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ABSTRACT 

MASTER 

The equation relating uniaxial strain rates to the crosshead speed 

of a test machine of arbitrary stiffness is carefully examined. It is 

demonstrated that an accurate formulation of the specimen/machine coupling 

relation requires exact additivity of elastic and plastic strain contribu

tions and that this is only possible with a specific set of definitions 

for these strains. When these definitions are implemented to insure 

additivity, two strain-dependent terms in the coupling relation are iden-

tified that hnve been treated as constants in previous studies. One term 

is shown to account for the decreasing true total strain rate with increas-

ing plastic strain at a fixed crosshead speed. The second term accounts 

for strain dependence of the combined specimen/machine modulus due to 

change in length and area of the specimen. 

Several applications of the coupling relation are given that illustrate 

the i111~ur · tance of treating the specimen nnd test machine as a well-defined 

system when inferring i nformation about plastic-deformation models from raw 

data. Topics covered include (1) effect of machine stiffness on workhardening 

behavior, (2) variation of total and plastic strain rate during tensile de

formation, (3) effect of machine stiffness on stress relaxation behavior, 
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(4) relationship between stress rates before and after a change in 

crosshead speed, and (5) deductions about mobile dislocation density from 

observed stress-time behavior. 

KEY WORDS: Tensile test, stress relaxation, strain, strain rate, machine 

- stiffness, crosshead speed. 



INTRODUCTION 

There is no test more widely used to study the mechanical behavior of 

solids than the uniaxial tensile test. In engineering applications, stand

ardized tensile test results provide a convenient means of comparing dif

ferent materials for selection or qualification purposes. It is also favored 

by workers studying fundamental deformation mechanisms of solids because the 

simple stress state involved eases interpretation of experimental data. 

The term 'tensile test' of course refers to the uniaxial nature of the 

specimen loading. However, a number of different tests fall into this category. 

These can be classified according to the parameter that is controlled during 

the test. Examples of these are the constant-crosshead-speed extension test, 

the constant-strain-rate test, the constant-stress (creep) test, the constant

strain (relaxation) test, and the constant-cyclic-stress (or -strain) amplitude 

Investigators seeking to formulate time-dependent elevated temperature deformat· 
r~sr 

models rely heavily on1Ae constant-stress (creep)Awhere the measured parameter 

is time-dependent uniaxial strain. At temperatures less than 

about one-half of the melting temperature of the specimen, the most common 

methods for deformation studies include the constant-crosshead-speed extension 

test and the stress relaxation test. 

Several examples from the literature can be cited to indicate that the 

deformation response of solids is dependent on the nature of the test machine 

used. Krausz and Craig [1], Rohde and Nordstrom [2], and Smith and White [3] 

have reported that results of stress relaxation tests depend on the stiffness o~ 

the test machine.· Wielke [4] has demonstrated that activation volumes determin£ 

using crosshead-speed cycling depend on machine stiffness. Rohde and Nordstrom 

[5] have indicated that the flow stress at a given strain and crosshead-speed 

and the subsequent stress relaxation behavior from this flow stress are machine 

stiffness-dependent. Finally, Holbrook)et. al. [6] have shown that the stress

time response following crosshead-speed changes and also its measureability are 

oartlv qoverned by load-train stiffness. 
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The need to include machine characteristics in the interpretation of 

tensile behavior was set forth clearly in the pioneering work of Johnston 

and Gilman [7]. That work and subsequent studies by Hahn [8] and Gillis [9] 

explored the influence of machine stiffness on yield point behavior and 

clearly demonstrated that the specimen-test machine interaction has an 

important effect on observed mechanical behavior. 

The purpose of the present paper is to develop carefully the specimen

test machine coupling relation and indicate its usefulness in the interpreta

tion of deformation behavior, and to illustrate the results with a number 

of applications. An accurate treatment of specimen-test machine coupling has 

been presented previously by Hart [10] in a paper that is cited most frequently 

for its treatment of ten?ile instability. Unfortunately, the attenti.on to 

detail exercised in Hart's development is seldom found in other published 

works. More frequently than not, specimen-machine interactions are treated 

in an approximate fashion in the literature without critical assessment of 

the significance of the approximations. The applications we present in this 

study are meant to illustrate the importance of viewing the specimen and test 

machine as well-defined systems whose properties should be known when drawing 

conclusions about deformation mechanisms from experimental data. Additionally, 

we hope to point out how the behavior in a tensile test depends on the 

machine used, and, given that fact, supply formulae that facilitate the 

analysis of experimental data. 

