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ABSTRACT '

Analytical solutions based on the Laplace and Fourier transformation techniques are derived

for the transient advective-dispersive transport.ofa single radionuclide through fi'aetures (two-

dimensional analysis) and rock (one-dimensional analysis). The h)ngitudinal, dispersion-free solution

is also reported. The geometry considered consists of either a single planar fracture (infinite diffusion

in the rock) or a system of equidistant parallel fracture planes with uniform aperture (finite diffusion

in the rock). The solution assumes that the ground-water flow regime is under steady-state and iso-

thermal conditions, and the streamlines along the direction of flow are parallel. The rock matrix is

assumed to be homogeneous, isotropic, and saturated with stagnant water. The flow field is assumed

tobe semi-infinite in the horizontal direction normal to the source, and of either" finite or infinite

extent in the vertical direction orthogonal to the source. The initial concentration in both the fracture

and the rock is assumed to be zero. The upstream boundary conditions exclusive to the fracture

correspond to either a finite patch (single or multiple) source or'a Gaussian distributed source, subject

to a band or step release mode. In addition to the Spatial and temporal concentration of the radio-

nuclide in both fracture and rock, this Solution also provides the mass flux and cumulative mass flux

into the fracture.

The solution related to the single fracture case was verified by comparing its performance with

available results from other works. Two sets of solutions were derived for the multiple parallel fi'ac-

ture case; the first, based on a series approximation, and the second, based on contour integration,

were designed to cope efficiently with small and large Fourier numbers, respectively. Of interest in

the case of the rock matrix, the solution based on contour integratior, is considerably simplified com-

pared to previously ceported o_.es. This is achieved by eliminating the infinite series summation

incumbent to a convolution-based approach, which on the one hand limits its range of applicability

and on the other hand undermines its computational viability. Numerical tests covering a wide range

of Fourier numbers show excellent agreement between the proposed solutions. For the longitudinal

dispersion-free solution, criteria are also reported for the applicability of the solution for a single

fracture to the case of a multiple parallel fracture system.

The general solution requires, in both cases, the evaluation of a single integral, except in the

case of the solution based on contour integration, where an additional one is required. This is

performed using a Gauss-Legendre quadrature scheme.
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FOREWORD

Following the passage of the Nuclear Waste Policy Act of 1982, the Civilian Radioactive Waste

Management Program was organized in September 1983. The puq)ose of this program, managed by the U.S.

Department of Energy (DOE), is to develop technology and provide facilities for safe, environmentally

acceptable, permanent disposal of high-level waste (HLW). HLW includes wastes from both commercial and

defense sources, such as spent (used) fuel from nuclear power reactors, accumulations of wastes from

production of nuclear weapons, and soddified wastes from fuel reprocessing.

The information in this report pertains to analytical solutions based on Laplace and Fourier

transformation techniques used in studying ground.water flow with the FRACFLO code for the Repository

Technology Program, This work was _:oonsored by the DOE Repository Technology and Transportation

Division.
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PART 1

1,0INTRODUCTION

1,1 BACKGROUND

, InrecentyearsincreasedinteresthasbeenregisteredintheU,S,andWesternEuropeforcon-

sideringrockthatmay containfracturesasaviablecandidategeoh)gicmedium forpermanentdispo-

salofhigh-levelnuclearwaste,The keyelementspromptinginvestigationsinthisareaarethelow

porosityof hardrockcoupledwithitsdiffusive(Neretnieks,1980)andadsorptiveproperties(Rickert

et al,, 1979),

Analytical solutions for solute transport in planar fractures reported to date are for the most

part unidimensional; they neglect in some cases the dispersion phenomena as well as decay reaction at

the source, and they are based on the Laplace transformation technique, The first recursive one-

dimensional solution for dispersion-free transport of a decay chain ofarbitrary length is a single frac-

ture with diffusion into the rock matrix was presented by Kanki et al, (1981) (see also Chambrd et al.,

1982). Subsequently a nonrecursive solution for a three-member decay chain neglecting dispersion in

the fracture and radioactive decay in the rock matrix was reported by the same authors (see Chambrd

et al,, 1982), Neretnieks (1980) reported a solution for the nondispersive transport of a decaying spe-

cies along a discrete fracture and rock matrix of infinite thickness, and demonstrated the overall

impact of the matrix diffusion mechanism on the transport process, Rasmuson and Neretnieks (1980)

presented a solution for the radial diffusion problem and longitudinal dispersion in spherical porous

particles; their work is an extension of the Rosen (1952) solution, which neglected the dispersion

effects, and apparently an improvement of the Babcock et al. (1966) solution of the same problem.

Grisak and Pickens (1981), discounting the dispersive effects, presented a solution for a nondecaying

solute. Tang et al. (1981) extended the solution presented by Neretnieks (1980) after considering the

dispersive component in the governing equation; however in their case the concentration at the source

is assumed constant, Chambrd et al, (1982) presented a set of analytical solutions r, 'ated to radio-

nuclide decay chain transport in fractured media; these solutions neglect for the most part the effects

of longitudinal dispersion. Sudicky and Frind (1982) presented the transient and steady-state solution

for the dispersive and nondispersive transport of a single decaying solute in a system of parallel frac-

tures where the concentration at the source is held constant. This solution was first revised by Davis

and Johnston (1984) and the correct h_rm was subsequently given by Ahn et al, (1986). Barker (1982)

and Hodgkinson and Maul (1985), utilizing a numerical inversion of the Laplace transform, presented

solutions for unidirectional and radial transport of a single decaying species in a system of parallel

fractures where the initial concentration ,,'as assumed to be a function of position. Van Genuchten



et al, (1984) presented some exact solutions for transport era single conservative species through large

cylindrical macropores with simultaneous radial diffusion into the rock matrix. Rasmuson (1984)

presented a solution for the transport era radionuclide diffusing into a rock matrix simulated by

spheres where the inlet concentration ts kept constant; this work is an extension of an earlier paper by

Rasmuson and Neretnieks (1981),

Sudicky and Frind (1984) presented a solution for the nondispersive transport era two-member

decay chain in a single fl'acture subjected to a nondecaying boundary condition at the source. An

imp,'ov_d form of this solution approach was recently reported by Ahn et al, (1 _86), Moreno and

Rasmuson (1986) examined the impact of two types of inlet boundary conditions on the concentration

in the rock matrix for a conservative solute.

Chen (1986) presented solutions for a number of cases dealing with radionuclide transport from

an injection well into a fractured porous formation of infinite extent; this approach includes a decaying

and a nondecaying source and accounts tor the diffusion process in the rock matrix,

1,2 PURPOSE

This report presents a set of analytical solutions based on the Laplace and Fourier transforms

for the two-dimensional isothermal transport of a radionuclide in an idealized discrete planar fracture

ofconstant aperture and a system oi' parallel fractures oi"infinite extent, The approach considers

simultaneous infinite or finite diffusion in the rock matrix, The transport phenomena in the fracture

include processes such as advection, hydrodynamic dispersion, linear equilibrium adsorption, and

radioactive decay (the last two processes and rock matrix diffusion are also applicable to the rock

matrix), The rock matrix is assumed to be homogeneous, isotropie, and fully saturated with stagnant

water; the flowing water in the fractures, assumed to be under steady-state conditions, has a parallel

streamline configuration. The solutions for the mass flux and the cumulative mass flux at any given

point in the fracture as well as the longitudinal disperslon-free solution are also presented,

This report is divided into two parts, Part 1 (through Chapter 3) focuses on the derivation and

verification of the two-dimensional solution for the single fracture case. Part 2 (Chapter 4 to the end)

covers a similar endeavor focused on the multiple parallel fracture case where two solutions are

reported: the first based on a series approximation and the second on contour integration,

The verification of the associated computer code (i,e., FRACFLO) is performed in the single

fracture case by means of available one-- and two-dimensional analytical solutions. The one-

dimensional solution ofAhn et al, (1985) will be used for benchmarking the performance of the

reported solutions, restricted however to unidimensional flow, The two-dimensional solution of

Gureghian (1987) will enable a verification of the solution pertaining to the fracture in the absence of

rock matrix diffusion,

2
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In the parallel fracture case the verification will be undertaken by way of a comparison of the

performance of one solution against the other,

1.3 APPLICATIONS

These solutions are designed to cope with a realistic number of idealized l'racture pattt;,'ns, con-

centration distributions (i.e,, single or multiple patch, or a Gaussian distributed source) dec,ayin_.;wit,h

time, and release modes (i:e., step and band release) associated with the geornetry ot'a hlgh-lev-;l

nuclear waste repository in deep geologic rock media with fractures. Applications of l,hese solut, ion_

are also reported. The reader should note the limitations oi' the solutions for the cumulative ma,,_.qf'Jux_,

which is restricted to the one-dimenslonal form of this code, and for the case whore the velocity vector

is orthogonal to the inlet or source.

The model FRACFLO was written in VAX FORTRAN Version 4:8 using the G floating point

option (REAL * 16). Auxiliary graphics programs we_'e written using DISSPLA Ver.qion 10.5, The

computation was executed on a VAX 8700 under VMS Version 4.7.



2.0MASS TRANSPORT EQUATIONS FOR FRACTURE AND ROCK MATRIX

From the mass conservation requirement, the concentration of a nuclide flowing in a discrete

fracture plane with uniform aperture while undergoing sorption and diffusion in the surrounding rock

matrix under isothermal and laminar flow conditions is given by

at-- + _ - V. (D , VA-AV)-Q + _ =0 (2-1)

a al
__ r

at(cpB+ cprPrS )+ --0z- Q' = 0 (2-2)

where

V. isthedivergenceoperatora/nx+ a/ayL- I)

V isthegradientoperatora/ax,a/ay(L-i)

xand y arethehorizontalcartesiancoordinates(L)

z istheverticalcartesiancoordinate(L)

A istheconcentrationinthefracture(ML-3)

B istheconcentrationintherockmatrix(ML-3)

V istheaveragefluidvelocityvector(componentsVx,Vy)inthefracture(LT-I)

D isthehydrodynamicdispe,'siontensor(L2T-I)

S istheconcentrationofsorbedcontaminantonfracturesurface(ML-2)

S' istheconcentrationintheadsorbedphaseintherockmatrix(MM -i)

Pr istherockdensity(ML-3)

(Pr isthevolumetricfractionofthesolidpha:_eintherockmatrix(I- cp)

(P is the rock porosity

2b is the fracture aperture (L)

J is the diffusive rate of the nuclide at the _urface of the fracture per unit area of

fracture surface (ML-2T- 1)

Q and Q' are the rate of production or removal of solute due to radioactive decay in the

fracture and rock matrix, respectively(ML-3T- 1)

t is time (T).



The diffusive rate of a nuclide into the rock matrix is assumed to obey Fick's law of diffusion

written as

OB
J = _ De _l (2-[I)z=b

where De is the effective diffusivity in the rock matrix (Neretnieks, 1980) defined as (

D - (p D (2-4a)
e p

8d

Dp = Dd _ (2-4b)
1i

where

Dp is the pore diffusivity (L2T-I)

Dd is the molecular diffusion of nuclide in water (L2T-1)

8d is the constrictivity for diffusion (L°)

is the tortuosity (L°).

The hydrodynamic dispersion tensor (Bear, 1972) may be written as

VlVj

Dij = a TV 8ij + (a L - a T) V + _ Dd' i,j = x,y (2-5)

where

aL and a T are the dispersivities in the longitudinal and transverse direction of the flow (L)

8ii is the Kronecker delta (L°).

When one of the axes of"the cartesian coordinate system, say x, coincides with the direction of the --

average velocity vector V, the hydrodynamic dispersion tensor reduces to

Dxx = aLV + _ Dd (2-6a)

D - awV + _D d (2-6b)YY

The following assumptions are made in this work:

(i) Fluid movement in the fracture is assumed under steady-state conditions where the

streamlines are parallel.

(ii) The fracture is assumed to be analogous to an isotropic porous medium.

(iii) The rock matrix is assumed to be homogeneous, isotropic, and saturated with stagnant

water.
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Wi_h the assumption that the dissolved radionuclides are in adsorption equilibr.Li;n with

the fissure wall and the filling material where the prevailing concentration is A, the

mechanism of adsorption may be adequately described by a !inear equilibrium isotherm

(Neretnieks, 1982):

S = Kf A (2,7a)

where Kf is the surface distribution coefficient (L) in the fracture, similarly, in the rock the

adsorption isotherm is given by "

S' = K B (2-7b)
r

where Kr is the distribution coefficient in the rock. matrix (L3M - 1).

The instantaneous rate of removal of a nuclide by radioactive decay in the fracture (Q) and the

rock matrix (Q') may then be written as

Q' = - h [CB + _rPrS'l (2-9)

where _ is the first-order rate constant for decay (T- 1) (i.e., :_= In 2/T1/2).

With the above considerations, the set of differential equations describing the movement of a

typical nuclide in the fracture and rock matrix, respectively, is given by the following equation in

which the parameters u and v replace previously used symbols Vxand Vy.

OA _A 02A 02A OA OA J
R---- D ----D _m _2D ---- +u--+ v u +hRA + - =0 (2-10)

0t xx Ox2 _ oy2 yx 0y0x Ox Oy b

OB 02B

R'u0t -DP_ +XR'B=0 (2-11)

i

where

R = 1 + Kf/b (2-12)

and

R'= 1 + [(1-_)/_lPrK r (2-13)



are the retardation factors of a typical nuclide embodying the overall effect of the sorption and

desorption reactions in the fissure and rock matrix, respectively,

Two models of idealized fractured rock systems are investigated, namely the single fracture and

the multiple parallel fracture cases, where the diffusion field of the rock matrix is assumed infinite in

the former case, and finite in the latter case (see Figures 2-1 and 2-2).

L

2,'I INITIAL AND BOUNDARY CONDITIONS

The set of differential equations, Equations 2-10 and 2-11, are subject to the initial conditions:

A(x,y,0) = 0, x > 0, - oo < y < +oo (2.-14)

B(x,y,z,0) = 0, x> 0, -_ < y < +oo, [zt >b (2-15)

and boundary conditions as follows.

2.1.1 Fracture

Finite Patch Source

I(,d) ( d)jA(0,y,t)=A(t)U(t) U Y-Yl + 2 -U Y-Yl- 2 ,t>0 , -oo<y <: +_ (2-16a)

A(oo,y,t) = 0 , t > 0 , - _ < y < +¢_ (2-16b)

OA(x, + _,t)
=0, t :> 0, x :> 0 (2-16c)

Oy

where

y_ is the location ofthe source center along the Y-axis

A(t) is the concentration at the source

d is the width of the finite patch source at the origb) along the Y-axis,

Gaussian Source

In a high-leveL nuclear waste repository, the concentration at the source depends to a large

extent on the release rate of the waste from its canister into the ground water. A boundary condition

such as a finite patch source, which implies a uniform concentration across its area (2b x d), may not

adequately duplicate in situ conditions. Consequently, to ,_ircumvent the uncertainty inherent in the
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Figure 2-1, Schematic of a Single Fracture Rock System

(a) Patch Source', (b) Multiple Patch Source;
(c) Gaussian Distribution Source
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Figure 2-2. Schematic or Multiple Parallel t;'racture Rock System
(a) Patch Source; (b) Multiple Patch Source;
(c) Gaussian Distributed Source
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source term, a probabilistic interpretation of the concentration distribution at the source may be

deemed appropriate. In this instance, a source model based on Gaussian distribution is adopted.

The boundary condition for the Gaussian source located at Yo with standard deviation Oy may be

written as

A(0,y;t) _t) U(t)e -(y-y°)2/2°2= Y, t>0 , -oo<y < +oo (2-17a)

A (oo,y,t) = 0, t > 0, - oo < y < +oo (2-17b)

aArx,__,oolt)
=0, t > 0, x > 0 (2-17c)

Oy

2.1.2 Rock Matrix

B (x,y,b,t) = A (x,y,t) , x > 0 , - oo< y < +oo (2-18a)

Infinite Diffusion Field

B (x,y,:t oo,t) = 0 , x > 0 , - oo< y < +oo, t > 0 (2-18b)

Finite Diffusion Field

aB
(x,y,L,t) = 0 (2-18c)

az

where 2L is the fracture spacing.

2.1.3 Concentration at the Source and Band Release

Step Release (Continuous Decaying Source)

The concentration at the source for a typical nuclide may be written as

N
A(t) = A°e -ht (2-19)

where AOis the concentration of the species at time equals zero.

ll



,iJ, Jl,i i

Band Release

The boundary condition for the band release may be written as

A(0,y,t) = A(t)[U(t) - U(t-T)ICP(y), t > 0, - oo< y < +ao (2-20)

where

Cp(y) = U(y-yl+ d/2) - U(y-yl-d/2) tbr'a finiGe line,._urce .

CP(y) = _exp[ - (y - y, )'+'/2oy"]for a Gaussian source

T is the.leaching time.

U (t-T) is the Heaviside unit function defined as d

1, t :> T (2-2l)

1

U(t-W) = 2' t = T

O,t < T

The general form of the solution Ibr the band release mode based on a boundary condition given

by Equation 2-20 andwhich Uses the superposition technique (see Foglia ct al., 1979) may be written

as

bA(x,y,t) = [A(x,y ,t; A °) - A(x,y,t-T; A°e- ;_W)lu(t-'P) (2-22)

where T corresponds to the leach duration and superscript b indicates the band release _;olution.

12



3.0 SINGLE FRACTURE CASE WITH INFINITE DIFFUSION FIELD

3.1 NON-ZERO LONGITUDINAL DISPERSION

3.1.1 Rock Matrix

The Laplace transformation of Equation 2-11 with its associated boundary condition

Equation 2-18a may be written as

d2B R'

, dz 2 D (s+ _)B = 0 (3-1)p

B (x,y,b,s) = A (x,y,s) (3-2)

where

B = Be'St dt . (3-3)
0

The solution of Equation 3-1 subject to its initial and boundary conditions Equations 2-15, 2-18b, and

3-2 is given by

_ _ rb(Z-b)
B (x,y,z,s)= A e (3-4)

with

rb _-=_. Cr(S+ _)1/2 (3-5a)

and

cr = (3-5b)

Note that the inverse Laplace transform of B might be sought once A is identified as shown in the

subsequent section.

13



The transformed diffusive flux (Equation 2-3) at the interface of the fracture and rock matrix is

given by

u

OB

(x,y,b,s) = (l)DprbA ( ',s) , (3-6)J = -(l)Dp oz

Note that rbin the above equation isgiven by Equation 3-5a,

3,1.2 Fracture

After proper substitution of the transform of the diffusive flux given by Equation 3-6 into the

Laplace transformation of Equation 2-10,

D _ +I) ----..2D ------u----v-J- _ \ ] \ ]]R s+h +cf s+_, 1/2 A =0 (3-7)xx Ox2 yy 0y2 yx 0y0x dx 0y

with

The Laplace transforms of the boundary conditions (Equations 2-16 or 2-17 and 2-19) associated

with Equation 2-10 are given by'

Finite Patch Source

_ ( d)]A (0,y,s)=A°O(s) U y-yl + 2 -U y-yl- 2 , _oo<y <oo (3-9a)

Gaussian Source

- -ly- yo)2/2o_A (0,y,s) = A°O(s)o _ (3-9b)

where

1
0(s) = _ . (3-9c)

s+h

14



, Applying the following Fourier integral translb,'m and inversion formu:',, for an infinite region (-oo <

y < + oo)(Sneddon, 1951) written as

Integral Transform

-- I +_
A (x,[3,s)= etl_Y'A" (x,y',s)dy' (3-10a)

Inversion Formula

A (x,y,s)= -- _ e -'lIly _ (x,_,s)d[3 (3-10b)2 F! _ ,-_

the y-variation of Equation 3-7 is removed as a result oi'an integration by parts using Equation 3-10a

to get

D 2Dyxia d A ' '-xx dx 2 _x + iv{l -- Dyyl{2 - l{(,,._+A,)- cf(s+ ),)112 A = 0 . (3-11)

The solution of the above equation subject to its initial and boundary conditions given by Equa-

tions 2-14 and 2-16 or 2-17 may be written as

"-" -'- II X

A (x,lt,s)= le ([J,s)e n (3-1.2)

where

l [ ( yxi[t)2-4 [ I)yY[_2 I) 1a x = _- (u + 2Dyxi[_)- (u + 2D I) iriS- _R(s+}_)_cr(s+h)l/2 1/2 x (3-13)n 2D ._x .

N

and F (_,s) is the Fourier transform corresponding to either type of boundary condition considered
herein:

I" (Ii,s)= A (0,y',s)e i[ty' dy' (3-14)
--, (,O

15



Finite Patch Source

Using Equation 3-9a, we have

d

= et[tY' I yI+ _ ol_iY' (d)F (l_,s) = A°0(s) --_ y t "" c_ = A"0(s) ---_-- 2sin [3_2" (3-15a)2

GcLussian St urce

Using Equation 3-9b, we have

f ' lF (_3,s) = A('0(s) exp - - + l[_y' dy' (3-15b)
-_ 202 '

Y

Putting

Y = Y'-Yo (3-16)

we have

Ii" (It,s) = e A°0(s) o×p .7__ + l[Jy dy (3-17)
-_ 202

Y

and recognizing the following integral (see Gradshteyn and Ryzhik, 1980, p. 307)

exp _p2y2+iqy dy = _exp -q_/4p 2
_® p (3-18)

Equation 3-14 becomes

2

16



Recognizing the following integral (see Appendix D)

exp -o _ -- d_ = -- exp(-2y) (3-20)
o a 2

Equation 3-12 may now be written in the form

gt]
A(x,[_,s) qJ(x,o)F ([_,s)G ([l,X)etax= do (3-21)

0

whero

tp(x,o) = "_ exp - o- 4I'-_ ,.-'_ (3-22a)
)ox

° l D DYx)lG(D,x,x)'---exp -(Dyy- DY'-_)x[t2 + (v- u YXD)X + --D x i[_ (3-22b)
_X XX XX

r =-R(s+h) (s+h) 1/2 (3-22c)
a -- Cf

tl Irld

2
x

x - , t;_-zzaj
413 02

Note that cf in Equation 3.22c is given by Equation 3-8. Whence by the inversion formula (Equation 3-

10b), we have

_ 1 I+°_F (y,s) = --- e -tpy (_,s)d_ , (3-23)
2n _

Finite Patch Source

Referring to Equation 3.15a, this becomes

F(y,s) = A°0(s) U y-yt+ _ - U Y-Yl- 2 ' (3-24a)

17



Gaussian Source

Referring to Equation 3-19, this becomes

2 0 2

=: _ exp -- "rf" [32-- I Y-Yo _ tl_ (3-24b)2ri _®,

Hence mLtklng use of Equation 3-18, we have

202
y

Similarly, applying Equation 3-18 to the inverse transform of Equation 3-22b, we have

( ;
-_, 4p 2

wh_re

yx Dyx

g= v- u [-7- X + _ x (3-27a)
XX ,_.X

D2

p = ,Dyy - D X (3-27b)
xX

If we define

II (x,[3,s) = F ([3,s) G ([3,×,X) (3-28)

then the convolution theorem applied to this equation will yield its inverse Fourier transform, which

may be written a:_

ll(x,y,s) = G([_,x,x) . F([J,s)e-il_Yd[] = P(q,s) . G(y-q,x,x)drl (3-29) _-

and with proper substitution, we obtainappropriate equations for the finite source and Gaussian

SOtAFCe,

18



Finite Patch Source

From Equations 3-24a, 3-26, and 3-29, we obtain

- d d

Putting

Y-rl-g
'_ _..

