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iii . . 

ABSTRACT, ' 

. . .  

With t h e  aim o f  d e v e l o p i n g  a  f a s t  and a c c u r a t e  

computer code ' f o r  p r e d i c t i n g  t h e  aerodynamic f o r c e s  

needed f o r  a  f l u t t e r  a n a l y s i s ,  w e  r ev iew some b a s i c  

c o n c e p t s  i n  c o m p u t a t i o n a l  t r a n s o n i e s  The uns teady  

t r a n s o n i c  f low p a s t  a i r f o i l s  i n  . r i g i d  body motion i s  

a d e q u a t e l y  d e s c r i b e d  by t h e  p o t e n t i a l  f low e q u a t i o n  a s  

l o n g  a s  t n e  boundary 1 a y e r . r e m a i . n ~  a t t a c h e d .  The two 

d i m e n s i o n a l  uns teady  t r a n s o n i c  p o t e n t i a l  f low e q u a t i o n  

i n  q u a s i l i n e a r  form w i t h  f l r s t  o r d e r  r a d i a t i o n  boundary 

c o n d i t i o n s  i s  s o l v e d  by an a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  

scheme i n  an a i r f o i l  a t t a c h e d  s h e a r e d  p a r a b o l i c  c o o r d i n a t e  

system. Numerical e x p e r i m e n t s  show t h a t  t h e  scheme i s  

. v e r y  s t a b l e  and i s  a b l e  t o  r e s o l v e  t h e  h i g h l y  n o n l i n e a r  

t r a n s c n i c  . e f f e c t s  f o r  f l u t t e r  a n a l y s i s  w i t h i n  t n e  c o n t e x t  
. . . . 

o f  an  i n v i s c i d  t h e o r y .  



I .  INTRODUCTION 

W e  begin  w i t h  a  survey o f  t h e  behavior  of f lows  

p a s t  convent iona l  a i r £  o i l s .  Then, w e  i n t r o d u c e  t h e  

unsteady t r a n s o n i c  problem i n  f l u t t e r  a n a l y s i s .  F i n a l l y ,  

w e  d i s c u s s  t h e  mathematical  d i f f i c u l t i e s  of  s o l v i n g  

such a  problem. 



1. Flow P a s t  A i r f o i l s  

W e  beg in  o u r  d i s c u s s i o n  wi th  a  b r i e f  survey  o f  t h e  

behavior  of f lows p a s t   airfoil,^: when a  convent iona l  

s jmmetr ic  a i r f o i l  a c c e l e r a t e s  from subsonic  speed t o  

supe r son ic  speed ' t h e  f low p a t t e r n  u s u a l l y '  develops  i n  

t h e  manner shown i n  F igu re  11. As t h e  f l i g h t  speed 

o f  t h e  a i r f o i l  r eaches  t h e  c r i t i c a l  speed,  t h e  l o c a l  

f low speed e q u a l s  t h e  l o c a l  sound speed.  Beyond t h e  

c r i t i c a l  speed,  a supe r son ic  r eg ion  appea r s  on t h e  
1 

a i r f o i l  which i s  u s u a l l y  te rmina ted  by a  n e a r l y  normal 

shock th rough  which t h e  f low speed jumps from super-  

s o n i c  t o  subsonic .  With a f u r t h e r  i n c r e a s e  i n  t h e  

f l i g h t  speed,  t h e  shock moves a f t  and t h e  s i z e  of  

t h e  supe r son ic  region . and t h e  shock s t . r e n g t h  hoth  

increase. if t h e  preg.sure jump thr~uqh the Ehook 

i s  s u f f i c i e n t l y  l a r g e ,  s e p a r a t i o n  o f  t h e  boundary 

l a y e r  occu r s .  This  shock induced s e p a r a t i o n  s t a r t s  when 

t h e  l o c a l  Mach number, t h e  r a t i o  o f  l o c a l  f low and sound - 

speeds ,  j u s t  upst ream of  t h e  shock i s  about  1.25 t o  1.3.  

When t h e  boundary l a y e r  downstream o f  t h e  shock s e p a r a t e s ,  

t h e  n a t u r e  of  t h e  f low around t h e  a i r f o i l  changes 



complete ly  and o f t e n  t u r b u l e n t  f low phenomena, such as 

b u f f e t  o r  buzz, s t a r t  t o  occur .  

The o t h e r  impor t an t  f l i g h t  parameter  i s  t h e  a n g l e  of  

a t t a c k ,  t h e  ang le  between t h e  f l i g h t  d i r e c t i o n  and t h e  

a i r f o i l  chord.  The e f f e c t  o f  chang inq the  a n g l e  of a t t a c k  

of a  convent iona l  symmetric a i r f o i l  a t  a g iven  super-  

. .. .. c r i t i c a l  speed i s  shown i n  F igu re  - 9  . When . t h e  . . .  a n g l e  of  

a t t a c k  i s  i n c r e a s e d ,  t h e  speed o v e r  t h e  upper s u r f a c e  

i n c r e a s e s ,  and t h e  shock s t r e n g t h  and t h e  supe r son ic  r eg ion  

on t h e  upper s u r f a c e  bo th  i n c r e a s e .  

The f low p a t t e r n s  f o r  a modern s u p e r c r i t i c a l  a i r f o i l  

a c c e l e r a t i o n  i n  speed o r  a n g l e  are u s u a l l y  s i m i l a r  t o  t h e  

p a t t e r n s  shown i n  F igu res  1 2  and 10 ,  r e s p e c t i v e l y .  The 

supe r son ic  zone i n  t h e s e  c a s e s  may c o n s i s t  of  s e v e r a l  

p i eces .  



2.. Engineer ing Cons idera t ions  

An a i r c r a f t  under c e r t a i n  c i rcumstances  may expe r i ence  

v i b r a t i o n s  of  an u n s t a b l e  n a t u r e .  This  phenomenon, c a l l e d  

f l u t t e r  i n  a e r o e l a s t i c i t y ,  i s  governed by t h e  i n t e r a c t i o n  

o f  t h e  e l a s t i c  and i n e r t i a l  f o r c e s  o f  s t r u c t u r e  w i th  t h e  

aerodynamic f o r c e s  qene ra t ed  by t h e  motion o f  t h e  v e h i c l e .  

~ h e s e '  f o r c e s  ' i n t e r a c t  i n  such a way t h a t  t h e  v i b r a t i n g  
. . . . /  . . . . 

s t r u c t u r e  e x t r a c t s  energy from t h e  pas s ing  flow. This  may 

l e a d  t o  a p r o g r e s s i v e  i n c r e a s e  i n -  t h e  ampli tude of v ib ra -  

t i o n  and may cause  s t r u c t u r a l  damage and l o s s  of  c o n t r o l  of 

t h e  v e h i c l e .  

For  a g iven  v e h i c l e ,  the .aerodynamic  f o r c e s  i n c r e a s e  

r a p i d l y  w i t h  t h e  f l i g h t  speed wh i l e  t h e  e l a s t i c  and 

i n e r t i a l  f o r c e s  remain e s s e n t i a l l y  unchanged. There i s  a 

c r i t i c a l  f l i g h t  speed c a l l e d  t h e  f l u t t e r  speed,  a k ~ v e  which 

f l u t t c r  occu r s .  The r e q u i r e ~ t ~ e l l t  t h a t  a f l i g h t  v e h i c l e  be 

f r e e  o f  f l u t t e r  ove r  t h e  e n t i r e  f l i g h t  range ,  which may 

i n c l u d e  subson ic ,  t r a n s o n i c ,  supe r son ic  and hype;sonic speeds ,  

i s  one o f  t h e  most c r u c i a l  f a c t o r s  i n  t h e  des ign  and cons t ruc-  

t i o n  of  f l i g h t  v e h i c l e s .  The v i b r a t i o n  c h a r a c t e r i s t i c s  of  

t h e  vehicle a t  zero speed can be determined quite a c c u r a t e l y  

by numerical  methods o r  ground v i b r a t i o n  tests [ 4 4 1 .  Thus 

f l u t t e r  a n a l y s i s  depends mainly on t h e  knowledge o f  t h e  aero-  

dynamic fo , rces .  I n  subsonic  and supe r son ic  f l i g h t ,  aerodynamic 

f o r c e s  can be p r e d i c t e d  reasonably  w e l l  by c u r r e n t  

methods based on l i n e a r  theory .  For t r a n s o n i c  f l i g h t ,  



n o n l i n e a r  . e f f e c t s  , make t h e  eva lua t ion  of  t h e  t r a n s i e n t  

aerodynamic f o r c e s ' c o n s i d e r a b l y  more d i f f i c u l t .  This has  

concerned t h e  f l u t t e r  a n a l y s t  s i n c e  t h e  beginning o f  

. . t ransonic  f l i g h t . ,  The t r a n s o n i c  regime wi th  i t s  mixed 

subsonic-supersonic  flow p a t t e r n s ,  u s u a l l y  conta in ing  

shock waves, i s  t h e  most c r i t i c a l  regime f o r  t h e  d e t e r -  

minat ion  o f  t h e  f l u t t e r  boundary. A t y p i c a l  f l u t t e r  

boundary wi th  t r a n s o n i c  d i p  i s  depic ted  i n  F igure  1. 

The f l i g h t  speed may exceed t h e  f l u t t e r  speed i n  t h e  

t r a n s o n i c  region.  

speed 

Fig.. 1 . Typical  F l u t t e r  Speed vs.  Mach'  umber Curves 

of  a F l i g h t  Vehicle.  



C u r r e n t l y , s u p e s c r i t i c a l  wings 2ake it p o s s i b l e  t o  c r u i s e  

a t  t r a n s o n i c  speeds wi th  low drag. This l eads  t o  a  renewed 

i n t e r e s t  i n  t r anson ic  f l u t ' t e r  a n a l y s i s .  I n  t h i s  paper 

w e  cons ider  i n v i s c i d  unsteady t r anson ic  p o t e n t i a l  flow 

p a s t  a i r f o i l s  i n  r i g i d  body motion with t h e  aim of provid- 

i n g  a method of p r e d i c t i n g  t h e  aerodynamic f o r c e s  needed 

f o r  a f l u t t e r  analys i s .  



3. Mathematical Problem , 

In mathematical terms we find solutions to a partial 

differential equation that describes flow outside a wing 

section which.is in rigid body motion. There are several 

difficulties in this problem: 

1. The equation is nonlinear, 
. .  . . . . . . . . . . . . . . 

2. The physical time direction is not the time-like 

direction of the equation when the flow is supersonic, 

3:Shock waves occur, and 

4. The body surface is moving in time, which is equivalent 

to saying that there is an essential singularity at 

infinity in the airfoil attached reference frame. 

While much progress has been made in the mathematical 

theory of transonic flow, many basic questions remain open. 

For example, even for the small disturbance equation, one 

of the simplest nonlinear mathematical models, it has not 

been shown that the problem is well posed in a suitable class 

of weak solutions. The linear theory is deficient in -a 

predicting important features of transonic flow outside 

airfoils in low reduced frequency motion: [29]. 

At present, a very effective way to study unsteady 

transonic flow is to obtain approximate solutions by compu- 

tational methods. We overcome the first difficulty by the 

use of finite different-e methods. This allows the solution 

'to be advanced in time by solving a sequence 01 linear 

equations which approximate the nonlinear equation if the 



t ime s t e p  i s  small.. The second d i f f i c u l t y ,  a s  w e l l  a s  t h e  

t h i r d ,  i s  so lved  by a  type  dependent d i f f e r e n c i n g  s t r a t e g y  

which employs c e n t r a l  d i f f e r e n c i n g  f o r  a l l  terms a t  sub- 

s o n i c  p o i n t s  and upwind d i f f e r e n c i n g  f o r  t h e  streamwise 

d e r i v a t i v e s  and c e n t r a l  d i f f e r e n c i n g  f o r  t h e  t r a n s v e r s a l  

d e r i v a t i v e s  a t  supersonic  p o i n t s .  Shocks a r e  captured 

au tomat i ca l ly .  The f o u r t h  d i f f i c u l t y  i s  so lved  by using a 

codr 'dihate system i n  which t h e  a i r f o i l  i s  f i x e d .  The 

f a r  f i e l d  then has  an e s s e n t i a l  s i n g u l a r i t y  t h a t  can i n  t u r n  

be t r e a t e d  by in t roduc ing  r a d i a t i o n  boundary c o n d i t i o n s  a t  

t h e  a r t i f i c i a l  boundaries which a r e  a  f i n i t e  d i s t a n c e  away 

from t h e  body. 



4 .  P lan  o f  Work . . 

The p l a n  of  t h i s  work i s  as fo l lows ;  I n  S e c t i o n  11, 

s e v e r a l ,  f low models de r ived  from t h e  conse rva t ion  l a w s  of  

f l u i d  dynami'cs and t h e  proper  c o n s t i t u t i o n a l  hypo thes i s  are 

reviewed i n  dec reas ing  o r d e r  o f  complexi ty .  W e  begin  w i t h  

t h e  Navier-Stokes equa t ions  and s t e p  down t o  Eule r  equa t ions ,  

.. . . .  . . . .p o.ten.tia.1 -.-f-low . equa t ions  , smal l  d.i.sturb'ance -equat*on , - ... and  ' . 

low frequency smal l  d i s t u r b a n c e  e q u a t i o n .  W e  d i s c u s s  t h e  

proper  boundary c o n d i t i o n s  and r e l a t e d  concepts  i n  each 

f low model. W e  a l s o  review some b a s i c  numerical  concepts  

and d i s c u s s  a  s p l i t t i n g  t e c h n i q u e  f o r  c o n s t r u c t i n g  s t a b l e  

i m p l i c i t  schemes. 

I n  S e c t i o n  111, we r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  poten- 

t i a l  f low equa t ion  i n  q u a s i l i n e a r  form. W e  s t udy  t h e  

c h a r a c t e r i s t i c  s u r f a c e s  o f  t h e  equa t ion  and d e r i v e  t h e  

proper  r a d i a t i o n  boundary c o n d i t i o n s '  f o r  t h e  a r t i f i c i a l  

boundar ies  o f  computat ional  domain. W e  a l s o  d i s c u s s  

c o o r d i n a t e  t r a n s f o r m a t i o n s  which r ende r  t h e  a i r f o i l  s u r f a c e  - .. 

l y i n g  a long  a  of c o o r d i n a t e  s u r f a c e  i n  t h e  compu- 

t a t i o n a l  domain. 

I n  S e c t i o n  I V ,  we c o n s t r u c t  a  h i g h l y  s t a b l e  a l t e r n a t i n g  

d i r e c t i o n  scheme f o r  t h e  p o t e n t i a l  f low equa t ion  i n  t h e  compu- 

t a t i o n a l  domain. . T h e  f i n i t e  d i f f e r e n c i n g  s t r a t e g y  and 

approximate f a c t o r i z a t i o n  technique  a r e  analyzed through 

l i n e a r  models, convec t ion  equa t ion  ' and wave equa t ion  . 
I t  i s  shown t h a t  t h e  scheme i s  uncond i t i ona l ly  s t a b l e  f o r  



t h e s e  two cases. 

I n  S e c t i o n  V, w e  check t h e  scheme by c a l c u l a t i n g  

s t e a d y  f low p a s t  some a i r f o i l s .  The computat ional  r e s u l t s  

show t h a t  t h e  scheme i s  ve ry  s t a b l e  and t h e r e  i s  no problem 

i n  c a l c u l a t i n g  s o n i c  f l i g h t .  Then, w e  demonstra te  o u r  

a b i l i t y  t o  .c :a lcula te  unsteady t r a n s o n i c  f low p a s t  real is t ic  

a i r f o i l s  i n  r i g i d  body motion. 
. . . . .  

. 

I n  S e c t i o n  V I ,  w e  p r e s e n t  t h e  conc lus ion  of  t h i s  work. 

I n  Appendix A,. w e  d e s c r i b e  a 5-diagonal m a t r i x  s o l v e r  

employed i n  o u r  scheme. 

I n  Appendix B ,  w e  e x p l a i n  t h e  o p e r a t i o n  o f  t h e  computer 

program and t h e  g l o s s a r y  o f  i n p u t  parameters .  W e  a l s o  

p r e s e n t  t h e  l i s t i n g  o f  t h e  computer program UFLOS. 
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11. BASIC CONCEPTS 

With t h e  o b j e c t  of  developing a  f a s t  and a c c u r a t e  

computer code f o r  unsteady t r a n s o n i c  f low p a s t  a i r f o i l s  

w e  review i n  t h i s  s e c t i o n  some b a s i c  mathematical  models, 

i n c l u d i n g  governing equa t ions  and boundary c o n d i t i o n s  

f o r  unsteady t r a n s o n i c  f lows and some r e l e v a n t  numeri- 

ca l  concepts  i n c l u d i n g  t h e  r e s o l u t i o n  of t h e  f i n i t e  

d i f f e r e n c e  mesh system, t h e  i d e a s  under ly ing  t h e  s p l i t -  

t i n g  technique  and t h e  shock c a p t u r i n g  technique  used 

t o  c o n s t r u c t  an a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  scheme 

and t h e  advantages  and d i sadvan tages  of  c o n s e r v a t i v e  

and nonconserva t ive  d i f f e r e n c e  schemes., 



I n  many a e r o n a u t i c a l  , app l i ca t ions  t u r b u l e n t  f low i s  

observed.  The phenomenon of  t u rbu lence  i s  n o t  w e l l  under- 

s tood  and c u r r e n t l y  much a t t e n t i o n  focusses  on f i n d i n g  

u s e f u l  models t o  d e s c r i b e  t u r b u l e n t  f low t h e o r e t i c a l l y .  

Continuous f low models have been found adequate  t o  

d e s c r i b e  a l a r g e  c l a s s  o f  f lows  of pract ical  importance [ 3 3 1 .  

1.1 Navier-Stokes Equations 

With t h e  p rope r  c o n s t i t u t i v e  approximat ions ,  t h e  

c o n s e r v a t i o n  l a w s  of m a s s ,  momentum and cnergy lead to 
. .  . 

t h e  Navier-Stokes equa t ions  i n  C a ~ t e e i a n  x, y c o o r d i n a t e s  

i n  t h e  c o n s e r v a t i o n  form [ 3 2 , 3 8 ]  - .  

where 

w i t h  



and 

i n  t e r m s  o f  d e n s i t y  p ,  p r e s s u r e  P,  v e l o c i t y  components 

u  and v ,  v i s c o s i t y  c o e f f i c i e n t s  X and p, t o t a l  energy 

pe r  u n i t  m a s s  e, s p e c i f i c  i n t e r n a l  energy s and c o e f f i -  

c i e n t  of h e a t  c o n d u c t i v i t y  K .  To c l o s e  t h e  system w e  

a d j o i n  t h e  equa t ion  of s t a t e  p  = p ( ~ ,  p )  . The s i m p l e s t  

equa t ion  of  ' s t a t e  i s  t h e  p o l y t r o p i c  r e l a t i o n  (y-law) 

P = (y - 1) s p  , y  = c o n s t a n t  , 

where y  i s  t h e  r a t i o  of  s p e c i f i c  h e a t s ,  equa l  t o  1 . 4 '  . 

f o r  a i r .  

The above system can be r e w r i t t e n  i n  t h e  nondimen- 

s i o n a l  form [42] 

+ G .= R - ' ( R ~  + S )  (2  Ut + Fx . y e Y 
. . 

where 



w i t h  

s4 = UT + V T  + K P ; ' ( ~  - 1)-I a a  2  
and XY YY Y 2 r = (y-1)Le - 0.5  p (u  +v2)1 

where t h e  l o c a l  sound speed a i s  g iven  by 

A i s  t aken  as - (2/3) p, t h e  Stokes" hypothes i s .  Note t h a t  

t h e  nondimensional r e f e r e n c e  q u a n t i t i e s  are a r b i t r a r y ,  t h e  
. . 

Reynolds number % and t h e  P r a n d t l  number Pr used i n  equa- 

t i o n  (2.1 a r e  d e f i n e d  i n  t e r m s  of these r e f e r e n c e  va lues .  

Usua l ly ,  two t y p e s  0.5. boundary c o n d i t i o n s  must b e  

s p e c i f i e d  t o  de te rmine  f low g a s t .  a i r f o i l s  i n  motion. 

a. The body s u r f a c e  condi t i ,on  r e q u i r e s  t h e  f low v e l o c i t y  

r e l a t i v e  t o  t h e  body be z e r o  (no s l i p  c o n d i t i o n )  , and 

b .  Appropr ia te  f a r - f i e l d  boundary c o n d i t i o n s  rnust .be  

s p e c i f i e d  a t  t h e  n e c e s s a r i l y  f i n i t e  l i m i t s  o f  t h e  
I .  

computat ional  domain. 



1.2 Eule r  Equat ions  

I f  v i s c o s i t y  and h e a t  conduct ion a r e  neg lec t ed ,  t h e  

f low equa t ions  ( 2 )  are reduced t o  

(3 )  U t + F  + G  = O  
X Y 

and t h e  equa t ion  o f  s tate f o r  t h e  y-law g a s ,  

I n  t h e  i n v i s c i d  f low f i e l d ,  i f  t h e r e  are s u r f a c e s  

o f  d i s c o n t i n u i t y ,  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  form 

( 3 )  h a s  t o  be  i n t e r p r e t e d  as a weak s o l u t i o n  o f  t h e  f low 

equa t ion  w i t h  p rope r  en t ropy  c o n d i t i o n .  u  (x ,  y, t)  i s  a 

weak s o l u t i o n  o f  d i f f e r e n t i a l  equa t ion  ( 3 )  i f  

f o r  any smooth tes t  f u n c t i o n  W(x,y, t )  which van i shes  

f o r  Il ( x , y )  11 l a r g e .  An e q u i v a l e n t  s t a t emen t  of  weak so lu -  

t i o n s  of t h e  d i f f e r e n t i a l  form (3 )  i s  t h a t  

a .  The d i f f e r e n t i a l  form ( 3 )  ho lds  i n  t h e  smooth r eg ion ,  and 

b. Across any s u r f a c e  S of  d i s c o n t i n u i t i e s ,  t h e  fo l lowing  

jump c o n d i t i o n  holds;  

nt[U] + nx[F] + n [GI = 0 on S 
Y 

- 
Here n. = (nx,n  ,n t )  i s  a  u n i t  normal v e c t o r  t o  t h e  s u r f a c e  S 

Y 



of  d i s c o n t i n u i t y  p o i n t i n g  from t h e  r eg ion  (1) t o  t h e  
- 

r eg ion  ( 2 ) .  :More s p e c i f i c a l l y ,  i f  q  i s  t h e  v e l o c i t y  

v e c t o r  o f  t h e  f low and s i s  t h e  v e l o c i t y  o f  t h e  s u r f a c e  

o f  d i s c o n t i n u i t y . ,  t h e n  t h e  jump r e l a t i o n s  d e r i v e d  from 

t h e  c o n s e r v a t i o n  l a w s  o f  m a s s ,  momentum'and energy a r e  

and 

Equation (5)  i m p l i e s  the fo l lowing  two equa t ions :  

and 

We can  d i s t i n g u i s h  two c a s e s  w i th  e i t h e r  m # 0 o r  

m = 0 a c r o s s  t he  s u r f a c e  of d i s c o n t i n u i t y -  I n  t h e  h k ~ e t  
- - 

case, t h e  t a n g e n t i a l  v e l o c i t y  component nxq i s  cont inuous 

a c r o s s  t h e  s u r f a c e  which r e p r e s e n t s  a shock wave; i n  t h e  

second c a s e ,  it i s  a  s l i p  s u r f a c e  a c r o s s  which t h e  p r e s s u r e  
..d - 

and t h e  normal v e l o c i t y  component n o q  a r e  cont inuous  wh i l e  

t h e  d e n s i t y  and  t h e  t a n g e n t i a l  v e l o c i t y  co~ripvnent can have . . 

a r b i t r a r y  jumps. I n  t h e  p a r t i c u l a r  c a s e  bo th  m 
- - 

v a n i s h e s  and nxq i s  cont inuous ,  t h e  s l i p  s u r f a c e  is  c a l l e d  



a c o n t a c t  d i s c o n t i n u i t y  where on ly  d e n s i t y  i s  d i scon t inuous  
. . 
and t h e r e  i s  no r e l a t i v e  motion. 

I f  t h e r e  i s  a  r e g i o n  of  supe r son ic  f low i n  t h e  f low 

f i e l d  it i s  w e l l  known ['30] t h a t  shock waves w i l l  

g e n e r a l l y  appear .  The en t ropy  c o n d i t i o n  t o  p ick  t h e  r i g h t  
- ... 

weak s o l u t i o n  i s  t h a t  n - q  d e c r e a s e s  a c r o s s  t h e  shock. 

For t h e  i n v i s c i d  f low model t h e  boundary c o n d i t i o n  a t  
.. . . . . .  . . . . . .  . 

the body i s  reduced t o  t h e  k inemat ic  c o n d i t i o n  r e q u i r i n g  

t h e  body t o  be  impene t rab le  t o  t h e  flow. Namely, t h e  f low 

remains t a n g e n t  t o  t h e  body s u r f a c e .  I n  mathemat ical  t e r m s  

i t  i s  s u b j e c t  t o  t h e  c o n d i t i o n  

- dF - - F + 9 - V F  = 0 on t h e  body s u r f a c e  F ( x t y t t )  = 0 . d t  t 

A t  t h e  t r a i l i n g  edge it r e q u i r e s  t h a t  t h e  p r e s s u r e  and 

t h e  f low ' d i r e c t i o n  be  cont inuous .  To be s p e c i f i c ,  t h e  

r a t e  of change o f  c i r c u l a t i o n  r ,  measured counte rc lockwise ,  

i s  g iven  by 



where t h e  v e l o c i t i e s  q  and q2 a r e  t h e  upper and lower u  

v e l o c i t i e s  a t  t h e  t r a i l i n g  edge. Con.sequently, i f  t h e  

c i r c u l a t i o n  is  t o  change w i t h  t ime ,  n e i t h e r  t h e  average  

v e l o c i t y  no r  t h e  jump v e l o c i t y  can be  zero.  The v o r t e x  

s h e e t ,  comprised o f  v o r t e x  f i l a m e n t s ,  t r a i l i n g  

downstream of  t h e  a i r f o i l ,  i s  viewed a s  a  

s l i p  s u r f a c e .  I n  r e a l i t . y ,  t h e  vortex a h e e t  
. .. .. 

i o  convected with  t h e  motion ok t h e  f l u i d  and r o l l s  up 

on i t s e l f  due t o  i t s  se l f - i nduced  v e l o c i t i e s .  A c o n s i s t e n t  
. . 

model account ing  f o r  t h e  r o l l - u p  of  t h e  s h e e t  would add 

g r e a t l y ' t o  : the d i f f i c u l t y  o f  c o n s t r u c t i n g  a boundary 

conforming c o o r d i n a t e  system. I f  t h e  convec t ion  and r o l l - u p  

of  t h e  s h e e t  are ignored ,  t h e  v o r t e x  s h e e t  may be assumed 

t o  be a long  t h e  s t reamwise c o o r d i n a t e  s u r f a c e  t h a t  l e a v e s  

t h e  a i r f o i l  t r a i l i n g  edge smoothly. The c o n s t r a i n t s  a p p l i e d  

011 it are t h a t  t h e  p r e s s u r e  and t h e  normal v e l o c i t y  component 

.be cont inuous  a c r o s s  t h e  v o r t e x  s h e e t .  

The a p p r o p r i a t e  r a d i a t i o n  boundary c o n d i t i o n s  a t  t h e  

a r t i f i c i a l  boundar ies  o f  computat ional  domain are aga in  

. needed. 

W e  remark t h a t  i n  s t e a d y  f low c a l c ~ ~ l a t i o n ,  t h e  energy 

equa t ion  can be  r ep l aced  by B e r n o u l l i ' s  equa t ion  f o r  c o n s t a n t  

t o t a l  en tha lphy  H = 1 + u2+v2 E c o n s t .  t he reby  reduc ing  
Y-1 P 2  

t h e  number of  dependent v a r i a b l e s  from f o u r  ( p , u , v , e )  t o  

t h r e e  ( p , u , v ) .  



1 . 3  P o t e n t i a l  Flow Equation 

Assuming t h a t  t h e  f low can be desc r ibed  by a v e l o c i t y  

p o t e n t i a l ,  t h e  Eu le r  equa t ions  can be reduced t o  a s i n g l e  

q u a s i l i n e a r - e q u a t i o n .  This  i m p l i e s  t h a t  t h e  f low ,is i r r o t a -  

t i o n a l  and hence i n  view of  Crocco ' s  r e l a t i o n  t h a t  t h e r e  are 

no en t ropy  changes i n  t h e  flow. The en t ropy  produced by a 

. . sh~c.k .  -i.s ..propo.r.t.ionaz. .... t o  t h e  t.hi.rd -order  .of. . t h e  ..shock . . s t r eng th  

[12] .  W e  may assume t h a t  t h e  en t ropy  i s  conserved a c r o s s  t h e  

s h o c k , i f  w e  j u s t  c o n s i d e r  weak shocks ,  such as occur  on t h e  

s u r f a c e  of a  w e l l  des igned  a i r f o i l .  Th is  approximate model 

should n o t  be  a sou rce  o f  s e r i o u s  e r r o r  i f  t h e  Mach number of 

t h e  normal comp0nen.t of  t h e  f low ahead o f  t h e  shock i s  less 

than  1 . 2 .  

L e t  be t h e  v e l o c i t y  p o t e n t i a l  w i t h  q  = V @  t h e  

v e l o c i t y  v e c t o r .  The equa t ion  o f  motion Dg/Dt = - V ~ / P  

l e a d s  t o  

m, + $ + 1 * = f  ( t )  + c o n s t a n t .  
P 

If 4 = @ - f ( t )  d t  t hen  V$ = V B  and qt = Qt - f ( t ) .  I 
W e  t h e r e f o r e  c a l l  c$ v e l o c i t y  p o t e n t i a l  as w e l l  and 

w e  have t h e  B e r n o u l l i  equa t ion  f o r  (I 

q L  + * = c o n s t a n t .  
+t + 2 P 

The conse rva t ion  o f  mass i s  



W e  t a k e  t h e  equa t ion  o f  s t a t e  t o  b e  

1 
( 3 )  p = ( y )  pY 

w i t h  pw = 1 and am = 1 . 
I n  t h e  smoo-th r e g i o n  o f  t h e  f low w e  may e l i m i n a t e  p from 

t h c  above e y u d t i o n  and g e t  a q u a s i l i n e a r  equa t ion  f o r  $. 
. . , . . . . . - . . 

The equaLio11 of c o n t i n u i t y  yields 

The B e r n o u l l i  equa t ion ,  a f t e r  d i f f e r e n t i a t i o n ,  l e a d s  t o  

F i n a l l y ,  w e  cvrnbine them and g e t  an  equa t ion  

The shock c o n d i t i o n s  which w i l l  b e  a p p l i e d  i n  t h e  model 

(1) , ( 2 )  and (3') a r e  
- .., 

a. nxq i s  cont inuous  a c r o s s  t h e  shock which i m p l i e s  

is  cont inuous  
* ... 

b. ( n - q  - s ) * p  i s  cont inuous  which s a y s  m a s s  i s  conserved 

a c r o s s  t h e  shock,  where s i s  t h e  shock speed 



- ... 
c .  n - q  d e c r e a s e s  a c r o s s  t h e  shock. This  i s  t h e  en t ropy  

c o n d i t i o n .  

H e r : e  : n i s  t h e  normal t o  t h e  shock s u r f a c e .  

According t o  t h e s e  c o n d i t i o n s ,  a  normal shock i s  t o  be 

modeled a s  a  jump between equa l  p o i n t s  of an i s e n t r o p i c  

s t ream tube .  The corresponding change i n  normal momentum 

. .. . . . ... i.s .... bal.anced ..by ... a. . fo rce  .on t h e -  .dis.c.o.ntiaui.ty.i T.he ..combined 

f o r c e  on t h e  body and t h e  d i s c o n t i n u i t y  i s  ze ro  s o  

t h a t  t h e  i n t e g r a l  o f  t h e  p r e s s u r e  ove r  t h e  body s u r f a c e  

y i e l d s  a  d rag  which i s  an  approximat ion t o  t h e  wave drag.  

The s u r f a c e  c o n d i t i o n  r e q u i r e s  t h a t  

... ,., 
V$*n = v  On on t h e  body s u r f a c e .  B 

H e r e  i s  t h e  normal t o  t h e  body s u r f a c e  and vg i s  t h e  

body v e l o c i t y  r e l a t i v e  t o  t h e  a b s o l u t e  r e f e r e n c e  frame. 

  he t r a i l i n g  edge and wake c o n d i t i o n  a r e  b a s i c a l l y  t h e  

same a s  f o r  t h e  Eule r  equa t ions .  S p e c i f i c a l l y ,  t h e  r a t e  

of change of c i r c i ~ l a t i o n  F of  a i r f o i l  i s  g iven  by 

With t h e  c o n t i n u i t y  of p r e s s u r e  and normal v e l o c i t y  component - . 

a c r o s s  t h e  wake, t h e  B e r n o u l l i  equa t ion  g i v e s  

- 
where $s s t a n d s  f o r  t h e  average  v e l o c i t y  a t  any p o i n t  i n  t h e  

wake. Thus t h e  c i r c u l a t i o n  can change o n l y  if 



t h e r e  i s  a v e l o c i t y  jump a t  t h e  t r a i l i n g  edge. Hence a 

v o r t e x  s h e e t  i s  shed and t h e  wake c o n d i t i o n  ( 7 )  exp res se s  

t h e  equa t ion  f o r  t h e  t r a n s p o r t  o f  v o r t i c i t y  downstream. 

W e  w i l l  d i s c u s s  r a d i a t i o n  boundary c o n d i t i o n s  f o r  

equa t ion  (5) i n  a l a t e r  s e c t i o n .  

1 . 4  Small D i s  L u ~ L a l ~ c e  Equa t i d n  ".."--. 

For  -small . d i s tu rbance  t r a n s o n i c  f lows ,  t h e  f low 

equa t ion  can  be f u r t h e r  s i m p l i f i e d  by a  p e r t u r b a t i o n  

method [I]. Namely, assume t h a t  the t h i c k n e s s  t o  

chord r a t i o  T of  t h e  a i r f o i l  under c o n s i d e r a t i o n  

i s  smal l  i n  t h e  s e n s e  o f  T 2/3 k 1 - M: << 1 , where M i s  

t h e  free stream Mach number. I f  w e  expand the  p o t e n t i a l  

$ t o  t h e  p o t e n t i a l  f low equa t ion  i n  t h e  powers of  T and 

r e t a i n  the l owes t  approximat ion,  w e  o b t a i n  t h e  smal l  

d i s t u r b a n c e  equa t ion  

and 

The reduced  f requency K = wc/q_ i s  a measure o f  t h e  

deg ree  of u n s t e a d i n e s s  o f  t h e  f low f i e l d  s i n c e  it i s  t h e  

r a t i o  of t h e  t i m e  scale o f  t h e  a i r f o i l  f l i g h t  speed c/q_ 



and t h a t  o f  t h e  unsteady motion l / w ,  where c i s  t h e  chord 

of  a i r f o i l ,  w i s  t h e  f requency o f  t h e  unsteady motion and 

q i s  t h e  f l i g h t  speed.  The f low v e l o c i t y  is  t h e  sum of 

. the  f r e e  s t ream v e l o c i t y  qW and t h e  g r a d i e n t  o f  4 .  W e  

remark t h a t  4 ,  t ,  y and x have been s c a l e d  by 

*/ 3 c r  qw , l / w ,  c / T ' / ~  and c r e s p e c t i v e l y .  

The primary m e r i t  of  t h i s  approximat ion i s  t h a t  t h e  

s u r f a c e  c o n d i t i o n  i s  ve ry  s imple .  The s u r f a c e  o f  t h e  

. a i r f o i l  i s  t r a n s f e r r e d  t o  t h e  s l i t  y = 0 ,  0 < x < 1, 

which i s  t h e  mean s u r f a c e  approximat ion t o  t h e  a i r f o i l  

i n  t h e  new s c a l e d  c o o r d i n a t e  system. I f  h ( x , t )  i s  t h e  

unsteady d i sp lacement  of  t h e  a i r f o i l  s u r f a c e  from t h e  t r u e  . 

mean con tou r .  f  ( x )  , then t h e  s u r f  a c e  ' condi t ion  i s  

@ Y  
= f x +  h + ht  on t h e  s l i t  y =  0 , 0 < x < 1 .  

X 

The wake c o n d i t i o n  is  t h a t  t h e  jump. of  t h e  p r e s s u r e  c o e f f i c i e n t  

a c r o s s  t h e  wake y = 0 , 1 < x ,  must van i sh  Namely, 

, (cp] = 0 where c = - 2 ~ ~ / ~ ( 4 ~ +  4 t ) .  
P 



1 . 5  Low Frequency Small Dis turbance Equation 

For  low frequency r s l - ~ ~  a -r2I3 << 1, it i s  w e l l  

known [ l ]  t h a t  t h e  smal l  d i s t u r b a n c e  equa t ion  reduces  t o  

- 
2S24xt 

- 
vc@xx + bYY 

where v  = (l-Mm)/.r 2  
C 

2/3 - ( Y + ~ ) M , @ ~  . 
The s u r f a c e  boundary c o n d i t i o n  and t h e  wake condi-  

t i o n  can be eiL11er t h a t  Of t h e  s m a l l  d i s t u r b a n c e  

e q u a t i o n  or: a s  foll..lnws:: 

a. O y  = f x  + hx on y = O ,  O < x < 1  

b. [cp] = 0 on y = 0 , 1 < x where c = - 2 T  2/3 
P @x. 

