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‘ ABSTRACT -
lt' ‘

Wel have adaptedka‘three-dimensina] (3D) volume integral equation

‘} to magnetote11ur1c (MT) mode]ingf Incorporating an%integro-difference"

|
i
i
|
1

1ncreases thevaccuracy somewhat. Utilizing the two symmetry
p]anes of a bur1ed pr1smat1c body and a normally 1nc1dent p]ane wave
source great]y reduces the requ1red computation t1me and storage.

\
Convergence checkaand comparisons with one-d1mens1ona] (1D) and

‘two-d1mens1ona1 (ZD) mode]s indicate that our resu]ts are va11d

pr1smat1c conduct1ve\body buried in a half- space earth. Instead'of

study1ng the electr1c and magnetic f1e]ds we have obta1ned 1mpedance

tensor and magnet1c transfer funct1ons by 1mpos1ng two different

'source po]ar1zat1ons. ‘Manipulation of the 1mpedance tensor and

f
I
1

magnetic transfer funct1ons yields the fo]low1ng MT quant1t1es
|
apparent res1st1v1ty|and phase, impedance polar d1agrams, t1pper

d1rect1on and magn1tJde pr1nc1pa] d1rect1ons, skeWwand e]11pt1c1ty.
|

With our prehmmary i‘analyses of these MT quant1t1es, we have found

’ that three d1mens1ona11ty is usually revealed by a]] of them.

A !

Furthermore, we have Wecogn1zed two pairs of complementary parameters,

apparent res1st1v1ty Bnd phase,- and skew and e1]1pt1c1ty. Because of

surface charges at conduct1v1ty boundar1es, 1ow-frequency 3D responses
l

are much d1fferent from 1D and 2D responses. Thus,g1n many cases 3D

models are requ1red for interpreting MT data. - %
Although an overa]] 3D MT interpretation is st111 not

pract1ca

1, comb1ned 2D and 3D mode11ng could be app11ed to yield a

In th1s paper we show theoretical surface anoma11es due to a 3D




H

gross 3D structure wh1ch is composed of a cross. sect1on and its
\
strike ! thent. In do1ng so, we suggest that the cross section be
w\\
\ obta1ne? from h1gher frequency 2D E, mode mode11ng,‘and that the

strike extent be der1ved by match1ng with lower frequency E“ mode

resu]tsﬂdue to correspond1ng 30D mode1s. In add1t1on we have

1nd1cated that some s1mp1e 3D features e.g., 1ocatnon above
&
conduct1ve zone, cormers and symmetry lines, can be eas1]y
‘ Lo [ 3
recogn1zed o
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~ INTRODUCTION

Tﬁe magnetotellpric (MT) method, which makes use of naturally

occuriqP electromagnetic fields is one of the most widely used
| [ Iy . o

’ e]ectrfta] prospectihg‘techniques due to its potential for deep

exp]orat1on. However MT has been hampered severly by a lack of
1nterpretat1ona1 capab111ty. Inappropriate one-dimensiona17(lD) and

two-d1mens1ona1 (ZD) interpretation models are often used because the

: t
necessary three-dgmens1ona1 (3D) models are not read11y available.

A . (‘ ' . ) - :
These simple-interprétation algorithms are useful in some geological
\ : .

s1tuat1pns -where lD or 2D models app]y. However, the results can be

quite m1s]ead1ng 1n cases where the earth is three- d1mens1onal and theA
‘£ parallel (E ) and ‘E' perpendicular (E ) modes do‘not separate.

' There are two bas1c approaches to numerical mode11ng (1)
d1fferent1a] equat1on (DE) and (2) integral equat1on (IE) methods.
Both methods are usefu] ‘and necessary. Differentjal equat1on.
solutlons are easrer*to set up, and they result'in farge‘banded
matriceg; Because the entire earth is modeled on a“ gr1d DE methods l
are preferab]e for mode11ng complex geology. Integra] equat1on f-"
formulathons 1nvo1ve more difficult mathematics, but the1r advantage
1s that’pnknown f1e1ds need be found on]y in anoma]ous regions. - Thus,
1ntegra] equat1on so]ut1ons are less expensive for s1mu1at1ng the
responselof one or a few small bodies and hence more useful for
eva]uatlng fleld techn1ques for designing surveys, and for generat1ng
cata]ogs of 1nterpretat1on curves.. ‘ '

We have ref1ned and adapted an 1ntegra] equat1on solution
L : ‘
|

g
i
4
|




(Hohmanh, 1975) so that it can be used to simulate! the MT response of .
a 3D body in a ha]f space (Hohmann and Ting, 1978) MT mode]1ng is
‘easier %han our prev1ous contro]led -source EM mode11ng because of the .

Tower frequenc1es, 1ower conduct1v1t1es and deeper targets, and

. smoothe

planes,

r fields.

Furthermore for bod1es wh1ch have vertical symmetry

both the computer time and storage are great]y reduced wh1ch

makes BD modellng econom1ca11y feasible.

Ini
l

the past few years 30 geophys1ca1 EM so]ut1ons have been . -

given by others (Jones, 1974 Weidelt, 1975; Reddy et a]., 1977; Jones

and Vozoff 1978).

1

w1thout
1

. Towever all of those results have been presented
adequate crosschecks.
J

In addition, the accuracy of results

obta1ned from any- numer1ca1 method w111 be affected by the

d1scret1
| to this

In
mentione
converge
are not‘
all the
yield re
| For
theory,
details

the rema

zation of’ the work domain, and little attent1on has been paid

w

matter 1n_the published work.

thisvpaper; ue have done our best to<address'the‘two problems
d above. fTh% validity of our solution is supported by-a
nce check:andicomparison with 1D and 2D models. ‘Although we
able to g1ve\quant1tat1ve1y the accuracy of | our 30 solut1on,
30 models -in th1s paper have been d1scret1zed fine enough to -
asonably accurate results based on the convergence check.
readers who are not familiar with the 1ntegraT equation -
we have given¥a brief review of the theory dt the outset. The .
In

