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ABSTRACT 

Estimates of physically relevant quantities (cross sections, multiplicities, corre
lations) in eikonal models of highenergy field theories lead to a class of semi
classical solutions to nonlinear Euler equations. The requirement of unitarity 
restricts these possible solutions to a unique function,.of energy and impact para
meter. 
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Stationary phase or saddlepoint approximations to functional integrals lead natu
rally to nonlinear Euler equations, with the degree of nonlinearity depending on 
the specific problem. For solutions to such equations there is a type of quasi
topological invariant familiar from complex variable theory. This invariant does 
not depend on the strength of singularities, but only on their location. This in
variant is an integer, long familiar from the work of Cauchy and Riemann, and is 
used to denote the branch, n, of the particular multisheeted function under con
sideration. Thus n may be thought of as that integer which characterizes a solution 
as long as appropriate boundaries of singularities are not crossed. 

The question then arises: How is one to specify the appropriate branch of a partic
ular solution to the Euler equations? The purpose of these remarks is to suggest, 
for physical problems involving the scattering and production of particles and/or 
resonances, that the requirement of Unitarity may be used to determine the branch; 
and to illustrate this possibility with a simple and concrete example drawn from a 
problem in highenergy eikonal physics. 

In essence, this problem may be formulated as a semiclassical approximation to that 
functional integral representing the total cross section (as well as multiplicities, 
etc.) for the scattering of a pair of very highenergy particles, with the elastic 
scattering amplitude defined essentially as the shadow of absorption corresponding 
to inelastic particle production. The calculation is set up within the context of 
an eikonal pionization approximation, with the scattering amplitude T(s,t) given in 
terms of an eikonal function x(b,s) , 

T(s,t) = i | d2b e i q
^ [1 ^ b ' s ) ] (1) 

where q =t<<s. This eikonal is to correspond to a pair of nucleons (heavy hori
zontal lines) that scatter by the exchange of an increasing number of virtual vector 
mesons (vertical lines) which themselves contain the exchanges of all possible 
numbers of virtual scalar mesons (light horizontal lines). At asymptotic energies, 
ladder graphs provide the dominant contribution, and only these are included. 

■7C« + £ i- £ + ••• = i-Vj + lY-^ +i%3 + .. 

The retention of only ix,+iXo generates an eikonal with absorptive behavior 
ix <\, _ sa(JLns)~ exp[3b] or <v sa (£ns)~ exp[$'b /£ns], from which follows 
the physically observed effect of rising total cross sections, 

_ „ , = 2 Re d

b [1  e~A] (2) 
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which in"this case yields 
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°TOT * £ n S * ' (3) 
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Estimates of the remaining x are difficult to obtain, but have been attempted. 
There, one found suggestions of very strong cancellations, generated by all remain. 
ing ix , such that the result (3) is replaced by a a „ which vanishes as a power 
of s. One difficulty with these estimates is that they essentially assume an ex
pansion can be made in the nucleonvector meson coupling constant to yield a spe
cific ix ; and then, at fixed n, the s >■ °° limit is effectively taken, after which 
the summation on all n is performed. This method may well be suspect if the co
efficient of g , in the nth order expansion, increases sharply with energy. 

A different method of estimation has subsequently been given, in which functional 
integral representations were written for the eikonal and all relevant cross sec
tions, and then approximated in a semiclassical way. From that analysis there was 
obtained a nonlinear Euler equation for a semiclassical field <|> (k) , in terms of 
impact parameter b, mass m of the vertical mesons, mass \i of the horizontal mesons, 
coupling constants g and A, and the rapidity Y^£ns : . 

2, , f,2 iqo* R(q/m) 
I (k)   S_* L_

 d q e . e_l (4) V
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(2TT) k +\i J q hn ^ ~ K L ' "̂ ° 
with 

R(q/m) = X d p 5 (p)[m + (qp.) ]~ 

a somewhat complicated pair of equations. 

However, for the case of physical interest corresponding to large impact parameter, 
mb>>l, this nonlinear functional relationship may be approximated by a single non
linear algebraic equation. One expands R(q/m) = R + iqR.q q.R.' , and assumes 
q <<m, to obtain 
Tnax 

R* = 0, R*J = R2
6
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with 

R
2 »  U exp[R  n/R ] (5) 
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3(gX)
2
nY/2m

2 , n = |(mb) 2 . 

If solutions to (5) can be found which have the property Re(R )>0, necessary for 
the convergence of the qintegral of (A) , <j> can then be written as 

♦0(k) =i 
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The eikonal function corresponding to this seraiclassical approximation is then 



given by "' 

iX = 
m 2 R 
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For such a nonlinear relation as (5), one may expect dependence upon the branch of 
the possible solutions. With R = p exp[i(6+2im)], where p, 6, and n denote magni
tude, phase (IT s 6 $ + IT) and branch, respectively, substitution into (5) yields 
the pair of relations 

(p  n/p) cos6 = fcn(p
2
/0 (7) 

(p + n/p) cos6 = Aim + 26  TT/2 (8) 

The solutions to (7) and (8) depend upon n, and they are qualitatively different 
for different values of n. 

The requirement of Unitarity, easily given in this eikonal context, is now invoked 
to provide one more (nonlinear) relation, in order to uniquely fix n, or rather to 
fix that value of n which should be used in different b and Y regions. In the 
notation of (7) and (8), Unitarity requires that 

2 2 2 2 
p = p cos 6  p cose+aY [£n(l+p 2pcos6) + 2pcos6], (9) 
2 

where a = (Air/2m) . As Y, and b, increase it follows that the necessary n values 
must also increase; and in the limit of exceedingly large Y, one can, in effect, 
treat n essentially as a continuous variable. One thus finds 

2 , 1 , ,k 

p v aYJlnY , 6 ~ TT/2 , n ̂  ^[aYJUiYp 

in the region of relatively small impact parameter, n<YJlnY ; but that 

p ^ o Y + BJtnY , 6 > 6 < TT/2 , n <v Y 
o 

2 1 
with a = 2acos6 • esc 8 , B = 2cos6 in the region of larger impact parameter 

o o o 
n $ n = (aY)2 & p2 . The maximum n corresponds to mb ^ Y, that impact, param

max max 
eter at which one expects the Froissart bound to become operative. As n exceeds 
n , there is a discontinuous change as p falls sharply below 5 ^ Y, exhibiting 
max 
p ̂  0(1) and 6 ^ 0 for any n. Finally, for the largest impact parameters, 

2 W & 
n > 5 > p , p falls off very rapidly with increasing Y, p ̂  Y exp[ ̂ — nY] while 
n ^ n/p and 8 ̂  TT/2 . 

The result of this analysis is to reproduce, in a somewhat cumbersome way, the in
tuitive Froissart distribution in terms of an absorptive eikonal function which 
effectively vanishes for values of impact parameter which exceed Y/m; and from this 
there follows (among other physical predictions) an increase of cross sections of 
the form (3). However, the calculated behavior of oTf)T is really not the point of 
this exercise, for hadronic physics Is far more complicatf '• than sketched here. 
What is (to our knowledge) unique, and what m*-* he irnTtant, ■<c thr; ■■-■= of Unitarity 
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as a restriction on the class of acceptable semi-classical solutions needed in con
nection with a particular functional integral. It may be hoped that this technique 
will find other applications in related problems. 
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