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The Visual Shape and Multipole Moments of the Sun

B.J. Beards ley andH.A. H i l l , Department of Physics, Univ. of Arizona

Solar diameter measurements made in 1983 a t the S a n t a C a t a l i n a
Laboratory for Experimental Re la t iv i ty by Astrometry (SCLERA) have been
analyzed for the S u n ' s quadrupole and h e x a d e c a p o l e s h a p e t e r m s .
Express ing the Sun's apparent diameter as a Legendre s e r i e s , these two
terms r e p r e s e n t the P ? and P^ c o e f f i c i e n t s , r e s p e c t i v e l y . The
t h e o r e t i c a l framework" us ed t o provide a r e l a t i o n s h i p between the
observed shape of the Sun and the m u l t i p o l e moments of the s o l a r
g r a v i t a t i o n a l p o t e n t i a l f i e l d has been improved to include in general
the effect of d i f fe ren t ia l ro ta t ion in both l a t i t u d e and r a d i u s . The
g r a v i t a t i o n a l p o t e n t i a l mul t i pole moments, expressed as the P., and P,,
coef f ic ien ts of a Legendre s e r i e s , have been found to be
J = (3-4 ± i .0)E-6 and J^ = ( 1.7 ± 1 . DE-6, r e spec t ive ly .

The t o t a l apparent oblateness AR (equators-polar r a d i i ) found from
SCLERA o b s e r v a t i o n s i s AR = "> 3 - S ± 1.3 mi l l iarcseconds . The surface
ro ta t ion con t r ibu t ion LR' t o the apparent s o l a r shape i s AR' = 7 . 9
mi l l ia rcseconds . The quoted uncer ta in t ies represent formal s t a t i s t i c a l
1o e r ro r s only.

Evidence for periodic shape d i s to r t i ons near the equator have also
been found.

I . HISTORICAL SIGNIFICANCE

a) Experimental Re la t iv i ty

The g r a v i t a t i o n a l potent ia l f i e ld associated with the mass quadrupole

moment of the Sun creates p r inc ipa l ly a Newtonian per turbat ion on the orbi of

the p l a n e t s such t h a t t h e i r p e r i h e l i a a r e precessed. Since the perturbing

potent ia l in lowest order i s = 1/r (see equation 2), and because of the la rge

e l l i p t i c i t y of Mercury's o r b i t , the precession for Mercury's o rb i t i s g r ea t e s t

and consequently most eas i ly detected. Unfo r tuna t e ly , g e n e r a l r e l a t i v i s t i c

p r e c e s s i o n of the p e r i h e l i a has proven d i f f i c u l t to decouple observa t ional ly

from the precession caused from the quadrupole moment.

The e q u a t i o n f o r t h e p e r i h e l i o n advance r or Mercury i n c l u d i n g

r e l a t i v i s t i c and solar quadrupole moment (J ) terms i s :

Aui = 42.95 [ j ( 2 + 2Y - B) + 0.029 J2 X 105] (1)

where Aw represents the observed perihel ion advance in arcseconds per c en tu ry



from o b l a t e n e s s or r e l a t i vi s ci c c o n t r i b u t i o n s , and Y and B r e p r e s e n t

parameters describing the theory of g rav i ta t ion assumed in the paramete r ized

post^Newtonian formalism (Will 193"> ) . For general r e l a t i v i t y (GR) these

parameters are both un i ty . J., is a dimensi onl ess parameter r e l a t e d t o t h e

grav i t a t iona l potential •* by:

GM =°
* ( r . e , 0 ) = - — [ ! " I l b l J o P 0 ( c o s 9 ) ] , r > R ( 2 )

where r , 8, and $ represent the radial, polar, and azimuthal coordinates of a

spherical coordinate system. R is the solar radius, G is the gravitational

constant, M is the mass of the Sun and P is the Legendre polynomial of
u >c

degree t.

b_)_ Var iab i l i ty of the Solar Oblateness

The f i r s t modern oblateness measurement was performed in 1966 by Dicke

and Go ldenbe rg (1974) fol lowed by the work a t SCLERA in 1973 ( H i l l and

Stebbins 1975). An important r e su l t from ob l a t enes s work a t SCLERA in the

e a r l y 1970 ' s was the demons t ra t ion t h a t extreme care must be exercised in

re l a t i ng an observed visual solar oblateness to i n t r i n s i c s o l a r o b l a t e n e s s .

