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In the past, most numerical treatments of naturally
convective flo~s through a porous material have made 
use of the Boussinesq approximation. The latter assumes 
that density changes are important only as a driving force 
in Darcy's law, and results in considerable simplification. I 
Near the critical point, however, large density changes in 
the convecting fluid can accompany small temperature changes, !' 
thus demanding a compressible treatment. The present study 
allows for the time-dependent solution of the fully-compress
ible equations, including Darcy's law, the time-dependent 
continuity equation, and the time-dependent energy equation. 
Solution of the above equations is accompl ished with the use 
of two scalar potentials, a generalized streamfunction and a 
generalized velocity potential, both of which obey elliptic 
equations. 

I. Introduction 

In the past, most calculations involving nat~ral convec
tion through porous media have made use of the Boussinesq 
approximation [1,2]. The latter assumes that differences in 
f l uid density are small and may be ignored everywhere except 
in the buoyancy term of the momentum equation, where they act 
to drive the flow. This results in considerable simplifi
cation and allows one to use an incompressible formulation. 
The Boussinesq approximation is, in mos t inst~nces, quite 
appropriate for flow through porous media, since such flows 
usually involve nearly incompress i ble fluids (su~h as sub
critical water) moving at slow velocities. Recently, 
however, new applications have appeared which involve the 
convection through a porous medium of a fluid near its 
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critical point. Cases of this kind not only necessitate-a--, 
compressible treatment,·. since ·large changes in density" (;.:.ro-o% 
are likely to occur within a given problem region; they also 
require a formulation which allows all relevant fluid proper
·ties to vary. 

Calculations of heat transfer in a fluid near the critical 
point are scarce. Schnurr et al. [3] have analyzed the I 
flow of water through a circular tube near the entry region. 
For flows through porous media, the literature appears to be 
confined mostly to geothermal problems. Cathles [4], and 
Norton and Knight [5] have presented "partly-compressible" 
calculations of hydrothermal flow near a magma body in which 
density is allowed to vary in the continuity equation, but 
time-dependent effects such as thermal expansion, and com
pressible terms in the energy equation .are neglected. 

The intent of the present work is to present a novel 
method for solution of the time-dependent compressible equa
tions for natural convection through a porous medium, includ-1 
ing the effects of variable properties. The list of fluid 
pr?perties allowed to vary includes density, viscosity, heat 
capacity and thermal conductivity. The solution method in
volves the definition of two auxiliary potentials: a general
ized streamfunction and a generalized velocity potential. I 
Solutions are obtained for two sample problems, one steady 
state and the other transient. For the transient problem, an1 
estimate of the importance of the compressibility terms is I 
presented. 

II. Governing Equations 
I 

As is usually the case in fluid flow problems, we will i 
solve a continuity equation, momentum equation, and an ~.nergyl1 

equation. The first two will simply be stated, together with
1 

a discussion of the potentials introduced as an aid to solu- 1 

tion. Lastly the energy equation, made more complex by the 
inclusion of compressibility, as well as the presence of the 
solid matrix, will be derived. 

The continuity equation for the fluid component is 

apf 
n ~ + V • pfv = 0 

(1) 

where n is the constant material porosity and v is the fluid ' 
velocity averaged over the porous matrix (Darcy velocity). 

Darcy's law relates v to the pressure gradient by 

, I (2) 
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wh-ere -2 .demot-es ... a .. unit .. vector ~ pointin'g "vertfciiiy upward---> 
Equation (2) represents a limiting form of the momentum . 
equation which applies when inertial effects may be ignored. 
Note that ~ and Pf are not restricted to be constant. 

A ·derivation of the energy equation will now be presente 
which is based on the assumption of a rigid matrix. We begin 
by writing separate energy equations for the fluid and 
matrix, and then combine the two. For a compressible fluid, 
neglecting the_ effects of the viscous stresses, 

de 
at 

dpf __£_ __ 
I 

(3) 
p 2 dt 

f 

Here the subscript f denotes the fluid component, d/dt the sub
stantial (total) derivative, and e the fluid internal energy I 
pe.r~ un.~~- ~a-~si~ERE 

U~ing the definition of enthalpy, 

-, h = h {T, p) = e + ~ , 

the chain rule; and .the thermodynamic relations-

(4~ 

I 
(5) 

I 
(6) 

I 

equation (3) can be expressed as 

c dT - BT dp = L 'V • K 'VT i 
pf at pf dt pf f :~ 

where T is the absolute temperature and B is the thermal 
sion coefficient. 

