
(Invited Paper: Eight Conf. on the Application of Accelerators in Research
' and Industry - Nov. 12-14, 1984 - to be published in Mucl. Instr . Heth.

TIME DEPENDENT HARTREE-FOCK THEORY OF ION-ATOM COLLISIONS:

APPLICATION TO F9 + + Ne

C. BOTTCHER

Oak Ridge National Laboratory,* Oak Ridge, TN 37831, U.S.A.

CONF-841117—20

DE85 003083

Abstract

Atomic collisions at intermediate energies are formulated in terms of

a time dependent self-consistent field. Numerical problems which arise in

applying the formalism to heavy Ions and atoms are discussed. Results are

presented on charge capture and ionization in F 9 + + Ne collisions.
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1 . Introduction

Most of theoretical physics at the present time is concerned with the

many-body problem in one or another guise. In atomic and molecular physics

the interactions are precisely known, so that the only obstacles to solving

many-body problems l i e in mathematical and computational techniques. For

systems with strong interations — the interelectronic repulsions in a

ground state atom are moderately strong — we know of one tractable tech-

nique, the self-consistent f i e ld introduced into physics by Hartree. In

th is paper we shall use the example of capture and ionization in collisions

of a bare f luorine nucleus with a neon atom,

F9+ + ue * F(9-n>)+ + Nen+ + (n-m)e- (1)

at intermediate energies, say above 25 keV/amu. Thus (1) can be described

as a system of 10 electrons moving under their mutual interactions in the

prescribed, time dependent field of the nuclei. In the time dependent

Hartree-Fock method (TDHF) each electron sees the mean field of the other

electrons as well as the nuclei. The electron move independently except

insofar as they are coupled by the mean field.

What physics is described at this level of approximation, and what is

omitted? Screening and polarization are fully incorporated. The most

significant advance over simpler independent electro.1 models lies in the

treatment of shakeoff and shakeup, i.e. transitions induced in outer

electrons by a rapid change in the state of an inner electron. Shakeoff

has hitherto been described in the sudden approximation, but TDHF gives a

unified account of the transition from the adiabatic regime where the
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electrons follow each other, to the sudden regime where they decouple.

Interactions between specific pairs of electrons are not described, e.g.

two-electron dragout in which one ejected particle knocks out another.

TDHF has been a major preoccupation of nuclear physicists for the past

decade [1], In atomic physics a number of calculations have been published

on two-electron systems [2]. The well-known RPA method is a limiting case

of TDHF where the variation in the wave function is treated as a small

quantity. Full TDHF calculations can be performed with high efficiency on

vectorizing supercomputers, such as the Cray-2. Progress in developing the

method will depend largely on the availability of such computers.

The plan of this paper is to explain the formalism in section 2, the

numerical methods in sections 3 and 4, and to present results and dis-

cussion in section 5. Atomic units will be used throughout, unless other-

wise specified.

2. Formalism

Suppose we have A electrons described by the Hamiltonian

- - I { v 2 + { v (P t) + f I2 i=1 i i=i
 n -' i=i j=i+i

H - - I { v2 + { v (P t) + f I J L (2)
2 i = 1 i i = i n - ' i= i j= i+ i r..

where r* is the position of one electron and Vn the potential f ield of the

nuclei. Let the wave function <l> be approximated by a determinant of spin-

orbitals {<t>a}. The TDHF equations follow from the Frenkel variational

principle

+<° -
6 / <c|>*| H - i — | <J>> d t = 0 (3)
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when the individual <l>aare varied. The general structure of these

equations is

a*h*« = i -£
where

i2 (5)

Vd and Vx are the direct and exchange interactions with the other

electrons; they both depend on a and V is non-local. We shall make two

approximations: (i) Vd is replaced by its average over all a; and (ii)

Vx is replaced by the Hartree-Slater local approximation. These assump-

tions might be difficult to justify if calculations did not show that tran-

sition probabilities are insensitive to the details of Vd and V"x. He

should record that the Hartree-Slater approximation is certainly too

attractive when the wave function is seriously perturbed from the ground

state.

Thus, we write the electronic density as

D - I «M2 (6)

where the sum extends over spatial orbitals with occupation numbers {w a}.