1.6 When t o  U s e  Which Model 

Each model h a s  its own l i m i t a t i o n s  based on t h e  assump- 

t i o n s  used i n  deve lop ing  t h e  f low equa t ions .  For example, 

the  low frequcncy s m a l l  d i s l u r b a n c e  equa t ion  does  n o t  

d e s c r i b e  h i g h  f requency motion w e l l ,  t h e  s m a l l  d i s t u r b a n c e  

, e q u a t i o n  does  n o t  d e s c r i b e  t h e  b l u n t  l e a d i n g  edge a i r f o i l s  

w e U ,  t h e  p n t c n t i a l  Lluw equcltfon. docs 11oL describe t h e  

s t r o n g  shock wave w e l l ,  t h e  Eu le r  equa t ion  does  n o t  d e s c r i b e  

s e p a r a t e d  f low w e l l .  W e  b r i e f l y  remark t h a t  when s t r o n g  shocks 

l e a d  t o  s e p a r a t i o n ,  v i s c o u s  e f f e c t s  cannot  be neg lec t ed .  E i t h e r  

boundary l a y e r  c o r r e c t i o n  e q u a t i o n s  o r  t h e  ~ a v i e r - S t o k e s  equa- 

t i o n  have t o  be  employed [ l o ] .  The c o n s i d e r a t i o n  of  t u rbu lence  

i s  probably needed t o  r e s o l v e  t h e  complicated f low phenomena 

such  a s  b u f f e t  s e p a r a t i o n ,  rea t tachement ,  and s o  on. Here we 

w i l l  c o n s i d e r  f lows  w i t h  r e l a t i v e l y  weak shocks  which can be 

adequa te ly  d e s c r i b e d  by t h e  p o t e n t i a l  f low model. 



2 .  Bas ic  Numerical Concepts 

The numerical  problem i s  t o  f i n d  a n  approximate 

s o l u t i o n  a c c u r a t e  t o  w i t h i n  some t o l e r a n c e .  The most 

b a s i c  and widely  used method t o  s o l v e  t i m e  dependent 

problems i s  t h e  f i n i t e  d i f f e r e n c e  method. I n  t h i s  sec-  

t i o n  w e  review some b a s i c  numerical  concepts  about  t h e  

f i n i t e  d i f f e r e n c e  method and prop-ose a  f i n i t e  d i f f e r e n c e  

s t r a t e g y  w i t h  a s p l i t t i n g  technique  which r e s u l t  i n  

u n c o n d i t i o n a l l y  s t a b l e  schemes f o r  t h e  h e a t  equa t ion ,  

l i n e a r  advec t ion  equa t ion  and wave equa t ion ,  r e s p e c t i v e l y .  

And w e . w i l l  app ly  t h o s e  i d e a s  t o  c o n s t r u c t  an  AD1 

type  scheme f o r  t h e  p o t e n t i a l  f low equa t ion  i n  q u a s i l i n e a r  

form i n  Sec t ion  I V .  



2.1 Mesh Spacing . . 

I n  t h e  f k n i t e  d i f f e r e n c e  method, one performs a l l  

c a l c u l a t i o n s  o n  t h e  g r i d  p o i n t s  o f  a computat ional  domain 

which i s  o f  f i n i t e  e x t e n t .  Once t h e  g r i d  p o i n t s  a r e  

g iven ,  t h e  r e s o l u t i o n  o f  t h e  p h y s i c a l  .phenomen'a i s  

n a t u r a l l y  l i m i t e d  by t h e  mesh spacing.  To be s p e c i f i c ,  

w e  i n t r o d u c e  some terms through the d e f i n i t i o n  [ 3 6 ]  of 

where a i s  c a l l e d  t h e  ampli tude:  w ,  t h e  phase r a t e ;  

5, the wave number, c = w / t ; ,  t h e  wave speed; X = 27~/C,the 

wave l e n g t h ;  at + Ex, t h e  pha.se ang le ;  f = w/21~, t h e  

frequency; period.  

Suppose we e x p r e s s  a f u n c t i o n ' u ( x )  as a F o u r i e r  s e r i e s  

On a mesh system c o n t a i n i n g  I e q u a l l y  space  of 

spac ing  Ax, the F o u r i e r  mode of ~ h o r t c n k  wave 1 ~ ~ 9 t h  

r e s o l v a b l e  i n  t h e  system i s  Amin = 
2Ax ; t h e  l o n g e s t  

wave l e n g t h  i s  Xmax = 
(I  - 1) Ax = L. The corresponding 

wave numbers are Cmax = n/Ax and Emin = 27~/L. 

So t h e  t o t a l  number of  wave models r e so lved  by t h i s  

mesh system i s  N = ( I - 1 ) / 2  and t h e  p a r t  of  u which can be 



r e so lved  by t h i s  system is  t h e  p a r t i a l  sum 

- N i s  .x 
= l a j e  w i t h  5 .  = -  j .rr 

-N 3 NAx 

I n  v i s c o u s  f low,  t h e  d i f f u s i o n  and t h e  advec t ion  f o r ,  

a  .Four i e r  mode u  = a e iex l e a d  t o  

and 

The i r  r a t i o  is ( p u ) / ( p c ) .  A s  5 i n c r e a s e s  t h e  d i f f u s i o n  

becomes s t r o n g e r  and dominates e v e n t u a l l y .  The mesh 

spac ing  should be  f i n e  enough t o  unders tand  t h e  d i s s i p a -  

t i o n  mechanism. On t h e  o t h e r  hand, f o r  computat ional  

e f f i c i e n c y  t h e  number o f  mesh p o i n t s  must be  k e p t  t o  

t h e  minimum r e q u i r e d  t o  r e s o l v e  a l l  t h e  s i g n i f i c a n t  

phenomena. Hence, i n  p r a c t i c e  [ 3 2 ] ,  a  t y p i c a l  computat ional  

domain c o n s i s t s  o f  a f i n e  mesh r e g i o n  where v i s c o u s  e f f e c t s  

a r e  impor tan t  and a c o a r s e  mesh r e g i o n  where t h e  f low i s  

e s s e n t i a l l y  i n v i s c i d .  Some t echn iques ,  f o r  i n s t a n c e ,  

c o o r d i n a t e  s t r e t c h i n g  and/or c o o r d i n a t e  t r ans fo rma t ions  are 

u ~ e f u l  [14,19,24,41] .  Automatic mesh system g e n e r a t i o n  

techniques  f o r  f low about  m u l t i p l e  bodies  i n  a p l ane  have 

been developed [42,43] . 



2 .2  T i m e  S t e p  and Approximation Fac ' t o r i za t ion  Technique 

E x p l i c i t  f i n i t e  d i f f e r e n c e  methods have demonstrated 

t h e i r  a b i l i t y  t o  s o l v e  a  wide range  o f  f low problems. How- 

e v e r  t h e  s i z e  o f  a t i m e  s t e p  t h a t  a s o l u t i o n  can be advanced 

d u r i n g  each  s t e p  o f  c a l c u l a t i o n  i s  restricted by t h e  

Courant-Friedrichs-Lewy c o n d i t i o n  (CFL c o n d i t i o n )  . The CFT, 

c o n d i t i o n  imposed ..on t h e  .. t i m e  step is 

where A i s  the g r i d  mesh spac ing  and .  lql i s  t h e  f a s t e s t  

p ropaga t ion  speed anywhere on t h e  mesh system. Therefore ,  

t h e  s o l u t i o n  r e q u i r e s  long  and expensive computation t i m e .  

Unl ike  t h e  e x p l i c i t  method, i m p l i c i t  methods can be 

t h e o r e t i c a l l y  s t a b l e  fog  a l l  t i m e  .step s i z ~ s .  Unfo r tuna t e ly ,  

an  i m p l i c i t  method i n  two o r  h i q h e r  space d,imen.sic?ns 

r e q u i r e s  a set of equations t o  be so lved  a t  t h e  advanced 

t i m e  l e v e l  which is  n o t  always ea sy  t o  accomplish d i r e c t l y .  

Accordingly,  t h e  s p l i t t i n g  technique  i s  in t roduced  t o  y i e l d  

f e a s i b l e  computat ional  p rocesses .  W e  il.li.r.strats t h e  o p l i t -  

t i n g  technique  on t h e  h e a t  equa t ion  i n  two space  dimensions,  

The f i n i t e  d i f f e r e n c i n g  s t r a t e g y  i s  r e p l a c i n g  t h e  
. , 

d i f f e r e n t i a l o p e r a t o r  i n  t ime  Dt by t h e  forward d i f f e r e n c e ,  

' t h e  4 i n  t h e  r ight-hand s i d e  by t h e  average  of  $ and O n  



and t h e  d i f f e r e n t i a l  o p e r a t o r s  Dxx and D b y t h e  second 
YY 

o r d e r  c e n t e r  d i f f e r e n c e  o p e r a t o r s  i n  x  and y  r e s p e c t i v e l y .  

Namely, 

n  n  n  
where Ex" =. @i+l, , s i m i l a r l y  E on = O i t  j+l. 

Y Y 
The accuracy of  t h e  f i n i t e  d i f f e r e n c e  equa t ions  i s  of  

second o r d e r  i n  t i m e  and space.  

W e  may w r i t e  t h e  f i n i t e  d i f f e r e n c e  equa t ion  i n  terms 

- -1 -1 - Ex-21+Ex , 6 = E - 2 I + E  , w i t h  p  = At/2Ax 2  
Of &xx YY Y Y 

and q  = ~ t / 2 ~ ~ ~  as  t h e  equa t ion  

The i d e a  behind t h e  s p l i t t i n g  technique  i s  t o  g e n e r a t e  

a  p e r t u r b a t i o n  o f  t h e  above equa t ion  t h a t  p e r m i t s  a s imp le r  

computat ional  p rocess .  . Namely, w e  may f a c t o r ,  equa t ion  ( 3 )  

a s  fo l lows .  

3 Here, w e  add a  t e r m  ( A t  / 4 )  dxxyyt of  t h i r d  o r d e r  i n  t i m e  

t o  t h e  equa t ion  ( 4 ) .  The von Neumann s t a b i l i t y  a n a l y s i s  shows 

t h a t  t h e  scheme i s  u n c o n d i t i o n a l l y  s , t a b l e  which means t h e r e  

i s  no r e s t r i c t i o n  on t h e  t ime s t e p  A t  t o  t h e  s p a c i a l  s t e p s  

Ax and Ay. Indeed,  s u b s t i t u t i n g  4 = Gk ei'mx+ny' i n t o  



equa t ion  (3 )  w e  o b t a i n  

w i t h  5 = in Ax and n = n  Ay. By  t h e  f a c t  t h a t  bo th  p  

and q  are p o s i t i v e  w e  conclude t h a t  t h e  r i g h t  hand s i d e  

i s  l e s s  t han  1. This  shows t h e  a m p l i f i c a t i o n  1 1 i s  

bounded by u n i t y  w i thou t  a n y r e s t r i c t i o n  gn p  and a .  

The a l g o r i t h m  f o r  t h c  s o l u t i o n  of  equa t ion  ( 4 )  con- 

sists o f  t h r e e  ea sy  s teps :  

Each o f  t h e  l a s t  two s t e p s  r e q u i r e s  a 3-diagonal matrix 

s o l v e r  which i s  n o t  expens ive  a t  a l l  and can be found i n  

any s t a n d a r d  numerical  method book [23,41] .  

I t  i s  worthwhile n o t i n g  t h a t  equa t ion  ( 4 )  can be  taken 

t o  r e p r e s e n t  an i t e r a t i v e  procedure  which converges i f  

n+l - - n - % j @i j  - 4 i - j  f o r  s u f f i c i e n t l y  l a r g e  n.  

Then, equa t ion  ( 2 )  is reduced t o  t h e  s t a n d a r d  f i v e - p o i n t  

d i f f e r e n c e  approximat ion o f  t h e  Laplace equa t ions .  I n  t h i s  

case t h e  q u a n t i t y  A t  can be  viewed as an i t e r a t i o n  parameter 

and may be  v a r i e d  from i t e r a t i o n  t o  i t e r a t i o n  t o  op t imize  

t h e  convergence o f  t h e  process .  



Equation ( 4 )  can  b e  r e w r i t t e n  as  

I t  f a l l s  i n  t h e  fo l lowing  g e n e r a l  form [20 ,25] ,  

which i s  used t o  s o l v e  t h e  s t e a d y  d i f f  erent ia .1  equa t ion  I&$ = 0. 

n  n + l  Here, c = $ - 6" is t h e  c o r r e c t i o n ,  Rn = L$" i s  t h e  

r e s i d u a l  which measures how w e l l  t h e  f i n i t e  d i f f e r e n c e  . . equa- 

t i o n  is  s a t i s f i e d  by t h e  n t h  l e v e l  s o l u t i o n  $", w i s  a  

r e l a x a t i o n  parameter  and N i s  chosen a s  a produc t  of  two 

o r  more f a c t o r s  i n d i c a t e d  by 

The f a c t o r s  Rl and N2 are chosen s o  t h a t  (1) t h e i r  

'product  i s  an approximativil t o  L ,  ( 2 )  billy s imple  ma t r ix  
. . 

s o l v e r s  a re  r e q u i r e d ,  and ( 3 )  t h e  o v e r a l l  scheme i s  s t a b l e .  

This  t ype  of  i m p l i c i t  scheme has  been found ve ry  power- 

f u l  i n  t h e  c a l c u l a t i o n  of s t e a d y  flow. W e  remark t h a t  t h e  

parameter  a i n  t h e  equa t ion  (5)  can b e  r ep l aced  by some 

lower o r d e r  d i f f e r e n t i a l  o p e r a t o r  t o  speed up t h e  convergence 

rate a s  w e l l  a s  t o  i n t r o d u c e  damping which i s  needed i n  t h e  

m u l t i g r i d  technique  [26] . 



A r t i f i c i a l  D i s s i p a t i o n  and Upwind .Di'fferencinq -- 

I n  i n v i s c i d  f low c a l c u l a t i o n ,  a scheme t h a t  seems 

s t a b l e  f o r  shock f r e e  f lows sometimes blows up when it 

i s  employed t o  c a l c u l a t e  shock waves. This  i s  due t o  t h e  

f a c t  t h a t  u s ing  some d i f f e r e n c e  formulas  a c r o s s  a d i s c o n t i -  

n u i t y  can l e a d  to c r s c i l l d t i w l i s  which may grow. '1'0 remedy 

t h i s ,  ,the w e l l  k~luwrl shuck c a p t u r i n g  technique  IS t o  add 

t o  t h e  i n v i s c i d  f low equa t ion  a proper  amount o f  a r t i f i c i a l  

d i s s i p a t i o n  t o  s i m u l a t e  t h e  p h y s i c a l  d i s s i p a t i o n  i n  t h e  

shock l a y e r  and t o  provide  the  necessary  damping f o r  l a r g e  

wave number d i s t u r b a n c e s  s o  t h a t  t h e  shock wave i s  smeared 

o u t  o v e r  s e v e r a l  mesh p o i n t s  [28].  Namely, i f  w e  model t h e  

p h y s i c a l  s o l u t i o n  by t h e  i n v i s c i d  f low equa t ion  

For' shock c a l c u l a t i o n s ,  w e  look  a t  t h e  s o l u t i o n  u  of  (1) 

as l i m i t  of  t h e  v i s c o u s  f low equa t ion  

where E i s  p o s i t i v e  and i s  o f  t h e . o r d e r  of t h e  mesh spacing.  

Equa t ion '  ( 2 )  is  o f  d i f f u s i o n  type  and t h e  s o l u t i o n  

can be shown t o  e x i s t  [31] .  Suppose t h a t  t h e  s o l u t i o n s  u ( e )  

of (2 )  tend  t o  a l imi t .  u boi~ndedly a lmos t  everywhere as  G + 0. 

Then, ut ( E )  t e n d s  t o  ut , V f ( u ( ~ )  ) t o  Vf(u)  and V ( E  V-u) t o  0 

i n  t h e  d i s t r i b u t i o n  sense .  This  s a y s  t h a t  u  s a t i s f i e s  (1) 



in the distribution sense which is equivalent to saying 

that u satisfies the conservation law in the integral form. 

The artificial viscosity can be viewed as a kind of 

truncation error exhibited by the approximation to the 

differential equations. It may be either in explicit or 

in implicit form. We consider the artificial viscosity 

' introduced by upwind difference for the advection 

equation 

The finite difference approximation for the case u > 0 is 

The von Neumann local stability analysis is to substitute 

Ak imx into equation (4) . This leads a Fourier mode 6. = @ e 

1 - p(1-cos 5)  - ip s-in 5 
I ~ I  = I 1 < 1  

l +  p(1-cos 5 )  + ip sin 5  

with p = uAt/2Ax > 0 and 5 ='mAx. It is trivial, that the 

scheme is unconditionally stable. 

In equation (4), we did add an artificial viscosity 

implicitly through .the'upwind differencing in x. We can see 

it explicit.ly by Taylor series expansion. Equa- 

tion ( 4 )  is equivalent'to the equation 



The e x t r a  t e r m  u(dx/2)Gxx i s  t h e  l e a d i n g  t e r m  i n  t h e  t runca-  

t i o n  e r r o r  and i s  r e , f e r r e d  t o  a s  t h e  a r t i f i c i a l  v i s c o s i t y .  

To d i s c u s s .  t h e  d i f f u s i o n  and d i s p e r s i o n  p r o p e r t i e s  

of t h i s  f i n i t e  d i f f e r e n c i n g ,  we f i r s t  d e r i v e  t h e  d i s p e r s i o n  

r e l a t i o n  o f  t h e  d i f f e r e n t i a l  equa t ion  ( 3 ) .  S u b s t i t u t i n g  

$ = e  (ot+Ex) i n t o  t h e  equa t ion  ( 3 )  , y i e l d s  t h e  r e l a t i o n  

w+uE = 0: w i s  a r e a l  number s o  t h a t  t h e r e  is  no damping 

of any  w a v e  mode and all  wave^ have t h c  oamc phase speed u. 

Next, w e  app ly  t h e  same F o u r i e r  mode t o  t h e  v i scous  

d i f f e r e n t i a l  equa t ion  

I t  has  t h e  d i s p e r s i o n  r e l a t i o n  

So a s o l u t i o n  of cqua t ion  (69 i s  

The magnitude o f  t h e  damping i n c r e a s e s  w i th  t h e  wave 

number 5 and t h e  v e l o c i t y  u. Hence, t h e  e f f e c t  of  a r t i -  

f i c i a l  v i s c o s i t y  i s  t o  i n t r o d u c e  larger d i s s i p a t i o n  f o r  both 

t h e  l a r g e r  wave number mode and t h e  f a s t e r  f low reg ion .  

W e  see t h a t  t h e r e  i s  no d i s p e r s i o n  up t o  t h e  f i r s t  o r d e r  

approximat ion.  However, i f  w e  add an  e x t r a  t e r m  of  O r x x  t o  

t h e  r i g h t  o f  equa t ion  (6 )  then  d i s p e r s i o n  occu r s .  This  

means t h a t  d i f f e r e n t  f requency waves propaga te  w i t h  d i f f e r e n t  



- speeds  i n  t h e  f low f i e l d .  

The upwind d i f f e r e n c i n g  h a s  played a  ve ry  impor tan t  

r o l e  i n  t r a n s o n i c  f low c a l c u l a t i o n s .  The main purpose i s  

t o  exc lude  t h e  expansion shock.  

,2.4 Conserva t ive  F i n i t e  D i f f e r ence  Schemes 

The main i d e a  behind t h e  u se  o f  conse rva t ion  form i s  

t h e  f a c t  t h a t  i f  t h e  d i f f e r e n c e  equa t ion  t o  t h e  d i f f e r e n t i a l  

equa t ion  i n  conserva. t ion form i s  a g a i n  i n  conse rva t ion  

form, t h e  s o l u t i o n  o f  t h e .  f i n i t e  d i f f  ereice equa t ion  s a t i s f i e s  

t h e  e an kine Hugoniot,  jump c o n d i t i o n s  a u t o m a t i c a l l y  [30,39] .. 
The d i f f e r e n t - i a l .  conse rva t ion  form 

(1 u  + d i v  f ( u )  .=.  0 .  . . t 

can be  de r ived  from t h e  more g e n e r a l  i n t e g r a l  form 

which says  t h a t  t h e  change i n  t h e  amount, o f  a subs tance  wi th  

d e n s i t y  u  con ta ined  i n  t h e  r eg ion  R o f  space  under cons idera -  

t i o n  i s  due t u  Lhe f l u x  f of t h a t  subs t ance  a a r o s s  t h e  



boundary a R  from time s to time t. 

The conservative finite difference approximation is 

then defined having the form 

which simulates the integral conservation form. 

0i.m differonoing strategy f o ~  the  flow equation in 

conservation form yields the finite difference equation 

The question is how to solve for un+' for this large 

nonlinear system. Some linearizatj~n for F is ncedcd. 
a 



111. POTENTIAL FLOW EQUATION 

I n  t h e  s t e a d y  i n v i s c i d  t r a n s o n i c  f low c a l c u l a t i o n ,  

t h e  nonconserva t ive  form method a g r e e s  w e l l  w i t h  wind 

t u n n e l  p r e s s u r e  d a t a  a l l  t h e  way up t o  t h e  o n s e t  of  

b u f f e t  [18] . On t h e  o t h e r  hand, f o r  t h e  conse rva t ive  

form method, t h e  agreement i s  less s a t i s f a c t o r y  and t h e  

adequa te  c o r r e l a t i o n  wi th  exper imenta l  d a t a  seems t o  be 

achieved by making c o r r e c t i o n  w i t h  boundary l a y e r  shock 

wave i n t e r a c t i o n .  For mesh s i z e s  o f  p r a c t i c a l  i n t e r e s t ,  

i n s t e a d  o f  doing a  b e t t e r  s i m u l a t i o n  by combining a f i n e r  

s c a l e  model of  boundary. l a y e r  shock wave i n t e r a c t i o n  wi th  

c o n s e r v a t i v e  t r a n s o n i c  equa t ions ,  w e  p ick  up t h e  noncon- 

s e r v a t i v e  q u a s i l i n e a r  p o t e n t i a l  f low equa t ion  a s  o u r  model 

and deve lop  a  computer code f o r  it. 

W e  f i r s t  d i s c u s s  t h e  c h a r a c t e r i s t i c  s u r f a c e s  o f  t h e  

equa t ion  and e x p l a i n  t h e  domain o f  dependence f o r  super-  

s o n i c  p o i n t s .  Then, w e  g i v e  a  set  o f  r a d i a t i o n  boundary 

c o n d i t i o n s  which i s  shown t o  be  ve ry  s a t i s f a c t o r y  with 

t h e  numerical  scheme w e  propose i n  Sec t ion  I V .  And, 

f i n a l l y ,  w e  i n t r o d u c e  t h e  c o o r d i n a t e  t r ans fo rma t ion  such 

t h a t  t h e  a i r f o i l  i s  f i x e d  on a  p o r t i o n  of  c o o r d i n a t e  l i n e .  

. . 



1. C h a r a c t e r i s t i c  S u r f a c e  

I t  i s  h e l p f u l  t o  know t h e  c h a r a c t e r i s t i c  s u r f a c e  o f  t h e  

f low e q u a t i o n  on which t h e  wave f r o n t  a long  w i t h  informa- 

t i o n  i s  propagated throughout  t h e  f low f i e l d .  L e t  s and N 

b e  c o o r d i n a t e s  i n  t h e  l o c a l  s t ream and normal d i r e c t i o n s  

r e s p e c t i v e l y .  The d i r e c t i o n  c o s i n e s  of  s are u/q and v/q. 

+ss and ONN can b e  expressed l o c a l l y  i n  terms ~f t h e  a c t u a l  - 

c o o r d i n a t e s  as  

The p o t e n t i a l  f low equa t ion  i n  C a r t e s i a n  c o o r d i n a t e s  l o c a l l y  

a l i g n e d  w i t h  t h e  n a t u r a l  c o o r d i n a t e  . system ( s , N )  can 

be  w r i t t e n  a s  

The c h a r a c t e r i s t i c  s u r f a c e  s a t i s f i e s  t h e  equa t ion  . , 

A s  shown i n  F i g u r e  2, on t h e  ( N ,  t )  p lane ,  the c h a r a c t e r -  

i s t i c  equa t ion  i s  reduced t o  

2  
a 2 t 2  - N = 0 o r  (N-at)  at) = 0 . 

The d i s t u r b a n c e  propaga t ion  speed i s  a .  

On t h e  ( s , t )  p l ane ,  t h e  c h a r a c t e r i s t i c  equa t ion  is  reduced 

o r  
(s- (q+a) t) (s- (q-a)  t) = 0 . 



The p a r t i c l e  speed i s  q ,  t h e  upstream propagation speed 

i s  q-a . and t h e  downstream propagation speed i s  q+a. Thus 

t h e  d is turbance  information i s  propagated by t h e  Doppler 

s h i f t e d  sound wave v e l o c i t y .  For t r a n s o n i c  flow, t h e  
. . 

p a r t i c l e  and downstream waves quickly  t r a v e l  away from 

t h e  a i r f o i l  b u t  upstream waves remain i n  t h e  v i c i n i t y  

of t h e  a i r f o i l  f o r  a  much longer  time. The slow waves 

f o r c e  a  slow approach t o  a  s teady s t a t e  s o l u t i o n ,  whi1.e 

t h e  f a s t  waves s t i p u l a t e  a  small  time s t e p  by t h e  CFL 

condi t ion  A t  - < Ax/ (q+a) . 
2 2 I f  a  new time coord ina te  T = t + q s / ( a  -q ) is  

introduced,  then t h e  p o t e n t i a l  flow equation can be 

expressed a s  

2 
SO f o r  supersonic  p o i n t s ,  a  - < q 2  , T i s  a  space-l ike 

d i r e c t i o n  and s i s  a  t ime-l ike d i r e c t i o n .  This means 

t h e  d i f f e r e n c i n g  i n  t h e  s -d i rec t ion  should be re t a rded  i n  

t h e  supersonic  region i n  o r d e r  t o  h a v e  t h e  r i g h t  domain o f .  

2 dependence. For subsonic p o i n t s ,  a > q2 , s i s  a  space- 

l i k e  d i r e c t i o n  and T is  a c t u a l l y  a  t ime-l ike d i r e c t i o n .  



(b )  . subsonic c a s g  q <. a S 

( n )  , s l~ .p~ . ) r soni .c  case, q > a. 

Figure  2 .  C h a r a c t e r i s t i c  Surface of t h e  P o t e n t i a l  

F l o w  Eqlla t.i.on i n Quasi. . l_inear Form: 

( a )  ( N , t )  p lane ;  (b), ( c )  ( S , t )  plane.  



2 .  Computational Boundary Condi t ions  

Problems of t r a n s o n i c  f low . f i e l d  are. .usua l ly  posed 

i n  t h e  e x t e r i o r  o f  t h e  body which i s  an unbounded domain 

' [ 4 ]  . Owing t o  t h e  f i n i t e  s t o r a g e  c a p a b i l i t y  of  t h e  . 
computer, t h e  numerical .  computations r e q u i r e  t h a t  t h e  

computationa' l  domain be  f i n i t e .  The proper  boundary condi-  

t i o n s  must be  developed a t  t h e s e  computat ional  boundar ies  

s o  t h a t  t h e  computed s o l u t i o n  c l o s e l y  approximates t h e  

f r e e  space  s o l u t i o n  w h i c h . e x i s t s  i n  t h e  absence of  t h e s e  

computat ional  boundar ies  [15,16,17] . 
For s t e a d y  s t a t e  c a l c u l a t i o n s  i n  t r a n s o n i c  f low, 

c o o r d i n a t e  mapping techniques  a r e  a. t r a d i t i o n a l  and '  

e f f e c t i v e  way o f  hand l ing  t h e s e  computat ional  boundary 

problems. The r ea son  f o r  t h e  succes s  o f  c o o r d i n a t e  mapping 

techniques  l ies  i n  t h e  f a c t  t h a t  t h e  s t e a d y  s t a t e  f a r . f i e l d  

asymptot ic  behavior  i s  g iven  by a r e g u l a r  a l g e b r a i c  

s i n g u l a r i t y  w i thou t  o s c i l l a t i o n .  For genuine ly  unsteady 

t r a n s o n i c  phenomena, t h e  s o l u t i o n  of  f low equa t ions  u s u a l l y  
- I 

posses ses  a s t r o n g l y  o s c i l l a t o r y  t r a n s i e n t  behavior  and 

t h e  E a r - f i e l d  asymptot ic  behavior  i s  an o s c i l l a t o r y  

s i n g u l a r i t y .  The s t anda rd  c o o r d i n a t e  mapping technique  i s  

n o t  adequa te  t o  r e s o l v e  t h i s  problem. I t  must be  supplemented 

by a set  of p roper  boundary c o n d i t i o n s  a t  t h e  computat ional  

boundar ies .  

I n  t h i s  s e c t i o n  w e  w i l l  g i v e  a set of  r a d i a t i o n  boundary 

c o n d i t i o n s  f o r  the  p o t e n t i a l  equa t ion  i n  t h e  C a r t e s i a n  



c o o r d i n a t e  system and i n  a '  later s e c t i o n  we w i l l  g i v e  

its, corresponding form i n  ' the  computational domain. 

I n  t h e  p h y s i c a l  domain, t h e  computational.  region f o r  an 

a i r f o i l  i n  two dimensionf i s  dep ic ted  a s  

Figure 3 .  The Typical Computational Region f o r  an ~ i r f o i l .  

The des ign  of  e f f e c t i v e  f a r  f i e l d  r a d i a t i o n  boundary 

c o n d i t i o n  dcpends on t h e  wave propagation p r o p e r t i e s  of 

t h e  flow equat ion .  W e  c o n s i d e r  t h e  p o t e n t i a l  f low equat ion  

For a p lane  wave 6 = ei (ot+5x+nY) t o  s a t i s f y  equat ion  (1) , 
it r e q u i r e s  that i.ts wave informat ion  s a t i s f y  

A boundary c o n d i t i o n  on t h e  upstream wal l ,  R1 

boundary, which a n n i h i l a t e s  t h e  upstream propagat ing 



wavele t  i s  g iven  by 

Reca l l i ng  t h e  d u a l  r e l a t i o n s h i p  between i w ,  i E ,  i q  

and Dt I Dx I Dy r e s p e c t i v e l y ,  t h e  equa t ion  s t a n d s  f o r  

a  nonloca l  cond i t i on .  By t h e  f i r s t  approximat ion 'o f  

3  = 1 + 1 / 2  x - x2 + O(x ) w e  g e t  t h e  f i r s t  r a d i a t i o n  

c o n d i t i o n  f o r  R1 boundary, namely, w + uc + vc = ac 

which l e a d s ,  a f t e r  F o u r i e r  t r ans fo rma t ion ,  t o  t h e  condi-  

t i o n  

(5) 6t  + ( u  - a )  $x + v@y - - 0 

. . 

S i m i l a r l y ,  w e  can d e r i v e  t h e  a r t i f i c i a l  boundary condi-  

t i o n s  f o r  t h e  R2 , R3 and R4 boundar ies .  A t  t h e i r  i n t e r -  

s e c t i o n  p o i n t s  P I , ,  P2 , Q1 and Q2 , we u s e  t h e  average of  

t h e  cor responding  c o n d i t i o n s ,  and have t h e  fo l lowing  g e n e r a l  

formula 

- .rr . 37r S T '  
w i t h  u  + i v  = ( u +  i v )  + a e  i B  where f3 = - - - 

4 '  4 '  4 ' 7  
'IT 3'IT 

a t  a2 , p2 m Q:, and Ql and B = 01 I T I  7 1 On 

R* , R3 , R1 and R4 r e s p e c t i v e l y .  



3. Coord ina te  Transformat ion Technique 

When t h e  body s u r f a c e  c r o s s e s  t h e  c o o r d i n a t e  l i n e s  

it i s  d i f f i c u l t  t o  s a t i s f y  t h e  phys i ca l  boundary condi-  

t i o n s .  This  i s  p a r t i c u l a r l y  t h e  c a s e  nea r  t h e  l e a d i n g  

edge o f  t h e  modern s u p e r c r i t i c a l  wing s e c t i o n  where t h e  

s u r f a c e  h a s  a h igh  c u r v a t u r e  and t h e  f low i s  s e n s i t i v e  

t u  s m a l l  v a r i a t i o n s  i n  t h e  shape [41] .  For t h e  r i g i d  body 

motion o f  t h e  a i r f o i l  t h e  t r e a t m e n t  i s  f a c i l i t a t e d  hy the 

use o f  a moving chcsrcd  p a r a b o l i c  es srd inatc  sysLe111 i l l  

which t h e  body contour  c o i n c i d e s  w i t h  a segment o f  coord i -  

n a t e  l i n e  and t h e  whole mesh system i s  moving 

wi th  t h e  wing s e c t i o n  s o  t h a t  t h e  r e l a t i v e  p o s i t i o n  of  g r i d  

p o i n t s  is k e p t .  

W e  d e s c r i b e  t h e  moving sheared  p a r a b o l i c  c o o r d i n a t e  

system a s  f o l l o w s  [3,25] : 

3.1  Coord ina te  System 

F i r s t ,  w e  c o n s i d e r  t h e  p h y s i c a l  p l ane  t o  be  desc r ibed  

i n  a C a r t e s i a n  c o o r d i n a t e  system i x , y ) ,  and t h e  a i r f o i l  

a t t a c h e d  c o o r d i n a t e  system i n  C a r t e s i a n  c o o r d i n a t e  system 

(x*,y*)  . L e t  t h e  o r i g i n  o f  (x*, y*) system be  a t  t h e  

s i n g u l a r  p o i n t  o f  t h e  p a r a b o l i c  mapping which unwraps t h e  

a i r f o i l  and w i l l  be d e s c r i b e d  i n  t h e  n e x t  s t e p .  I f  t h e  

f l i g h t  v e l o c i t y  of  t h e  a i r f o i l  i s  M,e i ( n - e )  a t  t i m e  t ,  then  the 

p o s i t i o n  o f  t h e  o r i g i n  of t h e  (x*,y*) system can be described as  

* t 
i ( n - e )  d s .  I f  t h e  a n g l e  of  a t t a c k  of  o o =  M , e .  

0 



t h e  a i r f o i l  a t  t i m e  t is  a ,  then the x*-axis on which the  

a i r f o i l  chord l i es  w i l l  have an angle  - (a + 8 )  with 

r e s p e c t  t o  t h e  x-axis .  Their r e l a t i o n  can be seen i n  

F i g u r e  4 and described a s  the r e l a t i o n  

Figure 4 .  Frames o f  Reference. 



Second, w e  unwrap t h e  a i r f o i l  by i n t r o d u c i n g  t h e  square  

r o o t  mapping 

* 
( 2 )  2 ( x * +  i y  ) = (xl + i y l )  

2  

which maps t h e  e n t i r e  a i r f o i l  con tour  t o  a sha l low bump 

n e a r  yl = o , as shown i n  F igu re  5b. 

Thi rd ,  i f  w e  denote the height 01 Lhe L u ~ ~ t g  as yl= s (xl)  , 

t hen  t h e  ~ h c a r i n g  t r ans fo rma t ion  

reduces  t h e  a i r f o i l  con tour  t o  a p o r t i o n  o f  t h e  l i n e  X = 0. 

Four th ,  w e  s t r e t c h  t h e  c o o r d i n a t e  l i n e  by t h e  s t r e t c h  

mapping t o  r ende r  t h e  computat ional  domain f i n i t e .  The 

s t r e t c h  mapping, f o r  i n s t a n c e ,  

w i l l  map t h e  i n f i n i t e  l i n e s  Y = - + a t o  ' y  = + 1 . - 

F i f t h ,  , avo id ing  d i s c o n t i n u i t i e s  a t  t h e  t r a i l i n g  edge of t h e  

wing s e c t i o n ,  t h e  branch c u t  i s  con t ined  smoothly downstream. I n  

p h y s i c a l  space ,  t h e  c o n t i n u a t i o n  i s  r e p r e s e n t e d  by 

where T i s  t h e  mean 01 t h e  upper and lower s u r f a c e  S lopes  
- 

a t  t h e  t r a i l i n g  edge (zte ' Y t e  ) and Z* is a s u i t a b l y  chosen 

s c a l i n g  c o n s t a n t  ( u s u a l l y  taken  as t h e  o r d i n a t e  of  t h e  

l o c a l  quar te r -chord  p o i n t )  . 



( a )  Cartesian 

coordinates 

(b )  parabolic  
coordinates 

( e )  Shearcd 
parabolic 
coordinates 

Figure 5'. 



3.2 Flow Equat ion 

The t r a n s f o r m a t i o n s  (1) and ( 2 )  a r e  conformal.  W e  w i l l  

w r i t e  t h e  f low equa t ion  on t h e  (xl ,y l )  c o o r d i n a t e  system, 

a n d . u s e  t h e  c h a i n  r u l e  t o  c o n v e r t  t h e  equa t ion  i n t o  t h e  

( G I ? )  system. S e v e r a l  key formulas  a r e  w r i t t e n  down f o r  

r e f e r e n c e .  W e  beg in  w i t h  some no ta t ion .  
* t 

L e t  z  = x + i y ,  z = x * + i y  
- 

zi 
= ?+ i y l ,  Z = x  I iy , Z -  E l i ?  