I 
expan-

1 

The equation for the solid component is 

P aT . 
5 c ~ = 'V • K 'VT i ps ot 5 1 

The energy equation for the mixture is obtained by 
(6) by n·, (7) by (1 - n) and adding: 

<p 
I 
I 

multiplying 

I 
= v-KVT , (8[ 

i 
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(9) 
. -~ .-.~ .. l 

K : nKf + ( 1 - n) K8 . \ 

To account for viscous dissipation due to drag forces at 
the fluid/solid interfaces, consider forced flow through 
a viscous plug of finite length ~x. If the total pressure 
drop is ~p, then the work being done on the fluid per unit 
time per unit volume of the porous material is 
P.L!::,~~r't ~rtnruntn"'ont 1-i\~:e 

w = vA~p : (10) 
Mxi · I 

where v is the fluid velocity before entering the plug. Equa
tion (10) represents the work per unit time going into heat 
since no kinetic energy change results, and thus the viscous 
dissipation per unit volume is - v . Vp. We now identify v 
as ··the Darcy velocity (the velocity of mass flow) so that the! 
final energy equation is 

aT - ap I pep at+ p~cpfv.~T - BnTat + (1-BT)v·~P = ~-K~T (ll) 

III. Solution Method 

Equations (1) and (2) are solved with the aid of two 
potentials which will now be introduced. The manipulat·i:ons 
below are specific to the cylindrical coordinates r, z with 
velocity components vr, vz •. We first define as an auxiliary 
variable the vorticity 

We next write out (2) by components, cross differentiate, 
subtract ~nrl ins~rt. (12) t.n gP.t 

We now define the new potentials through the relations 

(12) 

(13) 

(1'1) 

I 

I 
I 

1 al/J + 1 a4> ! I 
(15} 

I<-- - Pfr dr · ii" ~Jt line here -----------------· 
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A similar decomposition based on Helmholtz's theorem has been 
used previously [6]. Equations (14) and (15) are not similarly 
derivable, however, unless ~ and Pf are restricted to be . 
constants. Inserting (14) and (15) into (12) and using (13) 
gives 

~ (L ~ ) + r a ( 11 aljJ ) _ . 
_ dZ _Pf az a:r rp- ar - Kgr 

'! ,-, r. •· r-,.. "'':"lr £.) '.J~ •~·L f 
Inseriing (14) and {15) into (1) gives 

(16) 

I!.~ (r ~ ~) + L ( Pf ~·) = - n :tpf (17)1 
.rar l1 ar az l1 az a 

I Equations (16) and (17) thus serve as the means of calculating 
the potentials w, ~, from which may be determined the 
velocities vr and vz. Although more will be said about the 
potentials later, it is appropriate to refer to W as a 
generalized steam function, since for ~ = 0 it reduces to 
the stream function as normally defined. Likewise, it makes 
sense to call ~ a generalized velocity potential since for 
w 0 it reduce's to an ordinary velocity potential. 

Before proceeding to numerical techniques and specific 
problems, it is appropriate here to make some comparisons I 
between the two-potential method outlined above with the more 
common approach of solving directly for the pressure. In the 
latter method, an alliptic equation for p would be obtained 
by inserting (2) into (1), and then solving the resulting 
equation using standard techniques. This latter method has 
the advantage of requiring the solution of only one elliptic 
equation rather than two for the two-potential method. 
Solving for both potentials, however, effectively decomposes 
the velocity into two parts, one of which is due mostly to 
natural convection and one of which is due mostly to forced 
flow. This will be illustrated clearly in Section IV. Note 
that ~ and p are closely connected in that 1) they both 
satisfy an elliptic equation whose driving term is ~ apf/at, 
and 2) in the limit g+O (no natural convection) ' = ICp 
and both are potential functions. 