The exchange potential is given by

Vx = -CxDl/3 (7)

where C = 0.8005 i f each orbital is normalized to 2n (this is convenient

for cylindrical coordinates). The direct potential is obtained implicitly

by solving Poisson's equation

V2Vd = -2(M)D . (8)
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I f the target nucleuses at rest at the origin, and the internuclear

separation in j * ( t ) ,

ZT ZD

Vn - - - I - T^ - r (9)
r |jr-Rj

where Z-j- and Zp are the target and projectile nuclear charges. We shall

take £ to follow a straight line trajectory, as in fig. 1,

£ = b̂  + vt. (10)

Even if the solutions of (4) - (10) can be propagated in time, the

calculation of transition amplitudes may not be straightforward. The

following prescription can be derived variationally and probably represents

the best that can be done within TDHF. Let (s^, $ f) be two Slater

determinants, and (4»|+)s ^ " J ) the results of propagating them forwards

and backwards in time. Then the transition amplitude

S.f = < * H !*£-)> + i £dt<*{
+)|H - i -1 | *J~J> . (11)

The first term on the RHS of (11) involves only independent particle

amplitudes while the second term corrects for the residual two-body inter-

actions. The first term can be written as a determinant of complex ampli-

tudes, whose squared modulus is to a first approximation a product of

independent particle probabilities. Thus, suppose the independent particle

probabilities for capture and ionization are p" and p" : the net number of

single captures (m = n = 1 in the notation of (2)) per collision becomes
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while the number of simultaneous capture a:;d ionization events is

PCI " I \ U«(<V1)PV + BJpVpPcPl '

We shall calculate p c
a and Pj a as follows. Let {Xk

T} and {xk
p} be

sets of eigenfunctions of the final target and projectile Hamiltonians.

Then the total probabilities for excitation into a bound state p B
a and

capture into a bound state pc° are given by

PB" • \ IVIVI 2> Pca • \ l«k
plV!2

where the summations extend over bound states only. By conservation of

probability,

(15)

3. Propagation in time

We now turn to the solution of (4). All calculations will make the

axial decoupling approximation, in which the kinetic energy

p z 2 ap2
 P ap

where (p,z) are cylindrical polar coordinates in a rotating frame whose

z-axis coincides with the line of nuclei (see fig. 1); m is the angular

momentum about the z-axis. Single electron wave functions have been

propagated successfully [3] by expanding the wave function in products of

tent functions {&m}

Hp,z) =1 *m(t)ajp)an>(z) (17)

but new problems arise when these methods are applied to the TDHF equations.
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The initial wave functions must satisfy the static Hartree-Fock

equations

where h(t) is the independent electron Hamiltonian. Now the numerical

solutions of (18) and (4) are always approximate in some sense, but it Is

essential that if <t>a° is propagated to obtain <t>a°(t) while the Hamiltonian

h(o) is fixed, then such a 4>a
o{t) still satisfies (18) to a high degree of

accuracy (in fact, better than 1 part in 10 5). In other words, propagation

in the absence of a perturbation must not induce transitions. If the

earlier numerical methods, based on the Peaceman-Rachford algorithm, are

applied to a heavy target (Zy 1 10) it is extremely difficult to keep the

numerical error below 1%. Since future work will focus on systems much

heavier than neon, a different philosophy must be adopted.

We first observe that (4) and (18) can be written as matrix equations

in a finite space of orthogonal functions

I f (19) is propagated using the exact exponential

• J t + T) = exp[-iTh(t + £ * ] •

i t is identically true that

if h is fixed.
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To implement (21) the tent function basis {a } must be modified. In

the first place these functions are not orthogonal; in the second place,

the corresponding Hamiltonian matrix has very large off-diagonal elements

associated with mesh points near the nuclei, making the exponential func-

tion difficult to compute. Thus, we transform to sets of orthogonal

functions

which diagonalize the one-dimensional model Hamiltonians,

V - TP + UP . V • Tz + Uz •
The choice of U , U2 is not very important. The wave function is now

expanded in products P U ( P ) P ^ ( Z ) : while the Hamiltonian is now non-sparse,

the new space can be greatly truncated compared with the original space of

tent functions.

Within the new space (20) and (21) are implemented without further

approximation. Since the Hamiltonian h depends on the density (6), (20)

must be solved ineratively. In the case of (21), it is sufficient to take

the density from the preceding time step. This stability of the self-

consistent field with respect to various approximations is undoubtedly due

to the dominance of the nuclear (one-body) potentials in atomic physics,

and is in striking contrast to the experience of nuclear physics [1]. The

solution of Poisson's equation (8) has its own pitfalls which we now

discuss.

4. Poisson's equation

Let us rewrite (8) and (16) in the form

(e - Tp - T,)V = J (25)

where e is a small positive constant. In nuclear applications (24) has
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been solved using fast fourier transforms, alternating gradient and con-

jugate gradient methods. All these methods require reformulation when J

and V are represented [1] on non-uniformly spaced grids such as we use in

the finite element method. While this question has not been investigated

in detail, it seems likely that the methods would encounter severe dif-

ficulties when aplied to heavy atoms. Thus, we have developed a non-

iterative finite element method, somewhat in the spirit of section 3.

