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Abstract

The goal of research on elastic scattering of atomic (or molecular) 

beams is the elucidation of the interaction potential V(r). The present 

discussion is confined to thermal energy collisions (< 1 ev), sensitive 

primarily to the attractive part of the potential, Studies of the velo

city dependence of the differential and total elastic scattering cross 

sections have yielded information as follows: (1) The functional form 

of the long-range attraction r V~-C/r^, from differential cross

sections 1(9), at low angles: 1(8)oC 8 ’ * . (2) The attractive
2/5potential constant C, from total cross sections: Q oc (C/v) . (3) The

depth of the potential well 6 , from the rainbow effect in 1(8) :
28r " f(^yi/v /£ ). (4) The equilibrium separation r^, from de Broglie

interference producing Undulations in 1(8). (5) The product ,m
from extrema in Q(v), and thus (from absolute Q's), (6) Observa-

5/2 -1tion of a maxima in plots of vQ vs, v (termed elastic impact spectra) 

implies the existence of at least a bound states (discrete vibrational 

levels of zero angular momentum for the composite systems).

A' Most of this work was performed by the author (and colleagues) while 
at the University of Michigan (Ann Arbor). Financial support of the 
research by the U.S. Atomic Energy Commission, Division of Research, and 
the Alfred P. Sloan Foundation is gratefully acknowledged.



I n t r o d u c t i o n

A. Scope

T ie  r e s e a r c h  p rogram i n  which  we h a v e  been en ga ged  h a s  i n v o l v e d  

e x p e r i m e n t a l  and t h e o r e t i c a l  s t u d i e s  o f  a t o m i c  and m o l e c u l a r  beam 

s c a t  t i r i n g  i n  * h e  t h e r m a l  e n e r g y  r e g i m e  ( i . e . ,  c o l l i s i o n  e n e r g i e s  in  

t h e  r a n g e  10“ - 1 e v ) . Our i n t e r e s t  i s  t h e  e l u c i d a t i o n  o f  i n t e r a t o m i c

( a n d  i n t e r m o l e c u i a r )  f o r c e s  v i a  e l a s t i c  s c a t t e r i n g  m e a s u r e m e n t s ,

I ’ h a s  long  been  r e c o g n i z e d  t h a t  t h e r m a 1 - e n e r g y  s c a t t e r i n g  m e a su re m e n ts  

a r e  s e r s i t i v e  p r i m a r i l y  t o  t h e  long r a n g e  a t t r a c t i v e  p a r t  o f  t h e  i n t e r a c t i o n  

p o t e n t i a l h o w e v e r ,  i t  ha s  r e c e n t l y  been  shown t h a t  t h e y  a l s o  e v i d e n c e ,  

bu t  i n  a  more s u b t l e  way,  t h e  i n f l u e n c e  o f  t h e  s h o r t - r a n g e  r e p u l s i o n N x  .

In t h e  p r e s e n t  p a p e r  o u r  own l o w - e n e r g y  s c a t t e r i n g  s t u d i e s  and 

c l o s e l y  r e l a t e d  work by o t h e r s  a r e  r e v i e w e d .  We s h a l l  be c o n c e r n e d  m a i n l y  

w i t h  t h i  v e l o c i t y  d e p e n d e n c e  o f  t h e  d i f f e r e n t i a l  and t o t a l  e l a s t i c  c r o s s  

s e c t i o r  s f o r  s c a t t e r i n g  o f  a toms  by a toms  and by s i m p l e  m o l e c u l e s .  The 

a n a l y s i s  o f  such  e x p e r i m e n t s  i n  t e rms  o f  t h e  i n t e r a c t i o n  p o t e n t i a l  w i l l  

be d i s c u s s e d .  The d i s c r e p a n c y  b e t w e en  t h e  t h e o r e t i c a l l y  c a l c u l a t e d  lo ng-  

range  i n v e r s e - s i x t h - p o w e r  p o t e n t i a l  c o n s t a n t s  and t h o s e  deduced  from th e  

e x p e r i m e n t s  w i l l  be  c o n s i d e r e d .  F i n a l l y ,  t h e  m a n i f e s t a t i o n  in  t h e  e l a s t i c  

a t o f i - a t e m  i m p a c t  s p e c t r a  o f  t h e  bound s t a t e s  f o r  t h e  c o m p o s i t e  s y s t e m  w i l l  

be d i s c u s s e d .

1 * I n t e r a c t i o n  P o t e n t i a l s

Up t o  t h e  p r e s e n t  t im e  roost o f  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  h av e  

b e e n  a n a l y z e d  in  t e rm s  o f  s i m p l e  c e n t r a l  p o t e n t i a l s  V  o f  t h e  form

V( r) = V ( r) V „v *-*f a i t  r ( r ) ( D

V t t r ( ' )  ■ - C ' , ! r ' S
( w i t h  s « 6 ,  u s u a l l y ) (25



and ( r) » C'**? ' e *r or C <*>) r~n (with at or n > 6, usually) ( j$)

(all C* s are positive quantities).

In a few cases the Horse potential has been used. Sometimes an 

additional r"e ten* has been added to Eq. 2 and occasionally a "tailored"

many-parase ter function has been investigated.
V

We write the more frequently used potentials in reduced notation, 

as follows:

Lennard-Jones (n,6): V*(r) » (A,)*'* (V)
Exponential («*,6) : V*{*) * (5)

Morse (a): V*(«) « e * (>'a) _ z<? (6)

where z t r/rm, V#* V/£ ; rffi ii the position of the minimum in the

potential and 6 is the depth of the well. The parameters n, oe and a are 

measures of the steepness of the repulsion.

For int.ereomparisons in the region of the well, common curvature 

at the minimum requires 6ft * L*(ec-7; /(oc-6) * a2/2. For matching asymptot

ically at large r we require n * oc; the Horse function, of course, cannot 

properly represent the long-range interaction.

Many analyses'1*^of scattering results have been based on the L. - J.( 12,6) 

potential, usually written in a simple alternative form:

v*( x) - - **e ) (7)
where x * r/CT and or is the position of the first zero of the potential, 

related to rro by: * 2 ^  .

For interactions between molecules, angle dependent potentials are 

required^^-M these are often written in the form of Legendre expansions.

For the atom-diatomic molecule case, for example, one may write

V(r 9) - Vr,f (r) Z  k <«-« - Kttrlr)Z  P, •) (6)



-  **

6  i s  the  a n g l e  be tween the m t e m u c  tear a x i s  o f  the m o i e e u l e  and 

the  l i n e  c o n n e c t i n g  the c e n t e r - o £ - m a s s  o f  the m o l e c u l e  wi th  the atom;  

a n and bn are  'asymmetry c o e f f i c i e n t s ” whose s i g n  and magnitude are  to 

be d e t e r m i n e d ,  Averag ing  over a i l  o r i e n t a t i o n s  ( t a k in g  advantage  o f  

the  o r t h o g o n a l i t y  o f  the Legendre f u n c t i o n s  , Eq. h reduces  to  Pq. 1. 

