r  of t h e  gas phase, i t s  t h i ckness  i s  

. exponen t i a l l y  smal l  i n  9 and t h e r e f o r e ,  t h e  product Y1Y2.=o t o  a l l  



-1 o r d e r s  i n  9 . However, 'when = T + 0 ( 8 - l )  , t h e  flame t h i ckness  ..in 
T c  e - 1 . . .0(0 ) and t h e  l a s t  coriclusion i s  no longe r  t r u e ;  i n  when 

. . 

r, # 1 , Y 2  4 o f o r  r < r, only  t o  l ead ing  o r d e r ,  The f i r s t  o r d e r  
N 2 ,-I 

t.em EY2 where E = T , should s a t i s f y  the'  fo l lowing  problem: -. 
e  

N - - I  N 

(24) L(Y2) = o , (M+Ds) Y2 - Y2 = o a t  ' r = l  , Y i  = cons t .  a t  r = r,- , 
. . 

.. . .  

where the  cons t an t  a t  r -  is  determined numerical ly .  from t h e  d e t a i l s  of . 

N 

t h e  f l a k e  s t r u c t u r e  [ 4 3 .  I n  p a r t i c u l a r j  t hc  s o l u t i o n  f o r  Y l eads  2  

to the co r rec t ed  bt;rning r a t e  

.-" 2 ,-I 
When r, = 1 , equat ion  (25) i s  s t i l l  v a l i d ;  E = Ts and Y2 i s  

8 

ob ta ined  . d i r e c t l y  from t h e  flame s t r u c t u r e  problem. I n  both cases, '  tli& 
N 

eva lua t ion  of Y2 i n d i c a t e s  t h a t  f o r  D > D 'E t h e  s o l u t i o n  is  double 
s g  g .  

valued  and does n o t  e x i s t  o therwise .  An e x p l i c i t  equa t ion  was given in  

E [ 4 ]  f o r  Dg - exp ( 8 1 ~ ~ ) .  Thus, t h e  M(D ) ' c u m e  has a  t u r n i n g  p o i n t  
g . . 

a t  D a s  in  F igu re  3 .  m e n '  D - - , one o f  t h e  s o l u t i o n s  reduces t o  
g .  g . . 

t h e  equ i l i b r ium l i m i t  while  t h e  o t h e r  tends  t o  a p a r t i a l  burn ing ,  a case  

which w i l i  be d i scussed  next .  The dependence . . on Y i s  a l s o  ind ica t ed  i n  

F igu re  3 ;  . the burning r a t e  branches above i t s  equ i l i b r ium va lue  when 

Y'  > 1 and below it vhen Y- 1 . The a n a l y s i s  i n  [43  was r e s t r i c t e d  t o  

flame temperatures  T& beirig t h e  m a x i m t k  i n  t he  f low f i e l d .  Thus, f o r  a 

ho t  p a r t i c l e  , i n  a r e l a t i v e l y  co ld  ambient, i.e. Ts > T, , t h e  requirement 

Ts - T, < Y 2 / a  was imposed whereas f o r  a cold p a r t i c l e  i n  a r e l a t i v e l y  

ho t  ambient, i. e. Ts < T, , t he  requirement is T, - T 3 5 f m.1. Here, - 
f (TS)  - z(v*)" : l - e x p ( ~ ~  - K ) ;  and X(Ts) s a t i s f i e s  X = ~ ~ C e x p ( M , - ~ ) - l :  

( t he  dependence of  X on T s  r e s u l t s  from 4) . The s . o l ~ t i o n  i s  t h e r e f o r e  

r e s t r i c t e d  t o  region 1 ,o . f  the .  parameter p l a n e  .Tc -. T, - ( see  F,igure 4)..  
" 



- .  
Complete b u r n i n g  w i l l  a l s o  o c c u r  when t h e  p a r t i c l e  i s  ex t remely  h o t  

. o r  c o l d  ( r e p i o n s  I1 h 111 i n  F i g .  4 ) ,  b u t  wit 'h a f l ame  temperacure  

T, # Te b e i n g  an i n t e r m e d i a t e  v a l u e  i n  t h e  f i e l d .  The f l ame  s t r u c t u r e  
. . 

i p . t h i s  c a s e  i s  ' s l i g h t l y  d i f f e r e n t  and t h e  r e s u l t s  J i l l  be d i s c u s s e d  l d t e r .  
. . 

