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ABSTRACT 

The time-dependent behavior o f  t h e  r e s i s t i v e  w a l l  i n s t a b i l i t y  i n  a  un i fo rm 

charged beam i s  i nves t i ga ted  by means o f  computer s imulat ion.  Resul ts  are 

compared w i t h  l i n e a r  a n a l y t i c a l  r e s u l t s  f o r  a  range o f  cases i n  which two 

parameters are var ied:  t h e  r e s i s t i v e  w a l l  term and the  i n i t i a l  thermal spread 

o f  t h e  beam. I n  general  we f i n d  good agreement between s imu la t i on  and 

t h e o r e t i c a l  r e s u l t s .  The main conc lus ion  i s  t h a t  t h e  growth r a t e  o f  any mode 

increases w i t h  t h e  r e s i s t i v e  term and decreases as a  f u n c t i o n  o f  t h e  thermal 

spread. There i s  always a  maximum m a r g i n a l l y  unstable wavenumber k  f o r  any 

nonzero thermal spread. The l i n e a r  growth r a t e  i s  rough ly  t h e  same f o r  t h e  

thermal spread and f o r  t h e  e l e c t r i c  - f i e l d  amplitude. An "overshoot" 

phenomenon i s  present, i n  t h e  sense t h a t  t h e  thermal spread cont inues t o  grow 

a f t e r  t h e  e l e c t r i c  f i e l d  has reached sa tu ra t i on .  

I. INTRODUCTION 

A c o l d  un i fo rm beam w i t h  space-charge i s  uns tab le  against  pe r tu rba t i ons  i f  

a  r e s i s t i v e  w a l l  f o r c e  i s  present.  However, a  non-zero thermal spread i n  t h e  

beam has a s t a b i l i z i n g  e f f e c t ,  quenching t h e  growth o f  a l l  wavelengths sho r te r  

than a  c e r t a i n  1  i m i t i n g  value. Th is  1  i m i t i n g  wavelength ( o r  correspondingly,  

wavenumber) i s  a  f u n c t i o n  o f :  ( a )  R ' -wal l  r es i s tance  per u n i t  length,  (b )  

V th-  thermal spread, ( c )  o t h e r  phys ica l  parameters 1  i ke: vB-the beam 

v e l o c i t y ,  n-number o f  p a r t i c l e s  per  u n i t  length, q-charge per  p a r t i c l e ,  m-mass 

o f  p a r t i c l e ,  g-geometric f a c t o r  r e l a t e d  t o  p i p e  and beam r a d i i .  

I t  i s  t he  purpose o f  t h i s  r e p o r t  t o  s tudy t h e  above phenomena by means o f  



computer s imu la t i on  and t o  compare t o  known a n l y t i c a l  r e s u l t s ( '  ) . The 

t h e o r e t i c a l  ana lys i s  used i s  l i n e a r ,  p rov id ing  a  d i spe rs ion  r e l a t i o n  f o r  the  

complex frequency as f u n c t i o n  o f  t he  system parameters. The s imu la t ion  

code") f o l l o w s  t h e  motion o f  thousands o f  p a r t i c l e s  under the  i n f l uence  o f  

se l f -cons is ten t  space-charge and ex terna l  forces.  I n  t he  s imulat ions,  the 

complex frequency i s  found f rom the  t ime dependence o f  t he  f o u r i e r  components 

o f  t he  e l e c t r i c  f i e l d .  The advantages o f  t he  computer s imu la t ion  i s  t h a t  i t  

shows c l e a r l y  both t h e  1  inear  and the  non-1 inear  s a t u r a t i o n  regime. I n  t h e  

uni form beam case t h e  focusing f o r c e  i s  turned o f f .  The i n i t i a l  v e l o c i t y  

d i s t r i b u t i o n  i s  e i t h e r  c o l d  o r  gaussian. The dens i t y  d i s t r i b u t i o n  i s  randomly 

uniform. 

The purpose o f  t h i s  r e p o r t  i s  t o  p rov ide  a  p re l im ina ry  bas is  f o r  t h e  study 

o f  bunched beams, where coas t ing  beam r e s u l t s  w i l l  be used as f i r s t  est imates 

f o r  i n i t i a l  guidance i n  i n t e r p r e t i n g  s imu la t i on  r e s u l t s .  

I n  sec t i on  I 1  we present  a  s h o r t  summary o f  the  l i n e a r  theory, i nc lud ing  

thermal spread. I n  sec t i on  I 1 1  we present  s imu la t ion  r e s u l t s  f o r  var ious 

cases and compare w i t h  a n a l y t i c a l  r e s u l t s .  I n  sec t i on  I V  we draw some general 

conclusions. 