IV. Numerical Solutions - Steady State 

For steady state solutions we set ~ = 0 and solve for 
w only. It can be easily shown that with velocities defined 
as in (14) and (15), ·the steady state continuity equation is 
automatically satisfiP.n. r.nnsP,quently, thio ayatem I"t!UUCt!t; tj: 
the solution of (11) and (16), together with an equation of 
state. For the steady state solutions presented p is approxi~ 
mately constant so that for all practical purposes, Pf, 
~, Kf and cpf are functions of T only. Near the critical 
temperature, at pressures jus.t,.above. the_ critical_ pres.sJ.Ir.J;L_> 

I-

I 
I. -
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i (to avoid phase .transitions),., p.~. kf_and ll hav.e large-=:-c!~r1-- > 
vatives. This is ,in co·ntrast with cpf' which exhibits a 
sharp peak that becomes more pronounced as the critical 
pressure is approached. The calculations presented are for 
H2o at a pressure of 227.6 bars, so that the peak in cPf is 

:approximately two orders of magnitude above the base va ue. 
' 

Z=.4m 

R:;1m 

-ll;x10-3m HEATER 

. r 

l 
' ·-- ; 

RADUS I-

Figs. 1 and 2: Steady state streamline plots: on-axis ·heater · 
in an upright cylinder. p • 227.6 bars, 
T = 340°C(left) and 365°C(right). 
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;-"'-.-=-~- The numerical solution proceeds by first- ·solving-·es:!:"-<!g1 
for W. This is accomplished using SOR (Successive Over- ·1 
Relaxation) •. Velocities are then determined from (14) and (IS), 
and these values used in the solution for T (eq. (11). The I · 
latter variable is stepped forward in time using an AD! (Alter
nating Direction Implicit) scheme. Fluid properties were ob-j 
tained from steam tables [7] and are evaluated via table look

1 
up with a quadratic interpolator. Variable zoning is employed 

I 
in the radial direction so as to allow better resolution of the 
~e~~o~.n~a.~.t~e. ~eater where temperature gradients are largest. 

The geometry is shown in Fig. 1, along wtth streamlines 
for temperatures well below the critical temperature. The 
problem domain is a right circular cylinder with a small 
diameter heater along the axis. Figure 2 shows a cross
section of the flow with the axis of symmetry on the left. 
Boundary conditions used were W = 0 on all four boundaries, 
T = T

0 
on the right, adiabatic on top and bottom, and a heat 

flux condition at the on-axis heater. With a heater power of 
50 W/m and boundary temperature of 340°C, the streamlines 

1 

appear much the same as a Boussinesq-type problem, since fluid 
properties are changing only mildly across the problem regionJ 

I 

As the boundary temperature is raised to 365°C, however, the ' 
streamlines change to the form shown in Fig. 2. In this case 
the cell is localized closer to the top portion of the cylin
der, where temperatures are higher and viscosities are 6% 
lower. 

8 m 
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Fig. 3: Idealized geometry for pluton cooling problem. 
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:l(.-- Numerical· Solu tic)ns - Time- Depe.nd~nt.-.-,-_ --------> 

The sample problem for this case is the hydrothermal 
cooling of a suddenly intruded, hot magma body (pluton). The 
problem geometry is shown in Fig. 3. The pluton is assumed to 
pe a right circular cylinder intruded into a uniformly perme
able formation whose extent is large enough so that the outer 
boundary does not influence the problem solution. The depth 
chosen for the upper boundary (2.5 km) was sufficient to keep 
all pressures supercritical and thus avoid boilingo The 
initial conditions chosen were T = 900°C for the pluton, and 
a uniform geothermal gradient of 20°C/km for the rest of the 
formation. For simplicity! the pluton was assumed to have th 
same permeability (1jl = 10- 6m2) as the host formation. The 

. host formation was assumed to be surrounded by less permeable 
rock so that 1jl = 0 could serve as a boundary condition for 
all four sides. For the generalized velocity potential, 
~ = 0 was used somewhat arbitrarily except at the axis, 
where o~for = 0 was appropriate. The assumption here was 
that the ~ = 0 boundary condition was far enough away so as 
not.to affect interior results. 

