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S. Shenker

The ma]orprogressIhavemade recently,hasbeeninthefieldoffluctu-

atingtwo dimensionalsurfaces.Differenttypesofsurfacescan bestudiedD

tetheredsurfaces,where thesurfacecurvatureisfixed•and liquid-likesur-
faces,wherethe curvaturecan fluctuate.Inadditionone can includeself-

avoidanceinteractions,likethosepresentin the polymerproblem. One

mightthinkthatitwouldbe impossibletofindphysicalsystemswhereself-
avoidancewas absent,but thereareindications,firstdiscussedby Polyakov.

that self interactions of the domain walls oi"the three dimensional Ising model
can be represented by adding extra fermionic degrees of freedom to the sur-
face. The analogy is to the two dimensional Ising model, where the interac-

tions of the one dimensional domain walls can be represented by describing
them as the world lines of free fermions. Even in systems where self avoid-

ance cannot be ignored, the model without it is an important reference point
from which to begin.

Unlike the polymer problem there is still a lot of interesting physics left
without self-avoidance. Both the local dynamics and global topology are far
richer than in the one dimensional polymer case.._Iike Douglas, a postdoc-
toral fellow, and I decided to focus on this problem, emphasizing the case of
arbitrarily complex topology, i.e.. an arbitrarily large number of handles.

The difficultv of surface problems is roughly measured by the number
of dimensions of the ambient space in which they fluctuate. To render the
problem tractable, we studied surfaces fluctuating in less than one dimension!
This means, more formally, that we studied pure fluctuating two dimensional
intrinsic geometry coupled to two dimensional critical phenomena with cen-

tral charge c < 1. ( See_the sections of Friedan and Zamolodchikov for more
detail on such models.) For example, geometry coupled to an Ising model
(c = 1/2) corresponds to a surface fluctuating in a space with D = 1/2. Pure
geometry c = 0 corresponds to D = 0.

We use a discretized representation of fluctuating geometry where sur-
face are represented by triangulations. Continuum surfaces are recovered by
taking the size of the triangles to zero. This idea was introduced in this con-
text by Ambjorn. Durhuus and Frohlich[1]. David[2], and Kazakov. Kostov
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and Migdal[3]. Next. we represent the dual graphs of the triangulations by
Feynman graph expansions of simple integrals 14,5]. In order to sort the sur-
faces by topology the integrals are over matrices of rank N. A surface with
h handles occurs in the 1/N expansion of the integral at order !l/N)(2h-2).
Techniques developed to handle such large .\" integrals[6, 7] play a crucial
role in this subject.

In order to take the continuum limit the coupling in the matrix integral
g must be taken to a critical value 9_, so that large graphs dominate• But
surfaces with a larger number of handles are larger and so to get a smooth
limit where each type of topology contributes a comparable amount (the
physically realistic situation) the handle counting parameter 1,N must be
taken to zero as g ---, g=. The necessity of this "'double scaling limit" was a
crucial new insight. This realization was made and the integral evaluated by
three groups: Brezin and Kazakov[8] at ENS. Gross and Migdal[9] at Prince-
ton, and Douglas and myself[10] at Rutgers. The result of the calculation is
that the sum over surfaces can be expressed as the solution of an ordinary
nonlinear differential equation. In the simplest case of pure geometry, the
equation is the second order equation that defines the Painleve transcendent

of the first kind. The (scaled) handle counting parameter 1IN multiplies the
derivative terms in these equations and so is a singular perturbation. This
means that there are nonperturbative effects in the solution that are invisible
at any finite number of handles!

This work has generated a great deal of excitement. A last minute special
workshop has been organized at Cargese. The Search and Discovery section
of the April issue of Physics Toda.y was devoted to explaining it. There has
been explosive progress in the field since the first papers. Much of this work
has been done by our group at Rutgers. We give a brief summary of these
developments.

The original work gave the exact solution to geometry coupled to a certain
kind of multicritical matter[ii] whose identity was the subject of a certain
amount of confusion. In particular the initial prejudice in the field was that
the first multicritical point was the two dimensional Ising model.._Iatt Stau-
dacher, a graduate student at Illinois who will be a postdoc in our group
next fall. eliminated this confusion by mapping the first multicritical matrix
model to geometry coupled to a dimer problem[12]. This dimer problem is
in the universality class of the two dimensional critical phenomenon of the
the Yang-Lee edge singularity[13]. Brezin. Douglas, Kazakov and myself[14}
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solved the exact realization of the two dimensional Ising model and showed
that it was not the same as the muhicritical solution. This was also done by
Gross and Migdal[15]. In addition, our group found that the origin of the
numerical coincidences between Ising and Yang-Lee was due to the negative
dimension operator present in the Yang-Lee problem.

