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I. INTRODUCTION

The development of theories to describe tne experimental 

properties and behavior of matter inevitably involves approxima

tions which may be both mathematical and/or physical in nature.

In many cases it is very difficult to assess the error which is 

introduced by these approximations, since approximate methods

usually become necessary just at the point where the situation 

(either mathematical, or physical, or both) becomes rather 

intricate.

The total energy of a system (either cohesive at absolute zero, 

or a thermodynamic average at finite temperatures) is the bulk

property which is most amenable to theoretical treatment. The 

calculation of the cohesive energy of a system, for instance, be

comes either a problem in statics (for a classical system), or 

involves only the stationary state solutions of the Schroedinger 

equation. On the sther hand, it would b< considerably more dif

ficult to calculate almost any other bulk property, such as the 

electrical or thermal conductivity.



2

Thus it would be expected that a theoretical treatment of the 

cohesive properties will involve a minimum of approximations 

when compared with similar treatments of other properties of 

matter. The success of a theoretical calculation of an equation 

of state (that is, of the cohesive energy or, preferably, of the 

Helmholtz free energy as a function of volume V and temperature 

T) will give information about the various approximations which 

mus . be made. It must be pointed out, however, that the success 

of a calculation of the cohesive properties does not necessarily 

guarantee the validity of the assumptions which are involved. A 

simple example can be given for the case of metals, where it is 

possible to account for the cohesive energy using the assumption 

that the ''atoms" of the metal interact according to a convenient 

central law of force; however, this as sumption proves to be completely 

unsa isfactory for the calculation of the elastic constants of the 

metal.

The preceding at least should provide justification for a certain 

amoint of both theoretical and experimental interest in the equation 

of st *te of solids. The only real test of the basic theoretical assump

tion involves a direct comparison of the theoretical predictions with 

low temperature experimental data. It is somewhat unfortunate that
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the experimental determination!) of the low temperature equation of 

state are not completely straightforward and free from approximations 

themselves, so it is useful to survey the present status of both the 

theoretical calculations, and the experiments with which the calcula

tions are compared.

II. EXPERIMENTAL CONSIDERATIONS

An ideal method for obtaining equation of state data at low tem

peratures would consist of immersing a single crystal of a substance 

in a fluid, and of measuring the changes in length of the sample along 

the principal crystalline axes as the pressure of the fluid was varied. 

While this can be done with some precision at room temperature^,

1 , 7
Bridgman, P. W. : "Linear Compressions to 30,000 Kg/cm , 

Including Relatively Incompressible Substances," Proc. Am.

Acad. Arts and Sci. , Vol. 77, pp. 187-234, 1949.

all fluids become solid at low temperatures and moderate pressures, 

and less ideal methods must be used under these conditions. In 

practice, three experimental methods are available, each of which 

can give to varying degrees of precision at least a portion of the data 

which could be obtained from the ideal experiment. These methods 

involve, in order of difficulty, the approximate measurement of the
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PVT relationship by a piston-displacement technique, the measure

ment of a heat capacity at constant volume as a function of molar 

volume and temperature, and the direct measurement of the pres

sure variation of the elastic constants using ultrasonic techniques. 

X-ray methods also might be applicable^.

c A fairly complete discussion of experimental high pressure work, 

to roughly January, 1960, with emphasis on the low temperature 

aspects, has been given in: Swenson, C. A.: "Physics at High 

Pressure, " Solid State Physics, Vol. 11, pp. 41-147, Academic 

Press, Inc., New York, 1960.

The first of these methods uses a modification of the piston

displacement technique developed by Bridgman for obtaining PV 

data near room temperature^* ^* Here, the sample is placed in

Bridgman, P. W.: "The Physics of High Pressures," with 

supplement, G. Bell, London, pp. 397-404, 1949.

4 Stewart, J. W.: "Compressibilities of Some Solidified Gases

at Low Temperature," Phys. Rev. , Vol. 97, pp. 578-582, 1955.

a cylinder (see Fig. 00-1), the ends of which are closed by pistons. 

If this combination is placed in a hydraulic press, the changes in 

length with applied force will be proportional (with suitable corrections)
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F>g. 00-1. A high pressure sample holder which has been used to determine the 
equation of state of xcncn’. The gas is condensed into the holder by 
means of the capillary and is frozen in the cylinder. The diaphragm 
then is broken by the piston, the sample is < impacted, and after a 
’’seasoning" cycle, the changes in length of the sample are directly 
related to the volume changes. For a further discussion, see references 
2 and 5.
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to the changes in volume of the sample with pressure. In practice, 

it is desirable to vary the temperature of the sample, so the press 

is constructed with long force members that allow the force generated 

by the hydraulic ram at room temperature to be transmitted to the

2 4 5 6sample holder at low temperature ’ ’ ’ . Very roughly, a force oi

5
Packard, J. R. and C. A. Swenson: unpublished results, Iowa

State University.

Beecroft, R. 1. and C. A. Swenson: "An Experimental Equation 

of State for Sodium." J. Phys. Chem. Solids, Vol. 18, pp. 329- 

344, 1961.

eight tons is necessary to produce a pressure of 20, 000 bars on a 

sample of one-quarter-in. diameter.

This method has the obvious limitation that it can be used only

with samples which have a shear yield strength which is small compared 

with the applied pressure, and which also show fairly large volume 

changes with pressure. Fortunately, the simpler substances which are

2 4of primary inteiest also satisfy these requirements ' . It is not possi

ble to obtain precision data with this method, and probably the most 

accurate data reported to date have been for sodium, where the total 

volume changes in 20,000 bars (where V/VQ = 0.80) have been measured 

to roughly two percent over a wide range of temperature^. One basic
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limitation to the possible accuracy is a direct consequence of the 

rather large frictional forces which occur, mostly in the sample 

itself. The pressure limit (20,000 bars) is set by the yield strength 

of currently available materials, although higher pressure work 

could be done with suitable external support of the pistons and 

cylinders. It is quite obvious that only total volume changes as 

a function of a pseudo-hydrostatic pressure can be measured, and 

that single crystal data cannot be obtained. Because of difficulties 

due to frictional effects, the data cannot be extrapolated accurately 

to zero pressure, and it has been convenient to combine the PV 

data at constant temperature with separate measurements of the 

thermal expansion at zero pressure^.

The calorimetric method is peculiarly adapted to the very 

compressible solidified gases, and has been used, in practice, only 

for solidified helium. Here, the temperature dependence of theheat 

capacity at constant volume is determined for various molar volumes 

or densities of the solid. These data, when combined with a single 

PV isotherm or the PT relationship along the melting line, give 

the equation of state (V(P, T) ), as well as all the other thermodynamic 
. .. 7functions .

7
Dugdale, J. S. and F. E. Simon: "Thermodynamic Properties 

and Melting of Solid Helium, " Proc. Roy. Soc., A218, pp. 291- 

310, 1953.

These experiments are difficult, however, because fairly massive
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high pressure vessels are needed, and the heat capacity of the con

tainer can become larger than that of the sample. The method is 

practical only for the solidified gases, for which the low tempera

ture heat capacities are large relative to those of possible con

tainer materials. Dugcale ind Simon used this method for solid 

helium to 2500 bars?, Their samples were solidified at constant 

volume, and, because of the high compressibility of the solid, only 

a small pressure drop (20 percent) occurred at the solidification 

line. Helium at higher pressures and most of the other solidified 

gases are fairly incompressible, and the relaxation of the pressure 

upon solidification at constant volume would become quite appreciable. 

It is possible, however, to solidify the sample at constant pressure, 

and hence, to begin constant volume heat capacity measurements at 

the temperature and pressure of the melting line. In this manner, 

heat capacity measurements could be made at volumes corresponding 

to pressures of 20, 000 bars at absolute zero using recently developed 
g

high pressure gas techniques . This has not been done, but measure- 

g
Langer, D. and D. M. Warschauer: "Notes on a High Pressure 

Gas Apparatus," Rev. Sci. Instr., Vol. 32, pp. 32-34, 1961.

ments have been made of the effect of pressure on superconducting 

transitions in which pressures of up to 3, 000 bars were transmitted
9 10 by helium which was solidified at constant pressure ’

Q
Hinrichs, C. H. and C. A. Swenson: "Superconducting Critical

Field of Tantalum as a Function of Temperature and Pressure,"
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Phys. Rev., Vol. 123, p. 1106, 1961.

^Schirber, J. E. and C. A. Swenson: "The Superconductivity of ct 

and p Mercury," Phys. Rev., Vol. 123, p. 1115, 1961.

The third method, which can yield, in principle, the most precise 

data and the greatest amount of information, involves the use cf ultra

sonic techniques to measure directly the pressure and temperature 

variation of the elastic constants of a single crystal. Ultrasonic meas

urements are being made routinely over a wide range of temperatures 

at . ero pressure ' , and isothermal measurements of the .pressure

Huntington, H. B. : "The Elastic Constants of Single Crystals," 

Solid State Physics, Vol. 7, pp. 213-351, F. Seitz and D. Turnkull, 

editors, Academic Press, New York, 1958.

dependence also have been made^. Work of this type, extending over 

a range of temperatures and pressures, faces the multiple problems 

of bringing electrical connections into a high pressure cylinder at low 

temperature, bonding the transducer to the single crystal sample, and, 

finally, transmitting the pressure io the sample in the temperature ’.nd 

pi insure region where fluids no longer exist. These problems undoubt

edly can be solved for the alkali metals and other less compressible 

substances which are solid at room temperature, but the difficulties 

would seem almost insurmountable for the solidified rare gases.

Anderson has used gaseous helium as a pressure transmitter to 40*K 

to measure ultrasonically the temperature and pressure dependence of 

the elastic constants of fused silica in what is perhaps the most
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comprehensive work along these lines which has been done to date^.

Anderson, O. L. : "An Accurate Determination of the Equation 

of State by Ultrasonic Measurements," Progress in Very High 

Pressure Research, pp 225-255, Bundy, Hibbard and Strong, 

editors, John Wiley and Sons, Inc., New York, 1961.