In the following section we give an exact development of the specimen-test 

machine coupling relation for a machine of arbitrary stiffness. We include 

outlines of several techniques for the determination of machine stiffness. 



Our primary concern is the accurate treatment of machine stiffness and 

the resultant effects on mechanical behavior, Other machine properties such 

as overshoot, drift, damping, etc. [11 ,12] are not included since they are not 

characteristic of all machines. In the subsequent section we give a number 

of examples illustrating use of the coupling relation. 



SPECIMEN-TEST MACHINE COUPLING 

Consider a tensile specimen of initial gage length L
0 

and initial cross

sectional area A
0 

that is being elongated uniformly by the crosshead of a test 

machine. At any time the instantaneous specimen length is LT and its time rate 

of change is denoted by LT. The total extension of the gage length is 6LT 

(= LT- L
0

), which, in general, includes elongation due to all sources

elasticity, plasticity, anelasticity, thermal strain, etc., though in this 

paper we limit the discussion to only elastic and plastic contributions to 

6LT. If the crosshead speed is given by X, we can write 

( 1 ) 

where LM is the composite machine deflection rate due to deflections of t~e 

crosshead, grips, linkages, load cell, specimen shoulders, etc. If all 

elements of LM are linearly elastic, Equation (1) can be written 

X : L + f. 
T K 

(2) 

where K is the composite spring constant and P is the time rate of change of 

load. Dividing through Equation (1) by L
0

, we have 

. s 
Vo = eT + M 

0 

(3) 



where eT is the total engineering strain rate, s is the engineering stress 
L 

rate, P/A
0

, and we have substituted vo for X/L
0 

and M for K....Q. o A
0 

Equation 

(3) is exact for a load-independent K. This is normally a good approximation 

in the load range where most deformation studies are conducted. For situa

tions where the non-linearity in the load dependence of LM cannot be neglected, 

K-l in Equation (2) should be replaced by the Taylor series expansion 

-1 
K. = -1 ( dK-l ) 

Ki + Cfj) Pi . ( 

2 -1 
(P-Pi) + 1/2 d K2 ) 

dP Pi 

2 (P-P.) + : .. 
1 

where Ki is the composite spring constant evaluated at some reference load, 

Pi' and the derivatives in the expansion are evaluated at Pi. In there

mainder of the paper we focus on machine behavior that can be represented by a 

constant spring constant, K, and therefore a constant machine modulus, M0 . 

Cases are presented in the literature where the machine apparently cannot be 

represented by a unique value for K. Under those circumstances the coupling 

relations become extremely complex. We will point out ways for measuring 

K later in this section. 

Two additional points should be made concerning Equation (3). First, 

it is not necessary for X to be constant for Equation (3) to hold. Secondly, 

implicit in the division by L
0 

is the requirement that all points in the gage 

length are identical - in area, microstructural homogeneity, temperature, etc. 

Clearly, then, Equation (3) is not valid after the onset of any local phenomena 

such as necking or shear band formation. 

To convert Equation (3) to a form useful for deformation studies, the 

engineering strain rate and stress rate must be converted to true strain rate 

and true stress rate. With the aid of the strain and strain rate definitions 

given in the appendix and the definition of true stress, a= S (1 + ep), 



IL{ 
Equation (A-bf), where Ep is the engineering plastic strain, we find 

where 

vo = 
g <r [ 1 - ~ J + ~ [ 1 + ~J 

M = gq M
0 

g = 1 + eT 

q = 1 + ep 

(4) 

and ir is the true total strain rate*. Equation (4) is exact provided that 

~10 is load-independent, that straining is uniform within the gage length, 

and that plastic deformation alters only the shape of the material in the 

gage length, but not its volume. Since true strain rates are additive (but not 

engineering strain rates, as shown in the appendix), Equation (4) can be ex

pressed in terms of true plastic strain rate, £P, by making the substitution 

Then 

(5) 

where C is the combined specimen-machine modulus given by 

1 1 1 -=-+-c E M (6) 

*Note that Equation (4) is based upon unloaded area. In practice, negligible 
difference is introduced by substituting q for g, since g = (1 + eE)q and 
eE<<l. However, the relationship using g are algebraically simpler; no terms 
~nvnlvinn Dni~~nn 1 ~ r~tin ~rP nrpsent. 



