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Foreword

This is the ninety-fifth of a series of reports designed
to present accounts of progress in saline water conversion with the
expectation that the exchange of such data will contribute to the long-
range development of economical processes applicable to large-scale,
low-cost demineralization of sea or other saline water.

Except for minor editing, the data herein are as contained
in the reports submitted by the Massachusetts Institute of Technology,
under Contract No. 14-01-0001-295, covering research carried out throughaa:
August 1963. The data and conclusions given in this report are essen-
tially those of the Contractor and are not necessarily endorsed by the
Department of the Interior.
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Summary

Several desalination processes are based on water removal from
a brine by transport of water, but not salt, across a phase boundary.
Water being transported to the interface carries salt with it, and
since the salt is not removed, the salt concentration in the solu-
tion in contact with the interface tends to be maintained at a higher
value than in the bulk brine. The salt concentration gradient so
established permits the diffusion of salt away from the interface
as fast as it arrives, The result is that the process must operate
to desalinate a brine having a higher salt concentration than
that of the bulk saline solution,

This effect is not important in distillation, since the
boiling solution is violently agitated, It can be serious, however,
in water removal by freezing, solvent extraction, or reverse
osmosis, Salt build-up at the surface of an osmotic membrane
causes the effective osmotic pressure to be greater than the
osmotic pressure of the bulk brine. The operating total pressure
must be increased by approximately this increment to maintain
the desired water withdrawal flux, Salt build-up may also result
in the precipitation, on the membrane surface, of a relatively
insoluble constituent of the brine,

The existing theories of diffusion and mass transfer permit the
importance of salt build-up to be estimated. This report provides

such estimates for both turbulent and laminar flow of brine



past the surface of an osmotic membrane. Both analyses suggest
that the salt build-up phenomenon can be a serious obstacle to
the development of reverse osmosis desalination processes.,

With brine in turbulent flow at 1.0 ft per second through a
1,0-in., tube the ratio cw/'co is 1,30 at a water flux of 10
gallons per day per square foot of membrane, and 2.9 at 40 gallons
per day per square foot, C and . represent the salt concentra-
tions at the phase boundary and in the bulk brine, respectively.

The case of flow in a two-dimensional duct (as in a "stack"
of osmotic membranes) is analyzed rigorously for the case of
constant water flux., This analysis develops the relations
expressing the salt concentration as a function of membrane
spacing, duct length, and brine flow velocity, for all positions
in the channel, The procedure is to combine the equations for
salt diffusion with the velocity field developed by Berman for
this case,

The numerical examples show that the salt build-up may not
be serious for high brine velocities in very short ducts,
providing the water removal rates are modest; At a water
flux of 40 gallons per day per square foot, however, the salt
concentration at the membrane surface may be several times that of
the brine feed in the case of brine flowing at 1.0 ft, per second
through a duct 0.1 in. wide and 25 in, long. Such an effect

would mean a very substantial increase in the required total
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pressure, since the osmotic pressure, which is some 380 psia for
sea water, would be effectively increased nearly in proportion
to cw/bo.

The analysis presented pertains to any constituent of the
brine, and may be employed to describe the conditions which will
lead to salt (e.g. calcium sulfate) precipitation on the
membrane, as well as the increase in effective osmotic pressure
due to total salt build-up

Salt build-up at the surface of membranes employed for
reverse osmosis is evidently a serious matter even with the modest
water fluxes attainable with present-day membranes., As better
membranes are developed, permitting appreciably greater water
production rates, the salt build-up phenomenon will become

increasingly important,



Salt Concentration at Phase Boundaries in
Desalination Processes

1. Introduction

The recovery of fresh water from salt solutions by freezing,
reverse osmosis (ultrafiltration), or solvent extraction involves
the removal of water from a brine by transport across a phase
boundary. As ice forms, water passes from an aqueous solution
across a liquid-solid phase boundary to the solid phase. 1In
reverse osmosis, essentially pure water crosses the phase boundary
from liquid to the solid osmotic membrane, In solvent extraction
water is transported across a liquid-liquid interface.

In each case the bulk flow to the phase boundary tends to
transport salt, with the result that the salt concentration at the
interface is established at a higher level than in the main
liquid bulk, Since the salt does not cross the interface, it
must diffuse back into the liquid, and a salt concentration
gradient is set up near the phase boundary. If water is withdrawn
at a constant rate; the transport of salt towards the interface
must be equal to the diffusion flux in the opposite direction, and
the salt concentration gradient does not change with time.

