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Abstract
The evolution of the electron-beam phase space distribution in laser-
driven RF guns is studied by taking into account both the time variation
of the RF field and space-charge effects. In particular, simgle formulas are
derived for the transverse and longitudinal emittances at the exit of the

gun. The results are compared and found to agree well with those {from

simulation.
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1 Introduction

Laser-driven rf electron gunst!) are potential sources of high-current, low-
emittance, short bunch-length electron beams, which are required for many
advanced accelerator applications, such as free-electron lasers and injectors
for high-energy machines. In such guns the design of which was pioneered
at los Alamos National Laboratory(! and is currently being developed at
several other laboratories(?3%), a high-power laser beam illuminates a paoto-
cathode surface placed on an end wall of an rf cavity. The emitted electrons
are accelerated immediately to a relativistic energy by the strong rf field
in the cavity. The main advantages of this type of gun are that the time
structure of the electron beam is controlled by the laser, eliminating the
need for bunchers, and that the electric field it rf cavities can be made very
strong, so that the degrading effects due to space-charge repulsion can be
minimized. In this paper, we analyze the beam dynamics in the rf cavities
to obtain the expressions for the transverse and longitudinal emittances of
the electron beams emerging from laser-driven rf guns.

A study of electron-beam dynamics in rf guns needs to take into account
several effects, such as those due *o the time variation of the rf field over
the duration of the acceleration period and over the duration of the electron
pulse and those due to the space-charge repulsion. A rigorous analysis of
these effects is probably too complicated to be useful. The goal in this
paper is to obtain approximate and simple expressions that retain the main
physical effects.

In Section 2 we study the rf acceleration process. We simplify the calcu-
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lation by assuming that only a single standing-wave component is present.
However, contrary to what is done for long linear accelerators!®), we do not
neglect the contribution from the reflected wave. We solve the rf accelera-
tion equation approximately after noting that the variation of the rf phase
& = wt — kz + ¢ is significant only at the beginning of the acceleration
period. The result agiees reasonably well with exact calculations. Because
of the time-variation of the rf field, the electron distribution occupies curved
regions in phase-space. We calculate the longitudinal emittance associated
with this erfect.

In Section 3 we consider the effects of the rf acceleration on transverse
dynamics. Given that the longitudinal electric field is uniform in the trans-
verse direction, the expression for the transverse force is uriquely determined
from Maxweil’s equations. The transverse momentum imparted to an elec-
tron is obtained by assuming that the electron’s transverse coordinates re-
main constant during acceleration by the rf field. With this approximation,
a net transverse momentuin transfer 1o electrons occurs only in the vicin-
ity of the cavity exit. We calculate the transverse emittance which arises
from the fact that electrons at different longitudinal positions near the exit
receive different transverse kicks due to the variation of the rf field.

In Section 4 we calculate the transverse and the longitudinal emittances
resulting from the space-charge effects. We simplify the calculation by as-
suming that all electrons move with ideatical velocity, so that the space-
charge force is purely electrostatic in the frame of reference that moves with

the electrons. A further simplification is achieved by noting that the influ-



ence of the space-charge force is weighted by a factor 1/v23, which heavily
emphasizes the region of the cavity near the cathode where the electrons are
still non-relativisitic.

Section 5 contains further discussions and conclusions. First, the paper is
summarized by recapitulating the main formulas derived therein. Then the
results of the analytical calculations are compared with those from numerical
simulation. The agreement is found to be satisfactory. Finally, we conclude
by listing some of the effects not discussed in the paper.

Appendix A contains a discussion of the scaling behavior for the elez-
trostatic field in the limit where the aspect ratio of the charge distribution
either vanishes or becomes large. An understanding of the scaling behav-
jor is important for the derivation of Section 4. In the text, the shape of
the charge distribution was assumed to be Gaussian for the purpose of ex-
plicit calculations. In Appendix B, we list the relevant formulas for the case
where the charge distribution is uniform in a cylinder. Finally, Appendix
C contains a discussion of the correlation between the space-charge and the
rf effects. It is found that the correlation is not negligible for transverse

emittance.
2 RF Acceleration and Longitudinal Phase Space
2.1 RF Acceleration

Electrons generated at the cathode are accelerated by the rf field in a cavity.