Equation (5) contains two strain-dependent terms, g and C, that are 

commonly treated as constants in publications involving the use of a 

specimen/machine coupling equation to interpret deformation behavior. The 

term g accounts for decreasing true strain rate due to specimen lengthening 

at a fixed crosshead speed for straining in tension and an increasing true 

strain rate for straining in compression. (Note that for uniform tension, 

true strain is always less than engineering; in compression, the reverse holds). 

The combined modulus C is strain-dependent due to the influence of strain 

on the effective machine modulus M. Plastic straining in tension causes an 

increase in length and a decrease in area of the specimen and results in an 

increase in the effective machine modulus M ( = gq M
0

). The reverse is true 

for plastic straining in compression. 

The other term in Equation (5) that is routinely neglected is the 

quantity (1 - cr/M) which forms a product with the true plastic strain rate. 

It is customarily assumed [10] that cr/M is negligible compared to unity, but 

this is a questionable assumption for 11 SOft 11 test machines. It is easy to 

show that 

which indicates also that for short gage lengths or large loads the quantity 

cr/M could be appreciable, depending on the value of K. In a survey of machine 

stiffnesses found in the literature, Hamstad and Gillis [13] reported values 

. MN { pounds) MN ( pounds) of K rang1ng from 4.56 m- .26,000 inch to 29.2 m- 166,500 inch . As 
2., 1-1. 10~ 

an example, for a 6.25 mm diameter, 25 mm gage length steel specimen (E = ~ 

MPa) these values of K translate to M
0 

values of E/57 to E/9. Stresses routine 

experienced in tensile testing of steel can be in the order of E/200, a sizeabl 



,· 

fraction of these M
0 

values. Clearly then, neglect of the cr/M term in the 

coupling relation, Equation (5), can result in an error in the determination of 

€p if a 11 Soft 11 test machine is used. 

Determination of Machine Stiffness 

From the prior discussion, it is obvious that the machine stiffness 

must be well-known to accurately assess deformation behavior during tensile 

tests. Through use of the coupling relation, several techniques can be 

identified for determining the machine stiffness. 

The most straightforward method is the total deformation technique. 

With this method, a tensile specimen is strained for a predetermined time T 

in a machine operating at a constant crosshead speed. Provided that the 

strain is distributed uniformly within the gage length and the machine stiff

ness is constant, Equation (3) can be integrated to give 

= e + ~ 
T KL 0 

(7) 

where PT is tbe load at time T. If an independent determination of the total 

engineering strain eT is made with an extensometer, this equation can be 

solved for K. It should be emphasized that if this method for determining 

K is used, several values of T should be employed to identify any variation 

of K with ioad. if significant variations are noted, Equation {7) itself 

is inaccurate since the integration performed on Equation (3) assumed a constan 

K. For a non-constant K, we have from Equation (3) 

(8) 



If K-l is expressed in a power series as before, the integral in Equation (8) 

can be evaluated and the load dependence of K to any desired order can be de

termined using a system of linear equations and measurements of eT at various 

Tp values. For this technique a specimen material with a low yield strength 

and high work-hardening rate is recommended since this combination will pro

vide measurable strains over a wide range of loads. 

A second technique for determining machine stiffness is by the elastic 

loading method. With this method, P is measured for loading situations where 

yielding of the specimen does not occur. Substituting in Equation (3) the 

identity (A-15) 

o = ( 1 + ep) S + o ~ , ( 9) 

we have 

( 10) 

where again, q ~ (1·+ ep). For elastic loading, €P = 0, and Equation (10) 

can be solved for C to give 

Lo P c = gq - . (11) 
Ao X 

Then M and finally K are determined using Equation. (6). For this technique 

a specimen material with a high yield strength is recommended to provide a 

large load range for an accurate determination of P. Unlike the total defor

mation method, this method for determination of K requires knowledge of the 

elastic modulus of the specimen. However, it does not require an independent 



measurement of strain. For a comparison of stiffness determinations using 

these the first two techniques, the reader is referred to the paper by 

Hockett and Gillis [14]. 