2p (3-31)

Equation 3-30 becomes

- 1j__r2l( d ) ( d )lH =A°0(s)_-_ _®e U Y-Yl +2-g-2pF -U Y-Yl-2-g-2pI' dr , (3-32)

H erlce,

- [d_ ) IH = A°0(s) Ef __+ y-yl-g ,p (3-33)

where

d d

_fld()1 ,i__y-_l-g)_-y_yl_).!2+ Y-Yl- g 'p = 2 ,e 2p +er 2p (3-34)

where "err" represents the error function,

Multiple Patch Source

Note that when an array of plane sources is encountered at x = 0 (see Figure 2-1b), radio-

nuclides released from one source will influence the concentration from tile remaining ones, In this

case, Ell may be written as:

En = _ Ef _ + y-yk-g ,p (a-as)k=l

' 19



wher6 n is the number of finite sources. 'rho concentration in this case is said to be obtained after

superimposing the solution of all such sources assumed to have the same width and initial

concentration,

Gaussian Source

From Equations 3-25 and 3-26, we obtain

( ; ( ;- i I.... I l-- ]H =A°O(s) 1 +® y q g rl Yo
2pV_ exp exp 2 drl . (3-36)

_oo 4p 2 2Oy

The above equation may also be written as

- 'f _ l( _3)1•"------ rl 2+ 2 +
H = A°0(s) 2pV_ exp - a 1 a2rl drl (3-37)

--oo )

where

2 2
o + 2p

Y (3-38a)
ai= 2'--

4p 02Y

) 2 + 2Yop2y-g Oy
= - (3-38b)

a2 4p2o2Y

aa = , 2 2 ' (3-38c)
,_p Oy

Note that parameters g and p in Equations 3-36 and 3-38 are gj.ven by Equations 3-27a and 3-27b,
u

respectively, Recognizing the following integral (see Abramowitz and Stegun, 1972)

I_[( )1 _- I ] ( )exp at2+2bt+c dt 1 b2-ac b=- exp ------' erfc (3-39) _"
o 2 a a _a

2O



Equation 3-37 becomes

where, after substitution,

( ;I IOy exp -- (3-41)

_. 2 o +2p 2 {

' With the above results, the inverse Fourier transform of Equation 3-21 may now be written as

m ]_ rx
A (x,y,s) = A O qJ(x,o)E 0(s)e a do (3-42)

0 fl

where subscript gt set to f would refer to the finite or multiple patch source boundary condition, and

when set to g tothe Gaussian source. Substitution from Equations 3-9c and 3-22c into the above
l

equation and using the Laplace inversion formulae (Appendix A), the final solution of the concen-

tration it, the fracture may be written as

I l {A(x,y ,t) = A°e - _t qJ(x ,o)E,_ erfc cfx U(t- Rx)do (3-43)
0 2(t- RX)1/2

Substitution of Equation 3-42 in Equation 3-4 gives

f [ {B(x,y,z,s)= A O _(x,o)En0(s)ex p rb(Z-b) + raX do (3-44)_
0 ,

and the final solution of the concentration in the rock matrix may be written as

B(x,yl,z,t) A°e -'_t _(x,o)EQ erfc cfx + Cr(Z- b)= U(t- Rx)do (3-45)
0 2(t-Rx) 1/2

Note that ct, cf, tp (x,o), and X in Equations 3-43 and 3-45 are given by Equations 3-5b, 3-8, 3-22a, and

3-22d, respectively.

After setting appropriat: finite integration limits (see Appendix B), the integration of Equa-

tions 3-43 and 3-45 is then performed using a Gauss-Legendre quadrature scheme.

21



3.2 NO LONGITUDINAL DISPERSION (Case where v = 0)

When thedirectionoftheflowisnormaltothesource(i.e.,v = 0)and thelongitudinal

dispersioneffectsareneglected,Equation3-11becomes
, ,

u d--'x"+ + R(s+h) + cf(s+ },)la A = 0 . (3-46)

The solution of the above equation subject to its initial and boundary conditions given by Equa-

tions 2-14 and 2-16 or 2-17 may be written as

_(x,J3,s) _ (13,s)eanx' (3-47)

where ,

an =- Dyy_32- R(s+_,)--cf(s-k_)I/2 (3-48a)

and

x

L X t --- u

u (3-48b)

The Fouriertransformscorrespondingtoeithertypeofboundaryconditionsareobtainedfrom

Equations3-14to3-21.Hence,Equation3-21becomes

(3-49)

where F ([3,s)is given either by Equation 3-15a or 3-19 and G (13,x)is given by Equation 3-22 with X'

substituting for X. Note that Equation 3-49 is equivalent to Equation 3-21 after setting

I q](x,o)do= 1 . (3-50)0

22



m

The inverse Fourier transforms of A (x,[3,s) may be obtained in the same fashion as outlined by

Equations 3-24 _hrough 3-42. Subsequently, the inverse Laplace transforms of the resulting equations

yielding the solution in the fracture and the rock matrix are given by

[ c xA(x,y,t) = A°E_e-_t erfc _ 2(t- U(t-RX') (3-51)

and

[cfx'.Cr(Z-b) 1B(x,y,z,t) = A°Ef_e-Xterfe " - U(t- RX') (3-52)
2(t- RX') t/2

respectively. Note that p and g in El(Equation 3-34) or Eg (Equation 3-4l) should be replaced by

(DyyX')l/2 and zero; Cr and clare givenby Equations 3-5b and 3-8, respectively.

3.3 MASS FLUX

The mass flux at any point in the fracture may be written as

F(t)- [F2+F2}I/2x y (3-53)

where Fx and Fy refer to the mass fluxes in the x and y directions, respectively, given by

OA OA
F =uA- D -- - D -- (3-54a)

x XX0x xy o3,

oA OA
F =vA- D _--D _ (3-54b)

Y YXax YYo_

The evaluation of Fx and Fy is carried out after using the inverse Fourier transform of A (that is, in the

Laplace domain) to estimate the spatial derivatives for the two types of source geometry considered

here (i.e., finite line source and Gaussian distributed source, respectively).
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Referring to Equation 3-42 the derivatives ofA (x,y,s) with respect to x and y may be obtained

after applying Leibniz's differentiation rule. Using the notation. E xfl = 0En/0x, E_ = 0E_/0y,

O0

OA _ AO 0(s) _'(x,o)Efi + W(x,o)E etax + _(x,o)E 0 do
Ox , o Ox (3-55)

i O0

OA = AO f q_ (3-56)"_" 0 (x,o)E_ 9(s)eraXdo ,

Using Equation 3..22a, we have

_'(x,o) = _(x,o) 2al(o - alx) '(3-57a)

with

U

al- 4D o ' (3-57b)
XX

Using Equations 3-22c and 3-22d, we have

erax tax
Ox

with

-- x

fJ - (3-59a)
22D o

and in the absence of longitudinal dispersion

- 1
= - . (3-59b)

U

With the error function defined either as

2 I o(x) 2
etf(a) _ 10 e d_ (3'-60a)
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or the integrand expanded in a power series convergent everywhere and integrated term by term to

yield

2[ a3 a5 a7 !erffa)= _nn a- -- + -- - -- + .... (3-60b)3 5,2! 7,31

its derivative with respect to the variable x may be then obtained after making use of Leibnitz's

differentiation rule. This is written as

a (eft(a)) = 2 _a
_" _ exp (-a2) -- • (3-61)Ox

X

tlence, for the two types of geometry of the source considered here, EQ and E_ will be handled

as follows:

Finite Patch Source

Applying the above equation to Equation 3-34, we obtain

d

- +Y-Y -g D

2pxV_n exp - 2p - 2" -'y +Yl - v - u D XX'X

d (3-62)

( a ( ° ))1+ exp - 2p . - 2 +y- Yl + v - u D X
Xx

d d

- +Y-Y -g - -Y+Yl+g (3-63)

2pV_n exp - 2p -exp - 2p

Gaussian Source

Using Equation 3-41, we obtain

2 Dyx x _

25



(y-_y_o-gl

Equation 3-55 may now be Written as

"-- X

l12Ol o_olx,c,,)10Adx- A° 0 q1(x,o) ,s+ h - R + (s+ _)1/2 Egr +_s+ h era×d° ' (3.-66)

Definitions are given now,

xFl = uE n-Dxx 2al(o-alx)E n + E_ - DxyE_ (3-67a)

_ct, Dix

iF2- _ Eft , (i x,y) (3-67b)

I I 'F = v - Dyx 2al(O-alX)E a + E n yyy 1 E_ - D E_ (3-67c)

F 1 = u E_ (3.-67d)

_ cfx (3-67e)
2

= cf,X' cfx
- - (3-67t3

2 2u

Substitution of Equation 3-43 and the inverse Laplace transform &Equations 3-56 and3-66 into Equa-

tions 3-54a and 3-54b gives

F, = A°e -ht qJ(x,o) iF1 erfc
' (t_Rx)V2

_2 (3-68)

+ iF2 + - " exp U (t- RX) do (i = x,y)
2(t- RX)3/2 (t- RX) 1/2 (t- RX)

2(_



Note that when the streamlines are normal to the source (i,e,, v = 0) and with l)×x = l)×y = 0, and in

view of Equation 3-50, Equation, 3-68 becomes

' I IP Aec ht F* erfc t'.= - U (t - RX') (3-69a)
x - 1 (t-- ICX') 1/2

Y YYE_ ct'lc U (t - RX') (3-69b)
(t- RX') 1/2

3,4 CUMULATIVE MASS FLUX

The cumulative mass flux is given by

t
M(t) = P'(_)d I, (3-70a)

0

where the integrand given by Equation 3-53 may be written as

2]1,'2F(_) = Fx(_) 1 + F (0) (3-70b)
X

Because of the complex nature of Equation 3-70a, a closed form solution of this may be obtained only

at the expense of some simplifications oi'the hydrodynamic dispersion phenomena inherent to the

transport process. Two solutions dealing with the case ofstreamlines parallel to the x axis will be

reported. The first will assume that the source is of uniform strength and extends to infinity (i.e,,

unidirnensional flow, Fy = 0). The second will assume the type of source considered in this work

where the streamlines are normal to the source (i,e,, v = 0), which accounts for both Fx and Fy, but

which ignores the longitudinal dispersion effects (i,e., l)xx = I)xy - 0).

3.4.1 UnidimensionalFlow(Fy = 0)

In the case of unidimensional flow, the y-.component of velocity and transverse dispersion in the

fracture are both zero (i.e., v = 0; I)xy Dyy = 0), p in Lquatmn 3-27 becomes zero also. In such a sit-

uation, the width of the patch source is ;;aid to extend to infinity; hence, functions El, and El' given by

Equations 3--34 and 3-62 will take the value of one and zero, respectively.
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With Fy(_) irl Equation 3-70b set to zero, Equation 3-70a becomes

fti 1M(t} = u A(_) - D d_ . (3-71)
0 xx ¢3x

In the presence oflongitudtnal dispersion, this integral is of the form

it I ,_,
M(t) = g(o,_) U(_-P,x)do d_ (3-72a)

0 0

it, ir_
= g(o,L) do d_ (3-72b)

0 , f'(_

where

x( R ) 1ra
xx

We may interchange the order of integration to yield

[_x, f t
M(t) = g(o, _)dLdo (3-72d)

f'_tj t'(o)

where

ff_) = - ftu) = RX2 ' (a- 2ol
XX

In the absence of longitudinal dispersion,

t,
M(t) = g(_) d _ . (3-73)

BX

Referring to Equations 3-67a, 3-67b, and 3-.67d, these become

F = u-,2D o (o-c_lx)× 1 _x i (3-74a)

_ _ ct,D
F - ,_x (3-74b)

x 2 %i/_z

F 1 : u (3-74c)
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using the definitions

I I I- Xt P"
= e cffc d t, (3-75a)

11 l_x

, 2

ft -._ - _ i_ X | [ (3-.75b}
12 "- _ e t--RX -I- d

v/{L_I x)'a

where t is given by Equation 3-67e, we may then ext}r(_,ssthe cumulative mass {lu× as

i ,Jo _ ,_
M{t} = A{' qJ(x,o}l×l 0' , I + t_" l,}ldo {3-76}

I'{t} . 1 I × 2 .

in the presence of longitudinal dispersion, and as

M(t) = A° {I,'_ It) {3-77)

when D× = 0. Integrating Equation 3-75a by parts gives

2

= - erfc + d (3-78)

We further define

e - ,_t I (1 [K°(u} = - --TC-cffc _ (3-79a}

. t-R× 1 (2Kl(a) = -'_ cxp - XB-. _ {I_, (3-79b}0 VL L

f t-RX l 2 1K_(u}-= 1 (:l
{} _exp -kt,- B (.tr (3-79c)

fRecognizing t,he following integral (Abramowitz and Stegun, 1972, p, 3(}4)

eP'l){lert py+- + e eft p¥--"" 3-80}
e -p _/ -" q dv .... 4p , ¥ ¥
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we may ewlluatoKI and K_ aftersubstltut,lrlgy = V_"_(forKI)andy = I/V_'(forK_),Thlsylolds

K,(_=-72_ e_'v_o,¢_,_ +V%(t-l_x_-e-_"v_e"_i -V_{_-rX) (:3-811

x/,l oalvff t _ + x&(t-RX) + e-"a_V_rfc W-RXK2(a) = 2-'a" V%"_ V'_(t-Rx) (3-82)

so that we may express lt and I2 (see [,lquatlons 3-75a and 3-7561 as

- - ,_RX
- Ee

Ii= Ko(r)+ ,_v/}_" , K2(_ ) (3-83)

-_a_,×lRX - " 112:= e _ K2(e)+ KI(c) , (3-84)2

We may then express the cumulative mass flux given by Equation 3-76 as

M(t) = AO q_(x,o) l,' . Ko(e) -t- K2(e ) + e -xRX I0 . K2(e) + K_(e) do

in the presence of longitudinal dispersion, and as

• = - ,_R×'

;( = _-)M(t) = A° t," K°(e) + _,V'7_ Ku(e) U(t ,- RX') (3..86)

=l

when l)xx = 0, wimre e is given by likluation 3-67f.

Note that l!,quation 3-85 is equivalent to

i { }-- --AR× --
Mit) = h" ttJ(x o) F l + e F . I U(t-Rxklo (3-.87)

0 ' × 1 1 x 2 2

m

where xFl, xF2, Ko, KI, and K2 are given by Equations 3-74a, 3-74b, 3-79a, 3-81, and 3-82.

3,4,2 No Longitudinal l)ispersion (Case where v = 0)

After proper substitution of Equations 3-.69a and 3-69b in Equations 3-54a and 3-54b and using

the following definition

lli'gl := (tl .,(],. -1- ([) YY ,_1, (3-88)
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l!]qu_Ltlon3-70a becomes

it

[VI(t)= -- A(x,y,t;)d_ , (3-89)

Basedon the derivations presented in the previous section, lt may be shown that the cumulative mass

flux in this casets given by an expression lde_tieal to Equation 3.86 with F[! substituting for I"_ ,

3,5RESULTS AND DISCUSSIONS

'rhoanalytical solutions presented in this section of tkmreport were verified by eoml:,arlson with

the available one- and two-dimensional analytical solutloas, The one.dimensional solution of'Ahn

eLtl l, (1985) enabled a checkortho performance of the reported solution_l related to the concentrations

In the fi'act,ure and rock matrix, as well as the mass and cumulative mass fluxes tn the fracture; the

two-dimensional solutton of Gureghian (198'7)enabled a check of the predictive capability of the model

with reference to the various boundary conditions at the source and in tlm absence of rock matrt×

diffusion,

Note that the adequacy of the transformation technique ofl, he integral (see Appendix 1])as well

as the quadrature scheme(Gauss-Legendre) adopted in this work have been thoroughly examined tna

previous report, (see Gureghian, 1987). lt might beof interest, to the reader to note that in practically

ali the test casesreported in this investigation, 60 quadrature points proved to yield a converging

cluadrature.

3,5,1 Casel: Concentration of Np-237 [n a
One-Dimensional Flow Domain

This test case deals witl_ the migration of Np-237 in a one-dimensional tqow domain, where the

concentration at the source is subjected to a stt-_prelease mode, The influence of the retardation lhctor

of the rock matrix on the concentration in the fracture anti rock matrix was investigated, '['o this effect

the flow field was assumed unidtmensiorml (i,e,, v - 0, [).vy= 0), and the concentration at the source

was simulated by means era plane source of infinite width, The input data pertaining to this test cttse

are pre!',ented in Table 3-1, Results reported for Cases lA anti III are obtained through the general

solution and the nondispersive form, respectively,
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Case lA- tnfluenc(_ ofRetardath)n li'actor in theRock Matrix

Figures 3..la und 3-1b show the relative concentrations of Np..237 in the fracture and rock

matrix (t.e,, at a distance of 100 In downstream ft'ore the source)corresponding to three values of rock

matrix retardation t'actor (R' = 1,102, and 104), Results reported in Tables 3.2a through 3-2c and

3-2¢t) are in excellent agreement with those reported by Ahn et al, (1985), The influence oi'the retard-

ation flitter or the rock matrix on the movement oi' the solute fl'ont in both fracture and rock is quite

noticeable, In both cases increasing w._itms of R' seem to retard the movement of'the solute fi'ont in

both media, The explanation fbr these results ts that the retardation factor of the rock matrix is reduc-

Ing the magnitude of the apparent diffusion coefficient; the key parameter gent*ing the migration pro-

cess ot'Np-237 in this medium e×erts in turn a marked influence on the mass transtbr process between

the rock matrix and the fl*acture respectively (see Equation 2-10), For example, a large value oi'the

retardation rector in the rock will increase the magnitude or the diffusive flux which may be interpre-

ted us a sink in the equation govt_rning solute transport in the h'acture and, conversely, as a source,

Referring to Figure 3-la it may be observed that the concentration at a given point (say 100 m)

decreast,,s with increasing values of it', To gain further insight into the diffusion processes In the rock

matrix and the importance o[' the retardation phenomenon the reader is referred to the work of

Neretnieks (1980),

'Pat)le 3-1, Input Parameters for Case 1

Species Np-237
Inltiul Concentration A"

(arbitrary units ofacttvity/[,a) 1

Tyl,,O of Release Modo Step

lhJundary Condition Infinite Plane Source

× 100,0 m

y O,0 m
d oo

u 10.0 m/y r

v ().0 rely r

17)xx Case lA: 1,0 m2/yr

Case 11_: 0,O m2/yr

Dyy 0,0 m2/yr

I)y× 0,0 m2/yr

l)p 0,01 m2/yr

TI/2 2, 14 x 10(_yr
b 0.005 m

(l_ 10_
R l

l{' 1, 1(}2 104

32



r_ t_





Table 3-2a. Case lA Results: Relative Concentration, Mass Flux, and

Cumulative Mass Flux in the Fracture for Np-237 With
, _,afinite Diffusion at Time t = 104 yr, and Rock ,X!atrix

Retai'dation Factor R' = 1 (Step Release Mode)

Longitudinal Cumulative
Distance Concentration Mass Flux Mass Flux

o o o
x (m) A/A F/A (m/yr) M/A (m)

1,Or .,+O1 9,956E-01 9,957E+OO 9.961E+04
1.0C ,_+O2 9,855E-01 9,855E+00 9,751E+O4
1,2OOE+O2 9.833E-01 9,833E+00 9,705E+O4
1,500E+O2 9.799E-O1 9,799E+O0 9,636E+O4
2.OOOE+O2 9,743E-01 9,743E+00 9,522E+O4

2.5OOE+O2 9.686E-01 9.686E+O0 9,409E+O4
3.OOOE+O2 9.63OE-O1 9,63OE+O0 9,297E+O4
4.OOOE+O2 9.517E-O1 9,517E+00 9,076E+O4
5,OOOE+O2 9.404E-O1 9,404E+00 8,859E+O4
7,OOOE+02 9,179E-O1 9,179E+00 8,437E+O4

1.OOOE+O3 8.841E-0i 8,841E+O0 7,834E+O4
1,25OE+O3 8,560E-O1 8.56OE+00 7.357E+O4
1.5OOE+O3 8,281E-O1 8,281E+00 6.903E+O4
1,750E+O3 8,OO2E-01 8.OO2E+00 6.471E+O4
2.0OOE+O3 7.726E-01 7,726E+00 6,O60E+O4

2,25OE+O3 7,452E-O1 7,452E+O0 5,67OE+O4
2.5OOE+O3 7,180E-01 7.18OE+00 5,301E+O4
3,OOOE+O3 6,645E-01 6,645E+00 4,619E+O4
4.OOOE+O3 5.619E-O1 5,619E+O0 3,465E+O4
5.OOOE+03 4.667E-O1 4.667E+O0 2,556E+O4

7.OOOE+O3 3,O37E-01 3,037E+00 1.318E+04
1,OOOE+O4 1.356E-01 1,356E+00 4,202E+O3
1.5OOE+O4 2,133E-O2 2,133E-01 3,894E+O2
2.OOOE+O4 1.561E-03 1.5B1E-02 1,746E+O1
3.OOOE+O4 3,959E-07 3,96OE-O6 1,827E-O3
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'Fable 3-2b, Case lA Results: Relative Concentration', Mass Flux, and
Cumulative Mass Flux in the Fracture _r Np-237 With
infinite Diffusion at Time t = 104 yr and Rock Matrix
Retardation Factor R' = 100 (Step Release Mode)

Longitudinal Cumulative
D_stance Concentratton Mass Flux Mass Flux

O o o
xl (m) A/A I F/A (m/yr) M/A (m)

1.OOOE+O1 9.855E-O1 9.856E+OO 9,TB2E+04
1,OOOE+O2 8.846E-O1 8.847E+00 7.915E+O4
1.2OOE+O2 8.624E-01 8.625E+00 7,545E+O4
1,5OOE+O2 8.292E-O1 8.293E+OO 7,017E+O4
2.OOOE+O2 7.746E-01 7.747E+OO 6.202E+04

2,5OOE+O2 7,21OE-01 7.211E+00 5i465E+04
3.0OOE+O2 6.688E-01 6.689E+OO 4.801E+O4
4.OOOE+O2 5.690E-01 5,691E+00 3.671E+O4
5,OOOE+O2 4,769E-01 4.77OE.00 2.771E+O4
7,OOOE+O2 3,195E-01 3.196E+00 1.516E+O4

1,000E+03 1.548E-01 1.548E+00 5.517E+03
1_250E+03 7.508E'02 7.511E-01 2,142E+03
1,500E+03 3,251E'02 3.252E-01 7.531E+02
1.750E+03 i,252E-02 1.253E-01 2.385E+02

2,000E+03 4,277E-03 4.279E-02 6,781E+01

2,250E+03 1.292E°03 1.292E-02 1.724E+01
2,500E+03 3.442E-04 3.444E-03 3.905E+00
3.000E+03 1.664E-05 1.665E-04 1.402E-01

Table 3-2c, Case lA Results" Relative Concentration, Mass Flux, and
, Irlu xCumulative Mass in the Fracture for Np-237 With

Infinite Diffusion at Time t = 104 yr and Rock Matrix z

Retardation Factor R' = 10,000 (Step Release Mode)

Longitudinal Cumulative
Distance Concentration Mass Flux Mass F%ux

o o o
x (m) A/A F/A (m/yr) M/A (m)

1,000E+O0 9.B55E-01 g,866E+O0 9.783E+04
1.000E+01 8.847E-01 8.858E+00 ?.943E+04
2,000E+01 7.748E-01 7.759E+00 6.235E+04
3.000E+01 6.693E-01 6,704E+00 4.838E+04
4,000E+01 5,700E-01 5.709E+00 3.708E+04

5.000E+01 4.783E-01 4.792E+00 2,808E+04
6.OOOE+01 3,953E-O1 3.961E+OO 2,O99E+O4 =
7.OOOE+01 3.217E-01 3.224E+O0 1.549E+04
8,OOOE+O1 2;576E-O1 2.582E+O0 1.127E+O4
9.OOOE+01 2,O3OE-O1 2.O35E+O0 8,O95E+O3

1.OOOE+02 i.574E-O1 1,578E+OO 5.732E+O3
1.2OOE+02 8.997E-02' 9.O24E-O1 2,753E+O3
1,5OOE+O2 3.418E-O2 3,430E-O1 8,192E+O2
2.000E+02 4.786E-03 4.807E-02 7,956E+01
2.500E+02 4.262E-04 4.284E-03 5,139E+00

3.OOOE+02 2.393E-O5 2.408E-O4 2,173E-01
4.OOOE+02 1.863E-08 1.878E-O7 1,047E-04
5.OOOE+02 2.218E-12 2.240E-11 8,409E-09
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Table 3-2d, Case lA Results: Relative Concentration in Rock Matrix (B/A °)

_r Np-237 at x = 100 in (Step Release Mode)
,, , , i

Elevation
Z (m) R t = 1 R' = 100 R' = 10,000

5,000E-03 9,855E'01 8,846E-01 1,574E-01
7,500E-03 9.854E-01 8.B32E-01 1,523E-01
1.000E-02 9.852E-01 8.818E-01 1.473E-01
2,000E-02 9.847E-01 8,763E-01 1.286E-01
3.000E'02 9,841E-01 8,707E-01 1,118E"01

5,000E-02 9,830E'01 8,596E-01 8.339E-02
6.000E-02 9:824E-01 8.541E-01 7.156E-02
?.O00E-02 9.819E'01 8,485E-01 6.114E-02
7.500E-02 9,816E-01 8.458E-01 5,642E-02
8.000E-02 9.813E'01 8,430E-01 5'.201E-02

9.000E-02 9,807E-01 8,375E-01 4.405E-02
1.000E'01 9.802E-01 8.320E-01 3.714E-02
1.200E"01 9.790E-01 8.210E-01 2.606E-02
1.400E-01 9.779E'01 8,100E-01 1,796E-02
1.600E-01 9.788E-01 7,gg1E-01 1.215E-02

1.800E-01 g,757E-01 7.882E-01 B.O?SE-03
2.000E-01 9,745E-01 7.774E-01 5,271E-03
2.200E-01 9,734E'01 7,866E'01 3,377E-03
2.400E-01 9.723E-01 7.558E-01 2.124E-03
2.600E-01 9.712E-01 7,451E-01 1.311E-03

3.000E-01 9.689E-01 7,239E-01 4.728E-04
3.500E'01 9.861E-01 6.g76E-01 1.187E-04
4.000E-01 9.B33E'01 6.718E-01 2,648E-05
4.500E-01 9.605E-01 6,461E-01 5.244E-06
5.000E-01 9.577E'01 6.209E-01 9,212E-07

7.000E-01 9,464E-01 5.249E-01
1.000E+O0 9.296E-01 3.966E-01
2.000E+O0 8.738E-01 1,201E-01
3.000E+O0 8.185E-01 2.373E-02
4.000E+O0 7,642E-01 2.g90E-03

5,000E+O0 7.109E-01 2,389E-04
6,O00E+O0 6.591E-01 1,169E-05
7,O00E+O0 6,088E-01 3.588E-07
1.000E+01 4.692E-01 5,479E-13
2.000E+01 1.526E-01

3,000E+01 3.256E-02
3,500E+01 1,274E-02
3,800E+01 1.041E-02
3.700E+01 8.476E-03
3,800E+0i 6,867E-03

3,900E+01 5,538E-03
4.000E+01 4.446E-03.
5,000E+01 3.824E-04
6,000E+01 2,051E-05
?,O00E+01 6.812E-07

8.000E+01 1.395E-08
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Figures 3-1c and 3-ld show the relative mass flux and cumulative mass flux in the fracture

as a function of distance for a leaching time of 104 years for tile three values of the retardation factor
,

Results reported irl Tables 3-2a through 3-2c agree very well with those reported by Ahn et al. (1985).