The electric field along the axis will be assumed to be of the following simple



form:

E, = Egcoskzsin (wt + ¢o) . (1)
Here Ej is the peak accelerating field, A is the of wavelength, &k = 27/, ¢ is
the velocity of light, w = ck, and ¢ is the rf phase as the particle leaves the
cathode surface z = 0 at t = 0. The field given by Eq.(1) can be considered
to be produced by a sequence of rf cells operating in the 7-mode(?). The first
cell is really a half cell bounded at one side by the cathode. The coordinates
for the entrance and exit of the (1 + n)th cell are z = (n ~ 1/2)A/2 and
z = (n+1/2)A/2, respectively. See Fig. (1).

It is convenient to introduce the following quantity

o=wt-kz+¢0:kAz<-ﬁ—TL:_T—l>dz+¢o ) )

As usual, - is the electron’s relativistic energy divided by the rest energy

Here

me?, m being the electron mass. \We have

d'j( €Eo

dz ~ 2me?

[sin(@) +sin{o + 2kz)] . {1)

The 1f acceleration in the cavity is combletely determined by the pair of
equations (2) and (4). We assume that electrons leave the cathode with no
kinetic energy. thus v = 1 at - = 0. Equations (2) and () are often solved
by neglecting the second term in Eq.(4). which represents the backward-
propagating wave!®). Such an approximation is valid for clectrons in long
linear accelerators, where the effect of the reflected wave averages to zero

In our present case, this approximation is not adequate.
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To obtain a more appropriate approximation, we first note that the inte-
grand in Eq.(2) is significantly larger thaa zero only near the cathode surface
where the electrons are still non-relativistic. In that region, Eq.(4) may also

be replaced by

d eEp .
-d—z- 2 R—c—%smd)o . (4.2)

From this, we obtain an approximate expression ¥ for 4

¥ =1+ 2asin(gg)kz (3)
where
EEO
&= Smek (6)

is a dimensionless parameter representing the strength of the accelerating

field. With the use of (4-2), Eq.(2) can be integrated with the result

¢=m[\/‘72—1—(‘7-1)]+¢0 . (T)

We now insert Eq.(7) into Eq.(4) and integrate the latter for a better ap-
proximation of y. In so doing, we neglect the variation of ¢ with z. The
result is
7=1+a["zsino-}—%(coso—-cos(o-}—Zk:)) . (8)
The approximate solutions (7} and (8) of Egs. (2) and (4) are compared
with the exact solution in Figs. (2) and (3) for several cases with a =1
and different values of gg. The agreement is good for v [Fig.(2)]. For ¢ {see
Fig.(3)], the agreement is fair provided that ¢g is not too small. A better

approximation to ¢ can be obtained by inserting Eq.(8), in which ¢ is given



by Eq.(7), into Eq.(2), and integrating the latter. However, this cannot be
done analytically, and we will not pursue this approach further in this paper.

From Eq.(7), we see that the phase ¢ has the asymptotic value

. , 1
0—‘¢m—m+¢o . (9)

We will show later that the transverse emittance is minimized when ¢, is

7 /2. The initial phase ¢p should then be chosen such that
T L 1
(—2——¢0> singo = 5— . (10)
2.2 RF Effects on Longitudinal Phase Space Distribution

The spread in the phase A¢ is related to the spread of the longitudinal
position by A¢ = —kAz. Therefore, particles with positive A¢ are located
in the trailing part of the electron bunch relative to those with negative A¢.

The longitudinal phase-space is characterized by the pair (2, p,), where
P =07 (11)

is the dimensionless longitudinal momentum. After acceleration, 3 = 1 so
that p, = 7.