Salt build-up at an ice surface reduces the freezing point
below that of the bulk solution and requires that lower refrigerant
temperatures be used. Salt build-up at the surface of an osmotic

membrane increases the effective osmotic pressure which must be



overcome to accomplish water transport through the membrane. 1In
both instances the higher salt concentration at the phase boundary
results in higher desalination costs than would prevail if the
surface could be maintained in contact with solution at the bulk
brine concentration,

This report explores the theory of the salt build-up
phenomenon in a preliminary way. Several simplifying assumptions
will be made, since the purpose is to obtain only approximate
estimates of the importance of the phenomenon described. The solid
surface will be assumed to be smooth and in contact with salt
solution moving parallel to the surface in either laminar or
turbulent flow, A solution of a single salt will be treated,
deferring until later the complications of diffusion in multiple-
ion systems., The analysis will be restricted to isothermal systems,
and the diffusion coefficient will be assumed to be independent
of salt concentration, Free convection due to changes in liquid
density is neglected, since this is presumed to be unimportant

in most equipment of practical design,

2, Simple Film Theory

The film model pictures a thin stagnant liquid film of
thickness Yy adjacent to the interface, This presents the entire
resistance to mass transfer between bulk liquid and solid surface.

Figure 1 illustrates the concept.
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At steady state the salt concentration ¢ will decrease with
distance y in such a way that the salt diffusion flux away from
the surface will be equal to the bulk transport of salt toward
the surface due to water removal,

Let F fepresent the flux of water across the phase boundary,
expressed as g moles/(sec) (sq cm total surface), Assume the
water concentration (g moles/cm3) to be independent of salt
concentration over the range of salt concentrations of interest
(for NaCl the variation at 25°C is only 0,2 percent over the
range 0 to 10 weight percent salt)., Then for the steady-state,

the salt flux across the film is given by



e de _ 2
F " + D y = 0 ( g moles/sec cm ) (1)

where D8 is the diffusion coefficient of salt in the solution,

and < is the water concentration, Integration leads to

FY,

cL Ds

) (2)

Data are available on mass transfer between solid surfaces
and turbulent fluids for many geometric shapes and flow patterns
in the form of mass transfer coefficients, k;, defined as the
ratio of the diffusion flux to the overall concentration
difference; solid surface to bulk fluid., PFor salt transfer, in
the absence of water removal, the simple film theory model requires

that k; be equal to Ds/'y1 and thus Y, may be eliminated and

Equation 2 may be written as

P
o
cp, kg

= exp ( ) (3)

P

where k;, the mass transfer coefficient to an impermeable wall
(no water withdrawal), is assumed to be unaffected by the small

water f£flux P found in freezing or reverse osmosis,

Data on mass transfer in many turbulent-flow systems have

been correlated in terms of the Chilton-Colburn "j-factor" (1l):

2/3

Sc = function of (NRe) (4)

o |n”s

Ip



where NSc is the Schmidt number,'VVDs, and NRe is the Reynolds

number for the flow of fluid past the surface at a bulk stream
velocity u,. To use existing correlations of experimental data,

it is convenient to rewrite Egquation 3:

2/3
EE = exp (F Msc
o . Ip %

) (5)

For steady turbulent flow in tubes and over flat surfaces the
pressure drop required to overcome friction is almost entirely
due to wall or "skin" friction. When this is true the mass-

transfer j-factor, is found experimentally to be equal to

jD’
f/2, where £ is the friction factor in the Fanning equation (wall

shear stress = fpui/z).

3. Turbulent Boundary Lavyer

Neither stagnant nor laminar layers of fluid are found at a
surface in contact with a turbulent stream: mixing and eddy
diffusion persist and disappear only in the limit as y approaches
zero. Eddy diffusion is due to mixing, and transport by this
mechanism is independent of molecular diffusivity. Assuming
that molecular and eddy diffusion occur in parallel, the éteady-

state balance of salt fluxes becomes

< dc
.+ (o +€) & =0 (6)

F



where € represents a coefficient of eddy diffusion., (Thinking
in terms of desalination, F has been defined as the water flux
in the direction of decreasing y).

Various theories of mass transfer can be developed by
integrating Equation 6, using some assumed relation between €
and the distance y. Several assumptions as to this relation
have been successful in giving good agreement between calculated
transfer coefficients and experimental daia on both mass and
heat transfer to turbulent flow, Two of these will be developed
for application to the problem of mass transfer with water removal
across the phase boundary.

Deissler., The Deissler (2) ‘analogy"” is based on the semi-

empirical relation:
2 + + 2 _+ _+
€y =n"u vy E- exp (-n” u vy )] (7)

in which n is an empirical constant, found by Deissler to be
0.124, and V is the kinematic viscosity. The dimensionless

quantities u+ and y+ are defined by

u"=§- \E (8)

o
and
y. = oY § (9)
Vv
Here u = velocity parallel to the surface at distance Y

u_ = velocity of bulk fluid
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f = friction factor in the Fanning equation.