Our group at Rutgers (T. Banks. M. Douglas, N. Seiberg and myself)
then proceeded to compute correlation functions in these models[16]. Many
of these results were also obtained by Gross and Migdal[17]. We exploited the
resemblance of the one matrix integral to a Slater determinant to cast the
problem in terms of free fermions, exposing a remarkable "free" character
to fluctuating surfaces. We also showed, using some results of Gross and
Migdal[9], that the specific heat as a function of scaling fields obeyed the
KdV partial differential equation. This enabled us to give a compact, explicit
expression for all correlation functions in the model. We also computed
properties of "macroscopic" loops, surfaces with a disc of fixed perimeter
cut out of them and showed that this was related to the heat kernel of a

Schrodinger operator with the solution of the differential equation discussed
above as potential.

IIi an important development supported by this grant, my colleague Mike
Douglas[18] understood the basic structure underlying these exactly solvable
models. They all correspond to non-standard realizations of the Heisenberg
commutation relations by differential operators. By generalizing this con-
struction he was able write down the set of differential equations for the

general minimal model. His ideas also make clear the reason that integrable
equations occur in the exact solutions. I consider this work to be the deepest
yet done in the field.

An important issue raised by these solutions is the question of bound-
ary conditions for the differential equations. Building on important work of
Srezin, Mar:nat: and Par:si[19] and David[20] my colleagues _I. Douglas. N.
Seiberg and I[21] showed the existence of a nonperturbative instability in the
theo::y of pure fluctuating geometry. This instability is :,,visible if only a
finite number of handles are included. These nonperturbative effects are one
of the most fascinating phenomena these new solutions have uncovered.
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I will start by giving an extensive introduction (for non-specialists) to
some of the fundamental progress which has been made in recent years in the
theory of critical phenomena in two dimensions (especially by the principal
investigators and their collaborators). This section might also serve as an
introduction to Zamolodchikov's contributions to the proposal. My most
recent efforts are described in the last paragraphs of the section. I omit
the cl,_ssic references on critical phenomena and the renormalization group
(Fisher. Kadanoff, Wilson, etc.).

One of the central goals of the theory of critical phenomena is to find all
possible universality classes of n-dimensional critical phenomena. This is an
interesting problem because only near critical points do extended systems
exhibit nontrivial long wavelength fluctuations. The problem thus amounts
t o classifl, ing all possible forms of long distance behavior in extended systems.

This problem is conceivably solvable because the long distance behav-
ior of a critical system is universal and because it becomes scale-invariant
exactly at the critical point. Universality means that the collection of possi-
ble critical behaviors is enormoush, smaller than the set of extended systems.
Universality is well understood in terms of the renormalization group (RG)-
the process of coarse-graining and rescaling an extended system to get a new
extended system with the same long distance behavior, up to the change of
scale. The universality classes of critical systems are the scale-invariant fixed
points of the renormalization group. The universal long distance behaviors
of systems close to critical points are described by the RG flow out from the
fixed points (the unstable manifold of the RG).

The foregoing picture assumes that the RG flow has the simplest possible
topological structure--only fixed points and trajectories between fixed points.
__Iuch of the work of the principal investigators on this grant has been to verify
or to try to verify this picture in two and higher dimensions and to partially
classify all possible fixed points in two dimensions.

An extended system can be taken to be continuous, insofar as its long
distance behavior is concerned, because the ratio of the microscopic scale of
the system to the macroscopic scale at which it is being examined is effectively
zero. This means that critical systems can be described by continuum field
theories.

If the system is critical at a temperature Tc > 0 then the thermal fluctua-
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tions are at the microscopic scale and the long distance behavior is that of a
classical, euclidean invariant continuous statistical system in equilibrium in
n space dimensions. The system is described by an n-dimensional euclidean
quantum field theory. If the system is zAtical at Tr = 0 then the long dis-
tance behavior is quantum mechanical and described by a Lorentz-invariant
quantum field theory in n space dimensions and 1 time dimension. By the
wick of analytic continuation in time--Wick rotation--a zero temperature
critical system is also described by a euclidean quantum field theory, but
now in n + 1 dimensions. (To be complete, an argument for euclidean or
Lorentz invariance should be given at this point, but it would be too much
of a detour.)