Zven if the experimental problems are solved, there remain 

difficulties in the interpretation of the data. The longitudinal elastic 

constants which are measured as a function of pressure at «~onstant 

temperature are adiabatic, not isothermal, quantities. In order to 

compare the results with static measurements, the compressibility, 

for instance, must be converted from k (adiabatic) to k (isothermal) S 1

using the relationship:

k = k ( I + p2VT/k C ) = k ( 1 +/3 r T) . (00-1)

Here, (*> = V ~^(dV/ 3t)^ is the thermal expansion, is the specific 

heat at constant volume, and P = ^3V/krC^ = 0 V/k^C^ ;s a 

Grueneisen constant, which will be discussed in section 00-V but

which is a function, in general, of both temperature and volume. Meas

urements of kg as a function of temperature and pressure can be 

converted to k^. only if the quantity in the brackets in Eq. (00-1) is 

known as a function of pressure and temperature. The correction 

term for sodium, which is a typical simple solid, is 0. 07 at room 

temperature and atmospheric pressure, and decreases by a factor of 

two at a pressure of 20,000 bars, where V / V = 0.80^. Thus, a 
o

PVT surface can be constructed from k^ data as a function of tempera

ture and pressure only by means of a self-consistent approach. In the
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limit as the temperature approaches zero, t .e two compressibilities 

become identical, and no ambiguity arises. Nevertheless, this would 

seem to be the only feasible approach for those substances which dr 

not adapt themselves readily to the other two methods.

The applications of X-ray techniques to high pressure work have 

been devoted primarily to a study of crystal structure changes at 

phase transformations'^. Work at room temperature has been reported 

1 4on the change with pressure of the lattice constants of cerium and 

graphite' \ The only low temperature X-ray work at high pressures

'} Jamieson, J. C. : "Diamond Cell for X-ray Diffraction Studies 

under High Pressure " in Progress in Very High Pressure 

Research, pp. 10-15, Bundy, Hibbard and Strong, editors, 

John W iley and Sons, Inc., New York, 1961.
14 Vereschchagin, L. F. : 'Investigations (in USSR) in the Area 

of the Physics of High Pressures," Progress in Very High 

Pressure Research, pp. 290-303, Bundy, Hibbard and Strong, 

editors, John Wiley and Sons, Inc., New York, 1961.

Kabalkino, S. S. and L. F. Vereschchagin: "X-ray Investigation 

of the Linear Compressibility of Graphite at Pressures up to 

16, 000 kg/cm2," Doklady Akad. Nauk SSSR, Vol. 131, pp. 300- 

302, I960.

that has been reported involves the determination of the crystal struc- 
16 17ture of the p phase of solid He 4 and the ft phase of solid He3 in 

16 Mills, R. L. and A. F. Schuch: "Crystal Structure of the ^3

Form of He4, " Phys. Rev. Letters, Vol. 6, p. 263, 1961.
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Schuch, A. F. and R. L. Milla: "New Allotropic Form of He3, " 

Phya. Rev. Letters, Vol. 6. p. 596, 1961.

the liquid hydrogen region at pressures of over 1,000 bars. As of the 

moment, it is difficult to assess the potentialities of this type of meas

urement.

III. GENERAL THEORETICAL CONSIDERATIONS

Two steps are involved in the development of an equation of state 

for a system. First, the Schroedinger equation which describes the 

system must be solved to give the ground state energy (or cohesive 

energy at absolute zero) as a function of volume, as well as the 

spectrum of excited states which will be of importance at temperatures 

above absolute zero. Second, statistical mechanics must'be used to 

calculate thermodynamic averages using the energy eigenvalues ob

tained in the first step.

If one is interested only in the equation of state for temperatures 

below a given temperature, T , then it is sufficient to know only those 

excited states which lie within an energy range of the order of kTy 

above the first excited state. This is because most of the contribution 
«

to the constant-volume partition function comes from the low-lying 

states. It follows directly that the equation of state at absolute zero 

can be obtained completely from a knowledge of the ground state energy 

as a function of volume, Eo(V), since

P = Pq(V) = -dEo(V)/dV. (00-2)
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The fame model which given the ground state energy satisfactorily 

may not give good values for the excited states. As an exampit the 

Einstein (independent particle) model can provide good values for the 

ground state energy of the lattice at all volumes (if correlation effects 

are not important), and, hence, an accurate equation of state at 

absolute zero. On the other hand, the excited states of a lattice as 

given by this model are not correct, and their use in evaluating the 

partition function (and the thermodynamic properties) Rives an equation 

of state which is not correct. This is demonstrated by the difference 

between the expoential dependence of the specific h^at predn ted by 

this model for low temperatures, and the observed T depended, e.

The converse is true also. That is, the temperature derivatives 

of the free energy F at constant volume can be evaluated from a k row

ledge of the excited states alone, since th» temperature-d< pendent 

contributions to F, and, hence, these derivatives, arc independent 

o' th« choice of the origin from which the energies are measured 

(i.e., independent of any additive, tempe rature- independent term in 

the free energy). This is, for instance, the situation which is n- 

countered in the theory of specific heats. A similar situation exists 

in cases where a magnetic field is one of the variables of state. In 

the remainder of this section, the theoretical problem will be outlined 

in a general form, while in section 00-1V specific results will be 

discussed.

The Schroedinger equation which describes the stationary states 

of a system of N nuclei, n = ZN electrons (Z = atomic number), in

volves the kinetic energy of the electrons (Ke) and the nuclei (K^), and
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the several Coulomb attractions (V ) and repulsions (V and V )

among them. This equation reads

‘?W-J*=[K4-K4-V + V + V
P ■*- L e n ee en nn 

+ (* X; .« XI) joe. 3)

■where 5.$ is the (total) wave function describing the quantum mechani

cal state (eigenstate x) , eigenvalue E ) of the entire system. ^4(x,d,X^ ) 

represents any additional interactions (such as an external pressure, a 

magnetic field, relativistic effects. L-S coupling, etc.). Whenever possi

ble, lower case letters (x, <3 ) will refer to electronic variables, and 

capital letters to nuclear variables. In Eq. (00-3) x and <5 or one hand, 

and X and $2 on the other denote space and spin variables of the electrons 

and nuclei, respectively.

Since the nuclei are much heavier than the electrons, Eq. (00-3)
16can be separated into two equations , one describing the motion of the 

electrons (Eq. (00 5) below) for a fixed configuration (X°, £2 )

Born, M. and K. Huang: "The Dynamical Theory of Crystal Lattices,"

Oxford University Press, Oxford, 1939.

nuclei, and the other (Eq. (00-6) ) describing the motion of the nuclei in 

the average field of the electrons,

(x, d;X,£) =• X*, £ J (00-4)

O,. C, ,£)] 5. * £*-<* T* <®°-M

In Eq. (00-5) , the electronic energy eigenvalue, , depends 

on the nuclear configuration (X°, £2°) which was chosen, and this quantity
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plays the role of a potential energy of interaction between the nuclei 

in Eq. (00-6). Since the system of electrons in any practical cast 

involving a solid is always highly degenerate (thermodynamically), 

the system of electrons as far as nuclear motion is concerned can 

be considered as being in its ground state 4»o> and the subscript 

can be omitted in Eq. (00-6). This will introduce errors of the order 

of kT/Ep (£p being the Fermi energy) which are negligible at any 

ordinary temperature.

In the case of solid, the (quantum mechanical) average positions

<X > of the nuclei will form a regular lattice, X* , and the volume V 

will appear as a variable of state in Eqs. (00-4 - 00-6) through the 

nearest neighbor locations X’.j. Equations (00-5) and (00-6) have to

be solved for a solid only for configurations X. close to the lattice 

configuration, X*. (the nuclear spins £ will have only a negligible 

effect on the electronic motion $).

There are essentially two different approaches for the solution of 

Eq. (00-5), depending on the degree of approximation possible. Con

sider an element for which the free atoms have an ionization potential 

Vj, and an average distance between nearest neighbors in the solid. 

The perturbation on any atom due to the presence of its z neighbors 

is at most of the order of = ( s/2)(e^/ZR^. Hence, if V ( » Vp, the 

presence of neighbors will not affect appreciably the electronic motion 

as compared with the motion in a free atom, and the electronic wave

function 4>a in Eq. (00-6) will bear a definite resemblance to the free 

atsm electronic wave function. If a value of z of the order of 10 is 

chosen and the numerical value of the electronic charge is used, the
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condition that V. >> V can be written as 
I P

VI ,ev) * Ro ** 30 tv A . (00-7)

It is easy to verify that for all solids (where Ro * few A ) only the 

solidified inert gases (He, Ne, A, etc. , where Vj « 20 ev) can satisfy 

the condition in Eq. (00-7) for all electrons. This relationship may be 

satisfied for other solidified elements by the inner core electrons, but 

is certainly violated by the valence electrons. Hence, the state 4> of 

these valence electrons will bear very little resemblance to their state 

in a free atom.

Since the equation of state at absolute zero will be obtained from 

E-i/a of Eq. (00-6)(and possibly just from ), the two approaches 

possible for the calculation of a theoretical equation of state at absolute 

zero depend on whether or not Eq. (00-7) is satisfied. One of these 

approaches will be useful in determining the equation of state for solid 

He. Ne, A, etc. , or even metallic vapors (where a large Ro exists), 

while the other will be necessary for all other solids, except for ionic 

crystals which form a third category due to the presence of long range 
‘ 18Coulomb force? between the ions

Equations (00-5) and (00-6) can be further simplified by noting that 

the nuclear spins £ have a negligible effect on the equation of state 

of any solid except He3 and possibly H^. Thus, they may be disregarded 

in these equations, which then become

(K + V + V ' e ee en
+ Vnn)4>/9 (x.fl ; X’) = ^(X’) (00-8)

) ) (X*) = E<t^ (X’) . (00-9)
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If Eq. (00-7) is satisfied, the electronic eigenvalue is given to a 

good approximation by

N N-
E(X,, X2 —xN) = <> ^(Xj. Xj)+ v,(xk. xrxroM --

i > j s 1 k >1 > m = 1
(00-10)

where V? is a function of the coordinates of a pair of nuclei only, 

a function of the coordinates of a triplet of nuclei, etc. usually is 

called the two-body potential, and V^, etc., the rnany-body potentials. 