U s u a l l y  o n l y  d ie  l e a d i n g  terms in Eq. 6  are  r e t a i n e d :

Y„ f ' , 6 ) ' v  ( r )£l k, P/..5S) g. F j f i 8)] ( 9 )

( w i t h  the f u r t h e r  s i m p l i f i c a t i o n  that  f o r  a hcmonuc i ear  m o l e c u l e  b x * 0)

4nd Yitt, l r 8- 1 V4Ur ( r) [ i  * i ,  P/< «e)j ( 10i
t h e  o m i t t e d  term in Ft i s  zero  for  a homonuciea r m o l e c u l e  and should  be 

n e g l i g i b l e ' 1̂ ' a l s o  for  a h e t e r o n u c  l e a r  diatom ir the r e g i o n  o f  large  r 

where the r “ 6 dependence { Eq, 2) i s  v a l i d ,

The l o n g -r a ng e  asymmetry parameter may be e s t i m a t e d  fro® the a n i s o t 

ropy o f  the p o 1a r l z a h  1 1 i t

a.x ■* ( « g -< x J / 7 «„  ( n ;

Some e x p e r i m e n t a l  s c a t t e r i n g  r e s u l t s  S! /  b e a r i n g  on the asymmetry in 

the  a t t r a c t i v e  part  o f  the p o t e n t i a l  are  now a v a i l a b l e ,

1. Low Angle D i f f e r e n t i a l  Cross S e c t i o n s : Evidence  t e r  i n v e rs e  S i x th

Power Alt  f a c t i o n .

On the b a s i s  o f  c l a s s i c a l  m a l l - a n g l e  d e f l e c t i o n  the ory  for  a 

p o t e n t i a l  o f  the form of  Eq. 2 ,  the l e w - a n g l e  d i f f e r e n t i a l  s o l i d - a n g l e

s c a t t e r i n g  c r o s s  s e c t i o n  should  be g i v e n  bv

^ 7 Vf  ,  oCSCJL, r ib)- jut [ f  ̂  e~X(\  + */s)
'125

where E -  v" and g( s i s  a numerica l  c o n s t a n t ;  the s u b s t i t u t i o n

,



t h e  l&Ws i n  0 ¥  6  h a s  been  made in  t r e  I as  r s t e p .  For t h e  c a s e  o f  s 

a n g l e  d e p e n d e n c e N̂ /  become? t ( 9 )  Q  ( 13 )

The u n p h y s i c a l  s i n g u l a r i t y  a t  0  * 0* l e a d i n g  t o  m  i n f i n i t e  t o t a l  

c r o s s  s e c t i o n  ( Q t o t * | )  i s  * w e l l - k n o w n  f a i l u r e  o f  t h e  c l a s s i c a l  t r e a t m e n t .  

However ,  Massey and Mohi showed t h a t  a quantum m e c h a n i c a l  a p p r o a c h

y i e l d e d  a f i n i t e  v a l u e  c f 1(0) and Q. Pau ly  e x t e n d e d  t h i s  work and

d e d u c e d  t h e  l o w - a n g l e  l i m i t i n g  form o f  t h e  quan to® d i f f e r e n t i a l  c r o s s  

s e c t i o n .  The quantum t r e a t m e n t  i s  r e q u i r e d  f o r  a n g l e s  s m a l l e r  t h a n  a 

c e r t a i n  v a l u e ,  sa v  0 2 / k r 0 , where  t o  * ( Q / r r )  and k y a v / ^ T  as  u s u a l .

For  m o l e c u l a r  c o l l i s i o n s  a t  t h e r m a l  e n e r g i e s ,  0 i s  o f  t h e  o r d e r  o f  

m i n u t e s  o f  a r c ;  cbove  t h i s  a n g l e  *he c l a s s i c a l  tow a n g l e  c r o s s  s e c t i o n  

e q u a t i o n s  s h o u l d  be a p p l i c a b l e .

H e i b i n g  and P au ly  i n v e s t i g a t e d  w i t h  h i g h  r e s o l u t i o n  t h e  v e r y  low 

a n g l e  ( < j °J  e l a s t i c  s c a t t e r i n g  b e h a v i o r  f o r  a number  o f  s y s t e m s , u s i n g  

M a x w e l l i a n  beams and s c k T ' f e r i n g  g a s e s ;  t h e y  v e r i f i e d  t h e  e x p e c t e d  t r a n s i 

t i o n  f rom a quantum t o  a c l a s s i c a l  a n g u l a r  d e p e n d e n c e  a t  a n g l e s  o f  th o  

p r o p e r  magni tude . .  As a b y p r o d u c t  o f  t h e i r  work i t  i s  p o s s i b l e  to  s e t  a 

l i m i t  on t h e  amount f Q , by which  " a p p a r e n t "  v a l u e s  o f  t h e  t o t a l  c r o s s  

s e c t i o n  ( f o r  a g i v e n  a n g l e  o f  minimum r e s o l u t i o n  b^? a r e  s m a l l e r  th a n  

t h e  t r u e  v a l u e s ,  Q, c o r r e s p o n d i n g  t o  6_ -  0 .  Tt was s h o w n t h a t

&  *  0 02 . (& ./«*)*’ ( l4)
C4 *

so t h a t  f o r  o f  t h e  o r d e r  o f  0 t h e  " r e s o l u t i o n  e r r o r "  i s  n o t  a s e r i o u s  

o n e .  T h i s  i s  i m p o r t a n t  i n  c o n n e c t i o n  w i t h  t h e  e v a l u a t i o n  o f  a b s o l u t e  

v a l u e s  o f  t o t a l  c r o s s  s e c t i o n s .

The b e h a v i o r  o f  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  in t h e  " c l a s s i c a l  

low a n g l e  r e g i o n "  ( t y p i c a l l y ,  ! < * ! * *  10° c .  o f  m . ) h a s  been  s t u d i e d  

u s i n g  m o n o e n e r g e t i c  beams { i . e , , w i t h  v e l o c i t y  s e l e c t i o n ) .  F i g .  1 shows



a few a n g u l a r  d i s t r i b u t i o n  c u r v e s ^ '  ( l o g - l o g  p l o t s  o f  1(6 } f o r  th e  

s c a t t e r i n g  o f  K by Rg. Ih e  low a n g l e  s l o p e s  a r e  c l o s e  to  t h e  e x p e c t e d  

v a l u e  o f  - 7 / 3 ,  cor . f  i r m in g  t h e  i n v e r s e  s i x t h - p o w e r  l o n g - r a n g e  p o t e n t  t a x .  

S i m i l a r  o b s e r v a t i o n s  h av e  b ee n  made f o r  Cs-Hg and L i - H g P l o t s  

o f  0  1(0)  v s .  0  a r e  e s s e n t i a l l y  h o r i z o n t a l  ( s e e  Sec .  4)  o u t  t o  a b o u t

10° (p. o f  m}, e x c e p t  f o r  e x p e r i m e n t s  a t  h i g h e r  r e l a t i v e  v e l o c i t i e s  where  

t h e  r e p u I s i v e  p a r t  o f  t h e  p o t e n t i a l  b e g i n s  to  become i m p o r t a n t  a t  r e l 

a t i v e l y  lo w er  a n g l e s .

The a c c u r a c y  w i t h  which  such m e a s u r e m e n t s  e s t a b l i s h  t h e  e x p o n e n t  

a * 6  i s  o n l y  f a i r .  £ q . 12 shows t h a t  an u n c e r t a i n t y  o f ,  s a y ,  t i f  in 

t h e  m e a s u r e d  s l o p e  o f  p l o t s  su c h  as F i g .  1 ( a n  o p t i m i s t i c  e s t i m a t e  o f  

t h e  e x p e r i m e n t a l  e r r o r )  l e a d s  to  an u n c e r t a i n t y  o f  abo u t  * 0 . 4  i n  s 

( n e a r  s * 6 ) .  N e v e r t h e l e s s ,  t h e  e x p e r i m e n t a l  r e s u l t s  t o  d a t e  o f f e r  no 

b a s i s  t o  doub t  t h e  i n v e r s e  s i x t h - p o w e r  d e p e n d e n c e  o f  t h e  i o n g - r a n g e  

p a r t  o f  t h e  p o t e n t i a l .