Finding all possible universality classes of critical systems has now been
translated into the problem of classifying all possible scale-invariant euclidean
quantum field theories. This is a crucial shift of perspective. Instead of ex-
tracting universality classes from the renormalization group acting on specific
microscopic systems, of which there is an inexhaustible supply, we study di-
rectly the mathematical description of the universal long-distance behavior.
What makes this more than a pointless abstraction is the fact that we have

been able to make concrete progress in the classification of ali possible quan-
tum field theories, at least in two dimensions.

Technically. a quantum field theory is described by giving a complete set
of local observables (fields) ¢,,(x), a = 1,2,... and their correlation functions
(¢,,(x)¢#(y).-.). In a scale-invariant theory all of the information in the
correlation functions can be boiled down to a set of pure numbers called the
scaling dimensions and the operator product coefficients of the fields. The
scale-invariant 2-point correlation functions take the s!imple form

= - yl-'A°

where A,, is a pure number called the scaling dimension of the field o_,(x).
The operator product expansion expresses the fact that two fields close to
each other behave as some linear combination of single fields:

= + y)l - y2I'

where the coefficients C:_ are pure numbers called the operator product
coefficients. Successive applications of the operator product expansion reduce
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any correlation function to a sum of 2-point functions. (This discussion is
again somewhat schematic. Fo" example, it omits mention of fields with spin
and of the derivatives of fields.)

Since it is possible in principle to reconstruct all the correlation functions
from the scaling dimensions ZX_and the operator product coefficients C_,
these numbers completely characterize the scale invariant field theory and
thus the corresponding universality class of critical phenomena. Ali of the
critical indices and other data which can be measured experimentally in
critical systems can be expressed in terms of these numbers.

A scale-invariant system is perturbed by adding a linear combination of
local fields to the energy density (in n space dimensions) or the lagrangian (in
n space dimensions and 1 time). Perturbation by the field 6_(z) is amplified
by the RG if the scaling dimension satisfies /X_ < n and is suppressed if
/X_ > n. Thus only perturbations with dimensions /X_ < n are relevant
to long distance physics. Fields on the borderline, with /k_, = n are called
marginal. To first order in the perturbation they give new fixed points,
but higher order effects can complicate the flow. Modulo this complication,
the dimension of the manifold of universality classes flowing under the RG
from the fixed point given by the scale-invariant field theory is the number
of relevant operators in the scale-invariant field theory describing the fixed
point.

All recent progress in two dimensional critical phenomena has been based
on the existence of a distinguished local field, the stress tensor Tij(z). The
stress tensor describes the response of the system to a local deformation
of the underlying spatial geometry (the "'long wavelength" geometry _f the
substrate). The stress tensor will ahvays exist, assuming that the interact ions
are reasonably local. Writing gij(z) for the effective metric of the substrate
at large scales, the correlation functions of the stress tensor are the variations
with respect to gli,

0

(T j(x) - Og j( ) ')'

The stress tensor is symmetric, Tq = Tji, because the metric tensor is sym-
metric. The stress tensor is conserved. OiTij(z) = O, because the physics of
the system is independent of any particular parametrization of space. The
scaling dimension of the stress tensor must be exactly n in an n dimensional



system, because the stress tensor is directly related to variation of the spatial
metric.

In two dimensionswtwo space dimensions for Tc > 0 or one space, one
time for Tr = 0--the existence of the stress tensor has extraordinarily dra-
matic consequences. Given the properties mentioned above, the 2-point func-
tion of the stress tensor in two dimensions has a Fourier transform

f eiv'(=-_)(Tis(a') Tru(y)) = c d2p p2 (plpj - p26ij i(pkpt - p25kt)

where c is a pure number.
The coefficient c cannot be normalized away because the stress tensor is

defined in the same way for all systems as the variation with respect to the
spatial metric. Conventionally numerical factors are inserted in the formula
for the 2-point function and in the definition of Tij to give c = 1 for a single
free massless scalar field. With this one normalization convention c becomes

a pure number characteristic of the critical system.
It is clear from the definition given above that the number c could in prin-

ciple be measured directly by scattering of long-wavelength, phonons. More
subtle arguments relate c to finite-size effects and other directly observable
quantities related to the spatial geometry[29.30].