From Eq.{(9), we find the asymptotic bunch compression factor

Adoo -1 €os ¢

Adp 2a sin® @

(12)

Thus bunches will in general be compressed in length during the accelera-
tion process. When 2« sin? ¢p < cos ¢, Eq.(12) predicts that the relative

positions of particles in z will reverse. However, this reversal is a result of



the approximation used in deriving Eq.(9), which becomes poor for small
values of ¢g. A numerical soclution does not show such a reversal. The rf
effect on (¢,~) phase space can be derived from Eq.(8), which we have seen
[in Fig.(2)] to agree well with exact results(®). First, we consider the phase-
space distribution at the end of the (n+1/2)th cavity, where z = (2n+1)A/4
and thus

y=14+af(n+1/2)rsing +cos¢] . (13)
As remarked earlier, we are interested in ¢ when it is about 7/2. The shape
of the ¢ — v distribution would look like Fig.(4a) when the second term
in Eq.(13) is dominant, while it would look like Fig. (4b) when the first
term is dominant. In the middle of the (n + 1/2)th cavity, z = nA/2, so
Eq.(8) becomes v = mn asing+1. Thus the phase space distribution around
¢ = n/2 will always look like Fig.(4b).

We write

p:=(p)+4p;, z=(z)+4z , (14)

where (p,) and (z) are the average values of p and z, respectively. The

longitudinal emittance ¢, will be defined as(?)

& = PN — (Bp(a2)? = /(AR H(B0)) - (3p)*(30)?
(13)

where the angular brackets represent taking the average values.
We assume that electrons are relativistic at the end of the (n + 1/2)th

cavity, thus p can be replaced by 7 in Eq.(15). From Eq.(13) we obtain

(1Y + A7y =1+ al(n+1/2)7sin({¢) + Ad) + cos({@) + Ad)] . (16)



Setting {¢) = 90° to minimize the transverse emittance(see Section 3), we

obtain by expanding Eq. (16)
1 2, & 3
Ay = —aBé - 5(17 - (A1 + (AP +--- an
where 7, is the value of {7} at the cavity exit. Introducing the rms quantities
gay = (AN 0= ko = ((B8))V,
we obtain from Eq. (17)
Tay = 00y = ako, . (18)

Inserting Eq.(17) into Eq.(15) (Ap = Av), we obtain ¢, in the lowest order

& = 2~ DYAIBOINBR) - (19)

The superscript rf refers to the contribution of the time variation of the rf

in A¢

field. There is also a contribution from the space-charge effects, which will
be coﬁsidered later. The terms involving the first and the third terms in
Eq.(17) cancel and do not appear in Eq.(19). For a Gaussian ‘distribution,
Eq.(19) becomes

&l = V(v - 1) Ko} (20)

3 RF Effects in Transverse Phase Space

Let the longitudinal electric field E. be a function of only z and t and be in-
dependent of the transverse coordinates r (radius) and 8 (angle). Assuming

that the fields are independent of 4, we determine from Maxwell's equations



that(®)

r 8 ré
E, = —iaE_., and ¢Bg = Eb—t_EZ . (21)

The radial force acting on an electron is given by
F, = e(E, — LcBg) . (22)

We now assume that E. is given by the somewhat more general expression

than Eq.(1)
E, = E(z)coskzsin(wt + ¢o) - (23)

One can chow from the above equations that

Fo=er {_zl_cdit (E(2)sinkz cos{wt + ¢o)) — % (%E(Z)) cos kz sin(wt + ¢g)

Brd . N\,
+3 (dz E(;.)) sin kz cos(wt + ¢o)} . (24)
The equation describing the radial motion is
dp, 1 -
i el (25)

Here p, is the dimensionless radial momentum

1dr
=Ty (26)

We integrate Eq.(25) with respect to t to obtain p,. In doing so, we assume
that the transverse deflection is small so that the radius r can be regarded
as constant. Since the first term in Eq.(23) [with F, given by Eq.(24)]is a
total time derivative of an expression that vanishes on the cathode surface
and at the outside of the cavity exit, its integral vanishes. The contribution

of the second and third terms comes only from the region where dE(z)/dz is
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non-vanishing, i.e, near the cavity exit. Thus the net momentum transfer in
our approximation occurs only during the short interval that the elections
cross the boundary between the cavity and the field-free region. We take