For  s y s t e m s  o f  low r e d u c e d  mass ( e x p e r i m e n t s  a t  s u f f i c i e n t l y  s m a l l  

k) , i n t e r f e r e n c e  e f f e c t s t n t h e  a n g u l a r  d i s t r i b u t i o n  h a v e  been  

o b s e r v e d ' ' - ’̂  ( s e e  S e c .  4 ) ,  b u t  th e  c o n c l u s i o n s  a b ov e  r em a in  u n a l t e r e d .

2« T o t a l  C r o s s  S e c t i o n s a n d Re l a t i o n  to  P o t e n t i a l C o n s t a n t s .

Massey and M o h r ^ * ^  ( MM! were  t h e  f i r s t  to  d e v e l o p  a u s a b l e  a p p r o x 

i m a t i o n  f o r m u l a  f o r  t h e  t o t a l  e l a s t i c  c r o s s  s e c t i o n  f o r  s c a t t e r i n g  by a 

p o t e n t i a l  o f  t h e  form o f  Eq. 2 .  They employed t h e  random p h a s e  a p p r o x 

i m a t i o n  f o r  t h e  lower  o r d e r  p h as es  and t h e  J e f  f r e v s - B o r n  f JB a p p r o x i m a t i o n  

f c r  t h e  h i g h e r  o r d e r  o nes  ( ^ <  1/2)  . In t ire se mic  l a s s i c a  1 l i m i t  when many 

p h a s e s  ( e . g . ,  >100} a r e  r e q u i r e d  in  th e  p a r t i a l  wave c a l c u l a t i o n ,  t h e



i

‘ s t a t i s t i c s ’* are q u i t e  good »nd the c r o s s  l e c t i o n  i s  f a i r l y  v e i l  approx

imated.  S c h i f  f ''t-zi/ ( S and Landau and Lifshit^N-i-aiy ( LL d e v e l o p e d  

somewhat d i f f e r e n t  approx ima t ion formulas .  We have i n t e re ornpu red 

t h e s e  t r e a t m e n t s ;  a l l  f o l l o w  f r o »  t h e  same assumpt ion  ' i . e . , the c l a s s i c a l  

s m a l l - a n g l e  d e f l e c t i o n  f u n c t i o n ,  t h e r e *  the J e f f  i**”- -i*. * i phases  v i a  the  

s e m i c l a s s  i ca  1 e q u i v a l e n c e  r e l a t i o n s h i p ' * * * ' ,  A l l  t h e  formulas  are  o i  the  

same form, i . e .  Q <t] » ff*)[ C “/ £ v r ]  ° £*5)

The c o e f f i c i e n t  p( s) i s  the  same for  the S and LL ap pr o x im a t io n s  . For 

s - 6, -  7 . 5 4 i w h i l e  Ps  *  8 .Q b $ .  I t  now appears  th a t  the SLL approx ima-

t i o n  i s  somewhat s u p e r i o r  to that  o f  MM. Eq 1* then y i e l d s

CSLl!  e t g  Cia0J = 5*676 x 1C"30 vQ / ( It)

with  v in cm s e c ” 1 and Q in cm2 . The ana log ous  formula for  h a s ,

however ,  been the  one more f r e q u e n t l y  used.  The r e s u l t s  m»v, of c o u r s e ,  

be r e a d i l y  c o r r e c t e d  by a p p l y i n g  a f a c t o r  o f  C .8 4 ? 1- to the  r e p o r te d  v a l u e s

Of C (& .

The v e l o c i t y  dependence o f  the c r o s s  s e c t i o n  p r e d i c t e d  by Eq, l 1 

has been t e s t e d  e x p e r i m e n t a l l y  for  a number o f  heavy p a r t i c l e  s y s t e m s ,  

P’o t s  o f  log Q v s .  log v are  l i n e a r ,  the s l o p e  i s  / { s -  U  # y i e l d i n g  s .

Pau 1 y * * us ed a v e l o c i t y - s e l e c t e d  beam o f  K s c a t t e r e d  by N̂ >. h i s  p l o t  

had a s l o p e  o f  - 2 / cj, from which s - 1 , wi th an u n c e r t a i n t y  o f  about 10 . ,  . 

(From Eq, IS i t  i s  s e e n  that  t h i s  c or re sp on d s  to  an u n c e r t a i n t y  o f  about  

t-*4 in  the s l o p e . )  S i m i l a r  r e s u l t s  were repor ted  for  K-N-> by Schoonmaker  

and fo r  K-Xe by Rothe e t  a ( F o r  the c a s e  c f  KC1 . however,  an

apparent  v a l u e  o f  s * 5* 3  was r e p o r te d  the d i s c r e p a n c y  may p o s s i b l y

be dut to an e f f e c t  ( t r a n s i t i o n  to h igh  v e l o c i t y  b e h a v i o r  to  he ment ioned  

bel o w , )  From e x p e r im e n ts  on the temperature  dependence o t  Q for the  

s c a t t e r i n g  o f  thermal beams of  CsCl by Ar -and v a r i o u s  n o n - p o l a r  m o l e c u l e s ,
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t h e  v a l u e  o f  $ * 6  was a l s o  c o r f i r m e d R e c e n t l y  B e c k ^ ^ h a s  m e a s u r ' d  

t h e  e n e r g y  d e p e n d e n c e  o f  t h e  l e w - r e s o l u t i o n  '’c l a s s i c a l  c r o s s  s e c H , . * ” f o r  

K - K r ; a l o g - l o g  p l o t  o f  t h i s  " c r o s s  s e c t i o n "  v s .  E had  a « lo p e  o f  - i / 3 ,  

c o r r e s p o n d i n g  t o  s * 6  ( a c c o r d i n g  t o  t h e  c l a s s i c a l  t r e a t m e n t ;  c L  Eq. 11 ) ,

For s y s t e m s  o f  low r e d u c e d  mass s i g n i f i c a n t  u n d u l a t o r y  d e v i a t i o n s

•  /  ® *Sfro«» a m o n o t o n i c  v '  d e p e n d e n c e  o f  Q a t  low v e l o c i t i e s  hav e  bee n  

o b s e r v e d  *■ ~ as  p r e d i c  t e d  M  T h i s  i s  d i s c u s s e d  b e l ow .

At h i g h e r  v e l o c i t i e s  t h e  d i r e c t  i n f l u e n c e  o f  t h e  r e p u l s i v e  p a i t  

o f  t h e  p o t e n t i a l  { Eq, 3) becomes i m p o r t a n t ^ * ^ * &*&/ t h e  v e l o c i t y  d e p e n d e n c e  

o f  t h e  t o t a l  c r o s s  s e c t i o n  c h a n g e s  from v ~ * / z  t o  a n e a r l y  f l a t  ( e . g , , v " 2^ 1 1) 

d e p e n d e n c e  a t  v e r y  h i g h  v e l o c i t y ,  A J B - t y p e  t r e a t m e n t ^  o f  t h i s  t r a n s i t i o n  

t o  h i g h  v e l o c i t y  b e h a v i o r  h a s  been  c a r r i e d  o u t

V '  ITie a c c u r a c y  o f  t h e s e  r e s u l t s  i s  t h e  same as  t h a t  o f  t h e  MM a p p r o x -
se

i m a t i o n .  The a n a l y s i s  o f  R e f .  2 i  showed,  h o w e v e r ,  t h a t  t h e  l a t t e r  s u f f e r s  

f ro® a b i a s  r a n g i n g  fro® J , H- in  t h e  " l ew v e l o c i t y "  r e g i o n  ( s - 6) to  

*.* 4  i n  t h e  " h i g h  v e l o c i t y "  r e g i o n  ( s  = 12 ) .  T n i s  s u g g e s t s  t h a t  t h e  

a c c u r a c y  o f  t h e  v a l u e s  o f  Qjg  ° f  Ref .  J h  c o u l d  he improved by c o r r e c t i o n  

upwards  by a f a c t o r  o f  1 . 0 4 6 .