ISOTHERMS . AT ~=950Ci"YEAR~ 

Fig. 4: Isotherms at t = 9500 years. 
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LINES OF CONSTANT !J!AT t=9500 YEARS 

Fig. 5: Lines of constant Watt= 9500 years~; ' 
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;-:-:_:-::-:-~In -this. case--the- fuli- set of -equations ___ (fi)-;(l6)--and-{:i-1) _ 
·must be solved, together with the appropriate properties' evalu
ations. Here ~ was obtained using an SOR solver as in the 
steady state case. However, SOR did not work well for eq. 
(17), and a direct solution was used to obtain 4>. Tempera-
tures were obtained in the same way as before, except that now 
the terms proportional to a p(d t were included, by storing 
old values for pressure and subtracting from values at the 
next time step. For the geothermal problem presented, pres
sures varied considerably over the problem region, and conse
quently were determined by integrating Darcy's law (eq. (2)). 
All properties w~re obtained from linear interpolation of 
a two-dimensional (p,T) table look-up. Since properties 
determine the pressures, an extra iteration loop had to be 
inserted in which a given time step was not completed uritil 
self-consistent pressures were obtained. · 

ISOTHERMS AT t=47,500 YEARS 

.. 

'i 
I 

'l :! 

1 

I' 

I i 
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Fig. 7. Isotherms at t m 47,500 years. The hottest region I
I 

has been shifted upwards by convection. I 

Results at t ~ 9500 years after intrusion are shown in I 
Figs. 4, 5 and 6. Isotherms at this time show the effects of 1 

convection by bending in at the bottom. Although lines of con
stant ~ are not exact streamlines, they are close for this 
problem since flow due to expansion and contraction of the 
_!_1~-~~- _i_s ___ sma!:_l ___ C:~I?I?~~-~<!_-~~-~~--natux:_al convec:~ion·~-!~. any -ea1Ji!>1 
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-separate p1ots for 4> a~d 1jl. enable one- to-v:fs'ually separa.te->J 
- out the two flow components. Note that velocity components 

resulting from the potential 4> are normal to lines of constan 
4> rather than along them as is the case with 1JI. ConsequentlyJ 
fig 6. shows that initially nearly all forced flow results frdm 
expansion of water just above the pluton which is heating up j 
with flow direction shown by the arrows. In addition, the small 
circle at the lower left is water that is cooling and, thus, I 
is an area of inflow. The net velocity is then the vector suJ 
of velocities representing natural convection (fig. 5) and 

_forced flow (Fig. 6). 

: t· ::-"Ffgures. 7-9 corre~pond to t = 47,500 years at which time I 
the convection pattern is more advanced. The center of the 
convection cell has now shifted upwards with the warmer (and 
thus less viscous) water, and the forced flow picture has 
changed considerably. Now there is a large area of contrac
t_ion (fig.":.~) .c':~d- a smaller area that is still expanding. 

I 

-
Both the isotherms and "streamline" plots shown are qual:[

tatively similar to those reported by Cathles [4], although h~ 
does not include compressibility effects. This is consistent j 
with the present findings which indicate compressible contri-' 
butions to the temperature field are of order 15%. For other 
runs completed with lower permeabilities, compressibility 
contributes more to the flow field, but less to the temperature 
field since the problem then tends to be conduction-dominated.! 
Consequently, the extra work necessary to handle compressible I 
effects represents a refinement to heat transfer calculations 
but is a major contribution for low permeabilities if the 
primary emphasis is flow velocities. The effects of viscous 
dissipation are expected to be masked by compressibility 
effects near the critical point, since in that region BT))l. 

V. Conclusion 

We have presented the _first numerical treatment of time
dependent compressible flow of a fluid near its critical poin~ 
through a porous medium. The method presented utilizes two po
tentials, a generalized stream function and a generalized 
velocity potential. Although not necessary, this particular 
approach serves to help visualize the flow by separating it 
into free and forced components. The formalism utilized here 
allows all relevant fluid properties to vary with both pressur,e 
and temperature. For the example chos~n, compressibility terms 
were found to make a difference of ~ 1~% in the temperature 
field. 
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