An edge d e f i n i t i o n at SCLERA was developed tha t had high s e n s i t i v i t y t o

changes in the limb da rken ing f u n c t i o n . The technique could d i s t i n g u i s h

between an ac tua l diameter change and an apparent diameter change r e s u l t i n g

from a var ia t ion in limb darkening functions between di f ferent polar angles .

In the 1980's , oblateness work has continued using both Princeton and

SCLERA-type observat ions . P r ince ton - type s o l a r o b s e r v a t i o n s were made i n

1983, 1984, and 1985 (Dicke , Kuhn, and Libbrecht 1985, 1986, 1987). These

r e s u l t s , along with the a n a l y s i s of the 1966 o b s e r v a t i o n s and the SCLERA

r e s u l t s from 1973 ( H i l l and Stebbins 1975), led to the suggestion by Dicke,

Kuhn, and Libbrecht (1985, 1986, and 1987) tha t the i n t r i n s i c o b l a t e n e s s may

be vary ing with the 11 year so l a r sunspot cycle (see summary of resu l t s in

table 3) . There was also marginal evidence for the 12.38 day s ide rea l pe r iod

o s c i l l a t i o n in 1983 and 1985, but no evidence for i t in 1984.



H i l l and B e a r d s l e y ( 1 9 3 7 , 1 9 8 8 ) r e - e x a m i n e d t h e p u b l i s h e d

o b s e r v a t i o n a l r e s u l t s and demonstra ted s t a t i s t i c a l l y t h a t the limb d a r k e n i n g

f u n c t i o n was d i f f e r e n t a long or thogona l d i ame te r s for t he 1983, 1984, and 1985

d a t a s e t s of Dicke, Kuhn and Libbrecht (1985, 1986, and 1 9 8 7 ) . Also t he form

of the v a r i a t i o n s in t he l imb darkening f u n c t i o n s c h a n g e d e v e r y y e a r . T h i s

r e s u l t a l o n g w i t h s e v e r a l other t e s t s l e d H i l l and Bea rds l ey (1987, 1988) t o

the c o n c l u s i o n tha t a s i g n i f i c a n t , f a l s e o b l a t e n e s s due t o t h e l i m b d a r k e n i n g

f u n c t i o n d i f f e r e n c e s could remain in t he r e s u l t s of D icke , Kuhn and L i b b r e c h t

P 9 8 5 , ^986, and 1987) • The p o s s i b i l i t y f o r s y s t e m a t i c e r r o r i n t r o d u c e d by

t h e s e d i f f e r e n c e s c o n s i d e r a b l y weakens the b a s i s of the s u g g e s t i o n t h a t t h e

i n t r i n s i c o b l a t e n e s s (or s u r f a c e s of c o n s t a n t p o t e n t i a l ) may be v a r y i n g w i t h

the s o l a r c y c l e .

I I . RELATIONSHIP BETWEEN THE VISUAL OBLATENESS
AND THE GRAVITATIONAL POTENTIAL

The Sun's v isual o b l a t e n e s s and g r a v i t a t i o n a l p o t e n t i a l have been

t r a d i t i o n a l l y r e l a t e d by use of Von Z e i p e l ' s Theorem (Von Zeipel 1924, Dicke

1970, Libbrecht 1984) . Th i s theorem s t a t e s tha t if t h e r e a r e no s u r f a c e

s t r e s s e s , such as those which may be introduced by v e l o c i t y or magnetic

f i e l d s , then surfaces of constant p r e s s u r e , d e n s i t y , t empera ture , and *

( g r a v i t a t i o n a l p o t e n t i a l ) a l l co inc ide . The visual obl?teness would then

represent a constant gravitational potential surface.

A more general relationship can be derived by perturbing the momentum

equat ion . From Beardsley (1987) the r e l a t i o n s h i p between the o b s e r v e d

oblateness and J can be expressed as

AR/R = * I (J +J ') AP. (3)
1=2 *

where AR represents the difference in so la r radius at any two solar polar

angles. The coefficients J ' = La. (R)] / (gR) represent the surface s t r e s s

con t r i bu t i ons to AR/R, and the AP- a r e differences inLegendre polynomials



associated with the two solar polar angles for a given I. The coefficients

a (r) are found to be

3 ( s i n 8 f ' / p )

is d9

where f represents an Eulerian perturbation in the 9 component of the surface

stress .