In both cases the influence of an increasing retardation factor of the rock matrix seems to manifest

itself by a decreasing mass accumulation at a given point, a consequence of the decreasing concentra-

tions registered in such a situation.

Case lA-Time-Dependent Concentrations, Mass Flux,
and Cumulative Mass Flux

Figures 3-le, 3-lr, and 3-1g show the breakthrough curves of Np-237 in the fracture, the tem-

poral variations of the relative mass flux, and cumulative mass flux at an observation point located

100 m downstream from the source. These results were obtained through the solution of the general

form of the transport equation. Tabulated results given in Tables 3-2e, 3-2f, and 3-2g indicate excel-

lent agreement with those ofAhn et al. (1985).

Case 1B- Influence of Retardation in the Rock Matrix

(No Longitudinal Dispersion)
--
-

Using the same set of data as for Case lA (see Table 3-1), a similar investigation was subse-

quently carried out, ignoring the longitudinal dispersion effects (i.e., I)xx = 0) in order to verify this

particular solution method (see Section 3.2)i ::=
_

Figures 3-2a, 3-2b, 3-2c, and 3-2d show the concentration in the fracture, the concentration in
-_.._

the rock matrix, the relative mass flux, and cumulative mass flux (at a distance 100 m downstream

from the source), Tabulated results indicate excellent agreement with those ofAhn et al. (1985) (see

also Tables 3-3a, 3-3b, 3-3c, and 3-3d). Note that because of the small magnitude in the value of the _

longitudinal dispersion considered in the former case (i.e., I)xx = 1.0 m2/yr), the results yielded by

their respective solutions are practically undistinguishable, -_

Case 1B - Time-l)ependent Concentrations,
Mass Flux, and Cumulative Mass fflux

Figures 3-2e, 3-2f, and 3-2g show the breakthrough curves of Np-237 in the fracture, the varia-

tions of the relative mass flux, and cumulative mass flux at 100 m downstream from the source,

respectively. Tabulated results given in Tables 3-3e, 3-3f, and 3-3g, indicate excellent agreement with

those ofAhn et al. (1985).
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'l'al._lo 3.2e, (,ast_ lA Results: Relative Cor_c_t_tt'aLlot_, Mass I iu×, and

Cum_lative Mass Plux in Lhe [i't'actul'e lhr Np-237 (]vet' Time
With Rock Matrix Rotaz'datton l,'actot' l{ ° = t (SLop I{ol¢_ase
Mode)

Oun_latlve
Conoentration Rass FlUx Mass Flux

o o o

Time (yP} h/h F/A (m/yP} M/A lm)

1,000E+01 1,981E-02 2,054E-01 4,g21E-02
1,100E+01 1,587E-Ol 1,00DE+O0 B,BI3E-01
1,200E+01 3,120E-01 3,137E+00 3,283E+00

/ 1,300E+01 4,10DE-01 4,122E+00 B,g48E+O0
1,400E+01 4,774E-01 4,784E+00 1,142E+01

1,BOOE+01 5,257E-01 5,2BBE._.OC 1,B48E+01
2,000E+01 6.543E-01 8,B48E+O0 4,64gE+01
2,300E+0t 8.946E-01 8,950E+00 8,677E+01
2,BOOE+01 ?,148E-01 7,1B2E+O0 8,088E+01
2,aOOE+01 7,387E-01 7,3gOE+O0 1,027_+02

3,000E+01 ?,BITE-01 7,520E+00 1,170E+02
B.OOOE+01 8,414E-01 8,41BE+00 3,596E+02
1.000E+02 8.B15E-01 8,810E+00 7,054E+02
3,000E+02 9,337E-01 g,338E+O0 2.536E+03
B,OOOE+02 _,534E-01 9,5_4E+00 B,372E+03

1,000E+03 9,_38E-0t B,B39E+O0 9,20gE+03
3,000E+03 9,784E-01 g,784E+O0 2,SB?E+04
4,500E+03 9,817E-01 g,617E+O0 4.338E+04
6,000E+03 9,835E-01 9,835E+00 5,812E+04
8.000E+03 g,B48E-01 g,848E+O0 7,TBOE+04

1,000E+04 g,855E-01 9.SBSE+O0 9,751E+04
3,000E+04 9,B39E-.01 9.839E+00 2,946E+05
6,000E+04 9,762E-01 9.TB2E+O0 _,88BE+05
1,000E+O_ 9,B47E-01 g. B47E+O0 9,788E+05
3,000E+05 9,055E-01 g. OB_E+O0 2,847E+06

6,050E+05 8,222E-01 8,222E+00 5,437E+Ofl
1,000E+06 7,22BE-01 7,22_E+00 B,522E+06
3,000E+06 3,782E-01 3,782E+00 1,918E+07
6,000E+06 1,431E-01 1,431E+00 2,842E+07
1,000E+07 3,919E-02 3.919E-01 2,gB3E+07

3.000E+07 6,024E-05 6,024E-04 3,0B4E+07

/
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't"alole 3.,2l', Ca_o lA l_usult_: Rolative Cor_eor_tt'atton, MaHH Flu×0 and

CumulatLw Mass l,'lu× t,1 tho I'_t't_cLL_t'ot_z' Np-237 ()ro,' 'l'lmo

With Rozk MaLi'l× l'_,otaz'datl_),_ l"actol' I_' = 100 (Stop l(ultJaso
Modo)

Curnula_Ivo
Conaontrat4on Mas= Flux Mass Flux

o o o
T_me (yr) A/A F/A (m/yr) M/A (m)

2,BOOE.0t 3,BOLE-04 3_B_2E-03 6,BBBE-03
2,800E+01 1,042E-03 1,OB?E-02 2,OBBE-02
3,000E+01 1,824E-03 1,B48E-02 B,B12E-02
8,000E+01 4,04gE-02 4,873E-01 O,03BE+O0
1,000E+02 1,370E-01 1,374E+00 4,291E+01

3,000E+02 4,0BEE-01 4,(,?OE+O0 B,32_E+02
O,O00E+02 E,OO4E-01 B JOBE+O0 2,_'18E+03
1,000E+03 8,B29E-01 _,B33E+O0 4,BBBE+03
3,000E+03 7,9B2E-01 7,954E+00 1,942E+04
4,500E+03 8,31BE-01 B,318E+O0 3,1BBE+04

E,OOOE+03 B=B3, E-01 B,B35E+O0 4,431E+04
8,000E+03 8,720E-01 8,722E+00 ' 6,158E+04
1,000E+04 8,848E-01 8,847E+00 ?,01BE+04
3,000E+04 9,259E-01 9,259E+00 2,81BE+OB
6,000E+04 9,358E-01 B,3BBE+O0 B,412E+OU

1,000E+05 9,330E-01 9,33BE+00 _,IB3E+OB
3,000E+OS 8,887E-'01 E,ES?E+O0 2,741E+08
B,OOOE+05 8,114E-01 8,114E+00 _,291E+06
1,000E+OB ?,152E-01 7,152E+00 8,34lE+OB
3,000E+08 3,780E-01 3,780E+00 1,890E+07

6,000E+06 1,426E-01 1,426E+00 2,612E+07
1,000E+O? 3,906E-02 3,90_E-01 2,g32E+O?
3,000E+07 6,013E-05 6,013E-04 3,052E+07
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'l'ablo 3.'2g, Caso lA ltosults: l_,olaLivoConeont_'atio)-_, ,Ma,_,_l lux, and
Cumulative Mass Flu× in rho l'_l'ttctu_'_l'ot' Np-237 (.)rez''I'lmo
WiLhRock Matl'ix l,_ottlrchitioI_li'actol , 1_' = lO,O00(SLop
Roloaso Modo)

Cumulat t va
Conoentratlon Mass Flux Man Flux

o o D
T_me (yr) A/A F/A (tn/yr) M/A (m)

3,000E+03 t,018E-02 1,028E-01 _,797E+01
4,B00E+03 3,587E-02 3,B?BE-01 3,BB3E+02
8,000E+03 8,844E-02 8,872E-01 1,187E+03
8,0008+03 I,142E-01 1,148E+00 3,002E+03
1,000E+04 1,B?4E-01 1,578E+00 5,732E+03

3,000E+04 4,104E-01 4,109E+00 8,887E+04
8,0008+04 8,B2gE-01 8,833E+00 2,148E+0_
t,000E+OB 8,339E-01 8,342E+00 4,844E+08
3,000E+OB ?,228E-01 7,227E+00 1,848E+08
8,000E+05 7,041E-01 7,042E_00 4,002E+08

1,000E+08 8,420E-01 8,421£+00 8,8g_E+08
3,000E+08 3,538E-01 3,B3BE+O0 1,844E+07
8,O00E+OB 1,388E-01 1,388_+00 2,330E+07
1,000E+O? 3,?80E-02 3,781E-01 2,838E+OT
3,000E+07 5,901E-05 8,901E-04 2,?BBE+07
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Table3-3a, Case 1BResults: RelativeConc,_nt,'ation, MassFlux, and
Cumulative Mass Flux in the _'_'acture tbr Np-237 With
Infinite Diffusion atTime t = 104 yr and Rock Matrix
Retardation Factor R' = 1 (Step Release Mode}

,Long1_ud|nal Cumulatlve
D|stance Concentration Mass Flux Mass Flux

o o o
x (m) A/A F/A (m/yr) M/A (m)

1,000E+01 9,956E-01 9.956E+00 9,960E+04
1.000E+02 9,855E-01 9,855E+00 9,750E+04
1,2QOE+02 9.833E-01 9,833E+00 9,7_4E+04
1.500E+02 9,799E-01 9.799E+00 9,_35E+04
2,000E+02 9.743E-01 9,743E+00 9.521E+04

2,500E+02 9,686E-01 9,68BE+00 9,408E+04
3,000E+02 9,630E-01 9.630E+00 9,296E+04
4,000E+02 9,517E-01 9,517E+00 9.075E+04
5,000E+02 9,404E-01 9,404E+00 8,859E+04
?,O00E+02 9,179E-01 9,179E+00 8.437E+04

1,000E+03 8,841E-01 B.841E+O0 7.833E+04
1.250E+03 8.560E-01 8,560E+00 7,356E+04
1,500E+03 8,281E-0t 8,281E+00 6.902E+04
1,750E+03 8,002E-01 8,002E+00 6,470E+04
2,000E+03 7.726E-01 7,726E+00 6,060E+04

2,250E+03 7.452E-01 7,452E+00 5.670E+04
2.500E+03 7.180E-01 7,180E+00 5.301E+04
3,000E+03 6.645E-01 6.645E+00 4.619E+04
4,000E+03 5,B19E-01 5.619E+00 3.465E+04
5,000E+03 4,666E-01 4,666E+00 2,556E+04

7,000E+03 3,037E-01 3,037E+00 1.318E+04
1.000E+04 1,356E-01 1.356E+00 4.201E+03
1.500E+04 2,133E-02 2,133E-01 3,892E+02
2.000E+04 1,560E-03 1,560E-02 1.744E+01
3 O00E+04 3.946E-07 3.946E-06 1.820E-03
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Table 3-3b, Case 1B Results: Relative Concentration, .Mass Flux, and
Cumulative Mass Flux in the Fracture }'oz'Np-237 With
Infinite Diffusion at Time t = 104 yr and RockMatrix
Retardation Factor R' = 100 (Step Release Mode)

Longitudinal Cumulative
Dtstance Conaentratton Mass Flux Mass Flux

o o o
x (m) A/A F/A (m/yr) M/A (m)

1,000E+01 9,855E-01 9,855E+00 9,759E+04
1,000E+02 8,848E-01 8,848E+00 ?,913E+04
1,200E+02 8,624E-01 8,624E+00 7,543E+04
1.500E+02 8,292E-01 8,292E+00 7,014E+04
2,000E+02 7,746E-01 7,748E+00 6,200E+04

2,500E+02 7,210E-01 7,210E+00 5,463E+04
3.000E+02 6,887E-01 6,887E+00 4.799E+04
4,000E+02 5,egOE-01 5,890E+00 3,869E+04
5,000E+02 4,789E-01 4,769E+00 2,TegE+04

: 7,000E+02 3.195E-01 3,195E+00 1,515E+04

1,000E+03 1,547E-01 1,547E+00 5,509E+03
1.250E+03 7.501E-02 7,501E-01 2,138E+03
i,500E+03 3.248E-02 3,248E-01 7,508E+02
1.750E+03 1,249E-02 1,249E-01 2,375E+02
2.000E+03 4.281E-03 4,281E-02 6,742E+01

2.250E+03 1.285E-03 1,285E-02 1,711E+01
2.500E+03 3,417E-04 3,417E-03 3,B67E.O0
3.000E+03 1.844E-05 1,644E-04 1,381E-01

, _, ,,

Table3-3c. Case lB Results: Relative Concentration, Mass Flux, and
Cumulative Mass Flux in the Fracture _r Np-237 With
Infinite Diffusion at Time t = 104 yr and I_ock Matrix
Retardation Factor R' = 10,000 (Step Release Mode)

Longitudinal _ Cumulative
Distance Concentration Mass Flux Mass Flux

o o o

x (m) A/A F/A (m/yr) M/A (m)

1,000E+O0 9,855E-01 9.855E+00 9,760E+04
1,000E+01 8,B47E-01 8.847E+00 7.921E+04
2.000E+01 7.748E-01 7.748E+00 6,214E+04
3.000E+01 6.692E-01 6.692E+00 4,817E+04
4.000E+01 5,697E-01 5,697E+00 3.689E+04

5.000E+01 4,778E-01 4,778E+00 2.790E+04
6.000E+01 3,947E-01 3,947E+00 2.0B3E+04
7,000E+01 3.210E-01 3,210E+00 1.535E+04
8,000E+01 2,569E-01 2.569E+00 1,116E+04
9.000E+01 2,022E-01 2,022E+00 7,995E+03

1.000E+02 1.566E-01 1.566E+00 5.649E+03
1.200E+02 B,920E-02 B.920E-01 2,899E+03
1.500E+02 3,365E-02 3,365E-01 7.954E+02
2.000E+02 4,622E-03 4,622E-02 7.542E+01
2.500E+02 3.gBgE-04 3.gB9E-03 4.?OOE+O0

3.000E+02 2,140E-05 2.140E-04 1.889E-01
4,000E+02 1,43BE-OB 1,438E-07 7.TBOE-05
5,000E+02 1.348E-12 1.348E-11 4.875E-09
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Table 3-3d, Case 1B Results: Relative Concentrati.on in Rock Matrix (B/A°) for Np-237 at

x = 100 m and Dxx = 0 (Step Release Mode)

Elevation
z (m) R' = 1 R' = 100 R I = 10,000

5,000E-03 9,855E-01 8,846E-01 1.586E-01
7,500E'03 9,854E-01 8,832E-01 1,515E'01
1,000E'02 9,852E-01 8,818E'01 1.465E'01
2,000E.02 9,847E-01 8.763E-01 1,278E'01
3,000E-02 9,841E'01 8,707E'01 1,111E-01

5,000E'02 9,830E-01 8,598E-01 8,278E-02
6,000E'02 9,824E'01 8,541E"01 7,100E-02
7,000E'02 9,819E-01 8,485E'01 6,063E-02
7,500E-02 9.818E-0t 8,458E'01 5,593E'02
8,000E-02 9,813E-01 8.430E'01 5,155E'02

g,OOOE-02 9,807E-01 8.375E-01 4,363E.02
1.000E'01 9,802E-01 8,320E-01 3,877E-02
1.200E'01 9 790E-01 8,210E-01 2,57BE-02
1,400E-01 9,779E-01 8,100E-01 1.773E-02
1,800E'01 9,768E-01 7,991E"01 1.198E-02

1.800E-01 9,757E-01 7.882E-01 7.953E-03
2.000E-01 9,745E-01 7.774E-01 5,182E-03
2,200E-01 9.734E-01 7.666E-01 3,314E-03
2,400E-01 9.723E-01 7.558E-01 2,081E-03
2 600E-01 9.712E-01 7.451E-01 1.282E-03

3,000E-01 9,689E-01 7,238E-01 4.604E-04
3,500E-01 9,661E-01 6.976E-01 1.150E-04
4,000E-01 9,633E-01 6.716E-0! 2.552E-05
4.500E-01 9.605E-01 6.481E-01 5.024E-06
5.000E-01 9.577E-01 6.209E-01 8,766E-07

7,000E-01 9.464E-01 5,249E-01
1,000E+O0 9,296E-01 3.966E-01
2.000E+O0 8,738E-01 1,201E-01
3,000E+O0 8,185E-01 2.372E-02
4,000E+O0 7.642E-01 2.990E-03

5,000E+O0 7.109E-01 2,368E-04
6.000E+O0 6.591E-01 1,168E-05
7,000E+O0 6.088E-01 3,566E-07
1,000E+01 4,692E-01 5 473E-13
2.000E+01 1,528E-01

3,000E+01 3.256E-02
3,500E+01 1.274E-02
3,600E+01 1,041E-02
3,700E+01 8.476E-03
3.800E+01 6.867E-03

3,900E+01 5,538E-03
4,000E+01 4,448E-03
5.000E+01 3,824E-04
6.000E+01 2.051E-05
7.000E+01 6.812E-07

8,000E+01 1,395E-08

t.lu
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Table 3-3e, Caso 1B Results: RalaLlve Conc(_ntration, Mass Flux, and
Cumulatiw_ Mass Flu× in tho Fracture for Np-237 Ovur'l'inm
With Rock Matrix RetardattotL Factor 1{' = l (Sl, ep l_.eleaso
Mode)

Cumulative

Conoentratlon Mas9 Flux Mass Flux
o o o

Tlm e (yP) A/A F/A (m/yr) M/k (m)

4,000E+01 O,O00E+O0 O,O00E.O0 O,O00E+O0
1,100E+01 1,573E-01 1,573E+00 5,879E-01
1,200E+01 3,173E-01 3,173E+00 3,014E+00
1,300E+01 4,142E-01 4,142E+00 6,707E+00
1,400E+01 4,795E-01 _,795E+00 1,119E+01

1,500E+01 5,271E-01 5°271E+00 1,624E+01
2,000E+01 6,B47E-01 6,547E+00 4,628E+01
2,300E+0t 6,g49E-01 8,949E+00 8,85BE+01
2,500E+01 7,150E-01 7,1BOE+O0 8,067E+01
2,800E+01 7,389E-01 7,389E+00 1,025E+02

3,000E+01 7,518E-01 7,518E+00 1,174E+02
8,000E+01 8,415E-01 8.415E+00 3,594E+02
1,000E+02 8,815E-01 8,815E+00 7,051E+02
3,000E+02 9,337E-01 9.337E+00 2,535E+03
6.000_+02 9,534E-01 9,534E+00 5,371E+03

1.000E+03 9,638E-01 9,638E+00 9,208E+03
3,000E+03 9,784E-01 9,784E+00 2,867E+04
4,500E+03 9,817E-01 9,817E+00 4,338E+04
6,000E+03 9,835E-01 9,835E+00 5,812E+04
8.000E+03 9,848E-01 9,848E+00 7,780E+04

1000E+04 9,855E-01 9 855E+00 9 750E+04
3 O00E+04 9,839E-01 9 839E+00 2 946E+05
6 O00E+04 9,782E-01 9 762E+00 5 886E+05
1000E+05 9,B47E-01 9 647E+00 9 76BE+05
3 O00E+05 9 055E-01 9 055E+00 2 847E+06
6 O00E+05 8 222E-01 8 222E+00 5 438E+06
1000E+O8 7 225E-01 ? 225E+00 8 522E+06
3 O00E+06 3 782E-01 3 782E+00 1 918E+07
6 O00E+08 1 431E-01 1 401E+O0 2 642E+07
1000E+O? 3 919E.,,02 3 91gE-01 2 963E+07

3,000E+O? 6,024E-05 6,024E-04 3,084E+07
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'?able 3.ttl', C_Lso11:3Re._ults: Relative Cone_nmLtLon, Mu,_,9Flux, und
Cuxnulatlve .'vlas_ Flux in thu Praetur_ for Np-237 Over Time
With Rock Matrt× Retardation lhletor I{' = 100 (Step I_.ele_uqo
Mode)

Cu_J1at_ve

Conoentra_lon Mass Flux Mass FlUx
o o o

T_me (yr) AIA FIA (mlyr) MIA (m)

2,BOOE+01 2,BO?E-04 2,BOTE-Oa 4,403E-03
2,800E+01 B,BB1E-04 8,B81E-03 1,gg?E-02
3,000E+01 1,SBBE-03 1,5BBE-02 4,374E-02
B,OOOE+01 4,BBOE-02 4,BSOE-O1 B,TBgE+O0
'l,O00E+02 1,360E-01 1,3BOE+O0 4,211E+01

3,000E+02 4,062E-01 4,062E+O0 B,29BE+02
B,OOOE+02 5,BO3E-01 5,BO3E+O0 2,114E+03
1,000E+03 B,529E-01 B,B2BE+O0 4,582E+03
3,000E+03 7,gB1E-01 7,gB1E+O0 1,941E+04
4,BOOE+03 " 8,31BE-01 8,316E+00 3,164E+04

i

6,000E+03 B,B34E-01 6,534E+00 4,429E+04
B,OOOE+03 B,720E-01 8,720E+00 6,1BBE+04
1,000E+04 8.84BE-01 8,84BE+00 7,913E+04
3,000E+04 g,2BgE-01 9,2BgE+O0 2,B14E+O5
6,O00E+O_ 9,35BE*01 9,35BE+00 B,412E+OB