1

b

are given in Fohmann (1975) .and Hohmann and*Ting'(1978)

inder of the paper, various MT functions over a 3D prismatic

body bur:

|
1

1ed in a ha]f -space earth are analyzed
; _

!
[
|
|
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'descr1bed by

THEQRY

Consider the' conf1gurat1on shown: in F1gure 1 the earth is taken

|
I
|
l
A
|

ha]f—space oﬁ conductivity 01, except for a rectangular

1 \

to be a

1nhomogene1ty hav1ng var1able conductivity o2 (¥). ‘Since a plane wave

norma]]y 1nc1dent upon the earth is usually assumed for MT sound1ng we

! \

begin w1th the source-free Maxwell's equat1ons (in mks units) in the

frequency domain @e‘@t-t1me dependence) :
. . . ‘

I vxE+ i =0 4 (1)
i‘ . ] L . . )
: exFH-odf=0 | (2)

where we have assumedothat the magnetic permeability: in the earth is-

the same as it is in free space and where we have neg1ected

|

‘dlsplacement currents in the earth.

1?

We | Lef1ne the prwmary fields as the homogeneous earth fields

t

{ «5 , :
| | V‘X-E?+1'muoﬁp=0 ’ 1 (3)
o
and g i
-
V‘(x EP- OI—EP =0 . (4)
|

. <l ! L : :
Substracting (3) from}(l) and (4) from (2) yields

= s —_ | 5
Vx_(s-fp)+muo(H-ﬁP)=o , (5)
e w P e (6)
ek {-F) -af s =0
|




|

: 1nhomoge+e1ty.

Note that o is the actual value of conductivity anyWhere below the .

surface%

J
earth.
|

1

in the

Now we %ewrite (6) as
i

vx (H- ﬁp) - o;(E - EP) ;_(cl -a)E=0

it is equal to .op(r) in the inhomogeneity and o elsewhere

(7)

If the oifferencejfieldsAare treated as secondary fields and denoted

by supeﬁscript 's‘,'CS) and (7) become:
and |

where

* - [Lz(?) -alE

L 4
1nhomogeLe1ty. o

Henoe the electromagnet1c field has been sp11t 1
1
components, denoted as primary and secondary fields.
field 1stthe f1e]d that would be present 1f the earth

homogeneous.‘
%

It can. be obtained ea511y by solving (3

- secondary field is due to the polarization current

) and (4).

o)

" is the po]ar1zat1on or ‘scattering current which exists- on]y in the

nto two
Thefprimary '
were

"The

i

It»can\be}found by treating JS as a SPUFCE current,

1 i
converting (8) and (9); to an integral equation, and solving

1

1
i

o
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o

numer1ea11y. Thé setondary electric field is given by
[ 1 ’ .
i L . .
u TS . _ :
% AE . -fuu A - 79 , (1)
where ﬁ and ¢ are vector and scalar potent1als (Harrington, 1968),
given Hn the earth by |
|
H\ - -_— [}
H I’(’) gv )6 (7 ) dv s (12)
|
and |

(e EEeE T e -

where G} is a scalar Green's function, which for a whole space is given

i

by o ‘
] ! ‘ -ik i? - ?'i .
e (T T ——— . e
| B R U 3 P - (14)

!

For a bddy in a half space, additional terms must be: added to the

potent1als to account‘for image currents in the a1r. The secondary
field 1§ due to currents and charges, as defined by (11) (12), and
(13) Ehe charges occur at d1scont1nu1t1es in Js, both 1ns1de the

body (dwe to the d1scret1zat1on scheme) and at the boundar1es of the

body.

‘L

5

i r
t i
i ]

Addﬁng the.ineident and secondary fields, we obéain an integraiv |

equation ' Do @
IR ERT A . e
~which can be written symbolically as j




ef

[
|

E@ T @+ (L) -alTE™ - EF e, (19

U, ]

where. G is the half—space dyadic Green's funct1on (Tai, 1971) which
q :
accounts for the. earth -air 1nterface.

~

For a numer1ca1 solut1on Hohmann (1975), Weidelt (1975), and
Meyer (1976) d1v1ded the inhomogeneity into N cub1c ‘cells as shown in

Figure é, and used pulse subsectlonal basis functions {(Harrington,
‘ _

1968) to represent the unknown electric field in the inhomogeneity.

Conduct1v1ty is taken to be constant in each cell. This amounts to
assum1ng that the: polar1zat1on current 1s constant throughout each

!
cell. The 1ntegrat1on over the dyadic Green s function in (16) can be

~carr1ed\out numer1ca11y (Meyer, 1976) or analyt1ca11y over the volumes

and surfaces of the cel1s (Hohmann, 1975) to obtain the equation

‘i

,‘ N '
'Ew(“) (r) * T oz - @) TE ) -E  » U7
I n= ‘
1} . E

where E; is the. electr1c field and ozp 1s the conductivity in cell n. T

is the dyad1c Green s! funct1on for a finite cube of current, unlike G

- which applwes to an 1nf1n1tesimal current element. .Care must be taken
| _

==

in der1v1ng because G is singular at r = r'., ‘

We have der1ved (17) in a manner similar to that descr1bed by

. Hohmann (1975), except that, following Harrington. (1968)

}

approx1mate the: der1vat1ves of .the scalar potential 1n (11) with

| d1fferences. Also?jnstead of concentrating the charge (the ¥V « Js

R . |
term in (13))-at the boundaries between cells, we distribute it
un1formly over a volume extending from the center of one cell to the
center of the next‘celﬂ (Hohmann and‘T1ng,v1978). ”
.
)

i
!




'Ae various authers have indicated, approx1mat1ng der1vat1ves with
' d1fferences prov1des accuracy similar to that of smooth basis
funct1ons but is much easier to 1mplement on a computer. See, €.0.,
M111er\and Deadr1ck (1974), and Butler and Wilton (1975)
In‘more conc1se 'notation, the electric f1eld at the center of

|
cell m ns given by wr1t1ng (17) in the form

‘ | "} TE L (020 = a1) Ty = L (18)

Rearrang1ng (18),”we‘get
. : \ b
“ - T - 3 . I3 = .-P

£ H;l oz = 1) Ty = ] = - (19)
in which i- |

! “ - T s M =n

q o Smn = o o

| - 0.m=n s (20).