. . . . 
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PARTIAL B.URNING 

Under c e r t a i n  cond i t i ons ,  t h e  ' flame surrounding t h e  p a r t i c l e  cons*& 

o n l y  a  f r a c t i o n  of  t h e  r e a c t a n t  CO and O2 . I n  t h i s  case ,  ' t h e  flame 

temperature T, i s  n o t  n e c e s s a r i l y  T, : According t o  (13),  i f  T, is s 

. . 

" t he .  maximum i n  t h e  f i e l d  then ,  i n  t h e  l i m i t  0 - = , T,=T c and fl is 

exponen t i a l l y  sma l l  on both s i d e s  of t h e  flame. We s e e  i n  ' t h i s  c a s e  t h a t  

T, i s  determined e x p l i c i i e l y  by t h e  DamkGhler number D !3 I f  t he  loca-  

t'Lun ui the fliune .is derluted by * to  be ' sp .ec i f iad ,  then t h e  temperature 

.and.mas..cfraction. . . p r o f i l e s  a r e  given by 

( 0 + (0,-BS) (exp ( 'M-~/r) -1) 1 (exp (M-Pf/r*) -1) , f o r  r C r, 
(26) (d = 

3 

( 0 ,  + (@,-Om) (exp( M r  - 1  I e ( I - 1  f o r  r > r, , 

where 0 s t ands  f o r  e i t h e r  Yi, i=1,3 o r  T . 
The s t r u c t u r e  of  t h e  flame a t  r, is  analysed by f i r s t  s t r e t c h i n g  

2(f1 t h e  coord ina tes  according t o  r = r, + (2/H)E5 , where E T, and ' . 

H = - [ (dT/dr)  - (dT/dr)  .) ; thus  I HI i s  t h e  magnitude of t he  jump 
r*-. =*+ 

i n  t h e  tempera ture  g r a d i e n t s  ac ros s  t h e  flame. Then, pe r tu rb ing  a l l  v a r i -  

ilblas about t h o i r  saluoc at t ho  f lmie ,  namcly 

* 
T = T, + E( t+  X) + . . . , Yi = ' Y i  + E 9 + . , i=1,3 , 

1 where 9 = [ (dT/dr)r_+ + (dT/dr) ,/H , t h e  r e s u l t i n g  equat ion  i s  a  
'. . =* - 

balance be tewen d i f f u s i o n  and chemical r eac t ion .  . The r e a c t i o n  term d i f  - 
. . 

j;. 

f e r s  s i s n i f i c a n t l y  whether Y 2 = o  o r  n o t ;  i n  t he  former case  i t  w i l l  
1. 

take  the f b ~ n ~  - !ill,' rxr(c+a%) ul~rreas i n  t h e  l a t t e r  72(5) will be 
. . - 

. . J- * * 
. replaced by t h e  cons t an t  Y2 f o  . When, both Y1 = Y 2  = o  t h e  

c 0 m ~ 1 e t e ' b u r n i . n ~  s t r u c t u r e  is r e c o v c r ~ d ~  



1: 
We cons ider  f i r s t  the  case  f o r  which Y 2  = o . This  condi t ion  

impl ies  t h a t  Y - o f o r  r <, r,  and provides a  io&ula  f o r  r 2 

* ?c 
Now . Y and Y3 can be ' r e a d i l y  obta ined  from ( 8 ) ,  (9)  and (27) .  'Indeed 