1,000E+OB 9.336E-01 g,336E+O0 9,1B3E+OB
3,000E+05 8.SB?E-01 B,BB?E+O0 2,?4lE+OB
8,000E+05 B,114E-01 B,I'I4E+O0 B,291E+OB
1,000E+OB ?,lB2E-01 7,!B2E+O0 8,340E+OB
3,000_+OB 3,?BOE-01 3,TBOE+O0 1,890E+07

8,000E+06 1,42BE-01 1,42BE+00 2.B12E+07
1,O00E+07 3.908E-02 3,906E-01 2,g32E+O?
3,000E+07 6,013E-OB B,O13E-04 3,0B2E+07

Table 3-3g, Ca,_e 1B Results: Relative Content, ration, Mass Flux, and
Cumulative Mass Flux in the Fracture for Np-237 Over Time
With Rock NIuLrix Retardation Factor R.' = 10,000 (Step
Release Model

CumUlative
Concentration Mass Flux Mass Flux

o o o

Time (yr) A/A F/A (m/yr) M/A (m)

3,000E+03 9,B92E-03 9,BB2E-02 5.354E+01
4,500E+03 3,47BE,-02 3,47BE-01 3,719E+02
B,OOOE+03 6,753E-02 B.TB3E-01 1,134E+03
B,OOOE+03 1,133E-01 1,133E+00 2,944E+03
1,000E+04 1,SBBE-01 1,SBBE+O0 5,B49E+03

3,000E+04 4,101E-01 4,101E+00 6,659E+04
B,OOOE+04 5,52BE-01 5,528E+00 2,143E+05
1.000E+O_ 6,33BE-01 B,33BE+O0 4.53BE+05
3,000E+05 7,225E-01 7,225E+00 1,B47E+OB
B.OOOE+05 ?,041E-01 7,041E+00 4.000E+OB

1,000E+06 B,420E-01 6,420E+00 B,89?E+OB
3,000E+06 3,538E-01 3,53BE+00 1,B44E+07
B,OOOE+O6 1,3BBE-01 1,3BBE+O0 2.330E+07
1,000E+O? 3,780E-02 3,780Eo-01 2.63BE+07
3,000E+07 5,901E-05 5,901E-04 2,755E+07
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This Lost caso doals with Lh_ migration of Np-237 in a omr. cllmc._t_sl_nal flow ciomaln in t,ho

absence ot"longitudinal dLspor_lon, Tho eoneontrat, lon at I,htt soureu Is sul._jtle,l,i_dt,u a lmlld l'oloa,,qo mod(_

wlt,h a ltmeh time eorl'osponding to 5,000 ,vea_'s, and thc_ rutat'clatlon ['actor of rho f'_'aeturo Is t,aklJn as

tinily, Similar tt_ tho provious caso, tho lnfluc_neo of th_ rock maLrlx t'_,tard_ttlon ['actor on rho eonctln,

traLion in the l'l'acturo and fock matrix was lnvostlgated, The inpl.lt data purtalr_ing Lol,hIl_ ea,_o art;

pro,_entod tn Table 3-4, The roportod results are obtalnod through the nundl_porstvo fi]rm of the

gi3rloral soil.li, ton,

Figures 3-3a, 3..3b, 3-3c show rho relative concontration, tho mass flu×, and cumultittvo mass

flux of Np-237 in the fr'aeturo; l,'lguro 3-3d shows rho relative clt_neontratlon In rho rock matrl× aL a dis..

taneo _)f 100 m downstroam from th(_ source. Th/'oo valu(.ts of fock nmi, r'i× rotar'dat, ion factor (1{_ = 1,

I00, and 10,000) aro e×aminod. 'I'abulatod results In Tablos 3-5 and 3-6 show excollont agreement

with thoso i'oportod by Ahn ot al, (1985).

Figures 3..,_a, 3..4b, and 3-4e show tile tlmt3.dependont relative conct3nt_'atton, mass flux, and

cun_ulativo mass flux in rho t'racturo at; a distance of 100 m l¥om I,ho sc_urco. Again, throo values of

rock matrix retardation aro examlnod, The pt_ak of th_3c,.urvos shown in t,'ig'_r'(_s 3-4a and 3...4b denot, c_s

rho markod tnflueneo of tile fock rlltltl'i× rotardatlon fact;or. The rate of eonc(3ntration doel'ease oi"

Np-237 at this monitoring station past rho leaching time in [nfluoncod to a large extent by [he

prevailing concentration gradient aL the fracture wall, which gears rho (r'i,,vt3v'seci)diffusion process

(t,o.,/'()cii matri× to fracture; tht3 higher tho retardation factor thc_ higher tht_ gl"adi(_,nt), The timo lapse

for the concontration to/'each a z(3_'ovalue at this point will dopc;nd on the mass of Np-237 accumulatod

in the rock matri×; the l(_worthe retardation factor tho longc_r the ttmo lapsc.,, 'l'ahulatod results in

Table 3-7 show o×collent agreement with those reportt:;d by Ahnet al, (1985) fl_r 1{' -: 1.
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, Table8-4,Inpul,Parllmot;orstbrCurio2

Species Np.237

NI t At )Initial Concontration

(arbitrary units o('aetivtty/I.,_]) l

Typo of Rotease Mode Band

Boundary Condition Inltrlite Plane Source

x _ 100,0 m

y O,0 rn

d oo

u 10,0 m/y r

v 0,0 m/yr

Dxx 0,0 m2/yr

Dyy 0,0 m2/yr +,,

Dyx 0,0 m2/yr

Dp 0,01 m2/yr

Tr/2 2,14 x 10_ yr

T 5 x 103 yr

b 0,005 m

(_ 10-2

R 1

l_' 1, 102, 104
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Table 3-5a, Case2 Results: Relative Concentration, Mass Flux, and
Cumulative Mass Flux in the Fracture for Np-237 with
Infinite Diffusion atTime t = 104 yr and Rock Matrix
Retardation Factor R' = 1 (Band Release Mode)

Longitudinal CumulatiVe
Distance Concentration Mass FlUx Mass Flux

o o o
x (m) A/A F/A (m/yr) M/A (m)

1,000E+O0 4,659E-05 4,659E-04 4,995E+04
3,000E+O0 1,398E-04 1,398E-03 4,994E+04
1,000E+01 4,660E-04 4,6eOE-03 4,989E+04
3,000E+01 1,399E-03 1,399E-02 4.976E+04
1,000E+02 4,668E-03 4,668E-02 4.930E+04

3,000E+02 1,405E-02 1,405E-01 4,797E+04
1,000E+03 4.693E-02 4,693E-01 4,333E+04
3,000E+03 1,302E-01 1,302E+00 3,055E+04
6,000E+03 1,80iE-01 1,801E+00 1,50eE+04
8,000E+03 1,568E-01 1,568E+00 8.198E+03

1,000E+04 1,103E-01 1,103E+00 3,976E+03
1,500E+04 2,099E-02 2,099E-01 3,879E+02
1,800E+04 4,914E-03 4,914E-02 6,661E+01

2,000E+04 1,560E-03 1,560E-02 1,744E+01
2.300E+04 2,092E-04 2.092E-03 1.772E+00

2,400E+04 9,856E-05 9,856E-04 7,831E-01
2,500E+04 4,441E-05 4,441E-04 3,146E-01
2,600E+04 _,911E-05 1,911E-04 1,240E-,01
2,700E+04 7,831E-06 7,831E-05 4,659E-02
2.800E+04 3,051E-06 3,051E-05 1,666E-02

3,000E+04 3,946E-07 3,946E-08 1,820E-03
4,000E+04 2,80EE-13 2,806E-12 5.792E-10



Table 3..5b. Case 2 Results: Relative Concentration, Mass Flux, and
Cumulative Mass Flux in the Fracture _r Np-237 atTime t =
104 yr and Rock Matrix 'Retardation Factor _' = 100 (Band
Release Mode)

Longitudinal Cumulative
Otstance Concentration Mass Flux ' Mass Flux

o o o
x (m) A/A F/A (m/Yr M/A (m)

1,000E+O0 4,659E-04 4,659E-03 4 989E+04
3,000E+O0 1,398E-03 1.398E-02 4 976E+04
1,000E+01 4.B59E-03 4,659E-02 4 930E+04

3,000E+01 1.397E-02 1.397E-01 4 797E+04
1,000E+02 4.601E-02 4 601E-01 4 337E+04

2.000E+02 8,823E-02 8 823E-01 3 69eE+04
3.000E+02 1 232E-01 1 232E+00 3 089E+04
4,000E+02 1 485E-01 1 485E+00 2 532E+04
5.000E+02 1 630E-01 1 630E+00 2 033E+04
6,000E+02 1 669E-01 1 669E+00 1 599E+04

7,000E+02 1 614E-01 1 614E+00 1 232E+04
8,000E+02 1 488E-01 1,488E+00 9 301E+03
9,000E+02 1 313E-'01 1,313E+00 6 875E+03
1,000E+03 1 115E-01 1,115E+00 4 978E+03
1,500E+03 3.015E-02 3,015E-01 7 342E+02

2,000E+03 4,216E-03 4,216E-02 e 722E+01
3,000E+03 1.644E-05 1,644E-04 1 381E-01
4,000E+03 ?.739E-09 7,739E-08 3 906E:05

Table3-5c, Case "_Results: Relative Concentration, MassIlux, and

Cumulative .Mass Flux in the i"racture for" Np-237 at Time t =
104 yr and Rock Matrix Retardation t_actor It' = 10,000 Band
l?.elease Moclel

Longitudinal Cumulative
O_stance Concentrattor_ Mass Flux Mass Flux

o o o
x (m). A/A F/A (m/yP) M/A Im_

1.000E+O0 4,658E-03 4 658E-02 4.930E+04
3.000E+O0 1,396E-02 1 396E-01 4 797E+04
1.000E+01 4,592E-02 4 592E-01 4 337E+04
2.000E.01 8,789E-02 8 789E-01 3 697E+04,
3,000E+01 1.225E-01 1 225E+00 3 093E+04

4,OOOE+01 1.475E-O1 1 475E+OO 2 537E+O4
5.OOOE+O1 1.618E-O1 1 618E+OO 2 041E+O4
6,OOOE+01 1,656E-O1 1 656E+OO 1 608E+O4
7,OOOE*O1 1 603E-O1 1 603E+OO 1 243E+O4
8,0OOE+O1 1 479E-O1 1 479E+OO 9 408E+O3

9,OOOE+01 1 309E-O1 1 309E+OO 6 981E+O3
1.OOOE+02 1 114E-O1 1 114E+OO 5 079E+O3
1,50OE+02 3 1OOE-O2 3 1OOE-O1 7 755E+O2
2,OOOE*O2 4 56OE-O3 4 56OE-02 7 512E+O1
3,OOOE+O2 2 140E-O5 2 14OE-O4 1 889E-O1

4,000E+02 1 438E-08 1 438E-07 7 780E-05
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Table3-6a. Case 2 Results: Relative Concentration in t:he Rock Matrix for

Np-237 at Time t = 104 yr anti Rock Matrix Retardation

F'actor R' = 1 (Band Release Mode)

VePttcal
Distance Concentration

o
z (m) B/A

1000E-02 4 785E-03
3 O00E'02 5 252E-03
1000E-01 6 885E-03
3 O00E-01 1 155E-02
1000E+O0 2 775E-02

3 O00E+O0 7,184E-02
1000E+01 1,627E-01
1,500E+01 1,536E-01
2 000E4,01 1.095E-01
2 500E+01 6,280E-02

3 O00E+01 3 006E-02
4 O00E+01 4,389E-03
5 O00E+01 3,819E-04
6 O00E+01 2,051E-05

Table3-6b. Case 2 Results: Relative Concentration in the RockMatrix for

Np-237 at Time t = 1 x 104 vr and Rock Matrix Retardation

I,'actor R' = 100 (Band Release Mode)

VePttcal
Distance Concentration

o
z (m) B/A

1000E-02 4,712E-02
3 O00E-02 5,156E-02

1000E-01 6,670E-02
3 O00E-01 1,056E-01
1000E+O0 1,657E-01

1 200E+O0 1,606E-01
1 500E+O0 1,403E-01
2 O00E+O0 9,215E-02
3 O00E+O0 2.234E-02
4,000E+O0 2.963E-03

5,000E+O0 2,366E-04
6.000E+O0 1,168E-05
7,O00E+O0 3,566E-07
8,000E+O0 6,704E-09
9,000E+O0 7,739E-11

1,000E+01 5,473E-13
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Table 3-6c, Case 2 Results: Relative Concentration in the l{ock MarL'i× for

Np-237 at Time t = 104 yr and I{ock Matt'ix l_,etardation
Factor R j = 10,000 {,Band Release Mode)

Vertical
,'D stance Concentratlon

_ 0

/ .im)', '/ Z 4 _ / A

' ], ,1',000E,-02 1,065E-01
3,000E-02 8,684E-02
6,000E-02 8.034E-02
1,000E-01 3.363E-02

2,000E-01 5.105E-03

3 O00E-01 4,597E-04
4 O00E-01 2.552E-05
5 O00E-01 8,766E-07
6,000E-01 1.856E-08
1,000E+O0 2,802E-17

/\ -_
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Table 3-7a, Case 2 Results: Relative Concentration, Mass Flux, and

Cumulative Mass Flux in the Fracture for Np-237 Over Time
with Rock Matrix Retardation Factor W = 1 (Band Release

Mode)

Cumulatlve
¢ormen_ratlon Mass Flux Mass Flux

o o o
Ttme (yr) A/A F/A (m/yr) M/A (m)

1,000E+01 O,O00E+O0 O,O00E+O0 O,O00E+O0
1,010E+01 ?,744E-OB 7,744E-OB _,303E-07
1,020E+01 1,_6BE-03 1,SB_E-02 4,374E-04
1,030E+0t 9,823E-03 9,B23E-02 6,45BE,.03
1°040E+01 2,53BE-02 2,535E-01 2,254E-02

1o050E+01 4,SBOE-02 4,550E-01 5,TBgE-02
1,t00E+01 1,_73E-01 1,S73_+00 B',BTgE-01
1,200E+01 3,173E-01 3,173E+00 3,014E+00
1,300E+01 4,142E-01 4,142E+00 B,707E+O0
1,400E+01 4,7gBE-01 4,TgBE.O0 1,119E+01

1,_00E+01 5,271E-01 U,271E+O0 1,B24E+01
2,000E+01 B,547E-01 B,B47E+O0 4,828E+01
2,300E+01 B,g4sE-01 B,949E+O0 8,85BE+01
2,800E+01 7,389E-01 7,38gE+00 1,025E+02
3,000E+01 7.518E-01 7,518E+00 1,174E+02

B,OOOE+01 8,41BE-01 8,4t5E+00 3,sg4E+02
1,000E+02 8.815E-01 8,815E+00 7,051E+02
3,000E+02 9,337E-01 9,337E+00 2,535E+03
B,OOOE+02 9,534E-01 9,534E+00 5,371E+03
1,000E+03 9,838E-01 9,838E+00 9,20eE+03

3,000E+03 9,784E-01 g,TB4E+O0 2,SBTE+04
8,000E+03 2,123E-02 2,123E-01 4,Sg2E+04
1,000E+04 4,668E-03 4,BBBE-02 4,g30E+04
3,000E+04 B,1B1E-04 B,IB1E-03 4,gB2E+04
B,OOOE+04 2,00gE-04 2,009E-03 4,gT2E+04

1,000E+05 8.gTBE-05 8,gTBE-04 , 4,g77E+04
3,000E+O§ 1,578E-05 1,578E-04 4.gBSE+04
6,O00E+O§ 5,029E-08 5,029E-05 4,987E,_04
1,000E+Oe 2,048E-08 2,048E-0§ 4,98gE+04
3,000E+08 2,057E-07 2,057E-Oe 4,990E+04

fl,OOOE+Oe 2,7_1E-OB 2,751E-07 4,990E+04
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'Pal)lo 3-7b, Case 2 Results: Relative Concentration, Mass t_lux, and

Cumulatlvu Mass Flux in th_ Fracture _r Np-237 Owr Time
With [{ock Matrtx RutardaLion Factor R' = 100 (Band Release
Mode)

L

Cumulative
C_naentra_lon Mass Flux Mass Flux

o o o
T t me yr ) A/A F/A (m/yr) M/A (m)

B_

1,000E+01 O,O00E+O0 O,O00E+O0 O,O00E+O0
1,BOOE+01 2,B40E-10 2,540E-09 B,B?BE-IO
2,000E+01 7,744E-OB 7,744E-05 8,303E-OB
2, IOOE+O1 2,008E-OB 2,008E..04 1,944E-04
2.230E+01 5,521E-05 5,B2iE-04 B,541E-04

2,500E+01 2,807E-04 2,BOTE-03 4 403E-03
3 O00E+01 1,BBSE-03 1,BBSE.,02 4 374E-02
B O00E+01 4,550E-02 4,BBOE-01 B 789E+00
1000E+02 1,3BOE-01 1,3BOE+O0 4 211E+01
3 O00E+02 4,082E-01 4,062E+O0 B 29BE+02

B O00E+02 5,803E-01 5,BO3E.O0 2 1!4E+03
1000E+03 B,B29E-01 6,B29E+O0 4 B62E+03
3 O00E+03 7,951E-01 7,gB1E+O0 1 941E+04
6,000E+03 2,01BE-01 2,01BE+O0 3 974E+04
1000E+04 4,BOLE-02 4,BOLE-01 4 337E+04

3 O00E+04 B,139E-03 B,139E-02 4,BB3E+04
e O00E+04 2,00BE-03 2,00BE-02 4 757E+04
1 O00E+OB 8,9BBE-04 8,96BE-03 4 BIOE+04
3 O00E+OB 1,577E-04 1,577E-03 4 883E+04
8 O00E+O5 B,O28E-O5 5,028E-04 4 910E+04

1000E+OB 2,04BE-OB 2,048E-04 4 923E+04
3 O00E+OB 2,057E-OB 2,057E-OB 4 93BE+04
6 O00E+OB 2,751E-07 2.75lE-OB 4 939E+04

73

IIIlr"



Table 3-7c, Case 2 Results: Relative Concentration, Mass Flux, and

Cumulative Mass Flu× in the Fracture _r Np.237 Over Time
with Rock Matrix Retardation Factor W = 10,000 (Band
Release Mode)

CumulatiVe
ConQlntratton Mass F11Jx Mass Flux

o o o
T4me (yP) A/A F/A (m/yP) M/A (m)

1,000E+02 2,9B2E-50 2,gB2E-4S 2,347E-49
8,000E+02 4,884E-07 4,864E-06 2,SB_E-04
9,000E+02 2,132E-06 2,132E-05 1,401E-03
1,000E+03 B,988E-OB B,gBSE-05 _,_67E-03
1,500E+03 2,485E-04 2,485E-03 4,147E-01

2,000E+03 1,S22E-03 1,522E-02 4,217E+00
3,000E+03 9,692E-03 9,892E-02 5,354E+01
6,000E+03 B,752E-02 B,?_2E-01 1,t34E+03
t,000E+04 1,114E-01 1,114E+00 S,OTgE+03
3,000E+04 4,272E-02 4,272E-0t 1,gSTE+04

6,000E+04 1,688E-02 1,888E-01 2,755E+04
1,000E+05 8,100E-03 8,100E-02 3,220E+04
3,000E+OB 1,52BE-03 1,525E-0_ 3,gOSE+04
E_,OOOE+05 4,946E-04 4,948E-03 4,184E+04
"t,O00E+08 2,028E-04 2,02BE-03 4,291E+04

:_,O00E+06 2,050E-05 2,050E-04 4,428E+04
(_,O00E+06 2,746E-OB 2,74BE-05 4,453E+04
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3,5,3 Case 3:. ,.Multiple Patch, Sourco S ubioctto St._._.o..12
Release and Band R01oase,

The two-dimensional solution restricted to the fracture plane was verified by moans of a test

example dealing with the transport of Cre-245 subject to a step and band release mode, The geometry

ortho source corresponds to an array of patch sources (11 in total) with an Individual wtclth of 5 meters

and spaced at intervals of 5 meter,,J, The list of parameters related to this case is given in Table 3-8,

Test runs for four different times reported in Table 3-9 are in exact agreement with results predicted

by MASCOT (see Gureghian, 1987) for the same input parameters, Note that the two-dlmensional

model in MASCOT simulates transport of a radionuclide decay chain in a fl'acture of unit thickness,

whereby diffusion Into the rock matrix is ignored,

Table 3-8, Input Parameters for Case 3

...... .__ ,,, , ......... , _, , ,r , , , ', .,, " ,,. ,, ,, , ,

Species Cm-245

Initial Concentration AO

(arbitrary unit of
activity/La) l

Type of Releat_e Mode Step and Band

Boundary Condition Array of finite patch sources (total
ofll)

Location 100,0 m downstream

Yl 100 m

d 5,0m

Spacing Between Sources 5,0 m

u 1O,0 m/y r

v 0 m/yr

Dxx 1,000 m_/yr

Dyy 200 m2/yr

I)yx 0,0 m2/yr

l)p O.0 m2/yr

TIl2 8,5(}0 yr

'PL 105 yr

b 5 x 10-3 m yr

R 5,000

R' 1,0

', , .... , ,,,, ' ,,,, ,,, .... H, "1 ',1_r_, ,-'-'_ , _ ,:,, , :_::::: : :
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'l'able 3-9, Case 3 Results: Relative Concentration in Fracture (A/A") for Cm,245

Lateral

I) tstance Time

(iu) 1,0 x 104 yr 5,0 x 104 yr 1,5 x 105 yr 2,0 x 108 yr

0,0 0,3004 x 10.5 0,8548 x 10-4 0,5897 x 10-7 0,5568 x 10.9

50,0 0,1083 x 10-_ 0,6852 x 10.3 0,1358 x 10-6 0,9476 x 10.9

75,0 0,7469 x 10-2 0,1687 x 10-2 0,1835 x 10-6 0,1443 x 10-8

100,0 0,0237 0,3327 x 10-2 0,2280 x 10-6 0,1308 x 10-8

125,0 0,0364 0,4678 x 10-2 0,2600 x 10-6 0,1419 x 10-8

150,0 0,0393 0,5119 x 10.2 0,2717 x 10-(; 0,1458 x 10.8

Note: Values determined for this restricted case correspond exactly to values predicted by
MASCOT (Gureghian, 1987} for the same input parameters,

3.5,4 Case 4: Two-Dimen.cJional Transport of Tc-99
in Fractul'e and Rock Matrix

-

The results reported here illustrate the full application of the solutions dealing with the three

types of concentration distribution at inlet, namely finite patch, multiple patch, and Gaussian distrib-

uted source, subject to a step and band release mode. The input parameters pertinent to thes_ prob-

lems are reported in Table 3-10, Graphical inter'pretation of the numerical results yielded by the finite "

line and a Gaussian distributed source are reported in the form of concentration isopleths; these lso-

pleths were generated using a bilinear interpolation scheme, The simulation times for all three test

cases reported in the subsequent sections range between 2,5 x 104 and 5 _:104 years,

Case 4A- Finite Patch Source

-

Figures 3-5a (Step Release) and 3-5b (Band Release) show the relative concentration l_opleth8

for Tc-99 in the fracture, Figures 3-50 and 3-5d give corresponding data at 1 m in the rock matrix, and i

Figures 3-5e and 3-Slat 5 m, The finite patch source is 50 m wide and centered at a distance of 350 m

on the y-axis, Results indicate that the axis oi'symmetry of the plume follows to a reasonable approxi-

mation the same prescribed direction (northwest) of ground-water flow in the fracture plane, The area

oi'the plume defined here by the relative concentration isopleth of 0,001 seems to decrease with
m

Increasing height, Tabulated results are given in Tables 3-1 la, 3-1 lh, 3-1 lc, 3-1 ld, 3-1 le, and 3-1 lr,
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Table 3-10. Input Parameters Used in Simulation of Tc-99
in Fracture and Rock Matrix for Case 4

: - --,,,',', ,m , ..... ,, ,,: ,, ' ,, ,', , ..... ,," , ,_' . "'

Boundary Case 4A Case 4B Case 4C

Type (FPS) (AFPS) [GDS)

u (m/yr) 2. 2. 2.

v (m/yr) 1. 0. 1.

aL (m) 5 5 5

aT (m) 2 2 2

Dp (m2/yr) I0-2 10-2 10-2

Dcl(m2/yr) 1,2x 10-2 1,2x 10-2 1.2x 10-2

0.5 0.5 0.5

cD 10-2 I0-2 10-2

b(m) 5 x 10-3 5 x10-3 5 x ,I0-3

R 10 10 10

R' 100 100 100

T (yr) 104 -- 104

TI/2 (yr) 2.13 x 105 2.13 x 105 2.13 x 105

Yo(m) .... 350

o (m) ..... 20

d(m) 50 I0 --

Yl (m) 350 I00 --

Y2 (m) -_ 200 --

Y3 (m) -- 300 ..-

Note: InitialconcentrationatthesourceA O(arbitraryunitof
activity/L3)= I.