Combining Equations 6, 7, 8, and 9:

o) o<
+
f de _ F \'Z.f dy
= - + + 2 + +
c. °© °L Y% Nf 2 4n’uy [l-eXP(nuy)]
o N__

(10)

where Ng. = wVDS.
At 25°C the kinematic viscosity of a 4 weight percent NaCl

solution is approximately 0.0090 cmz/sec, Ds is 1,61 x 10'-5 cm?/saa

and NSC is about 560. Molecular diffusion is important only

very near the wall, where u+ is essentially equal to y+, and

both are so small that Equation 10 may be simplified:

0

C +

w F 2 dy
In — = \I—- (11)

co cL uo fvlnl. + (ny+)4

N
0 Sc

The upper limit of infinity is taken for convenience, since the

integrand becomes negligible at values of y+ corresponding to
distances from the wall which are small compared with the
dimensions of the flow channel.
3/4
The definite integral in Equation 11 is 7 N /2n‘J;,
Sc

whence, using a value of n of 0,124,

c 8.96 F N /4
M exp Sc 2
c £

(12)
o L Y%

This is similar to Equation 3, with k; developed from Deissler's

assumptions.
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Vieth. Several of the better-known semi-theoretical
"analogies" are reviewed in a 1959 article (12). Most suggest
that k; should be proportional to \I;, yet the experimental
data suggest that k; is proportional to £. To obviate this
difficulty, Ryan (13) has suggested that € /4) be taken to be a

function of y++ instead of y+, where

u yf [‘
+ (2] + f

Following this lead, Vieth et al (15) have proposed the relation

3

4+t
€ry =B ¥ ) (14)
where B' is found to be 1.77.
This may be employed in the integration of Equation 6,
The development is similar to that based on Deissler.
Equation 11 becomes 00
(o] ++
w 2F dy
In— &= ——2 (15)
S, cr Y, £ A 1 + B (Y++)3
NSc :

Evaluating the definite integral, this gives

2/3
cw 47 F NSc
— = exp | )
°o 3 {3 ")Y/3 c, U, £
2/3

2 F N
= exp (¢ ) (16)

L o



Since Vieth selected the value of 1,77 for B' in order that jD
would be equal to £/2, as called for by the Chilton-Colburn
analogy, it is not unexpected that Equation 16 should reduce to
Equation 5 when this equality holds.

Equations 10 and 16 are representative of the results
obtainable from existing theories of mass transfer in turbulent
flow, and it seems hardly worth while to pursue the development
of the equations obtainable in the same way from the other well-
known "analogies" between mass transfer and fluid friction,

Sample Calculations. The several theories provide a basis

for estimating the magnitude of the effect of salt build-up at
the surface of an osmotic membrane or at a growing ice surface,
as encountered in the reverse-osmosis and freezing processes
for desalination,

In order to visualize a definite case, the bulk solution
will be taken to be 4 weight percent NaCl in water, and the

following values assumed:

vV (kinematic viscosity) = 0,0090 cm?/sec

d (inside diameter of pipe, or outside diameter of
rotating cylinder) = 2,54 cm

NSc = 560

p (density of solution) = 1,025 g/cm3

c, = 0.0546 g moles water/cm3 solution
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Values of cw/co have been calculated by the use of Equations
5 and 12, and the results plotted on Figures 2 and 3, Values
of £ for the round tube were obtained from Drew, Koo, and

McAdams (3); was taken as 53 as suggested by the Colburn-

jD 2
Chilton correlation, For the rotating cylinder f was taken from
the results of Theodorsen and Regier (14), and jD from the
correlation of data on dissolution of benzoic acid in water
obtained by Eisenberg, Tobias, and Wilke (4). The case of the
rotating cylinder is included because it is proposed to study
this system experimentally in a continuation of the present
investigation. The large values of ow/co at low Reynolds numbers
and high water fluxes have little quantitative significance, since
solution properties were based on 4 weight percent salt.

The calculated results based on the Deissler theory are in
approximate agreement with those for the simple film theory. For

flow in a 1.0 in, i.d. tube at 1,0 ft/sec (uo = 30,5, N_. = 8600),

Re
cw/'co is 1,30 at a water flux of 10 gal/(day)(ftz), but rises
to 2,9 at 40 gal/(day)(ftz). The fluxes reported by Loeb at
U.C.L.A (7) are in the range of 10 to 20 gal/(day)(ftz). At
large water fluxes and low Reynolds numbers cw/co becomes
very large.