For the surface s t ress introduced by so.lar rotation Beardsley (1987)

found:

and

J , r = 5.32 x 1 0 ° (5)

J l 4 ' = -0.59 x i o " 6 (6)

These results indicate an equatorial to polar distortion of

[ AR - AR ] / R = 8 . 4 x 1 0 ~ 6 .
e p

I I I . THE SCLERA TELESCOPE

The SCLERA te lescope , located near the top of Mt. Bigelow in the Santa

Catal ina Mountains, has been described i n numerous documents (Zanoni 1966,

Clayton 1973, Oleson et_ a l . 1974, Patz 1975, Stebbins 1975, and Beardsley

1987). In figure 1 the o p t i c a l and mechanica l components a r e shown. The

telescope i s a Schupmann medial elevation-azimuth design, with a 1k. 5 cm f/100

objec t ive , and col or-correc t ing, folded, Mangin o p t i c s .

a_2 Solar Edge Definit ion

The solar edge i s said to be loca ted (see H i l l , S t e b b i n s , and Oleson

1975) a t a r a d i a l d i s t a n c e q from the c e n t e r when the fo l lowing i n t e g r a l

transform i s zero:



1 / -'

F ( I ; q , a ) = / . . , " - , K 1 + a s i - n * s ) cos 2irs ds , (7 )

where I i s the observed s o l a r i n t e n s i t y as a f u n c t i o n of rad ius and t h e

parameter "a" i s the ampl i tude over which the limb of the Sun i s scanned.

This d e f i n i t i o n has a high s e n s i t i v i t y t o changes in s l o p e of the l i m b

darkening function making i t possible t o d is t inguish between apparent diameter

changes and changes associated with the equi potent ial surfaces desc r ib ing t h e

i n t e r n a l mass d i s t r i bu t ion of the Sun. Although very s e n s i t i v e to changes in

the slope of the limb darkening func t ion i t has low s e n s i t i v i t y t o a l i g h t

r e d i s t r i b u t i o n on the limb caused by t e r r e s t r i a l atmospheric turbulence (Hi l l

et al . 1975, Hill and Stebbins 197 5) . I n s p e c t i o n of e q u a t i o n 7 a l s o shows

that the def in i t ion i s not affected by changes in atmospheric t ransparency.

IV, LEGENDRE POLYNOMIAL DESCRIPTION OF THE SOLAR I MACE

Most of the s y s t e m a t i c o b l a t e n e s s s i g n a l s , t h a t a r e in t roduced by t h e

t e l e s c o p e , can be expressed very e f f e c t i v e l y i n terms of Legendre s e r i e s . I n

t h i s d e s c r i p t i o n , an angular diameter measurement, D ( - 8 ) , of the s o l a r image,

in the solar coordinate system as observed projected down onto the solar

detectors, can be written as:

# p - 1 p+2
D(-9) = I [ J P ( e ) + 1 K P ( 9 , n, AZ.Z.PA) ] + 1 C B ( e , a , , a . ) (8 )

m=0 n=1 ' n=p n J

*
where P i s t h e L e g e n d r e p o l y n o m i a l of d e g r e e m and t h e J r e p r e s e n t i n t r i n s i c

in ^ rn
solar structure. J is related to the J used in describing the gravitationalm m
potential field in section 2 by

J +J1 = -J*/0 , (9)
m m m

where 9 i s the mean angular diameter of the Sun. AZ, Z, PA and n, r e p r e s e n t

solar azimuth angle, solar zenith angle , solar posit ion angle and solar

pa ra l l ac t i c angle respect ively (for defini t ions see Smart 1977, Beardsley



1987) . K r ep re sen t amol i tudes a s s o c i a t e d with the i n s t r u m e n t a l and
m ,n

atmospheric d i s t o r t i o n s .