A third technique that has been used for K determination could be called 

the crosshead speed change method. With this method, the load rates P are 

measured immediately before and after a change in crosshead speed. The stan

dard assumption when using this method is that the true plastic strain rate 

remains continuous at the instant of the crosshead speed change. Gillis and 

Medrano [15] and Fortes and Proen~a [16] have made machine stiffness deter

minations using this method. To use the method, Equation (10) can be solved 

for the quantity ~P[l + cr/E] which is continuous during a crosshead speed 

change. This results in the relation 

where P1 and P2 are the load rates immediately before and after a change in 

crosshead speed from x1 to x2. Solving for C gives 

( 12) 

from which K is found using Equation (6). As with the elastic loading 

method, the crosshead speed change method requires no independent measure

ment of strain for stiffness determination but does require knowledge of the 

elastic modulus of the specimen. 

Gillis and Medrano [15] reported finding large scatter in stiffness 

determinations with the crosshead speed change method using speed changes 



. 
corresponding to the start of a stress relaxation test (X2 = 0). This is 

consistent with the work of Holbrook et. al. [6] who have demonstrated that 

the initial load rate during stress relaxation is a difficult quantity to 

measure accurately. Fortes and Proensa [16] used crosshead speed changes 
. 

corresponding to the reloading after a stress relaxation test (X1 = 0) and 

reported significantly less scatter in stiffness determinations. In view of 

the findings of Fortes and Proen~a [16] and Holbrook et. al. [6], use of the 

crosshead speed change technique can be expected to yield more reliable re

sults for machine stiffness if determinations are limited to speed changes 

of the type x2 > xl. 

A final suggested technique for measuring machine stiffness can be 

called the stress relaxation method. If the machine stiffness is constant 

over the range of load reduction in a stress relaxation test (V
0 

= 0), Equa

tion (3) yields 

( 13) 

where ~P is the difference between the load at any time during relaxation and 

the load at the start of relaxation (a negative quantity for relaxation in 

tension) and ~eT is the increase (for tension) in total engineering strain 

at that time from the value at the start of relaxation. This technique re-

quires a sensitive, independent measure of strain, but does not require 

knowledge of the specimen modulus. A highly strain-rate-sensitive specimen 

material is recommended, however, as well as a reasonably large value of 

initial crosshead speed in order to maximize load reduction and, hence, 

strain increase. This technique differs from the first three methods in 

that the crosshead is immobile for this determination of stiffness. Depend-

ing on the machine, it is possible that the static machine stiffness is dif-



ferent than the effective stiffness when the crosshead is moving [17]. 

As can be seen from Equations (3) - (6), significant simplifications in 

the coupling relation result if the machine modulus is very large. In partie-

ular, for M
0 
~ = we have 

. 
V0 = eT = g ET = g (eP - CVE) (14) 

From the definition of M
0

, it can be seen that the machine modulus can be 

made arbitrarily large by selecting the appropriate value of L
0

/A
0

. Ex

tremely large values of L0 /A0 are not practical, however. Decreasing A
0 

decreases load values in a test and results in load measurement difficulties. 

Increasing L
0 

increases the possibility of non-uniform deformation in the gage 

length. The effect of an infinite machine modulus is obtainable, however, by 

using a servo-controlled test machine in strain-control mode. The controlled 

parameter in this situation is LT (hence eT), not crosshead position. The 

feedback signal for the closed-loop strain control is obtained from an exten

someter measurement of LT made directly on the specimen. 

In the case of closed-loop strain control, V
0 

is not a consideration 

{although V
0 

actually varies according to Equation (3) to maintain a pre

scribed eT), and all that is required to determine true strains and strain 

rates are the definitions given in the Appendix relating these quantities to 

eT and eT. It can be seen that these are the same as those in Equation (14) 

using the coupling relations with M
0 
~ =, hence, the concept of infinite 

machine modulus for servo-controlled machines in strain-control follows. 

Before proceeding to the next section, it should be mentioned that servo

controlled machines in either load- or stroke-control do not simulate 

infinite stiffness. The characteristic stiffness of the machine must be 

known in these cases to use the coupling relation. 



APPLICATIONS 

Several examples will now be given that illustrate the use of the 

exact form of the coupling relation in analysis of tensile test data. 

Interpretation of Work Hardening Behavior 

A realistic treatment of the work hardening capacity of a material is 

essential for a successful deformation model. In this section we outline 

the technique for accurate determinatio~ of work hardening behavior from ten

sile tests. We distinguish between two types of work hardening behavior, 

observed and actual. Briefly, observed work hardening is the measured in-

crease in the flow stress of the material for a measured increase in strain. 