Then t h e  mapping (1) and ( 2 )  may be expressed  as 

t h e  fo l lowing  compact forms. 

The modulus o f  t h e  mapping f u n c t i o n  t o  t h e  zl p l ane  can 

be e v a l u a t e d  as 

dz H = )---I = J. X~ 2 +yl 2 ; t h u s  V = (--- d 
d z 3  

" 1 H dxl H dyl 

Illhe v e l o c i t y  components i n  t h e  (xl ,y l )  system: 

The c h a i n  r u l e  g i v e s  t h e  r e l a t i o n  f o r  @t i n  t h e  (xl ,y l )  

system: 

= @  + $ .  O t  f i x e d  T1 1 z f i x e d  



where d x i / d t  and dyl /dt  can be f o u n d ' a s  fo l lows .  S ince  

we t a k e  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  t i m e  t and hold 

z f i x e d .  Hence 

We remark t h a t  Q t  = QTl - (vR0V)Q i f  vR i s  t h e  r e l a t i v e  
.I. 

v e l o c i t y  o f  t h e  o r i g i n  of t h e  (xl1 yl)  system t o  t h e  (x.y) 

syatem [36] . Then, we conclude t h a t  

The same d i f f e r e n t i a t i o n  a p p l i e d  twice  on zl y i e l d s  

- 
z - 1 - - 
2 [ i  (ett+ut,) I + 7 

dt2 z f i x e d  
H 

which w i l l  be needed i n  t h e  e v a l u a t i o n  o f  t h e  fo l lowing  t e r m :  





The s h e a r i n g  an?. t h e  s t r e t c h i n ?  t r a n s f o r a a ' t i o n s  

w i l l  f u r t h e r  b r i n g  t h e  .flow equa t ion  i n  much more 

complicated form. We w i l l  n o t  w r i t e  down t h e  f low . .  

- - 
equa t ion  i n  the ( x , Y )  frame he re .  I n s t e a d ,  w e  w r i t e  t h e . '  . . 

u s e f u l  formulas. ' 

and 



3 . 3  Body Sur face  Condition 

The v e l o c i t y  observed i n  t h e  (xl,yl) frame is 

- 9, 1 (urrVr) = 00 - VR. Thus, t h e  nonpenetrating su r f ace  
I* 

condi t ion  r e q u i r e s  that er n = 0 , which l e ads  t o  

3 . 4  Wake Condition I 

The ze ro  p ressure  jump i n  t h e  wake which l i es  on the; 

po r t i on  o f  t h e  s ingu. lar  l i n e  along which t h e  a i r fo i l :  i s  

opened up can b e  [21] expressed a s  

where ; i s  t h e  average of t h e  upper and lower wake v e l o c i t i e s .  

3.. 5 'computational -.- >.  Boundary Conditions 
. .A 

  he computational domain i s  depic ted  as .  
D 

Figu re .  6. 

The r a d i a t i o n  boundary: condi-tion, i s  .of '  t h e  form.. 

. . 

where ii and a r e  def ined as. before.  



I V .  NUMERICAL METHOD 

- I n  t h i s  s e c t i o n ,  we apply t h e  i d e a  in t roduced  b e f o r e  

t o  design our  numerical  s o l v e r  f o r  p o t e n t i a l  flow equa t ion  

i n  q u a s i l i n e a r  form. F i r s t ,  w e  use  type  dependent d i f -  

f e r e n c i n g  t o  i n t roduce  t h e  p rope r  amount of  d i s s i p a t i o n  

i n t o  t h e  f i n i t e  d i f f e r e n c e  approximation such t h a t  t h e  

scheme i s  s t a b l e  and shock waves a r e  cap tured '  auto- 

m a t i c a l l y .  Then, w e  f a c t o r  t h e  f i n i t e  d i f f e r e n c e  equa t ion  

i n t o  one-dimensional  f a c t o r s  s o  t h a t  w e  ' a r e  a b l e  t o  s o l v e  

t h e  equa t ion  e f f i c i e n t l y  by employing a  5-diagonal  ma t r ix  

s o l v e r .  S ince  t h e  d i s tu rbance  of  flow i s  prop- 

aga ted  by t h e  t o t a l  e f f e c t  of  advec t ion  and wave propaga- 

t i o n ,  w e  examine t h e  s t a b i l i t y  o f  o u r  method to '  two l i n e a r  

models: advec t ion  and wave equa t ions .  The l o c a l  s t ab i ' l $ ty  

a n a l y s i s  shows t h a t  ou r  f i n i t e  d i f f e r e n c i n g  s t r a t e g y  and 

approximate f a c t o r i z a t i o n  technique  r e s u l t  i n  uncondi t i on -  

a l l y  s t a b l e  schemes f o r  - t h e s e  two models. 

1. F i n i t e  D i f f e r ence  Scheme 
- . 

The f i n i t e  d i f f e r e n c e  scheme i s  a  t i m e  marching 

a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  scheme. Before w e  w r i t e  

down t h e  d i f f e r e n c i n g  s t r a t e g y  w e  need the fo l lowing  

convention : 



D = c e n t r a l  d i f f e r e n c e  
4- 
D = upwind . d i f f e r e n c e  
- 
D = Type dependent ,d i ' f ference 

T o  be  s p c c i  f ie, w e  &Line- the o p e r a t o r s  i n x--di,re.ctio.n, . 

ux f o r  subsonic  p o i n t  

f o r  supe r son ic  p o i n t  . 
I 1.1 On i n t e r i o r  p o i n t  o f  computat ional  domain 

The p o t e n t i a l  flow equa t ion  i n  C a r t e s i a n  coo rd ina t e s  

l o c a l l y  a l i g n e d  w i t h  t h e  n a t u r a l  coo rd ina t e s  system assumes 

t h e  carlonical- form [ a l l  

w i t h  q = ( u , v )  the velocity, s arld N ate coord ina t e s  i n  t h e  

l o c a l  s t r e a m  and norma.1 d i r e c t i o n s .  



B a s i c a l l y ,  t h e  v e l o c i t y  components u  and v  a t  the 
. . 

g r i d  p o i n t  a r e  e v a l u a t e d  by u s i n g  c e n t r a l  d i f f e r e n c e  a t  

t i m e  l e v e l  n. The + t  t e r m  i n  t h e  B e r n o u l l i  e q u a t i o n  i s  

e v a l u a t e d  by b a c k w a r d ' d i f f e r e n c e  i n  t h e  n a t u r a l  way. 

1.11 For  + t t  t e r m ,  c e n t r a l  d i f f e r e n c e  w i l l  be used f o r  

temporal  d e r i v a t i v e ,  

- 1 n + l  n n-1 
2 (@ - 2 + + @  ) =  ( @ N - @ M I  +tt  - 

( A t )  ( ~ t )  

1.12 For  c o n t r i b u t i o n s  t o  $ s t ,  upwind d i f f e r e n c e s  , 

w i l l  be  used f o r  a l l  s p a t i a l  d e r i v a t i v e s  and c e n t r a l  

d i f f e r e n c e  w i l l  be used f o r  temparal  d e r i v a g i v e s  , 

1 . 13  For  c o n t r i b u t i o n s  t o  @,, , t ype  dependent  d i f f e r e n c e s  

n  
w i l l  b e  used f o r  a l l  t e r m s .  The t e r m  @ i s  s u b s t i t u t e d  

n+ l+  n-1 n-1 
by t h e  mean o f  @ and $ , i . e . ,  @" = 2 t 



1 . 1 4  For  c o n t r i b u t i o n s  t o  c e n t r a l  d i f f e r e n c e s  w i i l  

he  used f o r  a l l  terms.  The t e r m  i s  aga in  r ep l aced  Sy 
-. n+ 1 t h e  mean o f  $ 

n- 1 
a n d $  . 

F i n a l l y ,  t h e  f i n i t e  d i f f e r e n c e  approxiqa t ion  can be 

w r i t t e n  as 



The d i s c r e t i z a t i o n  e r r o r s  a s s o c i , a t e d  w i t 3  t h e  f i n i t e  

d i f f e r e n c e  approx imat ion  i s  o f  f i r s t  o r d e r  i n  s p a c e  and 

second  o r d e r  j.n t ime .  .The l e a d i n g  e r r o r  terms i n  t h e  
. . 

. s p a c e  3 . e r i v a t i v e  i n t r o d u c e  t h e  C e s i r e d  shock v i s c o s i t y . .  

The s y s t e m  of  a!.gebraic e q u a t i o n  g e n e r a t e ?  by t h e  e q u a t i o n .  

( 3 . )  i s  l a r g e  and c a n n o t  be s o l v e d  e f f i c i e n t l y .  Ilowever, 

t h i s  e q u a t i o n  can b e  f a c t o r e ? - w i t h i n  t h e  same o r d e r  of  

a c c u r a c y  i n  t i m e  and s p a c e  by t h e  s p i r i t  o f  s p l i t t i n g  

t e c h n i q u e .  The f o l l o w i n g  f a c t o r i z a t i o n  h a s  been t e s t e d  

an2 foun?, t o  b e  n u m e r i c a l l y  stable w i t h  t i m e  s t e p s  much 

l a r g e r  t h a n  t h e  t ime s tep a l lowed  by ' t h e  CFL c o n d i t i o n  

3 2 f o r  e x p l i c i t  methods. L e t  M* = q- /a  

. . 
i- A t 2  2-. 1 ( A t  ' 2  2- 2  

L = [l + AtuDx + - x 2 u  Dxx - -j-) ( U  D xx + V  ~ ~ ~ 9 1  
PJ! 

and 

A t 2  2- 1 ( A t  2- 2  
L = [ l  + . A t &  + - v  D - 7 ( V  D + U  D ) 1 

Y Y .  2 YY M YY YY 

Then, t h e  approximate  f a c t o r i z a t i o n  o f  t h e  e q u a t i o n  (1) can 

b e .  w r i t t e n  a s  

T h i s  f a c t o r i z a t i o n  reduces  t h e  l a r g e  c o m p l i c a t e d  m a t r i x  

i n v e r s i o n  problem t o  two one-dimensional  problems . The 

a l g o r i t h m  can  b e  e x p r e s s e d  a s  



Each o f  t h e  above s t e p s  r e q u i r e s  a 5-diagonal  m a t r i x  

s o l v e r  which w i l l  be desc r ibed  i n  t h e  Appendix A .  

1.2 On t h e  boundary p o i n t s  o f  . t h e  computation domain . 

The a r t i f i c i a l  r a d i a t i o n  boundary cond i t i on  i s  of  

t h e  g e n e r a l  form 

We approximate i t  by 

which can be  expressed  a s  

which can be f a c t o r e d  w i t h i n  f i r s t  o r d e r  i n  space and 

second o r d e r  t ime a s  

( l + ~ t G ;  x ) (l+At;6 ) $N = RHS 
Y 

The a l g o r i t h m  c o n s i s t s  o f  t h e  fo l lowing  two s t e p s .  

( ~ + A ~ G ; ~ ) X  = RHS 

( l + A t G  )$N = X 
Y 

1.. 3 Flake 'con.dit ion 

A s  b e f o r e ,  w e  assume t h a t  bo th  p r e s s u r e  and. normal 

v e l o c i t y  components a r e  cont inuous a c r o s s  t h e  wake which 



i s  assumed t o  l i e  on a segment o f  t h e  x -ax i s .  The wake 

c o n d i t i o n .  i s  

[@,I  + ;[@ x 1 = 0 on t h e  wake 
. . . . 

, - 
where u i s  t h e  a v e r a g e  v e l o c i t y  o f  t h e  upper  -and lower  

wake v e l o c i t i e s .  

The f i n i t e  d i f f e r e n c e  approx imat ion  i s  g iven  by 

uAt L e t  B = - t h e n  
A t  

Hence, once t h e  jump a t  t h e  t a i l  p o i n t , h a s  been e s t i m a t e d ,  
. . 

a l l  t h e  jump i n  the wake can h e  c a l c u l a t e d  from t h e  equa- 
. . 

t i o n  (1). 

M e  remark t h a t  t h e  a r t i ' f i c i a l  v i s c o s i t y  w e  have  added 

i n  t h e  f i n i t e  d i f f e r e n c e  scheme i s  o f  amount 

{h ( s i g n  u) uuxt + k ( s i g n  v)  vv  1 
. Y t  

+ p{h ( s i g n  u)u(uuxxfvvxx ) + k ( s i g n  v )v (uuyy+vv  1 1  
YY 

1 
w i t h  p = max (0 ;  (1 - ~ ) ) , h  = Ax, and k . =  by. 

E l  

The t e r m  i n  f i r s t  b r a c e s  i s  an  a d v e c t i o n  v i s c o s i t y  which w i l l  

damp o u t  some n o i s e  genera ted .  e i t h e r  by  t h e  a r t i f i c i a l  

b o u n d a r i e s  o r  t h e  body s u r f a c e .  The t e r m  i n  second  bra.ces 

i s  t h e  d e s i r e d  shock v i s c o s i t y .  The whole a r t i f i c i a l  v i s -  

c o s i t y  can  b e  c a s t  i n t o  t h e  . d i v e r g e n c e  form 



and Q 1 ( s i g n  v ) v v  t v ( s i g n  

F a i l u r e  t o  m a i n t a i n  p r o p e r  c o n s e r v a t i o n  form can r e s u l t  

i n  computed shock s p e e d s  t h a t  depend on q r i d  s p a c i n g .  

2.  A n a l y s i s  for t h e  Fi ni. te Di f  f e r e n c i n q  S t r a t e q y  and 

;,be.. Approximate ~ a c t . o r j . z a t i c r n  Process 

FJe have  shown t h a t  t h e  d i s t u r b a n c e  i n f o r m a t i o n  i n  t h e  

p o t e n t i a l  f low f i e l d  i s  p r o p a g a t e d  a s  t h e  D o p p l e r  sound wave 

which c o n s i s t s  of  t h e  a d v e c t i o n  and wave p r o p a g a t i o n  e f f e c t s ,  

The p o t e n t i a l  f low e q u a t i o n  i s  n o n l i n e a r .  A s  a  g u i s e  t o  t h e  

s t a b i l i t y  of the d i f f e r e n c e  scheme, w e  c o n s i d e r  two l i n e a r  

models ,  t h e  a d v e c t i o n  and t h e  wave e q u a t i o n s .  

2 . 1  The r a d i a t i o n  boundary c o n d i t i o n s  i s  modeled by t h e  two- 

. d i m e n s i o n a l  a d v e c t i o n  e q u a t i o n  

Our f i n i t e  d i f f e r e n c i n g  s t r a t e g y  s a y s  t h a t  

W e  examine t h e  a m p l i f i c a t i o n  of a F o u r i e r  mode. S u b s t i -  
A 

t u t i n g  $ = @Ke mx+ny 
A 

f a c t o r  @ i s  governed by 

t h e  K - l e v e l ,  t h e  growing 



f o r  t h e  c a s e  t h a t  u  > 0 and v  > O where p  = At/Ax, 

,q = At/Ay, 5 = mAx, n = nay. Hence, 

So i t  i s  u n c o n d i t i o n a l l y  s t a b l e  f o r  t h i s  c a s e .  

1-pu (1-cos 6 )  -qv (3.-cos n ) . - i  (pu s i n "  S+qv s i n  n )  

The scheme f o r  t h e  o t h e r  c a s e s  where e i t h e r  u ,  o r  v ,  

o r  b o t h  o f  them may b e '  n e g a t i v e  a r e  e a s i l y  shown t o  be 

u n c o n d i t i o n a l l y  stable. 

Next ,  w e  examine the approximate  f a c t o r i z a t i o n  method 

f o r  t h i s  f i n i t e  d i f f e r e n c e  approximate  f o r  t h e  a d v e c t i o n  

e q u a t i o n .  Our approximate  f a c t o r i z a t i o n  s a y s  t h a t  ( 2 )  can 

be f a c t o r e d  as 

< 

"K i (mx+ny) 
By F o u r i e r  a n a l y s i s ,  w e  s u b s t i t u t e  4 = C$ e 

l + p u ( l - c o s  E)+qv) 1-cos q ) + i  (pu  s i n  S+qv s i n  9) 

A 

-i 5  - i n  = - [ l - p u ( l - e  ) ] [ l - q v . ( l - e  ) I ( @ - 1 )  

h 

-2 [pu  (1-e + qv( i -e - in )  19 

1-qv(1-cos n ) + i q v  s i n  
I + q v ( l - c o s  0  2 - i q v  s i n  n 

W e ,  t h e r e  f o r e ,  conc lude  t h a t  t h e  approximate  f a c t o r i z a t i o n  

method does  p r e s e r v e  the u n c o n d i t i o n a l  s t a b i l i t y  o f  o u r  f i n i t e  

d i f f e r e n c i n g  s t r a t e g y  and t h a t  o u r  n u m e r i c a l  scheme f o r  t h e  

a d v e c t i o n  e q u a t i o n  i s  u n c o n d i t i o n a l l y  s t a S l e .  



2.2 As a guide to the difference scheme at the interior 

points of the computational domain, we consider the wave equation 

- 
$tt - Qxx + @yy 

Our finite differencing yields 

i ( kt+mx+ny ) Substituting Q = e and letting w = knt' , 

we have . 

2 2 
(COS w - 1 )  = [p (COS 5- 1) .+ q (cos q -  1) 1 cos w 

COS W = 1- 
2 2 

1 + p (1- cos C)+ q (1- cos ,,) 

As long as p,q, are real, w i-s real for all 5 and q .. This 

means that'the finite difference approximation is unconditionally 

stable . . 



Next, ou r  approximate f a c t o r i z a t i o n  p re se rves  t h i s  

p rope r ty  and pe rmi t s  us t o  s o l v e  t h e  l a r g e  a l g e b r a i c  

system e a s i l y .  Indeed,  i f  we w r i t e  

Le t  @ = e  i (kt+mx+ny) 
1 we have 

. .. . .  . . 

l + p  q  2 2 ( l -cos  5 )  (1-(20s 0 )  
COS W = 2 2 2 l+p2(l-cos c)+q (1-cos v)+p  q  f l-cos 5 )  ( l -cos  Q )  

For a l l  r e a l  p  and q ,  w i s  r e a l  i f  5  and v a r e  r e a l . .  I n  

o t h e r  words, t i s  r e a l  whenever x  and y  a r e  r e a l . '  This .means 

t h a t  t h e  scheme i s  u n c o n d i t i o n a l l y  s t a b l e .  

F i n a l l y ,  w e  remark t h a t  t h e  scheme has  no t i m e .  s t e p  

A t  r e s t r i c t i o n  based on a  l i n e a r  s t a b i l i t y  a n a l y s i s .  

However, i n  a c t u a l  computation,  an i n s t a b i l i t y  can be 

genera ted  by t h e  motion o t  shocks a c r o s s  which t h e  

d i f f e r e n c i n g  swi t ches  'from upwind t o  c e n t r a l .  To p reven t  

t h i s  instability from o c c u r r i n g ,  it has  been found i n  

p r a c t i c e  t h a t  t h e  t i m e  s t e p  A t  must be  chosen smal l  enough 

t h a t  such shocks do n o t  move a  d i s t a n c e  q r e a t e r  t han  one 

s p a t i a l  g r i d  p o i n t  p e r  t i m e  s t e p .  This  r e s t r i c t i o n  is  

n e c e s s a r y ' t o  main ta in  t i m e  accuracy anyway, and it is  much 

l e s s  s e v e r e  than t h e  t i m e  s t e p  A t  r e s t r i c t i o n s  a s s o c i a t e d  

w i t h  e x p l i - c i t  methods. 



V. COMPUTATIONAL RESULTS 

Our computer  code UFLOS c o n s i s t s  o f  s t e a d y  and uns teady  

modes. The s t e a d y  mbde i s  t h e  s t a n d a r d  l ine  r e l a x a t i b n  

scheme f o r  t h e  s t e a d y  e q u a t i o n .  . W e  u s e  it t o  g e n e r a t e  

a good i n i t i a l  g u e s s  f o r  t h e  u n s t e a d y  . mode. I n  f ac t ,  

any s t e a d y  p o t e n t i a l  f l o w  s o l v e r  can b e  used  t o  

replace t h i s  s t e a d y  r o u t i n e .  The u n s t e a d y  mode c a n  

a l s o  be used t o  compute t h e  s t e a d y  s o l u t i o n .  I n  t h i s  s e c t i o n  

w e  f i r s t  che'ck t h e .  uns teady  mode by c a l c u l a t i n g  some s t e a d y  

s o l u t i o n s .   en w e  p r e s e n t  some c o m p u t a t i o n a l  r e s u l t s  £or  

c o n v e n t i o n a l  and s u p e r c r i t i c a l  wing s e c t i o n s  i n  r i g i d  body 

motion.  

1. S teady  C a l c u l a t i o n s  

As a t e s t  case, s t e a d y  s t a t e  c a l c u l a t i o n s  f o r  the 

NACA0012 airfoil a t  Mach number Ifm= 0 . 7 9  a n d  a n g l e  o f  

a t t a c k  a = 0 '  a r e  performed by t h e  s t andar$ .  l i n e  r e l a x a e  

t i o n  met-hod f o r  t h e  s t e a d y  e q u a t i o n  and by t h e  unsteady 

sckeme. The two modes produce  v i r t u a l l y  i d e n t i c a l  r e s u l t s .  

The t i m e  s t e p  s i z e  f o r  t h e  uns teady  mode i n  t h i s  c a l c u l a t i o n  

i s  s e t  t o  at = PDAx which i s  much l a r g e r  t h a n  t h e  t ime s t e p  

a l l o w e d  by t h e  CFL c o n d i t i o n  f o r  t h e  e x p l i c i t  ~ . e thoc? .  For  

a  c o a r s e  mesh of 32 x 8 g r i d  p o i n t s ,  the t i m e  r e q u i r e d  t o  

converge  t o  t h e  s t e a d y  s t a t e  u s i n g  t h e  uns teady  mode i s  

comparable t o  t h e  s t e a d y  mode. 



The op t ima l  locati 'on of  t h e  a r t i f i c i a l  boundary i s  

problem dependent. I f  t h e  a r t i f i c i a l  boundary i s  moved' 

t o o  c l o s e  t o  t h e  a i r f o i l ,  i n s t a b i l i t y  can occur .  The 

computat ional  Somain shown i n  F igu re  8c has  a l s o  been 

used f o r  t h e  NACA0012 a i r f o i l  . a t  Ma= 0 . 7 9  and a = 0 ' .  

Note t h a t  t h e  upgtream boundary i s  about  1.5. chord 
. . 

l e n g t h s  from t h e  nose a s  compared t o  a d i s t a n c e -  o f  about  

10 .5  chord l eng ths  used f o r  t h e  above example. The r a t i o  
. . 

d t / ~ x  i s  given t h e  va lue  10 a s  above. The c o r r e c t i o n  i s  

observed t o  d e c r e a s e  much more slowy - i n  t h i s  ca se .  S ince  t h e  

g r i d  system i s  s t r e t c h e d  i n  t h e  code,  t h e  r e d u c t i o n  i n  t h e  

computat ional  m e s h  i s  n o t  l i n e a r l y  p r o p o r t i o n a l  t o  t h e  p h y s i c a l  

d i s t a n c e  o f  t h e  boundary from t h e  a i r f o i l .  The b e n e f i t  ob t a ined  

b y  t h e  reduced number of  mesh p o i n t s  i s  overshadowed by t h e  
. . 

reduced numerical  s t a b i l i t y .  

: There i s  no d i f f i c u l t y  i n  c a l c u l a t i n g  flows w i t !  s o n i c  

. f l i g h t  speed.  A Joukowski a i r f o i l  a t  Mm. = 1 and a = 9' 

i s  chosen a s  an example, w i t h '  t h e  r a t i o  ~ t / h x  se t  t o  3 . 5  

i n  t h i s  case .  . Usual ly ,  t h e  numer ica l  s t a b i l i t y  o f  t h e  un- 

ste.ady mode, i n  terms o f  t h e  r a t i o  At/Ax, decreases  wi th  

e i t h e r  f l i g h t  speed o r  ang le  o f  a t t a c k .  

2 .  Unsteady C a l c u l a t i o n s  

The NACA0012 a i r f o i l  and YORN a i r f o i l  (75-06-12) a r e  

chosen as p ro to types  f o r  convent iona l  and s u p e r c r i t i c a l  



a i r f o i l s ,  r e s p e c t i v e l y .  Both a i r f o ~ i l s  have t h e  same th i ck -  

n e s s  to  chord  r a t i o .  The r i g i d  body motion o f  an a i r f o i l  

can be  d e s c r i b e d  by t h r e e  parameters:  ang le  o f  a t t a c k ,  ' 

- . .  

f l i g h t  speed ,  and f l i g h t  ang le .  W e  c o n s i d e r  - the flow p a s t  

each a i r f o i l  when t h e s e  parameters  a r e  v a r i e d  s e p a r a t e l y .  

2 . 1  V a r i a t i o n  -, of  f l i g h t  speed  

F i r s t ,  w e  c o n s i d e r  t h e  acce l e - r a t i on  o f  t h e  a i r f o i l  i n  

t h e  s t r e a n w i s e  d i r e c t i o n .  Tha t  i s ,  t h e  a i r f o i l  moves w i th  

a  s i n u k o i d i l  . v a r i a t i o n .  i n  f l i g h t  speed b u t  w i th  f l i g h t  

an'gle and ang le  o f  a t t a c k  fixed.. .- 

I n  F igu re  11 a.o,c;  f o r t k ~ A ~ A 0 0 ~ 2  . . a i r f o i l ,  a s  t h e  f l i g h t  

speed  i n c r e a s e s  (decreases  )', . t h e  s u p e r s o n i c  ' r eg ion  grows 

( s h r i n k s )  i n  s i z e  and t h e  shock s t r e n g t h e n s  (weakens) and 
. . 

in0ve.s aft' ( f o r e ) .    he shock wave displacement  can a l s o  be 

observed  i n  the pressuke  d i s t r i b u t i o ' n s  i n  F igurc  11 d:c.f. ,  o r  

from t h e  p o s i t i o n  of  peaks i n  t h e  t r a c e s  o f  p r e s s u r e  s e n s o r s  

on the u p p e r , s u r f a c e  o f  t h e  a i r f o i l  i n  F igu re  11 g . The 

peaks i n  t h o s e  l o c a l  p r e s s u r e  traces a r e  produced a s  t h e  

shock wave p a s s i n g  by t h e  p r e s s u r e  s e n s o r s .  The nons inuso ida l  

t r a c e  cu rves  demonstra te  t h e  n o n l i n e a r  t r a n s o n i c  e f f e c t s  
. . 

caused by t h e  shock wave displacement .  The same c a l c u l a t i o n s  

f o r  t h e  KORN a i r f o i l  appear  i n  F igu re  1.2. T h e  unsteady 

load ing  distributions are shown i n  F igure  1 2  e l f l  where 

peaks i n  t h e  l oad ing  d i s t r i b u t i o n s  a r e  aga in  due t o  shock waves. 

T h e  l oad ing  i s  t h e  d i f f e r e n c e  o f  lower and upper p r e s s u r e  

c o e f f i c i e n t s .  



2.2 V a r i a t i o n  o f  a n g l e  o f  a t t a c k  

Next w e  c o n s i d e r  t h e - p i t c h i n g  a i r f o i l  which moves w i t h  

a  s i n u s o i d a l  v a r i a t i o n  of t h e  ; a n g l e  o f  a t t a c k ,  b u t  w i t h '  t h e  

£ l i g h t  v e l o c i t y  f i x e d .  Smal l  v a r i a t i o n s  i n  a n g l e  o f  a t t a c k  

may l e a d  t o  c o n s i d e r a b l e  changes i n  the p r e s s u r e  . d i s t r i b u -  . 

t i o n ,  s h o c k  p o s i t i o n  and shock s t r e n g t h .  : AS shown i n  

F i g u r e  9 a,b,c, f o r  t h e  NACA0012 a i r f o i l ,  when. the a n g l e  o f .  

a t t a c k  i n c r e a s e s  ( d e c r e a s e s ) ,  t h e  s u p e r s o n i c  r e g i o n  on t h e  

upper  s u r f a c e  o f  t h e  a i r f o i l  grows ( s h r i n k s )  i n  s i z e ,  and 

t h e  shock wave s t r e n g t h e n s  (weakens) and moves a f t  ( f o r e ) .  

I n  F i g u r e  9 j  t h e  n o n s i n u s o i d a l  t r a c e  o f  t h e  p r e s s u r e  a t  l o c a -  

t i o n  *6 on t h e  a i r f o i l  s u r f a c e  c l e a r l y  d i s p l a y s  t h e  shock wave 

movement. The u n s t e a d y  p r e s s u r e  l o a d i n g  d i s ' t r i b u t i o n s  are 

shown i n  F i g u r e  9 g , h , i .  . 

The s a m e  c a l c u l a t i o n s  w e r e  performed f o r  t h e  KORN a i r f o i l  

as shown i n  F i g u r e  1 0 .  I t  is  wor thwhi le  n o t i c i n g  t h a t  t h e  

u n s t e a d y  t r a c e s  o f  t h e  l o c a l  g r e - s u r e  s e n s o r s  f o r  t h e  KORN 

a i r f o i l  a r e  much more n o n l i n e a r  t h a n  t h o s e  f o r  t h e  NACA0012 . . 

a i r f o i l .  T h i s  p a t t e r n  i s  a l s o  o b s e r v e d  i n  t h e  l o a d i n g  d i s t r i -  

b u t i o n  f o r  t h e  two a i r f o k l s .  ~ h e ' f a c t  t h a t  t h e  shock 

e x c u r s i o n , a m p l i t u d e  d e c r e a s e s  w i t h , a n  i n c r e a s e  i n  o s c i l l a t o r y  

f r e q u e n c y  c a n  b e  s e e n  from t h e  u n s t e a d y  traces o f  t h e  p r e s s u r e  
. . 

s e n s o r  *6. .. i n  . F i g u r e  9 . j t k , l .  

2'.3 v a r i a t i o n .  o f  f l i g h t  a n g l e  

F i n a l l y ,  . w e  c o n s i d e r  changes  i n  t h e  a i r f o i l ' s  f l i g h t  

a n g l e  w h i l e  k e e p i n g  t h e  a n g l e  o f  a t t a c k  and f l i g h t  speed  



f i x e d .  The motion,  f o r  ang le  o f  a t t a c k  a = 0 ,  o f  t h e  air-  

f o i l  i s  d e s c r i b e d  i n  F i g u r e .  7. 

Figure  7 .  lrhe Chords of ~ i r f o i l s  a r e  Tansent t o  t h e  F l i g h t  
T r a j e c t o r y .  

The c h a r a c t e r i s t i c s  of t h i s  case a r e  s i m i l a r  t o  t h o s e  of 

the p i t c h i n g  a i r f o i l .  Computational  r e s u l t s  f o r  t h e  

NACA0012 and KORd a i r f o i l s  a r e  shown i n  F igu res  1 3  and 

1 4  , r e s p e c t i v e l y .  
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VI. CONCLUSION 

1. Summary o f  t h e  Work . .  . . . 

. .  . 

A numerical  method has  been p re sen ted  f o r  determining.  

t h e  i n v i s c i d  t r anson ic ,  f l o w  p a s t  a i r f o i l s i n  r i g i d  bbdy 

motion. The method i s  based  on t h e  .unsteady t r a n s o n i c  po- . 

t e n t i a l  flow equa t ion  i n  a computat ional  domain designed 

f o r  a c c u r a t e  a p p l i c a t i o n  of t h e  body s u r f a c e  boundary con- 

d i t i o n .  A set  of  f i r s t  o r d e r  r a d i a t i o n  boundary c o n d i t i o n s  a r e  

a p p l i e d  a t  t h e  a r t i f i c i a l  computat ional  boundar ies  l o c a t e d  a t  a  

f i n i t e  d i s t a n c e  away from t h e  a i r f o i l  s u r f a c e .  The f i n i t e  d i f f e r  

ence approximat ions  of  t h e  p o t e n t i a l  f low equa t ion  and r a d i a t i o n  

boundary c o n d i t i o n s  a r e  c o n s t r u c t e d  by us ing  a type  dependent 

d i f f e r e n c i n g  s t r a t e g y .  The l e a d i n g  t r u n c a t i o n  t e r m  p rov ides  t h e  

necessary  d i s s i p a t i o n  t o  s t a b i l i z e  t h e  scheme and t o  c a p t u r e  t h e  

shock waves au toma t i ca l ly .  The f i n i t e  d i f f e r e n c e  approximat ions  

a r e  pe r tu rbed  w i t h i n  t h e  same o r d e r  o f  accuracy i n  o r d e r  t o  

permi t  t h e i r  f a c t o r z a t i o n  i n t o  one-dimensional o p e r a t o r s .  Conse- 

q u e n t l y ,  t h e  problem can  be so lved  e f f i c i e n t l y  by us ing  a 

5-diagonal  ma t r ix  s o l v e r .  The r e s u l t i n g  a lgo r i t hm i s  a t ime 

marching scheme wi thou t  any i t e r a t i o n  p roces s  i n  each t i m e  s t e p .  

Numerical exper iments  show t h a t  t h e  scheme is. very 

s t a b l e .  The r e s u l t s  p r e s e n t e d  i n  Sec t ion  V demonstrate 

t h a t  t h e  method i s  a b l e  t o  r e s o l v e  t h e  h i g h l y  n o n l i n e a r  

trarlsurl ic flow e f f e c t s  f o r  f l u t t e r  m a l y a i s  of  a i r f o i l s  as 

long a s  t h e  boundary l a y e r  remains a t t ached .  



2 .  Extension of  t h e  Technique. 

Our numer ica l  method can be extended t o  t h r e e  space  

dimensional  problems. An impor t an t  a p p l i c a t i o n  i s  the un- 

s t e a d y  t r a n s o n i c  flow p a s t  wing-body combinations t h a t  

model o u r  a i r p l a n e .  The neces sa ry  geometr ic  mapping tech-  

n iques  are a v a i l a b l e  i n  a n a l y s i s  codes t h a t  compute ~ t c a d y  

flow pas L a wing-body eambination [2'7 I .  S i n g u l a r i t i e s  

a s s o c i a t e d  w i t h  t h e  geometr ic  mapping would n o t  be  a 

s e r i o u s  problem and cou ld  be  t r e a t e d  i n  a  manner s i m i l a r  

t o  t h e  one u s e d - i n  t he  s t e a d y  c a l c u l a t i o n .  A f u r t h e r  

a p p l i c a t i o n  cou ld  be t h e  h e l i c o p t e r  r o t o r  i n  forward 

f l i g h t .  .'Here t h e  flow i s  unsteady because o f  t h e  r e l a t i v e  

v e l o c i t y  o f  t h e  advancing and r e t r e a t i n g  b l ades  [ 81 .  ' 

I n  p r i n c i p l e , ,  shock accuracy would be improved b y  

shock f i t t i n g  methods' [451 d r ,  a l t e r n a t i v e l y ,  by the u s e  

o f  a d i f f e r e n c e  scheme i n  conse rva t ive  form. I n  p r a c t i c e ,  

however, a t u r b u l e n t  boundary l a y e r  c o r r e c t i o n  would be 

needed f o r  more e x a c t  shock jump modeling { l o ,  13, 351. 
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APPENDIX 

A .  A 5-Diagonal Matrix Solver  

Here, we p r e s e n t  a method of so lv ing  a 5-diagonal 

mat r ix  problem. Suppose Ax = y is  solved f o r  x ,  where 

x and y a r e  nx l  column v e c t o r s  and A is  of t h e  form 

Assume t h e  ma.trix can. be f ac to red  i n  t h e  t r i d i a g o n a l  form 



Then w e  f i n d  

- G i  - di 

+ a . y  = - . 1 i Ci 

ai = e i 

f o r  i = 1,. . . , n  i f  t h e  d e f a u l t  v a l u e s  a r e  set  equa l  t o  

- z e r o .  Namely, bl - dl = ' d2  = c = e 
n n-1 = e  = O f  n  

- - - El  - 61 - 6 2  - yn = E - 
n-1 - 'n = 0 and which can be 

so lved  as  

f o r  i = 1,. . . , n ,  i n  ascending o r d e r  i f  none o f  t h e  ai variish. 

The intermediate s t e p  Lg = y becomes 

6igi-2 + Bigi-1 + aigi = yi f o r  i = l , . . . , n ,  

w e  can s o l v e  t h i s  system r e c u r s i v e l y  i n  ascending o r d e r .  

Namely, 

f o r  i = 1,. ..,n, i f  t h c  d e f a u l t  v a l u e s  g-l = g-2 = 0. 



The f i n a l  s t e p  Ux = g is  expressed  by 

+ €.Xi - 
+ Y i x i + l  1 1+2 - gi f o r  i = l , . . . , n ,  

where Xn+l  
= x .  

n+2 = .O. The system can  be  so lved  i n  ' :  

des.cending o r d e r  r e c u r s i v e l y  a s  

- 
Y i x i + l  - E X  i i + 2  for i = 11,  . . .., 1. Xi = g i  

we remark t h a t  t h e  LU f a c t o r e d  form is n o t  unique;  

f o r  example, '  L and u can  be t h e  fo l lowing  



B . Computer Program UFL05 

1. Operat ion o f  t h e  Program 

The sheared  p a r a b o l i c  c o o r d i n a t e s  d e s c r i b e d  i n  Sec- 

t i o n  I I I , 3  a r e  in t roduced .  The i n p u t  parameters  XSING 

and YSING de te rmine  t h e  l o c a t i o n  o f  t h e  s i n g u l a r  p o i n t  

about  which t h e  s q u a r e ,  r o o t  t r ans fo rma t ion  is  made. It 

is  . important  t o  choose t h e s e  two parameters  s o  t h a t  t h e  

unfolded p r o f i l e  does  n o t  have any s h a r p  bumps. The 

mapped c o o r d i n a t e s  are p r i n t e d  s o  t h a t  t h i s  can be 

checked. 

The d i f f e r e n c e  scheme f o r  t h e  s t e a d y  r o u t i n e  used t o  

i n i t i a l i z , e  t h e  c a l c u l a t i o n  i s  i n  f a c t  t h e  s t anda rd  l i n e  

r e l a x a t i o n  method. F a s t e r  convergence i s  u s u a l l y  ob ta ined  

by us ing  h o r i z o n t a l  r e l a x a t i o n ,  y-sweep, marching toward 

t h e  body. The d i f f e r e n c e  scheme f o r  t h e  unsteady r o u t i n e  

conforms c l o s e l y  t o  t h e  d e s c r i p t i o n  i n  Sec t ion  I V ,  1. I t  

i s  implemented i n  t h e  computat ional  domain desc r ibed  i n  

S e c t i o n  111, 3  a s  f i r s t  performing a  y-sweep, marching 

toward t h e  body wi th  h o r i z o n t a l  l i n e s ,  t hen  fol lowed by an  

x-sweep, w i th  v e r t i c a l  l i n e s  marching from l e f t  boundary 

toward r i g h t  boundaery o f  t h e  computat ional  g r i d .  

 he i n i t i a l  v a l u e s  o f  t h e  t ime dependent problem a r e  

provided by e i t h e r  u s ing  unsteady mode a l o n e  o r  u s ing  bo th  

s t e a d y  and unsteady modes. The program c o n t a i n s  a swi t ch  

f o r  t h e  choice .  For f i n e  mesh, such a s  128 x 32, t h e  

method employing 'both  modes i s  recommended. A run  us ing  



bo th  modes can b e  d e s c r i b e d  a s  fo l lows .  F i r s t ,  u s ing  

s t e a d y  mode, c a l c u l a t i o n s  a r e  f i r s t  performed on a 

c o a r s e  mesh and then  on a  f i n e  mesh wi th  t w i c e  a s  

many i n t e r v a l s  i n  each  c o o r d i n a t e  d i r e c t i o n .  The c o a r s e  

mesh r e s u l t  1s i n t e r p o l a t e d  t o  p rov ide  t h e  s t a r t i n g  

guess  f o r  t h e  f i n e  mesh; I t  usua l ly '  c o n s i s t s  o f  200 

c y c l e s  on c o a r s e  mesh, 32 x 8 ,  followed hy I.nQ cycles on 

a f i n e  mesh, G4)(16, 50 c y l e s  un a f i n e r  mesh 1 2 8 x 3 2 .  

  he' r e s u l t i n g  reduced v e l o c i t y  p o t e n t i a l  i s  used a s  t h e  

s t a r t i n g  guess  f o r  t h e  s t e a d y  i t e r a t i o n  u s i n g  t h e  uns.teady 

r o u t i n e .  A f t e r  75 c y c l e s  i n  t h i s  s t e a d y  i t e r a t i o n  s t e p ,  

w e  begin  o u r  t i m e  marching c a l c u l a t i o n .  A b e t t e r  i n i t i a l  

v a l u e  can  b e  ob ta ined  a f t e r  one complete p e r i o d i c  c y c l e .  

Computational r e s u l t s  show t h a t  t h e  d i f f e r e n c e  between t h e  

second and t h e  t h i r d  p e r i o d  c y c l e s  i s  s m a l l .  W e  t h e r e f o r e  

cur ls ider  the  r e s u l t s  from t h e  second pe r iod  a s  o u r  d e s i r e d  

o u t p u t .  

The i n p u t  d a t a  deck f o r  a  run i s  a r ranged  t o  i n c l u d e  

t i t l e  c a r d s  l i s t i n g  t h e  r e q u i r e d  d a t a  i t e m s .  The complete 

se t  of t i t l e  c a r d s  p rov ides  a l i s t  of  a l l  t h e  d a t a  which 

must  be s u p p l i e d  and can be used a s  a  gu ide  i n  s e t t i n g  up 

t h e  d a t a  deck. Each t i t l e  c a r d  i s  fol lowed by a  c a r d  

supply ing  t h e  n u m e r i c a l ~ v a l u e s  f o r  t h e  parameters  l i s t e d .  

The i n p u t  parameters  are g iven  i n  t h e  Glossary i n  t h e  o r d e r  

o f  t h e i r  appearance on t h e  d a t a  c a r d s .  A l l  d a t a  i t e m s  a r e  

r ead  i n  as f l o a t i n g  p o i n t  numbers i n  f i e l d s  of  10 columns, 



a n d ' v a l u e s  r e p r e s e n t i n g  i n t e g e r  parameters  a r e  conver ted  

i n s i d e  t h e  program. The d a t a  deck f o r  NACA 0012 a t  

M = 0.79, a = 0" + lo s ' in  k t  'is shown i n  Table 1 .  

The o u t p u t  c o n s i s t s .  o f  p r i n t o u t  and caicomp. p l o t s .  

The p r o g r a m . p r i n t s  t h e  mapped c o o r d i n a t e s  of  t h e  a i r f o i l  

genera ted  a t  t h e  mesh p o i n t s  of  t h e  computat ional  g r i d .  

Parameters such a s  mesh s i z e ,  f l i g h t  speed,  f l i g h t  ang le ,  

ang le  of  a t t a c k  a r e  a l s o  p r i n t e d  s o ' t h a t  t h e  case can  be 

i d e n t i f i e d  e a s i . 1 ~ .  

For each : i t e r a t i o n  us ing  t h e  s t e a d y  r o u t i n e  t h e  

program p r i n t s  t h e  i t e r a t i o n  number, t h e  maximum c o r r e c t i o n  

t o  t h e  reduced v e l o c i t y  p o t e n t i a l ,  and t h e  maximum r e s i d u a l  

f o r  t h e  s t e a d y  f low equa t ion  t o g e t h e r  w i t h  t h e  c o o r d i n a t e s  

o f  t h e  p o i n t  where t h e s e  occur  i n  t h e  computat ional  g r i d ,  t h e  

c i r c u l a t i o n ,  t h e  r e l a x a t i o n  f a c t o r  p l ,  p2, p3, and t h e  

number o f  supe r son ic  p o i n t s .  A f t e r  a maximum number of  

c y c l e s  has  been completed o r  a  convergence c r i t e r i o n  has  been 

s a t i s f i e d ,  t h e  ang le  of a t t a c k ,  f l i g h t  speed,  f l i y h t  ang le ,  

l i f t ,  d r ag  and moment c o e f f i c i e n t s  a r e  p r i n t e d .  I f  

d e s i r e d ,  t h e  p r e s s u r e  d i s t r i b u t i o n  a long  t h e  a i r f o i l  s u r f a c e  

and a  c h a r t  o f  t h e  l o c a l  Mach numbers can  be  p r i n t e a .  

I f  t h e  mesh i s  t o  be  r e f i n e d ,  t h e  program then  r e p e a t s  

t h e  same sequences o f  c a l c u l a t i o n s  and o u t p u t  on t h e  same 

mesh. A Calcomp p l o t  i s  genera ted  t o  show t h e  p r e s s u r e  

d i s t r i b u t i o n  over  t h e  a i r f o i l  on t h e  f i n e s t  mesh 'at t h e  

end o f  t h i s  sub rou t ine .  



For  a s t e a d y  i t e r a t i o n  us ing  nonsteady mode, t h e  

program f i r s t  p r i n t s  t h e  f l i g h t  c o n d i t i o n s ,  t h e  mesh s i z e ,  

and t h e  d imens ion less  t i m e  s t ep . '  A f t e r  each i t e r a t i o n ,  

t h e  program p r i n t s  t h e  maximum change i n  t h e  v e l o c i t y  

p o t e n t i a l  w i t h  t h e  c o o r d i n a t e s  o f  t h e  p o i n t  i n  t h e  g r i d  

system. I f  -des i r ed ,  t h e .  p r e s s u r e  d i s t r i b u t i o n  a long  t h e  

a i r f o i l '  and t h e  l o c a l  Mach number c h a r t  can be  p r i n t e d .  

Calccmnip p l o  Ls f f o l  the pressult! dis t ~ i l ~ u L i u 1 l ,  Llle leadil ly 

d i s t r i b u t i o n ,  and t h e  supe r son ic  zone over  t h e  a i r f o i l  a r e  

gene ra t ed  s e p a r a t e l y  a t  t h e  end o f  t h i s  s t e p .  

Before  t h e  unsteady t i m e  marching p roces s ,  t h e  

advanced t i m e  s t e p s  r e q u i r e d  t o  f i n i s h  t h e  a s s igned  pe r iod  

i s  e s t i m a t e d  and p r i n t e d .  A f t e r  one complete pe r iod  has  

been computed t h e  f l i g h t  c o n d i t i o n s  t o g e t h e r  w i t h  t h e  

aerodynamic f o r c e s ,  l i f t ,  d r a g  and moment c o e f f i c i e n t s ,  a r e  

t h e r e a f t e r  p r i n t e d  p e r i o d i c a l l y .  i f  d e s i r e d ,  t h e  p r e s s u r e  

d i s t r i b u t i o n  o v e r  t h e  a i r f o i l  i s  a l s o  p r i n t e d .  Calcomp 

p l o t s  f o r  t h e  p r e s s u r e  d i s t r i b u t i o n ,  t h e  l oad ing  d i s t r i b u -  

t i o n ,  and t h e  supe r son ic  zone o v e r  t h e  a i r t o i l  a r e  

gene ra t ed  p e r i o d i c a l l y .  A t  t h e  end of  t h e  c a l c u l a t i o n  t h e  

unsteady traces o f  t h e  a i r f o i l  motion and t h e  g r i d  system 

n e a r  t h e  a i r f o i l  are p l o t t e d .  The graphs  can a l s o  be  

produced as  i n d i v i d u a l  frames i n  a f i l m  s t r i p .  Then a 

complete h i s t o r y  o f  t h e  t i m e  dependent motion w i l l  be v i s i b l e .  



2 .  ' Glossary of t h e  Program 

The i n p u t  parameters a r e  l i s t e d  i n  t h e  o rde r  of 

t h e i r  occurrence on t h e  d a t a  t i t l e  cards .  

T i t l e  
Card 1 

I S Y M  . I n d i c a t e s  t h e  type of p r o f i l e .  

I S Y M  = 0 denotes  a cambered p r o f i l e .  Coordinates 

a r e  suppl ied  f o r  upper and lower su r faces ,  each 

ordered'  from nose t o  t a i l  with t h e  leading  edge 

included i n  both '  su r faces .  

I S Y M  = 1 denotes  a symmetric' p r o f i l e .  

A t a b l e  of  coord ina tes  i s  read f o r  t h e  upper su r face  

only.  

NU The number of upper su r face  coordina tes .  

NL The number of lower su r face  coordina tes .  

For ISYM = 1, N L  = NU even though no lower su r face  

coordina tes  a r e  given. 

NX The number of mesh c c l l ~  i n  t h e  d i r s c t i o n  of t h e  

chord used a t  t h e  s t a r t  of t h e  c a l c u l a t i o n .  NX = 0 

causes terminat ion of t h e  program. 

NY ,The number of mesh c e l l s  i n  t h e  d i r e c t i o n  normal t o  

t h e  chord. 

MHALF Determines whether t h e  mesh w i l l  be r e f ined .  

MHALF = 0. The computation  terminate^ a f t e r  completing 

t h e  prescr ibed  number o i  i t e r a t i o n  cyc les  o r  a f t e r  

convergence f o r  th,e i n p u t  mesh s i z e .  



MHALF # 0. The mesh spac ing  w i l l  be  halved a f t e r  

NRELAX c y c l e s  have been run  on t h e  c rude  mesh s i z e .  

The re f inement  w i l l  be performed MHALF t i m e s .  

RSTAD Determines whether t h e  s t e a d y  mode w i l l  be employed. 

RSTAD = 0. The s t e a d y  mode w i l l  n o t  be  c a l l e d ,  

t h e  s t e a d y  f low c a l c u l a t i o n  e n t i r e l y  depends upon 

t h e  uns teady  mode. RSTAD = 1. Both s t eady  and 

unsteady modco arc employed f o r  t h e  s t eady  f low 

c a l c u l a t i o n .  

STADI I n d i c a t e s  t h e  t y p e  o f  f low c a l c u l a t i o n .  

STADI = 1. The computation i s  running f o r  t h e  

s t e a d y  s t a t e  s o l u t i o n .  STADI = 0. The computation 

i s  a  t i m e  dependent run.  

T i t l e  
Card 2 

NRELAX The maximum number of  i t e r a t i o n  c y c l e s  which w i l l  be 

coiiipu Lcd i l l  L11e s teddy i t e ra t ion  process. 

RELAXFOThe d e s i r e d  accuracy.  ' I f  t h e  maximum c o r r e c t i o n  

i~ less t h a n  RELAX TO t h e  c a l c u l a t i o n  t e l m i n a t e s  

o r  p roceeds  t o  a f i n e r  mesh; o the rwi se  t h e  number of  

c y c l e s  se t  by NRELAX are completed. 

CHECI(PT Determines whether t h e  CHEKPTX i s  r equ i r ed .  

CHEKPTX = 1. The CHEKPTX i s  c a l l e d .  

T i t l e  
Card 3 

COORS The s t r e t c h i n g  f a c t o r  i n  t h e  x c o o r d i n a t e  s t r e t c h i n g  

t r a n s f o r m a t i o n  d e s c r i b e d  i n  Sec t ion  111, 3 .  



COORT The s t r e t c h i n g  f a c t o r  i n  t h e  y c o o r d i n a t e  s t r e t c h i n g  

mapping d e s c r i b e d  i n  Sec t ion  111, 3 .  

RCBDY To l o c a t e  t h e  computat ional  boundar ies .  

T i t l e  
Card 4 

PI0 The subs6nic  r e l a x a t i o n  f a c t d r  f o r  t h e  reduced 

p o t e n t i a l  i n  t h e  s t e a d y  f low c a l c u l a t i o n  r o u t i n e s ;  

I t  i s  between 1'. and 2. and should  be i nc reased  

towards' ' 2 .  as the .  mesh' i s  r e f i n e d .  

P20 The supe r son ic  r e l a x a t i o n  f a c t o r  f o r  t h e  reduced 

p o t e n k i a l  i f i  t h e  s t e a d y  r o u t i n e .  I t  i s  n o t  g r e a t e r  

than 1. and riormally se t  t o  1. 
. , 

P30 The r e l a x a t i o n  f a c t o r  f o r  t H e  c i r c u l a t i o n .  It is  

u s u a l l y  se t  t o  1. b u t  can  be i n c r e a s e d  

P l O l  
P102 The increments  o f  P10 a s  t h e  mesh system i s  r e f i n e d  
P103 

1 t i m e ,  2 t i m e s  and 3 t i m e s ,  r e s p e c t i v e l y .  

T i t l e  
. ' Ca,rd 5 

FREQRA The frequency r a t e  ( rad/ t imP) and d p l i t l i d e  (degree)  MAP LA 

of  t h e  s i n u s o i d a l  v a r i a t i o n  o f  a n g l e  o i  a t t a c k  ( i n  

degrees). '  .. 
FREQRM 
AMPLM The frequency r a t e  and' ampl i tude (mach number) of  t h e  

s i n u s o i d a l  v a r i a t i o n  o f  f l i g h t  speed i n  mach number. 

FREQRC 
AMPLC The fr'equency r a t e  and ampli tude o f  t h e  s i n u s o i d a l  

v a r i a t i o n  o f  f l i g h t  ang le '  i n  deg rees .  



PERIOD The complete s i n u s o i d a l  pe r iods  t o  be  c a l c u l a t e d .  

DEGREE The deg ree  i n t e r v a l  t o  p l o t  t h e  graphs ,  p r e s s u r e  

d i s t r i b u t i o n ,  t h e  l oad ing  and t h e  supe r son ic  zone 

o v e r  t h e  a i r f o i l .  

~ i t i e  . . 

. Card 6 . ,  

ALPHA1 The a n g l e  o f  a t t a c k  i n  degrees .  

 MACH^   he f l i g h t  speed i n  mach ,number.' The speed of so~.and 

a t  i n f i n i t y  i s  s e t . t o  be  u n i t y .  

. THETAl The f l i g h t  a n g l e  i n  degrees  

TSRATIO The r a t i o  At/Ax (illin) between t i m e  s tep and 

minimum s p a c i a l  s t e p .  

T i t l e  
- C a r d  7 

TE ANGLE The inc luded  a n g l e  a t  t h e  t r a i l i n q  edqe i n  degrees. 

The p r o f i l e  may be  open, i n  which c a s e  it i s  t h e  

d i f f e r e n c e  i n  a n g l c  between t h e  upper a i d  luwer 

s u r f  a c e s . .  

TE SLOPE The s l o p e  o f  t h e  mean camber l i n e  a t  t h e  t r a i l i n g  

edge. This  i s  used t o  con t inue  t h e  c o o r d i n a t e  s u r f a c e ,  

assumed t o  c o n t a i n  t h e  v o r t e x  s h e e t ,  smoothly o f f  t h e  

k r d i l i n g  edge. 

XS I NG 
YSING The c o o r d i n a t e s  o f  t h e  s i n g u l a r  p o i n t  i n s i d e  t h e  nose  

, abou t  which t h e  s q u a r e  r o o t  t r ans fo rma t ion  i s  a p p l i e d  

t o  g e n e r a t e  p a r a b v l i c  c o o r d i n a t e s .  Th i s  p o i n t  should 

be l o c a t e d  a s  symmetr ica l ly  a s  p o s s i b l e  between t h e  

upper  and lower s u r f a c e s  a t  a  d i s t a n c e  from t h e  nose  



roughly p r o p o r t i o n a l  t o  t h e  l e a d i n g  edge r a d i u s .  

I t  can b e  seen  whether t h e  l o c a t i o n  has  been c o r r e c t l y  

chosen by i n s p e c t i n g  t h e  c o o r d i n a t e s . o f  t h e  mapped 

p r o f i l e  p r i n t e d  i n  t h e  o u t p u t .  I f  t h e  mapped 

p r o f i l e  has  a bump a t  t h e  c e n t e r ,  t h e  s i n g u l a r  p o i n t  . 

should be  moved c l o s e r  t o  t h e  l e a d i n g  edge; I f  t h e  

mapped p r o f i l e  i s  n o t  symmetric nea r  t h e  c e n t e r ,  

w i t h  a s t e p  i n c r e a s e  i n  y ,  s a y ,  as x i n c r e a s e s  through 

0 ,  t h e  s i n g u i a r  p o i n t  should b e  moved c l o s e r  t o  t h e  

upper s u r f a c e .  

T i t l e .  
., , Card 8 

.X 
Y .  The coord ina . tes ,  upper s u r f a c e  c o o r d i n a t e s ,  of t h e  
THETA 

upper s u r f a c e  and i t s  t angen t  ang1.e i n  degrees ;  

These are r ead  ,on t h e  d a t a  c a r d s  which fo l low,  one 

p a i r  o£ c o o r d i n a t e s  and i t s  t angen t  a n g l e  p e r  c a r d  

. . i n  t h e  f i r s t  t h r e e  f i e l d s  of 1 0  from l e a d i n g  t o  t r a i l -  

i h g  edge i n c l u s i v e .  

T i t l e  
Card 9 

X 
Y The co-ordinates  and i t s  t angen t  a n g l e  a t  t h e  lower 
THETA 

, s u r f a c e ,  read  from l e a d i n g  t o  t r a i l i n g  edge. The 

l e a d i n g  edge p o i n t  i s  t h e  same as t h e  upper s u r f a c e  

l e a d i n g  edge p o i n t .  The t r a i l i n g  edge p o i n t  may be 

d i f f e r e n t  i f  t h e  p r o f i l e  has  a n  open t a i l .  

T i t l e  
Card 10 

End of t h e  c a l c u l a t i o n .  



T a b l e  1. Data Deck for t h e  P r o g r a m .  

71-80 61-70 51-60 

1 

2 
7' ..- 

3 

4 

5 

6 

7 

31-40 21-3C 1-10 

NACA0012 

41-50 11-20 

8 
I 

1 

NN 

3 

1 

L NL 

RSTAD 

1. 

MHALF 

2. 

ISYM 

1. 

NKEL&i 

.8 

THETA 

THETA 

STADI 

0. 

0. 

(UPPER SURFACE) 

I 

(LOWER SURFACE) 

a 

16.15 I 0. 

I y  

2 0 0 ,  

NU 

37 .  

RETIAX 
TO 

- 

X 

I 

1 I 

Y 

1.E-6 

P103  ( 
. 7 2  I 

0 6 

COORS COBRT 

0 .  

I 
1. 

NY NL 

2 

~ R A   LA 
0 . 3  1 1. 

Xl2HA.l I W J -  

0. . 7 9  

I 

W E  

NX 

RCBDY 

1. 

37.  

DEGREE 

90.  

, 

FREW 

0 .  

'TWBKl 

0 .  

XSIK 

FKEQC 1 AMPIC j PERIOD 

I 

3 2 *  1 8 *  

AMPLM 

0 .  

!lXRATIO 

1 0 .  

YSING 

P102 

.58  

P10 

2 .  0. 0 .  

0 .94  1 O o 8  j 1 - 1 9  
t 

P20  1 P30 P l O l  
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. 3 ,  LISTING CIF TI-IE P R O G R A M  

P K O G P A F I  U F  L O 5  ( I b P U T ,  O U T P U T , T A P E 5 = I N P U T ~ T A P E b ~ O U T P U T ~ T A P E 9 8 ~ O U T P U T ~  
1 T A P E 7 1  

c THE A N A L Y S I S  g~ TRANSONIC F L O U  P A S T  AIRFOIL IN .RIGID B O D Y  NOTION 
i THE U N S T E A D Y  T R A N S i l N I C  P i 3 T E N T I A L  F L O W  E Q U A T 1 U . N  k I T H  R A D I A T I O N  

, C  ' B O U N D A R Y  C O N D I T I O N S  I N  E O V I N G  S H E A R E D  P A R A B O L I C  C O O K G I N 4 T E  S Y S T E M  
C A R E  S O L V E O  B Y  AN A L T E R N A T I N G  O I R E C T I G N  I M P L I C I T  S C H E M E  W I T H  
c FIVE,  DIA.G[SNAL M A T R I X  S G L V E K  
C. P R 3 G R A M I l t D  B Y  I - C H U N G  < H A N G  D b K 1 N . G  S E P T E M B E R  1 9 8 0  
C G I S  T H E  V E L O C I T Y  P U T E N T I P L  I N  T H E  A B S O L U T E  F R A M E  

C U M M L I N / A /  G M (  1 3 2 , 3 6 ) , t i (  1 3 2 ~ 3 6 ) ~ G N ( . 1 3 2 ~ 3 6 ~ ) ~ S 0 ( 1 3 ~ ) r S 1 ( 1 3 2 ) ~ S 2 ( 1 3 2 )  
1 ,A0(132),~li132),~2(152)r~3(132),BO~36),Bl(36),02(36) 
2 9 d 3 (  3 6 )  ,NX,bY, 1x1,  I X : 2 , K S Y I Y #  F I Y A C H ~ A L P H A I C A S A F M A C H  . 

3 , A L , U T I M I C B ~ S ~ , N S , R G Y I G , J G  
C l l M M O N / d /  S V ( 1 3 2 ) , S M ( 1 3 L ) , C P ( 1 3 2 )  
C O M M O N / C /  , X P ( 2 h I ) ) ~ Y P . ( 2 h O ) ~ D ~ ( 2 b O ~ ~ D 2 2 6 6 O ) ~ D 3 ~ 2 6 0 )  
C O M M U N / D /  S L t 3 P T , l R A I L j S . C A L  
C O M M U N / E /  CHORD,X.M,CL,CD,CM 
C O M M C i N / F /  ,XR, Y R , K ; s ' , % s ( ~ o D ~  ~ ~ ~ ( 5 0 0 )  
C O M M U N / G /  T I T L E ( Z O ) , I P L O T  
C O M Y O N . / H /  D x ,  DY,DT, OXX,,DY Y, D T T , O X Y , D X T , D Y T , T S R  
C U . M M U r J / I : /  X ( 2 6 0 ) , Y ( 2 6 0 )  
C O M M O N / J /  R A D ~ P I ,  A L S , A L T , A L T T , A M P L A , . F R ~ : Q R A ~  F A S A G A , F M A C H S ~ F H A C H T  

' 1 , A M P L M ,  F  R E Q i i M ,  F A S A G M , C f  T A S , C E T . A T , C E T A T T , A R P L C , F R E Q R C , F A S A G C , C E T A  
2 j F R E 4 . R )  I 'PSUEE 

CCiMIYLiN/K/ 10, I 1 . i  12 ,139  J19 J2,J3 
C O M M O N / , L /  T C L ( 8 O l . ) , . T C D (  801  ) ~ - T C M ( . ~ O . ~ , ) , T C P ( ~ ~ ' ~ . O P ) ' , T C P S ( ~ ) ~ C L S , C O , S  

1. CM'S~NITS,  ~ J ~ ~ M P ~ ! J S ' , T E P , J S T E P ? P E R I O D , M H A L F  
COi9PI@N/.;Ll/ P L , . P 2 , P 3 j  T A . U  
C O M M ~ O N i : l J /  S O I I : i ? S , ~ C ~ , O R ? T  . 
C L l M f i C I N / S ' T A D  1.1 Q:R.; IS, JU, :I.RS.T,AD 
C U ~ ~ ~ M C I + I G A K ~ E  / 'NIT,WG ( i 3 2 . 1  

. . ' D A T A  VAS:ir.OI 
lkE.ALi= 5 
1 k R.I..T. = 6 
i : ~  LU-I' - -l. 

.P  I = , 3 . 1 . 4 1 5 ' 1 2 6 . 5 3 5 $ 9 7 9  
.R A  D  5 7 2 Y 5 7.7 92 1.3,0,8 2 3 

1 W R I T E  .( I k ' R l T ~ 6 0 0 )  
k R I T E  ( I W . F i . I T p 2 )  

2 F O R M A T  ( 1 4 H O P R O G i i A M  U F L U 5 , 7 0 X , 3 2 1 4  I - C H U K G  C H A ~ J G I C O U . R A N T  I N S T I T U T E /  
1 5 6 H O S i J L U T I O N  OF' U N S T E A D Y  T R A N S G N I C  P O T E N T I A L  FLOW E Q U A T I O N S )  

R E A D  ( I R E A D j 5 3 0 )  ( T I T L E ( 1  ) , I r l , 2 0 )  
k R I T E  ( I W H I T , 6 3 0 )  ( T I T L E  ( I ) , I = 1 , 2 0 )  



R E A D  ( I R E  AD, T O G )  
R E A D  ( I R E A D ,  5 1 C )  F S Y M , F N U , F N L , F N X p F N Y t F H A L F p F R S T A D I  
I S Y M  = F S Y M  
I R S T A D .  F P S T A D  

. , I S T A D I =  F S T A D I  
NU = F N U  
N  L  = '  F N L  

. . . I F  ( N U . L T . 1 )  G O  T O  302 
N X O  = , F N X .  
N Y O  - . =' F N Y  
N X = N X O  
N Y = NYO; 

. I F ( N X * N E m 4 * N Y )  GU T O  3 Q Z  . 
H H A L F  = F H A L F  

. ,  N H A L F  ' = o 
R E  A D  ( I R E  A D )  506 
R E A D  ( I ' R E b D : , 5 l O )  F I T , C U V , C H E C P T  
I C t i E C K =  C H E C P T  
R E A D ( I E E A D , 5 0 C )  . . 

R E A D (  I R E A D , 5 1 0 )  C O G R S , C O O P T , R C B D Y  
L H A L F =  R C R D Y  
I F ( L H A L F  . L E . O . O K . L ~ ~ A C F . G T . ~ )  L H A L F = l  

. . 
R E A D (  I R E A D j 5 0 G )  
R E A D (  l H E A D , 5 1 0 )  P l O ~ P 2 0 ~ P 3 0 ~ P 1 0 1 ~ P 1 0 2 ~ P 1 O 3  

. . R E A D (  I R E A D , 5 G O )  
R E A D ( I R E A D , 5 1 G ) F R E Q R A , A M P L A , F R E Q K M , A M P L M , F R E Q R C ~ A M P L C ~ P E R - I O D ~ D E G R E  
I F ( P E A I O B . G T ' . 2 . )  D E G R E s  4 5 .  
I F ( P E R I O D * L , T * 3 )  G O  T O  3 
D E G P . E =  4 5 .  . . 
I F ( P t R I D D . L T . 4 )  G G  T C  3 
D E G R E m  9 0 .  

3 l G R A F m  3 b O . I D E G k E  
I i ( I C ; K A i . G T . 1 2 )  IGRAF= 1 2  
I P S U R E =  P E R L C D * I G R A F  
F K E O P =  1C.O.  
I F ( F i ( E Q R A . L E . 9 . )  GO T O  4 
F $ E O R =  A M I N l (  F R E Q R A ,  F 2 E . Q R )  

4 I F t F R E Q R M . L E . 0 . )  GO T O .  5 
F R E Q R =  A M I N l (  F K E Q H M ,  F k . t O R )  

-5 I F  ( F K E Q R C . L E . a O )  GO T O  6 
F R E Q R =  A K I N l . (  F R E O R C ,  F i 3 E . Q F o  

b I~~I-K~UK.L~..U.) GU 1 U  302 
f 4 I T O  * = F I T  
R E A D . '  ( I R E A D p . 5 0 0 )  

: R E A D  ( I R E A C , ' 5 1 0 ) ,  A L 1 ,  F Y l r C T 1 , T S R  . . 

F M A C H  = F M 1  
. . 

F M A C H Z = F M A C H * F M A C H  . . 
. . C E T A f  C T 1  

C E T A S =  C E T A / K . A G  
R t A D  I I R E A D t 5 0 0 )  
R E A O  ( I K E A D , ~ ~ ~ )  TRAI:L:,SLOPT.,'XR,YR 
T R A I L  = T K A I L I R A D  
N = tXL +NU -1 
R E A O  ( I R E A D , 5 0 0 )  



D O  7 I = N L , N  
K . E A D .  ( I K E A D , 5 1 C i )  ) r ( I ) , Y ( I )  
L  . =  h L  +1 
I F  ( I S Y M . G T * O )  G O  T O  9 
R E A D  ( I R E A D , 5 O O )  
D 'J  8 I =  1,NL 
R E A D  ( I R E  AD, 5 1 0 )  V A L , d U M  
J = L  -I 
X ( J )  = V A L  
Y (  J )  = D U M  
G O  T O  11 
J = L  
i )U 1 0  I = N L , N  
J = J, -1 
X ( J )  = X ( 1 )  
Y ( J )  = - Y ( I ) '  
C H O R D  = ~ ( 1 )  - x ( F ~ L )  
X  M ' =  X ( b i L )  + * Z S * C H O R D  
Ah = A L 1  
ALPCIA = A L / K A D  
A L S =  A L P H A  
K S Y M  ' = I S Y M  
IF ( A L P H A . N E . O * ~  K ~ Y R  =. O 
C A L L .  C O O R O ( N L , N  
I F  ( 1 X l + l X Z . N E . b i ~ t 4 )  GO T Q  302  
I F ( I K S T A D * G T + G )  Gn T C  3 7 .  
C A L L  E S T I M  

G C  TCi 3 8  
C A L L  .SESTIF:  
L i T I I S I =  0 .  
M I  T  = Pl.1 T G  
A L T = O *  ' 

A L T T =  0.. . 
Ff4A.C t - iS= F M A C H  
F M A C 2 H T =  0. 
C E T A T =  0.. 
C E T A T ' T =  C. 
W R I T E  ( I W R I T , 6 0 0 )  
K k I T E  ( I w R I T , 1 1 2 )  
K X =  N X + 1  
00 1 5  I =  3 ,KX  
$ K I T E  ( I W R I T , b l C )  A O ( I ) , S O (  I ) i S 1 ( I ) ~ S 2 ( I ) r A l ( X ) , . A 2 ( I ) r A 3 ( 1 )  
W R I T E  ( I w R I T , 6 0 0 )  
W R I T E  ( I W K I T P  1 1 6 )  
M Y =  N Y + 2  
D O  1 6  J =  3 ' 9 M Y  
n k I r E  ( I W E I T , b l G )  B O ( J ) , U l ( J ) r 6 2 ( J ) r B 3 ( J )  
I F ( I R S T A D . G T . 0 )  G O  T O  5 0  
I F ( N H A L F . E Q . M H A L F )  M I T =  M I T s l . 5  
N I T = O  
J 1 =  3 
K H A L F r  L H A L F * L ! * * P J I - I A L r  
J 3 =  3 + N Y - K H A L F  
J 2 =  J 3  -1 



10. 2 + K h A L F  
-I1 = 10 +1 
I 3 =  2 + N X  - K H A L F  
.I2= I 3  -1 

I N X =  I 3  - I 0  
I N Y =  J 3  - J 1  

. . k R I T E  ( I W R I T p 6 0 0 )  
W R I T E  ( I W R I T p 1 2 4 )  

. W K I T E ( I W K I T p 6 4 0 )  I N X p I N Y  
. -  W R I T E  ( I W R I T p 1 2 b )  

" '  W R I T E (  I W R I T p 6 1 0 ) '  F M A C H p A L  
W R I T E ( I W R I T , 1 3 2 )  D T  
C A L L  S E C U N D ( T 1  

- -  - W K l T t i (  I W R I T p 6 6 0 )  T 
: . . M K I T E ( I W R I T p 1 2 8 )  

20 l v I T  = N I T  t l  
- . : C A L L  U S T b D I  

W R I T E ( I U R I T P ~ ~ O )  N I T ? R i + I G t J G , I J S  
. I F I N I T e G E e M I T )  GO T O  2 1  

. . I F ( R G * G T . C O V )  GL! T O  2 0  
2 1  C A L L  S E C O K D ( T )  

k ' K I T E  ( I d R I T , 6 G O )  T  
I F (  N H A L F e G E e Y H A L F )  G D  T O  2 2  
N H A L F =  N H A L F  + 1 
M I T = M I T / ? .  

. t i \ iX=NX +NX 
NY.= N Y +  N Y  
C A L L  C O O S U ( N L p N 1  
I F ( I X l + I X 2 e M E e h X + 4 )  G O  T O  3 0 2  
C A L L  P E F I N  
G O  TI7 1 4  

C  U S I N G  T H E  S T E A D Y  M O D E  T O  G E N E R A T E  T d E  I N I T I A L  D A T A  
5 0 - W K I ' T F  ( I V ' R . l f p 6 C ) O )  

U R I T E  ( I W K I T ,  1 2 4 )  
W R I T E  ( I W R I T , b 4 0 )  N X p N Y  

- k H I T E  ( I K R I T 9 1 2 6 )  
W . F I T E  ( 1 W R 1 T 1 6 1 0 )  F M A C H s A L  

- c a i r .  S E C O N M T  
. - W R I T E  ( I I J R I T p 6 h O )  T  

U R I T E ( I W R I T ~ 1 2 9 )  
E i I T = O  
A L T w O .  
P 1 = 2 + / ( 1 .  * ( 2 m / P 1 0  - 1 . + ) * 4 5 * * N l , l A L F )  

- .  I F ( P l O 1 . E Q e O e )  G O  T O  5 1  
.. P . l =  P  10 

. I F (  N h A L F . f Q . 1 )  P 1 =  P 1 0  + P l O l  
i F (  h i H A L F . E . G i . 2 . )  P l =  P 1 0  + P 1 0 2  
I F ( N H A L F i E G * 3 )  P I =  P I 0  k P 1 0 3  

5 1  P Z =  P 2 0  
P 3 = 1. 
J 1 =  3 

5 2  J 3 =  N Y + 2  
I O =  3 
1 3 s  h X + 1  



J 2 =  J3 -1  
11= I 0  + 1 
I 2 =  1 3 - 1  
S T E A D Y  I T E R A T I O N  U S I N G  T H E  S T E A D Y  M O D E  
N I T  = N I T  +1 
C A L L  S T E A D Y  
W R I T E ( I W R I T , 6 7 0 )  N I T , R G , I G p J G , R R , I K j  J K ~ T A U ~ P ~ # P Z P P ~ B N S  
I F ( N I T e G E . ? l I T )  G d  T O  5 5  
I F ( K R * G T . C O V )  GO T O  5 4  
C A L L  S E C U N D ( T )  
k i k I T E  ( 1 k R I T ~ 6 6 0 )  T  
I F (  N H A L F . L T . M H A L F )  G O  T O  5 7  
C A L L  S V E L O  
C A L L  F O R C E  , 
d K I T E  ( I N K I T J ~ O C )  
k k I T E  ( I W R I T , 1 8 2 )  
d R I T C (  I d K J T , b l O )  A L ,  FMACH,CETA,CL ,CD,CM 
W R I T E  ( I W W I T , 1 8 4 )  
DU 5 0  I = I A l , I X Z  
i i R I T E  ( I A K I T 9 6 1 0 )  XP(I),YP(I),SV(I)rSM(I),CP(I) 
h U . I T E  ( I w P . I T ,  6 0 0 )  
C A L . L  C P L G T  
W R I T E  ( I W K I T , b O G )  
C A L L  S C H A W T  
I R O U T E =  1 
C A L L  P S U R E  
I P L O T =  0 
I - f (  I S T A D I . G T . 0 )  G O  T O  3 0 3 .  
G i l  T O  5 8  
N H A L F s  N H A L F . +  1 
I . ~ X = N X  +NX 
hY= N Y +  N Y  
C A L L  C O O R D ( N L  r N  
I F ( I h l + I X 2 e N E . K X + 4 )  GG T O  3 0 2  
C A L L  S R E F I N  
r ? I T = M I T / Z  
G O  TCi 1 4  
5 1  E A D Y  I T €  R A T I O N  U S I h G  U N S T E A D Y  M O D E  
E;IT=O 
A L T = O .  
A L T T =  0. 
F M A C H S =  F M A C H  
F M A C H T z  0. 
C E T A T =  0. 
C E ' T A T T .  0, 
C A L L  E S T I M  
N I T =  M I T O  / 2  
b K I T E ( I W K I T ~ 6 0 0 1  
U K I T E ( I d R I T . ~ 1 3 4 1  
W R I T E ( I i 4 K I T , 1 2 4 )  
k H A L F = L k i A L F * 2 * * h . H A L F  
J 3 -  3 + N Y - K H A L F  
J 2 =  J 3  -1 
101  2  4 K H A L F  



I 1  = I 0  +1 
1 3 %  2 + N X  - K H A L F  
I 2 = .  I 3  -1 
1N.X:. I 3  - I O  
I N Y =  J 3  - J 1  
W R I T E (  I W R I T , 6 4 0 )  I N X ,  I S Y  
S R I T E ( I W K I T , 1 2 6 )  
W R I T E ( I W R I T , 6 1 0 1  F M A C H ,  A L  
W K I T E ( I d R I T , 1 3 2 )  D T  
C A L L  S E C O b i D ( T  

. W R I T E  ( I W R I T , O ~ O I  T  
W R I T E  ( I W R I T , 1 2 8 )  

59  N I T  = N I T  +1 
C A L L  U S T A U I  
I ~ ' R I T E I I w R I T , ~ ~ O )  .NPT,RG,.IG>JGINS 
l F ( N I T o L T . 3 )  G O  T O  59 
I F (  N I T o G E o f l I T )  G O  T O  b O  
I F ( 2 R o G T o C U V )  G O  T O  5 9  

6 0  C A L L  S E C G N D ( T 1  
k R I T E  ( ' I W R I T , 6 5 C )  T  

C U N S T E A D Y  C A L C U L A T I G N  --- T I M E  M A R C H I N G  
2 2  N I T = O  

C  I N I T I A L  D A T A  
N I T S =  1 
J S T E P =  0 
C A L L  V E L G  
C A L L  F O R C E  
W R I T E  ( I W R I T j  600) 
W R I T E  ( I W R I T J  162) 
W K I T k ( I W R I T , 6 1 0 )  A L , F M A C H , C E T A p C L , C D , C M  
W k I T E  ( I W R I T ,  1 8 4 )  
DLi 2 3  I = I X l r  I , X 2  

2 3  & R I T E  ( I W R I T , 6 1 0 )  X P ( I ) , Y P ( I ) J S V ( I ) ~ S M ( I ) ~ C P ( I )  
W R I T E  ( I k R I T , 6 0 0 )  
C A L L  C P L O T  
h K I T E  ( I J R I T , 6 O O )  
C 'ALL  C H A R T  
I K U U I E =  1 
(;A1 I,. P ' i I I R F  
I P L O T =  0 
I F  ( I S Y . M o G T o O o A N C o A L S o E Q e O o o A N D o A M P L A o E C o O ~ e A N D e A M P L C ~ E Q e O e )  GOT035  
I K O U T E =  I R O U T E  + 1 
CALL  LUKO 

3 5  I P . O U T E =  IROUTE+ 1 
C A L L  S O N I C  
C A L L  S E C O N D ( T )  
W R I T E  ( I k R I T , 6 6 0 )  T  
I F ( I S T A D I o G T o 0 )  G O  T O  303  
U R I T E ( 6 , 6 0 0 )  
I S T E P =  P E K I 0 0 * 2 ~ * P I / ( F R E O R e D i l  
w R I T E ( I w R I T , ~ ~ ~ )  I S T E P  
M S T E P =  I S T E P /  I P S U R E  
I J K L M N =  M I N O (  800, I S T E P )  
K - F U R C s  I J K C M N / I P S U R E  



J C t i E C K -  l S T E P 4 . 2 5  
2 4  I F  ( M t i D ( M S T E P , K F O R C )  o E Q . 3 )  GO T O  2 5  

K F O R C =  K F U K C - 1  
G O  T O  24  

2 5  N S T E P -  I S T E P /  ( K F O K C * I P S U R E  
L S T E P =  I S T E P  + 5 
K S T E P =  1. 
K K S T E P .  F L O A T ( I S T E P ) * . 5  

2 6  C A L L  U S T A D I  
I F ( P E R I O D . G E . 2 . )  GO T O  3 3  

3 4  I F ( M O D ( K S T E P , f l S T E P ) . E Q . G )  GG T U  27 
GC) T O  3 0  

3 3  I F ( K S T E P . L T * K K S T E P )  G O  T O  3 0  

C A L L  R O U T E  ( 6 L O U T P U T j Z L L P  
I R O U T E -  0 
C A L L  P L O T  ( O O ~ O . > ~ ~ Y !  
I P L i J T =  -1 

2 8  I R O U T E =  I R O 3 T E  +1 
C A L L  V E L C  
J S T E F =  J S T E P  + 1 
C A L L  F O R C E  
k P I T E  ( I k K I T , 6 G O )  
G k I T t  ( I W R I T , 1 3 k )  U T I M ~ K S T E P  
U R I T E  ( ' I ' u l F . I T r  1 8 2  
W R I T E  ( . I \ j R I T j 6 1 0 )  . A L r F M A C H , C E T A , C L , C O j C R  
i 4 K I T t  ( I L I R I T , 1 @ 4 )  
3d  2 9  I= I X l j I X 2  

29 W R I T E  ( I W R I 1 , 6 1 0 )  XP( I ) ,YP( I ) ,S<( I ) ,SM(  I),CP(I) 
C A L L  ? S U R E  , 

I P L U T =  0 
IF(  ISYM.GT . O . A N O , A L S . ~ Q . O .  .AND.AMPLA.EC;..O.. A N O . . A M P L C . E Q . O .  ~ 0 ~ 0 3 6  
I K O U T E =  I R ~ L I T E  + 1 
C A L L  L O R D  

3 6  I K O U T E =  I K O U T E +  1, 
C A L L  S O N I C  
G O  FO 3 2  

3 0  I F ( M O D ( K S T E P j N S T E P ) . E a . O )  G O  TU 3 1  
GO T O  3 2  ' .  

3 1  C A L L  V E L O  
J S T E P = J S T E P + l  
C A L L  F O R C E  

3 2  K S T E P = K S T E P  + 1  
I F ( M O D ( K S T E P , J C H E C K ) e E O . O )  GO , T O  4 1  

39  I F ( K S T E P . G E . L S T E P )  G O  ' I 'U  3UI 
G O  T C .  2 b  

4 1  I F (  I C H E C K o G T . 0 )  C A L L  C H E K P T X ( V A R  
GO T O  3 9  

3 0 1  C A L L  T R A C E  
J 1 =  3 
K H A L F .  3 *  2 * * M H A L F  
J 3 =  3 + k Y - K H A L F  
I O =  2 + K H A L F  



1 3 0  2 + N X  - & H A L F  
C A L L  G R I D  

303 C A L L  P L l l T  (0.9 0.9999 1 
302 S T O P  
1 1 2  F O R M A T ( 4 1 H O M A P P E D  C O O R D I N A T E S  A N D  X S T R E T C H  F A C T O R S /  

1 1 5  H O  X  9 1 5 H  Y  r 1 5 H  Y P 9 

2 1 5 H  Y P P  9 1 5 H  A 1  9 1 5 H  A 2  9 

3 1 5 H  A  3 1 
116 F O R M P T ( 1 G H O Y  S T R E T C H  F A C T O R S /  

1 1 5 H O  Y ~ 1 5 h  B 1 9 1 5 H  8 2  9 

2 1 5 H  B 3 1 
1 2 4  F G K N A T ( 1 5 H O  HCK D I V I S I O N S 9 1 5 H  V E R  D I V I S I O N S )  
126  F O R M A T ( 1 5 H O  M A C H  NO 1 A N G  O F  A T T A C K )  
1 2 8  F O R M A T ( l O H O I T E R A T I U h , 1 5 H  C O R R E C T I O N r 5 H  I r 5 H  J 9 

I 5H , l O H S D N I C  P T S  1 
1 7 9  F n R M A T l l n H n T T F R A T l f i N p l 5 H  COPRECTI l ; jN  9 5 H  1 5 J B 

1 1 5  H R E S I D U A L  9 5 H  I r 5 H  J r  
2 10h C I R C U L A T N J ~ G H  R E L  F C T  1 , l O H  R E L  F C T  2 9 1 0 H  R E L  F C T  39 
3 1 0 H  S O N I C  P T S )  

1 3 2  F O R M A T ( ~ H O P * T I K E  S T E P  = * 9 F 1 5 *  1 0 )  
1 3 4  F O R M A T  ( l H G , * 3 N S T E A D Y  L T E k  A T I U N *  1 
1 3 6  F O R M A T ( l H O , * U N S T E A D Y  S T E P S  = *, 5 x 9 1 1 0 )  
1 3 8  F O R M A T ( 1 H  j * T I M E = * , 5 X , F l O *  5 9 5 X p * S T E P = * 9 5 X 9  1 1 0 9 1 9  / )  
1 8 2  F O R M A T ( 1 5 H O  A N G  O F  A T T A C K p l 5 h  F L I G H r  S P E E D  r 1 5 H  F L I G H T  A N G L E  I 

1 15h c L  915h C C 9 1514 C M  1 
1 6 4  F U K M A T ( 3 6 H O C U O R D I N A . T E S  O F  I N T E R P O L A T E D  A I R F O I L 9  

1 2 6 H  A h 9  P R E S S U R E  D I S T R I B U T I G N /  
2 1 2 H  X 9 1 5 H  Y  r l 5 H  V / V O  9 

3 1 5 H  M A C H  N O  9 1 5 1 4  C  P  1 
500 F O R M A T ( 1 X )  
5 1 0  F O R M A T  ( b F 1 0  a 7  1 
5 3 0  F O R H A T ( 2 0 A 4 )  
600 F O R M A T (  1 H 1 )  
610 F U R M A T ( 8 F l 5 . 4 )  
620 F U R M A T ( 8 E 1 5 . 5 )  
630 F O R M A T ( l H 0 , 2 C A 4 )  
640 F O R M A T ( T 8 j 7 1 1 5 )  
650 F O R M A T (  1 1 0 ~ € 1 5 . 5 9 2 1 5 , I 1 0 )  
660 F G R M A T ~ l 5 H O C O M P P T I N G  T I M E p F l O *  3 9  l o t i  S E C G N D S  
b 7 0  F ~ R M A T ( 1 1 0 ~ E 1 5 ~ 5 ~ 2 1 5 r E 1 5 . 5 t 2 1 5 r 4 F 1 0 ~ 5 ~  1 1 3 )  

E N D  

S U B R O U T I N E  C O O R D (  1, N ) .  
C S E T S  UP M O D I F I E O  P A R A R 3 L I C  COOR'DINATE S Y S T E M  

C G M M O N / A /  G M (  132,36),(;(132r36),,GN(132r36)rSO(132)~S1(132)~S2(132) 
1 ,A0(132)r~1(132)rA2(132)~A3(132)tBO(36)rB~(36)r62(36) 
2 9 B 3 (  3 6 )  j N X ,  NY, 1x1, 1 x 2 9  K S Y M r  F M A C H 9 A L P H A 9 C A 9 S A r F H A C H Z  
3 , A L P  U T I M p C B ,  S B j N S p R G ,  I W G  

C O M M O N / C /  XP(260)~YP(2b0)r01(260)~D2(260)~D3~260~ 
C L J M P l C I N / D /  S L G P T t T R A I L , S C A L  
C O M M O N / F /  X R , Y R , . K S p X S (  5 O O ) r Y S  ( 5 0 0 1  



C O M M C N / H /  O X ,  DYIDT,DXX,DYY;DTT, U X Y , D X T ~ D Y T , T S R  ' 

C O t ' l M O N / I /  X ( 2 6 0 ) 9 Y ( 2 6 0 )  
C O M M D h / O /  C U O R S t C O O R T  
P I  = 3 , 1 4 1 5 9 2 6 5 5 5 8 9 7 9  . . 

D X = + . / N X  
D Y  = l . / E U Y  
D X Y = D X * l ) Y  
G Y Y = D Y * D Y  
D X X = D X * D X  
K X =  h X + 1  
41X= & X + 2  
r( Y  = I \ i Y  +1 
M Y  = I.{Y t 2  
S =  C U O k S  
r =  C C ~ R T  
X T E = l .  
S C A L  = - . 5 0 0 0 1 * X T E * * 2 / ( X ( N )  - X R )  

' DU 1 2  I = l , N  
X O  = S C A L * ( X ( I )  - X R )  
Y  0 = S C A L * ( Y ( I )  - Y R )  
K = S Q R T ( X C * X C  + Y O * Y O )  
A N G L  = C M P L A ( X O t Y 0 )  
I F  (I.LT.L.AND.ANGL.LT..S*PI) A N G L .  A h G L  + P I  + P I  
I F  ( I  .GT .L  . A N D , A N G L a G T . 1 . 5 * P I  1 A N G L  = A N G L  . - P I  - P I  
R = S Q R T ( R  + K )  
ANGL = . 5 * A N G L  
X P  ( I) = F?*CGS' (  A N G L  1 

1 2  Y P ( 1 )  = K * S I N ( A N G L )  
D O  2 2  I= 3 9 K X  
X X =  ( I - Z ) * D X  -2, 
B = 1. 
IF ( A B S ( X X ) . G T . X T E )  G O  T O  23  
S X  '= ' S I N (  P I * X X / X T E )  

' C X  = C-OS ( P  I * ' X X / X T E  1 
X C  = X X .  + S * X T E * S X / ( P I * ( l .  + S ) )  
X 1' = l /  + S * . ( l .  + C X ) )  
X  2 = S * P l * S X V X I / X T E  
X 1 = 1 t S ) * X l  
G O  T O  2 4  

2 3  I F  ( X X o L T . 0 . )  B = -1. 
A  = 1. - ~ ( x x  , - B * X T E ) / ( Z .  - x T E ) ) * * z  
X O  = B * X l E  + ( X X  - B * X T E ) / ( A * ( l .  ' + S ' )  1 .  
X  1 = 1 + S ) * A * A / ( 2 .  - A )  
K 2 = - 2 . * ( X X  - d * X T E ) *  ( 4 .  - A ) / ! A * ( Z .  - A ) * ( 2 .  - X T E ) * * 2 )  

2 4  I F  ( X O . L T . X P ( 1 ) )  1 x 1  = I 
I F  ( X O * L E . X P ( N I )  I X Z  I 
A G ( 1 )  = X O  
A l ( 1 )  = . 5 * X l / ( i X  
A 2 (  I) = X l * X 1  

2 2  A 3 ( 1 ) = . 5 * X Z / U X  
1 x 1  = 1 x 1  +1 
UB 3 2  J =  3,r41Y 
Y Y =  ( J - 3 )  * D Y  
a = I .  - Y Y * Y Y  



Y  1 8 * 8 / ( ( 2 .  - 6 ) * T )  
B O (  J = T * Y Y / B  
E l (  J )  = m 5 * Y l / D Y  
8 2 (  J 1 = Y l * Y l  

32  d 3 ( J  ) = - Y Y * ( 4 . - B ) / ( B * ( 2 w - B ) * D Y  1 
A N G  = A T A h ( S L O P T 1  
A N G l  = C M P L A ( ( X ( 1 )  - X K ) r ( Y ( l )  - Y R ) )  
I F  ( A N G l w G T w P I )  A N G 1  = A N G l  - P I  -P I 
A h G Z  = C M P L A (  ( X ( N )  - X R ) r  ( Y  ( N )  - Y K )  1 
I F  ( A N G E w G T w P I )  A N G E  = A N G 2  - P I  - P I  
A N G l  = A N G  - . 5 * A N G l  + . 5 * T R A I L  
A N G 2  = A N G  - . 5 * A N G 2  - . 5 * T R A l L  
T 1  = T A N ( A N G 1 )  
T2 = T A N ( A N G 2 )  
C A L L  S P L I F  ( ~ P N ~ X P ~ Y P ~ D ~ ~ D ~ ~ D ~ ~ T ~ ~ A ~ T Z ~ O ~ O ~ ~  I h D I  
C A L L  I N T P L  ( 1 ~ 1 r I X 2 r A O r  S G P ~ P ~ , X P ~ Y P * D ~  n i 1 2 ~ ~ 3 ~ 0 1  
X  1 = X ( 1 )  - 0 7 5 * ( X ( l )  - X ( L ) )  
S 0 ( 2 1 =  0. 
S O ( M X ) =  Om - 
M = 1 x 1  -1 
A  = S L U P T * ( X ( l )  - X l )  
C  = 1 x 1  - X 1 )  
D O  4Z I= 3 9 M  
X X  = . 5 * A O ( I ) * * Z / S C A L  + X R  
X O  = S C A L * ( X X  - X R )  
Y 0 = S C L L * ( Y ( l )  + A * A L O G ( C * ( X X  - X 1 ) )  - Y R )  
R  = S d R T ( X O * X O  + Y O * Y O )  
A h G L  = C M P L A ( X O 9 Y O )  
I F  ( A N G L w L T w w S * P I )  A h G L  * A N G L  + P f  + ?  I 
R  = S i ) k T ( R  t g )  
A N G L  = . 5 * A N G L  

4 2  S O ( 1 )  = R * S I N ( A h G L )  
M = 1 x 2  + 1  
A  = S L O P T * ( X ( h )  - X I )  
C  = 1 x  - X I )  
DLI 5 2  I =  M 9 K X  
X X  = . S * A O  ( I) * * 2 / S C A L  + X i ?  
X G  = S C A L * ( X X  - X R )  
Y O  = S C A L * ( Y ( N )  + A * A L U G ( C * ( X X  - X I )  - Y R )  
R = S Q k T ( X O * X O  + Y O * Y O )  
A N  G  L  = C M P L A (  X O r  Y O )  
J F  ( A N G L , G T . l e > * P I )  A M G L  A M G L  - # P I  - P I  
R = 5 Q G T (  R + K )  
A h G L  = . 5 * A N G L  

5 2  S O ( I )  = P . * S I N ( A N G L )  
S C A L  = l w / S C A L  
DLI 62  I =  3 9 K X  
D S I  = S 0 ( 1 + 1 )  - S O ( I - 1 )  
D S I I = ( S O (  I + l ) - 2 . * S O (  I ) + S O (  1 - 1 1  1 / D X X  + A 3 ( I ) * D S I  
S l ( 1 )  = A l ( I ) * O S I  

62  S 2 ( I ) = A Z ( I ) * D S I I  
D O  7 2  I = I X l , I X Z  
X P ( 1 )  = . 5 * S C A L * ( A O ( I ) * * 2  - S 0 ( 1 ) * * 2 )  + X R  

7 2  Y P ( 1 )  = S C A L * A O ( I ) * S O ( I )  + Y R  





FPPP(I) = ( v  - U ) / D S  , 

.' F P P ( I 1  = u 
F P (  I) = ( F ( J )  - F ( I ) ) / D S  - D S * ( V  +U + U ) / 6 .  

' V  = U 
J  = I 
1 = I -K 
I F  t J '  - M I  4 1 9 5 1 9 4 1  ... . .  . . . . .  . 

- . 5 1  -1 = N  . -K. 
FPPP ( N  1 = FPPP'(1) '  . . 

f P . P (  N )  = 6 
' F P ( N )  ' ' . .  = DF + D * ( F P P ( I )  + B  + B ) / 6 .  

I N 0  = 1 
: I F  ..I MODE) 8 1 , 8 1 9 6 1  

6 1  F P P P ( J )  = FQM 
V = F P P ( J )  

71 I J 
i J  . = J + K  
i D S = S ( J )  - S ( I )  

U  = F P P ( J )  
F P P P (  J )  = F P P P ( 1 )  + . 5 * D S * ( F ( I )  + F ( J )  -DS*DS* (U  + V ) / 1 2 i )  
V = U 
I F  ( J  - N l  7 1 ~ 8 1 9 7 1  

e l  R E T U F N  
END 

FUN.CT ICiN C M P L A ( X , Y )  
i C ANGLE OF COMPLEX NUMBER X + I * Y  I N  RANGE Om TO 2 . * P I  

s P I  = 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9  
.I.F- ( - A B S ( Y )  - ~ f l S i ~ j j  l r l t l l  

i 
I 1' S H I F T  = P I  

I F  ( X I  4,2192 
2  S H I F T  = 0 .  

i I F  ( Y )  3 9 4 9 4  < 
i 
i 3 S H I F T  = 2 . 8 P I  
i 4  CM.P L.A = S H I F T  + O T A r d ( Y / X )  

.GB TO 3 1  
: 11 S H I F T  ' = . 5 * P I  

I F  ( Y )  1 2 , 1 2 9 1 3  
! 1 2  . S H I F T  = l . S * P I  
r 1 3  C M P L b  E St.IITT -ATAW ( X / Y  

G O  T(3 3 1  
2 1  Cf lPLA = 0. 
31. R.ETURN 

END 

SUBROUTINE I N T P L ( M I ~ N I , S I I F  I,M,N,S,FPFP~FPP,FPPP,MODE) 
C I N T E R P O L A T I O N  U S I N G  TAYLOR S E R I E S  - JAhESOh 
C AODS CORRECTION FUR P I E C E W I S E  CONSTANT FOURTH D E K I V I A T I V E  
C I F  MODE GREATER THAN 0 

D I M E N S I O N  S I ( ~ ) , F I ( ~ ) , S ( ~ ) ~ F ( ~ ) , F P ( ~ ) , F P P ( ~ ) J F , P P P ( ~ )  



K  = I A B S ( N  -PI) 
K = ( N  - M ) / K  
I = M 
M I  N  = M I  
h I N  = N I  
D = S ( N )  - S ( M )  
I F  ( D * ( S I ( N I )  - S I ( M I ) ) )  1 1 ~ 1 3 9 1 3  

11 M I N  = N I  
lU IN = 11 I 

1 3  K I  = I A B S ( N 1 N  - M I N I  
I F  ( K I )  2 1 ~ 2 1 ~ 1 5  

1 5  K I  = ( N I h  - H I h ) / K I  
2 1  I 1  = I'IIN - K I  

C  = 0. 
I F  ( M U D E )  31,11,23 

2 3  C = 1. 
3 1  11 = I 1  + K I  

S  S  = S I ( I 1 )  
3 3  I = I + K  

I F  ( 1  - N )  3 5 , 3 7 9 3 5  
3 5  I F  ( D * ( S ( I )  - S S ) )  3 3 9 3 3 9 3 7  
3 7  J  = I 

I = I -K 
s S  = SS - S ( I )  
FPPPP = C * ( F P P P ( J )  - F P P P ( I )  ) / ( S ( J l  - S ( I l )  
F I ( I 1 )  = QUA2P(SS,F(I),FP(I),FPP( 1 ) 9 F P P P ( I ) # F P P P P I  
I F  (11 - N I N )  3 1 , 4 1 9 3 1  

4 1  RETURN 
E  NO 

F.I)NC T ION Q U A R P  (DS,F,FP,FPP,FPPP,FPPPP) 
E V A L U A T E S  FIRST FOUR T E R M S  O F ' T A , Y L O R  S E R I E S  - J A N E S O N  
O U A R P  = F PPP t i 2 5 * D S * F P P P P  
Q U A R P  5 FPP + D S * Q U A R P / ~ .  
UUARP = F P  + .5*DS*dUARP 
QUARP = f +DS*QUARP 
RETURN 
E N D  

S b B R O U T I N E  P A R A F ( S l , S Z , S 3 , F l p F 2 ~ F 3 # F t F P # F P P )  
C P A q A B O L I C  F I T  - JAMESON 

S  0  . 5 * ( S 3  + S 1 )  
F P 0 = ( F 3  - F l ) / ( S 3  - S 1 )  
F P P  = ( F 3  - F 2 ) / ( S 3  - S 2 )  - ( F 2  - F l ) / ( S 2  -S1) 
F  P  P  = Z . * F P P / ( S 3  - S 1 )  
F P = FPO -FPPBSO 
F = F 2  - S Z * ( F P O  + F P P * (  . 5 * S 2  -SO)  1 
RETURN 
E ti D 



S U B R O U T I N E  S E S T I M  
C  S T E A D Y  R O U T I N E  
C  I N I T I A L .  E S T I M A T E  O F  R E D U C E D  P O T E N T I A L  

C O M M O N / A /  G M (  1 3 2 , 3 6 ) , ' ~ (  132,36),~~(132~36),S0(132),~1( 1 3 2 ) , ~ 2 ( 1 3 2 )  
1. ~ A 0 ( 1 3 2 ) ~ A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) ~ A 3 ( 1 ~ 2 ) , 8 0 ( 3 b ) ~ 0 ~ ( 3 6 ) ~ B 2 ( 3 6 )  
2 B 3 (  3 6 ) r N X ~ N Y . , I X l , I X 2 r K S Y M , F N 4 C H ~ A L P H A , C A , S A , F M A C H 2  
3 ' , A L , U T I f l , C B t S i 3 , N S r R G , I G , J G  . . 

- .  C O M M O N / M /  Pl.,.P2, P 3 9  T A U  
C b M M O N / W A K E /  N I T J U G (  1 3 2 )  
I X =  N X + 4  
I Y =  N Y + 4  
K X =  N X + 1  
M Y  ' = N Y  + 2  
C B =  C O S  ( A L P H A  
S B =  S I N ( A L P H A 1  
C A =  F M A C t i * C B  
S A =  F M A C H * S B  
T A U =  0. 
D O  1 2  I =  1 , I X  
D O  1 2  J =  l r I Y  

. - I 2  G (  I, J )  = 0 .  
UU 2 2  I = I X l , I X Z  
U O =  C A * A O ( I )  + S A * S O ( I )  
B I S =  B 1 ( 3 ) * ( 1 .  + S 1 ( 1 ) * * 2 ) '  

- 22 G ( 1 , 2 ) =  G(I,~)-(cA*so(I) ' - S A * A O ( I )  + U O * S l ( I )  ) / B I S  
UU 2 3  I =  I X 2 , K X  
E= N X + G  -I 

:-23 U G ( I ) =  G ( I , 3 ) - G ( M , 3 )  2 

RETURN 
E N D  

S U B R O U T I N E  S R f  F I N  
C S T E A D Y  R O U T I N E  
C H A L V E S  M E S H  S I Z E  

C O H M O N / A /  G ~ ( 1 3 2 r ~ ~ ~ z G ( l 3 2 ~ 3 b ) , G N ( 1 3 2 ~ 3 O ~ , S O ( 1 3 L  i , S l (  1 3 2 ) , S 2 ( 1 3 2 )  
1 , A 3 (  1 3 2 ) ~ A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) ~ A 3 ( 1 3 2 ) ~ U O ( 3 4 ) ~ 6 1 ( 3 b ) ~ b 2 ( 3 6 )  
2 9 U 3 ( 3 b ) r N X , N Y ,  I X ~ , I X ~ P K S Y M ~  FMACH,  A L P H A ~ C A P S A P F M A C H ~  
3 , A L , U T I M , C B , S b , N S , R G ~ l G ~ J G  

C U H M O N / W A K E /  N I T , W G ( 1 3 2 )  
K X =  . b i X + l  
M X -  N X + 2  
K Y  = N Y  +1 
M Y =  N Y + 2  
I Y =  N Y + 3  
L X =  N X / 2  + 2 . 

L Y =  N Y / 2  +3  
D O  2 2  K =  2,LX 
I =  L X + 2 - K  
I I =  ( 1 - 2 ) + 2  + 2  
00 22  K K =  3 3 L Y  
J =  L Y + 3 - K K  



S U B R O U T I N E  S L E L L  
C S T E A D Y  R O U T I N E  
C C A L C U L A T E S  - S U R F A C E  V E L 3 C I T Y  

C O M M C N / A /  G~(132~36)~G(132~36)~GN(132),S1(132~sS2(132) 
1 ~ A 0 ( 1 3 2 ) ~ A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) ~ A 3 ( 1 3 2 ) ~ B O ( 3 6 ) p B l ( 3 6 ) ~ B 2 ( 3 6 )  
2 8 3 (  ~ ~ ) ~ ~ ~ X , ~ Y , I X ~ , I X ~ , K S Y M , F M ~ C H , A L P H A I C A , S A , F M A C H Z  
3 , A L ~ U I l X ~ C B , b d , N S ~ K G ~ I G , J C  

C O M M O N / B /  S V ( 1 3 2 ) 9 S H ( 1 3 2 ) , C P ( 1 3 2 )  
C O M M @ N / J /  R A D , P I , A L S , A L T , A L T T , A M P L A P F K E Q R A J F A S A G A J F H A C H S J F M A C H T  

1 , A M P L M , F R E Q R M , F A S A G M , C E T A S , C E T  A T ~ C E T A T T ,  A H P L C ,  F R E Q R C , F A S A G C , C E T A  
2 p F R E Q R ,  I P S U R  E 

C C J M M O N / K /  10, 11, 12, 13, J l ,  J 2 , J 3  
A A O x  1. + . Z * F M h C H Z  
D O  1 2  I = I X 1 9 1 X 2  
Y = B O ( 3 ) + S O (  I )  
h=SQPT(AO(l)**2 t b U [ l J q T Z )  

GI=  G ( I + 1 , 3 ) - G (  1 - 1 9 3 )  
G J =  G (  1 9 4 ) - G (  1 9 2 )  
U = ( A l ( I ) *  G I  - S l ( I ) * C 1 ( 3 ) *  G J  + C A * A O ( I )  + S A * Y ) / H  
V  = ( D 1 ( 3 ) *  G J  + S A * A O ( I )  - C A * Y ) / H  
Q Q = U * U + V * V  
L i = S Q R T ( O Q )  
I F  ( U * L T * O e  a = -6 
S V ( I )  = C) 



A A P  A A O  - * 2 * Q Q  
A A =  A B S ( A A )  
A =  S Q R T ( A A 1  
S M ( L ) =  Q / A  

1 2  . C P (  I ) =  . ( A A * * 3 . 5  - 1 . 1  / ( * 7 * F M A C H 2 )  
K E T U P . N  
E N D  

S U B R O U T I N E  S C H A K T  
C  S T E A D Y  R O b T I h E  
C G E N E R A T E S  M A C H  h O  C H A k T  

C O M M O N / A /  G M (  1 3 2 ~ 3 b ) ~ G ( 1 ~ ~ ~ 3 6 ) ~ ~ f u ~ 1 3 2 , 3 6 ) ~ S 0 ( 1 3 2 ) r S ~ ~ l 3 2 ~ ~ S ? ~ l 3 2 ~  
1 ~ A 0 ( 1 3 2 ) ~ A l ( l ~ L ) ~ A Z ( ~ ~ Z ) ~ A 3 ( 1 3 2 ~ ~ R S r ~ 3 r S ~ , B l ( 3 6 ~ , ~ 2 ( 3 6 ~  
L 9 B 3 (  ~ ~ ) , N x , ~ Y Y  9 1x1, I X 2 , K S Y M p  F M A C H , A L P H A , C A , S A , F H A C H ~  
3 , A L P  U T I M , C B , S Q , K S , R G p I G , J G  

C O M M O N / J /  R A D ,  P I ,  A L ~ ~ A L T , A L T T , A M P L A I F R E Q R A , F A S A G A I F \ A C H S ~ F H A C H T  
1 , A M P L M , F R E Q P M J F A S A G M ~ C E T A T I C E T A T T , A M P L C ~ F R E Q R C , F A S A G C ~ C € T A  
2 J F R E Q R ~ I P S U R E  

C O H M C N / K /  I O , I l 9 1 2 ~ 1 3 , J l , J 2 , J 3  
O I M E P i S I O N  I N D ( 1 5 G )  
A A O  1. + e 2  * F M A C H 2  
I W R I T  = 6 
K = N Y / 3 2  
I F  ( K Y , G T * 3 2 * K )  K = K +1 
W H I T E  ( I W R I T j 2 )  

2 F O i ? N A T (  1 4 H O N A C E  N O  C H A R T  1 
11 D O  1 2  I =  1 0 9 1 3  

J = J l  
h =  0 

1 4  N= N + 1  
Y = S O ( 1 )  + B O ( J )  
H H = A O ( I ) * A G ( I  ) + Y * Y  

I H = S Q R T  ( H H  1 
G I = G ( I + l , J  1 - G ( 1 - 1 , J )  
G J = G ( 1 9 J + l ) - G ( I 9 J - 1 )  
U = ( A l ( I ) *  G I  - S l ( I ) * B l ( J ) *  G J  + C A * A O ( I )  + S A * Y ) / H  
V = ( B l ( J ) *  G J  + S A * A O ( I )  - C A * Y ) / H  
Q Q = U * U + V I \ I  
A A =  A 4 0  . - a 2 4 0 0  
A A =  A D S ( A A 1  
3 A =  O U / A A  
I h D (  h ) =  1 0 0 * * S C R T  ( P A )  
I F  ( U e L T * O . )  I N D ( N )  = - I N D ( N )  
J =  J + K  
I F ( J * C E . J 2 )  G O  T O  1 4  

1 2  k R I T E  ( I W k I T , 6 1 0 )  ( I N D ( J ) , J = l t N )  
R E T U R N  

610 F U A M A T ( l X ~ 3 2 1 4 )  
E h D  



S L B K D U T I N L  S T E A D Y  
C  S T E A D Y  R O U T I N E  
c ST: A D Y  T ~ A N S C I N I C  P C T E ~ T I A L  F L U V  EPUATICN IN S H E A R E D  
C P A R A S O L I C  C O O R D I N A T E S  S Y S T E M  S O L V E D  B Y  ROW R E L A X A T I O N  
C G  I S  T H E  V E L O C I T Y  P O T E N T 1 4 L  I N  T H E  A B S C L U T E  F R A M E  
C  A h D  I S  THE R E D U C E D  P O T E N T I A L  I N  T H E  U N I F O R M  M O V I N G  F R A M E  

C U M M O N / A /  G M ( 1 3 5 , 3 6 ) r G ( 1 3 2 , 3 6 ) t G N ( 1 3 2 ) i S 1 ( 1 3 2 ) r S 2 ( 1 3 2 )  
1 A 0 ( 1 3 2 ) r A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) r A 3 ( 1 3 2 ) r B 0 ( 3 6 ) ~ 8 1 ( 3 6 ) j B 2 ( 3 6 )  
2 , 3 3 (  3 6 ) , N X , R Y r  I X ~ , I X ~ ~ K S Y M ~ F M A C H ~ A L P H A , C A J S A P F M A C H ~  
3 , A L , U T I M , C B , ~ B ~ N S , R G ~ I G J J G  

Ci lMi ' lUN/H/  D X P  DY,CT,DXX,DYY , D T T t  D X Y r D X T , D Y T r P D T  
C U M M O N / K /  I O r I l r I 2 t I 3 ~  J l r  J29 J3 
C G P l F I G N / M /  P l , P 2 , P 3 , T A U  
C U M M ( : i N / S T A D I /  Kk,  I R b  J 2 r  I R S T A L j  
D I M E N S I U N  ~ ( l j 2 ) , ~ ( 1 3 2 )  
J 4 =  J 3  +1 
1 4 =  1 3  +1 
11= 10-1 
I 1 0 =  10 + 2  
I I 3 =  I 3  -2, 
O L J ~  l./DXX 
E E =  l . / O Y Y  
N S  = 0 
A A O  = 1. + a 2  * F h A C H 2  
R R = O  . 
I R =. C L 

J R  = 0 
R G = O .  
1 G  = IJ 

J G = o .  
R E x O .  
I E = O .  
J E = O e  
i) 1 = Z * / P l  
Q Z  = 1 . / ~ 2  
c ( - x r i =  0. 
b ( 1 I ) a  0. . . 

J =  J 3  
2 1  D O  3 2  I= 1 9 9 1 3  

F X = l . + S l ( I  ) * * Z  
Y = S O ( I ) + B O ( J )  
H H = A O ( I  ) * A O ( I  ) + Y * Y  
H = S O K T  ( H H )  
D H =  1 * / H  
G I = G ( I + l , J )  - G ( I - 1 r J )  
G J m G ( I i J b l ) - G ( I , J - l )  

- U  = ( 4 1 ( 1 ) *  G I  - S l ( I ) * B l ( J ) *  GJ + C A * A O ( I )  + S A * Y ) * D H  
3 6  V = ( B l ( J ) *  G J  + S A * A O ( I )  - C A * Y ) * D H  

A V  = v - u * s i i ~ )  
A U z  U + V * . S l ( I )  
S = 1. 
I F  ( L J * L T . O * )  S = -1, 
T  = 1. 
I F (  A V . L T . 0 . )  T =  -1. 



U U = U * U  
l j v = i i * v  
V V = V * V  
4 Q = U U + V V  

. A A =  A A O  - * 2 * Q Q  
A B = A l ( I  ) * B l ( J  

- ' G I I = (  G ( I + 1 ,  J ) - G ( I , J ) - G ( 1 ,  J ) + G (  I - l , J ) ) * D G  + A 3 (  I ) * G I  
G I J  = G ( I + l , J + l )  - G ( I - l , J + l )  - G ( I + l , J - 1 )  + G ( I - l r J - 1 )  
G J J =  ( G ( I , J + l )  - G ( I , J )  - G ( I , J  1 + G ( I i J - l ) ) * E E  + B ~ ( J ) * G J  
.R = - ( A . A  - U U ) * S Z ( I ) * b l ( J ) *  G J  

1 + C A * ( V V - U U ) - 2 * * U V * S A  
2 + Q C + ( U * A O ( I ) + V * Y ) * D H  
I F ( Q Q * G E m A A )  GO T O  3 3  

A X X  ( A A  - U U ) * A 2 ( I )  . 
- -  & X Y = - ( A A * S l ( I  ) + U * A V ) . * Z . * A R  , 

A Y Y - ( A A * F ~ - A V * A V ) ~ D ~ ( J )  
. -  K = A X X * G I I + A X Y * G I J + A Y Y * G J J + R  

.. A L =  - Z . ' * A X X * U D  - Q ~ * A Y Y * E E  
- U I =  A X X * D U  
C I =  A X X * O D  
Y I = - R  
GO T G  3 5  

.33 NS = N S  + 1  
K = S 
. I  M = I -K 

- : ' I M M  * I N .  -K 
- . L =  T  

J K =  ;I-L 
. . JMM. J M - L  

A Q  = 4 A / Q Q ,  
B X X = V V * A 2  ( I) 

.. 8 X Y =  - 2 . * A B * V * A l J  
- 6 Y Y =  A U * A C j P 6 Z ( J I  
GRN=GXX*GI'I+BXY*GI J + B Y Y  * G J  J 
IF( I M H * L T a . 2 . 0 R .  I M M o G T *  1 4 ) .  GO T O  66 

' . G I  I'M= ( G ( 1 , J )  - G ( I f i , J ' )  - G ( I M , J )  + G ( I M M , J ) ) * D O  + A 3 ( I ) * G I  
.GO T O  67  

66 , G I I M =  G I 1  
b ' / . G l J M =  G('I,J) - G ( I M , J )  - G ( I , J M )  + G ( I M r J M )  

- 4  J.MM. L T . Z . U K .  J P l V . G T .  J 4 )  GO T i 3  64  
G J J H =  G J  - G ( I j J M )  - G ( I , J M )  + G ( I , J M M )  ) * E E  + B 3 ( j ) * G J  

.GO'  T O  6 5  
6 4 G J J M =  G J J  
6 5  A X X  = L ! U * A ~ ( ~ ) '  , . 

A X Y = B * * S * T * U * A V * A B  
A Y Y = A V * A V * B 2 ( J l  
G S S = A X X * G . I I M + k X Y * G I  J M + A Y Y * G  J J M .  
K ( A O  - 1 * ) * G S S  + A Q * G N N  + W  
66= ( A Q - i *  ) * ( A X X * D D  + * 5 * A X Y  

. A l =  A G * ( - C Z * B Y Y * E E  -2.  * B X X * D D )  
1 + ( A G - 1 .  I *  2m.8 ( A X X * C I D  + A Y Y * E E  + 4 X Y )  
i31= A Q * B X X * D D - ( l . + S ) * B H  
C i =  A Q * B X X * D O  - (  1 . - S ) * B B .  
Y I = - R  



3 5  I F ( A B S ( R ) . L E . R R )  G O  i O  3 7  
R K = A E S ( R )  
l d = I  
J R = J  

3 7  A =  ~ . / ( A I - B I * c ( I - ~ ~ )  
C ( I ) =  C I * A  
D ( I ) =  ~ Y I - ~ I W ( I - ~ )  ) * A  

3 2  C O N T I N U E  
I =  I 3  
CG.0. 
00 4 2 3 =  1 0 9 1 3  . . .  

C G  = D ( I )  - C ( I ) * C G  
I F .  ( A t i S ( C G ) o L E o A B S ( R G ) )  G O  TC! 4 3  
u . G = A b S (  C G )  
I C = I  
J G = J  

4 3  G ( I , J ) =  G ( I , J )  +Zi; 
4 2  I = .I -1. 

J = J - 1  
I F (  J . G E . J I )  G O  T O  2 1  
' i l A l J =  G (  I i r ' i ! 9 3 ) - G (  I X l j 3 )  
I F (  K S Y M o L E o O )  T A U =  T A U +  P ~ * ( T T A u - T A U )  
D G  5 2  I = l X l , I X 2  
G I =  ~ ( 1 + 1 , 3 j ' - ~ ( 1 - 1 , 3 )  
U c j  = A l ( I ) *  G I  + C A * A O ( I )  + S A * S O ( I )  
n I s =  o l ' (  3 ) * ( ' 1 ,  + s i ( ~ ) * f z )  
~ ( 1 , 2 ) =  ~ i 1 , 4 )  - ( C A * S O ( I ) - S A * A O ( I ) + U 3 e S 1 ( I ) ) / B I S  

5 2  C C N T I N U E  
N = 1 x 1  -1 
D G  6 2  I= IO,tq 

, M =  N x +  4 'I 
62 G ( 4 , 2 ) =  G ( l i 4 )  + T A U  

N = 1 x 2  +I 
' 0 0  1 t . 4  I =  N , I 3  
H =  A X +  4 -I 

1 6 4  G i M , 2 ) =  G (  I , 4 ) - T A U  
I F (  F P ~ A C H . L ~ ' . ~ . )  G O  T C I  91 

' 00 8 2 - J =  J l j J 4  
G ( I I , J ) =  ~ o * ( G ( I O , J ) - G ( I ~ , J ~ )  + G ( I I 0 , J )  

5.2 G (  I 4 , d ) =  3 o * ( G ( I 3 , J ) - G ( I Z ,  J ) )  '+ G ( 1 1 3 , ~ )  
t t E T U W N  

9 1  0 0  9 2  j= J l p J 3  
G ( I I , J ) =  - . 5 * T A U  

92 G i I 4 p J I -  . 5 * T A U  
G (  I I p J G  ) =  - 0 2 5 4 T A U  
G ( 1 4 , J 4 ) =  . 2 5 * T A U  
R E T U F N  
E h D  

S U B R O U T I N E  E S r I M  
I h I T I A L  E S T I M A T E  OF P O T E N T I A L  



C Z Y M O N / A /  G M ( 1 3 2 ~ 3 6 ) ~ G ( 1 3 2 ~ 3 6 ) 1 G N ( 1 3 2 1 3 6 ) ~ S O ( 1 3 2 ) r S l ( l 3 2 ) j S 2 ( 1 3 2 .  
1 ~ A O ( 1 3 2 ) ~ A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) r A 3 ( 1 3 2 ) r B 0 ( 3 6 ) ~ B l ( 3 b ~ ~ B Z ( 3 6 1  
2 B 3 (  3 6 ) , N X ? h Y ,  1x1, I X 2 t K S Y i " ~ F M A C H j A L P H A , C A ,  S A 9 F M A C H 2  
3 9 A L j  U T I M , C B ~ S B , N S , K G ~ I G ~ J G  

C O M M O N / H /  D X , D Y , 3 T , D X X , D Y Y , D T T , D X Y , D X T , D Y T j T S R  
C O M M O R / J /  R A E  9 P I , A L S , A L T , A L T T # A M P L k j  F R E O R A , F A S A G A , F h A C h S , F H A C H T  

1 , A M P L M ,  F P E Q K M ,  F A S A G R , C E T A T , C E T A T T , A M P L C 9  F R E Q R C 9  F A S A G C , C E T A  
2 , F R E Q R ,  I P S U K E  

C O M M O N / S T A D I /  H F ,  I K , J R r I R S T A C  
C O M Y U N / W A K E /  N I T , h ! G ( 1 3 2 )  
K X =  N X + 1  
MY = N Y  + 2  
C B =  C O S ( A L P H A 1  
S E =  S I N ( A L P H A  
C C =  F H A C H * C B  
S A X  F M A C H * S R  
I F ( 1 F S T A D a G T a U )  613 T C  11 
0 0  1 2  I= 3,KX 
D O  1 2  J =  3,MY 
G M ( I , J ) =  0 .  
GI\(( I ,J ) = 3 .  
(;( 1, J ) =  0. 

1 2  C L U T I N U E  
11 30 2 2  I= I X 1 , I X Z  

Y = S O ( I ) + B 0 ( 3 )  
X= A O (  I) 
H H =  X * X  + Y 4 Y  
Dt iH= l a /  H H  
X T =  - . 5 * Y * ( A L T + C E T A T )  + D H H * ( C b * X  + 5 A * Y )  
Y T =  . b * X * ( A L T + C E T A T  - U H H * ( C A * Y - S A * X )  
V b N = H H * ( X T * S l ( I )  - Y T )  
< = I =  L( 1 + 1 , 3 ) - G ( 1 - 1 , 3 )  
F x = l , + S l  ( 1 ) * * 2  
8 1 S =  F X * B 1 ( 3 )  
G X S X V B =  A l ( I ) * G I * S l ( I ) + V t J N  
G ( I j 2 )  = G ( I 9 4 )  - G X S X L S / t 3 I S  
6 ( 1 , 1 ) =  G ( I , T )  - 2 a * G % S X V d / S I S  

2 2  C G N T I N U E  
D O  2 3  I= I X 2 , K X  
P;= h X + 4  -I 

23 W G ( I ) =  G ( I 9 3 ) - G ( M j 3 )  
HKIi '4-  10. 
D G  1 3  I= 3 9 K X  
D O  1 3  J =  3 9 M Y  
Y = S O ( I ) + B O ( J )  
H H = Y * Y + A O ( l ) * A O ( I )  
H = S Q k T  ( W H )  
H X =  a 5 * H / A l ( I )  
HY.  . b * H / B l ( J )  
H M I . \ ; =  A M I N l ( H M I N , H X j H Y  

1 3  C G N T I N l l E  
D T =  H M I N 4 T S K  
I U T =  2 . * P I / ( F K E O P * D T )  t 1. 
1 D T =  I D T / I P S U R E  + 1. 
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SUDRUUTINE  VELO 
C C A L C b L A T E S  SJRFACE V E L O C I T Y  

C O M M U N / A /  ~~~132,3b1,6(132,36),GN(132,36),S0(13Z),SI(~~2)~S2(132) 
1 , A 0 ( 1 3 2 ) ~ A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ~ , A 3 ( 1 3 2 ) ~ 8 0 ~ 3 6 ~ ~ B 1 ~ 3 6 ~ ~ 6 2 ~ 3 6 ~  
2 jB3( 3 6 )  , N X , N Y , I X l r I X 2 , K S Y M , F f l A C H , A L P H A , C A r S A , F M A C H 2  
3 , A L , U T I M , C B I S ~ , N S , K G ~ ~ G J J G  

C G M M O N / B /  S V (  132),SM(132) P C P (  132) 
C G ; d M U N / H /  D X , D Y , D T , D X X , D Y Y , b T T j D X Y ~ O X T p D Y T , T S R  
C G M M O b i / J /  R A D , P I P A L S J A L T , A L T T , A M P L A ~ F K E Q ~ A ~ F A S A G A ~ F M A C H S ~ F M A C H T  



1 9 AMI'LI.1, F P E Q : R . M , F A S A G M , C E l ' A S , C E . T A T , . C E T A T T , A M P L . C , F R E Q R C , F A S A G C , C . E . T A  
2 , F K E Q R ,  I F S U R E  

C i J i l I Y @ N I K /  . I . O J I ~ , I ~ , I ~ , J ~ , J ~ , J ~  
G U T =  l . . /O :T  
A A O  = 1:. 
3Li 1 2  I = . I X l , - 1 x 2  
Y = B 0 ( 3 ) + S O - ( I )  
X =  A O ( 1 )  
H H =  X * X  + Y * Y  
U H H =  l . / H t i  
X T =  - . 5 * Y * ( A L T + C E T A T 9  + D k i H * ( C A . * X  + S A * Y  
Y T =  5 * X *  ( . A L T + C . E  T A T  - D H H * I C A * Y - S A * : X ' )  
H T  S G i K T  ( H M I  
D11= 1 . / H  
G I =  ~ ( 1 + 1 , 3 ) - i ( 1 - 1 , 3 )  
GJ= G ( I , 4 ) - G ( I , 2 )  
G k = A l ( I ) *  G I  - S 1 ( 1 ' ) * 8 1 ( 3 ) *  GJ 
GY.= 8 1 ( 3 ) * G J  
U= G X * D H .  
V =  G Y * D H  
O Q = U * i l + V . * V  
U K , =  X T * H +  U . . 
L,K= Y T * H  + 'Y 
C Q R =  U R * U R  + V R * V R  
Q K a  S Q R T  ( . G Q K )  
I F ( U E o L T e 0 . )  GI?= - Q R  
S V ( 1 )  = ' g K  
C.HA'IN= X T W X  + Y T * G Y  

' F j T =  G?l( 1 1 3 )  * D D T  + C H A I N  
A & =  A A O  , - . 2 . * 0 i ) - * 4 * F I T  
A A =  b 3 S ( A A )  
A =  S O R T ( A A 1  
S M ( I ) =  Q K / A  

1 2  i P ( . I ) =  ( A A * + 3 . 5  - 1 . ) / ( . 7 * F M A C H 2 )  
R E  T ~ J ~ N  
END 

S U B ! ? G U T I N E  F O R C E  
C  C A L C U L A T E S  F O R C E  C O E F F I C I E N T S  

C i J M M O N / A /  G M ( 1 3 ? , ~ 3 6 ) ~ G ( 1 3 2 ~ 3 6 ) ~ G N ~ 1 3 i ~ 3 6 ) ~ S 0 ~ 1 3 2 ) ~ S 1 ~ 1 3 2 ~ ~ S 2 ~ 1 3 2 ~ ~  
1 ~ A O ( 1 3 2 ) , A 1 ( 1 3 2 ) ~ A 2 ( 1 3 2 ) ~ A 3 ( 1 3 2 ) ~ B 0 ( 3 6 ) ~ B 1 ( 3 6 ) ~ 8 2 ( 3 6 )  
2 , a 3 (  3 6 )  ,NX,NY, 1 x 1 ,  ~ X ~ , K S Y R , F M A C H , A L P H A , C A ,  S A , F M A C H 2  
3 J A L ~ U I  I M I C B , S B , N S P R G P  I G j J G  

C O R M G N / B /  S V ( 1 3 2 ) , S P ( 1 3 2 ) , C P (  1 3 2 )  
C G M M O N / C /  XP(260),YP(260)rD1(2CO)~D2(26O)~D3(260) 
C O M M O N / E /  C H O R G J X H P C L , C D > . C M  
C O M M O N / L /  T C L ( ~ ~ ~ ) ~ T C D ( ~ ~ ~ ) , T C M ( ~ ~ O ~ ) ~ T C P ( ~ , ~ ~ ~ ) ~ T C P S ( ~ ~ ~ C L S P C D S  

I C M S r N I T S r  I J U M P , N S T E P ~ J S T E P , P E R I O D ~ , M H A L F  
C O M M C N / W A K E /  N I T , d G (  132) . 

C  L = 0. 
C  D  = 0. 



C  II = 0. 
N = I X 2 - 1  
D O  1 2  I = I X l , N  
DX=(XP(I+l)-XP(I))/CH3KD 
D Y = ( Y P ( I + l ) - Y P ( I )  ) / C H O R D  
X A = (  . 5 * ( X P (  I + l ) + X P ( I ) ) - X M ) / C H O P D  
Y A = . 5 * ( Y P ( I + l  ) + Y P ( I )  ) / C H O R D  
C P A  . 5 * ( C P ( I + l )  + C P ( I ) )  
D C  L = - C P A * [ ) X  
D C  D  = C P A * D Y  
C  L = C L  + D C L  
C  D = C D  + D C D  

1 2  C M  = C M  + D C D * Y A  - D C L * X A  
DC L = C L * C O S ( A L P H A )  - C D * S I N ( A L P h A )  
C  D = C L * S I N ( A L P H A )  + C D * C O S ( A L P H A )  
C L = 3 C L  
I F ( N I T . N E . 0 )  R E T U R N  
I F ( N I T S . E Q . 0 )  GO T O  11 
I J U M P =  Z * * M H A L F  
C L S =  C L  
C D S =  C D  
C M S =  C M  
I S P =  ( I X l + I X 2  1 8 . 5  
l =  1 

10 T C P S ( I ) =  C P ( I S P 1  
I F ( I S P . G E . I X 2 )  G O  T O  11 
I =  1+1 
I S P =  I S P +  I J U M P  
G C  T C  10  

11 N 1 1 3 =  U 
J J S T E P =  J S T E P  + 1 
T C L (  J J S T E P  I =  C L - C L S  
T C D ( J J S T E P 1  = C D  - C D S  
T C M ( J J S T E P 1  = C M  - C M S  
I J U M P =  2 * * f l H A L F  
I S P =  ( 1 x 1  + 1 x 2 1 8  0 5  
I= 1 

1 3  TCP( I , JJSTEP)=  C P ( I S P )  - r c P s u  I 
I F ( I S P e G E . I X Z 1  G O  T O  1 4  
I= I + 1  
I S P =  I S P  + I J U M P  
GO T O  1 3  

1 4  R F T L I R N  
E N D  

S U B R O U T I N E  C P L O T  
C  P L U T S  C P  A T  E Q U A L  I N T E R V A L S  I N  T H E  M A P P E D  P L A N E  

C G M i ' i f l N / A /  G M ( 1 3 2 ~ 3 6 ) ~ G ( 1 3 2 ~ 3 6 ) ~ G N ( 1 3 2 ~ 3 6 ) ~ S 0 ( 1 3 2 ) ~ S 1 ( 1 3 2 ) r S 2 ( 1 3 2 )  
1 ,A0(132),A1(132),A2(132),A3(132),80(36)~Bl(3b)~82(36) 
2 r B 3 (  ~ ~ ) ~ N X , N Y I I X ~ ~ I X Z P K S Y I Y P F M A C H I A L P H A , C A ~ S A ~ F M A C H Z  
3 9 A L , U T I M , C B I S O J N S , R G , I G , J G  



C O M M G N / B /  S V (  1 3 2 ) , ~ ~ ( 1 3 2 ) , ~ ~ ( 1 3 2  
C D M M O N / C /  X P (  2 6 0 ) , Y ? ( 2 G O ) , D 1 ( 2 6 0 ) ~ C , 2 ( 2 h 0 )  
'COM? l@N/STA i ) I /  F!K, IF!, JR, I S T A D I  
D I? lEKSIUN K O D E ( 2 ) , L I N E ( 1 1 5 )  
D A T A  K O I l E / l H  ,1;-i+/ 

C  C P O  I S  R E S E R V O R  P R E S S U R E  C L I E F F I C I E N T  W H E 2 E  . Q = O  A N D  F I T r O  
C P O =  Om 
I F ( I S T A D I m G T * O )  CPO=((lo+eZ*FflACH2)**3*5-1.)/(*7*FMACHZ) 
I l = I X l  
I 2 = I ) i 2  
I W R I T  = 5 
W R I T E  ( I W R I T , 2 )  

2 i O R M A T ( 5 0 W O P L n T  CF  C P  A T  E G u A L  I N T E R V A L S  I N  THE M A P P E D  P L A N E /  
1 9HO X  ,3H C P  1 
.. GU 1 2  p =  1 , 1 1 5  

1 2  L I N E ( 1 )  = K i l D E ( 1 )  
D O  2 2  I = I l , I 2  
K =  2 0 . * ( C P O - C P (  I )  1 t 5 5 . 0  
I F (  K . L T . 1 )  K = l  
I F (  K m G T m 1 1 5 )  K = 1 1 5  . 

L I N E  ( K  1 = K O U E ( Z )  
W k I T E  ( I g P I T , 6 1 0 ) X F ( I ) , C P ( I ) , L I N E  

2 2  L I U E ( K 1  = K C I O E ( 1 )  
R E T U R N  

610 F O R M A T (  1 H  , 2 F 9 o ' t ,  1 1 5 A l )  
END 

S U R R G U T  I N E  C H A R T  
C G E N E 2 A T E S  M A C 9  N 3  C H A R T  

C L J M P l U N / A /  G M ( i 3 2 ~ 3 6 ) ~ G ( 1 3 2 ~ 3 6 ) ~ G N ( 1 3 2 ~ 3 6 ) ~ S O ( 1 3 2 ) ~ S l ( l 3 2 ) ~ S 2 ( 1 3 2 )  
1 ~ A 0 ( 1 3 2 ) , A 1 ( 1 3 2 ) r A 2 ( 1 3 2 ) , A 3 ( 1 3 2 ) ~ B O ( 3 6 ) ~ B l ( 3 6 ) ~ B Z ( 3 6 )  
2 , ! 33 (  3 6 ) , N X , N Y ,  I X l , I X 2 , K S Y M ,  F f l A C H , A L P H A , C A ~ S A ~ F N A C H Z  
3 , A L , U T I I ? , C @ J ~ & , ~ ~ S , R G ,  I G P J G  

C G M H O h / H /  UX, U Y , U I , U X X , l I Y Y , D T T , D X Y , D X T , U f T , T S R  
C O M M O N / J  / R Q C p P  I, A L S ~ A L T P A L T T I A M P L A ,  F R E Q R A ,  F A S A G A p F M A c H s , F M A c H T  

1 , A M P L M , F E E Q R M , F A S A G h , C E T A S t C E T A T T , A M P L C ~ F R E Q R C p F A S A G C p C E T A  
2 , F R E Q H , I ? S ! J R E  

C U M M C N / K /  10911, I 2 9  13, J l , J2 ,J3  
D l M E N S I O N .  I N D ( . l S O )  
D D T =  l * / D T  
A A O  = 1, 
I W R I T  = 6 
K  = N Y / 3 Z  
I F . ( N Y * G T o 3 2 * K )  K = K  +1 
k R I T E  t I J R I T ,  2 )  

' 2 F O R M A T ( 1 4 H O M A C H  N O  C H A Y T )  . ' 

11 DL1 1 2  I= 1 0 9 1 3  
J = J l  
N -  0 

1 4  N =  1\(+1 
X =  A C ( I )  



Y =  S O (  I) + B O  (J!,,), 
H h =  X * X  +. Y 4 Y  
P H H =  1 . 1 ~ ~  

,.' X T =  - . ~ * Y * ( A L T + C E T A T )  + o'I-IH+(cA*x + S A * Y )  
Y T =  * 5 * X * ( A L T + C E T A T  1 - D H H *  ( C A * Y - S A * X )  
H = S Q R T ( H H )  
O H =  l * / H  
G I = G ( I + l , J ) - G ( 1 - 1 , J )  
G J = G (  I , J + l ) - G ( 1 , J - 1 )  
G X  = A l ( I ) *  G I  - S l ( I ) * R l ( J ) *  G J  
G Y  = B l ( J ) *  G J  
U =  G X * D H  
V =  G Y * D H  
O U = U * U + V * V  
C . H A I N =  ' X T * G X  + Y T F G Y  .. 

F I T =  GM'( X I J )  * Q G T  + C H 4 I N  
A A =  A A O  - * 2 * Q Q - * 4 * F I T  . 
A A =  A B S ( A A )  
U R =  X T * H +  U 
V K =  Y T * H  + V 
Q Q R =  U K * U R  + V R * V R  
U A = Q Q i 4 / A A  
I N D ( N ) =  l C O * * S Q P T ( Q A )  
I F ( U R * L T * O * )  I N D ( N )  = - I h D ( h )  
J=  J + K  
I F ( J e L E m J 2 )  G O  T O  1 4  

1 2  W R I T E  ( I W R I T , 6 1 0 )  ( I N G ( J ) , J = l , N )  
R E T U R N  

610 F O R M A T (  1 x 1  3 2 I + )  
E N D  

S U B R O U T I N E .  P S U R E  
C  G E N E R A T E S  P R E S S U R E  C i I S ' F R I B U T I O P i  O V E R  A I R F O I L  
C  A T  E Q U A L  I N T E R V A L S  I N  T H E  M A P P E D  P L A N E  
C W I T H  T H E  A S S O C I A T E D  S H O C K S  

C O M M G N / A /  S M (  1 3 2 , 3 6 1  ~ 6 ( 1 3 2 ~ 3 b ) ~ G N ( 1 3 2 , 3 6 ) ~ S O ( 1 3 2 ) ~ S 1 ( 1 3 2 ) ~ S 2 ( 1 3 2 )  
1 r ~ O ( l ~ Z i ~ A l ( l 3 Z ) ~ A Z ( 1 3 2 ) ~ A 3 ( 1 3 2 ) , B O ~ ~ 6 ~ ~ ~ 1 ( 3 6 ) ~ B 2 ( 3 6 ~  
2 , B 3 (  3 6 ) , N X , h Y ,  I X ~ , I X ~ Y K S Y M ,  F M P C H , A L P H A , C A p S A ? F M A C H Z  
3 Y A L Y U T I ~ ~ J C D J S D P N S J R G J I G ~ J G  

C O M M O I \ I / B /  S V ( 1 3 2 ) , S M ( 1 3 2 ) # C P ( 1 3 2 )  
C O M M O N / C /  X P (  2 6 C ) , Y P ( 2 6 O ) , D 1 ( 2 6 O ) , b 2 ( 2 6 O ) , D 3 ( 2 6 G )  
C O M M O N / E /  CHORD,XM,CL,CD,CM 
C O M M G N / G /  T I T L E ( Z O ) , I P L @ T  
C O M M O N / J  / RAD,PI,ALS, A L T J A L T T ~ A M P L A ,  F R E Q U A , F . A S A G A , F M A C H S , F ~ A C H T  

1 9 A M P L M 9  F R E Q R M ,  F A S A G P l $ C E T A T , C E T A T T ,  A M P L C P  F R E Q R C p F A S A G C b C E t A  
2 J F R E Q R ,  I P S U R E  

D I M E N S I O N  X ( 2 6 0 ) r Y (  2 6 0 )  r R ( 1 9 0 )  
I F  t I P L O T )  1911,101 

1 C A L L  P L O T S B L ( ~ O O O J ~ ~ H I - C H U N G  C H A N G  1 0 9 1 C 4 W )  
11 C A L L  P L O T ( 2 * 5 ~ 2 a 0 0 ~ - 3 )  

C A L L  S Y M B G L ( - 2 * @ , - 1 * 5 0 ,  e O ? j 3 j O ~ ~ - l )  



C A L L  S Y M B d L ( 5  * 5 , - 1 * 5 0 ,  * 0 7 ~ 3 > 0 * , - 1 )  
k . k C O D f ( 4 9 ~  1 2 9 R )  T I T L E  

1 2  F G K M A T ( 1 2 A G )  
C A L L  S Y M B O L ( - * 5 , - * 7 5 ,  *14, ' !?,0* , 4 8 1  
F A A =  F A S A G A * l B O * / P I  
F A M =  F A S A G ? l * ? S O * / P I  
F A C =  F A S A G C * 1 8 0 * / P I  
E N C U D E  ( 57,149 K )  u T I M ~ F A A ,  FA.E,  F A C  

1 4  E t i R M A T ( 5 t l l I P l f = t F 7 * 2 9 3 X ,  5 H A L F A = ,  F 7 * 2 9 3 X , 5 1 i M  F A o , F 7 * 2 , 3 X , 5 H C E F A = ,  
1 F 7 . 2 )  

C A L L  S Y M B C L ( - * 5 , - 1 * 3 9  a 1 4 j R 9 O a j 5 7 )  
E h C U D E  ( C 2 9  1 5 ~ R )  A L P  F M A C H j C E T A  

1 5  F O K M A T ( 5 H A L  = r F 7 * 3 , 3 X 9 5 H ? l  = 1 F 7 * 3 1 3 X , 5 H C E T A = , F 7 . 3 )  
< A L L  S Y M B O L  ( - , 5 , - 1 .25 ,  . 1 4 ~ R , O * j 4 2 )  
k b C O D E ( 4 Z y  16 ,k )  CL ,CD,CM 

1 6  F C R M A T (  5 H C L  = F 7 e 4 , 3 X , 5 i i C O  =,F 7 * 4 , 3 X , 5 H C M  = , F 7 r 4 )  
C A L L  S Y M i 3 O L ( - * 5 , - 1 * 5 0 ~  * 1 4 t K # O e p 4 2 )  
X M A X = X P (  1 x 1 )  
X M I N = X P ( I X l )  
. D O  , 2 2  I = I X 1 ,  1 x 2  ' 

X M A X = A H . A X l  ( X P  ( 1 1 ,  X M A X )  
22  X l Y I N  = A M I N l ( X P ( I ) , X M I N )  

S C A L E  = ~ . / ( X M A X  -X.MIN) 
00 2 4  11  1x1 ,  1 x 2  
X ( I ) = S C A L E * ( X P ( . I ) - X M I N )  

2 4  Y ( I ) = S C A L k * Y P i I )  
N =  1 x 2 - I X 1 + 1  
CA 'LL  LINE ( X ( I X ~ ) , Y (  ~ x i ~ , ~ ~ i ~ o ~ i ~ o * ~  i m 9 c * , ~ * )  
CPI " ;AX= 0. 
I P I A X =  1 x 1  
D O  2 5  I= l X l , I X 2  
A B S C P =  A B S ( C P 4 - I )  

. I F ( A E S C P e L E ' * C P M b X )  G O  T O  2 5  , 

C P M A X = A ' a S C ?  
I M A X . =  I 

2 5  C O N T I N U E  
C A L L  P L C T i C * , 4 * 2 5 , - 3 )  
C A L L  A X I S  ( - 1 * , - 4 * , 2 H C P 9 2 ~ 8 * ~ 9 0 e ~ 1 * 6 ~ - e 4 ~ 0 )  

C C P C  I S  C K I I ' I ' C A L  V K E S S U K E  C b E F F I C I E N T .  
P,A= ( l e + * 2 * F 1 Y A C t i 2 ) / 1 . - 2  . 
C P C = (  A A * * 3 , 5 - 1 . )  / ( 7 8 F M A C i - 1 2 )  
I F (  C P C * G E * - l * b * A N D e C P C r n L E * 1 * 6 )  

l C A L t  S Y M B U L ( - ~ * , - ~ * ~ O * C P C P  e 4 ,  1 5 9 0 - 9 - 1 )  
D O  3 2  I =  I X 1 , I M A X  
I F ( C P ( I ) e G T * l * b )  G O  T O  32 
I F ( C P ( I ) * L T * - 1 * 6 )  G O  T O  3 2  
C A L L  S Y M a U L [ X ( I ) , - 2 *  5 0 * C P ( I ) j  * 0 7 # 3 > 4 5 * 9 - 1 )  

3 2  C O N T I N U E  
DU 3 4  I= I M A X P I X E  
I F ( C P ( I ) * G T * l * C )  G O  T O  3 4  
I F ( C P ( I ) * L T * - l m 6 )  G O  1'0 3 4  . 

C A L L  S Y M B O L ( X (  I ) ~ - ~ * ~ ~ * C P ( I ) ~ * O ? P ~ P O ~ ~ - I )  . . . . 
3 4  C U N T I N U E  . :  

C A L L  S Y M B O L ( - 2 * 0 , - 5 . 7 5 ,  * 0 7 > 3 ) 0 *  j-1) . . . . . .  . . 



C A L L  SYMBOL(6.59-5 .75 ,  . 0 7 ~ 3 ~ 0 . > - 1 )  
C A L L  P L 3 T  (-2.5, -6.25)-3)  
C A L L  FRAME( 1) 
R E  TURN 

1 0 1  C A L L  P L O T ( O o , O . r 9 9 9 )  
'RETURN 
END 

SUOKOUTINE LORD 
C GENERATES THE LGAD1N.G D I S T R I D U T I O I U  O V E F  A I R F O I L  
C  AT EQUAL I N T E R V A L S  I h  T H t  MAPPED PLANE 

CUMMUN/A/ GM(L3L,3b),bi132t36~~bl\l(132,36l,Sfi(132)jS1(132)~~2(132) 
1 ,A0(132),~1(132)rA2(132),~3(132),t3O~36~,bI(36),BZ(36) 
2  t B 3 (  3 6 ) j N X , N Y p  1x1, 1 x 2 9  KSYMj  F M A C H j A L P H A , C A j S A f i F M A C H 2  
3 ,ALP UT IMJCB,SBINS>RGPIG~JG 

COMMGN/B/ S V ( 1 3 2 l , S M ( 1 3 2 ) , C P ( 1 3 2 )  
COMMUN/C/ ~~(260),~~(26'0),~1(260),~)2(260),~3(260) 
COMMUN/E/ CHORD,XP.t CL,CD,CF 
COMMON/F/ X R , Y R , K S , X S ( 5 O O ) , Y S ( S G O )  
COMMON/G/ T I T L E  ( 2 0 ) )  I P L U T  
CO?lMON/J / R A D , P I , A L S , A L T , A L T T , A k P L A , F K E Q R A , F A S A G A r F f i l A C H S r f N A C H T  

1 , A M P L M , F K E Q K M , F A S A G M , C E T A S , C E T A T , C E T A T T , A M P L C P F R E Q R C , F A S A G C P C E T A  
2  ,FREQR, IPSURE 

D I M E N S I O N  X ( 2 6 G ) , Y ( 2 6 0 ) , K ( 1 5 0 ) ~ D C P ( 1 3 2 )  
1 1 ~ 1 x 1  
I L a I X L ,  
IF ( I P C O T )  1,11,101 

1 C A L L  P L O T S U L (  5GC0p23HI -ChUNG CHANG l C 9 1 0 4 W )  . 

11 C A L L  PLUT'(Z.592.63,-3 
C A L L  SYMaGL(-2 .C, - lo50,  . 0 7 , 3 ~ 0 . , - 1 )  
C A L L  SYMBOL ( 6 . 5 t - 1 . 5 G r  . 0 7 ~ 3 ~ ( 3 . ~ - 1 )  
EbiCODE(46,12,R) T I T L E  

1 2  F O R M A T ( l Z A 4 )  
C A L L  S Y M B U L ( - . 5 , - . 7 5 , . 1 4 ~ R ~ O . ~ 4 8 )  
F A A =  F A S A C A * 1 8 0 .  / P I  
F A M =  F A S A G M * l t I O . / P I  
FAC= FASAGC*IBO. / P I  
ENCODE ( 5 7 , 1 4 1  R UTI?IrFAA,FAM> FAC 

1 4  FORMAT( 5HTIME=pf(7.2,3X, 5HALFA=, F 7 . 2 j 3 X 9 5 H M  F A = , F 7 . 2 t 3 X , 5 H C t F A x t  
1 F 7 . 2 )  

C A L L  SYMBOL(-.5,-1.0, . 1 4 p R j O . , 5 7 )  
E N C O D E ( ~ Z ,  1 5 ' ~ ~ )  AL jFMACHpCETA 

1 5  FORMAT(5HAL = , F 7 . 3 9  3 X j 5 H d  =, F7.3,3X, 5HCETA=,F7.3)  
C A L L  SYMBOL(-.5,-1.25, * 1 4 ~ K c C * c 4 2 )  
ENCODE( 42,169 K )  CL, CDICM 

16 FURMAT(5HCL =F7 .49  3 x 9  SHCD =,F7.4 j3X,5HCH =,F7.4) 
CALL  SYMBOL(.-.5,-1.50,. 1 4 t R , O . t 4 2 )  
XMAX=XP( 11.) 
X M I N = X P ( I l )  
DO 2 2  I = I l t  I 2  
X M A X = A H A X l ( X P ( I ) ? X M A X )  



2 2  X R I N  = A i I I N l (  X P ( 1  I J X M I N )  
S C A L E  = 5 . / ( X M A X  - X i l I N )  
00 2 4  1~11,  I2 
X ( I ) = S C A L E * ( X P ( I ) - X M I N )  

2 4  Y ( I ) = S C A L E * Y P ( I )  
I N 3 S E =  , 5 * ( I K 1  + 1 x 2 )  
DLJ 2 6  I= I N O S E , I X 2  
P i = N X + 4 - I  
D C P (  I )  = C P ( ? l ) - C P ( 1 )  

2 6  C O N T I N U E  
N ,  = I 2  -11 +1 
C A L L  L I N E ( X ( I I ) ~ Y ( I l ) r N ~ I ~ O ~ l ~ O ~ ~ l ~ ~ G ~ ~ l . )  
C A L L  P L O T ( o e , 4 * 2 5 ~ - 3 )  
C . A L L  A X I S ( - l *  , , - 4 . ~ 3 H D C P , ~ 3 9 8 ~ 9 9 0 0 , - 1 . 6 ~  * 4 ~ 0 )  
D O  3 2  I = I N O S E P  I 2  
I C ( ~ C P ( I ) . G T ~ l ~ f ~ )  G O  T O  32  
I F ( O C P ( I ) * L T . - 1 . 6 )  G C  T O  3 2  
C A L L  S Y M B O L ( X ( I 1 ,  2 * 5 * ~ C P ( ' I ) , * ~ 7 , 3 ~ 0 * , - 1 )  

3 2  C U N T I N U E  
C A L L  S Y M C L L ( - 2 . 0 , - 5 ~ 7 5 ,  . ( > 7 t 3 ~ 0 *  
C A L L  S Y M B O L ( 6 . 5 , - 5 . 7 5 ,  s o 7 9  ~ J O ~ P - 1 )  
C A L L  P L O T  ( - 2 * 5 , - 6 * 2 5 ~ - 3  
C A L L  F R A M E  (1) 
R E T U R N  

1 0 1  C A L L  ' P L i l i T ( O * , 0 * , 9 9 9 )  
W E T U R N  
f N D  

S b B R C U T I N E  S O N I C  
C  G E N E P A T E S  S O Y I C  L I N E  O V E R  A I R F C I L  
C  R t N A P l E  C b K ? I O N / A /  
C  T H E  P L I S I T I U Y  C F  GN I S  U L E K L A P P E D  B Y  S H O C K  

C I r Z l M r ! N / A /  G M ( 1 3 2 , 3 6 ) , ( ; ( 1 3 2 , 3 6 ) ~ S t i O C K (  1 3 2 , 3 6 1  * ,S0(132),S1(132),S2(132) 
1 , A 0 ( 1 3 2 ) , P 1 ( 1 3 2 ) , C 2 ( 1 3 2 ) ~ A 3 ( 1 3 Z ) ~ 3 0 ( 3 6 ) , 6 1 ( 3 6 ) ~ 0 2 ( 3 6 ~  
2 , B 3 (  ~ C ) , N X , N Y J I X ~ , I X ~ ~ K ~ Y M ~ F ~ ~ A C H ~ A L P H A ~ A J S A J F ~ A ~ H ~ ?  
3 ~ A L , U T I ~ ~ J C B , S ~ J N S , R G B I G ~ J G  

C C i Y M C N / B /  S V (  1 3 Z ) , S M ( 1 3 2 ) , C P (  1 3 2 )  
C d M M O Y / C /  X P ( 2 6 0 ) , Y P ( 2 6 O ) , D 1 ( 2 6 0 ) ~ 0 2 ( 2 6 0 )  
C O M M D h I D /  S L S P T t T R A I L , S C A L  
CU?lYCN/E/ C H ~ R D , X M , C L J C D J C M  
C O M i q O N / F /  X R , Y R J K S I X S ( ~ O O ) J Y S  ( 5 0 0 )  
C O d M L h / G /  T I T L E ( 2 0 1 ,  I V L O T  
COM?lGti/H/ O X ,  DY, DT,  D X X , D Y Y , D T T , D X Y J D X T , D Y T , T S K  
C U M M O N / J /  RAD,  PI, A L S , A L T , A L T T , A M P L A , . F R E Q R A ,  F A S A G A ~ F M A C H S ~ F M A C H T  

1 , A M P L M J F R E Q ~ M , F A S A G M , C E T A S J C E T A T T ~ A M P L C ~ F R E Q R C P F A S A G C # C E T A  
2 J F Q E Q R ~ I P S U R E  

C O M M O N / K /  1 0 9 1 1 9 1 2 9  13, J l p J 2 ~ J 3  
D I Y E K S I O N  X A ( 2 6 0 ) , Y A ( 2 0 0 ) , d ( 1 5 G )  
L I I M E N S I O N  4 ( ? 6 0 )  
I F  ( I P L O T )  1 ~ 1 1 , 1 0 1  



1 C A L L  P L O T S B L ( 5 0 0 0 ~ 2 3 H I - C H U N G  C H A N G  109104W) 
11 C A L L  P L O T ( 2 * 5 , 2 e O O p - 3 )  

C A L L  S Y M B 0 L ( - 2 * 0 9 - 1 * 5 0 ~  * 0 7 9 3 r O *  9 - 1 1  
C - A L L  S Y M B O L ( 6 e 5 t - l e 5 0 9  e O 7 r  390 .9 -1 )  
- E N C O D E ( 4 8 , l Z r K )  T I T L E  

' 1 2  F O R M A T ( l Z A 4 )  
C - A L L  S Y M B O L ( - *  5 1 - . 7 5 r  * 1 4 9 K t O e , 4 6 )  
F A A =  F A S A G A * 1 8 0 * . / P I  
F A M =  F A S A G M * 1 8 0 *  / P I  
F d C =  F A S A G C * 1 8 0 *  / P I  . . 

. E h C O D E ( 5 7 r 1 4 r R )  U T I K r F A A p F A M r  F A C  
1 4  F U R M A T ( S H T I M E = r F 7 * 2 9  3 X , 5 t i A L F A = ~ F 7 * i l r  3 X j  5 F A = ,  F 7 . 2 , 3 X ,  5 H C E F A z r  

1 F 7 * 2 )  
- C A L L  S Y M B U L ( - . 5 r - l , O r  * l 4 9 K , 0 *  9 5 7 )  

E N C ' O D E ( 4 2 , 1 5 , Y  A L j F M A C H j C E T A  
1 5  . i O R I l A T ( 5 H A L  = 9 F 7 * 3 9 3 X 9  5HM =, F f a 3 , 3 X , 5 i i C E T A = r  F 7 . 3 )  

C A L . L  S Y M R O L ( - * 5 , - 1 r Z f j r ,  1 4 9  F . , t O - r 4 i ! )  
E N C O D E ( 4 2 , l b , K )  CL,CD,CM 

1 6 . F G R M A T ( S H C L  x F 7 . 4 9  3 X r 5 H C O  =,F7.4,3X, 5 H C M  = r F 7 * 4 )  
C A L L  S Y M R O L ( - * 5 , - 1 * 5 C ' ,  * 1 4 ~ P , 9 O . r 4 . 2 )  

c A - I ! ? . F C ' I L  
X F A X =  X P (  1 x 1  

- K M I N =  XP ( I X 1 )  
DO 2 2  I= 1 x 1 9  1 x 2  
X M A X = A M A X l ( X P  ( 1 ) )  X M A X )  

. 2 2  X . M I N .  = A M I N l ( X P (  I ) P X M I ~ )  
5C .AL .E  . = 5 * / ( X M A X  - X M I N )  
D O  24  1. IX.1 . .  T k 7  
X A (  I) = S C A L E * ( X P ( I ) - X M I N )  

2 4  . Y A ( I . ) =  S C b L E * Y P ( I )  
. C A L L  . P L O T ( 0 . , 4 . 9 - 3 )  

Id= I - - X  2- I X 1 +1 
C A L L - L I ~ J E ( X A (  I~I),YA( 1 x 1 )  , E . l , l , O , l , O . , l * r O r r l *  1 
A A O =  1. 
D C T =  l * / D T .  
D i i  Z I= 1 0 9 1 3  
013 2 ' J -  J l p J 3  

. . X= A C ( I )  

Y ~ = S O ( I ) + B O ( J )  
H H =  . X * X  + .Y*Y 
DHH= 1 . /H I1  
K T = -  - . 5 * Y * ( A L T + C E T A T )  . +  D H H * ( C A * X  + S A * Y )  
Y T = .  . ~ J * X +  ( A L T + C E T A T )  - U H H * ( C A * Y - S A * X )  
H = S Q K T ( H H )  
DH= 1 m / H  
G I x G  ( I + l r  J 1 -G  ( 1 - 1 9  J 
G J = G ( I , J + l ) - G ( I , J - 1 )  
G X  = A l ( I ) *  G I  - S 1 ( I ) * G l ( J ) *  G J  
G Y = E ! l ( J ) *  G J  
US. G.X+DH 
V =  G Y * D H  . - 

LJU=U*U 
. v v = v * v  
1 ) 0 = U U + V V  



U R =  X T * H +  U 
i l k =  Y T * H  + V 
UUK= U R * U k  
VV2= V R * V R  
G O R =  UUR + V V K  
C H A I h =  X T * G X  + Y T * G Y  
F I T =  G M ( T , J )  * D D T  + C H A I N  
A A = A h O - e 2 * 0 G - * 4 * F I T  
k A = A N A X l (  AA, 0031  
S t i O C i ( ( 1 r J )  = S O k T ( G ' O t ? / A A )  - 1. 
C Z h T  I N U E  
L G C A T E S  T H t  S O N I C  P O I t i T S  
i ( S =  0 
03 1 7  J =  J l 9 ~ 3  
. ,G. . ( .J) . .  = ..... Sh.cCK(..I.C),.J )- .  

ClO l f !  r =  11, I 2  
D G  lt! K =  J l p J 2  
J =  J l t J Z - K  
O G =  S H O C K ( 1 , d )  
I F ( d Q a k E * C * )  GO T O  19 
K.L= K S  +1 
X S ( K S )  = A 3 ( 1 )  
Y S ( K S )  = S O ( 1 )  + d O ( J )  
GCi T G  1 8  
I F ( d G * G ( J + l ) * G E r n O ~ )  G i l  T O  2 0  
S T = A E S ( O C /  ( 0 4 - C (  J t 1 )  1 )  
r .s= U S  t 1  
X S ( K S )  = A O ( 1 )  
Y S ( K S ) =  S O ( I ) + B C ( J )  + U T * ( B G ( J + l ) - B O ( J ) )  
I F ( G ~ * Q ( J ) . G E , O , )  G O  TCI 1 8  
i ? T = A B S C Q C : / ( C O - Q ( J  1 )  ) 
K S =  K S  + 1 
A S ( K S ) = .  A O ( I )  + k T * ( A O ( I - l ) - A O ( I ) )  
Y S ( Y S ) = S O ( I ) + d O ( J ) + E . T * ( S O ( I - 1 ) - S O ( I ) )  
N J ) =  oa  
O O  2 1  I =  I r K S  
X X =  *S*SCPL*(XS(I)**2-YS(I)**2) + X R  
Y S ( 1 )  = S C A L * X S ( I ) * Y S ( I )  + Y K  
x ' S ( 1 )  = Y X  
0 0  9 2  I= 1 , K S  
X X =  S C A L E * ( X S ( I ) - X M I N )  
Y Y =  S C A L E * Y S (  I )  
l F o ( X . L T . - 2 . 0 )  G O  T U  52 
I F ( X X * G T * 6 * 5 )  G O  T O  5 2  
I F ( A 6 S ( Y Y ) . G P 1 4 , 5 )  G O  T O  5 2  
C A L L  S Y M B C L ( X X , Y Y , * 0 7 , 3 , 0 . , - 1 )  
C O N T  l N U E  
C A L L  S Y M R O L ( - ~ . G , - ~ . ~  P * 0 7 , 3 , 0 * , - 1 )  ' 

C A L L  S Y M B O L ( b *  5 , -5 .5  9 * 0 ? , 3 , 0 * ~ - 1 )  
C A L L  P L O T  (-2*5,-6*01-3) 
C A L L  F R A M E ( 1 )  . 

R E  T U R N  
C A L L  P L d T ( O * ,  0 * , 9 9 4 )  
S E T C I R N  
E r i D  



S U B R O U T I N E  T R A C E  
C  G E N E R A T E S  U N S T E A D Y  T R A C - E S  O F  A I R F O I L  

C O M M O N / A /  G ~ ( 1 3 2 , 3 6 ) ~ ~ ( 1 3 2 , 3 6 ) , ~ N ( 1 3 2 , 3 6 - ) , ~ 0 ( 1 3 2 ) ~ ~ 1 ( 1 3 2 ) , ~ 2 ( 1 3 2 )  
1 ' , A 0 (  132)~A1(132),A'2(132),A3(132)~B0(3b~,Bl(36)~BZ( 3 b )  
2 B 3 (  ~ ~ ) , N x , N Y ,  I X ~ , I X ~ , K S Y F ~ ,  F , h l d C ~ ,  A L P H A , C A , S A ~  FMACH2 
3 r A L , U T I M I C B , S R , N S ~ R G ~ I ~ G ~ J G  

C  R E N A M E  C U M M f i N / C i  
C U M M O N / C /  X P (  2 6 0 ) , Y P ( 2 b ~ ) , I ) 1 ( 2 6 ( ~ ) , Y ( 2 6 0 ) . , K ( 2 6 0 )  
C O M M G N / G /  T I T L E 4 2 Q 1 ,  I P L O T  
C O M M O N / H /  DX, G Y , D T , D X X , D Y Y J D ~ T P D X Y ~ D X T ~ D Y T ~  T S R  
C U M I Y D N / J /  R A 3 , P I 9 A L S t A L T , A L T T , A M ? L A , F R E Q i i A 9 F A S A G A , F M A C H S , F M A C H T  

1 , A M P L M 9 F R E Q k M , F A S A G M j C E T A S , C E T A T ~ C E T A T T , A F i P L C , F R E Q R C , F A S A G C , C E T A  
2 ~ F K E Q R P  I P S U R E  

C O M M C N / L /  T C L ( 8 0 1  ) , T C D ( 9 0 1 ) r T C M ( 8 ! 3 1 ) >  T C P ( 4 9 8 c ) l ) , T C P S ( 9 ) , C L 5 , C D S  
1 , C M S , N I T j ; ,  I J U . L \ P ~ N S T E P ,  J S T L P ~ P E R I C I D P M H A L F  . .  . . 

D I t 1 E t . I S I O . N  X ( & O l ) , A ~ A ( B U l ) , F b ( t 3 0 1 ) , F A ( 8 0 1 )  
I F  ( I P L U T )  1 ~ 1 1 , 1 0 1  

1 C A L L  P L d T S B L (  5 0 C 0 , 2 3 h l - C H U h 6  C I i A N G  1 6 9 1 0 4 U  1 
11 C A L L  P L O T ( 2 . 5 , 2 e 0 0 ~ - 3 )  

C A L L  S Y M B G L ( - 2 . G , - 1 . 5 0 ,  . 0 7 ~ 3 ~ 0 ~ ~ - 1 )  
C A L L  S Y M B b ~ ( 6 . . 5 . . , - I e 5 0 ,  . 0 7 , 3 , C . j - l )  

C  T I T L E  
E N C O O E ( 4 6 9 1 2 , R )  T I T L E  

1 2  F G g M A T (  1 2 A 4 )  
C A L L  S Y ; l B U L ( - m T , - e 5 C ,  . 1 4 , R , 0 . , 4 8 )  
E R C 0 0 t  ( 5 d 9 1 4 t  K )  

1 4  F d R ? l A T ( 4 C t i U N S T E A D Y  T R A C E S  6 F  A I R F O I L  I b  S I h U S O I D A L ,  
1 l o t !  R I G I D  B O D Y  M O T i O N )  

C A L L  S Y M B l j L ( - . - 5 , - . 7 5 ,  . 1 4 , d , 0 e , 5 8 )  
A C A S =  A L S * K A D  
E h C O C E (  5 ? , 1 5 , 2 ) A 0 P S ~ A Y ? L A ~ F R E C R A  

I 5  I -UKMAT( l 8 H P l f  Al\i A T T A C K  ANGLE=,  F 5 . 2 , 5 X , G t i A H P = , F 5 , 2 j 5 X j  
1 .  1 0 k F R E G  ! ? A T c = r F 5 . 2 )  

C A L L  S Y M B L ' I L ( - ~ ~ , - ~ . O G Y  014,  Fi,Oe, 57) 
E N C C I D E ( 5 7 , l b j R )  F M A C h S , A i l P L H , F . P E Q R M  

1 b  F O R I Y A T ( ~ ~ ~ ~ ' M E A N  F L I L H T  S P E E D = ,  F C j . 2 , 5 X , G t i A M P = , F 5 . 2 , 5 X ,  
1 1 0 H F k E Q  R A T E = ,  F 5 . Z  

C A L L  S Y M B O L ( - . 5 , ' 1 . 2 5 t  e l 4 9  k ~ O . ~ 5 7 )  
F A N G L E =  C E T A S s R A O  
E N C O D E  ( 5 7 9 1 7 ,  R )  F A N G L E , A M P L C , F P E Q R C  

1 7  F O R M A T (  1 B H M E A N  F L I G H T  A N G L E = ,  F > . 2 , 5 X r 4 H A U Y P = ~ ~ 5 - ; ? ~ 5 Y ~  
1 l O H F R E O  R A T E = $ F 5 . Z )  

C A L L  S Y A B C I L I - . ~ , - I  .5O, 0 1 4 9  R ,  0.9 5 7 )  
c A I Y F O I L  

I 1  = 1 x 1  
1 2 =  1 x 2  
X M A X = X P ( I l )  
X P i I N = X P (  I1 
D O  5 2  I= I 1 9 1 2  

. X M A X z A M A X l  ( X P  (I , X , M A h  1 
5 2  X M I N  = A E I N l ( X P (  1 1 9 X M I N )  

S C A L E  = 3 . / ( X M A X  - X M I N )  
' C)Ll 5 4  I = I 1 , 1 2  

X (  I ) = S C A L E * ( X P ( I  1 - X M I N )  



5 4  Y ( I ) = S C A L E * Y P (  I )  
N . ,  = 1 2  - I 1  +1 
C A L L  P L O T ( 2 * , - * 2 5 , - 3 )  . 

C A L L  L I N E ( X ( I l ~ , Y ( I 1 ) , N ~ l t 0 ~ 1 ~ O e ~ l ~ ~ O e ~ l e )  
C G F A i i S  P K E 5 S U k . E  S E N S O R S  ON THE A I R F O I L  

I J d f l P =  2 * * . Y H A L F  
I S P =  ( I X l t I X 2 ) * e S  
I P O I f i T =  1 

1 9  C A L L  S Y M B C L ( X  ( I S P ) , Y (  I S P ) ,  e C 7 j 3 p O e t - 1 )  
C A L L  S Y M B U L ( X (  1 S P ) p Y  ( I S P ) p e 0 7 , 3 ~ 4 5 e ~ - l )  
E N C O C E ( l , l Y > K )  I P O I f j T  

1 8  F S R Y A T ( I 1 )  
C A L L  S Y M B D L ( X (  I S P ) , e l + Y ( I S P ) ,  e 6 ? ~ F c ~ O e ~ l )  
I F  ( I P C J I N T . G E . 9 )  G O  T t i  20  
l F ( I . S P * G E - e I . X . 2 )  G G : T G  L u '  "' 

. . . . . . . . . . . . . . . . . . . . . . . , , , , 

I P C I I N T =  I P G I N T  + 1 
I S ? =  I S P  t I J U K P  
G i j  T O  19  

r 
c. L h S T E A D Y  P K E Z S U k E  T R A C t j  ON THE P R E S S U R E  S E N S O R S  

2C X S C A L =  ( 6 e + F k E C F ) / ( 2 * * ? I * P E R I O G )  
I F ( A K P L A e E Q e 9 e )  G O  T O  5 5  
A S C A L = . Z / A M P L A  
GiJ 'r('j 5 6 ,  

5 5  A S C A L = .  O e  
5 6  1 F ( A f ; P L M e E O e d e )  G O  T G  57  

t S i A L =  . 2 / A M P L M  
G i l  T C  53 

57 F S C A L =  O e  
5 8  I F  ( A M P L C e E Q e O e  1 G O  T i 3  5 9  

C S C A L =  e Z / A K P L C  
GL; T C .  6 0  

5 9  C S C A L s  O e  
bC J S =  . J S T E P  t I 

DL 2 I = l , J S  
T I M E =  D T * h S T E P * ( I - I )  
X (  I ) =  X S C A L B T  I M F  
A C A (  I)= A S C A L * A M P L C * S I N (  T I M E * F K E Q R A )  

8 

F S ( I ) =  F S C A L * A K P L M * S i N ( F & E C R P * T I M E )  
F A (  I ) = C S C A L * A M P L C * S I N ( F R E 3 2 C * T I M E )  

Z C O N ' T I h U E  
C A L L  P L O T ( - 2 * 5 s  e 7 5 , - 3 )  
C C L L  A X I S ( O * , O e , l l H  , - 1 1 , 6 e , G e ~ O e , e 6 0 * P € R I O D , O )  
E N C O D t  ( l l 9 5 3 , R )  

5 G  F U K M A T ( 1 L H P H A S E  A N G L E )  
C A L L  S Y M i 3 C l L ( O e r - . ! x ~  . 1 4 r K t O e ? 1 1 )  
C A L L  P L O T (  0 . , 0 . , 3 )  
C A L L  P L C I T ( O ~ P ~ ~ , Z )  
C A L L  P L L ! T ( O e ,  .5,-3) 
C A L L  S Y M B U L ( G e , O e r  e U 7 ~ 1 5 h - 1 )  
C A L L  S Y M B O L ( - e 7 5 , O e , ' e 1 $ , 6 H A A N , G L E , O e , 6 )  
C A L L  P L Q T (  Oe ,@.e ,3 )  
D Z  3 I= 1 , J S  
C A L L  P L O T ( X ( I ) , A O A ( I ) , 2 )  

3 C C ) N T I b i U E  
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C A L L  P L O T (  0090.93)  
D O  4 4  I =  1 , J S  

: C A L L  P L O I ' ( X ( I ) , ' T C P C A L * T C P ( 6 9 I ) r 2 )  , . 

44' C U N T I N U E  
C A L L  P L O T ( G . j . 5 , - 3 )  
C A L L  S Y M ! 3 C ) L ( O . , p O *  9 * 0 7 r 1 5 1 0 . ~ - 1 )  
C A L L  S . Y M l 3 b L  ( - * . 2 6 9 C 0 9  1 4 9 2 H P 7 , 0 * j 2 )  
C A L L  P L O T (  0 * , 0 . 9 3 )  
U O  6 5  I =  1 9  JS 
C A L L " P L U T ( X ( I I , T C P C A L * T C P ( ~ , ~  1 9 2 )  

4 5  C O N T J N U E  
C A L L  P L O T ( 0 * 9 . 5 9 - 3 )  
C k L L  S Y M B O L ( O o , G * r  . 0 7 , 1 5 i O * 1 - 1 )  
C A L L  S Y M B O L ( - . 2 8 9 O * j  * 1 4 9 2 t i P 8 9 0 *  9 2 )  
C k L L  P L O T (  0 6 ~ 0 a p 3 1  
ir +. 6.. . ,i = 1 ,"'2d b 
C A L L  P L O T ( X ( 1  ) P T C F C A L * . T C P ( ~ ~ I ) Y  2 )  

4 6  C O N T I N U E  
C A L L  P L O T (  0.9 0 5 1 - 3 )  
C A L L  S Y M B O L  ( 0  * P O .  9 . 0 7 , 1 5 , O . r - l )  
C A L L  S Y M B O L ( - - a 2 6 j 0 . 9  ~ 1 4 , 2 d P ~ , i ) ~ > 2 )  
C A L L  P L O T (  0 .90 .93 )  
D O  4 7  I= 1 , J S  
C A L L  P L O ' T ( X ( I ) , T C P C A L * T C P ( 9 9 1  1 9 2 )  

4 7  C O N T I N U E  
C A L L  P L U T  ( . 5 , - 8 * 0 0 , - 3 )  
C A L L  S Y M H O L ( - 2 . 0 9 - l ~ f O j  0 0 7 9 3 9 0 o j - 1 )  
C A L L  S Y M 6 O L  ( 6 . * 5 ~ - 1 . 5 0 ,  .07,3,0.,-1) 
C A L L  P L O T ( - 2 * 5 , - 2 . 0 ~ - 3 )  
C A L L  F R A M E (  1) 
6 E f  U d N  

1 0 1  C A L L  P L O T ( O * > 0 . , 4 9 9 )  
R E T U R N  
E N D  

S U B R O U T  l N E  G B  I D  
C P L O T S  T H E  M E S H  L Y S T E K  
C R E N A M E  C O M M Q N / A /  
C  T H E  P O , S I T I O N  OF G M  A N D  GN A R E  G V E R L A P P E O  B Y  X h E $ H  A h 6 ,  Y M E S H ,  
C T H E  R O U T I h E  S H G U L O  B E  C A L L E D  A T  THE K I G H T  E N D  O F  T H E  P R O G R A M  

C O M M O N / A /  X M E S H ( 1 3 2 , 3 6 ) r G ( 1 3 2 > 3 6 ) # Y A E S b ( 1 3 i i ~ 3 6 )  * '  ) S o (  1 3 i ! ) 9 S 1 ( 1 3 2 ) , S ~ ( 1 ~ )  
1 ~ A 0 ( 1 3 Z ) ~ A 1 ( 1 3 2 ) ~ P 2 ( 1 3 2 ) ~ A 3 ( 1 3 2 ) , a 0 ( 3 6 ) ~ B l ( 3 6 ) ~ 6 2 ( 3 6 )  
2 , B 3 (  3 6 )  , N X , N Y ~ I X ~ P  I X 2 9 K S Y M 9  F M A C H p A L P H A , C A *  SA.* F K A C H Z  
3 9 A L 9  U T I Y , C B , S 3 9 N S , R G j I b j J G  

C U M M U N / D /  S L D P T , T R A I L , S C A L  
C O M M O N / F /  XR, Y R p K S 9 X S  ( 5 0 0 1 9 Y S  ( 5 0 G )  
C U M M C i N / G / .  T I T L E ( 2 G ) j  I P L O T  
C O M M O N / K /  1 0 ~ 1 1 ~ 1 2 ~ 1 3 ~ J l ~ J 2 ~ J 3  
I F  ( I P L U T )  1 9 1 1 9 1 0 1  

1 ' C A L L  P L O T S B L (  5 0 0 0 , 2 3 ~ 1 . - ~ ~ ~ ~ ~  C I i A N G  1 G 9 1 0 4 W  1 



C A L L ,  P L O T (  2 * 5 , 2 * 0 , - 3 )  
CALL  SYMBOL(-2*U, - leTO,  wG79310e 9 - 1 1  
CALL  SY IyBOL(6*5 , -1 *50 ,  *0'7,3,0*,-1) 
ENCUDE(80,12,R) T I T L E  ' 

FORHAT ( 2 . 0 A 4 )  
CALL SY?lBGL(J*,-*5, * 1 4 ~ K ~ O e y c ! O )  , . 

E N C C l O E ( 3 5 ~ 1 4 9 9 . )  N X j N Y  
F O R M A T ( 2 4 h l \ i E t ~ K  F I E L D  G R I D  SYSTEh  ,14,3H )r , 1 4 1  
C A L L  SYEi?OL(Os, - *?5 ,  e14,Ry o n ,  35 
CALL P L O T (  1 e 7 5 , 4 e ! i ~ - 3  1 
M E S H  
x O =  XR/SCCL 
YG= Y i i / S C A L  
Dd 1 3  1- 1 0 9 1 3  

.U.O.. 1.3. J=. J.19 J 3  . . . .  . . . . ? . . . , 

X i r 1ESt i ( i , J )=  X 3  + . 5 * ( A O ( I ) * * 2  - 1 B C ( J )  + 5 0 ( 1 ) ) * * 2 )  
Y k E S t 1 ( I p J ) =  Y O  + k G ( I ) * ( B O ( J )  + S O ( I ) )  
C I K A W S '  THE G R I D  CURVES ARrJLiND A I R F O I L  
XMAXs X M E S H ( I X 1 , 3 )  
XMIN= X I Y A X  
D O  2 2  1 =  I X 1 9 I X 2  
XM4X= A M A X l ( X M E S H ( 1 , 3 ) ,  XMAX) 
X M l N =  A M I N l ( X M E S H ( I j 3 )  , X i l I N )  
SCALE= 1 ./ ( X K A X - X M I N )  
DG 3 2  J =  J l j J 3  
K P = 3 
U C  3 2  I =  1 0 9 1 3  
XP= S C A L E * ( X M E S t i ( I , J ) - X M I N )  
YP= S C A L E * (  YME5H( I , J  1- YYESH( I C j 3 )  1 
I F ( X P ~ L T ~ - ~ ~ ~ ~ . O R ~ X P ~ G T ~ ~ ~ ~ ~ ~ C P ~ Y P ~ L T ~ - ~ ~ ~ O R Y P W G T ~ ~ ~  GO T O  33  
CALL P L 3 1 (  XP,YP,KP) 
K  P = 2 
GL) TU 3 2  
K P  = 3  
CENT INUE 
DRAWS THE G R I D  CURVES R A D I A T I N G  FROM A I R F O I L  
DL G Z  I =  l 0 , I 3  
K P = 3 
00 4 2  J =  J l p J 3  
XF= SCALE* (XMESH(  I, J  1 - X M I N )  
Y P =  S C A L E * ( Y M E S H ( I , J ) - Y M E S H ( I 0 , 3 ) )  
I F ( X P ~ L T ~ - ~ ~ ~ > ~ ~ R ~ X P ~ G T ~ G ~ ~ ~ ~ O P ~ Y P ~ L T ~ - ~ ~ ~ ~ O R ~ Y P . G T . ~ ~ ' ~ )  GO TO 43 
C k L L  P L O T (  XP, Y P j K P )  
i( i' = 2 
GO r o  42 
kP = 3 
C O Y T  INUE 
CALL P L O T ( - 1 * 7 5 , - 4 e 5 r - 3 )  
CALL S Y M B O L ( - Z * O , - ~ W  5 0 ,  ~ 0 ? ~ 3 9 0 * # - 1 )  
CALL S Y M B U L ( 6 e 5 p - l e 5 0 ,  eO7;3,O*9-1) 
CALL  P L O T ( - 2 e 5 9 - 2 * 0 0 9 - 3 )  
CALL  F R A H E ( 1 )  
RETURN 
CALL P L O T ( 0 . , 0 * , 9 9 9 ) .  
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G I s  ( G ( I + ~ , J ) - G ( I P J ) ) * Z .  
G J =  ( G ( I ? J ) - G ( I 9 J - 1 ) ) * 2 .  
G X  = A . l ( I ) *  G I  - S I ( E ) * P l ( J ) *  G J  
G Y  = B l ( J ) *  G J  
U =  G X * D H  
L =  G Y * D H  
Q Q = C j * U + V * \ /  
C H A I K =  X T t S X  + ' f T * G Y  
F I T =  G M  (1, J * D O T  + C H A I N  
A A = A A O - . Z * Q Q - . 4 * F I T  
A A J  A M A X l  ( A A ,  o 0 0 0 1 )  
A - = S Q R T  ( A A  1 
h ' A = C M P L X ( C O S ( b N G ) , S I N ( A N G )  ) * C M P L X ( A j C .  1 

- U =  ' U + R E A L ( W A \ .  + H * X T  
V =  V  + A I M A G ( W A 1  .+  H * Y T  
A V =  V - U * S l ( I )  
T G I =  G I .  
T G J =  G J  

' . 1 G M I =  Z . * ( G M ( I + l ~ J ) - G I Y ( I 9 J ) )  
T G M J =  2 . * ( G K ( I , J ) - G k ( I , J - l ) )  . 

Y I P  - G M ( I ,  J + D T * ( u * T G M I * A ~ ( I ) + A V * T G M J * B ~ ( J ~  ) * D H  
1 - ~ . * D T + ~ u * T G I * A ~ ( I  ) + A V * T G J * ~ ~ ( J  ~ * D H  

d l =  0 .  
D I =  0. 
€ 1 .  0. 
G 1 =  D T * D H * u * z . * ~ ~ ( I )  
A I =  1 . - C I  
G A M A =  0 1  
L i E D A = B I - C ( I - 2 ) * G A H A  
A L F A =  l o / (  A I - R E D A * ~  (1-1 1 - C A M A * E (  1 - 2 1  1  
c u i =  (CI-BEOA*E(I-III~ALFA 
E ( I ) =  E I * A L F A  
F(I)=(YI-BEDA*F(I-1)-GAMA*.F(I-Z))*ALFA 
D t i  1 I =  1 1 9 1 2  
k N S  . 5 * ~ 1  
Y = S O (  I ) + B ' c l ( J )  
X =  A G ( 1 )  
HH= X * X  .+ . Y * Y  
' [ j H H =  1; /HW 
X T =  - . ~ * Y * ( A L T + C E T A T )  + D H H * ( C A * X  + S A * Y )  
Y r =  . S + X * ( A L T + C E T A T )  - D I ( H ~ ( ~ A * Y - S A * X  I 
H = S O R T  ( H H )  
D H =  1 . / H  
GI. G.( I + , l i J  1 - G (  I-1,J 1 
G J =  2 . * ( G ( I p J ) - G ( I , J - l ) )  
T G J =  O J  
T G M J =  2 . * ( ~ P l i  I , J ) - G M ( I , J - ~ S )  
G X  = A l ( I ) *  G I  - S l ( I ) * B 1 ( J ) *  G J  
G Y  = B l ( J ) * G J  
U=  G X * D H  
V =  G Y * D H  
C Q = U * U + V * V  
C H A I N =  X T * G X  + Y T * G Y  
F I T =  G M ( I , J )  * D O T  + C H A I N  



AAx AAO-• 2 * Q Q - . 4 * F I T  
A A = A M A X l (  AA, . 0001)  
A = S Q k T ( A A I  
W A = C M P L X ( C O S (  A N G ) , S I h ( A N G )  ) * C M P L X ( A 1 0 . )  
U= U + R E A L ( W A )  + H * X T  
V =  V + A I M A G ( W A )  + H * Y T  
A V =  V - U * , S l ( I )  
I F ( U e L T * O e  G O  T O  2 
T G I =  Z . * ( G ( I , J ) - G ( I - l , J )  
T G M I t  2 . * ( G M ( I , J ) - G P ? ( I - l , J  1 )  
B I =  - 2 e * A 1 (  I ) * D T * D H * U  
A X =  i . - a ~  
ZI- 0. 
GO T O  3 

2 T G I ~ ~ ~ * ( G ( I + ~ J J ) - - G ( I J J ) )  
T b k l =  r ? e * [ b h (  r + l , J I - b f l l  1, J )  J 
C I =  2 . * A l ( I ) * D T * O H * U  
A I =  1 . 4 1  
B I =  0. 

3 Y I P  -GI '~( I ,J )  + DT*(U*TGMI*Al(I)+AV*TGMJ*31(J))*DH 
1 - Z * * D T * ( U * T G I * A l ( L ) + A V * T G J * B l ( J ) ) * D H  

D I =  0. 
E I =  C. 
G A M A =  D I  
G E D A = 3 I - C ( 1 - S ) * G A M A  
A L F A =  le/ ( 4 1 - B E D A * C (  I - 1 ) - G A M A * E  (1-2) 
C(I)= ( C I - B E 3 A * E ( I - l ) ) * A L F A  
E( I)= E I * A L F A  
F ( I ) = ( Y I - G E D A * F ( I - l ) - G A M A * F ( I - 2 ) ) * A L F A  

1 - - C O N T  I N U E  
I =  1 3  
AbiG=  *25*PI 
Y = S O (  T ) + B O ( J )  
X =  A O ( 1 )  
H H =  X * X  + Y * Y  
D H H =  l * / H H  
X T =  - * 5 * Y * ( A L T + C E T A T )  + D H H * ( C A * X  + S A * Y )  
Y T =  . 5 * X * ( A L T + C E T A T )  - D H H * ( C A * Y - S A * X )  
H = S Q P T ( H H )  
O H =  l . / H  
G I =  ( G ( I , J ) - G ( I - l > J )  ) * 2 .  
G J =  ( G ( I , J ) - G ( I , J - 1 ) ) * 2 .  
G A = A l ( I ) *  G I  - S l ( I ) * B l ( J ) *  C J  
G Y  = B l ( J ) *  G J  
U =  G X * D H  
V =  G Y * D H  
as=  u*u+v*v 
C H A I N =  X T * G X  + Y I * G Y  
F I T -  G M ( 1 , J  * D D T  + C H A I N  
A A = A A O - * 2 * Q Q - e 4 * F I T  
A A =  A M A X 1  ( A 4 3  001  
A =  S G R T ( A A )  
W A = C M P L X ( C U S ( A N G ) , S I N ( A N G )  ) * C M P L X ( A I O . )  
U= U + R F  A L ( d A )  + H * X T  



V =  V t A I P I A G ( Y A )  + H * Y T  
A V =  V - t J * S l (  I) 
T G I =  G I  
T G J =  G J  
T G M L =  Z a * ( G M (  I , J ) - G M ( I - l , J ) )  
T G M J =  2 * * ( G M (  I j J I - G P l ( I , J - 1 ) )  
Y I =  - G M ( I r J )  + G T * ( U * T G M I * A l ( I ) + A V * T G M J * B l ( J ) ) W H  

1 - Z * * D T * ( U * T G I * A l ( I ) + A V * T G J * B l ( J ) ) * D H  
C I =  G *  
O I =  u *  

(-j* 

G I = - D T * D H * U * 2  * * A 1  ( I) 
A I =  1 . - B I  
G A M A =  D I  
H E D A = B I - ' C  ( 1-2 ) * G A M A  
A L F A =  l * / ( A I - P E G A * C ( I - 1 ) - G A N A * E . ( I - 2 ) )  
C  (I ) =  ( C I - B E D A * E (  1 - 1 1  ) * A L F A  
E ( I ~ =  E I * A L F A  
F ( I ) = ( Y I - f i E D t - * f  ( I - l ) - . G A I Y A * . F ( I - Z ! , ) * A L F A  
C G =  O a  

CC.r;= ' 0 
O i l  4 K =  I O j I 3  
'I= I 3 . + I O - K  
D G =  C,G 
C G =  F X I I - C ( X ' ) P . C ~ - E ( I ) * C C G  
C(,"= L)(; 

, 4 GI41 1,'~ ).= C G  
5 J.= . J - 1  

C L E F T  8OUNDARY 
I= I 0  
~ r \ i . G =  P 1 

. . y=sg ( , I : )+eo  ( J.I 
X =  A G X . 1 )  
HH= X ~ X  + Y * Y  
DHH= l,./H;ki 
X I =  - , : 5 + Y * . ( A l T + C E T , A T l  + 3Hh) (CAf iX  t S A * Y i  

. . Y T =  4 5 4 X . 4  ( A , L T + C . E I  AT. )  - D H M * ( : c A . ~ Q Y . - S A ~ X , )  
M . = 5 Q K T ! H H ]  
D H =  1, /H 
G I =  . ( G (  1+1, J 1-G( I ?  J:).! 4 .2 .  
GJ .=G . ( , I ,  J + - 1 ) - G  ( I r  J- l : )  

.G X = A i ( ! ! *  . G I  . - S l , ( $ . ) , * l ? l ( J . ) . *  . . G J  
G Y  ' = B ? ; ( J ) *  G J  
Us= G X  *.D H 
V =  GY .+ .nH  
Q O = U * U + V * Y  
C H A I , h l n  X T * , G X  + YT:GY 
F I T =  G M ( I j J : )  .*D.DT + C l U n l ~  
A A = A A O - . Z * Q G - * 4 4 * F I T  
A A z A M A X l  ( A A ,  * . O O 0 1 )  
A = S Q P T ( A A )  
W A = C M P L X ( C G S ( A N G ) , S f l . ( . A N G )  ) * C M P . L % ( A , O .  1 
U.= U + R E A . L ( I J , A )  + I f * X J  
V =  V + A I M : A G ( W A )  + HPYT 



A V  = V - U * S l ( I )  
T G I = .  (;I 
T G M I =  2 . * ( G M (  I + 1 9  J ) - G M ( I 9  J )  
I F (  A V e L T . 0 . )  G G  T O  6 
T G J =  Z . * ( G ( I 9 J ) - G ( I 9 J - l ) )  
T G M J .  2 * + ( G M (  I , J ) - G H ( I , J - l ) )  
G O  T O  7 

. 6' TGJ=z.*(G(I,J+I)-G(I,J) 
T G M J .  2 . * ( G M (  I , J + l ) - G M ( I 9 J  1 )  

7 Y I x  - G P I ( l , J )  + D T * ( U * T G M I * A l ( I ) + A V * T G M J * C ) l ( J ) ) * D H  
1 - 2 e * G T * ( U * T G I * A l (  l ) + C I \ I * T G J * B l ( J ) ) * D t i  

0 1 s  0 1  
D I =  0. 
[ I =  O b  
C I =  DT*UHVU*Z .UAI  ( I )  
A l =  I . - C I  
G A M A =  D l  
B E  D A =  U I - C  ( 1-2 * G A  K A  
A L F A =  l . / ( A I - B E D A * C (  I - 1 ) - G A i ' l A * E  ( 1 - 2 )  
C  (I ) =  ( C I - H E D A * E (  1 - 1 1  ) * A L F A  
E ( I ) =  E I * A L F A  
F ( I ) = ( Y I - 8 E D A * F ( I - i ) - G A M A * F ( I - 2 ) ) * A L F A  

C  I N T E K I O R  
D O  0 I =  I 1 9 1 2  
F X = l a + S l ( l ) * * 2  
Y = S O ( I ) + B O ( J )  
X =  A O ( 1 )  
t i H =  . X * X  + Y * Y  
D t i H =  1. / H ' H  
XT. - . 5 * Y *  ( A L T + C E T A T )  + D H H *  ( C A * X  + S A * Y )  
Y f =  . 5 * X * (  A L T + C E T A T  - G H t i * ( C A * Y - S 4 * X )  
C X =  Y * Y - X 4 X  
C Y =  2 . * X * Y  
X T X =  ( C A * C X - C Y * S A ) * D h H * D H H  
X T Y =  -.5* ( A L T + C E T A T ) - D H H * D ~ H *  ( S A * C X + ' C A * C Y )  
Y T X =  - X 1 Y  
r i r =  X T X  
. c x =  x * * 3 - 3  . * X * Y + Y  
C Y =  3 . * X * X + Y - Y * * 3  
B X =  Z . * S P * C P  
B Y =  C A * C A - S A * S A  
X T T = - . 5 * Y * ( A L T T + C E T A T T ) - * 2 5 * x * ( A L T + C E T A T ) * * Z  

1 + F M A C H T * D H H * ( X * C U + Y * S H ) - A L T * D h H * ( X * S A - Y * C A ) - D H H * * 3 * ( C X * B Y + B X * C Y  1 
Y T T =  . S * X * ( A L T T + C E T A T T ) - e 2 5 * Y * ( A L T + C E T b T ) * * Z  

1 + F F ! A C H T * D H H * (  X* S 6 - Y * C a  ) + A L T * D H H * (  X * C b . + Y * S A ) + D H H * * 3 *  ( B Y * C Y - t l X * C X )  
H = S Q P T ( H H )  
DH= 1 * . / H  
G I = G (  I t l r  J ) - G (  I - 1 9 J )  
G M I =  G M ( I + l , J  1 - G N ( 1 - l r  J )  
G J = G ( I , J + l ) - G ( 1 r J - 1 )  
G M J =  G IY (  I,'J+~ I - G r ! ( I ,  J-1) 
G X = A l ( I ) *  G I  - S l . ( I ) * b i ( J ) *  G J  
G Y  = H l ( J ) *  G J  
U'= G X ' r D H  



b =  G Y * @ H  
Ab= L . t V * S l  (I 
~ \ i  = v -u4s1(1)  
b 2 =  X T * t l +  li 
\IK= Y T * i i  + V  
A V R =  V R - U P * S 1  (I 
iJ(jt(= U R * U F  
V V P =  V i ? * V R  
Q P R =  U U R  + V V R  
S =  1. 
I F (  L f k * L T * O . )  S =  -1 
T = l *  
I F  ( A V t ? a L T . O e )  T =  -1. 
L I W = i l * U  

... . ... . u\I =U.*.V . . .  

v v = \ I * v  
G O = t I U + V V  
CHAI~=  X T * G X  + Y T B S Y  
F I T =  G M ( 1 , J )  * U 3 T  + C t , I A I N  
A A = A A O - . 2 * G 4 - * 4 * F I T  
A A = A Y A X l (  AA,. O C O I  
A f l = A l ( i ) * B l ( J )  
G I I = ( G ( I + l , J ) - Z * * G (  1,J)+G( I -1 ,J )  ) * l i D X X  + A 3 (  I ) * G I  
G I J = G ( I + ~ ~ J + ~ ) - G ( I + ~ ~ J - ~ ~ - ~ ~ ( I - ~ ~ J + ~ ) + G ( I - ~ P J - ~ ~  
G J J = ( G ( I , J + 1 ) - 2 * * G ( I ~ J ) + G ( I , J - l ) ) * C D Y Y  + ~ ~ ( J ) * G J  
G f l I I = ( G I Y (  I + l , J ) - 2 . * G P 1 (  Iz J ) + G h ( I - 1 , J )  ) * D D X X  + A 3 (  I ) * G I Y I  
G N I J ~ G M ( I + ~ P J + ~ ) - G M ( I + ~ ~ J - ~ ~ - G F ~ ( I - ~ , J + ~ ) + G M ~ I - ~ ~ J - ~ ~  
G K J J = ( G M ( I P J + ~ ) - ~ ~ * G M ( ~ ~ J ) + G E ~ ( I , P J - ~ ) ) * D O Y Y  + B 3 ( J ) * G M J  

C  K G T A T E D  C U O R D I N A T E S  T E R M S  
C X =  X T T +  2 . * ( U * X T X +  V * X T Y ) * D P  
C Y =  Y 1 T  + 2 * * ( U * Y T X  + V * Y T Y ) * , L H  
A N =  A ~ ( I ' ) * c ~  
A Y =  @ l ( J ) * ( C Y - C X * S l ( l ) )  
WK= A X * G I  + A Y * G J  
R =  Q c j  * ' ( u * x + v * Y ) * D H  - ( A A - I I U R ) * S 2 ( I ) * S Y  -hH*wR 
I F ( Q G R * G E * A A )  G O  T O  '4 
C f  N T R A L  C I F F E K E R C  I N G  
A X X =  ( A A - U U R )  * A 2 ( I )  
A X Y =  - 2 * * A B * (  A E B S l (  I) + U R * b . V P  
A Y Y = '  B Z (  J )  * (  A A * F X - A V K * A V R )  
Y P =  R  + A X X * G I I  + A X Y * G I J  + A Y Y * G J J  
A X Y =  - 2 . * U k * A V R * A b  
Y P R = A X X * G M I I  + A X Y * G M I J  + A Y Y * G M J J  , 

B E =  . ~ * D T T * ~ H H * A Z  ( 1  ) * ( ! J U R - A A )  
D I =  C *  
D I =  G B *  ( D D X X - A 3  ( I) 1 
A l =  1 . - Z e * B B * O D X X  
C I =  3 a * ( ! I O x x + A 3 ( 1 ) )  
F I X  O *  
GO T C  1.0 
T Y P E  O E P E N D f h T  D I F F E R E N C N G  C 

/ 

0 ids = N S  +1 
K = S 
1 M  = I -K 



I M l Y  
L = T  
J M = J - L  

' J M F l = J M - L  
A U K .  UR+ V R * S l (  I )  
A Q =  A A / Q Q R  
b X X =  V V R * A 2 (  I) 
B X Y = .  - 2 * * A a * V k * A U R  
B Y Y =  A U R * A U R * S 2  ( J  
G N N = R X X * G I I + B X Y * , S I J + B Y Y * G J  J . 

GMI\( IJ= C X X e G M I  I + G Y Y * G F J  J 
G I J M = G ( I , J ) - G ( I M 9  J ) - G ( I P J I Y ) + C ( I M , J ~ ~ )  
G M I J M =  G M ( I ~ J ) - G M ( I M , J ) - G ~ ~ ( I , J K ) + G M ( I ~ , J ~ Y )  
I F (  J M M * ( ; T . J 3 )  G O  T G  11 
G J J M = ( G ( I J J ) - ? ~ + G ( I P J ~ I ) + G ( I , J M M ) ) * D D Y Y  + B 3 ( J ) * G J  ... . . . .  

G ~ . ~ J ~ ~ . : = . ( ~ C M ~ ~ ~ I ' ~ J ~ - ~ . + G ~ ~ ~ I , J ; ? ) ~ G ~ ? ( I , J M ~ . ~ ) ) ~ O D Y Y  + B ~ ( J ) + G ' M J  
G O  T O  1 2  

11 G J J M = G J J  
G M J J M =  G M J J  

1 2  I F (  I M M * L T e I C * U R e  I M M . G T . I 3 )  G O  T U  1 3  
G I I M = ( G (  I 1  J ) - Z * * G ( I M , J  ) + b ( I M M , J  ) * D D X X  + A 3 ( I  ) * G I  
G M Z I M =  ( G P I ( I 1  J ) - 2 * * G M ( I M , J  ) + G M (  I M M p J )  ) * 0 0 X X  + A 3 ( I ) * G M I  
G C .  T C  1 4  

1 3  G I ' I M =  G I 1  
G M I I M =  G M I I  

1 4  A X X =  U U R * A Z ( I  1 
A X Y =  b , * S * T * U R * k V R * A U  
A Y Y =  A V R * A V R * B Z  ( J  
G S S = A X X * G I  I M + A X Y * G ~ J W + A Y Y * G J J P ~  
G M S S =  A X X * G M I  I M + A Y Y  * G M J  J M  
Yk = ( A Q  -1. ) * 3 S S  +AC*t:NNrJ. t K  
Y M R = A d * ( G k S S + G K N N )  
G M S S  = A X X * G I ~ I I M + A X Y * G M I J E + A Y Y ~ G M J J M  
Y M K =  YMW - G M S S  
2 B =  . 5 * D T T + D I - ! H * U U R * (  1 . - A t i ) * A ? ( i )  
C C =  -. ~ * D ~ T * O H H * A Q * V V R * A L (  I 1 
a a c c =  B B + C C  
I F (  C I K * L T * O e )  GS' T O  1 5  
l ' F (  I * E Q * I l )  G O  T O  1 6  
D l =  Y B * D i ) X X  
B I =  @ D X X * ( C C - 2 ,  * O b )  - A 3  ( I ) * 5 G C C  
A I x  1. + 3 D X X * ( 3 B - Z * * C C )  
C 1 =  C C * D D X X  + A 3 ( I ) * B B C C  
E I =  3 .  
G i l  T O  10 

1 5  I F (  I m E Q e I 2 )  G2 T O  1 6  
D I =  0. 
BI. C C * U D X X - A 3 ( I ) * B B C C  
A I =  1 * + 3 0 X X * ( B 8 - Z * * C C )  
C I =  D D X X * ( C C - Z * * U ! 3 )  + A 3 (  I ) * E B C C  
f I =  B R * D D X X  
G O  T O  .10 

1 6  31s 0. 
i 3 I=  B B C C *  ( D D X X - A 3 (  I) 



A 1 =  1. - 2 . * D D X X * b U C C  
C I =  B B C C * ( D D X X + A 3 ( I ) )  
€ I =  0,. 

c A D V E C ' T I O ~  T E R M S  
C U P b i I h D  D I F F E R E N C I N G  

1 0  Y Y = A V R * 2 * * 8 1 ( J ) * ( G Y ( I ~ J ) - G K ( I j J - l ) )  
I F ( A V R * L T * O * )  Y Y = A V R * S l ( J ) * ( G M ( I , J + l ) - G M ( I ~ J ) ) * 2 *  
d d = U K * D T * D H * 2  * * A 1  (I 
I F ( U F \ e L T * O * )  G O  T C  1 8  
Y Y =  Y Y + U R * 2 0 * ~ l ( I ) * ( ~ M ( I , J ) - G ' M ( I - 1 t J ) )  

, G I =  k 1 - B B  
A I =  k I ? J B  
G O  T O  19 

1 9  Y Y =  Y Y + U R * Z * * A l t  l ) * ( G f l (  I + I j J ) - i ; M ( I ' f J  1 )  
CI= c l + a R  . . .  . . . . .. - . _. _ , , ,  , _ . .  . . -  

AI= AI-aa 
19  Y I =  G f i (  I t  J ) + O I T T * ( Y R - * T * Y P 2 ) * D H H  - D T * Y Y * D i i  

L A V A =  D I  
E : E D A = B I - C  ( I-? ) * G A M A  
A L F A =  l . / ( A l - 3 E D A * C ( I - l ) - G A M A * 1 : ( 1 - 2 ) )  
C ( I ) =  ( C I - B E D A * E ( I - l ) ) * A L F A  
€ ( I ) =  E I * A L f A  
f ( I ) = ( Y I - B E D A * F ( I - l ) - G A M A * F ( I - 2 ) ) * A L f A  

t3 C O N T I N U E  
c E l  Gt4T B O U K D A K  Y  

I =  I 3  
A N G =  O e  

. . Y = S 9 (  I ) + U O (  J )  

x =  A O ( 1 )  
H Y =  X * X  + Y * Y  
DhH= 1. / i i H  
X T =  - . 5 * Y *  ( A L T + C E T A T ) -  + D H H * ( . C A * X  + S A * Y  
Y T =  , 5 * ~ *  ( A L T + C E I A T )  - D H H * ( C A * Y - S A * X  
H = S Q F T (  l i H )  
C H =  l * / H  
GI= ( G ( I , J ) - G ( I - ~ , J ) ) * z .  
G J = G (  I,  J + ~ ) - G ( I , J - ~ )  
G x = A ~ ( I ) *  GI - s L ( I ) * ~ ~ ( J ) *  G J  
G Y  = ' 9 1 ( J ) *  G J  

:Ll= G X * D H  
V =  G Y * D H  
G O =  l J * l , J+V*V 
C H A I h =  X T * G X  ? Y T * G Y  
F I T =  G M (  1, J 1 * G O T  + . C t = i A I I U  
A A = A A O - . Z * Q Q - r C * F  I T  
A A = A P ' I A X ~ ( A A , ~ O O G ~ )  
A = S Q R T ( A A )  
K A = C M P L X ( C O S ( A N G ) , S I N ( A N G )  ) * C M P L X ( A 1 0 . )  

' U =  U + R E A L ( W A )  + H * X T  
V =  V + A I M A G ( W A 1  + H * Y T .  

, A V  = V - U @ S l ( I )  
'TGI= GI 
T G M I =  2 * * ( G M (  1 , J ) - G M ( 1 - 1 , J ) )  
I F (  A V . L T . 0 . )  G O  T O  SO 



T G J =  2 . * ( G ( I ,  J ) - G ( I P J - ~ )  
T G M J =  2 . * ( G M (  I , J ) - G M (  I t J - 1 )  " 

G O  TI2 2 1  
20 I G J = Z . * ( G ( I . * J + l ) - G ( I , J ) )  . . . 

T G M J =  z . * ( G R ( I , J + ~ ) - G M ( I , J ) ~  ' 

2 1  Y I =  - G M ( I t J )  + D T * ( U * T G M I * A l ( I ) + A V * T G M J * 8 I ( J ) ) * D H  
1 - Z . * U T * ( U * T G I * A l (  I ) + A V * T G J * B l ( J ) ) * D H  

D  I = 6.. 
t I =  0. 
C 1 =  0. 
B I Z  - D T * D H * U * 2 . * k l ( I )  
A I =  1 . - 0 1  
G A M A =  D I  
BEDAzBI-c ( 1-2 ) * G A M A  
A L F A =  l . / ( A I - B E D A + C (  1-1 1- i ;AMA*E ( 1 - 2 )  
C . ( I  ) =  ( ' C ~ - B E $ A ~ E (  1 - L )  I ~ A L F A  
E ( I ) =  EI ' *ALFA" '  
F ( I ) = ( Y I - b E D A * F ( l - l ) - b A M A * F : ( l - Z ) ) 8 A L F A  
C G =  6. 

. C C G =  0, 
DJ 22 K =  1 0 9 1 3  
I =  I 3 + I O - K  
DG= C G  
C G  = . F ( I ) - C ( I ) * C G - t ( I ) + C C G  
C Z G =  P G  

2 2  G E ! ( I , J ) =  C G  
I F (  J e G T . 3 )  ( iU  T O  5 

C  #+t**  
C  X - S W E E P  
c #*$*1 

C ( 1 ) O  0. 
C ( 2 I m  0. 
E ( 1 ) =  O. 
E ( 2 ) =  0 .  
F ( l ) =  0. 
F ( 2 ) =  0. 

C  L E F T  a O U F l G A K Y  
I =  I @  
0 2  2 3  J =  J l l J 3  
I F (  J . E Q e J 1 )  G O  T O  2 4  
I F (  J e E Q e J 3 )  GO T O  2 5  
L N G ; =  

G J -  G ( I r J * l ) * G (  1, J e l l  
GCI TI2 2 6  

2 4  A N G =  1 * 2 5 * P I  
G J  +! G (  1, J + 1 ) - G (  1, J - 1 )  
GU T O  26  

2 5  A t4C= 7 5 * P I  
G J =  i * * ( t i ( I , J  1 - G (  1 , J - 1 )  

2 6  Y = S O ( I ) + B O ( J )  
X =  A C i ( 1 )  
WH= X + X ' +  .Y *Y  
DHH= 1 . / H I 1  
X T =  - . 5 * Y *  ( A L T + C E T A T )  + D H h * ( C A * X  + S A * Y )  





HH= X * X  t Y * Y  
D H H =  l . / H H  
X T =  - . 5 * Y * ( A L T + C E T A T )  + D H H * ( C A * X  + S A * Y )  
Y T =  . S * X * ( A L T t C E T A T )  - D H H * ( C A * Y - S A * X  

. H = S Q K T ( H H )  
O H =  1 . / H  
G I = G ( I + l , J ) - G ( 1 - 1 , J )  
G J = G (  I , J + l ) - G ( I t J - 1 )  
G X = A l ( I ) *  G I  - S l ( I ) * B . l ( J ) *  G J  
G Y  I =  B l ( J ) *  G J  
U =  G X * D H  
V =  G Y * D H  
A U =  . U + V * S l ( I )  

-. A V  = v - L ! * S I (  I )  
l j K d  X T * H +  U 
V K =  Y T t H  t V  
A V K =  V R - U R * S l (  1) 
UUk= Uk*UK 
V V R =  V R * V R  
Q O R =  UUR + V J R  
QCl= U*U 4 V * V  
C H A I & =  X T * G X  + Y T * G Y  
F I T =  G M ( I j  J )  4 D D T  + C H A I N  
A A x A A O - . 2 * G Q - .  4 + F I T  
A A = A P l A X l (  A A p  0001)  
I F ( Q Q K . G E . A A )  G C  T O  3 4  
B B =  . 5 * 0 T T * Q H H * ( A V R * A V R - A A * F X ) * B Z ( J )  

, - D I M  0. 
B I =  b B * ( D D Y Y - 3 3 ( J  1 )  

. . 
. A X =  1 0 - 2  . * B D * D D Y Y  
C I =  B B ' * ( D D Y Y  + b 3 ( J ) )  
€ I =  0. 
Gi! T G  36 

3 4  A h =  A A / U Q K  
A U R =  U R + V R * S l (  1) 
BB. . 5 * D T T * D H H * A V R * A V k * (  l . - A C j ) * b 2 (  J )  
C C =  - a  5 * D T  T * D H t i * A C * A b R * A U R * B Z  ( J  
b g ( ' C =  f.jB+ C C  

. . 
I F (  J . E Q . 4 )  G G  T O  38  
I F (  J * E Q e J 2 )  G D  T O  3 9  

. I F ( A V R . L T . O * )  GG TO 49 
D I =  B B * D D Y Y  
d I =  U U Y Y * ( C L - Z . * ~ U J  - d j ( J  ) * 5 B C C  
A I =  1. t D D Y Y * ( B B - 2 . * C C )  

. C I =  C C * D D Y Y  t G 3 ( J ) * b B C C  
E I =  0. 
G O  T O  36 

4 0  D I =  0. 
i3I= C D Y Y * C C  - B 3 (  J ) * B B C C  
A X =  1. t D D Y Y * ( B B - 2 . ' * C C )  
C I =  C D Y Y * ( C C - Z . * B B ) + O 3 (  J ) * b B C C  
€ I =  E B * D D Y Y  . 

G U  T O  36 
3 8  C I S  0. / 



I F ( A V K e L T . O o )  GCi T O  4 1  
€ I =  c. 
131s  b C C C * ( D D Y Y - 6 3 ( J )  . ' 

A I =  1 0  - 2 o * E B C C * L l D Y Y  
. C 1 =  B B C C * ( G D Y Y  + 8 3 ( J ) )  
G O  T G  3 6  
D l =  C C * D C Y Y  - 3 3 ( J  ) * B B C C  
A I =  1. + L D Y Y * ( B B - Z * * C C )  
C I S  D D Y . Y * ( C C - 2 . * G B )  + b 3 ( ~  ) * B ~ C C  
t I =  i 3 B t 3 3 Y Y  
G O  T G  3 6  
E I =  0. 
I F ( A V i ? ' e L T a i ) . )  CCi T O  4 2 .  
O X =  C?R*D i )YY  
ti!,=, D . D Y Y O (  C C . - 2 . * 8 3 . )  - 9 3 (  J 1 4 i i B C C  . 

A I =  l . + D D Y Y * ( B R - 2 . * C C )  
C I =  0 3 Y Y * C C  + U 3 ( J ) * B B s C C  
G O  T C  3 6  
D l =  0. 
91= 6 9 C C 4  ( D D I Y - B 3 (  J 1 )  
A I =  1 . - 2 . * E ' U C C * C D Y Y  
C i =  E 8 C C * ( 3 G Y Y + 8 3 ( J )  1 
A D V E C T I O N  T E Z M S  
Lib= D T * g H * A V Q * 2 . * B l (  J 
I F ( A V 2 . e L T . O .  1 GLI T O  4 3  . - 
8 1 =  H I - B E !  . 

LI= AI+ t3a 
SO T O  4 6  
i l =  C I  +H6 
b I =  A I - B b  
6 3  T C  46 
A N G =  . 5 * P 1  
Y = s ~ ~ I ) + B o ( J )  
X =  A G ( 1 )  
i i H =  X + X  + Y * Y  
O H H =  1. / t i H  
X T m  - . S * Y * ( A L T + C E T A T )  + D H H * ( C A * X  + S A * Y )  
Y T =  S * X * (  A L T + C k T A T  - D H H * ( C A * Y - S A * X )  
H = S d R T ( H H )  
Ck= 1 . / H  
S l =  G (  I+l? J 1-G( 1 - 1 9  J . 1  
GJ.  Z . * ( G ( I , J  1 - G ( I 9 J - 1 )  
G X  = A l ( l ) *  G I  . - S l ( I ) * B l ( J ) *  G J  
L 1 = R l ( J ) *  G J  
II= S X c D H  
V =  G Y * D I I  
( ; IC=U*U+V*V  
C H A I N =  X T * G X  + Y T * G Y  ' 

F I T =  G M ( I 9 J )  * D D T  + C H A I N  
A A = A A O - .  ~ * G c - . ~ * F I T  .. 

4 A = A ' M A X l (  P A ?  . O 0 . 0 1  1 
A = S Q P T ( A A )  . . 

W A = C M P L X ( C O S ( A N G ) , S I h ( k N G )  ) * C M P L X ( A , O . )  
U =  U + R E A L ( g A )  . + H * X T  



V =  V  + A I M A G ( W A 1  + H * Y T  
A V =  V-U*  S 1 (I 1 

., 4 8  61=  - D T * D H * A V * R l (  J ) * Z m  . 
A I =  1 . - B I  
C I =  0. 
D I =  0.' 
€ I =  0. 

46 .  Y I =  G N ( I , J )  
I F (  J ~ E Q . ~ )  Y I =  Y I - R I * G M (  If21 - D I * G M ( I , l )  
I F (  J m E Q . 4 )  Y I =  Y I - D l * G M ( I , Z )  
G A M A =  D I  
B E D A = B I - C (  J - 2 ) * G h M A  
ALFP.= 1,/ ( A I I - B ' E . G . P C  ( $ . - 1 ) - G A P l A * E  (J-2.) 1 
C ( J ) =  ( C I - U . E D f i . * € ( . d . - l . ) ) . + . A L F A  
E (  J ) =  E I * A L F A  
F ( J  ) T ( . Y I - ~ ~ O A * ~ . ~ J - . ~ . ) - G A M A O F ( J - ~  1 ) * A L F A  

3 2  C O N T I N U E  
C C G =  0 .  
2 G =  0. 
00 4 9  K =  J 1 9 J 3  
J =  J 3 + J 1 - K  
D G =  C G  
C G =  F ( J . ) - C ( J ) * ' c . & - - f ( . . J ) * C C G  
C C G =  D G  

4 9  G N ( I , J ) =  C G  
3 1  C O N T I N U E  

C  2 I G H T  S O U N D A K Y  
I =  I 3  
D 0 . 5 0  J =  J l r J 3  
I F (  J m E Q a J l )  G O  T C  5 1  
I F (  J m E 3 . 3 3 )  G U  T C  5 2  
A N G =  Om 
G J =  G ( 1 1 J f ' l ) - G ( l ' , J - l )  
Go T O  53 

5 1  A N G =  -.25*PI 
G J =  G ( I P J + ~ ) - G ( I , J - ~ )  

' G U  T O  5 3  
5 2  ANG= . 2 5 * P I  

G J =  2 . * ( G ( I , J  ) - G ( I , J - l ) )  
5 3  Y = S O ( I ) + G O ( J )  

Y = S O ( I ) + B O ( J )  
X =  A O ( 1 )  
HI41 x * X  +. Y * Y  
U H H =  l m / H t I  
X T =  - . 5 * Y * ( A L T + C E T A T )  + D H H * ( C A * X  + S A * Y )  
Y T =  . 5 * X * ( A L T + C E T A T )  - D H H * ( C A * Y - S A * X )  
H = S Q R T ( H H I  
UH= l m / H  
$I= Z . * ( G ( I , J ) - G ( I - l , J ) )  
G X  = A l ( I ) *  G I  - S l ( I ) * B l ( J ) *  G J  
G Y  = B l ( J ) *  G J .  
U= G V D H  
V =  G Y * D H  
Q b = U * U + V * V  



C k A I k =  X T * G X  + Y T q G Y  
F I T =  G H ( I , J )  *DDT + C H A I r 4  
A A = A A O - o Z * Q Q - .  4 * F I T  

. A A * A M A X l ( b A , . O O C l )  
A = S O K T (  A A )  
~ A = C ~ * I P L X ( C U S (  A ~ ~ G ) , . ~ I ~ ( A N G )  ) * C M P L X C A r O . .  1 . . 

u =  U + R E A L ( W A )  + k i $ X T  
V =  V + A I M A G ( W A 1  + H * Y T  
A V =  V - U * S l ( I )  
I F (  J o E Q a J l )  G O  T O  5 4  . 

I F (  J o E Q o J 3 )  G O  T O  5 5  
" I F ( '  A V o L T . 0 . )  G 3  TL3 5 4  

5 5  B I Z  - D T * O H * A V * S . * B l ( J )  
4 1 =  1 . - B I  
C I =  G o  

G2 T O  5 6  
5 4  C I =  D T * D H * i l V * Z . . * H l (  J 1 '  

A I =  1 . - C I  
i31= 0. 

5 6  Y I =  G N ( I , J )  . 
GI= 0. 
E.1 = 0 . 
GA'MA=  ,DI 
B E  DA=~ ' I -c  ( J-? ) * G A N A  
A ' L F A =  ~ . / ( A I - R E C . L I * ~ (  J - 1 ) - G A M A * E ( J - 2 )  
C ( J ) = -  ( C I - B E D A * E ( J - l ) ) * A L F A  
i ( J ) =  E I * A L F A  
F ( J )= (Y I -GEDA*F(J -1 ' ) -GAEIA*P(J -Z )  ) * A L F A  

50 C O N T I N U E  
C C G =  0. 
C G =  0. 
DU 5 7  i ( =  J 1 j J 3  
J =  J'3 + J 1  --K 
D G =  L G  
C G =  F ( J ) - C ( J ) * C G - E ( J ) * C C G  
C C G =  D G  

4 7  G N ( I , J ) . =  C G  
U P O A T E  N E X l  RUh U A T A  
DO 5 8  I =  1 0 ~ 1 3  
D O  5 6  J= J l j J 3  
C G =  G N ( 1 , J )  
G ( 1 , J  ) =  G ( I , J 3 + C S  
GPI (  I, J ) =  C G  
I F (  A&SICGI.LE.KLI ~ I J  F ~ J  5 8  
K G =  A B S ( C G )  
l ' G =  I 
Jt i=  J 

5 8  C O N T I N U E  
I F ( E I I T . N E . 0 )  G O  TO: 5 9  
U T I M = l J T I ' M  + , D T  
F A S A G A =  F R E Q R A * U T I ; u  
A L P t I A -  A L S  + A M P L A * S  I N (  F A S P C A ) / H A I I  
A L =  A L P H A * R A D  
A L T =  A M P L A * F R E 4 R A * C O S ( F A S A . G A ) / K A D .  



A L T T =  - A M P L A * F R E Q K A * * 2 * S I N  ( F A S A G A  1 / R A D  
F A S A G M =  F R E Q K M * U T  IK 
F M A C H =  F M A C H S  + A M P L M Q S I N (  F A S A G M I  
F M A C H T =  A M P L 8 * F R E t i K M * C 3 S ( F A S A G K )  
F A S A G C =  F K E Q S C + U T I M  
C E T A R D = C E T A S  + b R P L C * S l N (  F A S A G C )  / R A D  
C E T A =  C E T A R O  4 R A g  
C E T A T =  A M P L C * F R f Q R C * C O S ( F A S A G C ) / R A G  
C E T A T T =  - A M P L C * F K E G R C * * 2 * S  l N ( F A S A G C  ) / R A D  
C b =  C O S ( A L P H A 1  
S G =  S I N ( A L P H A 1  
C A =  F M A C H * C B  
S A =  F M A C H * S B  
F M A C H 2 =  F M A C H * * Z  

c N A Y E  CO'N'L'ITION 
59 I F (  N I T e E Q . 1 )  GG T O  kO , 

G O  T O  6 1  
b U  L U  b C  l m  l K L ~ 1 3  
62  K t i ( I ) =  G ( I X 2 , 3 ) - G ( I X 1 , 3 )  
61 I= 1 x 2  

b i G ( I ) =  W G ( 1 )  + G N ( I X 2 ~ 3 ) - G N ( I X 1 , 3 )  
6 3  I =  1+1 

Y = S O (  I ) + B 0 ( 3 )  
X =  A O ( 1 )  
t iH= X e X  + Y * Y  
C H H =  l . / H H .  
X T =  - . 5 * Y * ! h L T + C E T k T )  + U H H * ( C A * X  + S A * Y  
H = S 4 R T ( H H )  
Y P =  Y 
t i p=  H 
61= G ( 1 + 1 ~ 3 ) - G ( T - 1 ~ 3 )  
1 F i  l . f c 1 . 1 3 )  GI= L.*(G( 1 , 3 ) - ~ ( 1 - 1 , 3 )  
G J =  2 . * ( G ( I r 4 ) - G ( I , 3 1 )  
L P  = ( A 1 ( 1 ) *  G I  -Sl(I)*C1(3)* GJ ) / H  
M =  N X +  4 -1  
Y = S O ( M ) + B O ( 3 )  
H E = A D ( M ) * A O ( ; l  ) + Y * Y  . 

t l = 5 Q R l  ( l , l l i )  
HF'I= H 
YiY= Y  
G I =  G ( M + 1 , 3 ) - G ( M - 1 , 3 )  
I F . (  l . E Q . 1 3 )  G I =  Z . * ( C ( t 1 + 1 9 3 ) - G ( i l 9 3 i  1 
G J = ~ . * ( G ( M , ~ , ) - G ( M J ~ )  1 
U 3 = ( ' A ~ ( M ) *  G I . .  - S l ( M ) * B 1 ( 3 ) *  G J ) / H  
Y =  . 5 * ( Y P - Y M )  
U =  . 5 * ( U P - U M )  
h =  . 5 * ( H P + H M )  
i 3 F =  Z . * D T * A l i  I ~ * ( u / H  + X T )  
N G ( I ) = ' ( W G ( I ) + B F * U G ( I - I ) ) / ( l . + H F )  
i f (  I . L T . 1 3 )  G O  T C  6 3  . , '  

D ! i  6 7  I = ' . I O , 1 3  
C C G =  G ( i ~ l )  
C i =  G ( . I 9 2 )  
M= N X +  4 -I 



I F  ( I . G T . I x 2 )  ~d Tn 6 5  
I F  ( I . L T . I X 1 ) .  G G  TI1 66  
T A N G E N T I A L  B O U N D A R Y  C O N D l T I O N  
Y = S O ( I ) + B 0 ( 3 )  
x =  A o ( I )  
HH= X*.X + Y * Y  
DHH=' l./HH 
X T =  - . 5 * Y * ( A L T + C E T A T )  + U H H * ( C A * X  + S A * Y Y  
Y T =  ' . 5 * X *  ( A L T + C E T A T  - D H H * ( C t c * Y - S A * X  
V B N = I - ! H ~ ( X T * S ' ~  ( I - Y T )  
G I =  ' G ( I + 1 9 3 ) - G (  1 - 1 9 3 )  
F X = l . . + S l  ( 1 . ) * * 2  
R I S =  F X * B I ~ ~ )  
G X S , X V B =  . A l (  I )  * S I * S l (  I)+Vfi"i 
L ! ' I ?  2 )  = G (  1 1 4 )  - ~ X S X V B / ~ I S .  
~ ( 1 . ~ 1  ) =  ~ ( i t 5 )  - 2 * * G X S X V i 3 / 8 1 S  
G O  T O  6 4  
G ( I 9 2 ) = '  G ( M ~ ~ ) + \ ~ S ( I . )  . . 

G (  I , . I ) = ' G ( M ' ~ ~ ) + ~ ' G ( I )  
G O  T O  6.4 
t ( I 9 2 ) =  G ( M , ~ ~ - ~ G ( M )  
G ( I , S ) =  ~ ( ~ . i 5 ) - u l ~ i P I )  
~ 3 (  i j 2 j =  ~ ( 1 , 2 . ) : - c i ; .  
G E ( 1 ' 9 , 1 ) =  G ( I 9  l ) - c c G .  . . 

C . i jNT  INLJE.  
8 E:TUR N 

..E K D . . 



This report was prepared as an account of .. 

Government sponsored work. Neither the 
United States, nor the Department, nor any 
person acting on behalf of the Department: 

. . . . . . . . . .. . . ''A. "-Makes any' warranty or representation, . '  

expressed or implied, with respect to the 
accuracy, completeness, or usefulness of 
the information contained in this report, 
or that the use of any information, 
apparatus, method, or process disclosed 
in this report may not infringe privately 
owned rights; or 

B. .Assumes any liabilities with respect to 
the use of, or for damages resulting from 
the use of any information, apparatus 
method, or process disclosed in this 
report. 

As used in the above, "person acting on behalf 
of the Department" includes any employee or 
contractor of the Department, or employee of 
such contractor, to the extent that such 
employee or contractor of the Department, or 
employee of such contractor prepares, dissemi- 
nates, or provides access to, any information 
pursuant to his employment or contract with the 
Department, or his employment with such 
contractor. 