The basic result in the classification of two dimensional critical phenom-
ena is a rigorous mathematical theorem[23] proved by Qiu. Shenker and my-
self (FQS) which states that if c < 1 then c must belong to the discrete set
of rational numbers

c = 1 -6/m(m + 1), m = 2,3,4 .....

The theorem goes on to describe precisely what scaling dimensions A_ are
allowed for each allowed value of c. Given this knowledge of the allowed
values of c and the scaling dimensions it became possible to determine all
allowed collections of operator product coefficients C,_.y.

The first few allowed values of c can be identified with known critical

systems. The lowest value c = 0 is the trivial system which shows no long
wavelength fluctuation_ at all. The next value c - 1/2 is the critical Ising
model describing the universality class of critical systems dominated by fluc-
tuations between two distinct phases. The third allowed value c = 7/10 is
the tri-critical Ising model. After that, c - 4/5 is the 3-state Potts model
and c = 6/7 is the tri-critical 3-state Ports model.



\Ve noticed[23] that the c = 7/10 system is remarkable in that it possesses
a hidden two dimensional supersymmetry and also that it is the first of an
infinite series of universality classes of supersymmetric critical phenomena.
Zamolodchikov also noticed the supersymmetry of the c = 7/10 system[31].
In the language of one space, one time dimension, the supersymmetry re-
lates bosonic spin waves to the fermionic kinks of the system. A laborato:c.v
realization of the tri-critical Ising, c = 7/10. universality class was already
known[32]. \Ve can thus claim to have pointed out the first observable ex-
ample of supersymmetry in nature, at least in an extended system.

The FQS theorem results in a complete classification of all possible uni-
versality classes of two dimensional critical phenomena with c < 1. (The
meaning of the inequality c < 1 is discussed below.) The classification for
c > 1 is still unknown. An enormous number of examples of universal-

ity classes with c > 1 have been described, but no fundamental organizing
structure has vet been found which might lead to a complete classification.

The FQS theorem was derived from two basic principlesnconformal in-
variance and unitarity. The study of conformal invariance in two dimen-
sional field theory originated in string theory in the late 1960's and earl)"
1970's. The kev structure discovered then was a certain infinite dimensional

Lie algebrawthe Virasoro algebra[33]--constructed from the commutation
relations of the infinitesimal local conformal transformations generated by
the stress tensor considered as a quantum field operator in one space and
one time dimension[34]. The number c shows up as the central charge in
this algebra. Conformal invariance was introduced into the stud) of criti-
cal phenomena (in arbitrary dimension) by Polyakov[35] as a possible tool
for classifying universality classes. In the early 1980's the role of conformal

invariance in string theory was re-emphasized by Polyakov[36, 37].
Belavin, Polyakov and Zamolodchikov[22] (BPZ) put the ideas of string

theory together with ideas of critical phenomena to produce the general for-
mulation of two dimensional conformally invariant field theory..Moreover.
they showed that, given certain special values for c and for the scaling di-
mensions, conformal field theories can be solved exactly. These soh,able c < 1
models are called the minimal models.

The mathematical content of the FQS theorem is a classification of all

possible unitary representations of the Virasoro algebra with central charge
c < 1. It is analogous to the quantization of spin based on the representation
theory of the Lie algebra of infinitesimal rotations. As it happens, all values



of c < 1 allowed by the theorem and ali the corresponding allowed scaling
dimensions are among the values shown by BPZ to give solvable models.
That is, the discrete series of models allowed by the FQS theorem form a
proper subset of the minimal models and it follows that all unitary confor-
mal field theories with c < 1 are exactly solvable. Given c and the scaling
dimensions, the BPZ method of solution determines all the operator prod-
uct coefficients[3S]. The final ingredient in the c < 1 classification was the
determination of the possible multiplicities of scaling dimensions. This was
started by Cardy[39] and finished by Cappelli, Itzykson and Zuber[40] us-
ing conformal invariance on the torus (a two dimensional box with periodic
boundary conditions)

Unitarity in the present context means positivity of the inner product on
the Hilbert space of states of the field theory. Unitarity is fundamental in
quantum mechanics, so it does not have _o be justified for zero temperature
critical phenomena. But in euclidean field theory, in two space dimensions for
example, unitarity does not reflect any obvious basic physical principle. The
quantum mechanical Hilbert space is an unphysical construction based on

analytic continuation in one of the spatial dimensions. It is possible to argue,
however, that, if the critical system is dominated by fluctuations of some local
order parameters, the long distance behavior will in fact be unitary because
it will be in the same universality class ms a manifestly unitary Landau-