Key' FPS = FinitePatch Source

AFPS = Array ofFinitePatchSources
GDS = Gaussian DistributedSource
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Figure 3-5a. Relative Concentration Isopleths for Tc-99 in the Fracture at z = 0 m and
t= 5 x 103 yr, S,_ep Release Mode (Case 4A: Finite Patch Source)
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Figure 3-5b. Relative Concentration Isopleths for Tc-99 in the Fracture at z = 0 m and
t = 2.5 x 104 yr, Band Release Mode (Case 4A: Finite Patch Source)
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Figure 3-5c. Relative Concentration Isopleths for Tc-99 in the Rock Matrix at z = 1 m
and t = 5 x 103 yr, Step Release Mode (Case 4A: Finite Patch Source)
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Figure 3-5d. Relative Concentration Isopleths for Tc-99 in the Rock Matrix at z = 1 m
and t = 2.5 = 104yr, Band Release Mode (Case 4A: Finite Patch Source)
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Figure 3.5f. Relative ConcentrationIsoplethsfor Tc-99in the RockMatrixat z = 5 m
and t = 2.5 x 104yr, BandReleaseMode (Case4A: FinitePatch Source)
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Case 4B- Multiple Patch Source

Figures 3-6a, 3-6b, 3-6ci and 3,6d show the relative concentration, relative mass flux, magni-

tude and direction of mass flux, and cumulative mass flux profiles of Tc-99 at various distances x in the

fracture. The figures depict stepwise relea._e from three identical finite line seurces 10 m wide and

centered at 100 m, 200 m, and 300 ra along the y-axis. The wave-like pattern, particularly at close

distances from the source (denoting a relatively high concentration gradient in the transverse direc-

tion of the fracture), seems to be damped out at greater distances x. The impact of the lateral hydrody-

na mic dispersion mechanism on the migration process seems to manifest itself only at large distances

from the source. Tabulated results are given in Tables 3-12a, 3-12b, 3-12c, and 3-12d.

Figures 3-6e, 3-6f, and 3-6g show the relative concentration profiles at different distances in the

rock matrix. The shape oi' these curves is intimately related to the cor_centration profile in the frac-

ture. This denotes that concentrations of Tc-99 (decreasing with the elevation z) are an immediate

consequence of the diffusion mechanism, the sole process gearing the migration of the solute in the

rock matrix, Results are given in Tables 3-12e, 3-12f, and 3,12g. Note that the superposition of the

solution for a single line source has been adopted in this instance (see Equation 3-35) '

Case 4C- Gaussian Distributed Source

Figures 3-7a (Step Release) and 3-7b (Band Release) show the relative concentration isopleths

for Tc-99 in the fracture. Figures 3-7c and 3-7d give corresponding data at'l In in the rock matrix, and

Figures 3-7e and 3-7f at 5 m. The Gaussian source with a standard deviation of 20 is centered at a dis-

tance of 350 m on the y-axis. Conclusions very similar to the finite line source case may be drawn

here, except the area of the plume is much larger; this is a consequence of the assumed concentration

distribution at the source. Results are given in Tables 3-13a, 3-13b, 3-13c, 3-13d, 3-13e, and 3-13f.

Note: The maximum concentration in the fracture (Amax) and in the rock (Bronx) iS:

Case 4A Case 4C
z(m)

Step Release Band Release Step Release Band Release

Amax 0.0 9.83681E-01 6.60038E-02 9.83861E-01 6.13422E-02

Bmax 1.0 3.14576E-01. 9.36598E-02 3.14576E-01 8.34140E-02

Bmax 5.0 5.78862E-07 1.77803E-02 5.78862E-07 1.69540E-02

' _' -., , ,r,i , '-- - :',,, , ,,,, ' ' : " ,i,-;,-;:_r .... : .... 7 T : ,,". : _- , ,, .'-....
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Figure 3-6a. Relative Concentration Profiles for Tc-99 in the Fracture at z =0m and

t = 5 × 104 yr (Case 4B: Multiple Patch Source)
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Figure 3-6c. Mass Flux Vector of Tc-99 at Discrete Points in the Fracture
at z = 0 m and t = 5 x 104 yr (Case 4B- Multiple Patch
Source)
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Figure3.6d. RelativeCumulativeMassFlux of Tc-99in the Fractureat z = 0 m and
t = 5 x 104yr (Case4B: Multiple PatchSource)
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and t = 5 x 104 yr (Case 4B: Multiple Patch Source) =E
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Figure 3-6f. Relative Concentration Profiles for Tc-99 in the Rock Matrix at z = 5 m
and t = 5 x 104 yr (Case 4B: Multiple Patch Source)
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Figure 3-7a. Relative Concentration isopleths for Tc-99 in the Fracture at z = 0 m and
t = 5 x 103 yr, Step Release Mode (Case 4C: Gaussian DistributedSource)
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Figure 3-7c. Relative Concentration Isopleths for Tc-99 in the Rock Matrix at z = 1 m and
t = 5 x 103 yr, Step Release Mode (Case 4C: Gaussian Distributed
Source)
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Figure3-7d. RelativeConcentrationIsoplethsfor Tc-99 in the Rock Matrixat z = 1 m and
t = 2.5 x 104yr, BandRelease Mode(Case4C: GaussianDistributed
Source)
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Figure 3-7e. Relative Concentration Isopleths for Tc-99 in the Rock Matrix at z = 5 m and
t = 5 x 103 yr, Step Release Mode (Case 4C" Gaussian Distributed
Source)
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Figure 3,7f. Relative Concentration Isopleths for Tc-99 in the Rock Matrix at z = 5 m and
t = 2.5 × 104 yr, Band Release Mode (Case 4C: Gaussian Distributed
Source)
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PART 2

4,0 MULTIPLE PARALLEL FRACTURE CASE WITH FINITE
DIFFUSION FIELD: SERIES SOLUTION

4,1 NON-ZERO LONGITUDINAL DISPERSION

The Laplace transformation of Equation 2-11 with its associated boundary condition Equa-

tions 3-1 and 3-2 subject to its initial and boundary conditions Equations 2-15, 2-18c, and 3-45 has a

solution of the form given by

B (x,y,z,s) = cosh[rb (z- L)]sech[rb(b - L)] A (x,y ,s) (4-1)

whei_erb is given by Equation 3-5a. The transformed diffusive flux at the interface of the fracture and

rock matrix is given by

.m

OB

J = -CD ° -_- (x,y,b,s) = -@Der btanh[rb(b-L)] A (x,y,s) . (4-2)

4.1.1 Fracture

After proper substitution of the transform of the diffusive flux given by Equation 4-2 into the

Laplace transformation of Equation 2-10 and applying subsequently the Fourier integral transform

(see Equations 3-7 to 3-21), we then obtain an expression identical to Equation 3-21 in which the term

corresponding to r a given by Equation 3-22c will now take the following form

ra = - R(s+ h) - cf(s+ h) 1/2tanh Icr(L-b)(s+ h) lf2] (4-3)

whereas the remaining components of Equation 3,21 given by Equations 3-22a, 3-22b, and 3-22d will

remain unaltered, Following the same procedure as outlined before (see Equations 3-24 to 3-42), the

inverse Fourier integral transform will then have the same form as Equation 3-42, Rewriting the

latter we have

A (x,y,s) = A O tlJ(x,o)E n 0(s)etax da , (4-4)o

To find the inverse Laplace transform of the above equation, we write

L- 10(s)e raX -,kt L- 1= e exp(- Rxs)GF(s) (4-5)
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where

exp[- eV'_tanh 13V_
GF(s) = (4-6)s

with

e = c(,x = _- (R'Dp (4-7a)

R')1/'2D = Cr(L-b) = _- (L-b) , (4-7b)
p

Expanding the numerator of Equation 4-6 in power series we find that

1 e _2 ea

GF(s)' = -s - _ss tanh [3V_s+ --21tanh_ [3V_- --31v_s tanha [JV'7+ ,,, (4-8)

which may also be written as

m i1

I )n e
OI"(s)= -s + '2"\' (- 1 --n!gn(s) (4..9)

rl= I

where

(n- 11/2 tanhn [W"7's

s x77 ' '_= 1,a,5....gn(s) =
s (n-2)/2 tat,_h_ pV'_ , n = 2, 4, 6.... (4-10)

Wr

The exponential series expansion for tanh [3V'Tmay be written as

oO

tanhpV'_= Z ake-2kpv'7 (4-11)
k = 0

where

i 1 ,k=0a k = (4-12)
2(-l)k , k >-1

u
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and the corresponding series for tanh _V_'raised to the nth power (Gradshteyn and Ryzhik, 1980,

p, 14) is given by

oll

tanhn_V_= _ nb'ke -2kpV_" (4-13)
kffiO

where

- I1 , k=O

nbk = ] (4-14a)

1 _ (i(n+l)_k)at n_ k_i , k;_ 1k ' (4-14b)t=l

Substitution of Equation 4-13 in Equation4-10 yields

-2kpV7
O

a(n-lI/2 _., nbk _ ,n = 1,3,5 ....

I k=0gn(s) = ,
® - 2k13V_ (4-15)

sin-2)/2 _ nbk e ,n = 2,4,6,,,,
k=0

Using the inverse transforms of e-aV_/x/'s, e.aVT,I/V_, and sn+ 1/2(see Appendix A, Eqs. A.2-2 through

A,2-4 and A.3-10) and applying the differentiation theorem (Eq. A. 1-3), the inverse Laplace transform

of GF(s) (see Eq. 4-6) may then be written as

Gr(t)=L-l{G_(s)}=g(_)+ __: (_l)n_ gn(t) (4-16)
n=l

where

n 1 _'_ _ 2 n- 1,3,5,,., (4-1:')= lr0

and

flo - d(n-. 1)/2 -(k[_)2/t

'_n 1 V_ n = 1,3,5, (4-18a);n(t) -- _o -(kp)2/t
- d( n -2)/2

2v_ k= t _t 3 n = 2,4,6.... (4-18b)
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Expansion of'the first member of Equation 4-17 in series form yields

_(t)=1- _-d _- _ 2v;] + _ -'" + .... (4-1,9)

Noting that the second member of the above equation corresponds to the exponential series form of the

e__or function (see _Lq, 3-60b) with argument _ = cfx, Equation 4-18a becomes

(c x) (,20,g(t)= 1-err _ =effc _

and Equation 4-16 may now be written as

) _ En ..
cfx )n

GF(t)-erfc _ + _ (-I n-l gn(t) ' (4-21)
n"l

The derivative terms in Equations 4-18a and 4-18b are obtained after using Leibnitz's theorem for

differentiation era product (Abramowitz and Stegun, 1972) (see also Appendix C)'

d n n n-r r m-I

--dtn(tPe_t)= t(P-n)ea]t r=O_ (ra) l=l[1(p-i+l). (-1) r m=lZ j=l[l (r-J)(mr-1)(a)r-t -m+l (4-22)

where

a := - (k_) 2 (4-23a)

and

l

- _ , n = 1,3,5 ....q,J

P = 3 (4-23b)
- - , n = 2,4,6,,,,

2

i

Because of the slow convergence exhibited by such an approach, particularly when the value of trX

becomes large, an alternative form of the second member of Equation 4-21 was sought, Writing

ok = _ (4-24a)

g

h- 2V_ (4-24b)
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expansion oi'the second member &Equation 4-21 using Equations 4-18, 4-22, and 4-24a yields

fl

.=l _ g"(t)= \" 1 % _ a _ b ----+ b a --,---, _, V'fi e t k _ 2 k21 t a k 31 .V/_ k 2k=l

-4hk41 t2 ctk'- 2 +5 k5_ _"_ 4 '"

With the nth derivative &the error function (Abramowitz and Stegun, 1972, p. 298) defined as

, d n4'l 2 _z 2

dzn+ £ err(z)(- 1)n _/:In(z)e ,n = 0,1,2,3,,,, (4-26)

where H n are the Hermite polynomials (see Appendix A.4) and using Taylor's theorem, we may write

-- 2 erffclk) + 3! dclak erffclk) +,,. (4-27)erect k + h) = erffct k) + h dtlk 2t dCtk

Expanding the right-hand side using Equation 4-26, the above equation becomes

a 1 - e k a 1 2 1

_(_k+_-_ )=°_(_k)+_-_° _'-2!t + 3!v_ _k-_

c 3 1 4 _ 3a_ + -- 4_t-Za_k-i + 5, ,/_ °_ Z .... (4-2s)

Comparing Equations 4-25 and 4-28, we find

f_

• -- _ a km
n=l n! gs(t)= -- e a k _-_ (4-29)k=l m=l dam

with

a.,=O ,j>i (4-30a)
tj

b,
1 _ _ )i+ (4-30b)nii= ---- = ( 1 1(2)
etl
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(a_I= (-1)J _" - _ ckj. a,k/%,j>I (4-30c)j l
k=l

where

i-I

Clj -_ (--I) j+l [--[ (j.k) , j _t (4_30d)
k=0

cii= 0 ,j <i , (4-30e)

m

A set of values for tbj, aij, and cij is reported in Tables 4-la, 4-1b, and 4-1c,

Equation 4-21 now may be written as

fl

et'X \" E (trx)m _
GF(L) = erfc _-_ + k=l/_ ro=l" akm de'u _r "------'2V_

where

dca+ 1' err(z) =(-l) n _Hn(z)e -z _ , n= 0,1,2,3,... (4-31b)

and

2kl_+a
z- 2V_ (4-31c)

Substituting Equation 4-31 into Equation 4-5 and applying subsequently the translation theorem

(Eq. A. l-l), the inverse Laplace transform of Equation 4-4 yielding the solution of the concentration in

the fracture may be written as

flfl
A(x,y,t) = A°e-_'t ql(x,o)Efl GF(t- RX) U(t- Rx)de , (4-32)

0

Note that when the contribution of the second member of Lquatton 4-31 a becomes negligible, the

above equation will be identical LoEquation 3-43. Discussions pertaining to the magnitude of _Iowill

bedeferred to Section 4.5.

k
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4.1,2 Rock Matrix

Substitution of Equation 4-4 into Equation 4-1 gives thetransformation of the concentration in

the rock as

_ [m r×I3 (x,y,z, s) = A° qJ(x,o)En0(s)e a coshlrb(z_ l_)lsech[rt)(b_ l,)ldo (4-33)
0

To find the inverse Laplace transform of the above equation, we write

L- 10(s)eta x cosh[rb(z_ I,)l_mh[rb( b _ L)I = e-ht I,-1 exp(- Rxs) ' Gl¢(S) (4-34)

,where

cosh la_

O_(s) = GF(s) cosh [_x/7 ' (_ > la) (4.-35/

with

la = Cr(L.- z) = lT (L- z) (4-36)
{3

Writing

cosh laves elaV_"+ e - lav_- [ I( )
_ = e(_ ....[_)vq-s - _+[_)V._ --_1_--1

H(s) = cosh [3Vss e [_v_s+ e I_V7 + e 1 +e (4-37)

expanding the second term on the right-hand side into a binomial series, we find that

H(s)= \" (-1) i+l e l(2i I)[_-- lalV_Sf.e-[(2i l)[_+lal\/_..... (4-38)

i=l

, ._ , _ ,SubstitutingEquatmn 4-9 and Equatmn 4-38 into t.quatmn 4-.35, we obtain after some algebraic

manipulation the equation

:.r) ' fl

fv

G)_(s) = g(s) + \' (-11 n _" gn., _. (s) (4-39)
n=l
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where

,-¢ H(s)
g(s) =

s (4-40)

and

, k
_ 2 - YijV_s

s _ n i _ v_s n = 1,3,5 .... (4-41a)

I i=0 j=l k=l
gn(S) :-=

2 k
_ _ YijV_s

(n-2)/2 bi E -1)J+l E e n = 2,4,6, (4-41b)S E rl ,,.

i=0 j=l k=l

with

1

Yij = [2(i+j) - 1113- 1_ (4-42a) "

2

Yij = [2(i+j)- 1113+ la
(4-42b)

Using the inverse transforms ofe-aV_/s, e-av_V_s, and e-av_s (see Appendix A, Eqs. A.2-1 through

A.2-3) and applying as before the multiplication theorem strictly to the second member on the right-

hand side of Equation 4-39, the inverse Laplacetransform of GR(s) may then be written as

n

GR(t)= L-I{GR(S) } _'(t)+ _ (-1)n e Z
n = I _ gn(t) (4-43)

where

f_' 2 kyoi] )i=l k=l
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and

-Vi j /4ttil _2 2 d(n- l)/2 e

__1 Z n b i _ (- 1)j+l _ ......dttn-I)/2 LI v/'(" 1 n = 1,3,5;,,, (4-.45a)

i_,-o j_-t k-
J

gn (t) = , 2

.... ()ni n2 k-' Yij /4t (4..45b), 2 d( n - 21/2

1 N;" nb Z ( 1)J+l -"(k¥ij)i k_k= tit (.1-2)/2 [" _' ]
----- .=. .... n = 2, 4, 6....
2v_-_t= o j = I I ,

By taking an approach similar to the one outlined in the previous section (see [,(ts, 4-24 th,'ough 4-29)

with kyu/2V't substituting for ak, it may be shown that the second member of Equation 4--43 is written

as

m gn

N7 (_1) n z _
a.., _.. gn (t) = gl (t) + g2 (t) (4-46)

n=l

tl

gl (t) ' Z (-l)i _-_ err 2_/_-- - .Z (-1)i Z err _--_
i=l k=l t=l k=l

ft'0' ' 2 ky0 i + e f_' 2 ky0 i

-Z (-,,'+_:2e_cI 2_ 1-_ (-1)i+l_ erfc[_.-] (4-47'
i=l k=l =1 k=l

and

_; 4' 2 , k
_2(t): _ _ (-1)J+l '%A _-L a em- e, (4-48)

im de m 2
i=l j=l k=l m=l

Note that Equation 4-47 corresponds to the terms in the summation series given by Equations 4-45a

and 4-45b with i set to zero, in which 'case hb0 is equal to unity for all w_lues ofn (see Eq, 4-41a), The

result for this set ofconditions is a correspondence between the left-hand side of Equation 4-46 and

gl(t) given by Equation 4-47 which becomes exact after premultiplying the latter by minus one,
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Combining Equations 4-44 and 4-47, we have.

st

' _o 2 [t ky°i . a]g(t) + g l(t) = N_ (_ 1 erfc (4-49)2v'ti-I k=l

Hence Equation 4-43 becomes

-- ...... _.. aimtCt,X_ e 2V_-
i=l k=l 2Vrt- i=lj=l k=lm=l

SubstitutingEquation 4-31 into Equation 4-34 and applying subsequently the translation

theorem (Eq. A.1-'I), the inverse Laplace transform of Equation 4-25 yielding the solution of the

concentration in the rock then may be written as

QO

B(x,y,z,t) = A°e - xt tt,(x,o)E n Grr(t- RX) U(t- Rx)do , (4-51)o

lt may be worthwhile noting that under some circumstances Equation 4-51 will become identical to

Equation 3-45 (see Section 4:5 for discussion). Details regarding the integration of Equations 4-32 and

4-51 may be found in Appendix B.

4,1,3 Mass Flux

The general equation for the mass flux irl the fracture is given by Equation 3-53 in which the

Laplace transforms of the derivative terms 0A/0x and 0A/0y have the same form as Equations ,2-55 and

3-56, with the noted difference that the coefficient Of X in the exponential argument is givol, in this

instance by Equation 4-3.

The evaluation of OA/Ox requires a new estimate of the x-derivative ofe'aX based on

Lquatmn 4-3 and in this case Equatmn 3-55 becomes

I el3
OA = Ao 0(s)eraX qj(x,o)[2nl(o -alx)E n + E_ - En[3 fl(s+_,)ldo (4-52)Ox 0
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where

fl(s) = Rs + cr V_tanh [5vrs- (4-53)

and al' _ are given by Equations3-57b and 3-59, and E_ by either Equation 3-62 or Equation 3-64,

all depending upon the type oi'boundary condition imposed at the source. Writing

'aX ' _tt - 1 $

L- IO(s)e' fl(s+ h) = e I_ exp(-- Rxs) GF(s) (4-.54)

where

GF(S) = GF(s). fl(S ) (4-55a)

d

= RsG,F(s) - cf _, IGF(s) ] (4-55b)

with GF(S) given by Equation 4-9. Using Equation 4-31 and applying Theorem A. 1.3a to sGl,,(s) in

Equation 4-55b, and subsequently Theorem A. l-l, the inverse I_aplace transform of Equation 4-52

becomes

2

ao , - - t' /(I.,-.R×)

-- / I _ I(_o
8A0x-A°e-ht o T(x,o) (2at(o-nlx)Ea+ Ln)G_(t-Rx)-Ea_ R _ _7 ] + (4-56)

2

_n_:) (, o-_,,t-_x,_ _'l_,__t )liN,-'_:_(_l)n_g (t-Rx) +cf _ V'(t-Rx) - _2"\'(-1) n(n_l)!ge -Rx) U(t-Rx)don= 1 n= 1

m

where g 'n (t) corresponds to the time derivative of g,_(t) given by Equations 4-18.

The inverse Laplace transform of the y-derivative of A which has a form identical to

Equation 3-68b may be written as

fQo
OA = AOe_at T(x,o)E_ GF(t-Rx)U(t-Rx)do (4-57)
Oy o

where E× Ey a_, , , andGF(t) are given by Equations 3-63, 3-65, 3-67d, and4-31a, rcspectively,
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Referring to Equation 4-25 we have

f_

, " .5 _' = . _d, ° _i',<-,)_('_k-u ,_ k_,!tu ("_<-2n= l k ::_l

4- abk 31 V/[g ak-3ak + 4, -'" (4-88)

Comparing Equations 4-58 and 4-28 we {Kttd

ll2(t)= \' \' cm tri' 2k134. t: (4-59)
"-" _ akm dt 'n+_' 2V"_k = Im =1

Referring to gquation 4-29 and differential, ing both sides wi Lh respect Loe yields

I7

l-la(t,) :- ,, (- 1)n gn(t) 2k[_Z = \' \' a k mu'"-I_ errct, 1)! " -" "' ,_, 2 x/_
= " k=:l m:=l -: "I1

+e 'n err 2k[l+c
d_'" + 1 2 V'{ (4-60)

The components of the mass flux given by l",quution,_ 3-,54 may now be written as

2

- .---i.: /(t-. R×)

f I :l( '<:I"i = A% -xr tl,(x,o) [" GI,,(L,-llx)4 I" I_

2 (4-61)
.... I: /(t - RX)

) )11- - I[a(L---RX) U(t- ltx)do (i= x,y)+ lt2(t RX) + ct' 7,/-_- Vr(t._RX)

with

ili` ::- !). " [.! (i--x y) (4-62)

b'l 41 , • ) f _ I 1where × l, y[ 1, (--,If(t), H,2(L) and lla(l,)tti'o g'ivl'!rl I)y l,',(ltiill.i()ll,<.i3-{_71:1,,I-.67c, 4-31 4-59, and 4-.60

respec.tively.
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4 1.4 Cumultttivo Mnss I,"lux

The cumultttlve muss llux tony ho writto, n t_st

M(L) :.-" I"(I,) d i, (4-('iii)
fix

whure V(t,) is given I_y l,](lUtil,ion ',J-'7Ob,,

Un idirn ensiotial Flow (t,'y - O)

Substitul.ing tbr If(t) givi;n hy " 'I,tltint.l(in 4..(.41tt t<ud iilLer(;hnl_l_ing t,he (ii'diii' ()[' illt,/!l_rl'iltiOll (see

l']qs, {)-.7l t,tlrotlgh 3-73), rho tlt)()vo Oql.llil, iOil IlillV III)W 1)(.) wril, l,(;lriti,q

M(t,) = A(' tU(x,_l) Ii` ,J -f I"*
I'(L) x l 0 x :>[i'_.(I,,°,F,l,e)..i--ct,(I,<l-,l:l)] U(t-ll, x)d(:i, (4-64)

I" _tnd xli'e bv l'hlUlitio ,q3-t41t l_lil(t 4..I'-)7,nndwhoro × I tire givon . I1 " ,

ft {.,i,{ i.}{l
..-,',t -.., {4-.{_5)• {.: ,- I, :-- l I + ,l 1

'Jo 1(X

l.:-: III(lD e'tL di, (4-G7)
'J 1 RX

7.
t_

....,\t -.