F i g .  2 shows a c a l c u l a t e d  c u r v e  »*S/ ( e s s e n t i a l l y  log Q v s .  log v) 

f o r  a L , - J . (  12 ,6)  p o t e n t i a l  w i t h  a g ive r ,  s e t  o f  p a r a m e t e r s ,  Three 

f e a t u r e s  s h o u l d  be n o t e d :  ( a )  t h e  low v e l o c i t y  u n d u l a t o r y  d e v i a t i o n s  f rom

t h e  l i n e  o f  - 2 / 5  s l o p e  ( s  - 6 ) ,  ( t he t r a n s i t  i o n  r e g i o n ,  where  t h e  

a p p a r e n t  s " i s  s m a l l e r  ( h e r e  3 , 3 ) ,  and Q i s  s y s t e m a t i c a l l y  Lower t h a n  

t h e  e x t r a p o l a t i o n  o f  t h e  - 2 / 8  l i n e ,  and ( c) t h e  h i g h  v e l o c i t y  r e g i o n ,  i n  

which  t h e  s l o p e  a p p r o a c h e s  - 2 / 1 1  ( s  = 12) and Q becomes g r e a t e r  t h a n  t h e
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-2/5 extrapolation." Ex pe r trnen t s\il£/ supporting this predicted behavior 

are analyzed in Ref, ^d.

The following procedure for the analysis of total cross section data
\dL/is therefore recommended. A log-log plot of Q( v) is made, inspection 

showing the range of v over which the mean curve ( through the undulations) 

has a slope of -2/5* Over this range { the so-called "low-velocity" 

region for which ̂ -*7 v<fc<ĵ ) a plot should be made of the apparent value 

of C<6>, say C (calculated from the SLL formula ( fcq. 16)) as a 

function of v"1 (in such a plot the extrema are nearly evenly spaced).

C ̂  is then taken to be the average value of C . In low energyapp
experiments with Maxwellian beams the velocity-averaging has already 

been effectively accomplished, so that the influence of the repulsion has 

been largely removed, thus should be close to the true value of

^  It should be noted that until the paper by Berk ling e t a 1. ^ “7 m  which 

proper averaging procedures were developed, most authors reported results 

in terms of Q (or r©) a t specified beam and gas t empora tures or at some 

"mean” relative velocity, vr ('defined differently by various workers).

The new procedures yield a definite Q( v) from which one may evaluate

c; via £q. If . (However, it should be noted than an experimental
i) 1,1

uncertainty of only r$  in c q  ( 10.2$  in Q) Introduces an uncertainty of 
seme 281 in C.)

We arc now in a position to examine the experimental results, i, e.,

C values deduced from Q measureraents . Pauly ̂ ^ h ag reviewed cross sections 

up to IQ6I. It is not intended here to present an exhaustive survey, but 

rather to examine recent (since 1957) results on certain well-studied

y
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systems, namely, those Involving Li, K, Cs and the rare gases. Table 1
(e) ,summarizes the results, Experimental values of C are either { , (as 

calculated from Q) or the product 4 f 0 (where L,-J.( 12, b) parameters 

had been determined). Some data on scattering by are included for

comparison. The experiments were carried out in laboratories at the 

Universities of Bonn (Refs, d, j) Brown (Ref. h) , Columbia (Ref. k‘ ,

Michigan (Ref. c) and at Genera 1 Dynamics/As tronaut ics (Refs, b,t,i) .

Mcst of the data have been obtained with Maxwellian beams and scattering 

gases, but certain experiments have employed techniques of velocity 

selection and/or crossed beams. In one case^ the results are in

dependent of a knowledge of the density of the scattering gas (see Sec. *J\ .

As seen from Table 1, experimental C values are consistently larger 

than the theoretical predictions. Table 2 shows, however, that relative 

values of C are in reasonable accord. The discrepancy in the absolute 

values might possibly be due tc a common systematic experimental error; 

clearly a serious effort to obtain a reliable absolute value of a ’reference’ 

cross section is needed. However, if one accepts the present experimental 

results it appears that the inverse sixth power attraction is stronger 

than that deduced from perturbation theory calculations. This question 

is being further considered by P, R. Fontana and the author (see paper 

following),

3, Rainbow Scattering and Depth of the Potential Well.

For any realistic interatomic potential ( Eq. 1) with an attractive 

well, the classical deflection function 0(b,E; exhibits a minimum, 

d e s i g n a t e d 0 ( E) , the "rainbow' angle”, (Here b is the impact parameter
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Table 1, A l k a l i  - Rare Gas I n t e r a c t i o n  C onstan ts

E n t r ie s are  v a l u e s  o f  1 0 s 8 X C ( e r g  cme)

Li <C C£ Ar

Theor. Exp. Theor. Exp. Theor, Exp. Theor. Exp.

He 0 . 2 1  ^  0 . 4 6 ^ 0 . 3 E * '  0 . 5 3 %oM +
0 . 3 6 ^  0 . 8 5  J  

0 . 4 0  ^
0 . 0 9 6 ^
0 . 1 1 ^

0 . 2 1  ^

He 0 .4 6 *  0 . 5 9 ^ 0 , 6 5 ^  0 . 6 9 ^ 0 . 7 3 ^  l . O * ' 0 . 2 0  ^  
0 . 2 5

0 . 9 1  ^

Ar 1 . 9 *  3 . 5 ^ 2 .6 ,  ^  6 . 0  ^
4 . 1  ^

3 .0 5 ^  6 . 2 3 ”
a . 0 ^ '

0 . 6 5 ^
0 . 7 5 ^

1 . 5 ^

Kr 2 . 9 ^  s . 1 ^ 4 . 0 ^  9 . 9 ^
1 0 , 6  
1 0 . 9 ^

4 .6  ^  9 . ^ ^ 1 . 0  ^ 1 . 7  4 ”

Xe 4 . 6 * '  8 .7  ^ 6 . 5 '*' 1 3 . 6  3 "  
1 0 . 7 ^

7 . 4 ^  1 4 . 6 * 1 , 4 5  ^ 3 . 2

n2 - 4 . 8  ^
5 . 9  x ,  
5 . 9 ^

r, q ,7* 7 v
6. i ^

^  A,  Da I g a r n o  and  A,  E.  K i n g s t o n ,  P r o c .  F h y a . Soc .  7 3 . 4 5 5  { 1959) »

^  E. W. R o th e ,  P. K. Rol and  R. B„ B e r n s t e i n ,  R e f .  4 d .  Based on Q( v) d a t a  

( v e l o c i t y  s e l e c t i o n ) .