E(z) to be of the form
E(z) = 8(z5 ~ 2)Eq 2N

where # is the step function and z = z; is the coordinate of the exit of the
cavity. Thus, the second and third terms in Eq.(24) become deita functicns

and one obtains
Pr = Pr + ekt [Bcos kzg sin(wt + Ba) — sin kzy cos(wt + do}], (28)

where o was introduced in Eq.(6). In the following, we assume 5, = 0 at
t = 0, thus dropping the first term of Eq.(28). Since § &~ 1 near the cavity
exit, £q.(28) becomes

pr=akrsing . (2%,
Here ¢ is the rf phase at the exit of the cavity. Rewriting £q.(29) in cartesian

coordinates, we obtain
pz = Bvz' = (aksing)z 30)

where z’ = dz/dz. The phase-space distribution given by Eq.{30) therefore
consists of a collectiop of lines with different slopes correspcading to different
&, as illustrated in Fig.(3).

The normalized transverse emittance is(?)
e = \/{p:2)(z?) — {pz2)? . (31)
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From Eqgs.(30) and (31) we obtain

&/ = ak{z®/(sin? ¢) — (sing)? . (32)

Writing ¢ = (¢) + Ad, and assuming that A¢ is small and symmetrically

distributed, one obtains

o = antety 1301 - (8019 ot + 201 - (@IS
This expression is minimized when (¢) = 90° with the value

o = k) (o — (@ePP 5(9)= 90" (33)
Away from the minimum, we have

€f ~ aik(z)J((Ad)?) | cos(@)] ; () # 90° . (34)

If the distribution in A¢ is Gaussian, Eq.(33) becomes

&ef = ak(z?)o4?

z 72 ’

In view of Eqs. (29) and (30), the transverse momentum is maximum when

(@) = 90°. (35)

(o) = 90°, i.e., when the emittance is minimum. The rms angular divergence

o is in that case given by
a
0o = —kay . (36)
-~

Thus it usually will be necessary to focus the beam immediately after leaving

the cavity.



4 Space Charge Effects on Beam Emittance

4.1 General charge distribution

A repulsive force attributable to space charge causes the emittance to in-
crease. To study this effect, we assume that all electrons are moving with
the same velocity, v, in the z-direction. In the reference frame moving with
the electrons, the electromagnetic interaction is completely described by a
purely electrostatic field E. The field components in the laboratory frame
which give rise to the x- and z-components of the force are given by the

Lorentz transformation
E.=7E., By=v5F. ., E.=E
Here, By is the magnetic field. The components of the force are
Fr=e(E;—vB,) = 55; . F.=eE! . (37)

In the following, we assume the charge distributiua to be cylindrically sym-
metric, 5o that we do not need to consider F, separately.

Let us now consider the behavior of F as v becomes large. The field E*
is a function of v since the bunch dimensions in the moving frame, d in the
transverse direction and d, in the longitudinal direction, are related to the

corresponding bunch dimensions in the laboratory frame d; and d, by
d. =d; , d: =~d: ; (38)

T

that is, the bunch in the moving frame appears to be elongated by a factor

7. In Appendix A, we have summarized the behavior of the electric field of
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a general, stationary charge distribution in the limits when the aspect ratio
A' = d/d), becomes either much smaller or much larger than unity. When
7 is much larger than the aspect ratio 4 in the laboratory frame, A’ = A/y
becomes smail. From Eqgs. (A.1) and (38) it then follows, for a lypical point

within the charge distribution,
EomO(r™), EnO(F™ fory» 4

Here f ~ O(7y"™) means that f scales as 4™ times some slowly varying function

such as (logy)™. From these it follows that
F~0(r"% for vy A (39)

For cases where A is much larger than unity, we need to consider also the
case 1 < v € A. The aspect ratio in the moving frame A’ is then much
larger than unity, in which case we find from Eq. (A.2) that E’; and E’,

are both O(1). To summarize these behaviors, it is convenient to write
1
F= ;f(‘/) : (40)
The function () behaves as follows:
fly)~00) , y»4 (41)

f~0(1) and fi(y)~O0(%), 1<v< A . (42)
The contribution to the electron’s dimensionless momentum due to the

space-charge force is given by

1 1 1
Py ) = = — tdt = — — z . 4
(Pz Py, Ap:) = p mc/P d mcz/,ﬂjf(v)d (43}
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Let us assume for the time being that A < 1. From Eq.(41), we see that £(v)
is a slowly varying function of 7. Since the factor 1/9%8 in the integrand
decreases rapidly as the electron accelerates (v increases from unity), the
function f(y) may be replaced by f(1). Also, Eq.(4.a) may be used to replace

the z-integration by a y-integration. Thus we obtain

R rdy
P—eEosimf(”f S - (44)