The separation in Eq. (00-10) is useful only if the contribution which 

arises from many-body forces is negligible. In practice, it is possible 

to obtain only a very rough estimate of the magnitude of from Eq. (00-8), 

and it is fortunate that in practice this quantity turns out to be sufficiently 

small so that many-body forces arc customarily neglected in Eqs. (00-9) 

and (00-10). In this case, V?(x,, x.) is obtained from the solution of 4 1 j
Eq. (00-8) for N=2, and the problem is essentially that of two atoms (2 

nuclei and 2Z electrons);

<Ke * Vee + Ven. * Ven? * Vn.n.) (x <5 ; X .) = V?(X. )<t> (00-11).
1 w 11 £ 11

only of the distance between the nuclei, X^Both <f> and Vwill be functions

= | X. - Xp , since the quantity in the brackets on the left-hand-side is 

spherically symmetric. Several attempts have been made^'^ to solve

Margenau, H. : "Vander Waals Forces," Rev. Mod. Phys., Vol. 11. 

pp. 1-36, 1939.

de Boer, J.: "Quantum Effects and Exchange Effects on the Thermo

dynamic Properties of Liquid Helium," Progress in Low Temperature 

Physics, Vol. 2, pp. 1-58, C. J. Gorter, editor. Interscience, New
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York, 1957,

Eq. (00-11) for a pair of inert gas atoms with moderate success. V\> 

in this equation is usually separated into two parts, the first being an 

attractive term, the so-called van der Waals force, which is predomi

nant at large interatomic separations, and the second a repulsive term, 
<tb

often called the overlap repulsion, which is very strong at short inter

atomic distances. It should be born in mind, however, that this separa

tion comet about only because two different methods of approximation 

are needed for these cases in dealing with Eq. (00-11), and that both 

forces arc due to the several Coulomb repulsions and attractions be

tween the 2Z electrons and 2 nuclei.

The two-body potential for a given Z would be expected to be 

characterized by four constants involving the range and strength of 

both the repulsive and the attractive forces. Even before the advent 

of quantum mechanics, was represented by the so-called Mie-Lennard- 

Jones potential,

V.(r) = Ar‘m - Br'n (A. B, m > n, all > 0). (00-12)

London and Eisenschitz^' were the first to estimate B and n using the

London, F. and R. Eisenschitz: "uber das Verhaltness der van der 

Waalsschen Krafte zu den homoopolaren Bindungskraften. ” Zeits.

f. Phys.. Vol. 60, pp. 491-527, 1930.

quantum mechanical Eq. (00-11), and while they were able to show that 

n = 6, only an estimate of B was possible. Slater and Kirkwood^ solved

Slater, J. C. and J. G. Kirkwood: "The van der Waals Forces in 

Gases," Phys. Rev., Vol. 37, pp. 682-697, 1931.
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Eq. (00-11) approximately and showed that the repulsive term should be 

represented by an exponential rather than an inverse power as in Eq. 

(00-12). By that time sets of constants, A, B, m. n. had been chosen 

for the inert gases from the empirical fitting of experimental data, 

mainly through the work of Lennard-Jones iind his co-workers"\ and

Z1* Lennard-Jones, J. E. , : "On the Determination of Molecular Fields -

I. From the Variation of the Viscosity of a Gas with Temperature," 

Proc. Roy. Soc. , Vol. A106, pp. 441-462, 1924. "On the Determina- 

tion of Molecular Fields. - II. From the Equation of State of a Gas," 

ibid, pp. 463-477.

Eq. (00-12) has been used extensively. A comparison between the thecreti- 

20 r 1cal potentials'- and the empirical potentials of this form [Eq. (00 12)] shows 

deviations of the order of ten to twenty percent which must be ascribed 

either to the presence of many-body forces in a macroscopic system, or 

to the approximations which are introduced in the solution of the two- 

atom problem, or, more likely, to both of these.

The exhaustive pioneering work of Lennard-Jones and others has 

shown that the choice of n = 6 and m between 9 and 16 (together with 

corresponding values of A(m) and 13(n) ) gives a good description ©! most 

of the bulk properties for the inert gases, as well as for the permanent 

24 25diatomic gases such as nitrogen and hydrogen ’ . These same

24 Fowler, R. H. and E. A. Guggenheim: Statistical Thermodynamn 

Cambridge University Press, London, 1952.

Wilson, A. H. : "Thermodynamics and Statistical Mechanics," 

Cambridge University Press, London, 1957.
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empirical potentials should provide a satisfactory basis for a calculation 

of the properties of the solidified inert gases, since Eq. (00-7) is satis

fied in this case.

If this inequality (Eq. (00-7) ) is not satisfied, the concept of two- 

body forces cannot be introduced, and Eq. (00-6) must be handled using 

different methods. It is no longer convenient to separate the electronic 

energy £(X. , X,, --- X ) into the form of Eq. (00-10), and solutions 

of Eq. (00-8) for the electronic motion a.*e sought for a perfect , un

distorted lattice, and also for a lattice which is slightly distorted in a 

simple and convenient manner (in order to calculate elastic coefficients).^

Seitz, F. : " Modern Theory of Solids, " Chap. 10, Mr-Graw Hill, 

Inc., New York, 1940.

Most of the work along these lines has been concerned with metals.

In the following, the discussion will be restricted primarily to the 

inert gases on one hand and to metals on the other, as illustrations of 

the theoretical methods. In the next section, the equations of state at 

absolute zero will be discussed for the solidified inert gases and for the 

alkali metals. A discussion of the equation of state at higher temperatures 

will follow in section 00-V.

IV. EQUATION OF STATE AT ABSOLUTE ZERO

A. The Solidified Inert Gases

As was discussed in the preceding section, the bulk properties of 

these solids should be derivable from the solutions of a Schroedinger
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equation for N particles (atoms) which interact according to given two- 

body interatomic potentials,

i, x *

6 V i */ j ' ' "J

The interatomic potential VfX^) in general w-11 involve four constants 

which characterize the strength and range of both the attractive and 

the repulsive forces (A, B, m, and i; in Eq. (00-12), for instance). 

These in principle could be calculated directly as fur. tions of the atomic 

number, Z. V(X.j) represents an energy which is a function of the 

interatomic separation (and which) from dimensional consideration will 

involve at least two constants. Hence, it has been customary to take 

two of the four constar s as fixed and independent ot Z (for instance, 

n - 6 and m = 1 2 in Eq. (00-12)j,so that the dependence of V<X ) on the 

atomic number Z is contained in the other two constants whi< h may >• 

taken as a range <5 (length) and a strength € (energy). Hence, V(X,.) 

may be written as

V(Xij) = € V (X]j/ 6 ) = € V(x,) , (00-14)

where & = fe- (Z), 6 =/^(Z), and v(x) is a dimensionless universal func

tion which i‘ independent of the atomic number Z. With this choice Eq. 

(00-13) can be written as

N N *

■y * p y
where 12M € 6“, E' = E /€ , and is the Laplacian withn n x i 
respect to the dimensionless variable x » X/rt
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The optimum values of the constants G and 6 vary slightly from 

author to author^?. For the purpose of the present work, the values 

27 Hirschfelder, J. O. C. F. Curtis and R. B. Bird: "Molecular

Theory of Gases and Liquids, " Wiley and Sons, Inc . , New York 

1954.

of the constants for a b-12 Lenna rd-Jones potential as adopted by de 

Boer will be used^. These are given in Table 00- 1 .

Table 00-1. Values of the Parameters € and 0 in the 12-' ,

Together with Conversion Factors to Reduced Units.

€ <‘K) 6 (A) */6 (bars) N 6 (cc / me>1) X.
He 3 10. 2 2. 56 83. 9 10. 1 1 0. 347

He4 10. 2 2. 56 83. 9 10. 11 0. 302

37 2. 93 203. 1 1 5. 15 0. 195

37 2. 93 203. 1 15.15 .0. I 37

Ne 36. 2 2. 74 242. 9 1 2. 39 0.0658

A 1 21 3. 40 425. 0 23.67 0.0212

Kr 166 3. 66 467. 3 29. 50 0. Oi 1 3

Xe 232 3. 98 508. 0 37. 97 0.0070

S ince the pr ima r y interest of this ■ t-ion : s in t h •• r q ' of • i' •

of solids at absolute zero, this discussion will be rest! i< ted ' 

ground state solutions only. As was pointed out in the Introduction a 

knowledge of the ground state energy of a system as a function oi 

volume is sufficient to describe the equation of state at absolute zero.
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so Eq. (00-15) must be solved to give EJV). It is convenient to measure 

the various quantities which are .nvolved in terms of dimensionless 

units, and in the ensuing discussion, the energy per atom will be meas

ured in units of 6 (E' = Eq/N€ ), the volume per atom in units of

6 \v = V/N6 \ and the pressure in units of 6/ <5 (P‘ * P / ( ),

Hence, Eq. (00-2) can be written as

P’ = -dE’ /dV . (00-2a)

The use of these units will be assumed unless other* se stated, and the 

primes will rot be used. The values of the appropriate conversion factors 

for various gases are given in Table 00-1.

Several authors have solved Eq. 100-15) using different methods of 

approximation, and from their solutions it is possible to obtain equations 

27-29of state at absolute zero which are essentially consistent . The

2H
Bernardes, N. : "Theory of Solid Ne, A, Kr and Xe a» 0*K, Phys.

Rev. , Vol. 112, pp. 1534- 1539. 1958.

29 Bernardes. N. : "Quantum Mechanical Law of Corresponding States 

for Van der Waals Solids at 0*K." Phys. Rev., Vol. 120, pp. 807- 

813, 1960.