As shown below, this measured behavior is influenced by machine stiffness and 

loading conditio~s, and these effects must be accounted for to deduce the 

actual work hardening behavior. 

Consider a tensile specimen that is being loaded by a tensile machine 

and experiences an increment in total true strain dET. We may divide the 

differential expression 

by da to arrive at 

( 15) 

where Hr is the observed total work hardening coefficient, ~~r' and HE and 

HP are similarly defined. Hr is the slope of a true stress-true strain curve 

at any point. By definition, EE = cr/E, thus HE is equal to the elastic 
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modulus E. Since HT is a measured quantity and E is known, Equation (15) 

provides us with a method for calculating HP, the increase in flow stress 

for an increase in plastic strain. We note in passing that for loading of a 

tensile specimen near the yield stress (where HT ~E), Equation (15) in

dicates that H >> E. We feel this behavior simply suggests that the quantity p 

da 
de:p 

is not well-defined for near-elastic loading. 
de: 

The reciprocal, ~, is 

well-defined, however. Representation of stress-strain test results by 

plotting Hp vs. a has become popular of late [18]. It would appear, in light 

of the near-yield peculiarity with HP, that an alternate graphical represen

tation of stress-strain behavior using 1/Hp vs. a is advisable. 

Next, consider substituting the identi·ty 

into the coupling relation, Equation (5), and solving for l/Hp: 

( 16) 

This equation demonstrates that the quantity HP can be determined from measure

ment of a and g (= 1 + eT), and also, that HP is dependent on a prescribed 

parameter, V
0

, and on machine stiffness (through M and C). Equation (16) also 

clearly indicates that HP is not a fundamental material parameter, but is de

pendent on the experimental loading conditions. For example, letting V0 = 0 

in Equation (16), corresponding to a stress relaxation test, we find that 



which is a negative quantity. This is not an indication of work softening 

during stress relaxation, but a demonstration that HP is an observed work 

hardening coefficient and should not be equated with the actual work harden

ing behavior. 

The correspondence between HP and the actual work hardening coefficient 

ep is, however, easy to develop. If the specimen flow stress depends 

only on plastic strain and plastic strain rate, we may write 

de: p ( 17) 

The partials in this expression correspond to the work hardening rate at 

constant true plastic strain rate and the strain rate sensitivity of the flow 

stress, respectively. Renaming these partials ep andy, Equation (17) can 

be rewritten: 

( 18) 

Provided the strain rate sensitivity of the' mater1al, y, is known, tquation 

(18) enables us to calculate ep from a measured value of HP and knowledge of 

the true plastic strain rate and the true plastic strain acceleration e:P. It i~ 

obvious from this equation that for a constant true plastic strain rate test 

[19], where e:P = 0, ep is determined directly, since it is equal to HP. In 

other loading situations (e.g.· constant V
0

), ep must be found from Equation 

(18) using exper1mental determinations for HP, E:P and e:P. If the experimental 

data is available in the form of true stress versus time, and an independent 

measurement of strain is available, Hp' €p' and e:p can be determined from 



Equation (16), Equation (5), and the time derivative of Equation (5), re-

spectively. 

In practice, however, the experimental record from a tensile test is 

ordinarily in the form of engineering stress versus time or engineering 

stress versus total engineering strain. In this case, Equation (5) is in

convenient for calculation of EP and €P to use in Equation (18}. By differenti< 

ing Equation (3) and using (A3) and (Al3) we find that the coupling relations 

for EP and €P in terms of engineering quantities are 

( 19) 

and 

[
v ·· ( e ) 2 ( .. ep = go - ~- gT - t 2 Sep + S (20) 

The values for ~T and €p in Equation (20) are found from Equations (3) and 

(19), respectively. Also, to a very good approximation in Equations (19) 
. 

and (20)~ the denominators can be equated to one since qS << E. 
p.,,..., c.•~ 

For tensile test data in the~~ S versus eT, stress rate, S, is not 

available but is easily found from the slope of the engineering stress-strain 

trace, hT (= ~!T). Using Equation (3): 

v =s(, +-,) o hr Mo 
( 21 ) 

The expression relating engineering work-hardening rates analogous to Equa

tion (15) for true work-hardening t~ates is easily shown to lJe 



1 - + ep liT - -.,h-E- + (22) 