I', e 'M{X I t-RX l) t ce--.,\l(x ..lp.- V/iT o V/[£T du-. _ K_(t: ) (4-G8)

l.J7 ::: t l,,(i,)(, -'_td t, (4-fl9)
i{x _'



2
l;

- ,XI(Xr t t -. ,XI(x

{'_ I e e ..la- V_ I(x _ d_,-- _ff K1(u) (4-70)

tJ3 = 113(_)e-'\td_ (4-71)
RX

where Ko, K I, and K2 ave given by Equations 3.79a, 3-81, and 3-82, and IIi, H_., and H:l aL'u glvon by

Equations 4-29, 4-59, ap.d 4..60, respectiv,oly, Writing

_k :-: k[._ + _ (4-72)

and while noting that

t -_t tin

where

I, c.. =o-"_RX o"'_t oft' ---;- d_ , (4-74)

integration by parts yields

k

e--xr _k e--xl_x _ko --xl_x /t-i_xe

: - _ eft" -F -,

Substituting for K2 (_k) (Eq, 3-82) in the last term of the above equation, it may then be shown that

(lc" , V_I:-_-.[(X- x/X(t-RX) (4-76)
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The last mombor of t,ho above uquation may be c.,.valuatcld u.,.llng I,elbnlt,z's thooren_ for dlfferen-

ttath_n (l'kl, C-B ahmg with t!3q,c-a) and liklUatlon 4..3 lb. Using Lhc abow notations, l,klutLtLon,_ 4..67,

4-69, and 4-71 may now be written as

fl

, k clm (4-77)

_., km dt m kk=l in=l .

n
o k d m+2

'J2- \_ \' a u,,, ____ ii,(_k)l (4..78)- _ km m+ 2 '
k = 1 m = 1 de

fl

° k I dm dml-I '11 + lJa = ,a,N.... ,...,";""akm mt:'n i dt,,n_ll'(_k)l + c'u-----lhC[, k)l (4-79)Ic=l m-i , ¢,ezm

Reverting to l_quation 4-64 and using the abow_ notathms, this bcmomes

l® I - ._ c e-x_x -M(t)=k ° qJ(X,O) P [KCr)+ ICpCt:)+d Io _ I kv'7 1

- t ( - /11+ f_'_ R K2(ez)+ d -t-e r K (ez)-,l U(t-Rx) (4-80)

4.2 NO I.,ONGI'PUI)INAI_ I)ISPIgRSION

With the streamlines assumed normal to the source (i.e., v = 0) and neglecting the Iongitucl-

inal dispersion effects (i.e., l)x× = l)xy = 0), tiJcluations 4..l to4-3 are still satisfied. In this ease,, Lhc.,

solution in the fracture and rock matrix may be obtained ft'ore l,',Cluations 4.a_ and 4-51 after imple-

menting on the one hand the relation given by Ecluatic_n 3..50 and proper substil, ution for the cerro..

spondc.,nee oft, he variables ez(i,e,, ez')and X (i.e., X') on the other hand, to yielcl

A(×,y,t) = AC_e-ktl!', "'faGl_,(t- t{,X )U(L- l(x')' (4-81)

13(x,v,z,t) A% ''xr'' '"' '" ') ')
, = _,fi,.,rt_- Rx U(t- RX (4-82)

where

, ( c.fx' ) c_ k dna [ (2k[j..F i:,)1GI,,(I,):-: erfL', __. -I- kN"-"=I m=\"-'lakm (c:l'x')'n cl_.... ,,n err 2V_, ' (,I-83)
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t,

.q

' := + (-I +l ovlh(-'i_(t) _ ,....+

fl ++

+_'l +;_2 9+ i clm kyij + ez'

)+ \' \' ('-1))+1 \3 \" £tim(cl'X')¢l_:'"' [ °''[( ")li-:, I j+: I k :--t m : ! 2 _/t (4-.84)

N_,tt., tll£tt X' c,uvrusponds to x/u.

+, , , )
l+,u.'+_(.,don l,qutlt, lon,,.+3-5( und 3-.70b, lhc mass fill× at'td cumulatlve mass flux in tj'to +['racture may

t+¢.,obt.ttine+c[ fi'otn l']qutttl<,ns 4+61 ancl 4-8{},

+

l"(t) = A%-'\tl,'tl G l,,(t- I+,X') UCt- R×') (4-85)

M(t,) () .i / " _-_'Cf-I_}_X _ /
::::A |,:] Ko(t,_)-t ....... K2(t:) + d' U(t-Rx') (4-.86)

w I'I(:,I'o

, u I_ d m

dl .... -. " akm -_ II,( )1 (4-87)
k--.+l m= l cl(t:,)m k

k :: k[_ + u (4-88a)

= _:' cI,X
L' :!,: --

2 2 (4-88b)

at ld ['tlnctionm Ii(}, K2, and l,'.d ttro givoa by l']qutttJorts 3-79a, 3-82, and 3_88, t'espoctively.

4 3 S()I,U'I'I()N I"()R I'IANI) ItI']I+I+ASI,], 41 +_

'1'I-,¢.,+_c,t-turall'ot'tlt of' thu ._olul, iot.t Ibr the fir_it,u-duvatlon band roleast+ mode basod on tho lmund-

+try c_,tldit.ion _ivc, tl by l,',(itt+ttit,t+2..2()and wlaicl_u.ws tta. sup(._rposit, ion tochniquo (sao Poglia +Jtal.,
I ,tJ'7_J) Irtlty I+(,,wvit, t,un us

I'A(x,y,t) :: A(x,y,t; A u) .- A(x,,v,t +-T; A% -'vI') U(t-T) (4-89)

I'l+(x,y,z,t) I+(x,y,z,t; I_") - B(x,y,z,t-T; ICe -+vr) U(t,--T) (4-90)

wlI<+,+'(_'I' ct,rl'(,+++pottd++l,l_l,hc, l+.,£.tchdtlr'ttl.i.ta and .gtlp<.,r:+ct'ipl.b iadic.al, os the, l+und t'el+.,a,_t,++olution.
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4,4 CONVERGENCI.,] OI0SERI ES

The salutians presented in thts section include for the most part components in the [brrn of

series, Although tentative limits oi'thelr upper bound flw the longitudinal dispersion.ft'ce solutions

have boon proposed tn Section 4,5, these might canvergo prematurely, particularly when the val,ioof

J2V_'becomes excessively smaller than unity,

Convergence el'these series is assumed twbe reached when the following criteria are slmulta

neausly met,' i,e,, for a given series the absolute percentage relative error in two consecutive steps of

the summation process is less than or equal ta 0,1 and the absolute dll'forence at these steps ls less than

or equal to 10-6,

With a series at the nth step ai' its evaluation defined as

II

' S :: \' a, (4-91)
i=l

the first convergence criterian corresponds ta

Sm m-I _ 10-a;m= n-1 n (relativeen'or) (4-92a)
S

II'1

whereas the second corresponds ta

S n - Sn_li _ 10 -6 , (ab_)luteerror) (4-92t))

4,5 RI,_'MARKS

The series solution presented in this section includes a combination ofcoml_lement,ury error

function and multiple derivatives ortho error function, The number ofsignificant terms in the series

summatian is dependent twa large extent upon the argument of the error functions, Past a certain

threshold the argument will render subsequent terms in the series negligibly small and, therefore,

these terms may beneglected, For example, an argument for the error function corresponding to 5,5

will render both complementary error function and its derivatives negligibly small, Since the argu

ment of the cxpanential term in the derivative expression of the error function emerges as the square

of its argument, the argument &the exponential and error function are accordingly related. In the

related computer code, the error function is evaluated internally (Cody, 1969) and a._signed its
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maximum value oft)no whun its nrplument (l,u,, AI{.(_') l>c,comcs groal, or or uqunl t,o tlm squaro root, of

' Lho maximum peemi,_sible valuu ol'(,hc uxpom_nt, iul argumunt; (i,u,, ARG) as allowod by t,ho conlptll_or,
++ s+ JP

+ t j ( _1An ost,lrnaLo ofsome LenLnLivo lilnit.,s for l,he valuo,q o1' _'_o D"I ntu:l _)_ (sot_ [._q,,.1,4-31a and

4-,50) may he obt, tttned after equal;ing I,he argument, ot' the eomplemenLary ct'rot ['uncl, k_n e,nd expo-

tmntial argument, appenring in the deri,¢at, ivc t,erms ()t' t,he oreor functions to ARG' and Al{U, rospee-
q

t[vely. Moreover, it, may also tm shown that the rc,port.e.d solutions are, dol)en(lent on soma

dimensionless numbers, ,_uch as the l,'mlrier number defined ns
q

I)(t,-IIxl
I"o -= _12..... (4-9a)

1{,(i.,_ b)_ '

a dimensionless number dc,t,ermining t,ho penet, ratlon of t;hc solute front into the rock matrix ovor a

given period of timo, which is analogous t,o the theory of heat conduction in solids, Thus, t;he largc, r

t,hc Fourier numbor, t,he gee,at, or t,he elapsed t,ime for the diffusion procoss,

4,5.1 Fracture

In ordor to determine a Iin_it, int4 valut; for _,_0ir_ l'klUUt,ion ,1..31a, we wvil,e

(2._o[_ -t- el.XI?'
_ A I(G (4-94)

4It-l{x)

Sub,qtil, uting t'_r [/(see Lq. ,l-Tb)and usirtg li',qual, ion ,1-94, we find that

- I'll (4-95)

where P()is a dimensionles.q number (I(:I]t_(:d as

_l_I)X.... (4-96)
1'° 2h(l,- b)

Note that in this case t,he second member o;1 the righl,-hand si(lc ot' l",quution .'.1-31a would cotlt, rl I_ul,e l,o

the solution in the I'raeturu only when.

'II':1"o _.-:.........AI{.(] I -t- l_ll (4-.97)
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as otherwise Equation 4-31a now reduces to

O/t)=er 2_ 'F°< ....Al'_(_ l+_'o (4-98/

which indicates that fbr this specific range of values ()f 1"o based on a value for ARG greater than 30,
, ,

the solutions of the concentration in the fracture for infinite and finite diffusion into the rock matrix

become practically identiea

4.5.2 Rock

Referring to the argument of the complementary e,'ror function term in l,quatmn 4-50, .which is

obtained after setting k = 1 (see Eq. 4-42a), the limiting value of_o may be found after writing

_ A ILO" . (4-99)
vr/- _x

Substituting for [3andp, we find that

,, 1 / l,-z _ 1
f_o '<- Al{(3' li'o l/_ + - _ ...... _- - -- 1)2 , l,-.b) 2 o (4-100

_where la is given by Lquatmn 4-36. lt may be shown that -qo will take its lowest value corresponding to

unity when Fo satisfies the following condition

'l'c I'Fo _ ARG 2 I.-f_-b, + l,/) (4-101)

as otherwise Equation 4-50 now reduces to

(cr(z-b)+ct'x) 1, [ 1 (z't)) 12
O (t) =erfc I" -

2 v-t- o < (4-102)' A 2 7---7-, %

Since in this case the second member of Equation 4-50 cannot be evaluated, the solution of the

concentration in the rock matrix bec_)m(_s identical to the, single fra(:l, ure case.

!3!
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Referring to the second term in Equation 4-50 and selecting the umallest argument (i,e., 1yl.i/4t

where 1Yij iS given by Equation 4-42a), the value for f_1 may be found after writing

[(2m- 1) _ -_ pcfx] 2
, -< ARG (4- l03)

4(t- RX)

apt t t

¢_herem = f_l = f_2 ' Substituting for l3and la, wehave

(L_z),m<(ARGFo)Y2+ _-_ + " -P' - 2 0 (4-104)

and in this case the number of summations corresponds to

II1

i=l

Note that in the evaluation ofx, the value of the variable o is taken to correspond to OUL given

by Equation B. 1-1 lb (see Appendix [3). When the longitudinal dispersion effects are ignored, then X is

substituted by X'. The reader may easily observe that for a given value of the dimensionless number cf

x/2V't, this particular solution method loses its viability with increasing values of the Fourier number

However, of interest are values ofcfx/2V't < 0.1 which render the terms associated to the innermos_

series summation in Equations 4-31a, 4-50, 4-60, 4-61a, 4-77, 4-78, 4-79, 4-84, and 4-87 negligibly

small (i.e., < 10-6) past the sixth term of the summation. Consequently, in such instances the series

solutionmay conveniently substitute the contour integration solution (see Chapter 5), in which con-

vergence characteristics are adversely affected by decreasing values of the dimensionless number.



5.0 MUUPlPI.,E PARAI,I,EI,, I,_RACTURE CASE WITH FINITE
DIFFUSION I,_IEI_I): CONTOUR INTEORA'I'ION

5 1 FRACTURE

Rewriting Equation 4-4:

f_A"(x,y,s) = tp(x,cJ)E n A°0(s)e tax do (5-1 )o

The inverse Laplace transform of the above equation may be sought after using the Bromwieh complex

inversion formula (Carslaw and Jaeger, 1958) and applying the Translation, l_inear Transformation,

and Conw)lution Theorems to the last two terms of Equation 5- l,

I 11I 1 'L- l 0(s)e _a× = L-" l exp[- Rx(s+ A)I exp -erX(S+ k)l/_2tanh(e (I, -b)(s+ X/I./'2)(s + _.) r

t-R x= e -'\t G F(_,a,[3)d_ (5-,2)o

where

C'F(_,e,[_) L-1 [exp[ e(s) t/'2ta nh(_(s)l/2)] ] 1 f_= - = - q exp([3r)eOs(ge)dr1_ _ (5-.3)
! ' ri 0

with

e =--ct,x (5-4a)

[_ = e (L - b) (5-4b)
I"

_____[_inh,_,-si_/_,1"- - 2 c_sh(_) + cos(13r1) (5-4e)

2
_ rl__

13e- 2 - Ye (5-4d)

aO__I sinh(13rl) + sin(_rl) [Ye- 2 eosh([]q) + eos([3q) ' (5-4e)

Note that Equation 5-3 was deriwM by Skopp and Warrick 1974).
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........ I_1 ...... , , _ .... il_ , , ,11

Writing the last term under the integral sign in Equation 5-3 (i,e., cosl3e) in a more explicit form

using Equation 5-4d, we have

, ( q2 _)c°s(Ye)+ sin( q2 _)sin(ye) ' (5-5)cos(i3e) =oos\ y

Integration of Equation 5-3 with respect to _ using Equation 5-5, we obtain

GF(t-Rx'_'[3) it-Rx GF(Le,_)d_ 2 I: exp([3r).= = - - [sin(v)cos(Ye) + [1 - cos(v)]sin(Ye)ld q (5-6)0 ' rl q_

where

rl2(t- RX) I12( Rx2 )
v -- .... = -- t- (5-7)

2 2 4D o 2 '
XX

, ,

Using the formula

sin(a +b) = sin(a)cos(b) + cos(a)sin(b) (5-8)

the inverse Laplace transform of Equation 5-3 yielding the final solution of the concentration in a

system of parallel fractures may be written as

2 __,tJ_ J_ exp(_3r)A(x,y,t) = - A°e u2(x,o)Efl _.. [sin(Ye) + sin(v-Ye)]U(t-Rx)drldo (5-9)n 0 0 q

where X, Ye, and v are given by Equations 3-22d, 5-4e, and 5-7, respectively.

5.2 ROCK MATRIX

Substitution of Equation 5-1 in Equation 4-1 gives

=_at$_$_,":'., B(x,y,z,s) = A O f qJ(x'°)EQ0(s)eraXtx)sh[rb(Z-L)]sech[rb(b-L)]d° (5-10)0

The inverse Laplace transform of Equation 5-10 after substituting for rb (see Equation 3-5a) may be

obtained (see Appendix A, Equation A.2-5) from

[ ] [ ]cosh la(s)1/2 _ch Ii(s) 1/2 ,_ (5-11)

L-I = 1- ___ I"8exp(-62t)s
n=O
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where

la = cr (L - z) (5-12a)

(2n + 1)n (5-12b)
8-

213

4 (5-12c)

r8 = (-1)n (2n + 1)n cos(Sla) .

Using Equations 5-3 and 5-11, the inverse Laplace transform of Equation 5-10 is obtained after

applying the Translation, Linear Transformation, and Convolution Theorems, respectively. This may

be written as

• Aol (xo  oi ftRxB(x,y,z,t) = -- e-ht ,_ rlexp(_r) , cos(13e).[1- _. rsexp[-82(t-Oll
n 0 0 0 n=O

U(t - Rxki_drl do (5-13)

Note that cos(_e) is given by Equation 5-5. Integration of Equation 5,13 with respect to _ while

making use of the following formulae

I ea zeazsinbzdz- 2 b2 (a sinbz-, bcosbz) (5-14a)a +

I ea zeaZ cosbzdz - a 2 + b 2 (a cosbz + b sin bz) (5-14a)

cos(a +b) = cos(a)cos(b) - sin(a)sin(b) (5-14c) '

will thenyield a tentative solution of the concentration in the rock matrix. This may be written as

B(x,y,z,t) = ---e -ht tg(x,o)Ef_ qexp(_r) 2 [sin(ye)+sin(v-Ye)]- [exp(_82Rx )
n 0 0 q'2 =084+ q4/4

2 2 }[82c°s(v-x/e) + q---2sin(v-Ye)] - exp(-82t)[82c°s(¥e) - "2- sin(Ye)l]U(t-Rx) drldo (5-15)

where X, Ye, v, 5, and r8 are given by Equations 3-22d, 5-4e, 5-7, 5-12b, and 5-12c, respectively.
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Because of the slow convergence registered by the solution given by Equation 5-15 for small

Fourier numbers and itsdeficiency to cope adequately with large Fourier numbers (i,e,, > 20) since

Equation 5-11 reduces to one in such a case; an alternative solution based on a contour integration

along the imaginary axis was sought.

Referring to Equation 5-10 and applying to this the C°nv°luti°n The°rem yields '

B(x,y,z,t) = A°e -_t _(x,o)E n GR(1;,e,l_,la) dMo U(t-Rx) (5-,16)0 o '

where

f l_(S)la! cosh

GR(%e, I3,1a)= L-lexp [-e(s)l/2tanh _(s) 1/2] (5-17)
cosh_(s)1/2

Substituting s = irl2/2 and and s = - ir12/2 on the positive and negative parts of the imaginary axis in

the above equation and using the following relations

cosh (z) = coshx cosy + isinhx siny (5-18)

sinh2x + isin2y

tanh(z) = cosh2x + cos2y (5-19)

and multiplying both numerator and denominator of Equation 5-17 by the conjugate of Equation 5-18

yields

2 2 2
1

GR(r"t:'_3'la)= _ 0 m=l =!p=!

exp [i(_l)P+l( rl2_ )rn __._ )n_)]-Ye + (-1 2 - (-1 -- drl (5-20)

where "

and 13ris given by Equation 5-4c.

Recognizing the following relation

ei0 = cos{} + isin8 (5-22)
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Equation 5-20 may now be written as

f_ 2 21 N" X' rl exp[_ ]co_[3e ldq (5-23/

where

i_ : f_ + (-1) '''+_ [3n +( 1),,+1 _m2--. - 2 (5-24a)

2
- q L -

[_e- 2 - Ye (5-24b)

(_1) ,_+1ye= ye +.(_l)m+l []q t_rl2 2 (5-24c)

Noting that Equations 5-23 and 5-24b have forms similar to Equations 5-3 and 5-4d, integration of

cos[[3e] with respect to _, following identical steps given by Lquatmns 5-5 through 5-8 will then yield

the final solution of the concentration in the rock matrix which may be written as

. _ _ 2 2 exp([3 ) _ (5-25)

I f N' N-' ,- r [sin(¥e)+sin(v - Ye)lU(t_Rx)dqd 8
1 AOe.__t qJ(xio)Ef_ _ _ _1qB(x,y,z,t) = 2n o 0 m= In =1

where v is given by Equation 5-7.

5.3 MASS FI_UX

The general form of'the equation for the mass flux in the fracture is given by Equation 3-53.

This requires the evaluation of the derivatives terms 0A/0x and 0A/0y. Referring to Equation 5-9, one

obtains

0A0x- A°e-_t o q_(x,o)1(2c_l (o -c_lx)I,',n + Exn)G_,(t- RX,c, [_)

+ h;n (_ _,(t - RX, t:, [3)1U(t - RX) do (5-26)

/JA

_Sf_
.... A°e -at qJ(x,o) E_-_(]Il (t-Rx, c, [l) U(t-Rx)do (5-27)
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with

G_(t-Rx, e,_)= 2 /_ exp(_r) -(r'_ o n - 13 Cr_(Sin(Ye)) + sin(V_Ve) + Cr<eCOS(Ve)

Rrl 2

- ( T + Ct{e) c°s(v- Ye)) dq (5-28a)

q [ s_inh(t3q)+ stn(13q)(e = 7e/_ = _. eosh(iBn)+ eos(l_n) (5-28b}

,

(v = 13r/e = " q sinh(_q)_ sin([Jq)2
eosh(13q) + eos(_q) (5 28e)

and terms given earlier as follows: al by Equation 3-57b,/3 by Equations 3-59, Ei_ by Equation 3-62 or
3-64, and E_ by Equation 3-63 or 3-65,

With the proper substitution " ,_ '

oi Equations 5-9 and 5-26 into Equations 3-54 we find the solution4

for the components of the mass flux in the fi'acture written as

F, = - A°e -,_t T(x,o) --_ sin(¥e ) + sin(v_ye ) iF 1zI 0 0 q

iF cr_r(sin(_'e)+sin(v-Ve))+ c°S(¥e)Cr_e-C_s(V-¥e)(-2 -- +Cr_e))]U(t-Rx)dqdo ,(i= x,y)

where iF1 and iF_ are given by Equations 3-67a and 4-62.

5.4 CUMULATIVE MASS FLUX

The general form &the equation describing the cumulative mass flux in the fi'acture is given byEquation 4-63.

