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MHD EQUILIBRIUM AND STABILITY FOR STELLARATOR/TORSATRON
CONFIGURATIONS

ABSTRACT

The stellarator equilibrium and stability studies presented in
this paper are concentrated in two areas: the improvement of the
understanding of high beta torsatrons through the concept of flux
control and the study of helical axis configurations.

1. FREE BOUNDARY EQUILIBRIUM AND STABILITY STUDIES FOR ATF

1.1 INTRODUCTION
ATF is a medium aspect ratio (plasma aspect ratio A p = 7)

2 - 2 continuous torsatron with twelve field periods (M - 12).
This configuration has been demonstrated, using the stellarator
expansion [1], to have good high beta MHD equilibrium and stability
properties [2].

Present studies are directed toward improving the flexibility
of the ATF design by determining means of controlling important
plasma parameters, such as the magnetic well and the rotational
transform profile. We concentrate here on the use of the ATF
vertical-field (VF) coil system in providing this control.

The stellarator expansion equilibrium and stability
calculations carried out for the ATF device in Ref. [2j feature a
fixed-boundary approach [3-4]. This method provides convenient
controj of the equilibrium shaping and is useful for rapidly
producing and considering a wide range of cases. However, with the
demonstrated desirability of the AlF configuration from an MHD
equilibrium and stability standpoint and with the capability of the
VF coil system for controlling plasma parameters, the need to study
the free-boundary equilibrium and stability of ATF becomes
important. To csrry out this work, we have used the Princeton
Plasma Physics Laboratory free-boundary ste!larator expansion
equilibrium and stability codes [5-8].

The stellarator expansion was originally derived by Greene and
Johnson [1] using an ordering scheme with the ratio of the helical
and toroidal magnetic-field strengths as the basic parameter. In
this scheme, toroidal effects are assumed to enter in second order.
The crucial feature of the stellarator expansion is bhe reduction
of the equilibrium calculation from three to two dimensions through
toroidal averaging over a field period. This feature makes tne
systematic computational treatment of a large number of cases
possible. With this reduction, one solves an equilibrium equation
for the averaged poloidal flux function

^(•-ti.-^-fF*)*. (1)
which closely resembles the Grad-Shafranov eauation for tokamaks.
In Eq. (1), ip(R,Z) is the averaged poloidal ffux function, i|>*(R,Z)
is the averaged poloidal f lux function of the vacuum, R is the
major radius coordinate, 2 is the vert ical posit ion, P(i|>) is the
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pressure, F (R,Z) is the helical-curvature term, and the averaged
toroidal flux function F(i|>) is adjusted to give either strict flux
conservation (t = tv) or zero net toroidal current within each flux
surface (<JA>,I, = 0 ) . The quantities ij>v and F depend only upon the
vacuum magnetic field. While the details are discussed in Kefs. 1
and 2, it suffices for present purposes to state that F depends
only upon the helical magnetic field and that ij>v = I|)Q + t|> , where
i|> depends only on the helical field and I|>Q contains only
axisymmetric contributions. In particular, JJJQ is obtained by

solving A*T|)Q = 0 with the boundary condition BQ =-g-Vi|>Q x <;, where
B Q is the pololdal vacuum field averaged over a field period.
Hence, the effect of the axisymmetric VF coil system in these
calculations enters entirely through the quantity I|>Q. Because the
stellarator expansion is not an exact model for three-dimensional
equilibrium and stability (having been derived in the limit of
small helical-field variations, large aspect ratio, and low 0 ) ,
these calculations have been comparedto the full three-dimensional
equilibrium calculations. As shown in Ref. [2], good agreement is
obtained.

The free-boundary code for low-n stability, described in
Refs. [7] and [8], uses a 8W approach, with an optional conducting
wall that can be placed at any distance from the plasma. This
free-boundary system of codes is a vers-ion of the tokamak MHD
equilibrium ana stability PEST code [5,6] modified to use the
stellarator expansion.