Equation (22) is not particularly useful since hE does not, in general, 

equal E (hE = E only for EP = 0). Determination of hr from Equation (21) 

or directly from the slope of the engineering stress-strain curve is 

useful, however, since hr can be related to Hr. The correspondence is 

q(ghT + S) 
Hr = ~ q ( g hr + s ) ( 2 3 ) 

1 + ~ 

where, as before, 

E 

g = 1 + eT ~ 1 + ep 

q = 1 + ep 

For completeness, we include the relation between HP and hp: 

(24) 

Finally, simple expression relating hE to HE (= E) does not exist since 

hE is defined in terms of engineering stress, which does not account for 

the current value of strain. However, it can be shown that 

hE _ E(l + ~) = qE 
hT - g hT + S Hr 

Variation of Strain Rate in a Tensile Test 

(25) 

A plastically deforming specimen appears to the moving crosshead as a 

nonlinear element in series with the spring which represents the machine respons 



If Equation (3) is used to solve for the partitioning of crosshead displace-

ment between specimen and machine, we obtain 

X Lr = ---.-
+ hr 

f.1Q 
(26) 

where hr is the slope of the engineering stress-strain curve. This equation 

illustrates that the total engineering strain rate Lr/L
0 

is, in general, 

variable for a constant crosshead speed test, depending on the instantaneous 

engineering work-hardening coefficient and the machine stiffness. This be

havior has been noted in a number of studies [13, 20, 21]. It can be seen 

from Equation (26) that only for an infinitely stiff machine (servo-controlled 

in strain mode) is the total engineering strain rate identically constant durin~ 

a tensile test. 

Identification of the true strain rate behavior can be accomplished by 

dividing Equation (26) by Lr = L
0

. (1 + er), giving 

(27) 

If the experimental record is in terms of engineering stress versus time, 
. 

Equation (21) is useful for relating hr to S. True elastic strain rate is 

most easily determined by using Equation (23) to solve for Hr. Then (23) 

yields 

(28) 

True plastic strain rate is then determined from 



Shown in Figure l is an example of strain rate variation during a tensile 

test. Chosen for illustration is the strain-rate-insensitive constitutive 

' behavior 

where e0 , cr
0

, and N are constants. 

It follows, then, that 

and 

l l eo ( ) N-1 
HT = r + N cro ~o . 

•(29) 

(30) 

( 31 ) 

For purposes of this illustration, Equation (4) has been solved for ET (in

stead of using Equation (27) since HT can be inserted directly in the result: 

The curves in Figure l have been calculated for a condition where both 

eE and ep equal 0.002 when cr = cr
0

. Thus, cr
0 

repres.ents the 0.2 percent 
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offset yield strength, occurring at cr
0 

= 0.002E (60 ksi for steel). A value 

of N = 5 has been chosen which corresponds to a work hardening exponent of 

0.2. Curves are given in Figure 1 for two values of machine stiffness, E/10 

and infinitely stiff. It can be seen from this figure that for the 11 SOft 11 

machine (E/10), all strain rates are variable during a constant V0 tensile 

test of this model material. However, for an infinite stiffness (M
0 

= =), 

eT is constant throughout the test and as can be seen from either Equation (27) 

or (32), true total strain rate is simply V
0
/(l + eT). Clearly, true 

plastic strain rate is zero at the beginning of the test for either stiffness 

and is virtually equal to ET after yielding. There is a rapid variation of 

ep near the yield stress, the details of which are dependent on machine 

stiffness. It should be obvious that a true-plastic-strain-rate tensile 

test is, in prinicple, not possible over the entire strain range. However, 

as described by Hartley and Jenkins [19], with a computer-controlled infinite

stiffness machine the test can be closely approximated after yielding has 

occurred. 

Stress Relaxation Tests 

The stress relaxation test is conmonly used to examine the strain r•ate 

dependence of the flow stress for a given material. The test consists of 

stopping the crosshead after a predetermined amount of strain and measuring 

the subsequt:mL ue,rease in loild with time. U~ing the c:-n11pling relation, the 

measured load rate can be converted to a plastic strain rate, and this strain 

rate can be plotted against stress to ascertain the strain rate sensitivity 

of the flow stress. 

From Equation (5), it follows immediately that during a stress relaxa

tion test (V
0 

= 0), the stress rate and strain rate are related by 



F;p = - ;;c(l - ~) (33) 

An unusual feature of Equation (33) is the presence of the term 1 - cr/M. 