(There are several typographical errors in this paper. In Table II, 

e ] , = 12.13. In equation 28, (and following) g2.83. Figs. 5 and 

6 are incorrect in precise details, but correct in general behavior.

subsequent discussion will be based on the approach used by one of th' 

29authors (N. B. )
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An inspection of Table 00-1 will show that quantum mechanical 

effects (i.e., X** * ) can be expected to yield corrections which

are small for the heavier elements, appre iabl«- for argon and neon 

and very large for helium. Nuclear spine will have a negligible effect 

in all cases except for He3. In the event that X << 1 the kinetic 

energy term in £q. (00-IS) can be dropped and the problem reduces 

to a problem in statics, or a s unmation over a lattice. This is the 

case which will be discussed in the remainder of this section.

In this approximation, the cohesive energy can be written as 

Eo=l/2^^_v(x )®l/2N <_ v (x ) (00-16)

i A j iJ cko

where the x.'s describe a lattice. The lattice summation in this equation 

can be evaluated for a Mie-Lennard-Jones potential for different types 

27of lattices, and the results are tabulated . Equation (00 12) < an be 

rewritten m the form of Eq. (00-14) as

V(r) = Ar*m - Br'n = ¥„ 6((r/«)ni (r/ft )”)- € V(x). (00-17)

where J" is a number ch >sen such that - represents the minimum m, r. r

value of V(r). For this potential Eq. (00-16) reduces to

E = N/2 (( x "m - C x n) , (00-18)
o m, n rn <> n o

27 where C and C are tabulated con: la nt s which depend only on the m n

type of lattice, and which »o a first approximation < an b< (turn equal to 

the number of nearest neighbor**. x< is the nearest neighbor distant < 

in units of 6 . Finally, in reduced units, the volume dependence of ti 

ground state energy can be expressed as

Eq (V) - - pV'n/3 , (00-10)
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where <5. and p depend respectively on n> and n and also on the type 

of lattice. The discussion may he restricted to a dose-packed lat'ice 

since all the inert gases (except helium at reduced pressures

Schuch, A. F. , E. R. Grilly and R. L. Mills; "Structure of the

Ok and p Forms of Solid He 3, " Phys. Rev., Vol. 110. p. 775, 1958. 

Bernardes, Newton: "On the Different Crystallographic Phases 

of Solid Helium, " To be published.

solidify in a close-packed lattice*.

The differences between cubic-dose-packed and hexagonal-c lose - 

packed lattices represent one part in 10^ and hence are not important 

. »i r u i 7- 17- ’1except, apparently, for helium

Successive differentiations of Eq. (00-19) with respect to pressure 

can be used to give the zero pressure volume Vq the cohesive energy 

Eq, and the PV relationship as well as the bulk modulus at zero 

pressure Bq. The respective values for m - 12 and n - 6 are (in re

duced units),

Vo(0) = 0. 916 (00-20)

EJO) « -8. 61 (00-21)

Bo(0) - 75 (CO 22)

PJV)- - 5 - 324. 3 V - 28.9 V . (00- 2 J)

Equalion 00-23 represents a classical ( ' -Vi x O ) equation of

state which is the same for all inert gases, and demonstrates the 

existence of a law of corresponding states for these. That is to say,
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their physical properties satisfy the same set of equations when these 

properties are expressed in the proper units.

In order to compare these results with experiment, the experimental 

values of £ and <5 (and the appropriate conversion factors) as given 

in Table 00-1 must be used. This comparison is given in some detail 

29elsewhere . The nonexistence of a law of corresponding states of this 

type for the solidified inert gases is demonstrated in Fig. 00-2, where 

the experimental low temperature (20*K) PV data for neon^, argon^and

3^ Stewart, J. W. : "The Compression of Solidified Gases to 20,000

Kg/ cm4, at Low Temperatures," J. Phys. Cnem. Solids, Vol. I, pp. 

146-158, 1956.

3 3 Stewart, J. W. : Private Communication, 1960. We are indebted to 

Prof. Stewart for communicating these results to us.

xenon'’ are plotted in reduced form (V/VQ vs P/Bo). The pressure range 

is 20 kilobars in each case. Equations (00-22) and (00-23) imply that 

these curves should be identical, and the differences between them as 

shown by the progressive increase in "softness" with decreasing atomic 

mass (or increasing X ) ®re indicative of quantum mechanic al effects. 

It will be shown in a subsequent section that these differences can be 

understood quantitatively by the inclusion of zero point energy effects. 

The corresponding curve for the alkali metals (see section 00-IVB) is 

• hown also for comparison.

B. The Alkali Metals

The assumption that Eq. (00-7) holds does not apply to most solids,



Fi*. 00-2. A redu< ed plot of the low temperature equation of state for the alkali metals (see 
Fig. O'j-3 for more detail), xenor.5, argon^ and neon^. Vo and Bo are the volume 
and bulk modulus at zero pressure in each case.

r

25a
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particularly metals. Because of the complications which are introduced 

due to the existence of free electrons, the concept ot two-body forces 

(Eq. (00-10) ) cannot be used when discussing metals. The various 

approximations which must be used in a calculation of the cohesive energy 

and equation of state of metals make this an exceedingly complex problem 
34-38and the reader is referred to several review articles for a dis-

Rafts, J. R. : "Methods of the One-Electron Theory of Solids," 

Solid State Physics, Vol. 1, pp. 2-95, Academic Press, Inc., 

New York, 1955.

Wigner, E. P. and F. Seitz; "Qualitative Analysis of the Cohesive 

in Metals," Solid State Physics, Vol. 1, pp. 97-126, Academic 

Press, Inc., New York, 1955.

Ham, F. S: "The Quantum Defect Method," Solid State Phy sic s, 

Vol. 1, pp. 127-192, Academic nrei«, Inc., New fork, 1955.

Pines, D. : "Electron Interactions on Metals," Solid State Physics, 

Vol. 1, pp. 367-450, Academic Press, Inc., New York, 1955.

38 Brooks, H. : "Quantum Theory of Cohesion," Nuovo timento, Vol. 7, 

Suppl., pp. 165-244, 1958.

cussion of the theory and a general comparison with experiment. The 

most extensive low temperature equation of state data exint for the alkaii 

metals, and the following discussion will be restricted to the«u metals. 

Since these atoms, with a single electron outside a closed shell, form 

the simplest possible class of metals, it would be hoped that any basic 

calculations would apply most correctly in this case. The basis of the
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comparison of experimental data with theory which is given below will 

39be a simple theory first put forth by Bardeen , which, although not

39 Bardeen, J.: "Compressibilities of th: Alkali Metals," J. Chem.

Phys. , Vol. 6, pp. 372-378, 1938.

correct, will illustrate the difficulties involved.

The cohesive energy of the alkali metals is discussed most commonly 

on the basis of the so-callea Wigner-Seitz method. In this method, the 

crystal is subdivided into polyhedra and in the case of the alkali metals 

each polyhedron contains only one electron. These polyhedra are replaced 

by spheres of radius rg whose volume is equal to the volume occupied by 

each atom of the metal. The pressure dependence of r^ gives the equation 

of state of the metal at absolute zero.

Bardeen suggested that for these metals (to a first approximation) 

the energy relationship should be of the form^1 ,

E(r ) = ar 3 + br 2 + cr 3 , (00-24)

where the middle term represents the electronic kinetic (or Fnrnii) 

energy, and the other two terms represent the potential energy of the 

electrostatic interaction of each electron with the rest of the solid.

Thus, the energy of the whole solid can be written as a function of volume ,

E(V) = A(Vo/V) + B(Vo/V)2' 3 - C(VQ/V)1 Z 3 (00-Z5)

= Ay3 + By2 - Cy ,

where V is the volume at zero pressure, and A, B and C are constants o
which in principle can be calculated.
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In the context of our discussion of the inert gases, two additional 

terms should be included in Eq. (00-25), which considers only the 

electrons in a cell and their interaction with the nucleus. These would 

describe the effects of nuclear zero point motion, and the interaction 

between all pairs of closed electronic shells. The Latter interaction is 

similar in nature to the interaction between two inert gas atoms, as 

was discussed in the preceding section, and can be shown to have only 

a small effect on the compressibility of the alkali metals except at 

38 very high pressures . The same is true for the influence of the 

nuclear zero point motion, and this will be discussed in the next section. 

Nevertheless, it is very difficult to assess the exact effect of these 

small corrections due to the uncertainties and approximations which are 

involved in any calculation of the electronic energy^.

One method fo*- the comparison of the theoretical expression for 

the energy (Eq. (00-25) ) with experimental data is to compare cal

culated and experimental PV isotherms for very low temperatures. 

Equation (00-25) can be shown to give (using the requirement that E is 

a minimum at y = 1, and, hence, C « 3A-2B) ,

PVp = y4(y-l) [ 2A t 2B/3 i A(y-l)j . (00-26)

This may be rewritten (using 3V /k( 2A + 2B/3 ) ,

Pko=y4(y-1)[ 3 + (Ako/Vo) (y-l)J . (00-27)

Vq and ky here are the zero pressure volume and compressibility res

pectively, The second term in the brackets is usually small, and is th« 

only contribution which should be characteristic of the individual alkali 

metal.
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The experimental data for the alkali metals are given in Fig. 00-3, 

where V/Vq is plotted vs Pko = P/Bo. It can be seen that in this repre

sentation the data for sodium (to 20,000 bars)\ potassium (to 10,000 

40 40bars) and rubidium (to 8,000 bars) are identical for volume decreases

40 Swenson, C. A. : "Compression of the Alkali Meta^ to 10, 000 

Atmospheres at Low Temperature, " Phys. Rev., Vol. 99, 

pp. 423-430, 1955.

40of up to 18 percent. The deviations for lithium (if tiny) are in the 

direction that this metal is "too hard", while cesium is definitely "too 

soft," when compared with the other alkali metals. The solid curve 

through the Na, K, and Rb data in Fig. 00-3 was drawn using Eq. (00-27) 

with (Ako/VQ) = 4. 2, while the curve through the cesium data was drawn 

using (AkQ/Vo) = 0. The fit is well within experimental error in each 

case, while the difference between the two curves would appear to be 

outside experimental error.

In earlier comparisons, experimental values of the cohesive energy, 

initial compressibility, and molar volume at zero pressure were used 

to evaluate the constants B and C empirically for comparison with the 

39 26 40 theoretical values ’ ’ . The agreement was considered satisfactory,

although the predicted shape of the PV isotherm was not correct except 

possibly for sodium^. Harn‘S has given a comparison of experimental 

data with a theory which is based un the more rigorous quantum defect 

method. Here, explicit energy calculations for three values of y'werc- 

fitted to an equation of the form of (00-25), and pressures for a given 

value of V/Vo as calculated from this fit (Eq. (00-26) ), were compared



Fig. 0< i. The low temperature equations of slate for the alkali metals. The data 
tor sodium are to 20. 000 barsO. while th »»- for lithium, potassium, 
rubidium and cesium are to 10. 000 bars'*®.

29a
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with the actual experimental pressures for the same V/V^. The 

agreement was not particularly good except for potassium, where 

only a '5 percent dis* repancy was found.

An alternative procedure involves using the initial compressibility, 

the zero pressure molar volume, and the value of Ak IV which is r o o

needed to fit the experimental PV data to evaluate the constants A, B 

and C. The identity of the curves for Na, K and Rb (Fig. 00-3) 

implies that the ratio of A/B must be a constant for these three metals. 

There is no basis for this in the elementary theory^’ , and. indeed, 

the values ot A, B and C which are obtained in this manner givo co

hesive energies (00-25) , with y « 1) which bear no resemblance,

to the experimental values.

The detailed considerations of the theory of the alkali metals

Bardeen, J.: "An Improved Calculation of the Energies of Metallic 

Li and Na," J. Chem, Phys. . Vol. 6. pp. 367-371, 1938.

which take into account the explicit electronic structure of the individual 

elements give no suggestion that a common equation of state or a law of 

corresponding states should exist for Na. K. and Rb. It would appear 
>

from the complications of the problem that the calculation of the equation 

of state for each of the alkali metals is a problem in itself which must 

be solved explicitly, and that a generalized solution in proper reduced 

variables is not possible for th> * lass of substances as it is for the 

solidified inert gases (see the following section). The qualitatively dif

ferent behavior of the PV curve for cesium (and possibly for lithium) 

from that of Na. K and Rb is probably associated with the very different
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electronic structure which is possessed by the metals in these cases

42 Ham, F. S. : "Band Calculations of the Shape of the Fermi Surface in 

the Alkali Metals, " The Fermi Surface, John Wiley and Sons, Inc., I960.

Cesium, in particular, shows considerable dependence of its electronic 

properties upon even moderate pressures at room temperature4’, and

4^ Dugdale, J. S. : Private Communication, I960.
’ ” 1 1 ............. ... , ii —ini i iii ... ............... i mi .i-.. . i i i ........... |

at high pressures (40, 000 bars) and room temperature, a phase transition 

occurs in this metal with a very large volume change. This has been 

postulated as due to the movement of a 6s electron into a 5d orbital, with

no change in the crystal structure . It is possible that this transition

44 Sternheimer, R. M. ; "The Compressibility of Metallic Cesium,"

Phys, Rev. , Vol. 78. pp. 235-243, 1950.

is "smeared out" as the temperature is lowered, and that a gradual change 

in the electronic wave function with pressure at low temperature is 

responsible for the softness of thia metal4®.

From a purely empirical viewpoint, the resemblance of the shapes 

of the various curves in Fig. 00-3 is not surprising. Birch*1* has

*** Birch, F. : Elasticity and Constitution of the Earth's Interior,"

J. Geophys. Research, Vol. 57, pp. 227-286, 1952.

suggested an equation ci state which is derivable from Murnaghan's theory 

of finite strain,

PkQ . 3/2 (y7 - y5) [ 1 - f (y2 - 1)] . (00-28)
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where y ■ (Vq/V)*^3 an before, and k^ is the compressibility at y - 1.

This equation appears to fit existing room temperature data for most 

substances to 100,000 bars with small values of . The earlier 
40 alkali metals data and much of the data on the solidified inert gases 

have been fitted to this relationship with kQ and y” as parameters.

The more recent data for sodium appear to show slight deviations from 

this expression at high temperatures, but not at 20*k\ The solid 

curve in Fig. 00-3 also can be represented by Eq. (00-28) with * 0.

The deviations from this curve which are found for cesium (Fig. 00-3) 

and the solidified inert gases (Fig. 00-2) are indicative of the electronic 

transition in cesium on one hand, and of the very large effect of the zero point 

energy for the lighter inert gases on the other.

The Bardeen and Birch expressions represent special cases of a 

more generalized equation of state. Gilvary has discussed this at some 

length, togethsr with a consideration of the effects of temperature on 

. , 46the equation of state

Solids." J. Appl, Phys.. Vol. 28. pp. 1253-1261, 1957.

Gilvarry, J. J.: "Temperature-dependent Equation of State of

Finally, the sodium data to 20, 000 bars satisfies the empirical 

assumption tha*. the instantaneous compressibility is a linear function 

of the volume^,

kT « A (1 - V/-D ) (00-29)

where A and are constants independent of the temperature. This

results in an expression for AV/Vo.

_ exP (AP) - 1__________
o exp (AP) - [1 - -o/vjojj ”AV/V

(00-30)
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which, it would seem, should apply to potassium and rubidium at low 

temperature, also. If AV/V^ is to be a function ot Pk only (Fig. 00- 4) 

the constants which apply to sodium can be used in the above expression 

to write down a common expression for Na, K, and Rb,

AV/V « exp (-Z.210 Pk^ -A 
° exp (-2. 210 Pk J - 3. HZ . (00-31)

This expression obviously cannot be used for extrapolation to inu<h 

higher pressures, since it implies a minimum value of the volume in 

each case which is greater than the volumes which have been observed 

in Bridgman at 100,000 hars^. Any attempt to correlate the.i* low 

temperature data with the higher pressure room temperature da’a is 

difficult, since there are inconsistencies which are seemingly mi side 

of the experimental error for the two sets of higher pressure data on 

the alkali metals which existb.

C. The Effects of Nuclear Zero Point Motion

The nuclei have been assumed to be at rest in the previous dis

cussions of the solidified inert gases and the alkali metals. However, 

the nuclear aero point energy may represent an appreciable contribution 

to the cohesive energy and, hence, to the equation of state at absolute 

aero. At finite temperatures, nuclear motion (that is, thermal 

vibrations) is the only effect which alters the equation of state as a 

function of temperature, ana this will be discussed in section V. The 

observed decrease in the compressibility with temperature at constant volume 

for most solids is due primarily to the excitation of nuclear vibrations 

(phonons), since the quantum mechanical electronic states arc practically 

temperature-independent under these conditions.



34

However, even at absolute zero when no phonons are excited, 

the nuclear zero point motion may have important effects on the 

equation of state of a solid. A rough measure of the importance of 

these effects can te obtained by the ratio of kOr-»/E . where is Do D

the Debye temperature and it the cohesive energy. Values for 

this ratio are shown in Table 00-2. It may be concluded from an

Table 00-2. Dimens lonle*:« Parameters which are Indicative of Zero 

Point Effects for the Solidified Inert Gases and the Aika.i Metals.

Ne A Kr Xe Li Na K Rb Cs

k9n/E D o 0. 29 0. 088 0. 048 0.028 . 003 .0015 . 0011 . 0008 . 0007

kO /B V Doo . 041 .012 (. 006) . 003 0. 012 . 0053 . 004 . 0025 . 0021

inspection of this table that nuclear zero point motion will have a negligible 

effect or. the equation of state of the alkali metals at absolute zero, but 

may have a large effect on the behavior of the inert geses, especially the 

lighter ones. This is emphasized by the fact that neither of the isotopes 

of helium will solidify when cooled under their saturated vapor pressure 

even to extremely low temperatures. The behavior of helium is unique 

and with its many unusual properties does not fall within th«. scope of 

.U . . 47-50the present discussion

Domb, C. and J. S. Dugdale: ’’Solid Helium,” Progress in Low 

Temperature Physics, Vol. 2, pp. 338- 367, C. J. Gorter, editor, 

Interscience, New York, 1957.

48 Bernardes, N. : "Theory of the Compressibility of Solid He4 and 

HelatO’K," Phys, Rev., Vol.120, pp. 1927-32, 1960.

Grilly, E. R. and E. F. Hammel: "Liquid and Solid He3," Progress
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in Low Temperature Physics, Vol. 3, pp. 113-152, C. J. Gorter, 

editor, Interi>cience, New York, 1961.

5® Bernaidee, N. and D. F. Brewer; "Helium 3," to be published in

Rev. Mud. Phys. , 1962.

A more quantitative measure of the effect of nuclear zero point 

motion on the equation of state can be obtained as follows. Fig. 00-4 

represents schematically the electronic energy E (V) and the zero e
point energy E^(V) of a solid as a function of volume. These functions 

can be written approximately as

E. <V> ■ -E0O ♦ 1/2 <B0»/Voo> (V-Voo>2........... (00-32)

En (V) . k0D <V/Voo)-r . (00-33)

Here, V , E , and B represent the volume, cohesive energy, and oo oo oo r B7>

bulk modulus at zero pressure and in the absence of nuclear zero point

motion. P is an average Grueneisen constant which is of the order of 

unity. When the effects of nuclear zero point motion are taken into
I

account, both the volume Vq and the compressibility k, ~ Bq at zero 

pressure will be somewhat larger than and k^ respectively. In 

the limit in wh'.ch AV * V - V is small, it can be shown ’* that at o oo

Bernardes, N. : to be published.

zero pressure

AV/V = P kC_/B V (00-34)oo D oo oo '
and

Ak /k s -AB /B » ( P ♦ J) £V /V . (00-35)o oo o oo ' o oo ' '
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F’g. 00 -4. A schematic E(V) relationship for a solid, showing 
the nuclear zero point energy En> the electronic 
energy Ee, and the net cohesive energy, EntEe. 
The symbols are as defined in the text.
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Thus, it may be expected that both the volume and the compressibility 

of any solid at absolute zero and zero pressure will be greater than 

the static value by an amount which is of the order of kO^/B V . Table 

00-2 also gives experimental values for this ratio for the solidified 

inert gases and for the alkali metals.

The relatively large values of this ratio for the solidified inert 

gases as compared with the alkali metals again indicate that nuclear 

zero point motion will have an appreciable effect on neon and argon, and 

will have little effect on the alkali metals. The relative importance 

of the zero point energy can be seen to decrease with increasing pres- 
28 sure

Very little can be done along the lines of a more precise treat

ment of these effects for the alkali metals. A more exact treatment 

of the effects of nuclear zero point motion on the equation of state of 

the solidified inert gases has to be based on approximate solutions of 

the quantum mechanical equations for the nuclear motion, Eqs. (00-8) 

and (00-9). Several different authors^®’ have discussed this

52 Kane, G. : "The Equation of State of Frozen Ne, A, Kr and Xe,"

J. Chem. Phys., Vol. 7, pp. 603-613, 1939.
53 de Boer, J. and B. S. Blaisse: "Quantum Theory of Condensed

Permanent Gases II, The Solid State and the Melting Line,"

Physica, Vol. 14, pp. 149-164, 1948.
54 Henkel, J. H. : "Equation of State and Thermal Dependence of the

Elastic Coefficients of Crystalline Argon," J. Chem. Phys.,

Vol. 23, pp. 681-687, 1955.
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Dobbs, E. R. and G. O. Jones: ’’Theory and Properties of Solid 

Argon," Reports on Progress in Physics, Vol. XX, pp. 516-564, 

The Physical Society, London, 1957.

56 Johns, T. F. ; "Calculations of Solid State Data of Neon, and the 

Vapor Pressure Ratio of its Isotopes," Phil. Mag. Vol. 3, 

pp. 229-236, 1958.

question using different methods and different approximations, with 

fair agreement between the equations of state at absolute zero. The 

following discussion will be based on the approach used by Beinardeu, 

which shows in a direct manner the influence of quantum mechanical 

effects on the equation of state through the use of a law of corresponding 

29 states. Details of this calculation can be found in the original paper

A good description of the solidified inert gases at absolute zero 

can be obtained by a single particle approximation in which every atom 

is assumed to move in the average field of all the others, with no 

correlation between the motions of different a’oms. The motion of 

individual atoms can be characterized by the (quantum mechan cal) mean 

square deviation of an atom from its lattice site. This average devia

tion affects the energy in two ways; first, there it a zero-point kinetic 

energy K and second, a correction AU to the potential energy jf 

interaction since the distance between any pair of atoms is not fixed 

but also has a mean deviation due to zero point motion. The actual 

mean square deviation of an atom from its lattice site can be obtained 

by means of the variational principle of quantum mechanics, which 

asserts that the best approximate solution to the Schroedinger equation
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can be obtained by minimizing the expectation value of the Hamiltonian 

with respect to the parameters describing the quantum mechanical 

motion (here, the mean square deviation). When such a variational 

calculation is carried out, the results can be expressed as a series 

of powers in X . For a close-packed lattice of atoms interacting
29 

according to a 12-6 Mie-Lennard-Jones potential, it is found that ,

V (0) = 0.916 (1 + 2.02X + 5 A2) (00

EJO) = -8. 61 (1 - 5. 34 A + 16>2) (00-37)

Bc(0) =. 75 (1 - 9. 4^ + 28>2) (00-38)

PJV) = (24. 3V'5 - 28. 9V"3 + 114 \V- 10/3) (00-39)

which should be compared with the classical results contained in Eqs. 

(00-20 to 00-23).

Using the conversion factors listed in Table 00-1, the predictions 

of these equations can be compared directly with experimental values. 

Unfortunately, the data are not all readily available, nor consistent 

among themselves when available. For instance, the density for argon 

55 57at 4-k and neon as determined by X-ray methods ’ and neutrcn

57 Kogan, V. S. , B. G. Lazarew and R. F. Bulatova: "Different 

Lattice Constants of the Solid Neon Isotopes," J. Exptl. Theoret.

Phys. (USSR), Vol. 40, pp. 29-31, 1961: Soviet Physics, JETP, 

Vol. 13, pp. 19-20, 1961.

58 diffraction methods , show a systematic difference of about three percent,
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Henshaw, D. G. : "Atomic Distribution in Liquid and Solid Neon 

and Solid Argon by Neutron Diffraction," Phys. Rev. , Vol. 111. 

pp. 1470-1475, 1958.

57the X-ray data being higher. Kogan, et al, have measured the change 

in the lattice constant of neon with isotopic content, and have shown that 

the difference between the molar volumes of and Ne^ is + 1. 1 . 5 

percent. This is to be compared with the predicted difference of 0.75 

percent from Eq. (00-36) above. Similar work has been done with the 

59 lithium isotopes and the observed difference in lattice constant between 

59 Covington, E. J. and D. J. Montgomery: "Lattice Constants of the 

Separated Lithium Isotqpes," J. Chem. Phys. Vol. 27, pp. 1030- 

1032, 1957.

Li^ and Li? (.04 percent) agrees with the value which can be estimated 

from Eq. (00-34).

The experimental low temperature PV data for neon, argon and 

xenon are compared with Eq. (00-39) above in Fig. 00-5. The agree

ment is acceptable for xenon and neon, but not for argon. The reason 

for the discrepancy is not known. The classical curve (Eq. (00-23) ) is 

shown in the case of neon, and it can be seen clearly how the addition 

of the zero point effects and improves the agreement between theory 

and experiment.

V. THE TEMPERATURE-DEPENDENT EQUATION OF STATE

It was pointed out in section 00-111 that a knowledge of the ground 

state of a solid is not necessary for a calculation of the properties of
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Fig. 00-5. A comparison of the experimental and calculated low temperature PV curves for xenon, argon and nec n.
The data were obtained as indicated in Fig. 00-2, while the calculations used equation 00-39, and the 
constants contained in Table 00-1. A slight adjuster «nt of the values of d was made in the case of a rgon and 
xenon (less than one percent in each case) in order to n ake the experimental and theoretical values of Vo identical 
i" reduced units, and to make tne comparison of the two PV curves mere valid.
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this solid as a function of temperature at constant volume. One can, 

to a good approximation, write the free energy as,

F(T, V) = Eo(V) ♦ F* (T.V) « Eo(V) + F4(T, V) , (00-40)

j-i 

where the contributions of the excited states have been assumed to be 

mutually independent. These contributions would include those due to 

the lattice free electrons, nuclear and quadrupole spins, molecular 

rotation, magnetic interactions, etc. The temperature dependence of 

the specific heat at constant volume or the compressibility, for instance, 

are determined by this F* contribution. As soon as it is desired to 

evaluate the temperature independence at constant pressure of a 

property such as the thermal expansion or compressibility, however, 

a knowledge of both the ground state and the excited states is necessary.

In general, the excited state contribution to the free energy is small, 

and to a first approximation the compressibility or bulk modulus of a 

• olid may be considered to be dependent on the volume only. This 

appears to be true for sodium, and perhaps for argon^’\ it is not 

precisely true for some of the more complicated solids (such as Cu, Ag, 

Au, Al, etc.) where data are available and for which ( ^ln k^./ ^T)y is 

negative and of the order of lO'^/’K. This quantity cannot be measured 

directly, but it can be obtained from a combination of atmospheric 

pressure elastic constant data «s a function of temperature and isothermal 

measurements of the pressure (or volume) variation of the elastic 

constants as follows,

(din kT/dT)p « (d In kT/d V)T (d V/a T)p + (din ^/JT^. (00-41)
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A luminary of these considerations is given elsewhere^.

Equation (00-40) implies that the effects of temperature on the 

pressure and bulk modulus are simply additive at constant volume. 

Thus, qualitatively, one can think of a "thermal pressure' which 

"blows up" the solid causing thermal expansion and making the 

substance harder.

Before considering specific examples, it is of interest to consider 

the special case where some (or all) of the FJ1 can be expressed in 

terms of a reduced equation of state (or law of corresponding states). 

That is, one assumes that the total volume dependence of this contri

bution to the free energy appears through a characteristic temperature, 

O^V). and that Ff/kT = (^(V)/T). This leads to the familiar Mie-

Grueneisen equation of state for the lattice, and similar expressions 

for other thermally-excited properties'0'^*.

6° Fumi, F. G. and M. P. Tost: "Remarks on the Equation of State 

of Cubic Solids under Hydrostatic Pressure," To be published.

We wish to express our appreciation to the authors for supplying 

us a copy of the manuscript prior to publication.

6* Davies, R. O. and S. Parke: "A Generalization of Grueneisen'a

Theory of Solids and its Application to Argun," Phu. Mag.,

Vol. 4, pp. 341-5R, 1959.

In the framework of the above assumption, it follows as a direct 

consequence that

P * P (V) ♦ 5 r (V) U»(D./T)/V (00-42 a)
° j = 1 J J



r (v»cvk /v (00-42 b)

where ■d ‘-’i/a In V is a Grueneisen-type constant.

Two definitions of P in terms of thermal quantities are given, 

with the first (Eq. (00-42a)) being useful when dealing with data ex

pressed as PV isotherms at various temperatures, and the second (Eq.

(00-42 B) ) being most convenient when dealing with data obtained at 

atmospheric pressure. Indeed, the two definitions are identical only 

if the assumption of a law of corresponding states if valid, and thus 

a comparison of p's calc ulated in these two ways can give direct 

information about the validity of this simplifying hypothec’s. Even 
t

if the law of corresponding states hypothesis does not apply, these 

relationships serve as definitions of the p's, which are now functions 

of both temperature and volume, and which allow the equation of state 

to be expressed in a fairly simple form. The p's are lyp ally of 

the order of from 1 to 5, and are positive in many cases, so that

Eq. (00-42) can be used to estimate the magnitude of the thermal ex

pansion contribution due to various tern in the free energy, if the 

heat capacities are known.

The following attempts to summarize the basic theory and results 

for several specific instances. The framework will be laid in terms 

of the foregoing summary of the Mie-Gru< neisen theory. It must be 

remembered that if the P's are calculated from constant pressure 

data, they will display a temperature dependence due to the thermal 

expansion, even if they have no intrinsic temperature dependence.



43

In general. the p's Have a practical significance only if the various 

contributions to the free energy can be separated by different tempera

ture dependences of the specific heats and thermal expai-sions, for 

instance. A generalized I' which is defined from total specific heats 

and total thermal expansion is of little use.

A. Lattice Contribution

The free energy of the lattice can be written in t1 < form, 

3N
F*/kT = In (l-exp(-hQ / kT) + U (V)

i = 1 

3N 3N
= 1/2 h-d. - ln(2 sinh hih/kT) 4 UJV),

i « 1 i = I

(00-43)

The first term gives the lattice zero point energy, which is usually 

lumped together with the static lattice energy, U (V), to form the 

ground s*ate E() of the system. The definitions of P in Eq. (00-42 a) 

and (00-42 b) can be written as follow

where the thermodynamic relationships, P = -(c'F/ 3V)^. , U* = T*”

( F/T) / T)y, have been used, together with the relationship

= -d In i) /d In V (which assumes iJJV) only). The third definitioi 

will be discussed below.

It is obvious that these definitions of F will be identical and the first 

two independent of the temperature only if all the K-'s are the same;

that is, if the frequency spectrum does not change shape upon a change
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in volume. The third definition. P , is of interest for theoretical 
z

calculations, since the zero point energy and its volume dependence

Z8 b Z
often can be calculated directly ’ The zero point energy is

Barron, T. H. K. : "Grueneisen Parameters for the Equation of

State of Solids," Ann. Phys. (N.Y.), Vol. 1, pp. 77-90, 1957 

related to the entire frequency spectrum, (and, hence, to the. high 

temperature thermal properties), and its volume dependence should 

give values for which correspond somewhat with the high tempera- 

ture thermal values of .In this high temperature limit, the c. 

and u. contributions of the various oscillators bec<me classical, and 
p 1 rt 3N .

C “ ' u li/3N. This limiting value of the thermal P's is
i = 1 7

not identical with /"J, however, since ' is -weighted by the volume 

point energy and its volume dependence cam be measured directly, 

dependence of the high frequency part of the spectrum. The zero 

so this quantity is only of theoretical interest.

This discussion is intimately related to calculations ot the lattice 

thermal expansions of solids ’ ' . I n >n ha.- g, . n .» rather complete 

6 3 Blackman, M. : "On the Lattic< i’ht.-ory of Thermal Expansion,"

Proc. Phys. Soc. . Vol. 74, Pt. 1, pp. 17-26, 1959.

di scussion of this subject which includes a consideration of various 

62possible definitions of F1 as they relate to the lattice

For most temperatures, especially those of the same order of 

magnitude as the characteristic temperature and below, the thermal 
' - I
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definitions of P car. be expected to be in n .. dude and

temperature-dependent, »ince th< portions of the vibrit’ n spectrum 

for which h "0 > > kT do not contribute apprec ; <bly to t1 urns which 

are involved. The temperature depen :en< .* of , should gi e some 

indication as to the change in tht shape of the fr»-qu« ; cy spectrum with 

volume because of this limitation on th< portions of the spectrum which 

are important.

It would be of considerable interest to be able ’ estimate the 

thermal values for P and the.r volun • ■ ■ •’■■er that

thermal data. Slater^ ancj Dugdalc and Mai Donald 1 1 ive ."’ingested 

64
Slater, J. C. : " Introduction to CT<• m ica.1 Phys : pp. ' 1 5-220,

238-240, McGraw Hill, New York, 193°.

Dugdale, J. S. and D. K. C. MacDonald. I he The’’ al Expansion 

of Solids," Phys. Rev., Vol. 89, pp. 832-834, 195 3

relationships w’th which PV data at coi rature co :ld be'

used to obtain P . The restrictions wire t > inotropic solids for 

which Poisson's ratio des not chan, ,.r« • ur> . I • nfortunat <4

the second requirement does not hoi a any substance tor which data 

are available^. The diffii ulti< ■ u d> <■ • iy for the Debye

model, where 0 is a function oi a ;u. • ivei igv . he longitudinal

and transverse sound velocities, which at , in turn re; ite to the 

elastic constants. If these two velocities change with pressure at 

different rates, then there may not be a simple relationship between 

the F’Z curve (which is aetermined by k^. only) and P^ « -d In 9^/dln V.
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On the other hand, low temperature ultrasonic elastic constant 

data have been used recently with considerable success to calculate 

values of Qr> which agree with low temperature calorimetric values^ .

Rayne, J. A. and B. S. Chandra ekhar; "Elastic Constants of 

-Sn, " Phys. Rev., Vol. 120, pp. 1658-1663, i960.

Hence, one should be able to use the pressure variation ot the elastic 

constants at low temperature (or, approximately, room temperature) 

to predict values of A7 which should agree with low temperature thermal 

data. The only very low temperature thermal expansion data which 

are available at present indicate that A7 is relatively independent of 

b 7temperature fcr copper from room temperature to 4*K . One would,

White, G. K.; "Thermal Expansion at Low Temperatures,"

Nature (London), Vol. 187, pp. 927-92, I960.

then, expect to have a reasonable agreement between calculated elastic 

constant and thermal values of in tnc case of copper. This subject 

f Kwill be disi ussed in detail in another article m this book

6 B Article by C. S. Smith in "Solids under Pressure.'*

It is cf interest to discuss the available equation of state data for 

solids in terms of the above considerations. Dugdale and Simon found 

that solid helium under pressures up to 2, 500 bars and for temperatures 

from 2*K to the melting line obeyed a reduced equation of state, with 

the characteristic temperature 0(V) increasing and its volume depend

ence, P - -d In /d In V, decrezising with increasing pressure.
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Dugdale^ has used these results and the 4’K PV data of Stewart^ to

Dugdale, J. S. : "Equation of State of Solid Helium." Nuovo 

cimento, Vol. 9, Suppl., pp. 27-29, 1958.

extrapolate both < and P values to 20, 000 bars and the melting line. 

Helium is the only solidified gas for which there are sufficient data 

available to evaluate the temperature-dependent contribution to the 

equation of state. The data for argon appear to suggest these contri

butions a^e negligible within experimental accuracy (volume changes 

of roughly 0.001Vo)for pressures in excess of a few thousand bars 

33even near ‘he triple point . This is undoubtedly due to the high 

compressibility of argon, and the fact that the triple point temperature 

(84 *K) is approximately the same as the Debye temperature. Xenon 

would be a more interesting subject for investigation, since here the 

triple point temperature (163*K) is roughly twice the Debye tempera

ture, and thermal effects would be relatively much more important 

than for argon .

The Debye temperature for sodium is a factor of two less than 

the melting temperature and PVT data exist for this metal for 

pressures up to 20,000 bars from the melting point (370*K) to 20°k\ 

These data have been combined with atmospheric pressure heat 

capacity data to evaluate the various thermodynamic functions over 

this range of temperature and pressure. Within experimental accurat y, 

the isothermal compressibility is a linear function of the volume alone
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Eq. (00-29), which simplifies the analysis considerably. Further 

considerations show that this cannot hold outside the pressure range 

of the experiments. The results of the various calculations of P for 

sodium are shown in Fig. 00-6. The thermal p' s (solid lines, 

calculated from Eq. (00-42 a)jdecrease slightly with decreasing 

volume. They agree with p 's calculated from Cy and data at 

atmospheric pressure and room temperature (open circles), where T 

is of the order of 1.5 0^, but the agreement disappears, as it should, 

at lower temperatures. The volume dependence of P calculated 

from PV data (using both Slater's formula^ and that of Dugdale and 

MacDonald^’'’) js shown also, with very poor agreement at high 

pressures with the thermal values. The agreement at zero pressure 

is unexpectedly good.

Finally, an estimate of the volume dependence of P7 for other 

substances can be obtained as follows. The definition of ■ involving 

the specific heat Eq. (00-42 a) can be difierentiated with the assump

tion of a small temperature dependence of P to give,

(Sin kT/ 2 T)y = ain (Cv/V)/ 3 In V)T + d In P /d in V ] .

(00--45)

The first term on the left is kno vn from measurements of the elastic 
’ ,v 2

constants as a function of both pressure and temperature , while the 

first term in the brackets can be estimated from the Debye t’.eory to 

be of the order of - 1 at room temperature and +0.6 at 80*K foi a 

substance such as copper. For copper at room temperature, the 

thermal expansion is given by = 0.5x 10*4/*C, while (Din k^./3 T)y



Fig. 00-6. The variation of the Grueneisen constant /’’with volume for sodium (after 
Beecroft and Swenson, ref. 6). The thermal curves were obtained using 
Eq. (00-42 a), while two calculations of /’from PV isotherms are shown. 
The open circles represent values of /-• at zero pressure as calculated from 
Eq. (00-42 b) for 300’K, 200’K and 100’K.

48a
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= 1.1x10 /*C. The values are roughly the same for silver and gold.

The substitution of these values into the above equation yields the 

prediction that d In P /d In V must be of the order of - 1 for the noble 

metals. This is of the same order of magnitude as for sodium and 

helium, but of opposite sign.

The only other source of information as to the volume dependence 

of the Crueneisen constant for the lattice comes from the shock-wave 

experiments7^ where PV data are obtained along a Hugoniot. These

70 Rice, M. H. , R. G. McQueen, and J. M. Walsh: "Compression 

of Solids by Strong Shock Waves," Solid State Physics, Vol. 6, 

pp. 1-63, Academic Pres% Inc., New York, 1958.

data are analyzed, however, by assuming that the P's as derived 

from the isothermal PV data, using the Dugdale and MacDonald formula, 

are identical with those which would be obtained from thermal data.

This assumption leads to a value for d In P /d In V ~ +6 for copper 

at atmospheric pressure, in contrast with the above estimate which 

suggests values of the order of -1.

B. The Free Electron Contribution to the Free Energy

The available calorimetric data for the non-superconducting 

metals shows that a low temperature heat capacity contribution exists 

which is linear in the absolute temperature and is of the same magnitude 

as that which would be obtained if the conduction electrons in the metal 

were free. This electronic contribution to the heat capacity of a normal
(
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metal can be written as. Ce! = JfT, with a contribution to the free 
n

energy/mole, of

Fel* x 1/2 K T2 . (00-46)
n

Here, V is a function of volume only, and is related to the density 

of states of the electrons in the metal at the Fermi level, N(<■»)'. The

71 Kittel, C. : "Introduction to Solid State Physics,’* 2nd edition, 

Chap. 10, Wiley and Sons, Inc., New York, 1956.

thern.a expansion contribution due to these electrons can be written 

down immediately as

/5„l B C*1 Pel KT/V « 4(kT/V) pdln iT/dlnV. (00-47)

f7*' « d In S' /d In V = d In N (0)/d In V » 2/3 for a free electron 

gas?2 and, hence, this thermal expansion contribution would be positive

72 Klemens, P. G. : "Thermal Expansion of Aluminum at Low 

Temperatures," Phys. Rev. , Vol. 120, pp. 843-844, 1960. 

This paper gives references to earlier work on the electronic 

contribution to the thermal expansion,

in this case. There has been some confusion in the literature due to the 

occasional use of J in terms of a specific volume (crrP) r.stead of a 

molar volume. We shall use the molar quantity throughoi. .

The direct measurement of specific heats as a funrion of pressure 

is extremely difficult for a metal, and has not been done. For metals
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which become superconducting, however, both S' and its volume 

dependence can be evaluated by measuring the temperature and 

pressure dependence of the critical field at very low temperatures, if 

the lattice specific heat does not change at the transition. This 

assumption has been questioned recently, and needs further checks?\

73
Bryant, C. A. and P. H. Keeson: "Low Temperature Specific

Heat of Indium and Tin, " Phys. Rev,, Vol. 123, p. 491, 1961.

Indeed, one can obtain from these data (using this assumption) the 

electronic contributions to the thermal expansion and the heat capacity 

of both the normal and superconducting states. The details of these 

experiments and their analysis^' as well as those of the directly 

related experiments involving the change in length of the super

conductor at the transition? , have been given elsewhere. It is

Olsen, J. L. and H. Rohrer: "The Volume Dependence of the 

Electron Level Density and the Critical Temperature in Super

conductors, " H»lv, Phys. Acta, Vol. 33, pp. 872, I960.

sufficient to state that the Mie-Crueneisen type of approach can be used 

in the analysis of these measurements to obtain considerable information 

about the low temperature equation of state of both the svperconducting
9 10 and normal states of a metal *

The actual values of pe^ given by these measurements vary 

from +1 to >6, and are usually largjr than the free electron value 

of 4-2/3. One can inquire as to the possibility of seeing this contribution
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directly, For most superconducting metals, the lattice heat capacity 

is much greater than the electronic; however, the transition metals 

(such a* tantalum) have fairly large Debye O' s (250* and upwards), and 

also much larger ^'s than the free electron theory predicts. A rather 

rash estimate of the thermal expansion for tantalum (assuming a lattice 
o 

Grueneisen constant of 2), gives

fl . 10-1° t3 ♦ 10‘8 T CK)’1 , (00-48)

with the two contributions becoming equal at 10*K. The experimental 

requirement is that changes in length of 10 cm sample be measured
• -8to the order of A (10 cm) at 4*K. Recently, White has reported 

thermal expansion measurements which were made with this sensitivity 

on both copper and iron to 1. 5*K^?. As would be expected, no linear 

term was found for copper (where the electronic contribution to the free 

energy is quite small at 4*K), but one was found for iron, which also 

has a large value of characteristic of transition metals. Aluminum 

should perhaps also be a suitable subject for investigation. Further 

work along these lines, preferably with metals which become super

conducting, would be quite profitable.

I
C. Magnetic Phenomena

The low temperature specific heat of a ferromagnetic substance 

has a T3^ contribution due to spin-wave excitation?$ . One would 

73 See, for instance, C. Kittel: "Introduction to Solid State Physics, " 

2nd edition, pp. 591-594, Wiley and Sons, New York, 1956.

expect, therefore, a T3^2 contribution to the thermal expansion also,
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which would be associated with the pressure dependence of the Curie 

temperature of the substance in question. The sign of this contribution 

would, in particular, be directly related to the sign of dTc/dP. In

deed, magnetic transitions are reflected in both the specific heat and 

the thermal expansion? , and discontinuities in these at Tc are related 

76 Birss, R. R. : "The Thermal Expansion Anomaly of Gadolinium," 

Proc. Roy. Soc. , Vol. 255A, pp. 398-406, I960.

to the pressure dependence of the Curie temperature directly through 
77 78thermodynamic arguments ’ . This field is virtually unexplored at

present.

?? Pippard, A. B. : "Classical Thermodynamics," Chaps. 8-9, 

Cambridge Univ. Press, London and New York, 1957.
78 Bernardes, N. : to be published.

VI. CONCLUSIONS

The agreement between experimental and theoreticalequation of 

state calculations for low temperatures is satisfactory only for the 

solidified inert gases. While considerable data exist for these qolids, 

most of these concern the PV relationship to 20, 000 bars at tempera

tures of roughly 20*K. There is no reason to believe that significantly 

different data would be obtained in this pressure range at lower tempera

tures. Further data, however, such as densities as a function of 

temperature or even at the boiling point of helium, are either lacking 

or show contradictions well outside the estimated experimental
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uncertainties. An investigation of the reasons for the small discrep

ancies between theory and experiment for the inert gas solids which 

was. described in this paper would involve the use of experimental 

PV data to derive empirical potentials of the form of Eq. (00-12), for 

instance. It is gratifying, but not necessary, that the values of € 

and <5 which apply to the atoms in the gaseous phase would apply 

also to the solid.

A logical extension of the theoretical work would be to the diatomic 

molecules, such as H^, or O^. PV data at 4*K exist for and 

to 20,000 bars^, but theoretical calculations are much more difficult 

for these asymmetric molecules than for the rare gases. It would be 

expected that at pressures of the order of 10^ bars or greater solid 

hydrogen would become atomic and would show metallic behavior.

These pressures are well outside current experimental possibilities, 
79 

although theoretical work is continuing on this problem

79
Salwen, H. : Private Communication. Report from Gordon McKay 

Laboratories, 1958.

The situation as regards the theory of the equation of state of 

metals at low temperature is much worse than for the inert gas solids, 

while thg experimental situation is perhaps in better shape for the 

alkali metals, at least. For the present, the major problem here would 

seem to involve the development of theories which can describe the 

available equation of state data.

The amount of data available for the temperature-dependent part 

of the equation of state of both metals and non-metals is extremely small.
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Adequate thermal expansion data and even heat capacity data to very 

low temperatures are not available for many of the simpler solids. 

High pressure measurements of the PV relationship as a function of 

temperature must be complemented by these data in order to calculate 

the pressure dependence of the thermodynamic functions for a solid. 

Considerably more information is needed about pressure effects on 

the thermodynamic functions so that the simpler theoretical assump

tions may be tested. In addition, data, as well as theoretical work, 

are needed which will give the lattice frequency spectrum of a solid 

as a function of volume. The pressure range need not be large, since 

for the noble metals significant variations in the elastic constants 

occur in 10, 000 bars^.

Finally, solid-solid phase tranformations have been observed 

8 0under pressure at low temperatures in nitrogen (where the situation 

80 Swenson, C. A.: "New Modification of Solid Nitrogen," J. Chem. 

Phys., Vol. 23, pp. 1953-4, 1955.

is perhaps quite complex) and in helium. The nitrogen transition 

is probably to a more close-packed structure, while the helium trans

formations are, in order, from a body-centered cubic to a hexagonal- 

close-packed to a face-centered-cubic . These are not

31 completely understood at present , although the transition between 

the two close-packed phases involves a very small energy difference 

which would be difficult to calculate. Experiments on the variation 

of electrical resistivity with pressure for some semiconductors show 

a change which may be associated with a transition to a metallic
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81state . The thermodynamics of these transitions would be interesting,

81 Drickamer, H. G. : "Solids under Pressure, " Private Communication,

1961.

although a study of these would involve a tremendous extension of

present techniques. With the extension of the pressure range, the

possibility exists that more isomorphic electronic transitions of the
2 44type which are postulated for cesium and cerium ’ will occur. The

theory of these transitions, where, presumably, an electron in the

solid moves from one orbital tc another, has not been worked out in

detail as yet.
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FIGURE CAPTIONS

Fig. 00-1. A high pressure sample holder which has been used to 

determine the equation of state of xenon . The gas is 

condensed into the holder by means of the capillary and 

is frozen in the cylinder. The diaphragm then is broken 

by the piston, the sample is compacted, and after a 

"seasoning" cycle, the changes in length of the sample

are directly related to the volume changes. For a 

further discussion, see references 2 and 5.

Fig. 00-2. A reduced plot of the low temperature equation of state

for the alkali metals (see Fig. 00- 3 for more detail),
5 33 , 32 ,xenon , argon and neon . V and B are the volume ° o o

and bulk modulus at zero pressure in each case.

Fig. 00-3. The low temperature equations of state for the alkali 

metals. The data for sodium are to 20,000 bars^, 

while those for lithium, potassium, rubidium and cesium
40are to 10, 000 bars

Fig. 00-4. A schematic E(V) relationship for a solid, showing the 

nuclear zero point energy En> the electronic energy Ep 

and the net cohesive energy, E -l-E . The symbols are 67 n e 7
as defined in the text.

Fig. 00-5. A comparison of the experimental and calculated low

temperature PV curves for xenon, argon and neon. The

data were obtained as indicated on Fig. 00-2, while the 

calculations uoed equation 00-39, and the constants



58

contained in Table 00-1. A slight adjustment of the values 

of <5 was made in the case of argon and xenon(less than 

one percent in each case) in order to make the experimental 

and theoretical values of V identical in reduced units, and o 
to make the comparison of the two PV curves more valid.

Fig. 00-6. The variation of the Grueneisen constant P with volume 

for sodium (after Beecroft and Swenson, ref. 6/ The 

thermal curves were obtained using Eq. (00-42 a), while 

two calculations of P from PV isotherms are shown. 

The open circles represent values of P at zero pressure 

as calculated from Eq. (00-42 b) for’300*K, 200*K and 100*K.

END