The primary problem wi th s o l a r s h a p e i n v e s t i g a t i o n s has been

es tab l i sh ing the existence of a scal ing law which r e l a t e s the fa l se obla teness

introduced by changes in the limb-darkening function to observable p r o p e r t i e s

of the measurements . The '933 SCLERA observations have several observables

which may be used to e s t a b l i s h the s c a l i n g law for both J and J . . These

o b s e r v a b l e s are r e p r e s e n t e d by the C 3 ( 8 , a . , a . ) in equation 8. The values

B(8,a. ,a .) a re r e la ted to the diameter difference using two d i f f e r e n t va lues

of a i n the FFTD edge de f in i t ion for a pa r t i cu la r value of e. For a complete

descr ip t ion see Beardsley i

V. RESULTS

The data were o b t a i n e d between June 19 and J u l y 20, 1983. After

removal of observations contaminated by clouds and solar ac t ive regions, t h e r e

were 1728 d iameters found a t each of the fo l lowing l o c a t i o n s : the p o l e ,

e q u a t o r , and + 45°. The coeff ic ients in equation 8 were then determined from

a phase s e n s i t i v e , Fourier t ransform-least squares technique (Beardsley 1987).

All sources of s t a t i s t i c a l and systematic e r ro r s have been l i s t e d in t ab le s 1

and 2 for J . and J , r e spec t i ve ly . The best estimates of J , and J a re a l s o

l i s t e d . The s t a t i s t i c a l and systematic e r ro r s resu l t ing from the instrument

and t e r r e s t r i a l atmosphere are probably small and not a major source of e r r o r .

The u n c e r t a i n t y i n the m u l t i p o l e moments due t o a f a l s e oblatenesa

created by changes in the limb darkening function i s a more s e r i o u s problem.

However, t h e s c a l i n g parameters used i n t h i s work s h o u l d minimize t h e

magnitude of an error created by t h i s e f f ec t .

The poss ib i l i t y of surface d i s t o r t i o n s also introduce some uncer ta inty

in the current work, if they e x i s t . Evidence for s t a t i s t i c a l l y s i g n i f i c a n t

ampl i tudes have been found at synodic frequencies of v = 0.^4, 0.88, and 1.76

uHz. These frequencies are in good agreement with a harmonic s t r u c t u r e found

by H i l l and Czarnowski ( 1 9 8 6 ) . The v = 0 .88 and 1.76 uHz frequencies are

s i m i l a r x o frequencies found by Dicke (1981) who analyzed 1966 P r ince ton - type



ab la teness obse rva t ions , and Dicke, Kuhn, andLibbrecht (1985 and 1987) who

used 1 98 3 and 1985 Pri ncet on-type ob la t eness observat ions (the harmonic

p a t t e r n was not a p p a r e n t in 1984 Pri nee t on-type o b s e r v a t i o n s ) . The

frequencies at v * 0.38 and 1.76 uHz a re a l s o cons is ten t with the harmonic

s t r u c t u r e found by C lave r i e e_t_ al_. (1982) who analyzed whole disk in tens i ty

observations.

Using the observed value of Aw (Shapiro et_ a_U 1976) and equation 1

with J , = (3.4 ± 1.0) :< 10 ,

0.993 ± 0.006 = U2 + 2Y = 8) . (10)

The error represents the combination of measurement uncertainty for Au> and the

s t a t i s t i c a l uncer ta inty associated with J . The resu l t i s about 1o from the

general r e l a t i v i s t i c value of unity.

In table 3, which has been updated from Hill and Rosenwald (1986) , are

included a l l values of J_ found from published visual oblateness observat ions

and rotat ional sp l i t t ing s tud ies .

aj_ Absolute Errors from J,

This i s the f i r s t published r e s u l t for J der ived from the visual

so la r shape and i t i s near ly c o n s i s t e n t wi th a n u l l va lue w i t h i n t h e

u n c e r t a i n t i e s as shown in table 1. The implications of t h i s observation for

an estimate of the r e l i a b i l i t y of the derived J is very impor tan t . Most of

the unce r t a in ty remaining in t h i s work i s associated with solar phenomenon

occurr ing near the equator (Beardsley 1987). Since a s y s t e m a t i c e r r o r

assoc ia ted with the equator changes J . re la t ive to J in a well determined

relat ionship (Beardsley 1987), any deviation of J . from a null value will be a

measure of the sys temat ic e r ro r in J if i t can be shown from independent

theoretical or observational evidence that J a should be e i ther zero or near ly

zero.

I t has been shown t h a t t h i s value i s extremely small for i n t e r n a l

rotation curves that are constant and equal to the surface rota t ion ra te

(J^ - 10 , Ulrich and HawKins 1981). If other viable ro ta t ion curves can be

shown to produce s imi la r values of J^f then an important estimate of the

7



s y s t e m a t i c e r r o r r e l a t e d t o s o l a r phenomena has been a c h i e v e d t h a t has no t

been a v a i l a b l e in o the r s o l a r shape s t u d i e s .