1 

Y2s 
= o and from (9), Y3s = Cxp(M_-M)/(l-a) , which g ives  once more t h e  

equat ion  (11 )  f o r  M . In  w r i t i n g  t h e  governing equat ion  of  t h e  s t r u c t u r e  

problem, w e  no te '  t h a t  both t and -T2/U s a t i s f y  i d e n t i c a l  equat ions  and, 

' i n  p a r t i c u l a r ,  t + $/a = 5 is obta ined  a f t e r  matching wi th  t h e  o u t e r  

s o l u t i o n s .  Then 

* 
where h = (&)iti T,/H2e"2)D . An a n a l y t i c a l  s o l u t i o n  t o  (28) is no t  a v a i l -  

g  

ab l e  s o  t h a t  a numerical i n t e g r a t i o n  is  necessary.  Using a  shoot ing  t ech -  

nique w e  s t a r t ,  wi th  t = 5 + cons t .  a t  l a r g e  nega t ive  5 and i n t e g r a t e .  o u t  

t o  l a r g e  p o s i t i v e  5 t o  s e e  whether d t /d<  = -1 as  r equ i r ed .  The cons tan t ,  
. . 

determined when both boundary' condi t ions  a r e  s a t i s f i e d ,  equals  

- 1 
CY 1Fm 12(8) ; a value needed f o r  matching a3 w i l l  be  d iscussed  nex t .  

5 4 - m  

In  o r d e r  t o  f i n d  the  O(f) . co r r ec t ion  t o  M , we cons ide r  t he  f i r s t  

o r d e r  terms of  t h e  o u t e r  s o l u t i q n .  I n  p a r t i c u l a r ,  t he  O2 mass f r a c t i o n  

- . . 
N 

f o r  r < r . ,  t akes  t h e  form S2 . The func t ion  Y:, should s a t i s f y  t h e  

. . 
s.ame equat ion.  a s  (24) except  t h a t  now the  cons tan t  a t  rjc- i s  l i m  

-. - m  
( 5 )  - 

obta ined  numer ica l ly  from (28) .  After  eva lua t ing  Y2 t h e  co r r ec t ed  burning 
. . s  

r z t e  fol lows f r o n  (25). a e f o r e  d iscuss ing  t h e  numer i ca l  r e s u l t s ,  we n o t e  

t h a t  a f t e r  n u l t i p l y i n g  (33) by d t /d5  + 3 and;integrat ing from f = - S, 
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. . 

' . t o  5 3 + a while  making use of  t h e  boundary cond i t i ons ,  we o b t a i n  the  

r e s t r i c t i o n  : 9 > o . This  requirement i s  equ iva l en t  t o  T, > T, +Y2J2a . 
* 

Another requirement  comes from t h e  assumption Y1 # o which t=ans la tesq  

t o  T, < T e  . Thus, t h e  s o l u t i o n  is r e s t r i c t e d  t o  T, s a t i s f y i n g  =- 

. .  . 

T; + Y 2 d 2 a  < T, <: T e , o r  e q u i v a l e n t l y  f o r  a corresponding range of  D g . 
F a r  such v a l u e s  equat ion  (28) has been i n t e g r a t e d  a s  i n d i c a t e d  above and d 

gntqque s o l u t i o n  was f o u n d  f o r  each D t h e n '  t h e  cu lve  X ( D  ) has a uni -  
% ; .8 

i 

Jr * 
The n e x t  ca se  under cons ide ra t ion  is  when both  Y1 and Y 2  a r e  

O(1) . As i n d i c a t e d  p ~ e v i o ~ s l y ,  T2' i n  t h e  reace ion  term i s  now replaced  
.'a 2 L 

by the  cons t an t  (Y,*)% and a s  a cohsequence H = ( Y 2 " 8 / ~ t  ).A t i p l a c &  

(3 A ; then  a f i r s t  i n t e g r a t i o n  of  t h e  governing equat ion  l eads  t o  B = o . 
Thi s  cond i t i on  s t a t e s  t h a t  (dT/dr) and ( d ~ / d r )  have t h e  same 

rt + r* - . . 