The value of k; for the salt solution flowing in a 1,0 in,

tube at 1,0 ft/sec is approximately 0,00186 cm/sec., This

corresponds to the diffusional resistance of a stagnant liquid
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layer only 6108? mm thick., GEvidently a porous structure on top

of the working membrane "skin"” mast be avoided, since this can
greatly reduce k; and exaggerate the effect of salt build-up at
the phase boundary,

Interpretation., The importance of these results becomes

evident when <. and c, are converted to osmotic pressure, A

4 percent NaCl solution has an osmotic pressure of about 26
atmospheres (380 psia) at 25°C. If an applied pressure of 1000
psia is employed to accomplish reverse osmosis, the net pressure
difference available to cause flow through the membrane would be
1000 - 380 = 620 psi if there were no salt build-up. If cw/'co
is 1.3, the solution in contact with the membrane will contain
5.2 welight percent salt. and the effective osmotic pressure 1is
approximately 510 psia, Ihig corresponds to a reduction in the
effective pressure differenss from 20 to 490 psi, or 21 percent,
Since the osmotic pressure is approximately proportional to salt
concentratiocon, the ratio Qw/ca s roughly the factor by which the
osmotic pressure is nmultipiied to ottain the effective osmotic
pressure,

The best present osmoilic menbranes provide such low water
fluxes that the fixed charges on the membrane stacks represent a
large part of the cost of waster produced by reverse osmosis,
Better membranes will doubtless be developed, but the problem

of salt build-up will hecome increasingly serious as water fluxes
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increase, PFigure 2 suggests that an improved membrane operated
at 100 gal/(day)(ftz) with a velocity of 1.0 ft/sec in a l-in,
tube would have to overcome an effective osmotic pressure corre-
sponding to a salt concentration many times larger than that of
the bulk brine, The difficulty might be partially overcome by
operating at much higher velocities, but the pumping power
required to circulate the solution would then be greatly
increased,

The curves of Figures 2 and 3 may be used to estimate the
importance of salt build-up at an ice surface in lowering the
freezing point., Freezing rates of 0.10 to 10 mm/min (and even
greater) have been reported. A rate of 0.1 mm/min corresponds
to F = 83 x 10_6o Figure 2 indicates that cw/c° at this water
flux and a bulk velocity of 1,0 ft/sec might be expected to be
about 2.5, This would mean that the freezing point of the
solution in contact with the ice surface (10 percent salt) would
be -6.5°C, or 4.1°C lower than that of the bulk solution
containing 4 weight percent salt, Brine trapped in dendrites at
the growing ice surface will have a higher salt concentration than
the bulk solution., The practical importance of these effects
will evidently depend greatly on the rate of freezing and the

nature of the freezing process,
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4, Laminar Flow

Practical equipment designs for reverse osmosis will
probably not permit the use of the large flow passages and flow
rates which result in turbulent flow., The least expensive membrane
applications, for example, involve stacks of flat membranes
cseparated hy ﬁarrow passages for liquid flow, as used for electro-~
dialysis, It is desirable, therefcres, to develop the theory
of sali burld-up at the walls of narrow passages through which
brine passes 1n laminar flow,

That the effect of salt build-up is important is well
demonstrated by the recent results of Merten, Lonsdale, and Riley
{9, 10). who found the water throughput to increase 30 to 45
percent as the brine velocity was rvaised from 5 to 40 cm/sec.
These tests were run with laminar flow in a 0,1 in, passage over
a flat membrane 3 inches long, using solutions containing 5.2
to 5.4 percent salt and applied wressures of 940 to 1540 psia.
The offect of salt build-up was evidently substantial, though
the water fluxes were guite low, The analogous mass transfer
problem in electrodialysis bhas received much study in connection
with stack design.

Within the limitations of certain reasonable assumptions,
the path of all fluid elements is kpown for laminar flow. In
principle, the problem is completely soivable. The mathematical

analysis 1s difficult. hawevsy, ecince he flow pattern and salt
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gradients change along the length of the passage, and the salt
build-up effect varies with distance from the liquid supply

point,

5, Laminar Flow in a Two-Dimensional Duct

An appealing design for reverse osmosis desalination cells is
that of flat, parallel, semi-permeable walls separated by a narrow
gap, i.e. a narrow rectangular duct, This design, where the
distance between the walls is much smaller than the other dimensions,
is essentially a two-dimensional configuration, For the axial
flow rates of interest the flow regime will be laminar.