11. LINEAR THEORY OF RESISTIVE INSTABILITY I N  UNIFORM BEAMS 

We assume complete decoupl ing between the  l o n g i t u d i n a l  and t ransverse 

dirnensions. Then, by us ing the  long wavelength formula f o r  t he  e l e c t r i c  f i e l d  

and l i n e a r i z i n g  the  1-d Vlasov equat ion f o r  the l o n g i t u d i n a l  dimension, we 

obta in:  

2  (a fo lav )dv  
1  = - -  (kg + iR )  m u - k v  9 

where q i s  t h e  i o n  charge, m i s  t h e  i o n  mass, k i s  t h e  wavenumber, g  i s  a  

geometric f ac to r ,  R = Rivg where R 1  i s  t he  res is tance per  u n i t  length  and 

vg i s  beam v e l o c i t y ;  fo(x,v)  i s  t h e  s t a t i o n a r y  d i s t r i b u t i o n  f u n c t i o n  and 6.1 

i s  t h e  complex frequency: u = + iYk  . 
R 



L e t  us take  fo r  fo(x,v)  i n  eq. (1 )  a gaussian d i s t r i b u t i o n :  

where no i s  t he  number dens i t y  and vth i s  t h e  thermal spread. Then we 
d 

obta in :  

where vp i s  a c h a r a c t e r i s t i c  phase v e l o c i t y  i n  t he  system def ined by: 

Eq. (8 )  i s  t h e  accurate 1 inear  d i spe rs ion  r e l a t i o n  f o r  a uni form beam w i t h  

a gaussian v e l o c i t y  d i s t r i b u t i o n ,  g i v i n g  uR and yk as func t i ons  o f  k, f o r  

a g iven s e t  of phys ica l  parameters: R, vth, v 
P ' 

For a c o l d  beam vth 9 0, fo(x,v)  i n  eq. (2 )  becomes a 6-function, and 

eq. (3 )  becomes: 

Eq. ( 5 )  has as a s o l u t i o n  two opposedly propagating waves, t he  forward one 

damping and the  backward one growing. I n  t he  case o f  a smal l  r e s i s t i v e  term, 

and we obta in :  

which i s  v a l i d  w i t h i n  l ess  than 10% e r r o r  f o r  g = 1. The length  o f  our system 

i s  128 un i t s ,  which g ives a lowest wavenumber kmin o f  0.049 k i n  ( 2n sys tern ). 
Therefore i n  our cases eq. (7 )  i s  v a l i d  w i t h i n  l ess  than 10% e r r o r  f o r  R 5 0.1, 



except f o r  t he  f i r s t  wave number n  = (k/kmin) = 1  i n  t h e  R = 0.1 case. 

Exact so lu t i ons  o f  eq. (5 )  ( c o l d  beam case) f o r  R = 0.01, 0.1 and I., and 

f o r  the  f i r s t  13 modes are presented i n  Table 1. So lu t ions  o f  eq. (3 )  (warm 

beam case) are presented i n  Table 2  f o r  v  = 13, R = 0.1 and vth ranging 
P 

f rom 1  t o  15. For convenience, these values are a l so  d isp layed g r a p h i c a l l y  i n  

Figs. l ( a )  and l ( b ) .  Taking yk = 0, one obta ins  the  values o f  t he  maximum 

unstable wavenumber kmax, as f u n c t i o n  o f  t h e  thermal spread vth (F ig.  

l ( c ) ) .  I t  i s  c l e a r  t h a t  t he  growth r a t e s  yk are o n l y  s l i g h t l y  a f fec ted  f o r  

vth < 4, bu t  s t r o n g l y  diminished f o r  vth > 4. P r a c t i c a l l y  a1 1  the  modes 

are s t a b i l i z e d  f o r  v t h a  v 
P ' 

I I I. SIMULATION RESULTS 

I n  t h i s  sec t ion  we present s imu la t ion  r e s u l t s  f o r  several values o f  the  

r e s i s t i v e  term R and thermal spread vth. These r e s u l t s  are t o  be compared 

w i t h  the  a n a l y t i c a l  r e s u l t s ,  eqs. ( 5 )  and ( 7 )  ( co ld  beam case, Table 1) and 

eq. (3)  (warm bean1 case, Table 2) .  The l i n e a r  charge dens i t y  i s  un i fo rm ly  

random, and t h e  v e l o c i t y  d i s t r i b u t i o n  i s  gaussian. The phase v e l o c i t y  v  i s  
P 

13. The s imu la t ion  system i s  f i x e d  i n  the  beam frame o f  reference. The space 

charge f i e l d  i s  g iven by -ap/ax and the  r e s i s t i v e  f o r c e  by -qR(p - 