magnitude bu t  o p p o s i t e  s igns .  abQl ied ,  t h i s  c o n d i t i o n  a 

f o m u l a  f b r  r, , nameiy 

f .  
afkar which Yi I i = l r 3  aim be e b t l y  Cvalunted. Thc bo~lnddry cnndFei.nna 

1 

st r-1 determine t h e  Y i  s .  and N i s  'obtained from 
S 

Although one can proceed i n  c a l c u l a t i n g  t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  M 

w i t h  no conceptua l  d i f f i c u l t i e s ,  t h e r e  i s  no immediats 'need f o r  such an 

improven?ent p r e  s e n  t l y  because,  un l ike  previous  cases ,  t h e  leading  o r d e r  

- .  
of ?I given by (30) e s t a b l i s h e s  t h e  dependence of  .M on.  Ds,  Ds a s  w e l l  

(3)An a n a l y t i c a l ,  s o l u t i o n  f o r  t he  s t r u c t u r e  problem can be wr i , t t en  i n  t h i s  
cake (e  .g. s e e  7:) b u t  such d e t a i l s  w i l l  tidt be dis ,cussed i n  t h e  p re sen t . .  

' 



as  o n  D (through T,). Note t h a t  t h e  only condi t ion  we have r equ i r ed  i n ,  
g  . . 

de r iv ing  (3.0) is  t h a t  both r e a c t a n t s  do no t  vanish  a t  t he  flame vhich c&i 

. -. 
a l s o  be w r i t t e n  a s  T, < T, + Y2- / 2a Therefore ,  ' t he  M(D g ) curve thus  

. - obta ined  is '  . r e s t r i s t e d  . t 0 . a  c e r t a i n  range  of D g  corresponding t o  

rnax{~~ ,TJ < T, < T, + Y2, / . 
P a r t i a l  burning w i l l  a l s o  occur  when t h e  p a r t i c l e  is extremely ho t  o r  

co ld  ( reg ions  I1 h 111 i n  F ig .  4 ) ,  but  t h e  flame temperature i n  t h i s  case  
. . 

is  a t  an int:=rmediate va lue .  between TS and T, O The. r e s u i t i n g  respofise 

. . w i l l  be d iscussed  la te r . .  
. . .  



RESPONSE CURVES 
. . 

. . 

I n  c o n s t r u c t i n g  t h e  response o f  M ve r sus  D , w e  cons ide r  f i r s t  
g 

reg ion  I a  i n  t h e  paraineter  p lane  Ts- T_ ( J e e  F ig .  4 ) .  S t a r t i n g  wi th  

sma l l  A . v a l u e s  o f  .Do ; t h e  'gas phase is  completely f rozen  and M i n c r e a s e s .  
. , 0 

wi th  D .  according t o  ( IS ) ,  Indeed., t h e  burning r a t e  is c o n t r o l l e d  on ly  
'g 

by t h e  s u r f a c e  r e a c t i o n s . '  .By s l i g h t l y  i n c r e a s i n g  D 
g  ' .  

a weak r e a c t i o n  

CO + O2 develops i n  a boui~rlnry l a y e r  ddjacent co  che p a r t i c l e  s u r f a c e  

(because Ts > T$ . . NOW h i s  given by one of t h e  s o l u t i o n s  o f  (I7) 
. . 

cor responding  t o  the minus s i g n  i n  f r o n t  o f  t h e  squa re  , . r o o t .  The burning 

r a t e  exceeds i t s  f rozen  va lue  o r  i s  below i t ,  depending on whether  y i s  

g rea t e ' r  o r  less than one, r e s p e c t i v e l y .  This  behavior  p e r s i s t s  u n t i l  tha 

I 
v a l u e s  D i s  reached ( o r  A i n  (1 7) becomes 1). The response  t hen  follows 

2 . .  . 
- 

t h e  second s o l u t i o n  o f  (1 7) w h i l e  D dec reases  below D ' . Therefore ,  
g & 

I D marks a . tu rn ing  p o i n t  of t h e  response  curve. This second 
g , ; .  . 