^ E .  W. Rothe and R. B. B e r n s t e i n ,  R e f .  l c .  Therm al  beam, s c a t t e r i n g  

cham ber .  Q d a t a .  ( M e n t i o n  s h o u l d  a l s o  be made o f  e x p e r i m e n t s  by 

K. Kodera and T. Tamura ( B u l l .  Chens. S o c .  J a p a n  3 4 .  366 ( 1941)) on 

s c a t t e r i n g  o f  Ha by r a r e  g a s e s .  T h e i r  r e s u l t s  were  n o t  i n t e r p r e t e d  

i n  te rm s  o f  C, b u t  w ould  y i e l d  Mlow” v a l u e s ,  c l o s e r  t o  t h e o r e t i c a l . )

^  R. H e lb in g  and H. P a u l y ,  D i p l o m a r b e i t  ( H e l b i n g ) ,  Bonn U n iv .  ( 1 9 6 1 ) ;  

a l s o  p r i v a t e  c o m m u n ic a t io n  from H. P a u ly  ( J u n e ,  194-3). Therrrva i beam, 

s c a t t e r i n g  cham ber .  Q d a t a .

^  A. Da I g a rn o  and A E. K i n g s t o n ,  P r o c .  F h y s .  S o c ,  7 : ■> r C J  ( 19 6 1 ) ,
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sjy E. W. Rothe, L. L. Marino, R. H. Neynaber, P. K. Rol and S. M. Trujillo,

Phy«. Rev. 126. 598 (1962). Thermal beam, scattering chamber. Q data.

Their results for He-He and similar, more extensive data for He-He,

etc., by H. Harrison ( J. diem. Phys. 1164 ( 1962)) are not

included because of the high relative velocities (i.e., the experiments

lie outside of the "low-velocity” regime, defined earlier).

Slater-Kirkwood approximation, from Ref. f. 
byV  P. Beck, Ref. 2e. Assume oC * 12; from rainbow scattering data. Result 

is independent of density of crossed beam (scattering gas).

^ E ,  W. Rothe, R. H. Heynaber, B. W. Scott, S. M. Trujillo and P. K. Rol, 

Ref. i4b. Q( v) data (velocity selection).

4^H. Pauly, Z. f. angev. Physik ^  600 (1957). Thermal beam, scattering 
chamber. $ data.

^ R .  C. Schoonroaker, J. Phys. Chem. 6^, 892 ( I9 6 D . Q( v) data (velocity 
selection).

Table 2, Relative Values of C 
Entries are ratios: C/C^ Ar

Theor, Exp. & Exp 7̂
He 0.12 0.088 0.0Q8
He 0.24 o . i u -

Ar I 1.00) ( 1.00) ( 1.00)
Kr 1.5 ’.65 -
Xe 2.4 2.25 2.6

He 0.13s 0.14 0 . 0 9 6

He 0.26 0. 17 -
Ar i.i5 1.05 0 . 9 6

Kr 1.7 1.6
Xe 2.8 2.^5
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and E i s  the  c o l l i s i o n  e n e r g y . )  This  a n g le  co r re sp o n d s  to  the  t r a j e c t o r y
*

o f  maximum a t t r a c t i o n  between the  i n t e r a c t i n g  p a r t i c l e s .  M a s o n f i r s t  

p o in te d  out  the e x i s t e n c e  o f  a s i n g u l a r i t y  and a d i s e o n t i n u i t y  in the  

a n g u la r  d i s t r i b u t i o n  o f  s c a t t e r i n g  a t  ©r . He showed th a t  f o r  an Exp (<**,6) 

p o t e n t i a l  ( Eq. 5)#  ®r i8  s t r o n g l y  dependent upon the reduced en ergy  

K * E/€ ( w i t h  a weak dependence o n c e ) , so  t h a t  i t s  l o c a t i o n  co u ld  be used  

to  deduce € .  Ford and Wheeler a n a ly s e d  the  problem s e m i c l a s s  ica  1 ly

and showed th a t  t h i s  s i n g u l a r i t y  becomes a broad max imam s h i f t e d  to  lower 

a n g l e s ,  w ith  ©r lo c a t e d  near the i n f l e c t i o n  p o in t  on th e  h i g h - a n g l e  s i d e  

o f  the  maximum.

The rainbow e f f e c t  has now been o b ser v ed  fo r  the  sy s tem s  Cs-HLg and 

K-Hg, and s i m i l a r l y  f o r  K-Kr and K-HBr^S/' F ig .  3  shows an example

o f  a we 1 1 - r e s o lv e d  rainbow maximum f o r  K-Rg. F ig .  4a shows the o b serv ed  

en ergy  dependence o f  0 r fo r  Cs-Rg w h i l e  F ig .  4b p o r tr a y s  the t h e o r e t i c a l  

dependence o f  ©r upon K and ot fo r  an Exp (oC,G) p o ten t  ia  1 fo r  a

L . - J .  ( 12 ,6)  p o t e n t i a l ' ' * ^  and fo r  a Morse f u n c t i o n  Sch I i e r  UlZ/  has

r e c e n t l y  made s i m i l a r  c a l c u l a t i o n s  fo r  rhe Kihara p o t e n t i a l .

By comparing the e x p e r im e n ta l  data  ©r( E) w i t h  the t h e o r e t i c a l  

c u r v e s  0^( K) , the v a lu e  o f  € may be a s c e r t a i n e d .  On the  b a s i s  o f  the  

l i m i t e d  o b s e r v a t i o n s  thus fa r  a v a i l a b l e  i t  does  not  a p p e a r  p o s s i b l e  to  

d i s t i n g u i s h  among the p o t e n t i a l s ,  ( w i t h  t h e  p o s s i b l e  e x c e p t i o n  o f  the  

Morse f u n c t i o n ) .  In v iew  o f  the  v e r t i c a l  s p r e a d  o f  the t h e o r e t i c a l  c u r v e s ,  

i . e .  K( ©r ) , a s s o c i a t e d  w ith  d i f f e r e n t  r e p u ls  i o n s  an a cc u r a cy  o* b e t t e r  

than - 5 £  in  € v i a  rainbow s c a t t e r i n g  i s  u n l i k e l y .

Table  j> l i s t s  the v a l u e s  o f  €  thus f a r  d eterm ined  by t h i s  t e c h n iq u e ,  

t o g e t h e r  w ith  two c o n f ir m a to r y  v a lu e s  o b ta in e d  by o t h e r  m ethods.



Table 3. P o t e n t i a l  U eII Depths from Rainbow S c a t t e r i n g

Sys tem ID14• fc f e r g )

Cs-Hg 7 . 7

K-Hg ( e f .  B . a a ' * )

K-Kr 1 . 2 : r f .

K-HBr

*
Fro® an a n a l y s i s  o f  d i f f e r e n t i a l  s c a t t e r i n g  w ith  Maxve I l i a n  be a m s .

Assuming ot * 12.

t Fro® an a n a l y s i s  o f  Q( v) f i . e .  f rom t h e  a tom-a tom impac t  s pec t rum.

Beck has shown t h a t  i t  i s  p o s s i b l e  t o  e s t i m a t e  t h e  v a l u e

o f  rm ( w i t h i n  an u n c e r t a i n t y  o f  p e r h a p s  - 20$)  f ro® t h e  ' s h a p e "  o f  t h e  

rainbow max imum, w i t h o u t  a measurement  o f  a b s o l u t e  c r o s s  s e c t i o n s  ( o r  

a knowledge o f  p a r t i c l e  d e n s i t i e s ) , t h u s  p r o v i d i n g  a p o s s i b l e  p r o c e d u r e  

f o r  the  e s t i m a t i o n  o f  C from a n g u la r  d i s t r i b u t i o n  d a t a  a l o n e .  U n f o r t u n a t e l y  

the  dependence o f  C upon r  ( i . e . ,  J i s  so  s t r o n g  t h a t  ar. u l t i m a t e  a c c u r a c y  

in  C o f  b e t t e r  t h a n  -'-<.*& i s  i m p r o b a b l e .