The integration in the above can be done analytically as follows

/"7! d-y_ vy 1 ld— T sin—l(l)
1 1 N 1-1/7772 T=103 15
For 47 > 1, the integral becomes #/2. From Eqs. (37) and (40), we obtain
f(1) = eE*° where E*° is the electrostatic field due to the charge distribtion

at rest in the laboratory frame. Thus we finally obtain

1 T g

P= Fosingo 2 (45)

It is convenient to introduce the normalized field £
E*(z,y,Az) = —% £(z,y,Az) (46)

y Yy = 1T 1Y, %) .

Here (z,y,Az) is the position relative to the bunch center. The axial dis-
tance of the bunch center to the cathode center is z. In the above, ng is the

line density at the bunch center, i.e..
ng = /p(z,y,O)dIdy s

where p(x,y,z) is the volume density of the charge distribution. The nor-

malized field £ has the dimension of an inverse length. From Eqs.(45), (46),

15



(15) and (31) we obtain

el 1
' T 4 aksingg

Lyi(A); i=zor z . (47)
Is

Here, a is the dimensionless rf strength parameter introduced in Eq.(6),

I is the peak current, [, = 4regmc3/e = 17,000A known as the Alfvén

p=(4) = V(D)(a?) — (€4 - )2, (48)

p.(4) = (€2)(A2?) — (€, - Az)? . (49)

current, and

The dimensionless functions uz(A4) and p,(A4) will be referred to as the
transverse and the longitudinal space-charge factors respectively. The an-
gular brackets in the above represent (as usual) taking the average over the

charge distribution. Thus, for example,
1
(€2 = 5 [ olz.v. 820Nz v, A5) drdydae

where @Q is the total charge in the bunch.
The space-charge factors, being dimensionless, depend on the details of
the charge distribution only through the dimensionless aspect ratio A. From

Egs.(A.1) and (46), it follows that

rrm 2 0(1), 4—0

€olz,x
Thus, the space-charge factors can have at most a logarithmic singularity at
A=0
pe(A) ~0(1),  p(4)~0O(1) . (50)
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The limiting behavior of 4;(A) as 4 increases to infinity is as follows:
z(A) ~ O(A™Y), u(A)~ 0(A72), A-> o0 . (51)

In deriving Eq.(47), we have assumed that 4 < 1 so that the function
£() is slowly varying in 4 for all ¥ > 1. According to Eq.(42), when 4 > 1,
the function f(*y) in the region 1 < y < A does not vary slowly with v. A
proper analysis of the space-charge emittance in this case involves integrat-
ing Eq.(43) exactly and evaluating emittances according to Eqs. (15) and
(31). We have carried out such calculations and found that the result does
not differ significantly from those obtained by the approximate calculations;
the agreement was better than 50transverse emittance and better than a
factor of two for the longitudinal emittances. We will therefore use the ap-
proximate formula, Eq.(47), for all values of A. The derivation leading to
Eq.(47), which is the main result of this section, is a refinement of a previ-
ous calculation!® in that vhe variation of the electron energy in the cavity

is correctly taken into account.
4.2 Gaussian charge distribution

We apply the general discussion in the above to the case where the charge
density is given by

2,,0 a2
_1;[;-+ +A1]

plr.y, Az)=pge "L o+ ot (52)

where pg is the charge density at the bunch center, and o, (o.) is the rms

beam size in the x (z) direction. Using np = 27pyo?, we obtain for tie



space-charge field(®)
2,2 A2
1[5t + nsa)

z e
Az)= —
ez v, 87) = / TonTegr 0 ®
+ 2 AZ

A Az e 2[:,1((1425 07(1+() 5

s =—= 4
€:(z,y,02) = e /‘; ¢ AT A2+ 0 (54)

Here A is the aspect ratio

A= (55)