1.2 ROTATIONAL TRANSFORM CONTROL USING THE ATF VF COIL SYSTEM
The ATF VF coil system consists of three pairs of axisymmetric

coils. Each pair is up-down symmetric about the toroidal midplane.
In Ref. [2] we have shown that by changing the relative currents in
the inner and outer VF coils, it is possible to shift the magnetic
surfaces in or out in major radius, thereby changing the magnetic
well, and hence the stability of the resulting equilibria.

The VF coil system can also be programmed to control the
rotational transform profile at high beta by modifying the plasma
shape while keeping the magnetic axis fixed [9]. This technique is
potentially very useful because if the external fields are not
changed as beta is increased, zero net current equilibrium
sequences show significant deformation of the rotational transform
profile. The rotational transform increases on the magnetic axis,
decreases at the (fixed) plasma boundary, and forms intermediate
minima. Such major variations of the rotational transform could
lead to resistive instabilities and degradation of confinement.

We have found that the flux-controlled equilibrium sequence,
in which the VF coils are programmed to maintain constant hn, is
particularly attractive. Figure 1 show such a sequence of free
boundary average method equilibria. Throughout this sequence, the
vacuum-averaged fIux surface chosen for the boundary is taken such
that ta = 1, which is consistent with the principle of a natural
limiter. The progressive elongation of trie flux surfaces with
increasing beta is required to maintain constant €Q. The
flux-controlled equilibrium path also has the favorable property of
reduced finite-beta axis shift relative to that of ohe
fixed-configuration equilibrium sequence. This decrease can be
understood as 2 consequence of a reduction in the Pfirsch-Schliiter
currents with increasing elongatjon of the magnetic surfaces [9].



Although one might expect a decrease In the magnetic well in
conjunction with the reduced axis shifts and Pf irsch-Schl liter
currents, the shaping of the magnetic surfaces accompanying these
reductions prevents such a decrease.

1.3 FREE-BOUNDARY STABILITY CALCULATIONS
The stability of several zero-current equilibrium sequences

has been studied. At present we are limited in our studies by the
convergence of the equilibrium code at high j3. The highest value
of j3 for which we have obtained converged free-boundary equilibria
is <{3> = 4.6%. In Fig. 2 several of the equilibrium sequences
studied for the standard ATF configuration without shaping of the
vertical field, are shown. We have not observed any free boundary
instability for these sequences, when the plasma is centered. To
destabilize the n = 1 free-boundary mode, it is necessary to shift
the magnetic axis inward, as was the case for internal modes [2].
The stability to global n = 1 free boundary modes depends upon the
relationship between the rotational transform and magnetic well.

As the plasma is shifted inward in major radius, the £ = 1/2
surface shifts outward in minor radius because of profile
deformation of the <Jrf̂ jj = 0 equilibria. Simultaneously, the
destabilizing region of V" > 0 shifts inward in minor radius. The
n = 1 kink mode arises with a strong m = 2 component as the t - 1/2
surface moves into the proximity of V" > 0. These modes are
observed with the conducting wall at infinity.

2. HELICAL AXIS CONFIGURATIONS

2.1 INTRODUCTION
In this section, the properties of two distinct classes of

helical axis stellarators will be studied. First the equilibrium
properties of the helical axis ATF [10], which is formed by
unbalancing the helical coil currents, will be examined. To study
this device, the 3-D NEAR [11] code and an average method [12] have
been used. Both of these methods are based on a set of vacuum flux
coordinates. The average method is a generalization of the
stellarator expansion [2J to helical axis configurations. To
leading order the averaged equilibrium equations yield a
Grad-Snafranov equation:

Also to leading order, the toroidally varying part of the
equilibrium equations reduces to a Poisson-type equation.
Numerical methods have been implemented to solve both this Poisson
equation and Eq. (2). Fu'l details of this ~,erage method are
given in Ref. [12].