~ where Tﬁ1s the 3 x,3 un1t dyadic and @ is the 3 x 3 nu]l dyad1c. '

1[ \
Wrnt1ng (19) for each of the N values of m produces a partitioned
11 1;

o
»[ ‘: i . .
d [ﬁ] y [_E-] -[E7] (21)
\‘ v ' . )
to solve\for the e1ectr1c field in the cells. The elements of the
| a
matrix are themselves 3 x 3 matrices, given.by j
. ‘t ‘J ‘;

& Man = $°2h - o1) Tnp = S . “ ' (22)

matrix equat1on

|
I
; : 1
| -
|

Once (21) is solmed for the fields in the cel]s,ﬁthe electric

ﬂ

field atuany point outs1de the inhomogeneity can.be calculated from




j
(17), while the
equatidp (1) to

T

mégnetic field can be obtained easﬂ]y[by applying

(7).

.
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% ' ;SIMPLIFICATIONS’FOR'SYMMETRIC BODIES
1

C L

TJe MT source 1s assumed to produce normally incident plane waves |
in thetearth. If‘the inhomogeneity has any vertical symmetry planes,
the toéa] fields dn the inhomogeneity must be either'symmetric.or
antisymmetric. To solve the fina]tmatrix equation;.We only need to -

|

' examinetpart of the #nhomogeneous body.

i
For the s1mp1e mode]s which we consider in this paper, there are

two ver$1ca1 planes of symmetry passing through the center of the
body. Hence it 1s on]y necessary to solve for one- fourth of the total
number Lf unknowns in any quadrant. |
Unfortunate]y the resulting matr1x for a prob]em with symmetry
p]anes,”1s not symmetr1c as it is in the general case, for -

equa]-conduct1v1ty and equal-size cells. Even so, the computer

storage and computat1on time are reduced considerabiy.‘ In the general

i

case 3N(3N + 1)/2== 9N2/2 storage locations are requ1red where N is

the number of ce]ls.i With two symmetry planes, the storage
r _
requirenent is (3N/4) x (3N/4) = 9IN2/16 -~ less by a factor of 8.

Furthermore, the conduct1v1t1es and s1zes of the ce]]s can be

different. F1gure 3 111ustrates the comparison in computer time. In

: 1
each caie form1ng and factoring (LU decomposition) | the matrix account

for mosﬂrof the computer time. Matrix factor1zat1on t1me is 1ess by a-

factor of about 35 when symmetry is invoked. The t1me requ1red to

|

form the matr1x 1s 1ess for the symmetric problem, because only

one- fourfh of the matr1x elements need to be computed.

_In the genera] case a maximum of 120 cells can be used on the

I




University of Utah Uhivac 1108 computer but for a. pr1smat1c body with

two vert1cal symmetry planes the 11m1tat1on is 340rce1]s. This
} -
1ncrease in the number of cells as well as the f1ex1b111ty of choos1ng-

cells w1th d1fferent‘s1zes and conduct1v1t1es permit us to mode] 1arge

or sha]pow bodies, more accurately or, alternat1ve1y, to mode] several.

bod1es

"‘




CHECKS ON THE. SOLUTION
Because of the many possibilities for theoret1ca1 and programm1ng
errors,&1t is 1mportant to verlfy the accuracy of any numerical

so]ut1oh. The be§t check is with results from another type of |

numerical so]ution. 3Unfortunate1y, the only othervpublished 3D MT.

1

resu]ts}are those. of Jones (1974), Weidelt (1975), and Reddy et al.,

»‘(1977),[a1] for outcropp1ng bodies wh1ch we cannot model accurately.

However1 convergence checks as we]] as comparisons with 1D and 2D
!
models, which aregshown in the following sections, lend credence to

our results.

Convergence Check

An§1mportant se]f—check is convergence as the discretization is

'made f1ner the resu]ts should converge to some va]ue. The model we

!\
have used to check convergence is alkmx 2 Km x 2 km conductive

prism buried in a: 100 Q-m earth To see how the res1st1v1ty and depth

!

of the pr1sm affect our resu]ts we have chosen four cases, by using

two pr1sm res1st1v1t1es 0.5 Q-m and 5 Q-m, and two. depths, 250 m and

!
i . 500 m. WThree d1scret1zat1ons used for the prvsm are shown in Figure ;

4. The[hybr1d dlscret1zat1on in the middle is a trans1t1on between

the top and bottom d1scret1zat1on. We have checked : convergence at the
earth's Eurface above the center and above the lower left corner of
the pr1sm as shown 1n F1gures 5 and 6 respect1ve1y.;151nce all
apparent res1st1v1t1es and phase angles derived fron the impedance
tensor have about the same convergence, we have only shown results of

one apparent res1st1v1ty, Xy .




It;1s clear that our results are converg1ng. In F1gures 5a and
5b we Fee that the convergence improves drast1ca]]y as the
res1st1v1ty of the pr1sm increases by a factor of TO. Furthermore,i
convergence tends to become worse as the frequency ‘increases, except
at the h1ghest frequency where the response due to the prism is dying
out. . The above phenomena can be explained partly by the concept of
skin depth As we decrease the re51st1v1ty in the prism or increase
the. frequency, the sk1n depth in the pr1sm becomes 1ess which means
that f1e1ds are vary1ng more rapidly. Conduct1v1ty contrast also
affects]the var1at1on of fields within the prism. Because we have
assumed the electr1c\f1e1d is constant within each cell, more rap1d

' \

field variation reQuires smaller cells. Smooth basis functions would
i : ;

be more desirab]e‘than our pulse functions, but .they are very‘

difficu]t to- 1mp]ement in three dimensions.