The concentration profiles are evaluated by considering the
interaction of the velocity field with the mass transfer, The initial
step in the analysis, i.e., the formulation of the two-dimensional
laminar velocity field with porous walls, has been accomplished
by Berman (1) for the case of an incompressible fluid with a
constant rate of withdrawal through the walls, For the present
analysis the latter restriction is inappropriate since as the con-
centration of salt at the wall increases the osmotic pressure
increases and thus, the flux through the wall varies along the
passage as the bulk salt concentration changes., The error intro-
duced by this simplification will be discussed later in conjunction

with the computer results,
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2. fully developed laminar flow

3. constant withdrawal velocity, i,e, uniform flux of
water through the walls,

The equation of continuity is

Qu . ¢v
dy

dx =0 (17)

The Navier-Stokes equations are:

for the x-direction
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2 2
du u _ _1 9p u | 0%
u o 5x tv oy p 3x vV 0,2 + éyz (18)
for the y-direction
oV v 1 9 3° o2
u 2 o+v & -2 Ry d s (19)
ox Ay p oYy ()xz ayz

The equation for the mass transfer of salt is

3 ) dc
Sx (uc) + 5y (v ¢ - D_ ;;;) =0 (20)

The velocity field is symmetrical with respect to the mid-
plane of the duct., The boundary conditions that describe the
velocity field in the upper half of the duct are:

no slip at the wall
a (x, h) =0 (21)

constant rate of withdrawal

v (x, h) =v a constant (22)
symmetry

v (x, o) =0 (23)

Au

53; = 0 (24)
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The boundary conditions associated with the mass transfer
equation are:

symmetry

;i‘i = 0 (25)
initial concentration profile
c (o, v) = c, a constant (26)

material balance on salt at the wall

oc
v, © (x, h) = D_ Sy (27)

y=h
A flat initial concentration profile (Equation 26) is not a
necessary restriction but was chosen for convenience to illustrate
the decay of the concentration profile. The last boundary
condition comes from a material balance on an infinitesimal control

volume adjacent to the wall,

Velocity Field

The second and third assumptions listed above give rise to a
major simplification of the velocity field. That is, the radial

component of the velocity is independent of axial position,

Equation 19 becomes

v 1 9 S92
"ay"?%"’);—ﬁ (28)
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The solution of the differential equations for the velocity
field (Equations 17, 18, and 28), together with the associated
boundary conditions (Equations 21, 22, 23, and 24) has been
accomplished by Berman (l1). He used a Reynolds number based on
withdfawal velocity as a perturbation parameter to describe the

deviations from Poiseuille flow, The solution given is

u (x, y)=% u(c)-' J[l-(x)z__]{ 420 [27(1) -7(X)ﬂ

(29)

and

N -
_ Y _x2l . _E_ XY Y2 Y, 6
vy =v e 3- @] - s L ks @? s (h>J} (30)
where

rF = — (31)

The second-order term was small and was neglected. The above

solution is valid only for a value of N

F not much greater than

unity.

The velocity field equations can be further simplified for
the present analysis by comparing the relative magnitude of the
terms, The maximum value of the NF used in the present study

was about 0.02, It is apparent that for NF<::0.02 the error

introduced by writing
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v X
u(x, y) =3 u({o) - —;:—J[l - (ﬁ)z] (32)
2
and
v
viy) = 53"-"- [3 - (%)2] (33)

is less than 0.2%.

Concentration Field

With the initial step of formulating the velocity field

accomplished, the next step is the formulation of the concentration

field, A few definitions to be used are:

L=, R = 3 U: — v: —
v
c=—<,f=—%, a=D/vh
c -
o u(o)

The velocity field equations can be rewritten as

U, R =3 (1-8L)(1 - R?) (35)
= £(L) . g (R) (36)
where
_ 3
£(L) = 3 (1 - &L) (37)
g(R) = (1 - Rz)

(38)
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and

V(R) = -;-R (3 - Rz) (39)

Equation 20 then becomes

-2 r-3 oC) _
3z We) + 635 (ve-afp) =0 (40)

with the associated boundary conditions

C (0) R) =1 (41)
R lr=0
and
c (L, 1) =a 3—% (43)
R=1
Assuming the solution to be of the forr
c(L, R) = X(L)- Y(R) (44)
and using a separation of the variables technigue, Equation
40 becomes
d [ d
- | £(L) )g P Enz - aYJ
_ 4L _ @R - B (45)

Jx g(R) Y

The two ordinary differential equations that result are:

L [ew. x]= -8 Sx (46)
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%E [}Y - aY'] =B g(R). Y (47)

with the boundary conditions

Y'(o) =0 (48)
a¥Y'(l) = Y(1) (49)

The solution of the axial eigenfunction equation is

immediately
2
(B8 -1)
X=E|-—5L_] 3 (50)

The solution of the radial eigenfunction equation is not so
simple. The analysis of the radial eigenfunctions will be presented
in two parts: First showing that the solution exists and is
complete, and finally obtaining the specific solution,

It is apparent from past experience that the concentration

field must be described as an infinite series, i.e.