Unidimensional Flow (f_ = O)
_

_

Defining

Ii(t, q, v, Ye' X) = e - AIsin(ye ) U(t- Rx)d_o (5--30a)
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t -,\t (5- 3()b)= _; stn(ye)dt
RX

sin(y e) ht) (5-'3C)c)-. (o- ,\1:{× _. o -
h

t.111d

I t ( l]2(l'- '_'x) ) (5..3 l li)12(L, i], v, Ye'X) = e ''ht sin _-- - Ve U(t--l¢,x)clt,o 2

t 2

-,tit× .-Xr (5-31b)
---o o sin _ - Ye do ,0

Rocognizlng tlm following integral (Abral'['lowiLz and Sl,ogun, 1972),

trx

f ax , ,, la sin(bx + c) - b cos(bx + c)l (5-32)o sinto× + c)d× - 2 2a + b

we may evaluate I2 as

1 -xI_.x co,_(ye)_h uin(Ye)_(;--,\t rl cos(v _ Ve)-i-h ._ia(v- ye) ,12(t, q, v, Ye' X)- e -_ 2
hT'+ q4/4 (5-33)

ii,,jI(L, q, v, Ve, X) = e_,tt cos(v e) U(t_ Rx)d u (5-34a)
0

t-- rx co,_(Ve ) - xr) 5-341)):..-:e- ,tRx o- ht cos(v e)d u ..... ((,- xl',x _ e
o h

jt,< (,,, )i, ---XI(x (; ....htco_; -_- u-Ve (lt, (5-35)d 2(t, Ii, v, y e' X) --- o- xt cos(v - y e) U(t -- RX)d u ....oli li '

t_,ecogrlizing the following integral (Abramowil_z and Sl,(Jglin, 197'2)

fix

e_L×(,os(bx-i-c)clx -- 2 7.,Ill c(J,_(l,x--i:c)-i-b ._in(I)x t (.',)1 (5 3(_)a 4-.b '
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wt, nmy uvalua(,o d'2as

,1,,(_,ii, v,ye, X) _'= . to --.s[n(ye)+heos(ye) -t-o -'_t -_-sln(v-ye)-.hcx._s(v-yt,)h2--t-q'l/4 2

The cumulatlv(_ mass [lux Is _hon given by

M(t,)::- -li A" 0 0 ql(x,o)_-_ll xl°l '_ [l¢(t'll'V'Ye'X)k= t

, u . _ (5.38)

_ t:l._,' N_ lk(t,q,v,ge,x) + er_edl(t,rl,V,Ye,X) _ T -teIZe 'lu(t"q'v'Ye'X) U(t-. RX)dqdo
k-I

I,' and Ii'
wlwvt_._ t x u are given hy l'kluatlons 3-74a and 4-62, Details regarding the integration of

]ikltmi,io_ls 5-9, a..2a, 5-29, and 5-38 may be [bund in Appendix B,

5,5 N()I "'",()N(.,I 1U [)IN Al, I)ISI_ERSION

Wit.h the strc, amlines assumed normal t.othe source (i.e., v ---0) and neglecting the longitudinal

dispers_ion effects (i.c:,, l)xx = Dxy = 0), li_'qtlation 5-I is :still ,_atlsfietl, In this case, the solution.q in the

fracture and the rock matrix are given by ti_quattons 5-9 and g-25 o,ft,_r implomunting the relathm

given by l_.kluat.h_r_3-50 Lt)yield

_2 i_ exp([,',) , 'eA(x,y,t) =" it A"e-'_tEn 0 ------[sin(yq e) + sin(v'- ? )1U(t- Rx')dq

(a-a9)

1 2 o,,p<tS> -, -'tB(x,y,z,t)-- _A"e'xtt_:n N" N_-' r Mn(Ye)+ stn(v'- ? )lU(t--Rx')dq (5..4_))
/-- gtr12tl {1 m=ln:"t

where

×

_:' = erX'- cf- (5-,lla)U

Ye -- ye(t:')' (5-4lh)



l.l'd q2
v =: v(x') = (t-Rx') : (t- I{ ×' -- -- - ) (5,11 u)

2 2 tl

lt :: (l")r [}r (5."11cia

11 : [._(t")
r r (5-,i lt_)

and 61 ts given by I,](luation 5-21,

The mass Mu× tit any iminI, In thl_,fi'actuc_J may t)e <_l)htlilod ai'tor .<lllh._ti/tll,l(in of' l,](lutil, i(in 5-.29ll

lwquatloni' Equation(with F: = I)) _tild 5-29i:1into 3-70b to ytold

F(t) = - A"o-xtF ,_ln(v ) ,<lln(v° ' U(t l{x')dr I (5-42)
11 3 o il - - ¥ t) -

where t)'3 is given by Equation 3-88,
i1Siinlhirly _he curnliliitive lilt.li-tS ,li[IX tS obttiined tilter ,_ubstitud(in lit' t,quliti(in 5.-42 into

Equation 4-63 and wi'it, tf_n _.l_

2 "t' ['' e×p((l)
M(t) ---"- A., j ' ,-,N" lk(t,r l,v ,Ve,X')U(t-Rx')dq (5.43)ii 3 0 i1 k = I



6,0DISCUSSION AND RESULTS FOR MULTIPLE PARAI,I_I,_I,FRAC'I'URE

CASE WITH FINITE DIFFUSION

'rhosolutionsforthemultipleparallelfracturecaseusingseriesandthecontourintegration

presentedinChapters4and/5wereverifiedbycomparingtheirindividualperformanceagainsteach

other,The reportedtestcasesincludedone.and two-dlmenslonalsimulationsofthegeneralIbrmof

themass transportequation,aswellastothelongltudhmldisporsion_freoIbrm,Two typesofradk_nu-

elide release modes were considered, step and band,

6,1 DISCUSSION OF CASE 5: SPATIAL VARIATION OF CONCENTRATION OF Np-237

This test case deals with the migration of Np-237 in a one-dimensional flow domain, where the

concentration at the source is subjected to a stop and a band release mode, To this effect, the flow field

is assumed untdimenstonal (i,e,, v = 0, Dyy = Dyx = 0), The concentration at the source was slmula.

ted by moans of a plane source of infinite width, whereas the parallel set of fractures with an aperture

of 0,005 m were assumed to be 20 m apart, The input data for this test case are presented In Table 6-1,

Results reported for Cases 5A and 5B are obtained through the longitudinal dispersion-f'roe tbrm of the

general solution, Noto that in the case ofthe rock matrix, results were obtained for a point in space

located 100 m downstream from the source, It may be added that the Fourier numberc_ encountered in

these simulations ranged between approximately 0,01 and 1,0,

6,1,1 Results for Case 5A: Steo Release Mode

Figures 6-1a, 6-1b, 6-1c, and 6-ld show a comparison of the relative concentration, mass fluy,

and cumulative mass flux in the fracture and the rock matrix for several points in time (i,e,, t = 104,

6 x 104, 2 x 10_, and 106years), Results reported in Tables 6-2a through 6-2e indicate that the two

uotution methods reported in Chapters 4 and 5 yield identical results, with the exception of points

located close to the source, where the contour integration solution in the case of the fracture seems to

display a poor converging characteristic, particularly with increasing times, Upon examination of the

values of the dimensionless number c/2 _ at those points which exhibit these undesirable fea-

tures, tt was noted these were in ali cases less than or equal to 0, I. This supports the independent

investigations reported also in Appendix B, As indicated in Appendix B, the solution denotes slow

convergence properties in this critical region ortho flow domain, Note that in the case of the rock

matrix, the concentrat, ion profile corresponding to t = 10 4 years is identical to one which might have

been obtained using the single fracture solution, since in this instance the Fourier number is ab,otit

0,01 with P_, .= 0,01, which satisfies the criterion proposed in Equation 4-98,
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'l'ablo 6+1, lnput, lhtrumet, ers for Case 5

Species N p-237

Initial Ct)rmentratlort A"

(arbitrary tltltt ol'aetivity/l,a) l

Type oi'Release Mode Case 5A Step
Case 5B: Band

Floundary Condlthm Infinite Plane Source

x I00,0 m (Case 5B)

y O,f) m

d

u I O,0 rely r

v 0,0 m/yr

l)xx 0,0 m2/yr

l)yy O,0 m2/yr

I)y_ O,0 m'qyr

l)p O.Ol trt2/y r

I, 10,0 m

_I'i/2 2,14 x 10_lyr

Tr+, 3x 104 yr

b O,005 m ,

_h 10-?+

R 1

R' 100
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6, 1.2 Ilosults for Case 5B: Band ltele_ts(_ Mode

I,'lguros 6-2a, 6-2b, 6-2c, and 6-2d show the relative concentration, mass flux, and cumulative

mass flux in the ft'acture and the rock matrix ibr several points in time (i,e,, t = 104, 6 x 104, 2 x 105,

und 106 years), Results reported in Tables 6-3a through 6-3d suggest similar conclusions am _n the

f'ormer case.

6.2 I)ISCUSSION OF CASE 6: '['EMPOI_AI, VALUATION OF CONCENTRATION OF Np-237,
INI,'I,UENCE OF LONGITUDINAI_ DISPERSION

This test case deals with the time-dr)pendent migration of Np-237 in a one-dimensional flow

domain, where longitudinal dispersion effects are considered and the concentration at the source is

subjected to a step _nd band reletlse mode. The observation point where the breakthrough curves

are monitored is located at a distance orS00 m down gradient, The input data reported in '['able 6-4

are (_ssentially similar to those of Ca.se 5, except for the fracture spacing, which in this instance is

assigned a value of 0.6 m; i.: addition, three values ibr D× corresponding to 10, 100, and 1000 m2/yr

were used with the main intent of verifying the two solution methods pertaining to the general form of

the transport equation.

The Fourier numbers encountered in these simulations ranged approximately between 0.1

and 23, whereas the Peele[ number Pe in t:he fracture (i,e., Pe = uL/D×, where L = 500 m) ranged

between 5 and co. Figures 6..3a through 6.3d present a comparison of[he relative concentration, mass

flux, cumulative mass flux in the fracture, and the concentration at a distance z = 0,3 m in the rock

matrix ibr the step release mode; Figures 6.-4a through 6-4d show corresponding plots ft)r the band

release mode., Results reported in Tables 6-5 and 6-6 show excellent agreement between the two

solutions, except for very small times where the slight discrepancy displayed by the contour integra-

tion solution seems to be virtually eliminated with increasing values of[he longitudinal dispersion,

The impact of this parameter on the solution is reflected in the value of X, the magnitude of which is

inversely proportional to I)×; hence, ti)r a given time t and position x the smaller X, the higher the

value of[he Fourier number 1,'o. Results also indicate that the influence of the longitudinal dispersion

effects become important for values of this parameter greater than 10 m2/yr throughout the leaching

period, beyond which the dispersive effects become less accentuated excerpt for the case of the largest

selected hypothetical value ()f 1000 m'2/yr. Noto that in ali cases reported fl)r the rock matrix, the new

contour integration based ._olution derived in Chapter 5 displayed a high degree of accuracy and

acceptable convergence properties,
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Table 6-4, Input Parameters for Case 6

Species Np-237

Initial Concentration AO

(arbitrary unitofactivity/L3) 1

Type of Release Mode Case 6A: Step
Case 6B: Band

Boundary Condition Infinite Plane Source

x 500.0 m

y 0.0m

z 0.3m

d

u 10.0 m/yr

v 0.0 m/yr

I)×x 0, 10,100, 1000 m2/yr

[)yy 0.0 m2/yr

I)y x 0.0 m2/yr

I)p 0.01 m2/yr

I_ 0.3 m

T1/2 2.14 x 106 yr

'rL 1 x 104 yr

b 0.005 m

lo-2

R 1

R' 100
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6,3 DISCUSSION OF CASE 7: TWO-DiMENSIONAL TRANSPORT OF Tc-99 IN
FRACTURE AND ROCK MATRIX

The results reported in this section illustrate the application ofthe series solution to a two-

dime,lsional problem dealing with the migration of Tc-99 in a system of parallel fractu,'es, where the

concentration distribution at inlet is simulated by a set of three finite line sources and subject to a step

release mode. In this instance, fluid {'low is assumed to be in a direction normalto the upst, ream

bom_da,'y; longitudinal dispersion effects are ignored. Concentration, mass flux, and cumulative mass

flux in the fracture, as well as the concentration in the rock matrix, are computed at observation

points located along lines downstream from the tlpstream boundary and parallel to it. A list of the

irmut parametex's referred to this problem is reported in Table 6-7.

The s'lmulation time for all the investigated cases corresponds to 5 x 104 years. Figures 6-5a,

6-5b, 6-5c, and 6-5d show the relative concentration, mass f'lux, mass flux vector, and cumulative mass

flux profiles at various distances. Corresponding tabulated results are given in Tables 6-8a, 6-8b, 6-8c,

and 6-8d. Note that the concentration gradient in the transverse direction of the fracture, which is

relatively important at short axial distances from the source, becomes smaller with increasing dis-

tance. As far as the lateral extent oft, he plume is concerned, the magnitude is greater at large dis-

tances from the source. This is a logical consequence of the large effective dispersion time which, in

this instance, is proportional to the distance x and inversely proportional to the velocity u. Similar

conclusions may be drawn for the mass flux and cumulative mass flux results.
4

Figures 6-5e, 6-5f, and 6-5g show the relative concentration profiles in the rock matrix at ele-

yations of 0.1 m, 0.5 m, and 1.0 m. Tabulated results are given in Tables 6-8e, 6-8f, and 6-8g. The

migration mechanism of Tc-99 in the rock matrix ({ownstream from the source which is solely due to

the diffusive effects is proportional to the concentration gradient prevailing at the f_'acture walls and

the effective diffusive time given by t_ff = t -- x/u. This suggests that either at short distances x h'om

the source or for large velocities, the effective diffusive time is likely to enhance the migration process

tO the rock matrix.
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Table 6-7, Input Paran_et,ers Used in Simulation of Tc-99 in Fracture
and Rock Matrix lot' Case 7

Boundary Type AFPS

Initial Concentration N'

(arbitrary unit of activity/t,a) 1

Species Tc-99

Type of Release Mode Step

u (m/yr) 2

v (m/yr) 0

l)xx (m_/y,') , 0

I)yy (n',2/yr) 5

Dy,, (m2/yr) 0,0

De (m2/yr) 10-2

q, 10-2

I,(m) 1,0

b m) 5 x I03

R 10

R' 1O0

t (yr) 5 x 104

T1/2 (yr) 2.13 x 105

d (m) 10

Yl (m) 1O0

Y2(m) 200

Ya (m ) 30 0
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Figure 6-5a. Relative Concentration Profiles for Tc-99 in the Fracture at

z 0 m and t = 5 × 104 yr (Case 7: Multiple Patch Source)
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Figure 6-5b. Relative Mass Flux Profiles for Tc-99 in the Fracture at z = 0 m

and t = 5 x 104 yr (Case 7: Multiple Patch Source)
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50.0 ....

Figure 6-5c. Mass Flux Vector of Tc-99 at Discrete Points in the Fracture
at z = 0 nn and t = 5 x 104 (Case 7: Multiple Patch Source)
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Figure 6-5d. Relative Cumulative Mass Flux Profiles for Tc-99 in the Frac-
ture at z = 0 m and t = 5 x 104 yr (Case 7: Multiple Patch
Source)
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Figure 6-5e. Relative Concentration Profiles for Tc-99 in the Rock Matrix at
z -0.1 rn and t = 5 x 104 yr (Case 7: Multiple Patch Source)
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u ,, _h , _ _,

Figure 6-5f. Relative Concentration Profiles for Tc-99 in the Rock Matrix at
z = 0.5 rn and t = 5 x 104 yr (Case 7: Multiple Patch Source)
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7,0SUMMARY AND CONCLUSIONS

Analytical solutions have been derived for predicting the two-dimensional transport of a radio-

nuclide with no precursor in a single planar fracture as well as a system of parallel fractures coupled

with the one-dimensional diffusive transport in the rock matrix. Thf. solution for the mass and cumu-

lative mass flux in the fracture and the longitudinal dispersion-free form of these solutions have also

been investigated,

The solutions related to the fracture are designed for an unbounded medium (semi-infinite in

the axial direction and infinite in the lateral direction); solutions related to the rock matrix consider a

semi-infinite medium for the case of single fracture and a finite domain for the multiple fracture case.

The initial concentration in both the fracture and the rock is assumed to be zero. The ge:._,netry and

concentrations of the waste form at the source correspond to a finite patch (or multiple patch) ez'a

Gaussian distributed source subject to decay in ali cases. Furthermore, the radionuclide release modes

considered in this study focus on the step and band release modes,

Two sets of solutions for the multiple parallel fracture case were derived; one based on a series

approximation and the other based on contour integration are ideally suited to cope with small and

large Fourier numbers, respectively. In particular, the new solution for the multiple parallel fracture

case related to the rock matrix improvedconsiderably the viability of its numerical evaluation by way

oi"bypassing the restrictions inherent to a convolution-based solution.

An efficient transformation technique of the integration interval encountered in these solutions

was derived, guaranteeing maximum stability and convergence. The Gauss-Legendre quadrature

schem_, was adopted to perform the integration. Note that in the multiple parallel fracture case, an

efficient; iterative quadrature scheme was devised to take care of the oscillatory nature of the inte-

grand encountered in the solutio,J based on contour integration.

In the case of the single fracture, the reported solutions were verified by means of available one-

and two-dimensional analytical solutions; in the multiple parallel fracture case, the verification pro-

cess was accomplished after comparing the results yielded by the two newly developedsolutions, thus

providing reasonable confidence to prospective users in utilizing then, for verifying numerical codes.

Although overlooking longitudinal dispersion effects may lead to slightly conservative p,'edic-

tions both in terms of the maximum concentration in the system and the local concentration era

nuclide, yet the enhancement of the computational viability of the reported solutions in such a case

cannot be underestimated. The need for a quadrature scheme is eliminated, except for the solution

based on contour integration. These solutions also may be conveniently used for'assessing the long-

term geohydrochemical performance of a high-level nuclear" waste repository located in fractured

geologic media subjected to a water intrusion scenario.
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APPENDIX A

THEOREMS, LAPLACE TRANSFORMS, AND DERIVATIVES

In this appendix, a selected number of theorems, inverse Laplace transforms, and derivatives is

reported.

A. 1 TItEOREMS

The operations for the Laplace transformation reported in Chapters 1 to 4 require, in some

cases, the use of the following theorems.

A. 1.1 Translation

L-1 [e-bSf(s)] = F(t-b) U(t-b), b>0 (A.I-I)

where U(t) is the Heaviside unit step function defined as

O,t<O
U(t) =

1,t>0

A.l.2 Linear Transformation

L- l [gs- a)l = eat F(t) (A. 1-2)

A, 1.3 Differentiation

L-1 sffs)- F(+0)= F'(t) (A.1-3a)

L -1 s n f(s) - L-l sn-1F(+0) - L -1 sn-2 F'(+0) - ... - F(n-I)(+0) = F(n>(t) (A 1-3b)

A. 1.4 Co.nv.qlution or .Faltung

ft" *F (A,1-4)L Itri(s) . fg(s)} = Fl(t-_)F2(_) = F1 2
0
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A.2 LAPLACE TRANSFORMS

f(s) F(t)

-av7

e = e (A.2-1)

e 1

- exp - 4t (A.2-2)

- 2_nt a exp - _'_ (A.2-3)

1 tn-I
-- , n > 0 - (A.2-4)
n r(n)S

1_ cosb(bsl/,2)sech(asl/2) = eiCtcosh[b(ic)l/2l_ch[a(ic)l/2 ]
s- ic

flo

a >b>0 -2n _. (-1)n(n+l/2)[(n+l/2)2n2+ica2] -
1

n=0

• cos((n + 1/2)nb/a]exp[- (n + 1/2)2n2t/a] (A.2-5)

............ J....... _ _ ,, ,I ' , -- , • , ,' • '.,,.-- ' ,, . '-'",_'1 , 11

A.3 LAPLACE INVERSION OF sn+ 1/2

Because the inverse Laplace transform of sn +1/2for positive values of n is not reported in

standard tables, the derivation of this may be useful to the reader. The gamma function (see

Abramowitz and Stegun, 1972) defined as,

tlD

r(z) = tz-I e-tdt (A.3-1)
O

where z is the complex variable, is single valued and analytic over the entire complex plane with the

exception of negative integers.

206



For positive values of the real part ofz (i,e,, x) Equation A,3-1 becomes

O0

F(x) = tX-le-tdt (A.3-2)
o

and the characteristic equation is given by

F(x+l)= xF(X) , A.3.3)

lt may be easily shown that

I'(1 -x)
I'(--x) - --_, x _ 0,1 2 .... , A 3--4)(-x) ....

The Laplace transform oft -n:3/2 may be written as

f t.D

L{t -n-a/2} = e-Stt-n-z_/2dt . A.3-.5)
O

Substitution ors = u/t yields

foo

1 - n - 3/2 - u
L{t - n - 3/2} = tl (; d tl h. 3-f_)

l/2np_

S o

lfence, from Equation A.3-2, we have

t - n-- 3/2
L- 1 sn + 1/2 = A,3_7)

I'(- n - I/2)

Using the relation given by Fquation A.3-4 and with the knowledge of 1'(1/2) ---' VTz_,we may derive

I'( - n- 1/2) through a recurrence formula, Thus it follows for

n=0

(1) (,)I"l _ _ _ _

n=l

/ ')i"1 w "--

2) ;_ I'- =-• 2 3
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n--2

5 2 3 2 2 8
F -- = - - I' -- =(-1) a - - (2)_'uu'= - -- v'_i

5. 3 15

n=p

( ) ( )( )( )()1 )p+ 1 2 2 2 2
r -p-7_ =(-l , - - (2)_i (A,a-at), _ 2p+l 2p-1 , 5 ,3.

The above expressions may also be written as

( ) I"1( )i )p+1 - 2
P -P- 2 - (- 1 v/Ti ---- A,3-9)1+2i

i=0

Hence Equatiorl A.3i7 becomes

- VT_ -7-- , n --o, 1,2,3,... (A.3-10)
i = 0

A.4 Nt.h I)ERIVATIVE OF ERI{OR FUNCTION

The Nth derivative of the (I_l'l'o [1function (see Abramowitz and Stegun, 1972) is given by

9
dh+ l 2 _.z_

dz n+l {erffz)}=(-1) n _ II (z)e , n = 0 l 2 3 (A,4-.1)

where Hn are the Hermite polynomials, A list of the first six p()lynon_ials is given hereafter,

tt 0 = 1

If l(Z) = 2z

fl 2(z) = 4 z'2- 2

/la(z) ::: 8z 3 -- 12z

tI4(z) = 16z4 - 48z '2 + 12

fts(Z)- 32z 5 - 160z a .+- 12()z

l16(z) :: 64z (; -- 48(.)z4 -4-72()z _' --. 120

2O8
=



The recurrence relation (see Schiff, 1950) is given by

H n+l(z)=2zHn(z)-2nHn_i(z),n>0 .
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APPEN DIX f3

QUADRATURE

The wtrious solutions presented in this report require for the most part the evaluation of inte-

grals, An exception is made in the case of the longitudinal dispersion-free solution associated with the

single fracture ctlse (Chapter 3) and the series-based solution for the parallel fracture case (Chapter 4),

The integrals associated with the general solution of Equations 2-10 and 2-11 whlch emerge from the

consideration of longitudinal dispersion effects or result h'om the numerical inversion of!he Implace

transform show some similarity with respect to their limits (0, oo), However, because of the distinct

nature of their respective integrands the techniques used to approximate the integration over finite

subintervals are quite different. Because of the remarkable convergence properties o1'the Gaussian

integration formulas (see Stroud and Secrest, 196(;), the Gauss-Legendre quadrature scheme has been

adopted in this work.