branch t ends  e v e n t u a l l y  t o  a  p a r t i a l  burning flame ob ta ined  when A -* o 

i n  (17) or, on t h e  other hand, when .Tt = Ts in (30). The flame i n  this 

l i m i t  i s  ad j acen t  t o  t h e  p a r t i c l e  a s  sugges ted  by (29) .  The DamkShler 

number D can be f u r t h e r  decreased  a s  T.i i n c r e a s e s  from . T t o  "T ., 

. . s .  e J 

The flame, which f irst  consumes o n l y  a s m a l l  p o r t i o n  o f  khe r a a c t a n t s  co 

dlld O2 , I I I U V ~ S  m 3 v  from che particle accdrd ing  t o  (291, uses  more of  . t h e  

r e a c t a n t s  and i t s  temperature  T, i n c r e a s e s ,  s imul taneous ly  . The burning 

r a t e  i s  now given by (30).  lrllen t h e  i n t e rmed ia t e  va lue  TL = Tg + Y 2 ; / 2 u  
. -'x 

is reached a l l  . the ok:lgen. i o .  cdnsumed a t  t h e .  f lame (Y2 = o)  and (30) 

(4)Although t h e  cori-ect ion t o  t n e  burning r a t e  has t o  be added t o .  M' 
ob ta ined  from (11) as  j e s c r i b e d  e a r l i e r ,  t h e  l e a d i n s  term i n  t h i s  ca se  is  
on ly  s l i g h t l y  pe r tu rbed  and t h e r e f o r e  determines t h e  main behavior  o f  t h e  
c u m e .  Th i s  i s  n o t  s o  when complete bu rn ins  occu r s .  



21 

Although a l l  t h e  oxygen i s  dep le t ed  a t  t h e  f lame,  on ly  a  f r a c t i o n  of  CO 

f 
i s  burn t  and Y1 # o.  Th i s  behavior  p e r s i s t s  wh i l e  decreas ing  D t3 u n t i l  

T, '? T ; i n  t h f s  l i m i t  a.  complete burning o f  r e a c t a n t s  t a k e  p l ace .  Xow, 
e 

t h e  flame i s  a . t  r,. = M/MS and t h e '  c o r r e c t e d  burning r a t e  given by (25) is  

doub le ' va lued  f o r  a l l  D < D . Thus, we f i r s t  fol low one of  t h e  bran- 
g  

ch0S down fd D which marks a  t u r n i n g  i n  t h e  response curve. Then 
g . . 

i n c r e a s i n g  D aga in ;  t h e  o t h e r  s o l u t i o n  o f  (25) t akes  ove r ;  now t h e  Dam- 
g. 

k b h l e r  number can be i nc reased  i n d e f i n i t e l y  and t h e  burning . r a t e  t e n d s .  

a sympto t i ca l l y  t o  M, Along t h e  branchis  r e s u l t i n g  from complete burn- 

-1 
ing ,  t h e  flame tempera ture  remains a t  most w i t h i n  O(0 ) from T e  and 

-1 ' 

, . 

the flames moves O(0 ) d i s t a n c e s  f ro* r, = N/MS Note t h a t  fo r  .. . . 

i 

y > 1 , M ~ p p r o a ~ h a s  t h e  equ i l i b ' dum l i m i t  from below whereas f o r  . Y < 1 

i t  approaches t h i s  l i m i t  from above. 

I n  region I b ,  t h e  c o n s t r u c t i o n  o f  t h e  response ' curve  fo l lows  t h e  s h e  

o u t l i n e s  i n d i c a t e d  p rev ious ly .  . However, t h e  phys i ca l  s t a t e s  f o l l ' v e d  a long  
. . 

t h e  curve a r e  s l i g h t l y  d i f f e r e n t .  S ince  h e r  T,> Ts I t h e  r e a c t i o n  , . ' 

. . 