C (L, R) = nZ/Bn Xn(L). Yn(R) (51)
or

N (2/38_ - 1)
c(L, R) = zan 1 -JL] n Y (R)  (52)
n=/ n

where X and Y are taken to be the axial and radial eigenfunctions

respectively ,with the imposed boundary conditions. This means that
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Equation 52 must

l, satisfy the partial differential equation for mass
transfer,
2. satisfy the boundary conditions imposed by Equations 42

and 43, and

3., satisfy the initial concentration profile, Equation 41,
o0
D
c(o, R) =1 < B Y (R)
i.e., if unity can be expanded in an infinite series of the radial
eigenfunctions.

Condition (1) is satisfied by the separation of variables
procedure, and condition (2) is met because the radial eigen-
functions will satisfy Equations 48 and 49, As background
material for the third condition two preliminary integrations
will be made. First the original partial differential equation

is integrated to yield

( |
) 9 9C _
fé'f (Uc) drR + /‘Saa (Ve - a 7)dR = O (53)

| \ .
fz[fvcaa +5[vc_a§-§-} =0 (54)

o
o

or

The second term of Equation 54 vanishes at both limits, leaving

£ [ 01

o

(55)

il
o
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At the inlet (x=0)

1
f U, R). c(o, R) AR = 1 (56)
0
and so
)
f Y@, R).c{L, R) dR = 1 (57)
O
or ,
> B X f(l-RZ)Y dR = g(l-éL)"l (58)
n n n 3
Second the radial eigenfunction differential equation is
integréted in a manner similar to that of the mass transfer
equation, and the result is
|
1 2 =
B, (1 - R) Yh dR = O (59)
o
Fox
B #0
{
2
./. (L - R") Yn dR = O (60)
A ‘
but for B = 0,
i
2
f (1-R) ¥ drR # 0 , (61)

0]

In order for Equation 59 to be consistent with equation 58, an
eigenvalue must be zero, and this eigenvalue must correspond to
a non-trivial eigenfunctiocn solution. To verify these two

points substitute B = 0 into the radial eigenfunction, Thus
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Equation 47 becomes

'gi' E’Yo'“YJ,]=° (62)

and solving

. _1.j
Yb = exp - VAR (63)
or
2
R 2
Y = exp 8a (6 - R) (64)

Yb can easily be shown to conform to the boundary conditions of

Equations 48 and 49, thus allowing Equation 58 to be written

B = 2 /3

' 2
j(l-R)YodR

The coefficient of the first term in the expansion has been

(65)

determined. Yet to be found is the general expression for the
coefficients. For convenience to the following argument the

radial eigenfunction differential equation is rewritten as,
" _ ’ - ¢ =
@Y -VY -VY¥ + g(R)B Y =0 (66)

The Yh functions are orthogonal with respect to a weighting

function g, Where @ is given by (6)
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and

vl 4

y T e
giving

g = LR p (-2 fvdR (67)
or 2 2

g = LoR dep 2 & -6 (68)
so that |

odendR
°n =f'¢Y2dR 9
n

which agrees with Equation 65 when n = 0,

If in fact a function F(R), instead of unity, had been

expanded, i.e,

F(R) = ZKN YN (R) (70)
giving
\ i
'f(l - Rz) F(R) dR = Kono (1 - Rz) dR (71)
] (o]
and also |
[ﬁ F(R) Yo dR
K = ] (72)
° f gy ar
then

i
f‘ _/;ﬂ F(R) Y 4R

2 A
l - ] !
o( R”) F(R) 4R jg Y02 dR



- 29 -

|
X J[(l - R2) Y dR (73)

o

When F(R)

1 both sides of the equation reduce to 2/3 and the
solution is complete.
The final phase of the solution is to solve explicitly the

radial eigenfunction. A convenient form of the radial eigen-

function differential equation is

3-298
: L 2 . n 2 -
Yn ZaR(B-R)Yn- >a (l-R)Yn—O
(74)
Following the method of Frobenius (5), the soclution becomes
- J
Y = A + A, R + ,... +A R +.... (75)
n o J
3 -2 Bn
where A, = ia Al
6 - 280
n
A3y = 712 M
9-268 2p -3
n n
By = T2aa B2t T2aa B (76)
3(3-1) - 28 2 B8 -(3-1)
= : A, + wF A
Aj 20 §(3 - 1) j-2 2 a j(j - 1) 5-4

By defining
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A A
24-1
£ = 21 gapdf s ===
(o)

Equation 75 becomes

2 2j
Yn = Ao l + fz(Bn)R + L ) + f2j(Bn)R + oo e

(77)

-1

+ A, R+f3(3n)+.... 23 l(B )R + ...