Ginsburg model of the fluctuating order parameters[41].
tFrom unitarity it is possible to show easily that any scale-invariant

two dimensional system must be conformally invariant. The Fourier trans-
form representation of the 2-point function of the stress tensor given above
yields immediately that the trace of the stress tensor has no 2-point func-
tion (T{ T_) = 0. But unitarity implies that any field with vanishing 2-point
function is identically zero. Therefore the stress tensor is traceless --the

system is insensiLive to local changes of scale--which is precisely conformal
invariance.

Classifying the scale invariant systems--which is now done in two dimen-
sions in part--does not by itself determine all possible critical phenomena
unless we know that the only possible RG trajectories travel from fixed point
to fixed point, from scale-invariant system to scale-invariant system. This
is intuitively plausible, since the process of coarse-graining in the RG would
seem to destroy information. A flow which dissipates any such quantity
cannot exhibit topologically interesting trajectories such as limit cycles or

9



strange attractors. Unfortunately, this argument is too naive, because the
RG also involves a re-scaling of space which opposes the coarse-graining by
restoring information.

The first attempt to show that the RG is dissipative was made in the
context of the e expansion for Landau-Ginspurg models in 4- e dimensions.
The idea was to write the beta-function , the infinitesimal generator of the
RG) as the gradient of a potential function on the spa._ of couplings of o*
quantum field theory. The potential function then automatically decreases
under the RG. This program was carried out successfully to several orders in
the e expansion[42].

In one part of my thesis[43] I took up t',ae problem of showing that the RG
is a gradient flow in 2+ e dimensions. I wrote the most general renormalizable
energy (or action) for fluctuations of continuous local order parameters 7r"(x).
# = 1,2, .... in the form

f 0r," 0Tr"A[_r] = d2+'.rG,_,(r,(zl,-_xi(X}-_-Txi(Z).

There are infinitely many couplings, parametrized by the most general curved
metric G_(_) on the manifold of soft modes _'. I showed that this generalized
nonlinear model is perturbatively renormalizable despite having infinitely
many couplings and I calculated the beta-function to two loops in terms of
the curvature tensor of the metric G,_(Tr). The one loop fixed point equation
was Einstein's equation R_ = 0.

To one loop it was possible to write the beta-function as the gradient
of a potential [unction on the space of all couplings (metrics) G_,,_(Tr)with
respect to a certain positive Riemannian metric on the space of couplings

(metrics). The potential function was simply the Einstein-Hilbert action
for the "gravitational metric" G_,,,. At two loops I could make only some
incomplete progress.

Several years after my thesis, it became apparent that this derivation
of Einstein's equation for "gravity" from the RG fixed point equation was
actually the discovery that the fixed point equation is the classical equation
of motion of string theory. Callan, Martinec, Perry and I[44] were then
able to show how in principle to write the beta function of the most general
nonlinear model in two dimensions as the gradient of an effective string action
functional generalizing the Einstein-Hilbert action.

10



These resuits were obtained for the most general perturbatively renor-
malizable field theory in two dimensions, so they were rather convincing, but
they did not give a completely general result about two dimensional quantum
field theory.u

Zamolodchikov's c-theorem[24] provided the general result. Zamolod-
chikov used the 2-point function of the stress tensor to define a potential
function c on the space of quantum field theories and used conservation of
the stress tensor and unitarity to prove that the potential function decreases
under the RG. Moreover, at the RG fixed points this function becomes equal
to the central charge c of the corresponding conformally invariant field the-
ory, thus demonstrating that the central charge can only decrease under the
renormalization group.

The most general RG trajectory begins at some short-distance fixed point
with central charge c = cvv and flows to a long-distance fixed point with
central charge c = cxR < ctzv. Generically cir = 0 because the typical system
has a finite correlation length beyond which all fluctuations disappear, in
the Wick rotated quantum field theory there is a mass gap and the only
excitations of the vacuum are massive particles. Exceptionally, the long-
distance fixed point is non-trivial with c = cxR > 0. A trajectory describing
a multi-critical system grazes a number of intermediate fixed points with
decreasing values of c before reaching its final value ciR.