S i n c e  t h e  r a inbow  s c a t t e r i n g  e f f e c t  i s  a s e m i c l a s s i c a  1 phenomenon 

i t  sh o u ld  be w i d e l y  a p p l i c a b l e  to  many h e a v y - p a r t i c l e  s y s t e m s .  I t  may 

become: a g e n e r a l l y  u s e f u l  t e c h n i q u e  f o r  t h e  e s t i m a t i o n  o f  p o t e n t i a l  w e l l  

d e p t h s .

4 .  D e B r o g l i e  i n t e r f e r e n c e  ( U n d u l a t i o n s )  in t h e  A n g u l a r  D i s t r i b u t i o n .

On t h e  b a s i s  o f  cons  i d e r a t  i o n s  p r e s e n t e d  by Massey and Mohr VifLs**1/ 

t h i r t y  y e a r s  a g o ,  o s c i l l a t o r y  i n t e r f e r e n c e  e f f e c t s  a r e  t o  be e x p e c t e d  

i n  t h e  d i f f e r e n t i a l  e l a s t i c  s c a t t e r i n g  c r o s s  s e c t i o n  when t h e  d e B r o g l i e
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wavelength \ of the system is of the order of magnitude of the range 

of the interatomic forces. Observations of interferences in atomic beam 

scattering by gases were not reported, however, until recently 

probably because of severe experimental requirements such as velocity 

homogeneity, angular resolution, etc. Fig. cys shows the first of such 

data experiments on the angular distribution of the scattering of

velocity-selected beams of Li by crossed (thermal? beams of Hg.

Additional experiroents ̂ ^ h a v e  since been carried out for the 

systems Lie- and Li - Hg over a wide range of re4ative velocities, 

extending the original results. Fig. 5b shews some recent data, plotted 

with ordinate 9 *Ur\9\J(#) to remove the steep angular dependence and 

allow for a better estimation of the undulation positions. Theoretical 

computations (via the partial wave treatment) have been carried out 

analogous to those of Refs. 4b and 2f, yielding 1(4) as a function of 

the velocity parameter A s k<r for various assumed L.-J.(12,o) potential 

constants to yield best agreement with the observed undulation pattern.

According to the results of Ref. 2f, this pattern (at least at low 

angles) should be determined almost entirely by the product scr where 

s s 2k sin| is the transverse momentum transfer, Thus in the case of 

two isotopic systems ( 1 and 2) the same undulation pattern should obtain

if kl ~ k2 ( i.e., relative velocities inversely proportional to the
0

reduced masses , in contrast with the classical expectation where the 

isotopic cross sections would be identical provided Vx Kc. (i.e„ 

relative velocities inversely proportional to the square root of reduced 

masses?. The experiments are found to accord with the quantum

predictions.

Since the pattern of the angular distribution is governed primarily

1 by the parameter A and is only slightly influenced by the depth of the



w e l l  i t  i s  p o s s i b l e  t o  o b t a i n  an i n i t i a l  e s t i m a t e  o f  t h e  v a l u e  o f  

<T( o r  rm) by c o m p a r i n g  t h e  p e r i o d i c i t y  o f  c a l c u l a t e d  1(0) vs A c u r v e s  

w i t h  o b s e r v e d  a n g u l a r  d i s t r i b u t i o n s  a t  s p e c i f i e d  k v a l u e s .

The p r o c e d u r e s  d e s c r i b e d  above s h o u l d  be a p p l i c a b l e  to  any low 

r e d u c e d  mass s y s t e m  a t  c o l l i s i o n  e n e r g i e s  s u f f i c i e n t l y  s m a l l  t o  a l l o w  

e x p e r i m e n t a l  r e s o l u t i o n  o f  t h e  i n t e r f e r e n c e s  i n  t h e  a n g u l a r  d i s t r i b u t i o n .
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5 .  Extrema i n  Q( v

As m e n t i o n e d  in  S e c .  2 ,  u n d u l a t o r y  d e v i a t i o n s  f rom t h e  m o n o t o n i c  

v d e p e n d e n c e  o f  t h e  t o t a l  c r o s s  s e c t i o n  ( a s  p r e d i c t e d h a v e  been

o b s e r v e d ,  f o r  t h e  s y s t e m s  Li-XeV3*^ l t&/f i . i - K r ^ i ^  and K-Kr^-fe/

A d e t a i l e d  ana l y s  o f  t h e  L i - r a r e  gas  c r o s s  s e c t i o n s  h a s  sub s t a n t  i a t e d

t h e  i n t e r p r e t a t i o n 0 f  t h i s  e f f e c t  i n  t e rm s  o f  a b r o a d  maximum in 

t h e  pha se  s h i f t  v s .  a n g u l a r  momentum c u r v e ,  y ( ( ) 3 which p r o v i d e s  a 

s i g n i f i c a n t  number  o f  non- random p h a s e s .  The maximum p h a s e  y  i n c r e a s e s  

w i t h  d e c r e a s i n g  v ,  a n d ,  a s su m in g  t h e  a t t r a c t i v e  w e l l  i s  s u f f i c i e n t l y  

d e e p ,  can  p a s s  s u c c e s s i v e l y  t h r o u g h  rr/x f r , e t c .  y i e l d i n g  p o s i t i v e  and 

n e g a t i v e  d e v i a t i o n s ,  r e s p e c t i v e l y ,  f rom Q ^ .  These  a r e  i n d e x e d ^ 1^ ^

N = i ,  1 . 3 ,  e t c .  ( s e e  F i g .  2 ) .

For  any as sum ed  p o t e n t i a l  o f  t h e  form o f  Eq. 1, one may e v a l u a t e  

t h e  v e l o c i t y  d e p e n d e n c e  o f  y  and t h u s  t h e  l o c a t i o n  o f  t h e  e x t r e m a  

i n  Q( v) . As an  i l l u s t r a t i o n  c o n s i d e r  th e  L . - J . (  1 2 ,6 )  p o t e n t i a l ;  t h e  

f o l l o w i n g  c o n d i t i o n  f o r  t h e  Nth extremum was obta inedHH^

N '  * * o 301 [ i -  ( W
w her e  vN i s  t h e  v e l o c i t y  o f  t h e  Nth ext remum ( v a l i d  p r o v i d e d  t h e  s e c o n d  

t e rm  i n  t h e  b r a c k e t s  i s  ? n a 11, e . g .  <  l / 2 ) . Thus th e  L i m i t i n g  h i g h - v e l o c i t y
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s p a c i n g  b e t w e e n  s u c c e s s i v e  maxima on a i / v  p l o t  i s  p . r x 10 ( cm“ ‘ s e c - .

Graphs  o f  v Q ^  o r  C:|p'l, v s .  l / v  a r e  te rmed e l a s t i c  a t o m -a to m  im p a c t  s p e c t r a .  

Such a g r a p h  ( c a l c u l a t e d  f o r  a L , - J „ (  12 ,6 )  p o t e n t i a l  i s  shown i n  F i g .  - .

2  _i
A p l o t  o f  N * |  vs s h o u l d  pas s  t h r o u g h  t h e  o r i g i n  ( s e r v i n g  f.o

c o n f  i nsi t h e  in d e x  a s s i g n m e n t s )  ; t h e  i n i t i a l  s l o p e  y i e l d s  d i r e c t l y  th e  

p r o d u c t  t ( T .  F i g ,  shows th e  a p p l i c a t i o n ^ - ^  o f  t h i s  p r o c e d u r e  t o  t h e  

d a t a  o f  Rol and Rothe f o r  t h e  L i - Xe ,  Kr,  Ar s y s t e m s .