To the authors• knowledge, this term has never been included in published 

studies on stress relaxation behavior. The significance of the term depends 

on the stiffness of the machine used for testing. For servohydraulic ma

chines in strain-control, M is effectively infinite, and Equation (33) re-

duces to 

e:p - - alE 

For 11 SOft 11 machines, the effect of the term depends on the stress level. 

Neglect of this term results in an underestimate of the magnitude of the 

plastic strain rate during relaxation. 

Since raw data for a stress relaxation test is normally in the form 

of load versus time, it is useful to express the right-hand side of Equa

tion (33) in engineering terms. Substituting the identity (A-15) 

a = q (S + S ~p) 

into Equation (33) we arrive at 

~p = q s I C( 1 + ~) ''-'~ 
"' c (34) 

Often an empirical constitutive law for plastic strain rate as a func

tion of stress is substituted for €P in Equation (33) and integrated with 

the assumption of constant microstructure to yield the stress-time behav-



ior [22]. This is then fitted.to the experimental stress-time data to 

identify the parameters in the empirical law. The assumption of constant 

microstructure is questionable, however, for a stress relaxation test [2, 

23-26]. Clearly from Equation (33), plastic strain accrues during relaxa-

tion, the magnitude of which depends on machine stiffness for a given stress 

drop. 

If the flow stress at a constant temperature depends only on micro

structure (denoted by r) and plastic strain rate, we may write as a differen

tial constitutive law 

(35) 

which incorporates the influence of microstructural changes on the flow 

stress. This is essentially Equation (17) with r instead of EP as an 

internal state variable. The coupling relation for stress ~elaxation, Equation 

(33), can then be substituted into Equation (35) to give 

- c (1 - M) E:p (36) 

as a differential equation governing stress relaxation. As an example, con

sider the case where microstructure depends only on plastic strain (but 

without recovery or loss of mobile dislocations). Then Equation (36) can be 

written 

- c ( 1 - ~) (37) 



which is readily integrated if the functional forms of the properties ep 

and y are known. 

Stress Rates Following a Crosshead Speed Change 

Abrupt crosshead speed changes are frequently used in various types of 

tensile tests. Examples of these are strain-rate-cycling tests, fatigue 

tests, and stress relaxation tests. Often the stress rate immediately follow

ing a crosshead speed change is required as a test of deformation model [6] or 

for characterization of the test machine [15,16]. 

In using the coupling relation to solve for the stress rate following 

a crosshead speed change, one must make the usual assumption that true plastic 

strain rate is continuous during a speed change. Then we have from Equation 

(5) for a crosshead speed change from V01 to V02 : 

(38) 

which relates the stress rate after the speed change, a2 , to the prior stress 

rate. Again, using Equation (16) to substitute for cr 1 in Equation (38) we also 

have 

(39) 

where cr is the stress at the crosshead speed change and Hp1 is the measured 

plastic work-hardening rate immediately before the change. 

For a stress relaxation test V02 is zero in Equation (39). We see then 

that the initial stress rate in a stress relaxation test depends strongly 



an· machine stiffness and, through HPl, on the location on the stress strain 

curve where relaxation is started. 

Thenna lly Activated Di sl ocati on ~1oti on 

For crystalline materials deforming by dislocation motion, the plastic 

strain rate is related to the mobile dislocation density p and their average 

velocity v by Orowan's Equation [27] 

e:p = abpv 
(40) 

where a is a constant and b is the Burgers vector of the mobile dislocations. 

It is possible to substitute for €P in this equation from the coupling re

lation, Equation (5). This would relate the variation of the product pV to 

the crosshead speed, stress rate, and machine stiffness. An alternate repre

sentation which separates the variables p and v is found by fanning the ratio 

( 41 ) 

For substitution into the left-hand side of this expression, Equation (5) 

and its time derivative (we note that g, a, M, and C in Equation (5) are 

variables and should not be treated as constants in the differentiation) as 

Equations (19) and (20) may be used. 