B.1 TRANSFORMATION FOR INFINITE INTEGRAL ASSOCIATED WlTII TtlE
1RESENCE OF LONGITUDINAL I)ISPERSION

The integral of interest has the fbllowing form

I=I = tlx)d x (B.I-1)
0

when the dependent variable of the integrand corresponds in our case to o (.,_eeEquations 3_42, 3-44,

3-58, and 4-4). Hence by virtue of the properties inherent to the tteaviside function (see ;'Lqtm-

tions 2-21), the lower limit, say omin, must meet the following criterion

t -> RX (B, 1-2)

Substitution for Xgiven by Equation 3-22d. The potential lower limit may then be written as

t° = - (B, 1-3)rain 2
XX

The choice of the upper and lower limits of integration are also dictated by the condition that the

maximum absolute value of the exponential argument, appearing in Equation 3-22a written as

ql(x,o) = _ exp - o -- o- (B.1-4)
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with

UX

¥ = 4I) (B,1-5)
x.x

should always be less than or equal to the one allowed by the computer, say ARG, He,nee equating the

latter with the argument of the exponential form in Equation B, 1-,4,we obtain

4 0 2 y2 (B, 1-6)o -(ARG+ 2y) + =0

where the roots of the above equation are given by

(ARG+2,,)+ [(ARG+2y) 2 4¥_} lr2
- (I3,1-7)

2
O -

fllaX 2

(ARO+ 2y)- (ARG + 2y) 2- 4y 2 rB,1-8)
0 2 --
2 rain 2

Note that both roots are positive, The potential values fl)r the integration limits given by Equa-

tions B.1,7 and B.1-8 are now used to extract suitable upper (OUl_,)and lower limits (oi,I,), The irate-

gration domain is split over two finite intervals, i,e,, loll. OINIand lOiN,oULI, where OlNwill corre-

spond to the value ore in Equation B,1-6 when function T(x,o) (see Equation 3-22a) is a maximum;

t/2 u2 (B, 1-9)
OlN = g ,Or& < y < OUL

If the above condition is not satisfied, then

1 1/2 U2
= (o + o ¥ < or y >o (B,1 10)°IN 2 l.,I_ UI, )' el,I, (.ll,

where

OLI ' = MAX [1o nin, 20rain ] (B,I-1 la)

o (B, 1-1 lh)OUL = MAX [lOmin , maxl

Results yielded by this method proved to be very satisfactory, howeve,', at the expense of an additional

COml)utational c,ffort,
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B,2 PARAI_I_,EL FRACTUI{I,q CASE

For the sake of simplicity, the discussion presented ia this section is focused on the longitudinal

dispersion-free form of the transport equation given by Equation 2..10, However, it may easily be

e×tendod to the general term oi' the transport equation,

The various lntegrands G(rl,t) associated with the solution oi'the parallel fl'acturo case resulting

ft'ore the the numerical inversion oi'the Laplace transtbrm by moans of contour Integration may be

looked upon as one corresponding to the product of two functions gl(tl) and g2(rl,t) written as

G = gt(z]), g2(rl,t) (B,2-1)

where

gl(rl) = exp([tr)/r I (Fracture, Mass Flux, and Cumulative Maa_ Flux) (B,2-2a)

2 __, oxp( _ r )\" (Rock Matrix) (B,2-2|_)(rl) =
m= 1 n = 1 81 rl

arlcl

I I

g_ tj,t) = sin(y" e) + sin(v - y e) (Fracture, Mass Flux) (B.2-3a)

g2(rl,t) - sln(_ 'e) +_-sin (v - y e) (Rock Matrix) (B,2-3b)

2

g2(rl,t) = -.,\' Ik (Cumulative Ma_ Flux) (B.2-3c.)
k= 1

where Ii and I2 are given by I,]quations 5-30c and 5-31b.

,_I{efcrring Lo I.,quattons tl.2-2 and B.2-3, these correspond to sets of'smooth, exponentially

decaying and quasi-sinusoidal functions, respectively, which generate rapidly oscillatory tntogratads

(i.e., one with num(.:rotls local maxima and minima), however which decay over the range oi' int, egra-

rien. Figures ILl, [1-2, and B-3 show some typical representative curves for gl(rl) and g2(rl,t) and the

integrand G obtained for three different values of the variable x, ali (ithor parameters being kept

cot_st,ant,,
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Table B-l, Parameters Used to Estinmte G(q),
gl(q), and g2(q, t)

"''" - " ,,_, ,,+ ' , , , ', '_ . ,i' ,v:,; ..... ,,, ' ,l,"_ I

x l, 100, 104 rn

L 0,32 m

b 0,005 m

u 10 m/y r

v 0 trgyr

Dxx' 0 rn2/yr

Dyy 0 m_/yr

De 0,01 m2/yr

R 1,0

R' 100,0

+ _ o,ot

t 5x 104yr

, , , ...... , ,+ _ - - , : ,, t .... ' ..... "1 ',,,, ,,oi,., ""," '1
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Range of Integration

'Reduction of the infinite interval to a finite interval became mandatory because an initial

attempt to evaluate the integral using a Gauss-Legendre quadrature scheme failed to produce accept-

able results, A potential upper limit (qUL) for the range of integration is computed in our case after

equating gl(q) to a small number (i,e., EPS)* and using the Newton-Raphson iteration formula. Sub-

sequently, the segment [0,1"IULJis subdivided into n unequal intervals (i.e., [0,rlll, [rll, q2l, .,. [qn-t, q,_l)

where the upper limit of each of these is computed using the following relation:

rli = rluLabi-1 , i= 1,2,3,...n (B.2-4)

with b = exp-[ln(a)/n[ and a = 0.02. This yields geometrically increasing intervals which would

allow a highly accurate evaluation of the integrals in the region close to the origin using a modest

number of integration points. Their contributions to the anticipated result may be quite significant

under some circumstances. In order to Optimize the convergence of the integral, a search for a ten-

tative reduction of the integration domain is carried out after performing a quadrature which uses

60 integration points for each interval. Subsequently the contributions of successive intervals are

summed up beginning fl'om the last (i.e., nth) and, in the event the absolute ratio of this to the value of

the integral is less than 1.E - 06, qn- 1 is then substituted for rlUL, where i denotes the current value of

the summation index.

Because of the oscillatory nature ortho aforementioned integrand, a composite iterative Gauss-

Legendre quadrature scheme was adopted with (q-ii, qi) split initially into m = 2 subintervals and

increased by a factor of 1.5 (m > = 1000) or 1.2 (m > 1000) at subsequent iterations, using at ali times

20 Gaussian points Note that care is taken to round off the value of m to the nearest integer whenever

required. The convergence test is initiated at the end of the second iteration (see below). The selection

of_he initial value for rn for subsequent intervals is taken to correspond to the one registered at the

step of the iteration process prior to the last marking the convergence of the preceding interval. The

maximum allowed value for m in the Ft_ACI_'LO code corresponds to 750; when past this mark, itera-

tion can no longer be performed. Note that in the case of the longitudinal dispersion free form of the

transport equation the integration range is split into 25 intervals; however, due to the severe execu-

tion time constraint imposed by the solution of the general form of the transport equation, a maximum

of 12 intervals was adopted in such an instance. In addition, the iterative quadrature scheme was

* EPS = 10.6 except in the case of the fracture, where it follows that for

' .01 < a/2"_ < .1 , EPS = 0.01
c/2_/t- [_-X< ,01 , EPS = 0.02,

218



applied only when longitudinal disPersive effects are neglected, However, in the general case an ade-

quate match with results yielded by the series solution was registered using 60 quadrature points for

each subinterval.

The convergence criterion may be summarized as follows:

I(Gi)nl = 1.E-15 (B.2-5)

I(Gi) n (Gi)n_ 1 = 1,E-04 (Absolute Error) (B,2-6a)

I (Gi)n 1.E-03 (Relative Error) ' (B.2-6b)

(Gi)n_ 1

(Gi) n

where subscripts i and n refer to a typical integral and the iteration index, respectively. Note that for

a particular integral, convergence is said to have been reached when either.Equation B.2-5 or Equa-

tions B.2-6a and B.2-6b are satisfied. Convergence is normally witnessed at the end of the second iter-

ationl Exceptions to this norm occur particularly when the integrand displays a high .frequency of

oscillation and its amplitude decreases very slowly with q. With the contribution of successive inter-

vals summed up during the progress of the quadrature operation, a subsequent convergence test based.

on a criterion adopted for the series solution (see Equations 4-91 and 4-92) is performed past the 20th

interval. This allows a further optimization of computer execution time.

Since the magnitude of parameter a appearing in the expression of the exponential argument

br in Equation B.2-1 (see also Equation 5-4a) controls the magnitude of the integration domain, and

since parameter t controls the frequency of oscillations, numerical experiments such as the one

reported in Table B=2 indicate that for a constant value of the Fourier number, the magnitude of the

dimensionless number e/2V'_- RX, which encompasses the two parameters of interest has a critical

bearing on the convergence properties of the present quadrature scheme, lt may be added that for a

constant value ofe/2vrt- RX, convergence is almost independent of the Fourier number. Note for

example that when 2,500 quadrature points are the minimum required to satisfy convergence in the

case of the longitudinal dispersion free form of the transport equation, substantial increases are

registered (i.e., 10,420 and 186,340 for Fo = 10; 12,250 and 1.68,320 for Fo = 408; and 10,120 and

169,420 for Fo = 1666 when the value ofe/2V_- RXdrops to 0.1 and 0.005, respectively. '
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Table B-2. Quadrature Points Required for Selected Range of
Values of Fo and _/2V'-_-Rx (Dxx = 0)

Fo a/2V_- RX Quadrature Points

10 1.0 2,2O0

10 0.1 10,420
10 0.005 186,340 (not converged)

4O8 1.0 2,5OO
408 0.1 12,259

408 0.005 168,320 (not converged)

1,666 1.0 3,080
1,666 0.1 10,120

1,666 0.005 169,420 (not converged)

B.3 GAUSS-LEGENDRE QUADRATURE

In the Gauss-Legendre quadrature scheme, the numerical approximation to a typical integral I

is given by

13

I =, _, w i rfx i) (B.3-1)
i=l

where wi are the weighting functions and xi are the !ntegration points for an n-point Gaussian

integration.

The evaluation of the integral may be described as follows. Consider the problem of evaluating

Iu! = rfx) dx (B.3-2)
1t

By Gauss-Legendre quadrature, this is accomplished by making the change of variable from x to z

given by

2x -a -b
z = (B 3-3)b-a

l

x =-- - [(b - a)z + b + ai (B.3-4)2
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which changes Equation B.:3-2 to

tlx) dx - g(z) dz (B,3-5)
a 2 -I

with

1 1 I
g(z) = f -(b - a)z + -(a -{-b) (B.3-6)2 2

- l_quation B.3-1. It can be shownThe valueofthe integral f(x) in the interval 1 and + 1 is given by _ '

that an n-point Gaussian integration can evaluate exactly the integral ofa 2n - 1 degree polynomial.

Subroutine DGAUSS provides the user with values of roots of the Legendre polynomials as well as the

corresponding weight factors for a number of integration points, i.e., 10, 20, 60,104, and 256. [See

Stroud and Secrest (19661, and Carnahan et al. (1969).1

Generally, the solution is sensitive to the number of integration points selected for the

particular problem.

When the segment [a,b] is subdivided into frg2 intervals (m even), the integral is then

approximated as

{m/2)- 1 1

I,u I-o, Itlx)dx_ -_ ' f a + _[1 +z+ 2iii (B,3-7)
a m j=0 m

In the case era double integral, Equation B,3-1 becomes

In m

I_ ,_ wj _ vijf(xi,yij) (B,3-8)
j=l i=l

where the double subscripts on the right reflect the fact that the abscissas and weights of the m-point

rule must be adjusted for each value ofj of the n-point rule. Note that the identity given by Equation

B.3-8 is an mn-point rule for I.
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APPENDIX C

' Nth DERIVATIVE OF A PRODUCT OF TWO FUNCTIONS

Let the two functions u and v be defined as

u = t p (C-I)

at (C-2)
v--e

where a and p are constants.

The n th derivative of u with respect to t maybe written as

dnu n

_ t(p-n) [1 (p_ i+ 1) (C-3)
dt n i=l

and the nth derivative ofv with respect tot (see Gradshteyn and Ryzhik, 1980, p. 19) is given by

.' dn [(eaJt)=(_l)n__lea/t(a)n_+ (n-l)(_)(a)n-l- + (n-l)(n-2)(2)(a)n-2-
dt n t n t t t

+ (n-- 1)(n-- 2)(n-- 3)(3)(at )n-3 + .,. 1 (C-4)

or symbolically,

an l__ (ea/t) = (- 1) n 1 ea/t 1 (n_ i)(rn n 1)( a )n-m+l (C-5)
dt n t n - tm=l i=l

Using Leibnitz's theorem for differentiation of a product (Abramowitz and Stegun, 1972, p, 12)

given by

dh(uv) dnu v d n-Iu dv u v - v vdn-2 d2 dn ru dr dn

_ + (,}) + (_) + ,,. + (n) 4- ,,, + U _ (C-6)
dt n dt n dt n-1 dt dtn-2 dt 2 r dtn-r dt r dtn

andsubstitution of Equations C-I, C-2, C-3, and C-4 in the above equation yields

dn(tPe a/t) n n Z r r m - I ,

-tP-nea/t __. (rn) II (P-i+l)(-1)r _-_ II ¢_-J_¢ r l)(a)r-m+l-- (C-7)
dt n m - tr=0 i=l m=l j=l
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APPENDIX I)

A COMPLEX DEFINITE INTEGRAL

The following provides a proofof the in'_egral relation

I(t)= e_p -t 2 2 v_.- -'2 dt = --- exp(-2z) (I)-l)
2

when z is a complex quantity written as:

z = (c + ld) _ (I)-2)

Noting that the function under the integral sign in Equation D-1 is an even function, substitution of z

given by Equation D-2, yields

I = exp - t 2 c ' -ld
o - ? exp -_ d t (l)-3)

Using Euler's formula written as:

io (1)-4)e = coso + isin0

Equation D-3 becomes"

I-= Ii + I2 (D..5)
i

where

()()I 1 - exp - t2 c d
0 - _ cos _ dt (D-6)

12= -i exp _t2_ c sin d
o t 2 _ dt (I)-7)
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Recognizing the following integrals (see Gradshteyn and Ry_'htk, 1980, p, 486)

oxp _ - p x + _ cos a x + -- dx
x 2 x 2 .

2

- 2r exp(-2rscos(A + B))cos(A + 2m,_in(A + B)) for a _ 4- p > 0 (D-8)

and

f: ( )1(2 2 q2 • b2__ 2 2
exp - p x + 2 sin tt x -{- -- dx0 × , x 2,

v'71.
- 2r exp(-2rseos(A + 13))sin(A +2rssin(A + B)) for a u+ p2>0 ([)-9)

where

r =: (a 4 + p4)i l)-10a)

s = (134 + q4)t I)-10t3)

2
1 a

A =: - arctg l)-10c)
P

1 b _

I/ = -2 avctg -2 (I)- 10d)q

the following relations are satisfiect

p = 1 r'= 1 q2= c s= (d2 +c2)

1 d
a =0 A = 0 b2=d B = - arctg-

2 c

Then l 1 and [2 are rewritten as

<.;( (, d))( (,I1 = _exp -2 (d _ + c21_ cos _ arctg - cos 2(d u + cu)_ sin _ aretg - (l)-I 1)2 c , c
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( (i (, d))V_ exp -2 (d2 + c2){tcos _ arctg sin 2(d + c2)_slr,_ a,'ctg (D-12)12=i 2 • c c

,

Hence,

vqd
I= -- exp (-x)[cosy- isiny]= ----exp[-(x + iy)] (D..13)

2 2

)

whore

x --2(d2+c2) _cos 2 amtg- (D-14)c

and

y = 2(d 2+ e2)tsin 2arc'rg- , (D-15)C

Let

d
arctg - = 20 (D-16)

c

Using

1 )_
coso = "_ (c_s20 + 1 (D-17)

(! cl i [c+(e2+d2) [½cos 2 arctg - = coso = (D-18)c 2 (c2 + d2)

(1 d) l -c+(c2+d2)] 'tsin 2 arctg -" = sin 0 = (D-19)c 2 (c2 + d 2)

Therefore, x and y given by Equations 1)-14 and I)-15 become:

x = V_ (c+ (c2+ d2)])} (I)-20)

y = V_(-c 4- (c2 + d2)]) _ (I)-21)
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,, _ _ , , i , , , II

Then I can 13oexpres,_eda_:

I ' ( t)1-.e + (e_'+ cl_)i
--- oxp -,,2 + I (13..223

2 2 2

NoLing that the argumc,nt of the c.,xponontialrunetLon uorv'e,_pondsto I.ht_sc.tu.ren)ot,(_l'the c'oml)le×

quantity (e .t- td) given by t'kluatlon 13-2(see [3wLght, 1961, p. 173, ht,,nc¢_th[_abovc_eClUat,ion cnvibe

writtc, n:

I = ---- exp (-2 lc-l-tell _) (I)-.23)2

ancl the required re:._ult is e,stat)lished,
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APPENDIX E

NOTATIONS

Worms

a L long[tudinal disperslvity

a,,, lateral cllM_erslvity

A concentration in the {'raeturo

A° initial concentration of Lhc species

b half the fracture aperture width

B concentration la the rock matrix

d width of the finite line source at the origin

I) hydrodynamic dispersion tensor

D d molecular diffusion of nuclide in water

Do effective diffusivity in the rock matrix

Dp pore diffusivity

Dxx, Dyy,
Dxy coefficients of hydrodynamic dispersion tensor in the fractmo

Fo Fourier number for rock matrix

Fx mass flux In x-direction

Fy mass flux In y-direction

J diffusive rate of nuclide at surface of fracture per unit area of fracture 9tlt'htCO

Kf sorption distribution coefficient in the fracture

Kr sorption distribution coefficient In the rock matrix

L halt' the fracture spacing

Q rate of production or removal ofsolute due to radioactive decay in the fractu,'o

Q' rate of production or ,'emoval of solute due to radioactive decay in the rock matrix

R retardation factor in the fracture

R' retardation factor in the rock matrix

S concentration in the adsorbed phase in the fracture



S' ooncont|'at, lon in the acl_orbod phase in the rock matrl×

t time

T leaching time

lA

Ill2 half-liib

u, v x anti y compononl, s of the fluid velocity vector in the i'racture

V average fluid velocity vector in the fracture

x, y position vectors tn the fracture

Yo y coordinate oi' the center of the Gaussian source

yl y coox'dinat, o of the center era typical finite patch source

z position vector in the rock matrix

F Gamma function

_id constrictlvity ,Ibr diffusion

_ij Kronecker delta

h first-order rato constant tbr decay

Oy standard deviation of G uussian source at the origin

Pr rock density

tortuosity

rock porosity

_r volumetric fraction oi'the solid phase in the rock matrix b

Abbreviated
F or ms

o _ + 2p 2
Y

a I - 2 2
4p 'u 'y

(y,-g)o2 + 2.v p _Y

a 2 ....
4p2o2

Y

2 9

(y- g)2o2 + 2y_p"Y
a,l =

4 p 2o2y

O0¢'w

{



Abbrovtated
Forms

(_ )lr2
c,,= _-(R'Dp

c = (R'/D)1/'2
r p

D (t- RX)P
= 'D >0'xbecomesx'lbrD =0

F° R'(L-b) 2 ' xx ' xx

ii` =u-2D ctl(o-ct x) 'F =0x 1 xx 1 ' y

,
= _0

FI uEfl ; Fy

_1 =0= U ',Fy

xFl= uE_- D [2o t(o-alx)E _+ E_]- D E_ 'F _0xy ' y

t,' =vE_ [2ct1(o-Q×) +E_I-D E_ ;t_ :_0y I - Dyx 1 E_ yy Y

[3el, I),IX
- ' _0

iF2 _ [,Irl , i= x,y ;l_'y

cr D
xF2-,- -_ ;F =0Y

iF_= DtxEfl_ ; i= x,y

I( i: (a = uEQ + yen ,D = D =0' XX yx

yx
g= v-u---- X+ xn b--

KX KX

I) 2 1/2

p=((D - ---Y-X)X).ry D
RX

r = -R(s+_)- cr(s+h) 1/2a

rb- -c r(s+ h)I/2

00_
,_l.J L



Abbreviated

Forms

a I = u/4Dxxo

ft= _ (L-b)
P

f3 =x/2Dxxo2; D=>0

'-.. ].
_=-;D =0

12 xx

_r = _r+ (-l)m+l _-q-"+ (-I)"+I_''_q
2 2

-. rl2_

[3e= 2 -Ye

t12_ _

De- 2 -Ye

_q [sinh([3q)+ sin(_rl.____)IYe = _ cosh([Jrl) + cos(13q)

Ye = Ye+ (-1)m+1 13._.__ (_l)n+ l ta_.9,n
2 2

4
l_8 = (-l)n, _cos(81J)

(2n+ 1)n

(2n+ l)n
8=

213

= cfx

a'=crx' 'D =0' XX

_ cfx
E "-

2
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Abbreviated
Forms

= cfx'
_= _ ;D =0

2

la = _'- (L- z)
P,

2 2

2 4D o 2
XX

2

v'=v(x')=2 t--- U

2

v_= v(nI)= 2 (t-Rpl)

ik=k_J +

2
x

X = 'D >0
2 ' xx4D o

XX

x
t °

X=-,D =0
tl xx



APPnNDIXF

MODEL PARAMETERS

CENT Location of center of source 1 along y axis (IPATCH = lt

DENSR Rock matrix bulk density (M/L3)(used ifIDIST = 1)

DIFF Molecular diffusion of species in water (L2/T)(used ifIDISP= 1)

DIFFR Pore diffusivity (L2_)

DIMENS(I,J) Dimensions used in the problem; each must be _ 12 characters in length
DIMENS(1,J) = species name

(2 J) = time (year)

(3 J) = length (meter)
(4 J) = L/T (meter/year)
(5 J) = L2/T (m2/year)
(6 J) = mass/volume (g/cc)
(7 J) = volume/mass (cc/g)
(8 J) = 1/time (1,/year)
(9 J) = activity (Ci)

DISPX Longitudinal dispersivity/dispersion in the x direction (see IDISP)

DISPY Lateral dispersivity/dispersion in the y direction (see IDISP)

EXMAX + + Largest allowed magnitude for exponential arguments

FDIST Fracture separation distance (L) (used if IMULT = l)

HALFL Half-life of species (T)

IBAND = 0 Step release at source
= 1 Band release at source

ICONCF = 0 Do not calculate fracture concentrations
- 1 Do calculate fracture concentrations

ICONCR = 0 Do not calculate rock concentrations

= 1 Do calculate rock concentrations

ICUMF = 0 Do not calculate cumulative mass flux
= 1 Do calculate cumulative mass flux

IDISP = 0 DISPX, DISPY correspond to dispersion coefficients
= 1 DISPX, DISPY correspond to dispersivities

IDIST = 0 RETARD_F,RETARD R correspond to retardation factors

= 1RETARD F,RETARD R correspond to distribution coefficients
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q

IFLUX = 0 Do not.calculate instantaneous mass flux
= 1 Do calculate instantaneous mass flux

h

IGAUSL = 0 Interval of integration constant
= 1 Integration limits divided into INTERV intervals

IGRAPH = 0 Graphics output disabled
= 1Graphics output enabled--formatted graphics data written to unit 30

IMULT = 0 Single fracture plane (infinite diffusion field)
= 1 Multiple fracture planes (finite diffusion field) series solution
= 2 Multiple fracture planes (finite diffusion field) contourintegration solution

INTERV Number of subintervals x 2 for Gauss-Legendre integration (i.e., _>4) (used if
IGAUSL = 1)

IPATCH = 0 Boundary condition corresponds to a Gaussian distributed source
= 1Boundary condition corresponds to a finite patch source

MSG1 _ 72 characters, first line of graphics output

MSG2 "; 72 characters, second line of graphics output

NMAX Number of Gaussian points for Gauss-Legendre quadrature (it can only have the
value of 4, 10, 20, 60,104, or 256)

NRUNMAX Number of data sets to be run

NT _ 50, number of time values to be evaluated

NUMBS Number of patch sources (IPATCH = 1)

NX -: 50, number of positions to be evaluated in x direction

NY N 50, number of positions to be evaluated in y direction

NZ _ 50, number of positions to be evaluated in z direction

PATCH Width of finite source (i.e., IPATCH = 1) (L)

POROSR Average porosity in rock matrix (L3/L3)

REFX(I) x-position in space (L)

REFY(I} y-position in space (L)

REFZ(I) z-position in space (L)

RETARD F Retardation factor/distribution coefficient in the fracture (see IDIST)

RETARD_[{ Retardation factor/distribution coefficient in the rock (see IDIST)

SPACING Distance between consecutive waste packages (IPATCH = 1}

r,_O



STD Standard deviation (IPATCH = 0)

THICK Fracture thickness (L)

TIME(I) T-position in time (T)

TIML Leach time (T) (used ifIBAND = 1)

TITLE 2 lines, _ 80 characters per line, title of data set

'rORT Tortuosity (L/L) (used ifIDIST = 1)

VELX Average apparent velocity in the x-direction (L/T)

VELY Average apparent velocity in the y-direction (L/T)

Y0 Location of the center of Gaussian source (IPATCH = 0)

+ + Computer dependent,
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