C o n s i d e r a t i o n s  b a s e d  on t h e  s h a p e  o f  ^ I / n e a r  ^  i n d i c a t e  t h a t  t h e  

a m p l i t u d e  o f  t h e  u n d u l a t o r y  d e v i a t i o n s  i n  Q( v) d e c r e a s e s  w i t h  an i n c r e a s e  

in t h e  p a r a m e t e r  B [% ya t€ /t%  rough  i v ,  th e  u n d u l a t i o n  a m p l i t u d e  i s  g i  v e n ^  

by U -  2 . 7 / (&  , so  t h a t  f o r  many h e a v y  p a r t i c l e  s y s t e m s  ( e . g . , f o r  B > 10 } 

th e  e x t r e m a  would be u n d e t e c t a b l e .  (Ho we ver ,  f c i  a r e a l i s t i c  p o t e n t i a l  

w e l l ,  e x p e c t e d  to  be somewhat  b r o a d e r  t h a n  t h a t  of  av L . - J . ' 12, ) w e l l  

o f  t h e  same (rCT, t h e  c a l c u l a t i o n s  o f  M u e l l e r V i £ /  i n d i c a t e  a b r o a d e r  maximum 

i n  *i ( f ), and t h u s  a l a r g e r  u n d u l a t i o n  a m p l i t u d e  t h a n  f o r  t h e  L . - J .  w e l l  

o f  t h e  same d e p t h , )

From a knowledge o f  tG  and t h e  a b s o l u t e  c r o s s  s e c t i o n  <X v from 

which  C {  ̂ h a s  been  ded u c e d  ( S e c .  2 ) ,  one may o b t a i n  t h e  €  and <T

-  i /f  f r  '  (4 ) 7  '/f
s e p a r a t e l y ;  t h u s ,  f o r  t h e  L . - J . ( l 2 , b )  c a s e  QT - H [ te r "  l  ( I d )

The p a r a m e t e r s  € O’ t h u s  o b t a i n e d  may be r e g a r d e d  as  t r i a l  v a l u e s  ( e . g . ,

-10$)  ; one t h e n  computes  Q( v) by p a r t i a l  wave p r o c e d u r e s  a n d ,  a f t e r  s e v e r a l  

i t e r a t i o n s ,  c o n v e r g e s  on t h e  s e t  o f  p o t e n t i a l  c o n s t a n t s  which  b e s t  f i t  t h e  

o b s e r v a t i o n s  ( s e e  Ref .  4d) ,

-  17 -

t .  Maxima i n  E l a s t i c  Im pac t  S p e c t r a  and the  Bound S t a t e s .

V p 1; 1? j f
A seraic l a s s  i c a  1 a n a l y s i s  has  i n d i c a t e d  t n a t  t h e  e x t r e m a  in

e l a s t i c  a t o m -a to m  impact  s p e c t r a  s e r v e  as  c o u n t e r s  of  t h e  v i b r a t i o n a l



s t a t e s  o f  t h e  d i a t o m .  One n o t e s  t h a t  t h e  maximum p h a s e  i n c r e a s e s  

m o n o t o n i e s  1 l y  w i t h  d e c r e a s i n g  v e l o c i t y ,  w h i l e  / mBK ( t h e  Jf t o r  which  i s  

a maximum d e c r e a s e s  s m c o t h i y  t o  z e r o  as v-*G.  T h u s , a s  t h e  v e l o c i t y  i s  

d e c r e a s e d ,  rj a p p r o a c h e s  p r o g r e s s i v e l y  c l o s e r  t o  t h e  s - w av e  p h a s e ,  w h ic h ,  

ir.  t u r n ,  i n c r e a s e s  to w ar d  i t s  l o w - v e l o c i t y  ( L e v i n s o n ’ s Theorem) Limi t  o f  

nfc1T , where  n0 i s  t h e  number o f  d i s c r e t e  l e v e l s  o f  z e r o  a n g u l a r  momentum 

( i . e . , t h e  number o f  v i b r a t i o n a l  s t a t e s ) .  As m e n t i o n e d  i n  Sec .  1 , a 

maximurn in  t h e  impac t  s p e c t r u m  i s  e x p e c t e d  each  t ime  ^  p a s s e s  t h r o u g h  

( N — f ) f r  . Thus t h e  t o t a l  number o f  such  maxima s h o u l d  be ti .

However . s i n c e  th e  a s s u m p t i o n s  in the  s e m i c l a s s  l e a  1 a n a l y s i s  become 

p r o g r e s s i v e l y  l e s s  v a l i d  as  th e  v e l o c i t y  i s  d e c r e a s e d ,  t h e  above r e s u l t  

i s  n o t  r i g o r o u s .  A r e - s t a t e m e n t  t which s h o u l d  be s u i t a b l e  i o r  a p p l i c a 

t i o n  i n  any p r a c t i c a l  s i t u a t i o n  ' w h e r e  m e a s u r e m e n t s  a r e  c o n f i n e d  t o  a 

f i n i t e  v e l o c i t y  r a n g e , ,  i s  a s  f o l l o w s :

The o b s e r v a t i o n  o f  m maxima in  t h e  e l a s t i c  a t o m -a to m  impact  s p e c t r u m  

i m p l i e s  t h e  e x i s t e n c e  o f  a t  i  rn v i b r a t i o n a l  s t a t e s  f o r  t h e  d i a t o m .

Only a l e v  s v s t e m s  h av e  bee n  s t u d i e d  t h u s  f a r ;  t h e y  have  a l r e a d y  

been  m e n t i o n e d  in  Sec .  , As an  ex a m ple ,  l e t  us c o n s i d e r  t h e  L i - X e ' ^ '  

s y s t e m ,  f o r  which t h e  lo w e s t  o b s e r v e d  v e l o c i t y  maximum was in d e x e d  N - 5;

a c c o r d i n g  to  o u r  r u l e  t h i s  i m p l i e s  th e  e x i s t e n c e  o f  a t  l e a s t  * v i b r a t i o n a l  

s t a t e s  f o r  LiXe ( * Assuming th e  L . - J . ( 1 2 ,  p o t e n t i a l  and u s i n g  t h e

£ <T p a r a m e t e r s  e v a l u a t e d  f rom v) d a t a  i t  i s  p o s s i b l e  t o  compute  the. 

e n e r g y  l e v e l s  and t o t a l  number o f  bound s t a t e s  by s t r a i g h t f o r w a r d  

t e c h n i q u e s  One o b t a i n s  a c a p a c i t y  n 0 s u g g e s t  ing  th e

e x i s t e n c e  o f  f u r t h e r  u n d e t e c t e d  maxima i n  t h e  impa c t  s p e c t r u m  a t  lower  

v e l o c i t i e s .  S i m i l a r  c o n s i s t e n c y  ( i . e .  m * n^ h a s  b e e n  o b t a i n e d  i n  a l l  

c a s e s  s t u d i e d :  n e i t h e r  t h e  number o f  maxima o b s e r v e d  n o r  t h e  h i g h e s t  ind ex



a s s i g n e d  h a s  e x c e e d e d  t h e  computed  c a p a c i t y  o f  t h e  w e l l .

I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  ’ l e v e l  e o a n t i n g ? t e c h n i q u e  

d e s c r i b e d  i s  n o t  d e p e n d e n t  on t h e  d e t a i l e d  form o f  t h e  p o t e n t i a l  as sumed 

and may w e l l  h a v e  c o n s i d e r a b l e  g e n e r a l i t y  ( i . e .  e x t e n s i o n  t o  t t c l e c u l a r  

and /o r  c h a r g e d  p a r t i c l e  s y s t e m s ,  e t c . ) .  I t s  u s e f u l n e s s  w i l l ,  o f  c o u r s e ,  

be l i m i t e d  by f h e  e x p e r i m e n t s  1 d i f f i c u l t y  o f  r e s o l v i n g  t h e  maxima and by 

t h e  p o s s i b l e  l o s s  o f  d e t a i l  when i n e l a s t i c  p r o c e s s e s  a r e  c o n c u r r e n t .