Use of Equation (41) to study the variation of p in a tensile test re-

quires knowledge of the behavior of v and vice-versa. The dislocation 

velocity is commonly treated as a function of an effective stress cr* which 

is the difference between the applied stress a and an internal stress cri· 



Equation (41) can then be written 

.. 
Ep = 2_ + din V a* , 
€p p do* (42) 

If the internal stress is due to the long range stress fields characteristic of 

the microstructure, it can be assumed that the internal stress varies 

with plastic strain according to 

where ep is the true work hardening coefficient discussed in an earlier 

section. Substituting this relation into Equation (42) we have 

(43) 

Provided the dislocation velocity dependence on a* and the work-hardening 

behavior are known, Equation (43) enables us to study p from observations 

of the stress-time or stress-strain hP.havior during tensile deformation. 

Figure 2 illustrates a typical experimental measurement for a particular 

load-time history, namely the load-transient behavior seen in strain-rate 

cycling tests. Some special cases are labeled with letters in Figure 2. 

At positions A, C, and D the engineering stress rate is zero. The terms a, 

€p' and €P in Equation (43) are defined for this situation by Equations (9), 

( ) ( ) .&L • • d d£nv 19 , and 20 . Tllus, P can be quant1tu.twcly evaluated if ep an do* t3.re 

known. 
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SUMMARY AND CONCLUSIONS 

We have developed the specimen-machine coupling relation in its exact 

form for engineering total strain rate, true total strain rate, and true 

plastic strain rate in Equations (3) - (5). With a number of applications 

we have shown how the coupling relation can be used to accurately interpret 

observed deformation behavior. We have also attempted to illustrate several 

cases where a ·machine's stiffness characteristics actually influence the 

deformation response of a material during tensile testing. 

Several methods have been described for determining machine stiffness. 

In a number of cases we have indicated the benefits of performing tensile 

tests in a servo-controlled machine in strain mode for which the machine 

stiffness is effectively infinite. The benefits include a strain rate be

havior that is not dependent on the current work-hardening behavior of the 

specimen, minimal plastic strain occurring during stress relaxation tests, 

and a much simpler coupling relation for use in interpreting data. 
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Fig. 1 

FIGURES 

Stress-strain and strain rate-strain behavior fbr the strain-rate-

insensitive model material described by Equation (30). Note stress-

strain is represented on a log-log plot. True plastic strain rate 

is the difference between the ET and EE curves. The vertical lines 

through the curves represents the strain at 0.2% offset yield 

strength. 

Fig. 2 Schematic load-time behavior in a strain-rate-cycling (or crosshead-
. . 

speed -cycling) experiment with x2 > x1. At locations A, C, and 0 

s is zero. Locations B and E are inflection points, thus S = 0. 

Fig: Al Schematic true stress-strain curve indicating specimen gage length 

definitions for use in strain formulae. 



APPENDIX 

Development of the specimen-machine coupling relation in terms of 

true plastic strain rate, Equation (5), requires the exact additivity of 

true elastic and plastic strain components. Referring to the specimen gage 

length at selected points on the engineering stress-strain curve shown in 

Figure A-1, it can be seen that when the true elastic and plastic strains are 

Lr 
e: :n _(J 

E ... n L- r· p (A-1) 

and 

(A-2) 

additivity is satisfied because 

(A-3) 

True strain rates are found by differentiating Equations (A-1 )-(A-3) with 

respect to time: 
. 
L 

- T 
e:r - Lr (A-4) 

and 
(A-5) 

(A-6) 

Engineering strain components are given by the formulae 

eE = 
Lr 

j l r- - -p (A-7) 

ep = 
Lp 

1 l c;-- - q - (A-8) 
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.. · ... 
-A-3-

and 
LT 

eT = La - 1 = g - 1 (A-9) 

From comparison of Equations (A-1)-(A-3) to Equations (A-7)-(A-9) respectively, 

it can be seen that the conventional rules for connecting true to engineering 

strains are satisfied 

e:E = tn (l + eE) 

e: = p tn ( 1 + ep) 

e:T = tn ( 1 + eT) 

Using Equation (A-3) it is evident that 

1 + eT = ( 1 + eE)(l + ep) (A-10) 

where the quantities 1 + eT, etc~ are often called stretch ratios [14]. 

Equation (A-10) indicates that engineering strains are not additive, but in 

fact 

(A- 11 ) 

Further 

i.e., engineering strain rates are not additive. True strain rates are re-

lated to engineering strain rates by 

e 
- - E - a t:.E - J - E 

. 
ep 

tp ;:r_ 

q 

. 
eT 

e:T -- . 
g 

(A-13) 