A. Cold Beam Case (vth = 0)  

Several values o f  R are considered. I n  Fig. 2(a)  we present the  evo lu t i on  

i n  t ime o f  t h e  thermal spread. For R < 0.01 t h e  growth r a t e s  are q u i t e  

small. For R = 0.1 we have y v  0.6, and f o r  R = 1, y = 4. A case 
Vt h  

w i t h  R = 0.1 bu t  w i t h  o n l y  thet!eventh mode a c t i v e  s t a r t s  s lowly  and 

even tua l l y  a t t a i n s  a  growth r a t e  y a 0.5. These values should be 
t h  2 

compared w i t h  those i n  F ig.  2(b)  where Ex - Ek ] (Ek i s  t he  k-component 

o f  the  e l e c t r i c  f i e l d )  i s  p l o t t e d  as f u n c t i o n  o f  t ime f o r  the  var ious cases, 

g i v i n g  " e f f e c t i v e "  growth r a t e s  which are s i m i l a r  t o  t h e  corresponding values 

of Y i n  Fig. 2 (a) ,  as expected. 
V t h  

An important  f ea tu re  t o  n o t i c e  i n  comparing Figs. 2(a)  and 2 ( b )  i s  t h a t  

t he  thermal spread cont inues t o  grow a f t e r  the  e l e c t r i c  f i e l d  has reached 



sa tu ra t i on  (novershoot ing") .  I n  Fig. 3 we have p l o t t e d  the  t ime evo lu t i on  o f  

the  f i r s t  f o u r  modes f o r  R = 0.001. It i s  c l e a r  t h a t  t he  r e a l  frequency 

uR i s  p ropo r t i ona l  t o  k, uR = ak, w i t h  cx EJ 12.8. This  compares we l l  w i t h  

the  expected a n a l y t i c a l  r e s u l t s  (eq. 7) .  

Our re fe rence case i s  R = 0.1, which corresponds t o  a  r e a l i s t i c  s e t  o f  

phys ica l  parameters re levan t  t o  Heavy I o n  Fusion. Simulat ion r e s u l t s  are 

presented i n  F ig.  4. For most modes yk % 0.6, and yl z 0.5. As a  spec ia l  

case, we r a n  a  s imu la t i on  w i t h  the  r e s i s t i v e  term,R = 0.1 ac t i ng  o n l y  on the  

seventh mode (Fig.  5) .  As i t  can be seen, t h i s  i s  a  n i c e  way t o  determine 

accura te ly  the l i n e a r  growth r a t e  o f  a  s p e c i f i c  mode, because i t  delays 

considerably the  onset o f  t he  non l inear  s a t u r a t i o n  regime. 

B. Warm Beam Case (vth f 0) 

We i n v e s t i g a t e  several cases, a l l  w i t h  the  same r e s i s t i v e  term R = 0.1, 

bu t  w i t h  d i f f e r e n t  i n i t i a l  thermal spreads. Because t h e  i n i t i a l  e l e c t r i c  

f i e l d  i s  determined s o l e l y  by t h e  i n i t i a l  charge d i s t r i b u t i o n ,  i t  i t  the  same 

as i n  t h e  c o l d  beam case w i t h  R = 0.1, and thus we are able t o  see the  

d i f f e r e n t i a l  i n f l uence  o f  an i n i t i a l  thermal spread on the  subsequent 

e v o l u t i o n  o f  t he  r e s i s t i v e  i n s t a b i l i t y .  As a  r u l e ,  we f i n d  t h a t  any nonzero 

i n i t i a l  thermal spread decreases the  growth r a t e s  o f  t he  e n t i r e  k-spectrum as 

compared t o  the  c o l d  beam case, w i t h  t h e  suppression o f  a l l  modes above a  

c e r t a i n  l i m i t i n g  value. A sa tu ra t i on  o f  the  thermal spread and e l e c t r i c  f i e l d  

i s  a t t a i n e d  i n  a l l  cases, when p a r t i c l e s  and f i e l d s  coex i s t  i n  a  steady 

s ta te .  I n  t he  f i n a l  stages o f  t he  i n s t a b i l i t i e s ,  o n l y  low wavenumbers s t i l l  

p e r s i s t  i n  t he  system. 

As can be seen from Figs. 6 and 7, i f  vth < 4 t he  growth r a t e s  are no t  

s i g n i f i c a n t l y  d i f f e r e n t  from the  c o l d  case. It seems t h a t  a  marked change i n  

the  s t a b i l i t y  p r o p e r t i e s  occurs between vth = 4 and 5. Cases w i t h  vth 3 5 
are  q u i t e  s table.  This  compares qua1 i t a t i v e l y  we1 1  w i t h  the  a n a l y t i c a l  

r e s u l t s  . The "overshoot" phenomenon i s  apparent here too, i n  the  snese t h a t  

t h e  thermal spread cont inues t o  grow a f t e r  t he  e l e c t r i c  f i e l d  has reached 

sa tu ra t i on .  The behavior o f  t h e  ac tua l  growth r a t e  can be i n t e r p r e t e d  as a  

r e s u l t  o f  two opposing fac to rs :  (1 )  the  growth because o f  the  r e s i s t i v e  term 



and ( 2 )  

w i t h  t h e  

W~ t h e  Landau damping because o f  t h e  resonant i n t e r a c t i o n  o f  waves 
k  

t a i l  o f  the  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  f ( v  = W~ ). - 
k 