C o n e i u s i o n s

The i n v e r s e  s i x t h - p o w e r  r a d i a l  d e p e n d e n c e  o f  t h e  l o n g - r a n g e  a t t r a c t i v e  

p o t e n t i a l  a p p e a r s  to  be w e l l  e s t a b l i s h e d  by e x p e r i m e n t s  o f  s e v e r a l  d i f f e r e n t  

t y p e s .  However ,  t h e  C c o n s t a n t s  d e r i v e d  from t h e  s c a t t e r i n g  m e a s u r e m e n t s  a r e  

h i g h e r  t h a n  t h e  t h e o r e t i c a l  v a l u e s .  I t  i s  s u g g e s t e d  t h a t  an a b s o l u t e  

e x p e r i m e n t a  1 d e t e r m i n a t i o n  o l  a ' r e f e r e n c e  c r o s s  s e c t i o n  i s  u r g e n t l y  

n e e d e d .

A l t h o u g h  t h e  p ro b le m  o f  d e d u c i n g  t h e  c o m p l e t e  p o t e n t i a l  f u n c t i o n  

from s c a t t e r i n g  m e a s u r e m e n t s  i s  s t i l l  f o r m i d a b l e ,  i t  i s  now becoming 

p o s s i b l e  t o  e v a l u a t e  t h e  s e p a r a t e  c o n s t a n t s  in  a t w o - p a r a m e t e r  r e p r e s e n t a 

t i o n  o f  t h e  p o t e n t i a l .  For  e x a m p l e ,  t h e  e n e r g i  de p e n d e n c e  o f  t h e  ra in b o w
7

e f f e c t  in  I( 0) h a s  y i e l d e d  € w i t h i n  i r — 1J^ ,  w h i l e  t h e  e x t r e m a  -  lo c a c  ions

i n  Q( v ) h a v e  y i e l d e d  t h e  p r o d u c t  £ r m w i t h i n  - 7 - '  4 . From a b s o l u t e  t o t a l

c r o s s  s e c t i o n s  ( t h u s  C v a l u e s  and a knowledge o f  6 o r  th e  tr t m p r o d u c t ,

r  mav be o b t a i n e d  w i t h i n  i l - J I n  a d d i t i o n ,  l e s s  e x t e n s i v e  e v i d e n c e  ni

s u g g e s t s  t h e  p o s s i b l i t y  o f  e s t i m a t i n g  rm d i r e c t l y  from r a in b o w  s c a t t e r i n g ,  

from t h e  quantum e f f e c t  ( u n d u l a t i o n s )  tn  I( , and from a b s o l u t e  v a l u e s  

o f  t h e  ( c l a s s i c a l )  d i f f e r e n t i a l  c r o s s  s e c t i o n .  F u r t h e r  work in each  o f

-  19 -

t h e s e  a r e a s  i s  d e s i r a b l e .
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For a given interatomic potential function it is a straightforward 

task to compute the capacity’ of the well for bound states. It appears 

possible to establish an experimental lower limit on the number of 

vibrational levels by counting the maxima in the atom-atom impact spectrum. 

This result can then be compared fot consistency with the capacity 

predicted from the potential constants characterizing the well. Since 

the bound-state counting procedure appears to be independent of the 

potential assumed, it may have general applicability.
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beflenda fo r  F ig u res

1. L o g - lo g  p lo t *  ^  o f  ( a )  o b ser v ed  a n g u la r  d i s t r i b u t i o n  o f  i n t e n s i t y  ( lab .  

sys tem '  for  s c a t t e r i n g  o f  thermal K beam by c r o s s e d  thermal Hg beam;

( b ) - ( d) d i f f e r e n t i a l  c r o s s  s e c t i o n s  v s .  c.ra.  a n g l e ;  w ith  v e l o c i t y  s e l e c t i o n .  

S o l i d  l i n e :  s l o p e  * - 7 / 3 .

3 .  L o g - lo g  ©lot o f  the  v e l o c i t y  dependence o f  t h e  t o t a l  c r o s s  s e c t i o n  

c a l c u l a t e d  fo r  s c a t t e r i n g  by a L . - J . (  12,6} p o ten t  t a i  w ith  a p a r t i c u l a r  

s e t  o f  param eters .  Here B * * 126, A i  k r ,

Q* * QM f 1 and D * B/A * 2

3 .  O b s e r v e u  . la ta  ' ' * - & [  1 i n e a r  p l o t  o f  s c a t t e r e d  I n t e n s i t y  v s .  l a b .  a n g l e )  

showing t h e  d e t a i l  o f  a r a i n b o w  nwximcn.  K-Hg, v f ~ 1 . 0  x 105 cm s e c ’ 1 .

4 .  ( a )  Observed energy  dependence o f  8  fo r  Cs-Hg; ( b) t h e o r e t i c a l

dependence o f  % x  upon K fo r  the  f o l l o w i n g  p o t e n t i a l s :  Exp ( a C , € )

L . - J . {  12 ,6 )  and Horse ( w i t h  a * 12 .77)

5 .  ( a) O b se rv ed  a n g u l a r  d e p e n d e n c e  o f  t h e  s c a t t e r i n g  o f  Li by Hg

a t  s e v e r a l  v a l u e s  o f  v r ; ( b) r e c e n t  d a t a ^ - * - ^  show ing  t h e  p r e s e n t a t i o n  

which  removes t h e  s t e e p  a n g u l a r  d e p e n d e n c e  ( f o r  e s t i m a t i o n  o f  e x t r e m a - a n g l e s )  ,

6 .  Upper  c u r v e : t h e o r e t i c a l  form o f  a t o m - a t o m  im pa c t  s p e c t r u m  ( t h e  o r d i n a t e

and  a b s c i s s a  a r e  p r o p o r t i o n a l  t o  v . Q( v) and l / v ,  r e s p e c t i v e l y )  ca l e u  l a  t e d  

v i a  p a r t i a l - w a v e  ( FW p r o c e d u r e s  f o r  t h e  L . - J . (  1 2 ,6 )  p o t e n t i a l ,  w i t h  B = 6*50; 

v e r t i c a l  ©arks  p r e d i c t e d  by Eq. 17. Lower c u r v e :  ex t remum i n d e x  N v s .

D ( p r o p o r t i o n a l  t o  l / v ) .

7 .  E x p e r i m e n t a l  r e s u l t s  f o r  L i - r a r e  gas  s y s t e m s ;  N vs 1 /  v* . The

b r a c k e t s  i n d i c a t e  t h e  u n c e r t a i n t y  in  l o c a t i n g  t h e  e x t r e m a .  Va lues  o f  

shown a r e  t h o s e  o b t a i n e d  from t h e  l i m i t i n g  s l o p e s  as  l / v  -**0. C r o s s e s  

show t h e  v a l u e s  p r e d i c t e d  u s i n g  f i n a l l y  c h o s e n  p a r a m e t e r s :  £  (T * 9 * ^ 7 ,

6 . 0 Q ,  3*62 ( 1 0  e r g  cm) f o r  L i - X e ,  Kr,  and Ar ,  r e s p e c t i v e l y ,
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l im it in g
SLOPE - 0.15iv
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