CO + O2 st&s be ing  a c t i v e  a t  l a r g e  d i s t a n c e s  from t h e  p a r t i c l e  u n t i l  

D ' I  i s  reached,  then by deEreasing D t h e  weak burning bend; t o  p a r t i a l  
8 9 : .  g 

burning and a  flame thus  formed moves towards t h e  p a r t i c l e .  The flame 

temperature  T., i n c r e a s e s  from T_ up t o  Te along t h i s  branch and when 

complete burning, i s  achieved : t h e  flame is. l o c a t e d  a t  r, = M/MS ,Reaching 

t h e  p o i n t  D .T , t h e  b,amkbhlet number can be on ly  i n c r i a s e d  again and nod 
0 

i n d e f i n i t e l y ,  so t h a t  i n  t h e  l i m i t  . D - - , t h e  burning r a t e  tends t o  M 
g = ' *  

The response curves  i n  t e i i o n  I a r e  c h n r a c t e r i z e d b y  having m u l t i p l e  

G 
s o l u t i o n s  f o r  D c D,, < DmL , because 

.3 0 0 

, exp(O/TS), f o r  Ts > T o  E I ,  D - + e x p ( ? / T e ) . ,  D - t 
0 .  . s g i axp(6/TJ, f o r  T_ > TS 



I 
and t h e r e f o r e  De always exceeds D i n  t h i s  reg ion .  'it i s  g e n e r a l l y  

0 g 

be l i eved  t h a t  t h e  middle .branch is  uns t ab le  and the re fo re .  t h e  corresponij- 

ing  s t a t e s  cannot be r e a l i z e d  ' phys i ca l ly .  Some evidence a r e  fob id  i n  [8! 

and [9 ]  f o r  example. Indeed t h e  concepts  of i g n i t i o n  and  e x t i n c t i o n  - 

depend on t h e s e  f a c t s .  For ,  i f  D . is slowly inc reased  the  weak burning 
g 

s o l u t i o n  is fol lowed up t o  D I where t h e  response jumps t o  t h e  complete 
' g  .. 

burning s b l u t i o n  and i t  f o l l o ~ g s  , t h a t  a s  D is . increased ' f u r the r .  Thus, 
g 

' D I marks the g&+h;uc i g n i t i o n .  I l n i l s r l y ,  D is  the  ext i~ ic t ion  
.g g 

v a l u e  s i n c e  t h e .  response jumps from a komplete burning '  t o  a nea r ly  frdzen 

. . 
flow 0 

. : . 

The parameter  y , r e p r e s e n t i n g  t h e  r e l a t i v e  importance of  t'lie t&o 

compet i t ive  s u r f a c e  r e a c t i o n s ,  is a func t ion  of T s alone,. Thus, assuming 

y > 1 f o r  l a r g e  T (suggested by v a r i o u s  exper imenta l  d a t a  r epo r t ed  
s 

t h e  l i t e r a t u r e ) ,  t h e  parameter  p l ane  T s - TID is  d iv ided  a s  i n  F ig .  4 . 
When '/ C 1 (see  Fig.  I ) ,  M f o r  f rozen  flow is  lower than M f o r  e q u i l i -  

brium and t h e  response curve i s  S-shaped. y approaches one from below, 

t he 'midd le  brarich. of t he  S c u m e  coa lesce  t o  a s i n g l e  monotonic cu*e which 

r e p r e s e n t s  both t h e  frozen znd equ i l i b r ium l i m i t s ,  Although the  t h r e e  d i s -  

t i n c t  s d l u t i o n s  i n  t h e  range D O c D I? < D I [lave t he  same va lue  f o r  M , 
8 C-' 0 

they s t i l l  d i f f e r  i n  d e t a i l s .  They have a d i f f e r e n t  flame temperature,  

consume d i f f e r e n t  p o r t i o n  of r e a c t a n t s  and t h e  flame i s  loca t ed  a t  d i f f e r -  
' .  

cn t  p o o i c i o n ~ ,  A3 y incrca369 s l i g h t l y  abovc one, 4 takes again  d i f f c r -  

e n t  v a l u e s . f o r  each o f  t h e  t h r e e  s o l u t i o n s  bu t  now t h e  upFer and . lower  

branches change t h e i r  ro l e s .  The ,response curve i s  now z-shaped, Thus 

depending on whether Y is  l e s s  o r  g r e a t e r .  than one, t h e  jump a t  i g n i t i o n  - 

occurs  from s lower t o  a h ighe r  x and v i c e  ve r sa ,  ' - respec t ive ly  .. ' The 

r eve r se  i s  t r l e  a t  e x t i n c t i o n .  