Starting with the usual tent function {am} we introduce orthogonal

functions in the manner of (23) which diagonalize the one-dimensional

kinetic energy operators,

= xv K •

Each of these sets includes a zero eigenvalue tQ = 0, associated with an

eigenfunction P_ constant in space. Defining

(25) becomes

(e - "V " S ) ^ = Jnv " %v f23)

where G is a surface integral

G = — / P (P)P'(Z) E(p,z)dS (29)

involving the normal electric field on the boundary,

E = - |£ . (30)
en
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We evaluate E, V on theboundary direct ly by means of the potential

in tegra l . Then (28) has a well-behaved solution i f

Joo " Goo

which i s , in fac t , a direct consequence of Gauss's theorem. The potential

is given by (27) and (28) to within a constant, C, the coefficient of

PQP0 . As a last step C is determined from the average value of V on the

boundary.

In practice the method just described has proved fas t , accurate and

immune from numerical i ns tab i l i t i es .

5. Results

We have carried out calculations on (2) at two energies, 25 and 100

keV/amu corresponding to relative velocities v = 1 and 2. The molecular

orbital designation of the wave function is

lscr2 2scr2 2po2 2pit'1 .

The 2s, 2s and 2p shells of neon have Hartree-Slater binding energies 31.5,

1.59 and 0.73 respectively. Thus, the nuclear velocities considered

approximately match the electronic velocities in the 2s and 2p shells. The

wave functions are confined to a cylinder p jC 7, -7^_z_<13 where the neon

nucleus is at the origin. The number of finite elements is 35 for the p

coordinate and 90 for z, spaced more closely around the target nucleus. At

impact parameters b < 0.5, quasi-resonant capture from the K-shell of neon

becomes probable, and this mesh is inadequate. We have thus confined our

attention (for the present) to larger impact parameters at which excitation

out of the K-shell is improbable (<1%).
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The probabilities of capture and ionization for each outer orbital

(2so, 2pa and 2p«) have been calculated as described in section 3, and are

shown as functions of impact parameter in fig. 2. They follow the usual

pattern of ionization and capture probabilities, viz. the former peak at

small impact parameters and the latter somewhat further out. In accordance

with the criterion of velocity matching, the 2so and 2po cross sections

rise from v = l.to v = 1, while the 2prc decrease slightly. The cross sec-

tion for single capture is =22 A2, in good agreement with the we11-accepted

universal formula [4].

The most interesting feature of these results is the large amount of

ionization from 2p<? which seems to be due to shakeoff following capture

from the 2sa shell. The interpretation is borne out by the density contour

plots in fig. 3, which show a 2po density apparently ejected symmetrically

from the target at b = 1, v = 2. Capture in the 2sa orbital is also seen

clearly in the plot. Another interesting feature seen in contour plots is

that capture from 2pa^e tends to go into npcjj. final states. It would be

interesting to see whether this result survives when the axial decoupling

approximation is relaxed in a fully 3D calculation.

Finally we note that the perturbation of the electronic self-

consistent fitld (Vg = Vd + V ) is quite modest, suggesting that the TDHF

procedure might be simplified for many purposes. Triple differential cross

sections could be calculated by taking Ve from the TDHF calculation and

inserting it in a distorted wave formulation.

With the exponential propagator (21), the time step t can be as large

as 0.1. Each step takes ~4 sec on a Cray-lS. Most of the time (~3 sec) is
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consumed in calculating.the potential field on the boundary. The remaining

steps to solve Poisson's equation takes ~0.03 sec (once the eigenvectors

(26) are tabulated). Propagation of the oribitals occupies ~1 sec.

6. Conclusions

Clearly the potential of TDHF calculations in atomic physics is almost

unlimited, particularly as the supercomputer revolution develops. A high

priority must be assigned to correlating its predictions with experimental

data, particularly on coincidence and differential cross sections.

The calculations described above were all performed on the facilities

of the MFE Computer Center at Livermore.
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Figure Captions

Fig. 1. Coordinate system used in calculations. The broadly shaded

rectangle corresponds to the frames in f i g . 3.

Fig. 2. The probabilities of capture (C) and ionization ( I ) , for the

2so, 2pa and 2p* orbitals, are plotted vs. impact parameter for

two relative velocities: (a) v=l, (b) v=2.

Fig. 3. The left-hand frames (see f i g . 1) show logarithmic density con-

tours for the 2SCJ, 2pa and 2pw orbitals. The right-hand frames

show contours of the total density (logarithmic) and the

electronic self-consistent f ield (l inear).
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