Andﬁher factor wh1ch affects convergence 1s the depth of the

prism. When the pr1sm is made shallower from 500 m to 250 m,
\

convergence gets worse, as shown in F1gure 5. The poor convergence at

this shaﬂ]ow depth 1s ma1n1y attributed to the 1naccuracy of the
Y
constant“cel] approx1mat1on when the observatnon po1nt is too close to

the cells and when the secondary fields are greater. On the other
hand, we"have obta1ned results (not shown here) for the prism buried

‘)

at a greater depth 1000 m, and have noticed that, at both

conduct1v1ty contrasts and at all the frequencies, r=su1ts for all the
d1scret1zat1ons 11e w1th1n 5% of each other. The essence of above
observat1on is to te]l us to use smaller ce]]s in the sha]]ow part,

and ]arger cells in! the deeper part of. the prism.. As we can see, the




[

5

_ f1elds”

S oL ; ! ;
results of a hybrid discretization, which is the.middle case in Figure
; F i ‘

4, areiclose th those of the finest discretization: However, the

ratio of computat1onwcost for these two cases is about 1 to 10.
F1gure 6 shows resu]ts above the lower left corner of the prism.

Because| the secondary fields here are much weaker compared to those

i VN . : . . o
over the center of the prism, convergence is satisfactory for all the
4 i ¢ i . )

cases because the:major‘contribution is coming from the primary
. I ! B ’
) : ]

!
From the above d1scuss1on we note that the convergence of our

resu]ts depends on many factors: cel] size, conduct1v1ty within and
surround1ng the 1nhomogene1ty, frequency, depth of burial, all of
which are coupled together. Because convergence 1s affected by so
many faétors, ue are‘not able to quant1fy accurate]y any general

i
cr1ter1a among those factors to assure a certain accuracy in our

t
results.

;
| 2 N
;‘ i V “

Compar1son w1th 0ne—d1mens1ona1 Mode] ' t

J
n {

To{exam1ne the va]1d1ty of 1D interpretation over a 3D body, we

compared theoret1ca1 resu]ts for a three layer modeﬂ with those for

l

'hor1zonta1 3D square slabs in place, of the middle 1cyer.7 The 1D model

‘ cons1sts’of an anoma]ous layer with res1st1v1ty 5 @-m and thickness

100 m bur1ed 200 m deep in a half space of res1st1v1ty 100 @-m. To

!

- compare w1th 3D mode]s “we replace the infinite anomalous layer by a

huare slab hav1ng different 1atera1 extentsﬂ The apparent

finite s

i

-res1st1v1ty is ca]culated over the center of the s]abs and p1otted as

: t,

| L
a funct1on of frequency. The compar1son is.shown.in Figure 7 for
| b |




b
]

square s]abs 400 800 1200 and 1600 meters on a s1de. All the slabs
are d1scretjzed 1nt03100 m cubes. We belfeve the 3D resu]ts should be

‘reasonably accurate based pn_the'convergence-check.n
Due to the storage limitation on our computer, the largest slab

1t
b

' we can run is 1600‘mt by 1600 m. Our 3D: results appear to be

1

convergpng to the lD curve, but the convergence is very slow at the
lower frequenc1es. ThlS 111ustrates the 1mportant point that because

l
of surface charges at its boundaries are important, a 3D slab must be

very 1alge for 1D 1nterpretat1on to apply. If 1D inversion is applied
[
to the results obta1ned for our largest slab, the results will be

erroneous. L ‘

Compar1son with Two-d1mens1ona1 Model

l

Ancther usefu] check, and one which 1s en]1ghten1ng for MT

1nterpretat1on, is the compar1son between results for e]ongated 3D

prisms and those for a 2D model w1th the same’ cross“sect1on. In the

_three~d1mens1ona1 case the currents,are not" conf1ne%~to fiow para11e1

as in tde two—dimensipnal (TE) case, but may be detfected 1atera11y byh
regions of.different conductivity. 1This.lateral fldw-of current
affects the naturejofEthe fields near structUres of‘finite extent in

- all three d1mens1ons, and these effects are ref]ected in the

theoretically calculated apparent resistivity values; W1th th1s in

mind, is usefu] to compare apparent resistivity curves to obtain
u

some 1ndacat1on of the effect the finite extent of the
three d1mens1ona1 structure makes.in the calcu]at1ons

«
F1gures 8 and’ 9 show comparlsons between ‘our 3D results and ZD

i : o L




R 4

- M
resu]t% computed w1th Rijo's (1977) finite element :algorithm at'O.l Hz

and 10 Hz. Three d1fferent str1ke extents are shown in the figures.
\

D1scretnzat1on 1n the cross sect1on of the 3D prisms is. the same as
the hybrld case 1n F1gure 4, S1nce we are only interested in the

center_prof1le larger cells (500 m cubes) were used near the long
I,i |

ends of)the prlsmuwhuch not only saves significant computer time but
| ‘

‘also al]ows us to run a 12- km-]ong pr1sm. Discretization of the 3D

\
prisms has been carefu]ly designed ! and checked on the bas1s of our

convergence check to assure all the resu]ts are reasonab]y accurate.

F
F1gure 8 shows the comparison for the 1nc1dent electric field

1

para]]e] to the str1ke direction (E" mode). Apparent resistivity is

plotted}a]ong a prof11e across the center of the prism. The secondary

4

electr1c field due to surface charges at the ends of the body becomes

1mportant at lower flequenc1es wh11e that due to volume currents
‘ s

decreases with decreas1ng frequency. 3D results approach the 2D curve
at the 1ower frequency as the 1ength increases, but: s1gn1f1cant
d1fference still ex1s%s between the: longest prism and the 2D model

This 1sjpr1mar11y’du% to the surface charges which accumu]ate at the
boundar1es perpendicuy ﬂar to current fiow in the 3D pr1sm which do not .

‘s 3
‘appear 1% the 20 casel At 10 Hz all the results are very,close to

x

those oﬁ»the 2D model because surface charges do not have a -
| |

s1gn1f1cant role compared to vo1ume currents and the contribution from -

\
the far ends of the pr1sm has been severe]y attenuated.