When y = 1 , t h e  burnipg r a t e  va r i e s ,  cont inuous ly  along t h e  curve. bu t  

a  jump i n  t h e  flame temperature ,  from Ts (o r  T,) t o  T e  o c c u r s a t  i g n i t i o n  

. whi l e  t h e  flame suddenly appears  a t  r, = HIMs . The r e v e r s e  s i t u a t i o n  

occu r s  a t  e x t i n c t i o n .  

, F i n a l l y ,  w e  w i l l  d i s c u s s  t h e  extreme cases  of  a  ve ry  ho t  ( reg ion  I1 

i n  F i g .  4 )  p a r t i c l e .  When TS > T, + Y2- / U , t h e  weak burning s o l u t i o n  

. . 
i s  no longe r  double valued because one o f  t h e  s o l u t i o n s  o f  (17) (namely 

t h a t  with,  t h e  + s i g n )  g ives  r ise t o  . . Y2 < o and i s  n o t  p h y ~ i c a i l y  
s 

acceptab le .  Furthermore, i t s  s t r u c t u r e  d i f f e r s  s l i g h t l y  a t  an i n t e n w d i - ,  

a t e  va lue  o f  h < 1 a s  Y, vanishes  and remains so  a s  A i n c r e a s e s  
L 

S 

towards 1. The o i l y  change i n : ( l 7 )  i s  t h e  replacement o f  t h e  l&t ~ ( i )  
2 -1 

terra on t h e  r i g h t  hand s i d e  by an O(Ts 9 ) term. Here Do can be 
O '  . 

i nc reased  beyond D I and t h e  r e s u l t k g  p a r t i a l  burning flame w i t h  com- 
g  * 

p l e t e  .oxygen dep le t i on  (Yp a o ) ,  moves away from t h e  p a r t i c l e  and i ts  

tempera ture  T, ' i s  lowered below Ts . While i n c r e a s i n g  D g fur- 
* 

. t h e r ,  a  p o i n t  i s  reached where Y1 = 0,  i.e. now ' the 0 is  a l s o  com- 

@letely dep le t ed  a t  t h e  flame. Both t h e  p a r t i a l  and t h e  complete burning 
. .  . 

. . . ' f lames ob t a ined  i n  t h i s  ca se  d i f f e r  s l i g h t l y  from those  d i s cus sed  prev i -  

ous ly .  Xo leakage of  O2 i s  allowed through t h e  f lame- and Y 2 r' 6 f o r  

r < r*, t o  a l l  o r d e r s .  As a  consequence t h e  burning r a t e  M is. given by 
. . -1 

(11) t o  a l l  o r d e r s  i n  . F u r t h e k o r e ,  tile s t r u c t u r e  o f  t h e  complete 

'buFirig flame i s  uniqua(6) l ead ing  . to . a .  s inple b r i ~ l ;  of  t h e  r e s p o k e  ; 

(5)Although T, i s  no longer  t h e  maximum temperature  i n  t h e  f i e l d ,  C i s  
s t i l l  negligiL;ly small  o n  both s i d e s  of  t he  flame -beca&se where T > T,; 

. .  . . :  . e i t h e r  Y, o r  Y, vanish  i ' d e n t i c a l l y  t o  a.11 o r d e r s ,  whereas f o r  T < T, t h e  
1 previous  argiunsnt ho lds .  