Oz
Inserting Eqs. (53) and (54) into Eqs. (48) and (49), we obtain

oo o 1
2 =
ui(A) -/0 d¢ /0 ¢z {[(1+C1)(1+(2)+2+C1 + ()

1
X[(1+C1A2)(1+C2A2)+2+(C1+C2)A2]1/2} (56)

U« arormremm]
= [Tda [T {[(AQHI)(Asz)iW+(Cl Yy
x[(l +C1)(1+C2)+1-'2+(C1 +(2)]3/2} (57)
o 2
- ([« mzromror)

In the limit 4 — 0, p.(A) approaches the value

1 4 1
= [——log= — 2202 ,
HI(O) V \/5105 3 3 0.203

and p,(A) diverges as (log A)?. These behaviors are consistent with Eq.(50).

Also, it is easy to verify that Eq.(51) is satisfied.

18



When Eq.(60) is evaluated numerically, the result can be approximated
by the following simple expression

1

3415 (58)

V'ra(A) =

Both p.{A) and p.4(A) are plotted in Fig.(6).
Similarly, we plot in Fig.(7) the function u.(A). It can be approximated

by
1.1

144.54 42,942 (59)

psa{d) =
The calculation of the space-charge factors in the case where the charge

is uniformly distributed in a cylinder is considered in Appendix B.

5 Sumrmary, Comparison and Concluding Remarks
5.1 Summary of the Formulas

The paper can be summarized by recapitulating the main formulas as fol-
lows: first, we have introduced the dimensionless parameter characterizing
the rf field strength by

EED
2me?h

{6)

The expressions [or various quantities at the exit ol an (% i n)-cell are as

follows:

5.1.1 The phase and energy of the electrc»

1
O/—Oo+'_20—sia ) (9)
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y=1+a((n+1/2)rsing + cos¢] . (13)

To minimize the transverse emittance and also to obtain maximum acceler-
ation, one would normally choose ¢; = 90°. We assume that this is case in

the following. Equation (9) determines the initial phase ¢q.

5.1.2 The rms energy spread o, and the angular divergence

oay = ako, (18)
1
Oy = —akoy . (36)
s
Here o, and o, /c are the rms width and length in time of the laser pulse.
5.1.3 The emittances due to the rf effect are

o akdola?
x \/5 ¥
€ = V3(yp - DT . (20}

(33)

5.1.4 The emittances due to the space-charge effect

=1 1 T
oom . (A) . 17
€r.z 1ak SiH@o 14/']' '-( ) ( ’)

Here [4 == 17000 Amp and [ is the peak current. The transverse and the
longitudinal space charge factors, yz; and p., are plotted in Figs. (6) and

(7).
The electron distribution is assumed to be Gaussian in the above. Ap-

pendix B gives results relevant for a uniform distribution (a cylinder).
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5.2 Comparison with Simulation

We consider the (1 + 1)-cell gun under construction at Brookhaven National
Laboratory and compare the analysis of this paper with the numerical sim-
ulation by McDonald®, hereafter referred to as KM. The gun parameters

are

eEy = 100MV/m, X =10.5¢m.

The dimensionless v f strength a [Eq. (6)] corresponding to this case is
o = 1.64. The optimum initial phase calculated from Eq.{9) by demanding
that the final phase ¢; be 90° is ¢¢ = 71° as compared 10 ¢ = 68° in KM.
The final 4 calculated from Eq.(13) by setting n = 1, ¢ = 90°, and the
above value of a is 77 = 8.7 as compared to 75 = 9.2 in KM.

The rms bunch length is g, = 0.6 mm or g4 = ko, = 3.6 x 1072, From
Eq.(18), the corresponding rms energy spread is og = mc?oay = 30 keV
as compared to gg = 17 keV in KM.

The rms beam transverse size is o0, = 35mm. From Eq.(36), we obtain
the transverse angular divergence al the exit of the gun to be p, = ako /v =
40 mrad, which is in rough agreement with Fig.(4) in KM.