The other class of helical axis stellarators which have been
studied are hel iacs [13]. Previous stability studies for these
devices show the expectation of high P stability limits in the
infinite aspect ratio limit. For the equilibria, it will be shown
that finite aspect ratio effects are vital. In particular, the
interplay between toroidal and helical curvatures leads to resonant
or nearly resonant harmonics which can cause large distortion to



the flux surfaces. Unfortunately, the average method is not
applicable to heliacs which have comparable helical and toroidal
shift and so the fully 3-0 NEAR code is used. The NEAR code uses a
set of vacuum flux coordinates as an Eulerian basis and solves the
equilibrium In a manner similar to the Chooiira-Schl liter code [14],
but with much better numerical resolution, k detailed description
of this method is given in Ref. [11].

2.2 EQUILIBRIUM RESULTS FOR ATF HELICAL AXIS CONFIGURATION
The low iota bar per field period [€/U ~ 0.1) and relatively

low aspect ratio, result in the equilibrium shift being toroidally
dominated for the helical axis ATF. The average method described
in the previous section is thus applicable. The flux surfaces, for
the helical axis ATF, computed with 3-D NEAR code and with the
average method agree very well [12]. To make this comparison more
quantitative, the equilibrium shifts (Ap) computed with NEAR (3-D)
and the average method have been compared - they agree reasonably
well. Good equilibria have been found for the helical axis ATF for
central beta up to 10%. Though the importance of resonant
harmonics (whose importance is accentuated by the low shear) has
not been examined in detail.

2.3 HELIAC CONFIGURATIONS
A wide range of heliac configurations has been studied. These

configurations have been selected such that the lowest order
resonances within a field period are avoided. These resonances are
1/4, 1/3, 1/2 (Fig. 3 ) . All the configurations considered have a
vacuum well. However, these conditions are not sufficient to
guarantee good equilibria. Higher resonances, whose effect on the
vacuum can be minimized, play an important role. To illustrate
this, the particular case of the 2/5 resonance will be considered.
In Fig. 3, the t ranges for three different heliacs are indicated.
All three of these heliacs have four field periods (H = 4) and a
coil aspect ratio of 4 (Ac = 4 ) . The i ranges are chosen to
include the 2/5 resonance, to have it ysry close to the plasma
boundary and to have it far away from the plasma. The equilibrium
flux surfaces for these three cases ((3Q = 5%) are shown in Fig. 4.
It is clear that having the 2/5 resonance in the plasma or in close
proximity leads to serious distortion of the magnetic surfaces. At
higher beta these distortions cause the equilibrium calculations to1

fail. The origin of these distortions is the beating of helical
and toroidal shifts, whici; leads to a broadening of tne spectrum,
This effect has been examined in first order by Reiman and
Bcozer [15]. It is, therefore, important to select a configuration
whose € range is as far from low order resonances as possible.
This requires careful control of € and shear. It is also important
to minimize toroidal effects - without which the nonlinear beatings
and distortions cannot occur. Toroidal effects may be reduced
directly either by raising the total t or by raising the aspect
ratio at a given pitch. The introduction of a toroidal modulation
of the coil currents has little effect at the aspect ratios
considered here (plasma aspect ratio ^ 10). The results of a fixed
pitch scan with M/Ac = 1 are summarized in Fig. 4, where the
toroidal shift (Ay) and helical shift (Au) as functions of j9g are
plotted for the configurations studied. The helical shifts remain
practically invariant for all configurations in the pitch scan,
while the toroidal shifts decline as the inverse aspect ratio.



This is because in a fixed pitch scan the helical curvature remains
constant as the toroidal curvature varies. For larger aspect ratio
heliacs, such as the M = Ac = 12 case, higher beta (J5Q > 10$)
equilibria have been found.
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Fig. 1. Constant £ zero-current free-boundary equiIibriurn sequence
described in the text.
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Fig. 2. Free-boundary stable equilibrium sequences for standard
ATF configuration. Rc is the radial position of the centroid of
the last flux surface.
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Rlml Fig. 4. Toroidal equilibriurn shift ( A T ) and

helical shift (A^) as functions of fin for
configurations studied in the M = A c scan.

Fig. 3. Locations of dominant resonances (per field period) and
typical equilibrium flux surfaces associated with t ranges