Lett1ng the 1nc1dent electric f1e1d be perpend1%u]ar to str1ke (E

mode) we‘obta1n another comparison, shown 1n F1gure 9 4 Surface

charges are 1nc]uded 1mp11c1t]y in the 2D E formu]at1on, and two -

4
4

| o

. |
by
| . : 1‘

3) e ‘ . i
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solut1ons do not d1verge as much as they do for the E" mode at the Tow

frequency. Near the center of thewprof11e note that our resu]ts are

converg1ng, but not toward the 2D curve. The poss1b1e reason could .
!

be: (1 D our 1ongest‘pr1sm is st1l] not long enough to resemb]e the 2D

model, (unfortunate]y, we are not ab]e to make the pr1sm any longer

with the limited storage in our computer), or (2) error_1ntroduced by

‘ ,
our constant-cell’ approx1mat1on or (3) error in the 2D results. We

0 . '
think the most probable reason is (2).
‘ “
By looking at the 2D-3D compar1son in Figures 8 and. 9, we not1ce

that, at least for our simple pr1smat1c model, 2D E modeling could

be app11ed to the: 3D E mode resu]ts to reveal the earth cross section
A
at the center prof11e (Wannamaker, 1979) Low frequency 3DAE" mode

resu]ts‘are much d1fferent from theqr correspondingEZD results.

kY

H § i )
Therefore,VZD E” modé interpretation can be mis]eaddng if the data are

i ; s ] » :
three dimensional. On the other hand; since 3D E” mode results at the .

l

Tower frequency are very sens1t1ve to the str1ke extent “it should not

be d1fftcu1t to resolve the strike extent of a gross three dimensional
structure by study1ng its low frequency E” mode data if we assume. that
b b : ]
Lo _

its crOSS section‘does not vary a]ong the strike. In doing so, we:

\,

. suggest that the. cross section be obta1ned from h1gher frequency 2D E,

mode mode11ng, and that the str1ke extent be der1vec by match1ng.w1th '

lower frequency E" mode results due to correspond1nc 3D models. .

1

OneJ1mportant~quest1on is: How long must an eyongated 3D prism

| :ﬁ ‘ t
~ be for ﬂts response to resemble a 2D structure? From Figures 8 and 9,

we not1ce that the answer to the above question not‘only'depends on

the modef(E or E ) but a]so is heav1]y 1nf]uenced by the frequency.

]
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fThe compar1sons in Figures 8 and 9 are usefu1 for two reasons:
(1) they support the validity of the 3D solution, and (2) they po1nt
out the prob1ems§1nt1nterpret1ng data w1th 2D mode]s. Because there
are 1atera1'condﬁcthity boundaries in all directipns for a typical

three- c1men51ona1 app11cat1on of MT, all fields. are interrelated and

can not be separated As deduced by Wannamaker (1978), standard mode

identifiication 13.1nxalid, and 3D models. are required for 1nterpretat1on;
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PRESENTATION OF VARIOUS MT PARAMETERS FOR A SIMPLE 3D EARTH WODEL

i

IanT work , we USUally do not interpret the eléctric and magnetic

fields themselves because they depend on the sourcelf1elds, over which
1

we have]no control. Instead we look at the relat1onsh1ps between
ll

these f1elds, such as 1mpedance tensor and magnet1c transfer »

funct1ons..

|

They all conta1n information about the subsurface,

- however, it 1s very difficult to make any phys1cal interpretation by

. shown 1n Figure 10.

and

look1ng d1rectly at them.

Therefore, some man1pulat1on of these two
quant1ttes 1s necessary to yield more recogn1zable parameters.r

' Inlth1s sect1on we ‘show surface contour maps of var1ous MT

|
parameters due to a 3D prism buried in a half- Space earth which is

The prism is d1scret1zed into 250 m cubes which

ll

should make the results very accurate.
‘l
symmetrylplanes, results are shown for the lower r1ght quadrant only.
l 1
For the benef1t of others who might want to compare. w1th our results,

Because there are two vertlcal

we have Fncluded numer1cal data at some selected po1nts on all the
contour d1agrams. f

)

ApparentheSistivity and Phase Along Original Coordinate System

Thekhor1zontal magnet1c -and electric f1elds at the’earth”s
1[, oo

,surface can be related by the frequency doma1n express1oni o

=1 { L (23)
Ex Z M+ Z M : (23)

Yy

i
E

= + ’
y izyXHx Lyyy

or in a concise form

|

[ SR SR
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B = (T (W - L (29
7| b ' .. .
where | 7= Zxx ny ‘ _ ‘ . (26)
. X vy ’
E and H’are vectors formed by (Ey, Ey) and (Hy, Hy) respect1ve1y, and
. \
Z is the 1mpedance tensor. To solve for the four unknowns in Z we

have to>1mpose another source polarization to obta1n two more
1

equat1ons

E =7 H +1 H | (27)

Xa \ XX X2 Xy Y2
( yxxy ¥ yyHyz - (28)

|
i
|

where we have usednsubscr1pt '2' to'designate fields generated by the

second source po]aniz%tion. This second set of fields can be easily
obtained by changing bn]y the right hand side of equation (21).

B . ' “ ‘ ‘

| ‘» |

1

The 1mpedance tensor obtained through the above equat1ons (23),
(24), (27), and (28 115 transformed to apparent resmst1v1ty and phase

by the fo11ow1ng s1mp1e formulae
! t 1 |
e lzile/uow _ (29)

‘i - -] T ) i ] -
! o '
‘ ;

i
|
U
i

- gP. . .
-where Im(Zij) and Re(lij) are the imaginary and real ;parts~of Zit

-,respect1ve1y, and where the phase 91J is the anq]e measured S

counter- c]ockw1se 1n the complex plane. Because the ;mpedance tensor

‘L ‘\

varies thh respect. to}the coordinate system, apparent res1st1v1ty and.

§

- phase der1ved from 1t also vary with the coord1nate system.




L

A

' FiLures'll and 12 show surface contours of the apparent’
i o - | ,
resistivity along the original coordinate system at?O.l Hz and 10 Hz

R l

respectnveiy. On the coordinate axes, on-diagonal: apparent

re51st1v1t1es, Pyxx and Pyy are zero, which means the fie]ds cou]d be
decomposed into the E and £ mode ‘as in the 2D case. Th1S happens as

a c01nc1dence because our coordinate system is right on the symmetry

i

Tines of the. earth deel. Near the corner, Py, and pyy approach their_

o

max1mum which is. purely due to the three dimen51ona]1ty.- Because
i Y .