At large enough distance any critical system will pass into the region
c < 1--at least if it is slightly perturbed--where the existing classification
theorem gives complete information (in principle).

Over the past year my major effort in this area has been an attempt.
in collaboration with A. Cappelli and J. Latorre, to prove an analogue of
the c-theorem for dimensions n above 2. So far the attempt has not been
successful.

The starting point was a simple proof I made for the c-theorem in two
dimensions. The spectral representation of the 2-point function of the stress
tensor is

elp.(_,-v)

(T_j(x) Tkt(y)} = fo °*dpc(#) f d2p p2 + #2 (pipj- p261j)(pkpt- p2_Sta).

Unitarity implies that the spectral density c(/z) is non-negative. The spectral
measure d#c(/t) is dimensionless, so scale invariance implies that c(/z) =
c6(/z). The only other possibility, c(#) = 1//t, fails to be integrable at/t = O.

11
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The central charge in the long-distance limit is ezR = J'0_ d# c(#) while, in
the short-distance limit, cvv --- lin_:0fo dgzc(#). Spectral positivity clearly
implies that the central charge decreases between short distance and long
distance fixed points.

The dimensionless spectral measure d#c(F*) can be thought of as the
distribution in scale of the effective degrees of freedom in the system. There
is a delta-function peak at # = 0 with weight czR which measures the degrees
of freedom at infinite distance. In a multicritical system there will be peaks
in the distribution of weight ck- ck-1 at the scales # = #k where the system
passes from a fixed point with c = cl, to a fixed point with c = ck-1.

To construct a function c defined on the space of all quantum field theories
and which decreases under the RG. simply choose once and for ali any rapidly
and monotonically decreasing function f(#) with f(0) = 1 and define c --
J"d# f(#). Zamolodchikov's original c-function is a special case.

In dimensions above 2 it is still reasonable that a measure of the degrees
of freedom in a system should be contained in the correlation functions of the

stress tensor, because the spatial metric couples universally to all degrees of
freedom. But it does not seem possible to imitate the spectral representation
proof•

First, in dimensions n > 2 the spectral representation of the stress ten-
sor 2-point function contains two spectral densities Co(/*) and cs(#), due to
intermediate states of spin 0 and 2 respectively. Only c0(p) contributes to
the 2-point function of the trace of the stress tensor. Both spectral mea-
sures d#c_(#) have scaling dimension 7_- 2 > 0, so scale-invariance implies
c_(#) = c_#"-3, where the c_ are pure numbers. Clearly co # 0 is completely
consistent with scale-invariance, so it is no longer true that scale invariance
implies the vanishing of the trace of the stress tensor and thus conformal
invariance. It is relatively easy to find examples of scale-invariant but not
conformally-invariant systems--for example, a system with spontaneously
broken continuous symmetry and the resulting Nambu-Goldstone bosons (S.
Shenker suggested this example).

Moreover, spectral positivity is not much use. In a non-scale-invariant
system, c_(#) _ c_,vv #,.,-3 at short distance and ---*Ci,lR#,.,-3 at long dis-
tance. But spectral positivity only requires ci(#) > 0, so it gives no inequali-
ties among the coefficients of the asymptotic power laws. Or_the other hand,
spectral positivity sums up all the positivity constraints on the 2-point func-
tion, so we can see that there is no way to manipulate the 2-point function

12
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of the stress tensor to prove a c-theorem.
=_ Cardv[45]. has suggested that related difficulties associated with the di-

mensionalitv of the stress tensor might be solved by moving the field theory

_a from euclidean n-space to the n-sphere. The nonzero curvature of the sphere

can be used to soak up unwanted dimensionality. Cappelli, Latorre and I

have attempted to combine Cardy's suggestion with the exploitation of spec-

_ tral positivity of the 2-point function. Instead of the n-sphere we use the n
ml

dimensional hyperbolic space..-k non-compact space is needed to provide a

spectral representation with spectral parameter bounded below. Our efforts

to find a c-theorem using this apparatus have so far faile'J, although we have

accumulated some mildly interesting calcuiations in quantum field theory on

hyperbolic space. We planto write up our work in the hope that someone

will see a possibility we missed.

Also in the past year I worked on a very abstract and succint description

of the space of two dimensional conformal field theories, for arbitrary c, in
terms of intrinsic structure in the space of all closed Riemann surfaces[46].

The goal was to offer a possible route to the c >__1 classification. So far this

approach has not led to any concrete progress.
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