Because o f  t h e  d i f f i c u l t y  i n  determin ing accura te ly  growth rates,  several  

warm beam cases w i l l  be discussed o n l y  q u a l i t a t i v e l y .  I n  F ig.  8 i t  i s  

apparent t h a t  f o r  vth = 2 t h e  t ime  e v o l u t i o n  o f  t h e  severa l  modes d isp layed 

i s  very  much s i m i l a r  t o  t h e  c o l d  beam case ( w i t h  R = 0.1). I n  t he  cases w i t h  

vth = 4 and 5 (Figs. 9 and 10) growth r a t e s  f o r  t h e  lowest wavenumbers are 

no t  a f f e c t e d  s i g n i f i c a n t l y ,  w h i l e  growth r a t e s  o f  h igh  modes are reduced 

cons iderab ly  by t h e  presence o f  t h e  thermal spread. Th is  i s  because t h e  phase 

v e l o c i t y  (wR/k) > v  and decreases toward v  w i t h  inc reas ing  k  ( i f  
P  ' P I  

vth 4 0) ,  which a f f e c t s  correspondingly  t h e  Landau damping. F i n a l l y ,  f o r  

V t h  = 10 (F ig.  11) most modes s tay  a t  constant  l eve l ,  on the  average. 

I V .  CONCLUSIONS 

We have performed p a r t i c l e  computer s imu la t ions  o f  t h e  r e s i s t i v e  w a l l  

i n s t a b i l i t y  i n  a  nonnuetral  cont inuous un i fo rm beam. The agreement w i t h  t he  

known a n a l y t i c a l  r e s u l t s ,  e x p e c i a l l y  i n  t h e  c o l d  beam case, i s  good, 

i n d i c a t i n g  t h a t  t h e  s imu la t i on  code can indeed prov ide  an independent means 

f o r  i n v e s t i g a t i n g  t h i s  type  o f  i n s t a b i l i t y .  A l l  systems r e l a x  by 

the rma l i za t i on  towards a  dynamic steady s t a t e  i n  which the  thermal spread and 

e l e c t r i  c  f i e l d  eventual l y  reach s a t u r a t i o n  ( a t  d i f f e r e n t  t imes) .  
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Table 1: 'k and WR/k for vt., = 0 
(the upper values are wR/k; k a  0.051-1) 



Table 2: Yk for  v t h  = 1-15, n = 1-13 (kw0.05n) 

LINEARLY 

STABLE 

REG I ON 



I '  Figure  Captions , ?  

F ig .  1: (a)  yk as f u n c t i o n  o f  vth f o r  several k 's ;  v  = 13, R = 0.1 
P , 

(b )  yk as func t ion  o f  k  f o r  several values o f  vth ( t  = 0); 

v = 13, R = 0.1 
P 

( c )  Marginal s t a b i l i t y :  kmax VS. vth 

Fig. 2: (a )  vth, as f u n c t i o n  o f  time, f o r  v  = 13, vth (t = 0 )  = 0 
P 

and ,R = 0, 0.001, 0.01, 0.1 and 1. 

, , 
1 l  - " -4- 

I 

2 
(b)  E: -> c / E  I as f u n c t i o n  o f  time, f o r  v  = 13, 

8 k  k  P 
vth ( t  = 0 )  = 0, and several  R - values. 

2 F ig.  3: E k ( t )  f o r  R = 0.001 and vth ( t  = 0 )  = 0. 

2  ~ i g .  4: E k ( t )  f o r  R = 0.1 and vth ( t  = 0 )  = 0. 

2 F ig.  5: E k ( t )  f o r  R = 0.1 and vth ( t  = 0 )  = 0; 

o n l y  t h e  7 t h  mode i s  ac t ive .  

2 F ig.  6: E,(t) f o r  R = 0.1 and several values o f  vth ( t  = 0);  

E' X $ l E k l  2 

Fig.  7: vth ( t )  f o r  R = 0.1 and several  values o f  vth ( t  = 0). 

2 F ig .  8: Ek ( t )  f o r  R = 0.1 and vth ( t  = 0 )  = 2. 



2 
F i g .  9: Ek (t) f o r  R = 0.1 and vth ( t  = 0) . 4. 

2 F i g .  10: Ek ( t )  f o r  R = 0.1 and vth (t . 0) = 5. 

2 
J F i g .  11: Ek ( t )  f o r  R = 0.1 and vth (t = 0) = 10. 
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