The 7 f contribution to the transverse emittance from Eq.(35)is 1.1 mm-
mrad. as compared to 1.4 mm-mrad in KM (Table 1). The transverse space-
charge facior corresponding to the aspect ratio 4 = 3.5/0.6 = 6 is, from Fig.
(G), pz ~ 4+ % 1072, From Eq.{47) and using [ = ¢ x 1 nC'//27 0, = 2004,
we obtain €° =4 mm-mrad. as compared to ¢}° =6.2 mm-mrad obiained by
KM

The longitudinal space-charge factor for A = 6 is about 0.01 from Fig.
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(8). The quantity /s determined from Eq.(47) is about 1 x 107° cm.
The longitudinal emittance due to the rf effect is about three times : wrger
than the space-charge emittance. The total phase-space area is in Jugh
agreement with the phase-space area indicated by Fig.(5) of KM.

The agreement of our simple theory with the simulation calculation is

encouraging. Further comparison is reported in reference (10).
5.3 Further Remarks

In this paper, we have developed an approximate but simple theory of elec-
tron beam dynamics in laser-driven rf guns and derived formulas for various
physically interesting quantities such as emittances. These formulas should
be useful in selecting initial parameters for the design of the gun.

There are several effects which are not taken into account in this sim-
ple treatment, such as field non-linearities, higher space harmonics, image-
charge effects, etc. The fact that the results of the simple theory agree
reasonably well with those of detailed simulation suggests that those ef-
fects are small. There are also contributions to the emittances from the
photo-emission process at the cathode surface. These contributions, which
are easy to incorporate into our expressions, are usually much smaller than
those considered in this paper.
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APPENDICES

A Scaling Behavior of the Electrostatic Field for
Limiting Charge Distribution

In this Appendix, we derive the scaling behavior of the electric field at typ-
ical points inside a stationary charge distribution. The transverse and the
longitudinal dimersions of the charge distribution are denoted by dfand
4, , respectively. In the limit the aspect ratio A’ = d7/d (a thin, cigar-
shaped distribution) the transverse field £ should be of the order (1/¢g) X
line density/d, , while the longitudinal field E should be of the order
@Q/¢€o/(longitudinal dimension)?. Thus
B~ %o (ZI(T) and £ ~ %o (%2) AT =0, (A1)
In the other limit, where A — oo, (a thin pancake), E! is of the order

(1/€0) x surface density while EZ ~ /(transverse dimension)?. Thus
! ES

1
El ~ Q—O Lz and E! ~ 2O —5 1 .4 = oo (A.2)
€0 d’, € \dj

In the above, G(1/d.?) for example is a quantity of order 1/d'?, except

for a possible logarithmic factor such as (log A’)™, m = an integer.

B Formulas for Uniform Charge Distribution in
a Cylinder

The examples treated in the text are based on the Gaussian charge distri-
bution. In this appendix, we list formulas for the case where the charge

distribution is uniform in a cylinder of radius a and length L.
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The relevant moments for the distribution are

o R o B
((Ag)*) = T (AT = —- (B.1)

Using these in Egs. (19) and (33), we obtain

aa’k3L?

el = 7 and €f = ﬁ(‘f! - KL, (B.2)
E(z,y,2)= W—i—é./o“décosqjlog (ﬁ—;:—:), (B.3)
€.(z,y,2) = ;i—zfoﬂd¢{12_-n++\/r2—+—zi——\/r?+z3
+Tcosé10g(—rc05¢+m)(a—TC'JS(ﬁ-I'R-)} . (B.4)

(~rcose + \/r2 +22)a-rcoso+ Ry

Here r = /22 + y? and

zy = 22L/2 Ry :«/r2+a2—2racos¢+zi . (B.5)

The transverse space charge factor calculated from Eqs. (B.3) and (48)
is plotted in Fig.(B.1). The aspect ratio in this case is A = A/L;. It is
about 1/ times that of the Gaussian case for all A except for A — 0,
where it vanishes rapidly. This is because the transverse space-charge field
becomes linear in the limit 4 — 0. The longitudinal space-charge factor for
the uniform charge distribution iz the cylinder, calculated from Eqgs. (B.4)
and (49}, is piotted in Fig.(B.2). It is about as that of the Gaussian charge
distributicn for small A but decreases rapidly as - becomes large. Again,
this is dae *n the fact that the longitudinai space-charge field becomes linear

in this limit.
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C Correlation Between the RF and the Space-
Charge Effects

In the text, the contributions to the emittance of the rf effect and the
space-charge effect were stated separately. When the magnitudes of these
two coniributions are comparable, the question arises as to how these indi-
vidual contributions should be combined to obtain the total emittance. It is
tempting to argue that the rf and the space-charge effects are independent
and therefore that the total emittance is simply effects are in fact correlated,
and the total emittance cannot be separated into two independent parts.

To see this for the transverse case, we write the tota. momentum p, as
f
p==p’ +p;, (C.1)

where p7/ and pI° are the transverse momentum due to the rf and space-

charge effects. respectively. The total emittance can then be written as

s

€= (€)? + ()2 + A Yege)2 T (C2)

Here J. is a dimensionless paramter characterizing the correlation given by

1

J- =

{0 ) = (2 PNz 2590} (C3)

rf os¢
EIJ E:
Since both pl¥ and pi€ are unique functions of the position variables. 7, in
the above will not in general vanish. Using the explicit expressions, Eqs.

(30) and (45). we find

T = oy T o {(1‘2)(15, sino) — (z?sin o)(zf;)} (C.4)



Since ¢ = (@) + Ao = (@) ~ kAz, we have, for example,

{singze;) = %/p(:,y,A:—:) sin({@) — kA2)zE(z, ¥, z) drdydAz  (C.5)

For {¢) = 90°, Eq.{C.4) becomes

APYNzEL) = {z - E2(AP)?
g, = (20P)ez) = (o exlaoy). )
#z(A)W((88)) - {(ag)T)
For the Gaussian distribution treated in Section 4.b, this becomes

o 1

.o 1
T2 = (A ./0 T oreT a0l (€7

Figure (C.1) gives a plot of 7; as a function of A. From the figure, we see

that the correlation is significant and that
0<J-<1. (C.8)
From Egs. (C.2) and (C.8) it follows that

VTP (e <ep < ef e (C.9)
For the longitudinal case, we have expressions similar to Eqs. (C.1),
(C.2) and (C.3), except that z's are replaced by z’s. Using the expressions

for p7° and p3° given respectively by Eqs. (17) and (-15), we obtain
=z T O

ok {{(AzE (A - (AzP)((Az)E))

T: = - . (C.10)
ey~ 1) A AR
For the Gaussian distribution considered in Section 4.b, this becomes
Via "

J. = m”oju (C.11)

[
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where

1

- 1 00
T = ne(A) ]o 4 (2+0)5/2(242 + ¢) (C12)

From Fig. (C.2), we see that T, is large, being about unity for A < 1.

However, the longitudinal correlation is small in general because of the factor

up = ko, in Eq. (C.11).
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Figure Captions

Fig.(1) Schematics of the RF laser gun

Fig.(2) Evolution of 7 through the RF cavity for the cases & = 1.0, ¢o =
70° (a) and a = 1.0, ¢ = 30° (b). The solid lines are the exact
solutions, and the dotted lines are the approximate results obtained
by inserting Eq.(7) into Eq.(8).

Fig.(3) Evolution of ¢ through the RF cavity for the cases @ = 1.0, ¢p =
70° (a) and & = 1.0, ¢o = 30° (b). The solid lines are the exact

solutions, and the dotted lines are the approximate result given by
Eq.(7).

Fig.(4) Schematics showing distortion of the longitudinal phase space due

to the RF field

Fig.(5) Electron distribution in transverse phase space due to time-dependent

focussing of the RF field

Fig.(6) The transverse space-charge factor s;(A). The dotted line is the

approximation pz, given by Eq.(61).
Fig.(7) The longitudinal space-charge factor p.(A4)

Fig.(B.1) The transverse space-charge factors puy(A) for uniform charge

distribution in a cylinder

Fig.(B.2) The longitudinal space-charge factors p.(A) for uniform charge

distribution in a cylinder
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Fig.(C.1) The transverse correlation factor J-(A)

Fig.(C.2) The longitudinal correlation factor J,(4)
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Evolution of v through RF cavity
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