The boundary condition of Equation 48 demands that Al be
identically zero. The final boundary condition gives the eigenvalue-
determining equation as

1= (2a-1)£,(8 ) + ... + (2ja-1) £, (B ) (78)

23

The constant Ab appears in the final solution only as a product with
the constants Bn' Thus Ao is conveniently chosen to be unity

without loss of generality,

Method of Solution

The IBM 7090 digital computer was programmed to solve the
relevant equations, The program consisted of two parts: The first
part solved Equation 78 by trial and error for the eigenvalues;
the second part employed the eigenvalues calculated to eight
significant figures and calculated the concentration field. The

integration of Equation 69 was accomplished numerically by

Simpson's rule,
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Results

Before discussing the computer results it is of interest to
describe the far-downstream concentration profiles, i.e., where only
the first term of Equation 52 remains., This is the term given by
B = 0, Figure 5 shows how the ratio of the wall concentration to
the centerline concentration varies with the withdrawal velocity
parameter NF. The results in Figure 5 show that the "far down-
stream" profile results in quite unfavorable values of cw/qL,
and thus for commercially appealing flow rates the length of
the flow channel should be short and narrow.

The right-hand side of the Equation 78 is plotted against f
in Figure 6. The eigenvalues are those values of B at which the
ordinate in Figure 6 is equal to unity., The eigenvalues
depend only upon the value of a., The three values of a shown
indicate that as o decreases, the eigenvalues become smaller.

Figure 7 shows how the ratio of the concentration at the wall
to the feed concentration varies with the fraction of water removed.
Also shown is the ratio of the concentration at the wall to the
center line concentration, which approaches an asymptote as the
fraction removed approaches 1.0, These results are replotted in
Figure 8 to show the effect of the Reynolds number at three
dimensionless distances. The constants of Equation 52 are tabulated
in Table 1 of the appendix. Table 2 of the appendix presents the

value of the radial eigenfunctions at 11 points in the duct,
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Discussion
In arder to understand the meaning of the results obtained, it

is helpful to consider specific numerical examples, For this

2 -5
purpose w) will be taken as 0.0090 cm /sec and Ds as 1.61 x 10
sz/sec, as in Section 2, Further, assume the channel width to be

0.10 in. (h = 0,127 cm). Then the water flux is proportional to

a, as shown below:

a ,0677 0.27 0.50
- -4 -
Voo cm/sec 18.8 x 10 4 4.7 x 10 2.54 x 10 4
v, gal/(day) (£t°) 40 10 5.4
This relates the thre2 values of o employed to the water flux
in common units,
The parameter L = £ s the ratio of the channel length to

h
its half-widtp, For h = N 127 com, the values of L. of 5,000,

500, and 50 coxrespond to channel lengths of 635, 63,5, and 6,35
cm, respectively (256, 25, 2.5 in,.)}, The Reynolds number
employed as an abscissa in Fiqure 8 is 56,4 u(o), where the
average inlet flow velocity ulo) is expressed in cm/sec.

As an example; suppose it be stipulated that the salt
conceptration at the wall must not exceed twice the salt concentra-
tion cof the feed, Assume that sea water is being supplied to the
0.1 in. channel between two osmotic membranes. Then since osmotic

pressure is approximately proportional to salt concentration,
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the effective osmotic pressure at the channel outlet will be
about twice the normal value, or 760 psia, The minimum feed
velocities are obtained directly from Figure 8 by reading N

Re

at an ordinate of 2, and converting N.,» @ and L to u(o), V.,

and x:

Minimum Feed Velocities for cw/¢o<52

2

V., gal/{day) (ft") 5.4 5.4 5.4
X, in, 250 25 2.5
uf{o), cm/sec 17.7 1,77 (0.2)
Vi gal/(day)(ftz) 10 10 10
X, in, 250 25 2.5
u(o), cm/sec 104 10.4 1.04
v, gal/(day) (£t°) 40 40 40
X, in, 250 25 2.5
u(o), cm/sec (estimated) (15700) (1570) (157)

Velocities greater than 100 cm/sec in a 0.1 in. channel
would appear to be impractical. This value need not be
exceeded if the water withdrawal rate is 10 gal/(day)(ftz)p even
if the channel length is 20 ft. The situation worsens rapidly,
however, as the water withdrawal rate is increased. At 40 gal/

(day)(ftz) the channel length is limited to about 1,6 in., at a flow
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velocity of 100 cm/sec.
Another way of visualizing the results is to employ
Figure 8 to estimate cw/'co for a feed velocity of 30.5 cm/sec

(1.0 ft/sec). This corresponds to N, = 1720.

Salt Build-Up at a Flow Rate of 30.5 cm/sec

v, gal/(day) (£t%) 5.4 5.4 5.4
X, in, 250 25 2.5
o 1.2
cw/co 1.75 1,3 ( )
v, gal/(day)(ftz) 10 10 10
X, in, 250 25 2.5
cw/co 2.9 1.73 1.3
2
A gal/(day) (ft") 40 40 40
X, in, 250 25 2,5
cw/co 39 6.4 3.1

The indication again is that salt build-up becomes very
serious at the larger water withdrawal rates, even for quite short
channels.

The values of cw/co obtained refer to conditions at the
channel outlet: for the channel as a whole the average value of
this ratio is roughly that at x/2, which is considerably greater

than half that at the duct outlet, Since c,, increases along the
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flow direction, the water withdrawal rate will decrease as c.,

and the effective osmotic pressure increase. The extent of the
variation in Ve will depend largely on the amount by which the
total pressure exceeds the effective osmotic pressure at the outlet,
though the analysis does not allow for this variation of vy

with x, the meaning of the calculated curves is clear.

The effects in laminar flow are more complicated than in the
turbulent flow cases considered in Section 3, but the general
conclusions are the same for both regimes., Salt build-up is serious
even with the modest water fluxes attainable with present-day
membranes employed for reverse osmosis, As better membranes are
produced, permitting appreciably greater water production the salt
build-up effect will become more and more important. Sophisticated
equipment designs, perhaps employing boundary layer withdrawal,
will be required if excessively high operating total pressures are

to be avoided,

6, Laminar Flow in a Round Tube

Mahon (8) has described the use of membranes in the form of
small tubes, and it would be of interest to investigate the import-
ance of salt build-up at the walls of a tubular osmotic membrane.

The analytical problem is similar to that of the two-dimensional
duct, The velocity field has been described by Yuan and

Finkelstein (16), and the analysis would be expected to proceed
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in a fashion analogous to that employed for the two-dimensional
duct in Section 5,

One might speculate that the ratios cw/'co would be somewhat
smaller for the round tube than for the duct at the same brine
velocity, since the ratio of membrane surface to channel volume

is greater,

7. Salt Precipitation

Throughout this report, emphasis has been placed on the
influence of salt build-up at a membrane surface on the effective
osmotic pressure which must be overcome to give a positive water
flux through the membrane. The problem of calcium sulfate or
other salt precipitation can evidently be treated by use of the
analysis and graphs presented, Thus 1f the solubility of
calcium sulfate is =hree times the concentration of calcium
sulfate in the brine, precipitation at the membrane surface may be
anticipated if cw/co reaches 3, Conditions under which this
will occur may be derived from the analysis presented, where Cy
and , pertain to the salt in question, and D8 represents the
diffusion coefficient of this sait in brine. Salt precipitation.
at the membrane surface may sometimes prove to be even more

serious than the required increase in operating pressure.
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Table of Nomenclature

3
solute (salt) concentration, g moles/cm .

. 3
water concentration in solution, g moles/cm™,

solute (salt) concentration in bulk or feed solution,
g moles/bm3.

3
solute (salt) concentration at phase boundary, g moles/cm™,
c/co.
diameter, cm,

. . 2
molecular diffusion coefficient, salt in solution, cm /sec,

Fanning friction factor,

2 1 -du.

water flux across phase boundary, g moles/(sec)(cm?).
l-R.,

half-width of two-dimensional channel, cm,

dimensionless group defined by Equation 4.

mass transfer coefficient, cm/sec.

x/h.
v h
water withdrawal flux parameter, = ff}'.

Reynolds number based on channel diameter or width,

Schmidt number, \)/Ds.
2

pressure, g/cm ,

y/h.

velocity component in x-direction, cm/sec,

bulk fluid velocity, cm/sec.
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9._\[_2
uo f

average fluid velocity at duct entrance, cm/sec.
u/u(o).
velocity component in y-direction, cm/sec.

water withdrawal flux, cm/sec.

v/vw.
distance in direction of bulk fluid flow, cm.
solution of the axial eigenfunction.

distance in direction normal to phase boundary, cm.

film thickness, cm,
Zof
N

+
y N£f/2.

| N !

solution of the radial (or transverse)eigenfunction
Ds/vﬁh.
vw/ﬁ(o).

* > 2
eddy diffusion coefficient, cm /sec,
L] o o 3 2
kinematic viscosity, cm /sec.

fluid density, g/cm3.
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