The au tho r s would l i k e t o thank B i l l Cza rnowsk i and Leon Yi f o r t h e

c a l c u l a t i o n of the FFTD edge d e f i n i t i o n used for t h i s da t a s e t . This work was

suppor ted i n pa r t by the Department of Energy .
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TABLE 1

and J . Results

Statistical Error in J ,

Scaling error due to I'

Error resulting from variable J ;

Best estimate of <K

Best estimate of Jj. '

Best estimate of J.,

± 2.1 marcsec

See sec t ion 5. 2
Q~•- • . c t i o n "•. 2

± 2 . 1 mar csec

-=0.6 x 10

( 1 . 7 + 1 . D x 10
-6

TABLE 2

and Results

Statistical error in J .

Scaling error due to I '

Error resulting from variable J

Best estimate of AD

Best estimate of J

Best estimate of J '

Best estimate of J,,

± 1 . 9 marcsec

See section 5. 2

See section 5.2

27.5 + 2.6 marcsec

-17. ^ + 1.9 marcsec

5.8 x 10~6

(3.4 ± 1.0) x 10

Definitions

AD = D(r>90) - D(0)

D(-9) = Observed re la t ive diameter at polar angle 9

J2 = - | [ (AD) + | { D(-90)+D(0)-D(-45)-D(45) } ]

J^ = 1 | [ D(^90)+D(0)-D(-45)-D(45) ]

J1 = Surface s t ress contribution to Jm # m
= - (J /0) - J1

.m " m " " ra
1 890 arcsecondsQ

10



TABLE 3

Summary of E f f o r t s t o Determine J,

Rotational S p l i t t i n g of Fine St ructure

Duvall et a l . ('984)
H i l l , Bos and Gcode (1982)
Hi l l et a l . (1984)a

H i l l , Rabaey and Rosenwald P986)

J , x 10

0 . 1 7 ± 0 . 0 4

5 . 5 ± 1 . 3
4 . 5
5. 1 ± 1 . 2

Visual Solar Oblateness

Dicke ( ' 9 8 ' ) f

Hill and Stebbins (1975)
Dieke, Kuhn and Libbrecht

Beardsley P987) '
Dicke, Kuhn, and Libbrecht (1986)
Dicke, Kuhn, and Libbrecht (1987)

T AR

1966 4 2 . 0 + 2 . 0
1973 9 . 2 ± 6 . 3
1983 ' 8 . 2 ± 1 . 4

1 4 . 4 + 4 . i
1983 ' 3 . 8 + 1 . 3
1984 5 . 6 ± 1 . 3
1985 1 4 . 6 + 2 . 2

2 2 . 8 ± 2 . 0

1 . 0 ± 4 . 3
7 .1 ± 0 . 9
4 . 4 ± 2 . 7
3. 4 ± 1 . 0

- 1 . 3 ± 0 . 9
4 . 7 ± 1 . 5

a The value obtained by Gough (1982) i s not included because i t was based on
a p re l iminary s e t of multiplet c lass i f i ca t ions which was in error (cf. Hi l l ,
1984) .

b Based on ro ta t iona l curve of Hi l l et a l . C198^) .

c The value of 7.7 ± 1.8 for J repor ted by H i l l , Rabaey and Rosenwald
'1986) has been corrected for a factor of 2/3 omitted in the i r ana lys i s .

d Year of visual obi at en ess observations.

e Value of apparent equatorial - polar surface radius in mil l iarcseconds.

f The o r i g i n a l value of J = (24.7 ± 2.3) X 10 ' was found by Dicke and
Goldenberg (1974) .

g Two values are given based on whether or not a ce r ta in type of systematic
e r r o r i s taken i n t o account . The values l i s t e d have been corrected for a
small systematic er ror discussed by Dicke, Kuhn, and Libbrecht (1986).

h This vaiue has a small J c o n t r i b u t i o n removed t ha t other oblateness
studies have assumed to be zero.

1 1



*OT»TO« MIS

5TCW4SC U M K I K
UOWtH THO V T
KCTlOMJ

Figure 1. Cross Section of Telescope and Building.

This figure was reproduced from Stebbins (1975).