( 6 ) I n  [ 4 ]  the:  j t r uc ' t u r c  ~ j o s ,  dikcussed only  f o r  I 1 and t h e  s o l u t i o n  ' 

was double ya'lued. For  1 5 1 > 1 , a  unique s o l u t i o n  e x i s t s  For a l l  11. 
. . 



24 

curve. 'The M(D ) curve obta ined  now. is a monotonic curve,.which tends . , 
2. 

asympto t i ca l ly  t o  Ma . 
I n  reg ion  111, t h e  response i s  again mondtonic bu t  now, t h e  p a r t i a l  

-. 
burning flame q r i g i n a t i n g  a t  i n f i n i t y  is  of  a  d i f f e r e n t  type.  CO is  

*, 
t o t a l l y  consumed a t  t h e  flame ( Y  = 0). bu t  oxygen i s .  no t .  As D 1 g 

i n c r e a s e s  and t h e  flame approaches t h e  p a r t i c l e ,  t h e  flame temperature 

* 
T i~ lovcrcd  bclov T- u n t i l  a p o i n t  is  reached w l l r &  
6 

Y2 "19 

van i shes .  The complete burhiug thus  obta ined  does not allm any CO 
I 

leakape, b u t  0? can l e a k  through and n p mnacqt.lPnce M is givon by 

(11) t o  l ead ing  order. The ~ ( e - ' )  c o r r e c t i o n  is  unique, l ead ing  t o  .a 

s i n g l e '  branch .or" .the response c u e e .  The ) curve i s  . again i nijed. 

t o n i c  curve .  

In ,  summafy, two d i s t i n c t  response curves a r e  found. The honotonic 

curve ob ta ined  i n  r eg ions  11 and 111, show t h e  gradual  t r a n s i t i o n  from a 

frozen gas phase through . p a r t i a l  burning t o  equ i l i b r ium,  as D i nc reases  
g 

(by inc reas ing  t h e  p a r t i c l e  s i z e  f o r ,  example). .The reason for such a 

smdeh b e h e l o r  is  due t o  t h e  exces s .  of h e a t  provided e i t h e r  by t h e  par -  ' 

t i c l e  o r  by t h e  ambient. For  moderate va lues  of T . and Ta t he  process  
S 

' .  i s  descr ibed .  by the  S o r  Z responses (region I) ,  which exi1i.hi.t t h e  phc- 

nonlenon or i g n i t i o n  a d  e x t i n c t i o n .  A flame i s  suddenly i g n i t e d  a s  Dm 
0 

' i ncreases  s l i g h t l y  above D ~ '  and i s  ext inguished  a s  D decreases  
g 3 . . 

s l i g h i l y  below D~~ The t r a n s i t i o n  from froiexi g a s  phase t o  ,equi l ibr ium 
0 

is abrupt  i n  t h i s  .case.  . . ' 
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Fig. 1 

. . 
. . The s o l u t i o n  of  equation (11.) f o r  various values .of Y ; ' ca lcula ted . '  . . 

. f o r  r ep resen ta t ive  valires of the  ambient condit ions :. . . ' =. 

- . , The weak burn ing  so. lut ion:  ( a )  fo r  Y > -1, (b) for Y, 1; 'calculated 
for T . s > T- and f o r  r ep resen ta t ive  v n l l l e s  of chk nrhnr param~ter. 

. Here a = D exp(-e/T. ). 
0 g 3 

Fig .  3 
. . 

The complece, b u r n i n g s o l u t i o n  : (a) .  ' for  Y . > . 1,. (b) 50.r Y < 1 ; &is&- 
lated . f o r .  some r e p r e s e n t a t i v e  values : , . 

The response curves i n  the  d i f f e r e n t  regions of the  parameter p l w e  
T - T  

P 
The broken l t n e s  with t h e  F,E  no ta t ion  rep resen t  the  

. S  
frozen d d  equi l ibr ium limits, respect ive ly .  Dg and, D 'are the  
i g n i t i o n  and e x t i n c t i o n  Damkohler numbers respect ive ly .  g 

. . 
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