~ three dimenSionality\is more 1mportant at the 1ower frequency, pxx and

pyy are much greaternat 0. 1 Hz than they are at 10 Hz. Also because

\
!

of the synmetry of the mode], contours of Pxy and °yx have a 51m1]ar
\

_pattern except for aj90 degree rotation.

I

The,corresponding phase contours are shown' in Figures 13 and 14,

xx and iyy are neg]ected on the coordinate axes where the on-diagonal
|

i
i

impedancF e]ements, Zxx and Zyy are near-zero unstab]e numbers.

“Unlike apparent re51st1v1ty, ‘phase contours do ‘not. exp11c1t1y show the

three dimen31ona11ty ‘Furthermore, we see stronger variation, which .
means higher resolv1ng power of phase at the higher frequency in

contrast#to the small variation diagnostic of apparent resistiVity«at7

the higher frequency.| This suggests that apparent resistivity and
i ‘ _

phase are really two‘éompiementary parameters._ Hence, they shou]d be -

i |

treated Simuitaneousiy in the broad band MT 1nterpretation.‘

meedance Polar Diagrams

Once the 1mpedance tensor Z has been found in our original

(x,y,z) coordinate system,.it can be rotated horizontaliy to any other:




L 2

‘ o ‘ oo

. systemﬂ(

"y',2) by an angle 8 in the clockwise d1rect1on. The
rotated!1mpedance elements are given as:
22' 8) = + .
f ) = (Z,, Z ) (Z,,- yy) cos2s + (Z Xy Zyx) sin2e L(31)
szy(e) 2 (Z y yx) (ny+zyx) cos2s - (Zxx'zyy) sin2g - . (32)
7 b 1‘
22yx$ ) =-(zxy yx) ‘ (Z Xy Zyx) cos29 - (ZXX-ZXy)‘sinZS ,  (33)
' = - i ’ (34)
ZZyy(e) (Z x yy) - (Z X Zyy) cosZG (ny zyx) sin2s _
The superscr1pt “pr1me“ for the 1mpedance elements js used to indicate’

that they are funct1ons of 6. By horizontally rotating the original

coord1nate system 1n 3° increments from 0° to 360°, we contour the

magn1tude of the off d1agona1 element, |2 xyl and the

d1agona1 element

1Z% | of:the 1mpedancewtensor. The resulting d1agrams, which have been
XX

~called 1Ppedance polar diagrams (Reddy et al., 1977)
0.1 Hz and 10 Hz 1n F1gures 15 and 16 respectively.
element ns norma]1zed w1th respect to the off- d1agona

in turn rs normal1zed to its own maximum value. The

for lzyx.

by just a 90- -degree. rotat1on. The main advantage of

diagrams

coord1nate system and,‘therefore, allow us to have an

of the: 1n

of the 1npedance e]ements, but similar polar d1agrams

l
phase cou

: ‘(
i

| and Ryyl can be obtained from Exyl and 1z§

is that they el1m1nate the dependence on the

!

 are presented at

‘The diagonal

1 element which 'tf

lpolar diagrams

,xxl respectively

these polar
orientation of

overall picture

pedance tensor. Here, we are only dea11ng with the magnitude

for impedance

1d a]so be studxed

The *

‘polar d1agrams for ny |'in genera] have the.

[ . .
f , oo
g
;

|
H
P
|

i
l
I

|

shape of a




§
1
i

|
i,
1

: - ’ :

peanut. The polar diagrams for |Zyx| always attain the shape of a
] \

clover ﬂeaf Along the symmetry 11nes of the mode] these lobes are

symmetrnc, a charactEr1st1c of a two-dimensional earth (Reddy et al.,

1977). }Away from the symmetry lines, these d1agrams start to have an
e]ongat1on, and thelr magnitudes become greater part1cu1ar1y at the

lower frequency. ‘Therefore, with a polar diagram, ‘one can immediately
ﬁ - | _ .
recogniie a three dimensional structure from a single measuring Site,
\

unless 1t is 1ocated}on a line of symmetry above the structure. of
!

course, ‘th1s recogn1t1on can be more easily ach1eved at a lower
\

frequency as shown by the comparison of Figures 15 and 16.

Tipper |

. | 3
A nelationship %imi1ar to (23) or (24) can be Written between the

verticaf magnetic?fiéld component,'Hz, and the horizontal magnetic.

field c&mponents Hy Qnd Hy.

H, = AH*-+ BHy | @@ , (35)
‘ ; '
where A&and B are unknown complex coeff1c1ents, wh1ch are called
}
magnet1c§transfer funct1ons. To so]ve for A and BL we again need two

{\

d1fferent source po1ar1zat1ons. This pair of coeffic1ents can be
\, : .

thought of as operating on the hor1zonta1 magnetic fiield and tipping
| :

part of nt into the vert1ca1 For that reason, (A, B) istalso called

the #tipper' (Vozoff, |1972 Its magnitude is
*ﬂ ~ B ‘\ )

] « 2,1 2 : .

BRI TN . (36)

‘,1 j

The! t1pper d1rect1on o herefis defined as the angle measuring
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Fﬂgures 11 and 12 show surface contours‘of'thelappaﬁent
resistﬂrity alongvthe original coordinate system at'0.1 Hz and 10 Hz

. respectpve]y. On the coord1nate axes, on-diagonal apparent

l

8 decomposed into the E and £ mode as in the 2D case. ‘This happens as

i !

p o~ a co1nc1dence because our coord1nate system is r1ght on the symmetry

|
i res1st1v1t1es, oxx and Pyy are zero, which means the f1e1ds could be

Tines o{ the earth model. Near the corner, Pxx and Pyy approach their -
) . ” - .- - ‘ i « o . :. :

¢ maximumiwhich is purely due to the three dimensionality. Because

! i Lo I ' '
‘three dimensiona1ity is more important at the lower frequency, Pyy and

b \

[ Pyy arelmuch greater at 0.1 Hz than: they are at 10 Hz.. Also because

i ’
of the synmetry of the model , contours of °xy and “yx have a similar

pattern except for a 90 degree rotat1on.

