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CHAPTER 1

INTRODUCTION

In 1980 Feigin and Fuchs [2] classified the length 2 bounded representations of Vec(R),

the Lie algebra of polynomial vector fields on the line, as a result of their work on the coho-

mology of Vec(R). This thesis is concerned mainly with the uniserial (completely indecom-

posable) representations of Vec(R) with a single Casimir eigenvalue and weights bounded

below.

Such representations are composed of irreducible representations with semisimple e0

action, bounded weight space dimensions, and weights bounded below. These are known to

be the tensor density modules Fλ, for λ ∈ C \ {0}, and the trivial module C, with Vec(R)

actions πλ and πC, respectively.

Our proofs are cohomology arguments involving H1(Vec(R),Hom(V1, V2)) for irre-

ducible representations V1 and V2.

These results classify the finite length uniserial extensions, with a single Casimir

eigenvalue, of admissible irreducible Vec(R) representations with weights bounded below.

In almost every case there is at most one uniserial representation with a given com-

position series. However, in the case of an odd length extension with composition series

{π1, πC, π1, . . . , πC, π1} there is a one-parameter family of extensions.

We also give preliminary results on uniserial representations of the Virasoro Lie alge-

bra.
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CHAPTER 2

EXTENSIONS AND COHOMOLOGY

We begin with some general definitions and well-known facts. Many proofs in this

chapter are omitted. Throughout this chapter, let g be a Lie algebra and let (πi, Vi) be

representations of g for i ≥ 1.

Definition 2.1. Suppose that π is a representation of g on a space W . We say that

(π,W ) is an extension of π1  π2  · · · πn if W admits a flag of subrepresentations

W = W0 ⊃ W1 ⊃ · · · ⊃ Wn = {0} with Wi−1/Wi
∼= Vi. If π1, . . . , πn are irreducible,

then such a representation is said to be of length n with Jordan-Hölder composition series

{π1, . . . , πn}.

We now define the basic cohomology spaces with which we work throughout the

paper. Let ν be a representation of g on U . The group of U -valued n-cochains is Cn(g, U) =

Hom(Λn(g), U), denoted by Cn when the domain and range are clear, with C0 = U . We use

the typical coboundary operator ∂i between Ci and Ci+1 and give a couple specific instances

of such operators:

∂0(u)(X) = ν(X)(u),

∂1(α)(Y ∧ Z) = ν(Y )(α(Z))− ν(Z)(α(Y ))− α([Y, Z])

for all u ∈ U,X ∈ g, α ∈ C1, and Y ∧ Z ∈ Λ2g. Throughout this paper we use ∂ for the

coboundary operator without ambiguity as the domain is clear from the context.

There are two important subspaces of Cn(g, U), the sets Bn(g, U) = Im(∂n−1), the

n-coboundaries, and Zn(g, U) = Ker(∂n), the n-cocycles. As with Cn, we denote these spaces

by Bn and Zn respectively when the domain and range are clear. It is trivial to see that

Bn ⊂ Zn for n = 1, 2 with the above definitions of ∂0 and ∂1. The nth-cohomology group is

then defined as

Hn(g, U) = Zn(g, U)/Bn(g, U).
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Given α ∈ Zn(g, U), we write [α] for the class of α in Hn(g, U) and say α is trivial if [α] = [0].

Suppose now that U1, U2 and U3 are representations of g. The composition cup

product, later referred to simply as the cup product, between the spaces of 1-cochains taking

values in Hom(U2, U3) and Hom(U1, U2) is

∪ : C1(g,Hom(U2, U3))⊗ C1(g,Hom(U1, U2))→ C2(g,Hom(U1, U3))

(φ32 ∪ φ21)(X ∧ Y ) = φ32(X) ◦ φ21(Y )− φ32(Y ) ◦ φ21(X)

for φ32 ∈ C1(g,Hom(U2, U3)), φ21 ∈ C1(g,Hom(U1, U2)).

Suppose that (π,W ) is an extension of π1  · · · πn. Assume that, as a vector

space, the flag of W splits so that W has subspaces Ṽ1, . . . , Ṽn such that

Wi =
n⊕

k=i+1

Ṽk.

Now, the isomorphism Wi−1/Wi
∼= Vi, given by the definition of an extension, induces a

vector space isomorphism Ṽi ∼= Vi. Using this isomorphism we will simply regard W as⊕n
i=1 Vi and π as an n× n matrix with entries πji ∈ C1(g,Hom(Vi, Vj)).

Lemma 2.1. Let g be a Lie algebra and let (πi, Vi) be representations of g for 1 ≤ i ≤ n.

If (π,W ) is an extension of π1  · · · πn, then π may be regarded as a lower triangular

n× n matrix with diagonal entries πii = πi.

The requirement that a representation preserve the Lie bracket is equivalent to the

following cohomological condition, called the cup equation, on the entries of the matrix of

π:

(1) ∂πji +

j−1∑
k=i+1

πjk ∪ πki = 0, 1 ≤ i < j ≤ n.

From this we can see that for j − i ≥ 2,
∑j−1

k=i+1 πjk ∪ πki ∈ B2(g,Hom(Vi, Vj)). Also,

any entry on the first subdiagonal, that is πji with j − i = 1, must satisfy ∂πji = 0, i.e.

πji ∈ Z1(g,Hom(Vi, Vj)).

The next lemma concerns equivalence classes of such representations. We define Eji

to be the matrix with a one in the (j, i)-position and zeros elsewhere. The dimensions of Eji

3



will be clear from context. Also, for any g-representation (π, V ), any vector space U , and

any invertible linear map T ∈ Hom(V, U) we define a g-rep (πT , U) by

πT (X) := T ◦ π(X) ◦ T−1

for all X ∈ g.

Lemma 2.2. Let g be a Lie algebra and (π,W ) an extension as in Lemma 2.1. Let Tji be

in Hom(Vi, Vj) for j > i. Then, for every X ∈ g and T = I + TjiEji, conjugation of π by T

yields

πT (X) = π(X) +
i∑

k=1

((Tji ◦ πik(X))Ejk)−
j∑

k=1

((πkj(X) ◦ Tji)Eki) .

Definition 2.2. A representation is indecomposable if it cannot be written as the direct sum

of two non-zero subrepresentations. It is completely indecomposable if all of its subquotients

are indecomposable.

In light of the following well-known proposition, completely indecomposable repre-

sentations are also called uniserial.

Proposition 2.3. A representation is completely indecomposable if and only if its subrep-

resentations are totally ordered by inclusion.

Proposition 2.4. If (π,W ) is an extension of π1  · · · πn as in Lemma 2.1 and

π1, . . . , πn are irreducible, then π is uniserial if and only if all of the 1-cocycles on the first

subdiagonal are non-trivial.

2.1. Extensions of Length 2 and 3

Extensions of π1  π2 have block matrix form

π =

 π1

π21 π2

 ,
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where π21 must be an element of Z1(g,Hom(V1, V2)). Conjugating by the matrix
(
k
φ 1

)
for

k ∈ C \ {0} and φ ∈ C0 shows that

π ∼=

 π1

1
k
(π21 − ∂φ) π2

 .

Thus, by Proposition 2.4, for π1 and π2 irreducible, π is indecomposable if and only if π21 is

non-trivial in H1(g,Hom(V1, V2)). From this we have the following lemma.

Lemma 2.5. For irreducible representations (π1, V1) and (π2, V2), the indecomposable exten-

sions of π1  π2 are in bijection with PH1(g,Hom(V1, V2)).

Length 3 extensions, those of π1  π2  π3, have block matrix form

π =


π1

π21 π2

π31 π32 π3

 .

By the cup equation (1), π32 ∪ π21 = −∂π31. Thus if cocycles α21 ∈ Z1(g,Hom(V1, V2))

and α32 ∈ Z1(g,Hom(V2, V3)) are given, then there exists an extension of π1  π2  π3 with

π21 = α21 and π32 = α32 if and only if α32∪α21 ∈ B2(g,Hom(V1, V3)). Observe that replacing

π31 with π31 + β for any β ∈ Z1(g,Hom(V1, V3)) still gives a representation. The following

lemma classifies the length 3 extensions of irreducible representations.

Lemma 2.6. For irreducible representations (π1, V1), (π2, V2), and (π3, V3), an extension π of

π1  π2  π3 is uniserial if and only if π21 and π32 are both non-trivial cocycles. For fixed

π21 and π32 such that π32 ∪ π21 is trivial, the equivalence classes of such uniserial extensions

are in bijection with H1(g,Hom(V1, V3)).

2.2. Self-Extensions

We say an extension π1  · · · πn is a self-extension if πi = πj for all 1 ≤ i, j ≤ n.

The following proposition is a classification of a specific type of self-extension that we will

use frequently.
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Proposition 2.7. Suppose that g is a Lie algebra and (ψ, V ) is an irreducible representation

of g with the following properties:

H1(g,End(V )) = Span{[α]}, α ∪ α = 0.

Then, up to equivalence, there is one uniserial self-extension of ψ of length n for each n ≥ 1.

That representation is 

ψ

α
...

... ψ

0 α ψ


.

Proof. Throughout this proof all cochains take values in End(V ) so we write simply Cn,

Zn, Bn, and Hn. Consider a general length n uniserial extension of ψ  · · · ψ. The matrix

form of such a representation is

(2) π =


ψ

π21
...

...
... ψ

πn1 . . . πn,n−1 ψ


,

where πj,j−1 is non-trivial in H1.

We proceed by induction. The base case n = 1 is vacuous. Assume the result for

length n− 1. Then there is an equivalence

π ∼=



ψ

π21 ψ

π31 α
...

...
... ψ

πn1 0 α ψ


.

for some entries πj1, in general different from those in (2).
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From here we work down the first column to clear the entries. Because π21 is non-

trivial in H1 it is of the form k21α + ∂φ21 for k21 6= 0 and some φ21 ∈ C0. Conjugating by

I + (k21 − 1)E11 + φ21E21,

π ∼=



ψ

α ψ

π31 α
...

...
... ψ

πn1 0 α ψ


,

where again the πj1 may change.

A series of similar conjugations will in fact annihilate the remaining entries in the

first column. To see this first note that, by the cup equation (1), ∂π31 = −α ∪ α = 0 so

π31 = k31α + ∂φ31 ∈ Z1. Conjugating the representation by the matrix I + k31E21 + φ31E31

causes the (3, 1) position in our representation to become zero. We continue in this fashion

down the first column noting that when all entries (j, 1) with 3 ≤ j < k have been made

zero, we have

π ∼=



ψ

α ψ

0 α ψ

... α ψ

0 α
...

πk1
... ψ

... 0 α ψ

πn1 α ψ



,

where again πk1 has likely changed. At this point we can now see, by the cup equation at the

(k, 1)-position, that πk1 ∈ Z1, so there is a similar equivalence in which πk1 is annihilated.

Once this process is complete, the required equivalence is achieved.

Conversely, it is clear from the cup equation that the matrix displayed in the statement

of the proposition is a uniserial representation in all lengths. �
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CHAPTER 3

VEC(R)

We use the notation Vec(R) for the space of polynomial vector fields on the real line.

Throughout this paper we write D for d/dz. General elements of Vec(R) are written as fD

for f ∈ C[z], and the Lie bracket in Vec(R) is

[fD, gD] = (fg′ − f ′g)D.

Vec(R) has the basis

{en : n ≥ −1}, where en = zn+1D.

One can quickly check that the spaces

a = Span{e−1, e0, e1}, b = Span{e−1, e0}, Vec0(R) = Span{en}n≥0

are subalgebras of Vec(R). The subalgebra a is isomorphic to the Lie algebra sl2(C). The

e0-eigenvalues of a representation V are called weights, and the e0-eigenspaces are called

weight spaces. We say that a representation is admissible if e0 acts semisimply with finite

dimensional weight spaces:

V =
⊕
µ∈C

Vµ,

where Vµ is the weight space of weight µ.

We define the Vec(R) module Fλ of tensor densities of degree λ ∈ C and its action

πλ by

Fλ := Span{dzλzn : n ∈ N}, πλ(fD)(dzλh) := dzλ(fh′ + λf ′h).

One can check that Fλ is irreducible for λ 6= 0, and C is the unique non-trivial subrepresen-

tation of F0. Fλ is admissible, with weights λ+ N and weight spaces (Fλ)λ+n = Cdzλzn.

In this thesis we consider only extensions of admissible representations of Vec(R) with

weights bounded below. We now state an elementary result on the classification of irreducible

representations of this type. To our knowledge it was first observed by Kostrikin [3].
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Theorem 3.1 ([3]). Up to isomorphism, the irreducible admissible representations of Vec(R)

with weights bounded below are the Fλ with λ 6= 0 and the trivial representation C. No two

of them are equivalent.

3.1. Differential Operators

Differential operators comprise a useful class of linear maps between tensor density

modules. We denote the space of differential operators between Fλ and Fµ by

Dλ,µ = Span{dzδziDj : i, j ≥ 0} = dzδC[z,D], where δ = µ− λ.

A general element of Dλ,µ is denoted

dzδ
n∑
i=0

TiD
i, Ti ∈ C[z].

The action of such an element on an element dzλg of Fλ is

dzδ
n∑
i=0

TiD
i(dzλg) := dzµ

n∑
i=0

Tig
(i) ∈ Fµ,

where g(i) is the ith-derivative of g.

The space Hom(Fλ, Fµ) of all linear maps from Fλ to Fµ is a representation of Vec(R)

with the natural action

homλ,µ(fD)(T ) = πµ(fD) ◦ T − T ◦ πλ(fD)

for all fD ∈ Vec(R), T ∈ Hom(Fλ,Fµ). The following proposition allows us to work with

Hom(Fλ, Fµ) in a concrete way.

Proposition 3.2. For λ, µ ∈ C, Hom(Fλ,Fµ) = dzδC[z][[D]]. A general element is written

(3) dzδ
∞∑
i=0

TiD
i, Ti ∈ C[z].

Proof. We begin by showing the reverse inclusion. Note that (3) acts as a finite sum on

any element of Fλ as Dkzn = 0 for all k > n, and so defines an element of Hom(Fλ,Fµ).

On the other hand, let T ∈ Hom(Fλ,Fµ) and define T0, T1 ∈ C[z] by

T (dzλ) = dzµT0, T (dzλz) = dzδ(T0 + T1D)(dzλz).

9



Continuing in this fashion, we can write any T ∈ Hom(Fλ,Fµ) as an infinite sum of differ-

ential operators TkD
k, where

dzµTk =
1

k!

(
T − dzδ

k−1∑
i=0

TiD
i

)
(dzλzk).

Suppose that two differential operators, say dzδ
∑∞

i=0 TiD
i and dzδ

∑∞
i=0 SiD

i, define

the same element of Hom(Fλ,Fµ). Then

dzµT0 = dzδT0(dz
λ) = dzδS0(dz

λ) = dzµS0

and so T0 = S0. Suppose Tj = Sj for 0 ≤ j < n. Then by induction, the action of the two

infinite sums on dzλzn yields Tn = Sn. Thus the two sums are equal and Hom(Fλ,Fµ) =

dzδC[z][[D]]. �

Lemma 3.3. The space Dλ,µ is a subrepresentation of Hom(Fλ,Fµ). The restriction of

homλ,µ to Dλ,µ preserves degree and has semisimple e0 action.

Proof. Let dzδgDj ∈ Dλ,µ and let fD ∈ Vec(R). Then

homλ,µ(fD)(dzδgDj) = dzδ((fD + µf ′)gDj − gDj(fD + λf ′)).

Using Djf =
∑j

i=0

(
j
i

)
f (i)Dj−i, we can deduce

(4)

homλ,µ(fD)(dzδgDj) = dzδ

[
(fg′ + (δ − j)f ′g)Dj − g

j∑
i=1

(
j

i

)(
λ+

j − i
i+ 1

)
f (i+1)Dj−i

]

Using this equation one can easily see that the weight of dzδziDj is δ + i− j. �

3.2. The Casimir and Bol Operators

The Casimir operator of a generates the center of the universal enveloping algebra of

a. Its explicit formula and action on tensor density modules are

(5) Q = e20 + e0 − e−1e1, πλ(Q) = λ2 − λ.

Recall that we will classify the finite length uniserial extensions, with a single Casimir

eigenvalue, of admissible irreducible Vec(R) representations with weights bounded below.
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The proofs of our main results divide into two cases, depending on whether or not Q acts

nilpotently. If the eigenvalue of Q is not 0, then the problem eventually reduces to self-

extensions of Fλ. If it is 0, then we must consider extensions composed of F1 and C.

To handle the case that Q acts nilpotently, we introduce the following three operators:

Bol := dzD : F0 → F1, Eval0 : F0 → C, BE = Bol⊕Eval0 : F0 → F1 ⊕ C,

where Eval0 maps g(z) to g(0).

Lemma 3.4. Bol is a Vec(R)-map, Eval0 is a Vec0(R)-map, and BE is a Vec0(R)-

isomorphism.

Proof. It is clear that both Bol and Eval0 are surjective and have kernels C and zF0

respectively. A quick application of (4) shows that hom0,1(fD)(Bol) = 0 for all fD ∈ Vec(R),

i.e. Bol is a Vec(R)-map. Next, for fD ∈ Vec0(R),

hom0,C(fD)(Eval0) = −(Eval0 ◦ π0)(fD) = −f(0)(Eval0 ◦D) = 0,

so Eval0 is a Vec0(R)-map.

To see that BE is bijective, for h ∈ F0 let
∫
dzh be the unique antiderivative of h in

zF0. Then check that

BE−1(dz h, c) :=

∫
dz h+ c.

Because both Bol and Eval0 are Vec0(R)-maps, BE is also a Vec0(R)-map. �

3.3. Cohomology

We continue with more generalities on cohomology. Let π be a representation of a

Lie algebra g on a space V . Let π̃ denote the natural action homg,V of g on Cn(g, V ). Thus,

for all X ∈ g:

π̃(X)(φ) = π(X) ◦ φ, φ ∈ C0,

π̃(X)(α) = π(X) ◦ α− α ◦ adX, α ∈ C1 .
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We also define the map i(X) : Cn+1 → Cn by

(i(X)(α))(Y1 ∧ · · · ∧ Yn) := α(X ∧ Y1 ∧ · · · ∧ Yn).

We do not distinguish the actions π̃ and i(fD) of Vec(R) on the different Cn as the domain

is clear from the context. The following identities are well known:

(6) π̃(X) = i(X) ◦ ∂ + ∂ ◦ i(X), ∂ ◦ π̃(X) = π̃(X) ◦ ∂.

The next corollary follows immediately from the first equation in (6).

Corollary 3.5. Any two of ∂ ◦ i(X)(φ) = 0, π̃(X)(φ) = 0, and i(X) ◦ ∂φ = 0 implies the

third.

Definition 3.1. Let h be a subalgebra of g and let (π, V ) and (π′, V ′) be representations

of g.

(a) v ∈ V is h-invariant if π(X)(v) = 0 for all X ∈ h.

(b) φ ∈ Cn(g, V ) is h-covariant if π̃(X)(φ) = 0 for all X ∈ h.

(c) φ ∈ Cn(g, V ) is h-relative if π̃(X)(φ) = 0 and i(X)(φ) = 0 for all X ∈ h. The space

of all h-relative n-cochains is denoted Cn(g, h, V ).

(d) The space of all h-maps between V and V ′ is denoted Homh(V, V
′).

The following corollary is an immediate result of the definition of a 1-cocycle and

e0-covariance.

Corollary 3.6. Let (π, V ) be a representation of Vec(R). If φ ∈ Z1(Vec(R), V ) is e0-

covariant, then φ(e0) ∈ V is Vec(R)-invariant.

Lemma 3.7. Let (π, V ) and (π′, V ′) be admissible Vec(R)-representations.

(a) If π(e−1) : V → V is surjective, then all 1-cohomology classes in H1(Vec(R), V ) are

e−1-relative. Moreover, all e0-covariant classes have an e0-covariant and e−1-relative

representative.

(b) All cohomology classes in H1(Vec(R),Hom(V, V ′)) are e0-covariant.
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Proof. For part (a), let α ∈ Z1(Vec(R), V ). Then α(e−1) ∈ V , and by assumption there

exists v ∈ V such that α(e−1) = π(e−1)(v). Hence by Corollary 3.5, α−∂v is an e−1-relative

representative of [α].

If α is e0-covariant, then α(e−1) is weight −1. We may replace the v above with its

weight 0 component without changing π(e−1)(v) so that α−∂v is a representative of [α] that

is both e0-covariant and e−1-relative.

For part (b), let T ∈ Hom(V, V ′). Because V ′ is admissible, T sends weight vectors

of V to finite sums of weight vectors in V ′. In light of this, we let Tµλ be the operator giving

the µ-part of the image of a weight λ element of V . That is, for v ∈ V , Tµλ(v) = (T (vλ))µ

where vλ is the λ-part of v. Thus we may write T =
∑

µ,λ Tµλ. This sum may be infinite,

and in fact will be for our results, but because elements in V and V ′ are only finite sums of

weight vectors, all but finitely many of the Tµλ will act as zero on any element of V . The

weight of Tµλ is µ− λ as

hom(e0)(Tµλ) = π′(e0) ◦ Tµλ − Tµλ ◦ π(e0) = (µ− λ)Tµλ.

So the ν-part of T is Tν =
∑

µ−λ=ν Tµλ and we write T =
∑

ν Tν . We again note that this

sum may be infinite, but will act as a finite sum on any element of V .

For any α ∈ Z1(Vec(R),Hom(V, V ′)), define the ν-part of α by αν(en) = α(en)n+ν , the

weight n+ ν part of α(en) in Hom(V, V ′). Note that αν is of weight ν and α may be written

as the infinite sum
∑

ν αν . Defining (∂α)ν similarly and applying the second equation of (6)

with X = e0, we have

∂(αν) = (∂α)ν .

Therefore if α ∈ Z1, then ∂(αν) = 0. Using the first equation of (6) we find

∂(αν(e0)) = (∂ ◦ i(e0))(αν) = π̃(e0)(αν) = ναν .

It follows that
∑

ν 6=0
1
ν
αν(e0) is a well-defined element of Hom(V, V ′) whose coboundary is

α− α0, so [α] = [α0]. �

In light of Proposition 3.2 and (4) we have the following lemma.
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Lemma 3.8.

(a) HomCe−1(Fλ,Fµ) = dzδC[[D]].

(b) Homb(Fλ,Fµ) is CdzδDδ if δ ∈ N, and is 0 otherwise.

(c) HomVec(R)(Fλ,Fµ) is CdzδDδ if δ = 0 or if (λ, µ) = (0, 1), and is 0 otherwise.

Proposition 3.9. Z1(Vec(R), b,End(Fλ)) = 0.

Proof. Suppose α ∈ Z1(Vec(R), b,End(Fλ)) is non-zero. Let n ∈ N be minimal such that

α(en) 6= 0. By this choice of n and since α is e−1-relative,

homλ,λ(e−1)(α(en)) = (n+ 1)α(en−1) = 0.

By Lemma 3.8 α(en) ∈ C[[D]]. On the other hand,

homλ,λ(e0)(α(en)) = nα(en),

so α(en) is of weight n ≥ 1 in End(Fλ). This is a contradiction because the highest weight

in C[[D]] is 0. �

Definition 3.2. Define Div : Vec(R) → F0 by Div(fD) := f ′. Note that Div may be

regarded as taking values in End(Fλ) for any λ ∈ C.

The following proposition is a direct result of the definition of Div and the commu-

tativity of multiplication in C[z].

Proposition 3.10. Div ∪Div = 0 and for all λ ∈ C, Div ∈ Z1(Vec(R),End(Fλ)).

Proposition 3.11.

(a) H1(Vec(R),F0) = Span{[Div]} 6= 0.

(b) H1(Vec(R),End(Fλ)) = Span{[Div]} 6= 0 for all λ ∈ C.

(c) H1(Vec(R),C) = 0.

Proof. Using Definition 3.2, one may show that Div ∈ Z1(Vec(R),F0) and is of weight 0.

Also, note that F0 has no weight 0 1-coboundaries, as these would be the images of elements

of C, on which Vec(R) acts as 0. Thus Div is non-trivial in H1(Vec(R),F0).
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We show next that Div is non-trivial in H1(Vec(R),End(Fλ)). Suppose Div = ∂T

for some T ∈ End(Fλ). Then homλ,λ(e−1)(T ) = 0 so by Lemma 3.8, T ∈ C[[D]]. But

Div(e0) = 1, so homλ,λ(e0)(T ) = 1 which is impossible by (4). Thus [Div] 6= [0].

Suppose α ∈ Z1(Vec(R),End(Fλ)), which contains Z1(Vec(R),F0). By Lemma 3.7,

since Fλ is admissible we may assume α is e−1-relative and e0-covariant. We thus have

homλ,λ(en)(α(e0)) = ∂α(en ∧ e0) = 0,

so by Lemma 3.8 α(e0) is a constant, say α(e0) = k ∈ C \ {0}. Then α − kDiv ∈

Z1(Vec(R),End(Fλ)) is b-relative, so α = kDiv by Lemma 3.9.

For Part (c), apply Lemma 3.7 again to see that any 1-cocycle α may be assumed to

be of weight 0, so α(en) is proportional to the Kronecker δ function δ0,n. Next, note that

α(e0) =
1

2
∂α(e−1 ∧ e1) = 0.

Hence, Z1(Vec(R),C) = 0 and H1(Vec(R),C) = 0. �

Proposition 3.12. Let (πi, Vi) be an admissible, irreducible Vec(R)-representation for 1 ≤

i ≤ 3. Let 0 6= θ21 ∈ Z1(Vec(R),Hom(V1, V2)) and 0 6= θ32 ∈ Z1(Vec(R),Hom(V2, V3)) be

non-trivial. If both θ21 and θ32 are e0-covariant and exactly one is e0-relative, then θ32∪θ21 /∈

B2(Vec(R),Hom(V1, V3)).

Proof. By way of contradiction, suppose there exists φ ∈ C1(Vec(R),Hom(V1, V3)) such

that ∂φ = θ32 ∪ θ21. Suppose θ32(e0) 6= 0 and θ21(e0) = 0. Because θ21 is non-zero there

exists a non-zero n such that θ21(en) 6= 0. Then, for such n

(7) θ32 ∪ θ21(e0 ∧ en) = θ32(e0) ◦ θ21(en).

By Corollary 3.6, θ32(e0) is a Vec(R)-map. Since V2 and V3 are irreducible, by Schur’s Lemma,

we may and do assume that V2 = V3 and θ32(e0) = k ∈ C \ {0}. This, along with (7), shows

that i(e0)(∂φ) = i(e0)(θ32 ∪ θ21) = kθ21. Also, by the first equation in (6),

λφλ = π̃(e0)(φλ) = (i(e0) ◦ ∂)(φλ) + (∂ ◦ i(e0))(φλ) = k(θ21)λ + (∂ ◦ i(e0))(φλ)
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so we may replace φ with φ− 1
λ
∂(i(e0)(φλ)) for λ 6= 0, as θ21 is weight 0, and thus assume φ

is weight 0. Note that this does not change ∂φ = θ32 ∪ θ21 as ∂2 = 0. Hence, π̃(e0)(φ) = 0,

which is to say:

kθ21 + ∂(i(e0)(φ)) = i(e0)(θ32 ∪ θ21) + ∂(i(e0)(φ)) = π̃(e0)(φ) = 0.

Since ∂(i(e0)(φ)) ∈ B1(Vec(R),Hom(V1, V2)), this leads to a contradiction as θ21 was assumed

to be non-trivial.

The case of θ32(e0) = 0 and θ21(e0) 6= 0 is similar. �
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CHAPTER 4

NON-ZERO CASIMIR EIGENVALUE

Recall that the main goal of this paper is to classify all of the finite length uniserial

extensions, with a single Casimir eigenvalue, of admissible irreducible Vec(R) representations

with weights bounded below. As noted before, the proofs of our main results divide into

two cases, depending on whether or not Q acts nilpotently. In this chapter, we give the

results for uniserial representations on which Q has a single non-zero eigenvalue. By (5) and

Theorem 3.1, such representations are composed of Fλ and F1−λ for λ 6= 0 or 1.

4.1. Length 2

The results of this section are due to Feigin and Fuchs.

Proposition 4.1 ([2]). There is, up to equivalence, exactly one length 2 uniserial extension

of Vec(R) with a single non-zero Casimir eigenvalue with each of the following composition

series:

(a) πλ  πλ, for λ ∈ C \ {0, 1}

(b) π−1/2  π3/2

(c) π−1  π2

(d) π−3/2  π5/2.

Furthermore, these are the only length 2 uniserial representations of Vec(R) with a single

non-zero Casimir eigenvalue and weights bounded below.

Proof. First recall that Fλ is irreducible for all λ considered here. By Lemma 2.5, the unise-

rial extensions of πλ  πµ for such λ and µ are in bijection with PH1(Vec(R),Hom(Fλ,Fµ)).

Hence, by part (b) of Proposition 3.11 we know there exists only one extension of πλ  πλ.

In light of Proposition 3.10, we may use Proposition 2.7 to see that this representation is

πλ,2 =

 πλ

Div πλ

 .
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Furthermore, by Feigin and Fuchs [2], there are only three cases where a uniserial extension

which is not a self-extension exists for representations with the same non-zero Casimir eigen-

value and weights bounded below. These exist for the differences of two, three, and four

about 1/2 and are the three extensions listed in Parts (b) through (d).

It is of special importance to note that the cocycles in Parts (b) through (d) are

b-relative. �

4.2. Length 3

Proposition 4.2. There is, up to equivalence, exactly one uniserial length 3 extension

of Vec(R) with a single non-zero Casimir eigenvalue and weights bounded below for each

λ ∈ C \ {0, 1}. The block matrix form of this representation is

πλ,3 =


πλ

Div πλ

0 Div πλ

 .

Proof. Again, by Propositions 3.10, 3.11, and 2.7, we know there is exactly one length 3

self-extension for each λ ∈ C \ {0, 1}. Extensions which are not self-extensions would have

to contain one of the three cases given in Parts (b) through (d) in Proposition 4.1 as a

quotient or subspace. But, for example, such an extension composed of π−1 and π2 would

be of the form π−1  π−1  π2 or π−1  π2  π2 as no extension of π2  π−1 exists. In

either case, the cocycle in Z1(Vec(R),Hom(F−1,F2)) is b-relative while Div is e0-covariant

but not e0-relative. By Proposition 3.12, the cup product of these two cocycles is non-trivial

in H2(Vec(R),Hom(F−1,F2)), and hence such an extension is not possible. �

4.3. Length n

To conclude this chapter, we give the final result for the non-zero Casimir eigenvalue

case. This is again a direct application of Propositions 3.10, 3.11, and 2.7. Note that, for

the same reason above, there are no uniserial extensions which are not self-extensions for

lengths greater than 3.
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Proposition 4.3. For n ≥ 3, there is, up to equivalence, exactly one uniserial length n

extension of Vec(R) with a single non-zero Casimir eigenvalue and weights bounded below

for each λ ∈ C \ {0, 1}. The block matrix form of this extension is

πλ,n :=



πλ

Div
...

... πλ

0 Div πλ


.
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CHAPTER 5

ZERO CASIMIR EIGENVALUE

In this chapter we classify the finite length uniserial extensions, with zero Casimir

eigenvalue, of admissible irreducible Vec(R) representations with weights bounded below.

Recall that the irreducible representations with zero Casimir eigenvalue are F1 and C. While

F0 is not irreducible, we use the action π0 and the map BE to gain insight into extensions

with alternating F1 and C.

The following lemma greatly reduces the number of extensions to be considered in

this chapter.

Lemma 5.1. No uniserial extension exists for any composition series containing adjacent

copies of the trivial representation πC.

Proof. By Part (c) of Proposition 3.11 and Lemma 2.5 we know that no extension of C C

is uniserial. Therefore, by Definition 2.2, no extension containing adjacent copies of C can

be uniserial. �

5.1. Length 2

Proposition 5.2. H1(Vec(R),F∗1 ) is one-dimensional.

Proof. Conjugating the Vec(R) action π0 by BE carries it to a Vec(R) action (π0)
BE on

F1 ⊕ C:

(π0)
BE(fD) = BE ◦ π0(fD) ◦ BE−1 .

A short computation shows that in block-matrix form,

(π0)
BE(fD) =

π1(fD)

α∗(fD) 0

 ,

where α∗ : Vec(R)→ F∗1 is

α∗(fD)(dzg) := f(0)g(0).
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Because (π0)
BE is a representation, α∗ ∈ Z1(Vec(R),F∗1 ). Also, α∗ is non-trivial

because it is e0-relative, so, by Part (b) of Lemma 3.7, if it were trivial it would be the

coboundary of a weight 0 element of F∗1 . No such element exists, as the weights of F∗1 are

the negative integers. Thus, in fact, the only e0-covariant 1-cochains are multiples of α∗. �

Define α ∈ C1(Vec(R),F1) by

α := Bol ◦Div, α(fD) = dzf ′′.

The next lemma is well-known.

Lemma 5.3. For α defined above, α ∈ C1(Vec(R), b,F1) and H1(Vec(R),F1) = Span{[α]}.

Proof. Because Div is a cocycle and Bol is Vec(R)-invariant, α is a 1-cocycle. The fact

that α is b-relative is clear from the definition of α.

By Lemma 3.7, all cohomology classes are e−1-relative and e0-covariant, hence in this

setting b-relative as the lowest weight in F1 is 1. By Lemma 3.8, and because Vec(R) ∼= F−1

as Vec(R)-modules, the set of b-relative elements in Hom(Vec(R),F1) is one dimensional and

thus is C[α].

�

In summary, (see Proposition 3.11),

(8)

H1(Vec(R),C) = 0,

H1(Vec(R),End(F1)) = Span{[Div]},

H1(Vec(R),F∗1 ) = Span{[α∗]},

H1(Vec(R),F1) = Span{[α]}.

We use Div, α∗, and α to classify all length 2 uniserial extensions with zero Casimir

eigenvalue and weights bounded below.

Proposition 5.4. Up to equivalence, there is exactly one uniserial extension with each of

the composition series

(a) π1  π1
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(b) π1  0

(c) 0 π1.

The block matrix forms of these representations are, respectively,

π1,2 =

 π1

Div π1

 ,

π1
α∗ 0

 ,

0

α π1

 .

This is a complete classification of the length 2 uniserial extensions, with zero Casimir eigen-

value, of admissible irreducible Vec(R) representations with weights bounded below.

Proof. Because each of the related 1-cohomologies for the extensions listed above are one

dimensional, by Proposition 2.4, there is exactly one uniserial extension in each case. By

Lemma 5.1, no other length 2 uniserial extension exists in this setting. �

5.2. Self-Extensions of π0

The existence of representations of lengths higher than 2 with zero Casimir eigenvalue

which are not self-extensions of F1 stems from self-extensions of F0. Although F0 is not

irreducible, by Part (b) of Proposition 3.11 it is clear that

π0,n =



π0

Div
...

... π0

0 Div π0


is the block matrix form of a length n extension of π0  · · · π0. As in Proposition 5.2

we conjugate by the map ⊕n BE = BE⊕ · · · ⊕ BE to carry this to a length 2n extension of

π1  0 · · · π1  0. Define γ ