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ABSTRACT 

A reduced set of two-fluid transport equations is obtained 
fiom the conservation equations describing the time evolution of 
the differential particle number, entropy, and magnetic fluxes in 
an axisymmetric toroidal plasma with nested magnetic surfaces. 
Expanding in the small ratio of perpendicular to parallel 
mobilities and thermal conductivities yields as solubility 
consttaints one-dimensional equations for the surface-averaged 
thermodynamic variables and magnetic fluxes. Since Ohm's law 
C + u •- B = R'r where R' accounts for any nonideal effects, only 
determines the particle flow relative to the diffusing magnetic 
surfaces, it is necessary to solve a single two-dimensional 
generalized differential equation, ( 3 / 31) V IJJ - (Vp - J * B) = 0 , 
to find the absolute velocity of a magnetic surface enclosing a 
fixed toroidal flux. This equation is linear but nonstandard in 
that it involves flux surface averages of the unknown velocity. 
Specification of R' and the cross-field ion and electron heat 
fluxes provides a closed system of equations. A i-.ime-dependent 
coordinate transformation is used to describe the diffusion of 
plasma quantities through magnetic surfaces of changing shape. 
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I . INTRODUCTION 

The impor t ance of d e v e l o p i n g a s e l f - c o n s i = t e n t 

two-d imens iona l d e s c r i p t i o n of the temporal e v o l u t i o n of 

ax i symmet r i c tokamak e q u i l i b r i a on a r e s i s t i v e t ime s c a l e which i s 

long compared t o t h e Alfven t r a n s i t t ime has been p r e v i o u s l y 

r e c o g n i z e d . Recent t h e o r e t i c a l i n v e s t i g a t i o n s of s t a b l e "high " 

c o n f i g u r a t i o n s have i n t e n s i f i e d i n t e r e s t in t h i s s u b j e c t . Ind-Kd, 

s i n c e the Shaf i anov s h i f t ' (;' . ) n , where a i s the o\ n-iv • 
s p 

l a d i u s , :' i s t h e p o l o i d a l i- , and < = a/>: n i s the invoi.,--

a s p e c t r a t i o , we s e e t h a t Eoi P _; ; , the s t a n d a r d low 

o n e - d i m e n s i o n a l model of concen t ! i c c i r c u l a i f lux s u r f a c e s ^oni'os 

to be an adequa te a p p r o x i m a t i o n . 

Here , a t w o - d i m e n s i o n a l (2-D) c o n f i g u r a t i o n i s de f ined to be 

one in which t h e f l ux f u n c t i o n <l> (x, 2) (magnet ic s u r f a c e s a r e 

d e f i n e d by '|< = c o n s t a n t ) depends in an i r r e d u c i b l e way on both 

the r a d i a l and v e r t i c a l c y l i n d r i c a l c o o r d i n a t e s <x, z) . The 

c o n c e p t of 2-D becomes p a r t i c u l a r l y impor tan t when the s u r f a c e s 

change shape in t i m e . There a r e a t l e a s t four d i s t i n c t r e a s o n s 

for r e q u i r i n g a two-d imens iona l d e s c r i p t i o n of p lasma t r a n s p o r t . 

F i r s t , the 2-D (noncircular) geometry of the f lux s u r f a c e s 

m o d i f i e s the va lue of the plasma transport c o e f f i c i e n t s . The 

r e s i s t i v e t ransport c o e f f i c i e n t s for d i f f u s i o n normal to magnet ic 

s u r f a c e s invo lve s u r f a c e averages of various q u a n t i t i e s which a r e 

s e n s i t i v e to the v a r i a t i o n of the magnitude of B along B. Thus , 

for example, in h igh 6 e q u i l i b r i a , where mod B c o n t o u r s tend t o 

a l i g n with the magnetic f i e l d , the n e o c l a s s i c a l t r a n s p o r t 
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coefficients, as well as anomalous coefficients driven by 
T, j-inot ical ly tru>.pe.l particles, could be substantially reduced 
from their, usual 1-D values. Vertical elongation of the plasma 
can also reduce the transport coefficients fiom their circular 
value. 

Secondly, knowledge of the two-dimensional configuration of 
trio plasma is necessary to apply boundary conditions and to 
compute the effects on the plasma of externally maintained heat 
and paiticle sources. Magnetic boundary conditions must be 
ultimately ielated to the currents in the poloidal field coils, 
whose spatial distribution is inherently two dimensional. The 
location of pressure surfaces, which approximately correspond with 
density contours, is important to determine heating and particle 
deposition profiles due to neutral beam, injection. 

Thirdly, a self-consistent two-dimensional transport 
calculation is necessary to obtain realistic pressure and magnetic 
field profiles to use in magnetohydrodynamic (MHD) stability 
calculations. Once a stable initial equilibrium configuration is 
specified, the time dependent transport equations determine how 
that equilibrium evolves in time. In particular, the steady state 
solutions of the transport equations correspond to a unique 
prescription for the equilibrium profiles. The importance of 
these resistive steady states in determining stable stationary 
profiles of the otherwise arbitrary pressure and toroidal magnetic 

field functions p(ijj) and g ( if; ) 5 xB T has been previously 
1 2 emphasized. ' 
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Finally, a self-consistent 2-D calculation include 
potentially important inductive contributions to the flux 
surface-averaged normal plasma Elow arising from 'iB/ht . Tie 
maintenance of the lowest order (in resistivity n ) pressure 
balance 7p = J •' B on the resistive time scale can lead to 
deformations of the plasma magnetic surfaces, with associated 
self-consistent inductive F.'A' -• B flows (E = - .>A/it) whi.-.-h 
may be comparable to the resistive diffusion during the- fast 
transient phase of the discharge. This inductive convection of 
the magnetic surfaces must be determined before the absolute 
particle flux can be evaluated. 

The inductive convection is generally separable from the 
resistive plasma motion (although it is itself affected 
self-consistently by diffusion) and is shown in this paper to 
satisfy a linear 2-D integro-differential equation. This 
decomposition is physically fundamental, for it allows the 
treatment of very general forms of Ohm's law for which previous 
methods are not readily adaptable. Thus, our procedure embraces 
neoclassical transport, for which the stress anisotropy is an 
important part of Ohm's law, with no additional difficulty than 
that required for the simple collisional transport models used 
previously, ' ' ' ' 6 In addition, it is shown that only the 
surface averages of the components of Ohm's law within the 
magnetic surfaces are needed to close the moment equations. This 
is significant since spatially local expressions for the fluxes in 
the long mean free path regimes are generally difficult to obtain. 



A time deoendont nâ r.-jt i • fi j.x coordinate ti ansformation is 

ised to obtai". •"'.'..'l̂d 1-D "."-:.ation equations for the plasma and 

trie fields, and a sinqi^ linen' 2-0 equation to deteimine the flux 

surface velocity. Oui particular choice of coordinates is 

motivated by the toka;r. m .udoritvj - I and enables isolation 

of physically distinct pi oce-.sos lending to plasma transport. For 

•vxa.nple, the velocity of .1 fluid element is shown explicitly to 

consist of tin ee parts: (ii resistive diffusion relative to the 

flux sui faces; (ii) distortions in w'nicti flax surfaces change 

their shape while i'un.".er v i r.u, !_,H •• 1.! a i [Lax; (ill) a slower motion 

in which rne amount of toroidal flux within these surfaces 

changes. 

The coordinate transformation determining the magnetic 

5JI face qeometry evolves simultaneously in time with the plasma 

and the fields. The convoi ••• i \;r. from thermodynamic quantities 

(which are required to evaluate the particle and heat fluxes) to 

adiabatic variables (which ur>- advanced in time by 1-D resistive 

diffusion equations) is determined by the coordinate mapping 

x = x( , , ) where labels a magnetic surface and f' is a 

poloidal angle coordinate (c_f. , Section III). The real space 

distribution of the plasma, which is needed to apply the boundary 

conditions induced by the external circuit, is also determined 

once the coordinate transformation is known. 

tn Section II, we give the primitive form oE the field 

equations and Maxwell's equations. A time-dependent magnetic flux 

coordinate transformation is introduced in Section III. This is 
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used in Sections IV and V to reduce the time-dependent transport 
problem to the solution of five coupled one-dimensional time 
evolution equations together with a single linear two-dimensional 
equation. We summarize these equations in Section V and discuss 
their closure in Section VI. Closure requires additional results 
from a kinetic treatment. Explicit closure models for collisional 
( PE i tsch-Schluter) and coll isionless (banana-regime) plasmas ai <•_• 

presented in Section VIII. Both conducting wall and "free 
boundary" boundary conditions are discussed in Section VII. 
Finally, in Section IX, we summari2.e and compare the present 
approach with earlier work. 
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li. FUNDAMENTAL EQUATIONS 

The basic equations describing the time evolution of a 
magnetically confined plasma are comprised of field equations 
(Maxwell's equations}: 

( ,B/ .t) = -7 • E , (la) 

4 "J = . • r. , (lb) 

•.'-. = 0 , (lc) 

and f l u i d e q u a t i o n s , which a r e the a p p r o p r i a t e v e l o c i t y moments of 

the Vlasov-Fokker P l a n c k e q u a t i o n s for e l e c t r o n s and i o n s . .'he 

, ' u i d e q u a t i o n s a re d i s t i n g u i s h e d by t h e i r p a r i t v in v ( t h e 

n i c t o s c o p i c pai t i d e v e l o c i t y ^ . The even p a r i t y moment e q u a t i o n s 

r e p r e s e n t the c o n s e r v a t i o n of p a r t i c l e s and e n e r g y . 

( ' n . / ' t ) + V - ( n . u . ) = S . (2a) 
3 3 3 n : ' 

I 3/2) ( i p / ' t ) + V- £ f q . + ( 5 / 2 ) p . u . l = J -E + S + 17 , (2b) 
j -3 3-3 - - P 

( 3 / 2 ) ( 3 p e / 3 t ) + V - [ q e + ( 5 / 2 ) p e u e ] = J - E + Q&& + S e + n 

- u . - V p . + i•=Vu. . (2c) 
~ i i s i • i 

Here, n is the particle density, u . is the macroscopic fluid 
velocity, q. is the conductive heat flux, p. is the pressure, 
P = P e + P̂ < S ., S , S g are particle and pressure sources, 



n = - E ''("i-'il - (2d) 
e,i ~ J = J 

Q & e = 3(m e/m i)(n e/T e i)(T i - -y , (2e) 
and T . is the viscous stress tensor. The relation 

2 
p- >^ (l/2)m.n.u. has been assumed for the subsonic flows of 
interest. 

The odd parity moments yield the force balance equation for 
each species: 

E + u. x B = -R,/(n.e.) + m.T(u.)/e, (3a) 

where 

T(u) = (Du/3t) 4- u-Vu , (3b) 

?j = " V p j " v ,?j + F-i ' ( 3 c ) 

= / m.vC. 
J J- D F. = / m_.vC_. dv , (3d) 

and CA is the collision operator of species (j). R-; represents 
the departure from ideal (E x B) drift motion, T is the inertial 
term, and F. is the collisional friction between electrons and 
ions. Equation (3a) for electrons is the general form of Ohm's 
law. Summing e.n, x Eq. (3a'j and using quasineutcality, 

V n.e. = 0 , yields the net force balance 

pT(u) + V- (TT . + rr ) = -Vp + J * B , (̂  

where p = V m.n. > u = £ m.n.u./p , and J = £ n-ie-iui 
e,i 1 3 ~ e,i 3 3-3 ~ e,i J J 

the current density. 
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We seek to solve Eqs. (1) through (4) on the time scale 
p/;.t) \ characterizing resistive diffusion. Here, 
is the resistivity. This time is much longer than the Alfven 

transit time t - a/(B2/4irp) ' . Indeed, using the classical 
resistive time to estimate i n yields 

R 
: A/, R S ~ ( (- e/a)(v i i/n i)P 1 / 2 « 1 - (5) 

where ,, = (2T /m ) ' Q is the electron thermal gyroradius, e e e e 
= e B/m- , v.. is the ion-ion collision frequency, and "j 3 ] n o ;• = nT / (B /S-) - 1 (in Lhe 4 expansion). We introduce the 

o 
small parameter ,\ - ,, /a , and note that t, - A*" for a magnetized 
olasma. Here \<. ./Q - - A if the square root of the ion-electron n ' i 
mass .atio is neglected in the gyroradius and collision frequency 
expansion. Adopting the drift-ordering 

• j j ' / v A • - ' " j 1 / ^ ' ' r - ^ n j - P i j i / P i • •*•• V 8 / 3 t ) "• '•• w h e L ' e 

u S, u'. are the components of velocity within and normal to a 
naqnetic surEace, respectively, we find to lowest order in A : 

V. (n.uS ) = 0 , (6a) 
'•'• q i Q + (5/2)p3U^o! = 0 , (6b) 
Vp = J • B , (6c) 

where u? = uS. + uf. with u S./u? n - A . Equations (6a) and 
(6b) describe the inability of density and temperature 
perturbations within a magnetic surface to be maintained for times 
longer than T A (c_f. , Section IV). On the resistive time scale, 
inertial terms in Eq. (4) are negligible as 6+0 , and the 
plasma evolves in time through a sequence of equilibria satisfying 
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t h e s t a t i c for co b a l a n c e £ 4 . (6c) . Soto t h a t by o i i n . m a t 1 s 3 i-i 

f a s t A l f v o n i c mot ion from Kq. < 4 j , tne ma t.Soma t i ca 1 s t r u c t n o ' J 

t h e p rob lem ha?, boon a l t e r e d from a ".mar ch i n q " h y p e r b o l i c e^ j j t 1 ,:i 

for u (on t h e f a s t t i m " s c a l o j to t h e c o n s t r a i n t Eq. (ficj wnoso 

s a t i s f a c t i o n on t h e lonqer r e s i s t i v e t ime s c a l e d e t e r m i n e s , in trie 

s e n s e t o be d e s c r i b e d , th<- normal component of .1 as tho s o ! r t i o n 

to a q i o b a l b o u n d a r y v a l u e p r o b l e m . 

To o r d e r , Kq:;. (1) t h r o u g h (J) r e m a i n u n a l t e r e d , w i t s 

n S - u S in t h e l e f t hand s i d e of F.q:. (2) and T ( u . ) = (J in I \. 
I l l ! 

( l a ) . The i n e r t i a l and v i s c o u s r . • r m:-; in Kq . (4) d e t e r m i n e t.S" 

p o l o i d a l and t o r o i d a l p l a s m a angu la r v e l o c i t i e s , which ati-
2 5 i n d e t e r m i n a t e s u r f a c e c o n s t a n t s ' to o r d e r . For c l a s s i c a l 

c o l l i s i o n a l t r a n s p o r t , t h e s e s u r E a c e f u n c t i o n s c a n c e l from t h e 
1 2 5 e x p r e s s i o n fo r t h e normal mass f l u x . ' ' However , in 

n e o c l a s s i c a l t r a n s p o r t for a long mean f r e e p a t h p l a s m a , t h e 

d e t e r m i n a t i o n of t h e p o l o i d a l r o t a t i o n i s n e c e s s a r y and h a s been 
7 

c a l c u l a t e d e l s e w h e r e . 



: : . I A ; • . - . : ; , : K / ' X >K:J SNATHS A M ; K J : ; I [ , I B K I . I M R K I . A T I W S 

'. •.. •• ; . i , : : ! 1 I T K I . h . ' 1 :np I ie'-> ;•. • . 'I . I t l l l o 

• j ' . ;•_ i : : f : r ••".•, :i •• . ' . i n M J i . ; t J I :i; : i " " , t o d ' .)i o i ' K i l s ill I J L ' 0 : i , a t i m e 

:••;-••:! !'•:-.' ' . >t i in . i t i ' - t i o n s l u ! :c;it i o n may be curu; t t uc t e d u t i 1 i z : n a. 

. i: • i.; a . . ' o a i i l i n a t f t o l a h o l m a g n e t i c f l u x and :JI e s s ; i e 

.! • ! ' • • . , :•• •' ; ir, .in a n q l e V J I i a b l f w h i c h i n c i o a s e s by 

t J i • - s h u t way a i o u n d t h e t o i u s ( p o l o i d a l d i i e i ' t i on) ; a n d : , 

r "c t-)i o i t . . l i. r.ymmi'tt y) an^j le w h i c h i n n o j : ; . ? : i by 2 ' t h e l o n q way 

a j i:. l t .']••• t . i i , : i . 'I'll'.- v t c t o i .> and a i e b o t h u i t h o q o n . i l t o 

, i/'ir . • . / o in j e n e t a l . The p o l o i d a l a n g l e i s c h o s e n s o 

' h i t t : i " T i..-.u,i i n of t h e t i a n s f oi ma t i o n f iom x t o ( . , , : ) , 

-' • • . • • • : ) " ' = ( - x / . . ) • ( - x / • - - . x / ; > : ) , ( 7 ) 

i -, '•vol ywher e finite. Then, the most general form of the magnetic 

field, consistent with Eq. (6c), Maxwell's equations,- and 
raic>idal symmetry, can be written 

I! = (2-)" 1 • '(. , t)V: • •:, + q ( v , t)V; . (8) 

i!c,re, , ' 2-Jn-V is the poloidal flux density and 
i i i - 1 

ii = x"B*'.: , where x = .': | is the distance from the toroidal 

symmetry axis. The current can be written in contravariant form, 

noting J>VI[I = 0 , 
J = J[ (J«70)V<J> « 7(i + (J* V<f») Vtji * VO] , (9) 

2 
where JVIJJ * VO = x V<f> . The c o m p o n e n t s o f J a r e o b t a i n e d from 

A m p e r e ' s l a w , Eq. ( l b ) : 

http://uithoqon.il


• f \ /4- , 

J. .-;. - . • ( , x 

Combining this with the . • , ;. component or the pi 

balance, Eq. (6c), yields the- Gr ad-Shaft anov equation 

^ {2 ) A (-in i 4 y.A}. ; ( 
where 

• m d 
/ ' . ' ( , , L) .1. * . , 'i, t i i \ :.',) 

J') 

* 2 -2 
;. . x ;- (x . .) 

- x2J~l (hVl', + ;r . ) i fh' .... + h ., ) . n K-J 

Hete, the r.ieLi ic elements h ' x J'.'• i• 7[• can be expressed as 

derivatives of the cylindrical spatial coordinates (x, z): 

h'"'(' = J _ 1! r ; x/au| 2 = J" 1(x f
2
) + z 2) , (12a) 

h°° = J - 1|3x/;)iH 2 = J _ 1 ( x 2 + z 2) , (12b) 

h'1'0 = -J 1(t)x/^)-(3x/3()> = -J _ 1(x 0x ] ( | + Z Q Z ^ ) (12c) 

Subscripts have been used to denote differentiation. Comparing 

Eqs. (11a) and (10b), we note that 

J-Vifr = -27r[(47tx2)_1ggl(j + P^Dtx')" 1 . d 3 a > 

The p a c a l l e l c u i u e n t , J«B = J [2 i t J«vOB 2 /x ' + J*V«|ig3 , where 

B = x' |Vii)|/(2irx) , i s 

J -B = -(2Tr)LB 2 g^/(4tr) + g p ^ t x ' ) " 1 • ( 1 3 b ) 

Equation (11) is a two-dimensional, nonlinear differential 



-jn.-.ri a in t r e l a t i n g t h e S J I f a c e q u a n t i t i e s p ( . , t ) , q ( , , t ) , 

, t i f •.! •:•;• T.a iri'.-t u- s u r f a c e g e o m e t r y a t a l l t i m e s . T h e 

I -•. .• i [ ; J O I i t i . ) n J : • ' - . . . • . ' : . : ; ' : i . : . ' . : : . ' I '••'• t i " . < - ' " . ' • ' 1 . ' . i • • : ; . •< ; • . : , i ' i> • : ' : ; • i : ; 

•:.•• .-i •:.!.• il ::•. '!.;••:• 1 r. t !;• - !.h> -o : y o : jiM : - i . ' u n s i s t i ' i i t t w o - d i m e n s i o n a l 

I I rjn-.uoi t . N u m e r i c a l p r o c e d u r e s foi s o l v i n g Rq . (11a) h a v e b e e n 
ij i ri 

:ii ••.' I •) i:-.] y ' H a r a s s e d . Het c we n o t e t h a t i t i s s u f f i c i e n t t o 

' I T - d i f f e r e n t i a t e t h e c o n s t r a i n t , Eq . ( I l a ) , and u s e t h e 

:• " i l t i n j l i n e a l e q u a t i o n t o d e t e t m i n e t h e v e l o c i t y o f t h e 

• o n n t u n t s u r f a c e s , and t h e v e l o c i t i e s of t h e m a g n e t i c f l a x e s 

•: ! ' J : M 1 •!.:•:» !::•:• ' ~ ) / ' R •'.': dx ( t o i o i d a l f l u x ) r e l a t i v e 

t o t h e c o n s t a n t • . ;ur u c s . 

The c o o r d i n a t e v e l o c i t y c a n be d e f i n e d u s i n g t h e 

t r a n s f o r m a t i o n of t i m e d e r i v a t i v e s b e t w e e n t h e f i x e d ( x , z) a n d 

n n v i n q ( . , ) c o o r d i n a t e f r a m e s : 

( •/ <t) v = ( V : ' t ) , - u -V . ( 1 4 a ) 

Me te t h e c o o r d i n a t e (or g r i d ) v e l o c i t y i s 

u = J ( - l . , / 5 t ) | V; • V! + ( - 3 0 / 3 t ) | ViJ) * Vi|n . ( 1 4 b ) 

Operating on x with Eq. (14a) yields 

< 3?/ 3 t>l,„, 0 = u g (14c) 

w h i c h can be u s e d t o a d v a n c e x ( i | i r 0 , t ) - - i n t i m e o n c e u i s 

known. 
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Physically, it is clear that the equilibrium equation. 

( L 1 a) , can be used tn advance the coordinates only in trie 

'liifrction normal to the flux surfaces (cf., Section V). 

advancement of the poloidal angle contours depends on tar. <_•;• 

of the Jacobian .1 . Note from Eq. (7) that J evolves in 

flux surface fratie as 

't ''-", 

where J ( i J / i t ) ! , . . To g u a r a n t e e the r i g i d i t y , 1. 

" i n c o m p t e s s i b i l i t y " of t h e moving •,., ' mesh for a l l t i n e s l • 

i s c l e a r l y d e s i r a b l e for c o m p u t a t i o n a l r e a s o n s ) , trie I,i<;ntn<n 

chosen to have t h e form 

, m n 
J = x i|i 

where m, n a r e i n t e q e r s which w i l l be s p e c i f i e d in S e c t i o n V. 

t h e n fo l lows from E q s . (14a) and (15) t h a t V-(x u ) = 0 r 

a s t r e a m func t ion f. for the two-d imens iona l c o o r d i n a t e vein 

e x i s t s , 

u = x m v - ir.VM . <] 

T h u s , 

u g -V^ - - ( 3 * / 3 t ) | x = x ' V H o ! 

u g 'VQ s - O 0 / 3 t ) | x = - x ' V 1 ^ • ' 

Taking components oE Eq. (14c) and using these r e s u l t s y i e 

e v o l u t i o n equat ions for the c o o r d i n a t e transEocmation: 



- {•• 

;.; . " ' ' ' ' X - ' X ! , ( 1 8 a ) 

.:, , " : ' . • - : : " ' , (IfliO 

w n . j t e s u o s c t i p t t d e n o t e s t i m e d i f f e r e n t i a t i o n a t f i x e d 1, 

T h e d e t e t m i n a t i o n of t h e c o o i d i n a t e v e l o c i t y s t r e a m f u n c t i o n f rom 

!!•-• t r u e d e i i v a t i v e of t h e e q u i l i b r i u m c o n s t r a i n t w i l l b e 

.- i n " id--'i r>d i n S e c t i o n V. 

F i n a l l y , n o t e t h a t Eq . ( 1 7 b ) i m p l i e s a " s o l u b i l i t y " 

c o n s t r a i n t fo i t h " n o r m a l c o m p o n e n t of t h e c o o r d i n a t e v e l o c i t y ; 

i - ' ' • • 

>:"'' i _• . . -- 0 . (19) 

H e i " , b t a c k e t s d e n o t e t h e f l u x s u r f a c e a v e r a g e o p e r a t o r , 

f,r <• v r *• > • ( 2 0 ) 
'(> ' -T) 

rnis constraint allows the determination of the motion of an 
jibittary surface function a( i> , t) relative to the constant ty 

3uifaces once its absolute velocity (at fixed x) is known. For, 
from Kqs. (14a) and (19), we find 

(<jaAt) | = a. - a'u - V^ , (21) 
X t ~g 

where a, = (3a/3t) | - = <x~ m 3a/3t| >/<x~m> and a prime denotes 3/3i|;. 
Physically, the coordinate velocity is nonvanishing only 

if there is a change in the flux surface geometry. Th^ relative 
motion of \|> and a[\l> , t) contours (measured by a ) rresponds 
to a relabeling of <|i surfaces with different values of a without 
any geometry change. For, if aa/3t| x= afc(i[>, t) , Eq. (21) 
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indic&tes that u -7^ = 0 . Thus, the v -coordinate sysi.n 
remains unchanged whenever the .Tiagnetic flux simply moves tnrojqn 
space without alteration of the surface geometry. Sucn J 
coordinate system has some features of a fixed Eulerian system. 
However, the mesh is allowed to deform consistent with B-7., o 
and the maintenance of static pressure balance, Eq. (11a). 
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IV. DERIVATION OF 1-D TRANSPORT EQUATIONS 

m ^ n i ; ? i v 11 ; ; n e q u a t i o n s g i v e n in S e c t i o n I I a t e s p a t i a l l y 

; . > ; J 1 l e h c m n s fru a d v a n c i n g t h e t h e i modynamic v a r i a b l e s i n t i m e . 

rn i c o n f i n e d t o k a m a k p l a s m a , t h e m o t i o n of p a r t i c l e s and h e a t 

•I'.nni 3 in r a p i d c o m p a r e d t o t h e r e s i s t i v e m o t i o n a c r o s s m a g n e t i c 

; H ! J : ' . ' 3 . T h i s l e a d s t o d e n s i t y a n d t e m p e r a t u r e p r o f i l e s w h i c h 

H i ' r i ' - ' i t ly a m f a u on a f l u x s u r f a c e . To show t h i s , we w r i t e f o r 

t n « l o a d i n g o r d e i s u t f a c e f l o w s a p p e a r i n g i n E q s . ( 6 a ) and (6b) 

.-. .:' - 'U . "!' . ) i* M- f . p . + en .'.'.) / h " + (D . / T . ) 11 • ('. p . + o . n .'. ; ) /B , 
j j • i i J J r j i 3 i 

(22a) 

;'." - • . U M I - , T . ) , ' i ' / +• . . . n • • . ' ! ' . / H . ( 2 2 b ) 

Here, D . T./(m-•-..) is the parallel particle diffusion 
;ooff icient, wherf . . is the momentum exchange frequency of species 
(1): ']•; I',,- C-'.j/:..) - D ,:. is the orthogonal diffusion 
coefficient, • ., . p./tm.'v..) is the parallel heat 
conductivity, and <•• . . (5/2). (-.-,/•) is the orthogonal heat 

3 i1 J 1 * 3 
12 7 

conductivity, where v^j is the heat "friction" frequency. 
Equation (22a) is obtained as the lowest order (in A ) expansion 
of the momentum balance equation, Eq. (3a), Using Eqs. (22a) 
and (22b) in Eqs. (6a) and (6b) and invoking quasineutrality to 
eliminate the electrostatic potential yields 

Pj(x, t) = Pjdfi, t) + p. (i),, 0, t) , (23a) 

Tjtx, t) = TjC*, t) + Tjdjj, G, t) , (23b) 
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where p . / p . - D, /D.. . '. - •- 1 and T . /T . - >•, /V 
J J 1 " 3 l i y J J r : i j 

H e r e , 

p . U<, L) - 'p . (x , t ) • , (23c) 

T..OK t) - 'T j (x , t) • . (2irlj 

Thus , in view of Eq. ( 2 3 ) , t he l o c a l c o n s e r v a t i o n laws 

c o n t a i n mote i n f o r m a t i o n than i s n e c e s s a c y to advance the dominant 

s u r f a c e averaged p a r t of the thermodynamic v a r i a b l e s . This 

e x t r a n e o u s i n f o r m a t i o n can be a n n i h i l a t e d by clux s u r f a c e 

a v e r a g i n g the c o n s e r v a t i o n e q u a t i o n s . C o n s i d e r , for example, the 

p a r t i c l e c o n t i n u i t y e q u a t i o n , Eq. ( 2 a ) , which can be w r i t t e n as 

O n . / a t ) I + J _ 1 ( 3 / 3 t ) ( n . u . - V t ) - S . = K . ( x , t ) 
J x J-D n J J -

= - B ' V ( n . u . - V Q / B ' V O ) . (24 ) 

S Here, u.-VO = U..-V0 is the first order surface component of 
the velocity. This is a magnetic differential equation for 
n.u.'VQ/B'VQ , whose solution requires the solubility constraint 

r 2 l ,[K.(x, t)/B-?8] d<3 = 0 . (25) 
-'0 3 

The cha in r u l e , Eq. ( 1 4 a ) , together with Eq. (15) , i s used to 

commute the 0 i n t e g r a t i o n and t ime d i f f e r e n t i a t i o n in performing 

t h e 0 average of K. in Eq. (24) . Th i s y i e l d s t h e d e s i r e d 1-D c o n t i n u i t y 

e q u a t i o n for the d i f f e r e n t i a l p a r t i c l e number N! = n. (I)J, t ) V ' , 
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- n e r e V' (. , t ) i f " d x ) / > . = 2 - / " ' 2 ^ J d-

(•;' ) + •;' • l u . - u ) •••'. • - V ' - S .'• . (26) 
J t D y . n : 

Apply ing t h i s p r o c e d u r e to the p r e s s u r e e q u a t i o n s , Eqs . (2b) and 

( 2 c ) , we o b t a i n c o n s e c v a t i o n e q u a t i o n s for t h e d i f f e r e n t i a l p lasma 

and e l e c t r o n e n t r o p y : 

( V 2 ) ( p / ' ) •[ = - S * , (27a) 

< 5 / 2 M i V V > < V t = -S* . (27b) 

H o t e , t h e e n t i o p y v a t i a b l e s a re 

•' = p V 5 V ' , (28a) 

: ' = p 3 / 5 V' , (28b) 
c e 

where p = p (;., t) and p = p (ijj, t) . The entropy sources 

S (u -V V ) = l/v':V"£ <q -V^> + ( 5 / 2 ) p . < ( u . - u ) - V gj > J > 
vj . — J J "* J "* y v 

- - J -E- - + p <u 'l'\<> - <S > , (29a) 

V V ' ' ^ = V v ' f v ' l <q e -V^> + ( 5 / 2 ) p e < ( u e - u g ) ' V ^ > ] ) l ( ) 

-<J-E> + P 1 | )<U g-V*> + ( P i ) 1 j ) < ( u i - U g ) - ^ > 

^ W - < S e > + < V V \ V " ( 2 9 b ) 

F i n a l l y , cons ider the three components of Faraday's law 

(magnetic f lux c o n s e r v a t i o n ) , Eq. ( l a ) 

S/9t(B-V<t>) = 3 / 8 t ( g x ~ 2 ) = -V« (E x V<j>) , (30a) 
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-B'V?j'i-/3t = - 7 - ( E ' 7^) , (30b) 

7 0 - d B / d t = - 7 - (E " 7M . (30c) 

The l a s t two components imply t h a t 

U x / 3 t ) I - / ' u -'.'J, = 27ix 2E-7^ + c ( t ) . (31a) 
x . / 

The constant of integration c(t) is related to the voltage applied 
at the plasma surface. Differentiating Eq. (31a) with respect to 

ty removes this integration constant and yields a conservation 
equation for the poloidal flux density x' i 

x; + Lx'<(ux - ug)-7^>J^ = 0 . (31b) 

The toroidal component of Faraday's law, Eq. (30a), yields a 
conservation relation for the toroidal flux density 

Y' i g<x"2>V' /(2TT) = x'qW - < 3 2) 

where 

q(<|0 = d'f/dx = f (d0/2TT) (B-V(ti/B-V0) (33) 

is the safety factor. The result is: 

rt + ir<{uy - u g )-v 1 | J >: 4 j = o , (34a) 

where the toroidal flux veloci ty i s 

Uv"Vi|/ = 2ir(-x2E«V(|> + <E'B>/<B-V(j)>) (X* ) " 

= -(4" ) - 1 O V 3 t ) L • < 3 4 b ) 
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Mnte that at the magnt-tic axis where B -- 0 , u.-Vii- = 0 , so 
tnat the toroidal flux remains zero there for all time. Finally, 
the Joule heating term in Eq. (29) can be evaluated using 

2 2 
.1 - a • ','p/B + J-B B/B , where J-B is given in Eq. (13b). 
Tii<?n 

•J-E' - p ;'u •'•̂-> = -:J-V.;,:-('E-B>/<B-V-:'>) + P^Kj, - u )-7i;r, . 
(35) 

Equations (26), (27a), (27b), (31b), and (34a) comprise the 
one-dimensional conservation equations for the "adiabatic" 
variables N', a', o 1, v' and y' • The adiabatic variables are 
constant in time on each flux surface during motions of the plasma 
which are rapid compared to the resistive time T„ . The closure 
of these equations requires transport relations for the relative 
fluxes and viscous heating and also equations for the coordinate 
velocity and the motion of toroidal or poloidal flux surfaces 
relative to the coordinates. 



-22-

V. DETERMINATION OF MAGNETIC FLUX AND COORDINATE VELOCITIES 

The transport equations derived in Section IV can now be used 
to obtain an equation for the magnetic flux veloci t ier, 
u - 7 ;. and u.,, • •', , defined in Eqs. (31a) and ("<4b). Once 
these are Known, Eq. (21), with a = / or t" , can be used to 
determine the coordinate velocity. 

Takinq the time derivative of the Grad-Shafranov Eq. (11a) 
and using tne convective derivative Eq. (l4a) yields 

( U r V ) " 1 .•'.•.*(.'u_--. ,) + ."",.•'''• U>./>')' + (4-'x 2) - 1 (r,q /,. ') ' 

(VO !'( 't/-' - VJ./V) 
+ (4,TX 2)" 1(<, 2 <l/r - (V':x 2 :•) fc/ ( V -y. 2 >) M, + (2-) ^J^-.' . 

( I f . ) 

The t r a n s p o r t e q u a t i o n s ( 2 7 a ) , ( 3 1 b ) , a n d ( 3 4 b ) , a s w e l l a s t h e 

f dO ( 1 , x~ ) momen t s of Eq. ( 1 5 ) , 

(V 1 ) = ( V ' u -V*:-) ,F , < 3 7 a ' 

( V ' - : x " 2 > ) t = ( V ' - : x " 2 U q - V . ( ) > ) | l j , (37b) 

are used to evaluate the time derivatives in Eq, (36). This 
yields a linear integro-differential equation relating the two 
magnetic flux velocities and the grid velocity 

( 1 6 T T 3 X 2 ) " 1 X , ^ * ( X , U X - V * ) + L^x'Uy'V*) + L 1(x>u g-V^) 

= -(41rX
2)"1Cgg^<(uv - ug)-v*>:t - (2/3) s* 

+ (27T) - 1 j.Vt< X' (u g - ?x)-V>|»^ . (38> 

Here, S (u «VI|J) is defined in Eq. (29a) and 



(:i 
2 -1 

• ! • + i f i . - i v : .,-t.\ 

("59a) 

( -i^b) 

: n a t H. a n d ( • i. * 2 "' i.' l O B where 

:•;]>,•.: is the magnitude of ttie toroidal field. Thus, for a 

toka.-nak plasma, L is the dominant operator in Eq. 
:isini l-:q:i. (Ha) and (34b) to express the poloidal flux 

i•• I-/ in terms of the toroidal flux velocity, Eq. (38) becomes 

inear equation for the normal component of i he toroidal flux 

-.'••1 -i,;i t y , 
. i ^ - l .' u • . . ) f ( I 0 ^ I Y ) I •' n • V . ) 

u: ) * iir/2) (K ) / (2/3)S . (40) 

lore, 

»nd 

i>B •/• B-V 

S (u..•'.'. ) 

-,T-'. : 'E n - --s • 

(41a) 

+ (1/vM'V E '''.Ij-7- + ( 5 / 2 ) p j ( u j - u 1 (,)-V^>l ! ) ) . (41b) 

In deriving Eq. (40), it was noted from Eqs. (21) and (34b) that 

0,,,-V'JJ + >?t/'V , (42a) 

and the identity [valid for an arbitrary surface function 

u(-J>, t) ) 

L 1( x'u> - (4TTX 2) 1(gg i (,u) | t ; - (2ir)"1J.VfJ)(x
,u)iJj 

| ( | (pv-uJ^/V - P ^ u ) , (42b) 
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'-'•"'" l"'-'1 '•' '• I I.T. I ri.j* •• • . • ; , ) . • ':.a* M,e r e l a t i v e ;̂  .j r ' 1 • • I > • !••.* 
I n . - n } - . . oppr-.jr I ng in ., I :•, pj r e l y ri.-:ir;Mv ir.'l :. ,' 
e x p l i c i t l y dependent, or, tin: m o t i o n of the I lux uur £ act-:; a •.. 
(.: f . , : j ••_•'_-1 ion VI ) . 

E q u a t i o n (4Uj i .; a l\n<-ar two-d i ;tn-n:; I or.a ! • •r..at ; ,••. 
d e t e r m i n i n g tin- m o t i o n ol toroiljl flax :;u r f ace:; a", tie- p 1 j ; : i 
'"Jolvc:; in t i m e . M a t h e m a t i c a l l y , Kg. (40) i;-, a ii-i-n 
• 1 fj n (.; r a 1 i zed rj i f f ei en t i a 1 "iiuation ( G U K ) . S i n c e the op--iat ,-. 

is e l l i p t i c , the v a l u e of n i • '.', is required on the p 1 ,n r; :n a 
surface. The operators I... and L. , which involve integral:; 
over the coordinate '> and derivatives with respect to the 
coordinate i> , are essentially ordinary integro-differentiai 
operators and thus require a boundary condition at the origin. 
Fourier analysis in o of Eq . (40) leads to a standard linear 
system of coupled second order ordinary differential equations 
in ij, for the Fourier coefficients of u„r

,7i|i . This system, of 
course, still requires a single boundary condition at the origin 
for the lowest order harmonic. 

The numerical advantage of using the toroidal flux velocity 
rather than the poloidal flux velocity as the dependent variable 
in Eq. (38) arises from the dominance of the L operator. This 
is a feature of conventional tokamak plasmas where the large 
externally maintained toroidal field provides "rigidity" to the 



; , ; j : ; r . i . [:.•• • ... i j i i j 1 ! i i « 1 .J ^ / t ; J I J ! l v . ' i y l o r . ; ; : n o b i l o t h a n t h e 

: . . J : i i. t 1 :x , •« • ; . : • ; : : ' : ;•:• ' • :". •• 1 ! - con;-. I .->* . - : v p l a n u m , M i ' i f - n t . ; . 

'.:.-• i : . • . ; • . • • • : v J:- ; ; i ••.•: : »•.;:•'•!!" i n K . j . ( •} u i whr - r i - I .'if 

. i ;: '•• ••• . ' : . : i i i . ' i r : _ - I T «-. a i " a l l >f , -o .npa r a i . i '• ;i i j .)n I L u d e ; I o r 

'• ;. T r i e a : i . ' iK> ' ju , i s o - j u a t i o n l o r t h e p o l o i d a i f l u x v e l o c i t y 

•i • . . i n c l j d u ; : ; a n a d d i t i o n a l l a r g o s o u r c e t e r m , a r i s i n g f r o m 

.',.,'!'. •• , W . ' I I . T I e x c e e d s t in - - rc i iu i i n i n ^ S I I U I C I ; : ; b y f a c t o r ; ? r", 

jM-i !'..'.'. '!••_'" , th-.ir: o t i s c H l n>i til'", s l o w d l I f ; i s l o n o f t h o t o r o i d a l 

t l i x . « l n [ f >--xpl l c i t l y , c o m p a r i n g t h e t o r o i d a l a n d p o l o i d a l 

"•.-. 1 i piTi p . " V 1 in- i \ i '•:". I ' • 1 a t lvi". t o t h e i d e a ) s u r f a c e s m o v i n q w i t h 

; • ! : • ! ' ' I -" , wr- f j n d 

( l - ' i v i O ( i - i r / - i^ 

, U K ~ U . ' ' ' ' - "K-B/n ' 

- \i -
p 

< -
1 . ( 4 3 ) 

F i n a l l y , i t r e m a i n s t o d e t e r m i n e t h e r e l a t i o n b e t w e e n t h e 

c o o r d i n a t e v e l o c i t y s t r e a m f u n c t i o n ' , i n t r o d u c e d i n Eq . ( 1 7 ) , 

and t h e t o r o i d a L f l u x v e l o c i t y w h i c h i s c o m p u t e d f rom E q . ( 4 0 ) . 

From Eq. ( 4 2 a ) a n d t h e c o n s t r a i n t Eq . ( 1 9 ) , we o b t a i n 

— rn ., . -m m T - l „ . . . . u • , . = u . • . . - x \x '.-.:'/••y. • = x J > r. . ( 4 4 a ) 
<7 - : - : 0 

Mote t h a t the r e l a t i v e v e l o c i t y of ty and 4" s u r f a c e s i s 

u(i(i, t ) = < x _ m u f - V i ( i > / < x " m > , ( 4 4 b ) 

where m is still to be determined. Eq. (44a) can be integrated 

to obtain the coordinate stream function up to a constant of 

integration on each flux surface. Physically, this constant 

corresponds to an arbitrary rigid rotation of the Q = constant 



coordinate lint-:-, on >-aor, . constant s-jrface. Tn l r> constant < ". 

ohoc.en to mrif.'- ± >! o -arid tnereoy remove any net ;/, ; o i : a1 

rotation of trie oo.ootar.' :; it '. .ices . '."hi:-; ;;.io:iely defiu-:; 

which oar, i.h'-:. i <• .:;<": :;. V.\. ' i •'.; to sO'/a'.ec- -ho coo re : I,.I to 'r::.c-

foririi'it ion in t i ne. 

It is apparent from Kvi. (4 (J j that, in general, uncoap 1 • -<\ 

e .jJcjt i on:; cannot he obtained fci the relative flow u h , t / ,r, i 

the - vaiyin'i delonnation flow ',"•• • This is dae to t >,'• 

poloidal harmonic coupling introduced hy the .'. operator . 

However, .since the '-. operator i r, the largest in Eq. (4<J> , i' 

in possible to obtain a reparation throuqh (.)(!•') hy choosing :n 

^, n = 0 in <-.';|.;. (If,) and (44). With this choice for ri," 

Jacobian, J x , the dominant homogeneous term in Eg. (4u) 

involves only u{r, t ) : 

/. (/'u^-VrJO = (4 lix 2)~ 1{q 2/(V'-x~ 2.) ! V'-'x~ 2>u(^, t)i ,) , , - (45) 

This separation leads to an efficient numerical scheme for 

solving Eq. (40). It is also clear from Eqs. (40) and (45) that 

the relative motion of f and '? surfaces is small compared to 
2 

their deformation rate; i.e., u/'.n - O(fi) * F o c J • x , 

the coordinate i|j - / x dx ~ V is proportional to the external 
-2 (i.e., vacuum, B -Vib - x ) toroidal flux enclosed by a ~v 

magnetic surface. For low 6 tokamak plasmas, V is nearly an 

adiabatic invariant, which accounts for its desirability as an 
2 

independent radial coordinate. The choice J ~ x has also been 
14 useful for stability calculations. [Other choices for J 

which have been used are (i) J = 1 , the Hamada system for which 



, and i n .' - A . , where . r is an effective minor 
J "i. I'.'iE-st"- :.r"£.-r iptions for -1 produce coupling of u ( . , t) 
• .'•• :::•• .: t 1 y tnrojjh tne I. terra in F.q. (40).| 

Finally, we conclude this section by evaluating the 
•d LT.ons ronal transport equations derived in Section IV for 

in i:::\ . (44a): 

C ; p , - i'.r.u) = -('.' ' ' .) t V • f-:;i . • , (46a) 

lr, c! !•.:/ • ' } • • + ( • 'u> = -S , (46b) 

'. V ~ •• (-,'•') ( ' ' i . * ( " u ) = -S , (46c) 
' i.' i.' e ' rj . c 

• .' - ( • ' u) - 2- '!•:,. ) , (46d) 

: ' + ( : 'u) = 0 , (46e) 

( h e r o S i s r j i v e n i n E q . ( 4 1 b ) , 

S S (U,,,-V-;) 
c e - ! 

- J . V : : - E * ) + ( p . ) , ( u . - U ^ . V ^ > 

+ --U. • >.'• 7!. > - <Q, > - <S > 
- l s i Ae p e 

+ (1/V)[V (<qe-V^> + (5/2)reTe)]^ , (46f) 

and the normal component of the particle flux is 

r. = <n. (u. - u^) 'V\p> . (46g) 



H e r e , u _ . / . ' . x - u . ^ •/••/_ " • a n d j . 7 . i s d o t e r m 1 n e i 

f rom t h e s o l u t i o n of t r ie t w o - d i T i t - n s i o n a l Kq. (4Uy . E q u a t i o n : : 

U H a ) and (IBb) w i t h . r i 1 ,;rr- a sod t o e v o l v e t r i e c o o r d i n a t e 

q r i d . 

N o t e t h a t Ui<M'- a r t t h r i i c d i s t i n c t c o n t r i b u t i o n s t o tru-

c h a n g e s in t h e a c t u a l rjar t i •:• 1 >•• d e n s i t y n ( . , t ) , o r pr e s s u r ••_• 

p f i , t ) r a p p a r e n t i n Iv j s . ' 4 >̂ j in a d d i t i o n t o t h e sourer.-: : : 

(1) E x p a n s i o n or c o m p r e s s ion a s s o c i a t e d w i t h t r ie d e - f o r m a t i o n at 

c o n s t a n t " a r e a , " / dx .1 , of f l u x s u r f a c e s ; i . e . , 

<H'. ) , I) or 
I t 

V (n ) / n . ••-- - ( V • u - 7 . . •) . . ('IV) 
I t j <j 

Thus, the change in magnetic surface geometry is implicit in 
Eq. (46) through the use of adiabatic dependent variables 
and flux surface coordinates. 

(2) Changes due to the slow motion of the toroidal flux surface 
relative to the coordinate grid (based on the vacuum toroidal 
flux). That is, the plasma and the magnetic fluxes are 
"frozen" together in the absence of resistive processes. 

(3) Resistive diffusion of the plasma relative to the toroidal 
flux surfaces, driven by the normal component of 
(u- - iO - n (cf_«i Section VI). It is somewhat 
remarkable that in the absence of resistivity or anomalous 
diffusion, the adiabatic variables are preserved in spite of 
complex guiding center particle motion. 
The motions (1) and (2) result from the presence of a non-

trivial u,„'VOi in Eg. (40), which can arise either from nonzero 



s i 3L: : a b a t i c .v.i't. ion* r.r froir: a n o n z e r o r i q h t -

. s - :'.•!.- r:'>'. !c-r. .• r ::.i r n i ' t i c s u r f a c o s o r p r e s s u r e 



71. CLOSURE Of MOMENT EQUATIONS 

. j neat ( -q. •'.'•: • ) poloidal flux ( '•:, 

'I'ho l-D conservation Eqs. (4 F, j and the 2-D Eq. (40) for t-hr-

toroidal flux velocity can b" integrated only when the r rJ I at i ve 

fluxes of. particles 

and the viscous heating torn ;;.•.-.- have been express'-') in 

terms of the thermodynamic forces. The thermodynamic forces are, 

apart from geometric factors, simply the , derivatives of t re 

ad Labat io variables which satisfy the conservation equations,. 

This is the qoal oi transport, theory and will now be briefly 

Relative Particle Flux 

Taking the toroidal component of Eq. (3a), averaging over a 

flux surface, and using Eqs. (34b) and (46g) yields 

U») lx'e 1 3 
= - (-'x2'.! ! -R.'- + e.n.E* ) + --n .e .x27*-V4> .1 3 3'! 3 3 (47) 

where E is defined in Eq. (41a). Note that only the induced 

electric field entered the flux velocity defined in Eqs. (31a) 

and (34b). In an axisymmetric plasma (i.e., neglecting 

symmetry-breaking, anomalous perturbations), 7<t>-V* = 0 and the 

quantity <x2V(ie V- ir .> = 0 . since n. has the Chew, Goldberger, 

Low form for neoclassical and low frequency, long wavelength 

fluctuation phenomena. Thus 

< x 2 V t | > - K . > = <.x2V<i>• F . > t 4 * ) 

where P. is the fr ic t ion force defined in Eq. (3d) Th i s 
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;••:;! ",t siiir.'j t::at tne -i-ssical relative particle flux results 
.•:, • i :..-: v fr.j.r: v;o oo1113iona 1 friction. Now, writing 
v"" "'.'; ..!:." * ;b !••'" , the particle flux iian be 
-.:;.•• :i ;<•.'-. t i y i'-co.TipooeJ J3 

- '- ! a s s
 +

 n c 4- a n o m - (2-n.E* /,' ) - B 2 ./-B2'- . (49) 
' I ' 1 1 1 I' P 

•i"r ••, t r ie c l a s s i c a l d i f f u s i o n f l u x i s 

c U s ' ; - -• i--. - H • y. /,• , [ r • ; ( 5 0 a ) 
1 ) ' 1 

1 
ri'--j'.j I a J:". i c a 1 d i f f u s i o n f l u x i : 

- C V - . : • ' . ' ) ( - I - ' . - H / c n * " • + n .• F-B •/• n~ ) : ( 5 0 b ) 
i " 1 1 1 

and t n e a n o m a l o u s f l u x duo t o s y m m e t r y b r e a k i n g p e r t u r b a t i o n s i s 

. •-mom = 2 - - x 2 " . ' : • (Vp- + '•'• ~ • + n . e . 7* ) - / ( e . . ' ) . ( 5 0 c ) 
J 1 :• 1 J 1 .1 

I An average over wavenumbers is also implied in Eq. (50c).] Thus, 
* 2 2 

except for the small term - (27in ,E ,,/>;' ) -B >/<B -• in Eq. 
I-19;, wnich represents the classical E • B radial pinch, 
the relative particle flux in the frame moving with the toroidal 
flux is just that flux which is usually (though incorrectly) 
interpreted as the particle flux in the fixed laboratory frame; 
i.e., neglecting the magnetic surface motion. Grad and Hogan and 
more recently, P a o , J ' have established the importance of 
inductive motions in a collisional plasma. The classical and 
neoclassical diffusion formulae, derived for stationary flux 
surfaces,are nevertheless approximately valid for circular, low 
B tokamaks in which the strong toroidal field makes the plasma 



uehave U s e a riqid conductor [i.e., the toroidal flux 
stationary as L > •'• in F.q . (40) ] . 

Tne particle flux relative to the poloidal magnetic ",urf • 
* 

contains a contribution proportional to I-: which is larger !<• 

factor • n •/•« -• than the last term in Kq. (49). i 

spurious advective flux, cor i ̂ apond i nq to the rapid mot in: 

poLokial flux (cf., Eq . (4't) J, would completely dom i n.itr., 

therefore orjscure, the resistive contributions to Kq . (4'i). 

In a similar way, the conductive heat flux, which i:\ fi 

invariant and tnus independent of the flux surface motion, r;m 

related to resistive forces,'' 

B. Ohm's Law 

The parallel electric field ''E-B • , which plays the role 

a thermodynamic Elux for y' (rotational transform) in 1 

(46d), can be eliminated from the moment equations usinq 

generalized form of Ohm's law: 

<E-B> = n,, (1 + L 
~ ^ b?j=l,2 J D : 

Here, n..= 0.51 m e (ne 2't e i)" 1 is the parallel resistivity fur 

Z. = 1, L:?. are the bootstrap current coefEicients, and T.r, 

accounts for the neoclassical (trapped particle) and anomalous 

conductivity reduction. The generalized forces are defined to b<-. 

A* 5 ainpa/3Dj , <52ai 

3 = SlnT /SIIJ . (52V1 A^ H 31nTa/3\|j 



i . j - . i ,n ;'.:.', v ' j n Di; u s e d i n £q . ( i l l t o e x p r e s s I-.-H- i n 

e m s of t n e t h e r m o d y n a m i c f o r c e s ,.\ a and n ' . A l t e r n a t i v e l y , 

::•:- v i i . i i l i b i i u . i l K-j. ( 6 c / c a n be j s e d t o e l i m i n a t e p ' ' l i v i n g 

. ' . ; ; c r . a ^ v ') ! ' : ' . '.••-:!• . " Y N " ' - . (5Jc) 

V i soar. Hea t i rv.j 

I'.'M- i. J ii vijoioi boating term which appears in the electron 

•nt i'ij;y I',}. (4t)Cj , can be evaluated through order as 

•• /n •-. .„ -• _ . ,-anom , r-,, 
• u . • . • - . • = • u . - . / B ' . •• B - . • ~ ^ • + ..^ , (b-J) 

where anom represents any anomalous viscous heating. 
i 

C l a s s i c a l l y , . n . y . - : . . •• 3;: . • (n-VB) 2 > - ' u . • y n / B - 7 0 > where 
:. 1 J.1 - 1 7 is the neoclassical ion viscosity. Thus, the viscous 

heating in a tokamak represents the randomization of the ordered 
poloidal flow due to collisions and magnetic pumping. From the 
parallel component oE the force balance, Eq. (3a) , it is noted 
that 

<B-V-iti> = -<B 2>g~ 1[(2ir)" 1x ,e ir^ F ! , (54a) 

where the long mean free path contribution to the particle flux, 
driven by the stress anisotropy, can be expressed in terms of the 
parallel component of the resistive friction force, 

http://vii.iilibiiu.il
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(a-rVV? -a- (F . + e .n .E) •B-'/'B 
O 3 3-

(r,4l ) 

Thus, the net neoclassical particle flux is r n c = 

is comprised of : . p and a Pf irsch-Schluter flux, 

,bp J PS , 
! .- + . . and J 1 

... .-1 . ,.PS (...) / c.[. -q<(F.-B/B2)(1 - B 2 / ' B 2 - ) - . (ri1c) 

Here, a small flux driven by n(x) - 'n(x) • has been ne<j l <--ct-ed. 

Finally, the poloidal rotation can be expressed in term:; <il 

the Long mean free path contributions to the particle and heal 

fluxes as follows: 

i i . • ' . • ' ( ; 

J. 
( 2 n ) - ^ . . ' • B 2 : -

» • ' . ' • . J y ( n - V B ) 2 > 
-U±-l 111 .3 -J. (r>4<l) 

where u , (k = 1 - j) are the viscosity coefficients of 

species (j) . 

Explicit evaluation of the resistive fluxes for a 

neoclassical transport model will be given in Section VIII. 
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V I I . BOUNDARY CONDITIONS 

Eacri of trv- f iv - - o n e - d i m e n s i o n a l E q s . ( 4 6 a - e ) r e q u i r e s a 

:>i ' inr iarv v a l u e a t . = . . The t o r o i d a l f i e l d f u n c t i o n g i s 
v:\aA 

.let to its vacuum value q (t). To obtain numerical solutions, the 
c-lectron and ion pressure and density are prescribed to be held 
constant at a pedestal which is some small fraction of their 
contra! value (0.001 to 0.1). The actual boundary conditions 
wfiicn apply at a physical plasma boundary are generally not 
consistent with the ; - expansion introduced in Section II. For 
example, a perfectly conducting material limiter (Subsection A) is 
an equlpotential , but this is not compatible with the presence 
o£ a Pf irsch-Schluter flux driven by B -V-I' . A boundary layer 

-p 
analysis is required in a small region about the wall where 

18 13 
inertial terms become important. In practical applications, 
only interior solutions are computed and the results of the 
boundary layer theory arc used to justify the imposition of 
pedestal pressure and density boundary conditions. 

The boundary condition for y' can be determined 
self-consistently from external currents (Subsection B) or can be 
prescribed arbitrarily. It is often desirable to specify the 
total plasma toroidal current, 

I T = (2TT) _ 1 J J-V* dx , 

as a boundary condition. This determines the boundary value for x' 

file://v:/aA
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( v m a x . t) = 16, 3 i T ( V - ' j V i l V . r 1 . 

where the- averages are evaluated at the surface v and at 
max 

time t. 

We consider two types of boundary conditions for Eq. (4Uj 
corresponding to (a) a conducting wall at the p*.sma boundary, and 
;.o) a free boundary in which the plasma is surrounded by a vacuum 
with discrete external poloidal field coils carrying current.', 
which vary in time. 

A. Conducting Wall Boundary 

The requirement that the boundary does not change its shape 
is satisfied by setting the coordinate velocity stream function 
f = 0 at ib = ill . The relative flow 

max 
— 2 —9 

u E ^x u, •VijrV̂ x •> must also be given at the boundary. In 
principle this may be specified arbitrarily, but three cases of 
special physical significance occur: 
(i) u(i/) , t) = 0 . max 

This corresponds to no toroidal magnetic flux crossing 

the wall [cf_., Eq. (46eH . 

rmax 
In this case, no poloidal magnetic flux crosses the 

wall [cf., Eq. (46d)]. 
(iii) u < * m a x ' fc> = - < ( " j " V V l ( , > * 
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rms corresponds to no net flux of species (j) across 
tno wal 1 'cf - , Eq. (46a) 1. 

Trie specification of u and :. determines u •'.', at 
tne boundary from Eq. (44a) and is thus the appropriate boundary 
condition for the elliptic operator ,'. in Eq. (40). The 
operators ; and L in Eqs. (39) and (40) also require a 
boundary value at tne origin, . = 0 • The physical requirement 
tnat no toroidal flux arise at the magnetic axis [ef., Eq. (34b)] 
cur responds to u = 0 at , = 0 . 

'•3. Krf'f: i3')inilary 

In the free boundary problem, the plasma is surrounded by a 
vacuum region which extends to infinity. There are M axisymmetric 
line current sources at fixed locations [ (x , z ); m = 1, Ml in 

m m 
tne vacuum with strengths ,1 (t)] . The time derivative of the 

m 
poloidal flux at a fixed point in space x = (x, z) , x > satisfies 

( 4 - x 2 ) " 1 ;*; = 2-..x_1 Y. i r a six ~ X J • < 5 5 ) 

in the vacuum region and 

U 6 T r 3 x W A * L x - X(0)] + U Q + L^Lx - XWl = Q (56a) 

in the plasma region where 

U - X(0>D = -û 'Vî x' + 2irCE* - E* (0)] • Here, X(0) •and 
E (0) are the values of £ and E at the magnetic axis, 
JL = 31 /3t , and Q is the source term 
m m 
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2- ,' V.* - F--*(0| )i " 4 >:-,- 'I2/2""' '" " '' '' 

Hr-re, use was mad'; oT Eqs. f"J9j through '42)., and of Kqs. '4',-ii 

and (46e) . 

We now introduce the free space toroidal Green's function, 

<;(•/., y.< ) = - ( x z ' ) 1 / 2 : (2 - k^)K(k 2) - 2K(k 2) !/k , |V,'„) 

w h e r e M k ) , j n ' J K ( k ' ) a r u cr jm| . . l ' . ' tc (.• 1 .1 i p t i c i t I t_ •_• < j IT . 11 :•; i n d 

2 2 ? 
k 4 x x ' / (x + x ' ) f (z - z ' ) " : . f'", VI,) 

I'lii;; s a t i ' ; f i e s 

.?. <; ( x , x ' ) - 2 nx ,L, (x - x ' ) ( ' J V . . , ! 

By using Green's theorem, it can easily be shown that 

a boundary point x, satisfies the integral equation 

, • ( 

M 
X. ) = 47i V I G(x ,x. ) + f Bit 2 dA x G ( x , x , ) { Q - ( L n b jfrS m ~m - b / b 0 

m=l •* 

at 

+ Lj); ,; - , (0} ::•/.' 

(58) 

where the surface integral is over the plasma cross section. This 

is converted to a line integral over the plasma boundary by 

introducing a function v(i|i, 0) inside the plasma which 

satisfies 

(16ir 3x 2)" 1x ,A*V= Q - (L Q + I^Jtx - X<0)] (59) 

with v = 0 on the plasma-vacuum boundary. Another application of 

Green's theorem gives the identity 



f ;; : •—, ;: - V - ( l 4 I 1 ) , - , ( 0 i 

( < > 0 ) 

- r. •-• ,1 t-j -.'I IT. m a t e t h e s u r f a c t i n t e g r a l i n Eq . ( ' J ib) . 

A :nore c o n v i - i i i e n t form for n::m" r i ca 1 i t . - r . i t i <>;i i:; u h L j i n f . ! 

: .• .••••::.::.: r.r.i ) • • • • . • ' ' ' ; : . . J t i o n H I . , •• I , 

li " - . ( ( ) ) - v 

. ' u . • . . + 2" !•;*. - E*. (0) - V . ( G l ) 

[•;;•..• I . m e t l 'jn.: v -und !I t t ion s a t i s f y t h e c o u p l e d s y s t e m (3!" e q u a t i o n s 

<1«. • ' ' x J ) " ] . ' ' * + (L ( ) t- 1. ) v = n - (L{) + 1^)11 , ( 6 2 n ) 

•.*!! - 0 , ( 6 2 b ) 

w i t n b o u n d a r y c o n d i t i o n s 

" ( x b ) = n ( 6 3 a ) 

M 
IH>:, ) = 4 • V I ' r , ( x , x, ) - c,(x , x ) ! 

m=l 

y ( d f / 2 >:) G ( x , >: b) - r , ( x , >;„} ! - ^ + H ( x n ) ( 6 3 b ) 

Here, x is the position of the magnetic axis, <|> = 0 . Once v 
and H are obtained from Eqs. (62) and (63), Eq. (61) can be used 
to obtain x'u,,,'Viji at the plasma-vacuum interface. This serves 
as the boundary condition for Eq. (40). 

The point (1 = 0 is an interior point for Eq. (62b) and thus 
does not take a boundary value. As discussed previously, the 
operators (.„ and L., in Eq. (62a) do require a boundary erudition at 
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th': rji i-jiti. :-;<:i.tiri'i v -li at , = o corresponds to no toroidal 

flux change there. The system of Eqs. (61) tnrou'jh (6 i j i-: 

mathematically equivalent to F:q . (SB) but i :s in a f •> r TT. J M ' • 

suitable for solution by iteration. 

Finally, we consider the se1f-consistent determination of 

,' at the plasma boundary in terms of currents in the poloidui 

field coils. If . i.':; the poloidal flux function which vani^he'. 

at infinity, then application of Green's theorem to the vacuin 

region yields for e-/ery boundary point x. , 

M f 
1 b *-• , in ni b / b 

ITI 1 

Noting that ,Ub) = - H m a x . t) , p ( t ) , 3,/3n = y • M w , t) ' V. 

and at. = |Vi|i!(J/x) dO , we can average Eq. (64) over 

the angle o to obtain 

M 
' , (' J'max' t ) = '"p 

1-1 
(6r,) 

In Eq. (65), x (fc> i s obtained by integrating Eq. (46d) 
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v I 1 1 . fc.7ALUArt.JN JF kF .S IdnVE CONTRIBUTION TO FLUXES 

?'.i<: i'.'•.; i •,; ; .••• t r a n s p o r t c o e f f i c i e n t s f o r a n e l e c t r o n - i o n 

;<lj'.',T:j w i l l now .-"_• e x p l i c i t l y e v a l u a t e d f o r t h e c o l l i s i o n 

i o x u n a t e d reg ime [Pf I r s c h - S c h l u t e r r e g i m e ) and t h e l o n g mean f r e e 

p a t n t j j n a n a r e g i m e . 

•\. ! jf i i • r . ch-Sch l 'uter Regime 

In t : 

12 H • ' . • • - . • • 0 
i n - j 1 i - j i : 

transputt fUixcn are (for 

1 1 i:; i o n a 1 r e .j i m e , parallel 
no Thus, 1 

viscosity is 
PS 

, and the 
1) 10 

: K l s s f K S - , : l a s s + : P P = -L..P « I.,,n (T ) <j i l 11' . 12 e e 

/ T e = L12 P. " L22 ne<V, ' 

( 6 6 a ) 

(66b) 

K - B • ( 2 - - / . ' ) (gp„ + - ' B ^ g , / 4 n ) 

• V / S ' V ) ; (V/'/gJ-'V'.;. | 2 A 2 > J , 

! . - ' . . / T . = - L . n . (T. ) 
i l i l l 

(66c) 

(66d) 

Equation (52c) was ased in obtaining the second form for Eq. 

(66c) . The transport c o e f f i c i e n t s are: 

L l l = L 0 [ 1 + 2 ' 6 5 ( n l l / n i ' <&1 • 

L 1 2 = ( 3 / 2 ) L Q [ l + 1.47 (nM /n x )q*D 

(67a) 

(67b) 

L = 4.66 L [1 + 1.67 (n,, A l j q * ] , (67c) 

1 / 2 L, = /2 L . ( m . / m j v ' (T /T. ) J / < i ( 1 + 1.60 qt) , 3 /2 
0 i ' e ( 6 7 d ) 

http://fc.7ALUArt.JN
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L n = « r , ^ 1 - ! 7 , ^ / H 2 • , if/ 

i, -• m (n e i . ) , -1 e e G I 

q l = (i/2)q 2-|vi.| 2/B 2-- - 1! -n~ 2> - - B 2 - - 1 

( '; 7 i 

As an application of this Pfirsch-Schluter model, consH> r 
the resistive diffusion of particles, heat, and magnetic flux••.••; 
determined by Eq. (46). Equations (46d) and (46e) co.nbirvj t.;> 

20 become a diffusion equation for the rotational transform 
K "- 1/q (i.e., the poloidal magnetic field), where q is the 
safety factor defined in Eq. (33) : 

M = TPF <V?"?» = \ TV nllg W Uvvq"<B^g- )r.l . (f,a,i) 

where V = av/3f . Here, the second form of Ohm's law, Eq. 
(66c) , was used to express <E«B> in terms of •*• . In the 
PEirsch-Schluter regime, the electrons and ions may be assumed to 
be equilibrated, T K T. = T . Then, the particle and density 
Eqs. (46a) and (46b) become, with 

3/5 
n e = n i = n, S = S n = 0, N^ = nV f and a^ = p V^ ' 

3t 
N
l y

 = W { N f C ( , 1 " > 2 ( L l l / n > P 4 ' " (*')2(L12/n)nT(p+V^<E.B>q(<BpV<B >)]}, 

(68b) 
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2 ] • J 
II + T,-.-- - V (• ') 1.. 

(68c) 

n ,i>:-r iv inq Eq. (68c) it was noted that ^ ' ' I j 

inn 

Trior'.' art' these cnaracteristic time scales in Eqs. (68a-c) : 
•> - I ill :i ,'• ,, (a/' ._) . n. , the classical 

skin penetration time of the poloidal magnetic field. Here/ 

••;/. ^ is the collisionl'.'Ks skin tiopth. • .' I "-
(ill , •*'/ L..I'I"'T '.-_1(m / m . ) l / 2 U + 1.6 q * ) " 1 T Q , the 

Pfirscn-Schlutet heat conduction time. 
1/2 liii) • •) (L i/L ] 1) : L • (nu/m ) T 1 , the particle 

transport time. 

For low . tokamak plasmas, the ordering 

• • •• r seems most appropriate. Thus, ion heat 

conduction balances Joule heating at the end of the most rapid 

time scale. This determines the temperature profile, but the 

MHD functions p("/ ) and g( <p ) , which determine the equilibrium 

configuration, remain arbitrary. On the t. time scale, 

which was called the fast time scale in Ref. 1 (where heat 

conduction was ignored), the poloidal flux AT diffuses through a 

stationary density profile. Equation (68a) yields an asymptotic 

constraint between p and g; J^., v <E>B> = c, (t) , where c, 

varies on the T time scale. Using Eq. (66c) i m p l i e s 1 , 2 
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j p _ v -V2 --.Jl" + " j f t ] / ' / 'I ' . 1 

i 'ut tiit.-r.Tior <••, t h e s t e a d y s t a t e e n e r g y E^ . (6bc) c a n now :.••• 

i n t e g r a t e d o n c e t o y i e l d t n e t e m p e r a t u r e p r o f i l e on t h e ' M :;•.'• 

s c a l e f o r an o h m i c a l l y h e a t e d , c M l i s i o n a l p l a s m a , 

M/<1:) '-'i 'l-'H^ • t ( 1 / k ) I - ( ? ' ) pT_ = 0 . (f.')i.i 

The boundary condition H = T,, = 0 at the magnetic axi:; .-. • . 
been used. Finally, on the ; ,t (:;low ) time scale, the den.-, ; ' ; 
tf.'nds to a stationary value do term i ned by the vanishing of t :,. 
part ic1e flux, 

;,_ • l l,,,, 1. 1. 1 1(=') : ! "• C M . ^ / L . M ^ / M P) • < / • » ' 

where Eq. (69b) was used to eliminate T . Equation (69c) is a 
second relation determining the profile of the MHD function 
pCe) . Combining Eqs. (69a) and (69c) yields a relation for 

2 the local (in "/ ] poloidal beta l'_ = 8iip/--B - in a 
stationary, Pfirsch-Schluter plasma- With 
p K (V ... |~ q- B } - ) ~ l -- -p(V, g" 1q-B r ):-)~' 1 we obtain 

B p " R * / B p " BGM = ° ' ( 7 0 £ , » 

where 

B* = (16n n n l l C ( 1 ! " ) 2 L . r 1 ( L 1 2 / L 1 1 ) V g q 2 } 1 / 2 

[ ( 4 A ) ( « e / « . ) 1 / 2 g V , F ( < x V / B 2 > ) " 1 ( n 1 A l | 1 + 2.65 q 2 ) " 1 . ; 1 7 2 . 
(70b) 



( 7 0 c ) 

: ' :]•• f i r . : t ' . - t :n in Eq. ! MJal a r i s e s fro.n t h e p r e s s u r e g r a d i e n t 

ii :. '••:. iitwji) j / j r t u-1 r- f l j x . Tho m i d d l e t e r m j r i . s e ; ; from ! i n i t , • 

• • • - - • . : ' . : . ' • . • i ' . . . ~ / i : : - i • : . • • : :• . i I : . 1 ; t i i - l < - • ! i ! : : ; ! • . i " ! - ; 

l 

. > . . • ^ ^ . i . . . i 

. . - ••,. '."•.'.., t h i - ;' : ;-!!•;•: i l l . - l i m i t , 

• + :-'.fir) <i") F arisfs from the balance of 

inw.-itd ]jin,'!i and outward diffusion. However, since 

•„/•,.„, -;•,/• , + 2.6 q ' ) 1 / 2 - 1 (7D 

-1 5/4 lot (n_/rc.) 1 , the presence of ion heat conductior leads 

i iila.n.'" !„:t.w>:"n tho thermal pinch and normal outward diffusion 
21 

-.'• a larjtr limit, :• = !• * , than previously obtained. 

Stead/ state profiles for p and g can be obtained in terms of 

t' and t by solving the transport constraint Eqs. (69a) 

and (69c). These profiles must be insetted into the equilibrium 
q 

Eq. (11), thus yielding a nonlinear GDE for the 

self-consistent flux surface geometry. The determination and 

stability of steady state 2-D resistive profiles is considered in 

Ref. 13, together with a complete analysis of the time evolution 

of a collisional and collisicnless plasma. 

http://jri.se
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ii. Banana H^-jime 

The transport coefficients for a banana-regime simp!'- :,;;,•;••: 
have been recently computed for arbitrary aspect ratio and :i • : 
section shape, with trie rf;r,tr ict ion that !i ha.- only : 
sinjLe maximum on each flux surface. In pre-;: . i 
-•a 1 en I ..it i on"., trif values of the- banana transport coi-f f 1 •- i' •::' . 
w"r>: oDtaini;ri by a linear superposition of lar^e anc3 small i ".-.;•• ' 
r.itio limit resuLts. Thi• present results are hased on w. 

a.",p"ct ratio fit for the banana reqime viscosity coefficient ••. 

\~2> I , .'. (0) - 1
 + ! ,.• (1) _ 1

 :
- 1 , ,"• ; , 

) <: I • I c | 

wh'-r e 
-1 ? fH 1/2 

f. = 1 - (3/4)'-B > / c .,]'./.-(l - > R ) i / " ) - '71.'!; 

is the fraction of'trapped particles ( B is the maximum value o< 
. H' on a flux surface), f = 1 - f. is the fraction .if 

c t 
c i r c u l a t i n g p a r t i c l e s , and 

,;'. (0) lim U,/f . , ' <7ilc) 
3 r >0 J t 

n! (1) lim f„H 4 . m<\) 
J " F > 1 C 3 

The q u a n t i t y A p. = u'. (0) - i ) l ( l ) i s nonzero due to 

l i k e - p a r t i c l e c o l l i s i o n s ( i . e . , Au . -* 0 in the Lorentz l i m i t ) . 

N e g l e c t i n g Au. l e a d s to the app rox ima te form g. = f u ! ( 0 ) / f , 

which was used t o e v a l u a t e t h e t r a n s p o r t f l u x e s : 

f = r f = - i g C p + y n . ( T . ) ^ ] + L g n e ( T a ) # - L 1 3 <E.B>/<B 2 > t " " - ' - " ' " • — — • • - ' ^ 

e 
(73a) 
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c-1 .ISH . !•;: 
1 1 . Ill e c , 7 3b) 

L . . , ) p + L ^ v n . (T . ) - L ^ n (T ) + L , , V.- P . - / - B 2 • 1 2 . 1 2 - i l . 2 2 c o , 23 
( 7 3 c ) 

- V r r . ) , (73d) 

•i »" r l ( V (7 3o) 

( 1 ' !, 1 1 ' ' > <• 1 ' ' " / • ! • ) . . ' , ' • ' 

f 1 , , . n + V i i . ( T . I , L_..n (T ) 2 3 e c ( 73 f ) 

r . n i sno r t .:oc f f i d e n t s a r c 

° ' r j l V ' 
L A ( 2 . 1 3 - 0 . 6 3 f t ) 

(2 • / , ' ) n t j f t ( 1 . 6 8 - 0 . 6 8 f ) 

1 . 25 (2 • / . ' ) n t | f t ( l - f t ) , 

L „ ( l + 2 q , ] 

( i / 2 ) I , n ( l + 2<\%) , 

4 . 6 6 L 0 ( l + 2 q 2 ) + L* ' , 

, 1 / 2 3 / 2 v'2 ( m i / m e ) x / i ( T e / T i ) J / £ f L Q ( l + 2qJ) 

+ 0 . 4 6 L „ ( l - 0 . 5 4 f t ) - 1 ] 

- 1 . 1 7 (1 - f f c ) ( 1 - 0 . 5 4 f t ) _ 1 , 

( 7 4 a ) 

(74b) 

( 7 4 c ) 

(74d) 

( 7 4 e ) 

( 7 4 f ) 

(74g) 

(74h) 

1741) 

( 7 4 j ) 

- 1 . 2 6 f t ( l - 0 . 1 8 f ) (74k) 

f t ( 2 i r g / x , ) 2 n n J . / < B 2 > (741) 
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IX. DLSC;J-J.-;IJ'J ANIJ S U M M A H / 

Tr.r- t- fir--J r y of :;.• I 1 - - or,:. 1 :; \';n»- u rj-'l 1 T,fr;". 1 or, i . • .: 

• i • J r i '.por t fi.j.": O'.-'.-n ;jt r..;;,.r, r r.̂j : :, ,1 tinn'.T wn;::, i :; ;/,?':, ::,• ..• 

•jri'l -JTi'-nal-y 1'• to e f f i c i e n t n-isf-ricvi! sol jt i o n . The- [i.-dj-;<-<i :.•-• 

1-IJ ' o o l i t m n Kijs. ( 4 P I J ) tnroiijn I 4 6 e ) , t o g c t n o r w i r •. • :.• • . 

/-o li|. Mil) , "oxpr I :-,<• i ;.'o:r;;< 1 <te d e s c r i p t i o n of i <••: i-;t I .-• 

-. jl>\- ptu'no:n'--nij for an o r b i t r o r y t r a n s p o r t ;nod"l. I'.jr'i .. •• 

,1 ,:;.ii i; ;ni.l.-lr; ri,jv«' t.'-fri i-xpluM*',/ ••val'iated for the rn.-ocl i '. . 

•' 11 1 i :; i on -cioin t tvi t ed .ind long :n«',jn fr<c p a t h regime:;. .lo;f .'• . : • 

::tat'"' .".olution:; ho/,. J,ci>n 'I l :'.cur,:;w]. C o m p l e t e .inu!/t i ••i! ;: 

n.i.ti'-r u'.i I I'.ul'jl lunr; ,i",in| m ' T . e tr m ^ p o c t . model:; will ;,'• ..,-•.. . 

, i . . . . . . . ' '' 

It has long been recognized that the MHD equilibrium • •qoati ,;; 

J • B •- 7p constrains the resistive evolution of sir face 

averaged thermodynamic and magnetic variables in a plasma. >]i' 

won-, of Grad and Hogan discussed consequences of 'in 

constraint and thereby renewed interest in a sel f-consistenf 

treatment of diffusion in a deformable plasma. As a result, 

iterative numerical methods for solving a highly nonlinear (:-im of 

the equilibrium (Grad-Shafranov) Eq. (11a) simultaneously with a 
4 24-°7 simple collisional diffusion model have been developed. ' 

A numerical method for extending this to an arbitrary transport 
2 8 model has recently been described by Hogan. In that work, ea.-'r. 

numerical time step is divided (split) into two parts: one in 

which plasma and field profiles are advanced with fixed geometry, 

and the other in which the nonlinear equilibrium equation is 



. - i j v i t . >:i'~ w ; .« " ' - w I , i s .•.::• t j i" ••> v - j m r - t r y a n d h ^ n c c 

. j . - . . i t 1 '-.: 1 i y : : . ' : • ' ! . . • • ! ' • • a . " . : • . 1 : ' n.'i .' 1 • 1 •'.'•• 1 • • . 

: . - . . . • • : i !? . . : : • - . , • : : . • • : . . . : ' . ; 1 : \ ' - a i 1 I a . l ~ . c i a ! I •:; IV • ' - H J t 1. a i , *>• 

!,••• tu<'.-:"i '-:.'• ;i.i'' U t t (•! ./nt 1 _iU-d tl m f a r im'iii f o r m , K.j . ( 4 0 j , 

ji.tjin ':a- .••• i •;.' 1 *• y it toroid a l I I J X r irl ji'>%;. l'l.Ti"' 

1 : •• 1 • ;;• : ir .•; j •:..• • • ;.] L 1 Wit 1 u:r. i-.iuat. ion waa :',.! ] ]f.\ 1 ••() i.y :',rjeidl 

.••..: •. ! r, T:I"-.-.- worn.'. 111 • - 1 ••.;.; 1 ! 1 :i j I'tui lull lot (he 

...::,: t , .x .•••;..-ity wa.'. a 1. •: L. -1 a ! 1 /.•••! d 1 I ! •• I'-nt ; a 1 

jir.i in, ai.-ua- f i ax a a r t a o ' av'-raue:; ot t- r 1' - u n k n o w n '•'-{) 

•.;.•!*.• • ..;: t r iijaf •• i o r d i n a r y d 1 ! I 1 • r > -nr 1 a 1 tort!:; (in I to 111 • --

•ix.". iin :•'• ! ...ti'iai I r 0.T1 t:;i- 1 >cal ; ir i.if ion o( t 

tiowovf-r , no t r a;.' tab 1« m o a n s of n u m e r i c a l s o l u t i o n W c S 

In a d d i t i o n , the e q u a t i o n d i s c u s s e d by t h e s e a u t h o r s 

poloidal f l a x velocity an the d e p e n d e n t v a r i a b l e . As 

! . .v ja.;>.-d in S e c t i o n V, it is p r e f e r a b L e , for both p h y s i c a l and 

• .•• • : 1 • 1 . :• ::; :.:;, \.<> •''^".J.'JI.U ii )''•::' ly the toroidal flu:-: v e l o c i t y . 

Trie Ur:u d u p e n a e n t rnaqnetic tlux c o o r d i n a t e transforr;.ation i n t r o -

: ..-co in Section III enables efficient numerical solution of the 

•ornidable"" constraint, Hq. (40), since the surface intcqrals 

reduce to simple averages over a single coordinate ( • • ) -

A reconciliation between two different interpretations of the 

plasma mass flow in a resistive plasma has been suggested. One 

viewpoint considers the mass flow as a state variable, for 

which a boundary value problem must be solved. The other 

interprets the cross-field plasma flow as a transport quantity, 

determined by local gradients of thermodynamic variables. The 

1 ji.at 

a 1 i>-c;t 



"paradox" is resolved hy noting that in the frame moving witr, ••.<•• 

toroidal magnetic flux, the mass flow is indeed a t r ar,.;,or * 

-i.i-mt i ty, Potentially equal to the flux computed with •!'./•<. 

(at least in the collisional regime). However, the motion of fi.:;< 

surfaces in space is determined by Eq. (40) and requires r:,<-

solution of a global boundary value problem for its determinut. ion. 
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