The correspond1ng phase contours are shown in Figures 13 and 14.
\

xx and yy are neg]ected on the coordinate axes where the on-d1agona1

]
1mpedancF e]ements, Zxx and Zyy are near-zero unstab]e numbers.

Unlike a%parent res1st1v1ty, phase contours do not exp11c1t1y show the

1 ‘ \
' ‘three d1men51ona11ty.{ Furthermore, we see stronger var1at1on which
3 means h1gher reso]v1ng power, of phase at the higher| frequency in

f
contrast to the small var1at1on diagnostic of apparent res1st1v1ty at

|
the h1gher frequency.‘ This suggests that apparent res1st1v1ty and

L
~ phase are really two complementary parameters. Hence% they should be

l

treated s1multaneously in the broad band MT 1nterpretat1on,
1
{ .
i

Impedance Polar Diagrams

[
[
I

Once the-impedanoe tensor Z has been found in-ou} original

_ﬁ (X,y,z) coordinate system, it can be'rotated horizontally'to_any other ,f
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c]ockw1se from the xaxis a]ong which the coherencM between vert1ca1

\
and thej horizontal magnet1c field is at its max1mum. It can be

obtained exp]1c1t1y by the formula (Jupp and Vozofﬁ; 1976)
{‘
22‘ -1 2,02y, =1, 0 o
(A +B )tan_ <Br/Ar) + (Ai+81)tan (Bi/Ai)'

| L

(37) -

1

where sTbscr1pt r means the 'real part' and i“means the
) \

1mag1nary part of a complex number.

|
We have drawn the tipper direction as an arrow in the po]ar
d1agram° on F1gures ﬂ5 and 16. The length of the arrow represents the
magnitude of the t1pper, and it has been normalized;With respect to
. :' !\: N .

the maximum va]ue‘on¢the whole grid. In the two dinensiona1 case,

this d1rect1on shou]d be perpend1cu1ar to the true str1ke direction of-

_ the structure. However for our three dimensional pr1sm the

direction varies and(always points away from the conduct1ve prism.
Pract1ca11y, we th1nk the tipper direction is a very usefu]

parameter. By p]ott1hg it at a few.points on the s%rface we can

easily 1ocate the area below wh1ch the conductive zone lies. This not

only can help select a drilling location, but also can show where more

deta11ed MT work shou]d be carried out. Furthermore we have found

the above unique character1st1c of tipper direction: a]most has not

been affected by the frequency, at least between 0. l\Hz and 10 Hz.

J J

F1gure 17 presents the contour of tipper magn1tude at 0.1 Hz and

- 10 Hz, wh1ch represents the relative strength of vert1ca1 magnet1c

l
f1e1d (Vozoff 1972) ? Its values along."x" axis are larger than those :

|

i|.
|
|
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i
along the correspond1ng “y" axis. This is because currents tend to
flow a]ong the e]ongat1on direction of the pr1sm. At the h1gher
Co ‘ 1 o
frequenoy, tipper -magnitude is much greater, and its contour tends to

outline|the boundary of the prism.

[
|
i

Principgj DirectiOnsL
|
There are many ways to define the principal d1rect1ons derived

from the impedance tensor. For example maximize |ny| |Z l',
m1n1m1ze lzxx t ”IZyy | maximize leyl or lZyxl. minimize IZ | or
{29y |5 m?x1m1ze |ny + Zyxl’ etc. They all give the, pr1nc1pa1

directions of the: structure if the earth is two d1mens1ona1 In our

k

3D case, though, these methods do not give the same. resu]ts. This is

becauseﬂthe trace. of all the impedance elements on the complex plane

is an ell1pse, a]l hav1ng the same orientation, 1nstead of a line or a

! ‘
point as in.the ZD or 1D case respect1ve1y (Word et. al., 1970). We
have chosen the method of Sims et. a] (1969) of makimizing the

abso]ute value of thevsum of the off- d1agona1 e]ements, ma1n1y because
their method always glves two perpend1cu1ar d1rect1ons which

|
correspond to the maJor axis of the e111pse - a un1que character1st1c

of the 1mpedance tensor.

'
[
i

Thelang]e, 0, at which Egy + Zyx lhas zero f1rst derivative can

be der1ved analyt1ca11y (S1ms et. al, 1969).

o = 1/4t g [Z(R 2)? | (38)
= an ! © (38
° ‘ ( $+I'|2 ‘12) ' i .

; i
w1th Rl,rRz and 11, Ig are the real and imaginary. parts of (Zxx - Zyy)

; and (ny + Zyx) respectlvely. Between zero and 360 degrees, there are .-
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eight ?
the max1mum value . of\Iny + Zyx |and they form two pr1nc1pa1

| @ .
d1rect1ons perpend1cu1ar to each other.

{

In}Figures 15 and 16, the s1ngle straight 11ne at each grid point

represerts the princ1pa1 direction farthest from the. direction of

tipper.} If the earth were two d1mens1ona1 th1s d1rect1on would '

co1nc1de with the strnke direction. For our 3D prismatic model, this
; ‘

‘ d1rect1on varies around the prism and tends to para]lel the nearest

side of . the prism.. Hence, est1mat1on of the electr1ca] strike
d1rect1on from a 51ngﬂe measur1ng site for an elongated 3D body could
be m1s1ead1ng s1nce 1t depends upon where the observer 1s located.
Once aga1n just 11ke the tipper d1rect1on Dr1nc1pa1 d1rect10ns are
not affected much by changing the frequency.

| |
|

The three-d1mens onality parameﬁer,'skew‘-is defined as -

| |
} | Yoy , ; :
{ : fkew ) 'Ti*"f'iﬁfT 4
i L i
\ X \ ]"
As noted from equat1on (31) to (34),: " both (Zyx + Zyyl and (ny - Zyx)
‘ )
are 1ndependent of lskew does not depend on the mea
%

F1gure 18 shows the surface contours of skew at 0.1 Hz and 10 Hz.
X

Skew must be zero for‘one and two dimensional structures. But it is

sur1ng axes.

also zero a]ong the ]1nes of symmetry of our 30D modeV Consistent

u . l R
w1th»thefcontours df on-d1agona1 apparent res1st1v1t1@s, Pyx and Pyy

| o ” | |
along the origina]ycodrdinate system, three-dimensionality has been

revealed'more obvidusly at the lower frequency. Howeyer, its maximum

s which can sat1sfy equat1on (38), but on]f‘four of them give




{
i
i

occurs somewhat off the corner as opposed to the on d1agona1 apparent
res1st1v1t1es wh1ch have their maximum right above the corner. We
think th1s is due to: the asymmetry between Zy, and Zyx which were

1ntroduced in the ca]cu]at1on of skew.

Ell1gt1i1ty _ ¥
] L
As|we have sa1d all the impedance elements trace out similar
|
e]11pses on a complex plane as we horizontally vary ‘the orientation of

the coo+d1nate system. The ellipticity, which is the ratio of minor

to maJow
al., 1970).

axis of theyellipse, can be obtained analytically (Word et.

I(ZXx Z )Cos 20 + (Z y+Z )S1nl26 |

Eli1pt1c1ty = s
31 [(ny+ZyX)Cos 29 + (Z )S1n 28 |

(40)
xx"Lyy

where e¢ can be any of the principal directions derived previously.

E1lipticity, 11ke skew, is also a three- d1mens1ona11ty indicator .,

because11t is zero for one- and two-dimensional mode]s. Figure 19

shows the surface contour of ellipticity at 0.1 Hz and 10-Hz. The
contour of e111pt1c1ty has a very similar pattern as that of skew
except that they varyld1fferent1y with frequency. ahlle skew shows
three-dimensiona]ity more obviously at the higher fnequenoy,

~ ellipticiity does thatiat the -Tower frequency. Hence these two

parameters are a pairiof complementary three-d1menstona11ty

. !
indicators.




CONCLUSIONS
Odr resu]ts show that the forWard modeling offthree-dimensional
structures can be. ach1eved successfu11y by our 1ntegra1 equat1on

method.i S1nce pu]se\bas1s functions are used, we have not been ‘able
to-modeﬁ accurately very shallow or large subsurface features as they

require%a great number of cells wh1ch our computer can not handle at

the preLent time. |

Usua]]y, MT measurements are made in the frequency range 0.001 Hz

l

- to 10 Hz. In this paper we have shown that 1D or ZD interpretation

I
over a three-d1mens1ona1 earth can be misleading, part1cu1ar1y using

the Iower half of" the above frequency range. Hence, in many cases, 3D

1
mode]s are requ1red for 1nterpret1ng MT data.

By present1ng var1ous MT parameters due to a s1mp1e 3D model,

have reﬁogn1zed two pa1rs of comp]ementary parameters, namely,
1

apparent.res1st1v1ty»and phase, skew and ellipticity. They should be
! ’

examined simuTtaneouily for any broad band MT exploration. ‘A1l the MT.

parameters have clearly shown three d1menswonahty.€ Hence, the

recogn1ﬁ1on of a three dimensional structure from the field data

should not be d1ff1cu1t. | E
‘ s a

’A]%hough an overa]] 3D MT interpretation is still not practical,

[

comb1ned 2D and 3D mode11ng could be applied to y1e1d a gross 3D
structune, which 15 cpmposed of a cross section and|its strike extent. |

i [ :
In doind S0, we suggest that the cross section be obtained from higher

frequency 2D E mode %odel1ng, and that the strike extent be derived

by match1ng w1th 1ower frequency E mode results due to corresponding

|
|

I

i
)
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T : ' ' .
3D mode?s. ‘In adgit(on, we have indicated that some simple 3D

§ : b, . : i
features, e.g., 19ca}1on above conductive zone, corners, and symmetry

. I ale | .
lines, can be easily recognized.
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‘d1fferent\str1ke extents

© 1 LIST OF ILLUSTRATIONS

Three d1mens1ona1 model

Body d1scret1zed 1nto cubic ce1ls

|

Reduct1on in computer t1me for- mode]s hav1ng two- vert1ca1
symmetry;planes,

Body wjth different discretizations for convergence check.
Hybrid discretization in the midd]e

\

_ Convergence check above: center of the pr1sm for two prism

J
conduct1v1t1es. Depth to top of pr1sm 1s 250 m.’ Symbo]s-

v

re]ate:to d1scret1zat1ons shown in F1gure;4 :

Convergence check above center of'the prism forvtwo prism

i

conductiwities. Depth to top of prism 1s 500 m

>Convergence check above lower 1eft corner of the pr1sm for",

two pr1sm depths and two conduct1v1ty contrasts

Compar1son between one- d1mens1ona1 three 1ayer model and

hor1zontaﬂ three- d1men51ona1 slabs .in place of the middle -

R

layer. . Hor1zontal extent of slabs shown in the f1gure.

J

E" mode compar1son between 2D and 3D model hav1ng

g mode compar1son between 2D and 3D model having

|
d1fferentgstr1ke extents

Three?dimensigﬁei model ‘used to calculate various

S : o
magnetotelluric parameters in all the Iater fiqures -

- | ' ' ‘ . L
. Apparent res1st1v1ty (Qem) at 0.1 Hz along original .

coord1nate system




Figure 12. ,Apparenﬁfresistivity (2-m) at 10 Hz along original
coordﬁnate system |

:Figure ﬂ3. Phase (degrees) at 0.1 Hz along or1g1na1 coord1nate system

I

|

1

\

1

Figure,?4.‘ Phase (degrees) at 10 Hz along or1g1na] coordinate system .
Figure ﬁS‘. Impedance polar diagrams, tipper d1rect1on and principal
d1rect1on farthest from it at 0.1 Hz»

Figure 16. Impedence polar diagrams, tipper direction and principal

tpgciﬁcﬁ farthest from it at 10 Hz

‘Figure ?7.‘ Tfppefemegnitude at 0.; Hz and 10 Hz, contour interval is
| o2 ] | '
| Figure %8. Shew ef ¢.1 Hz and 10 Hz, contour interval is 0.02
; Figure %9; El]iptfcfty at 0.1 Hz and 10 Hz, contour interval is 0.02
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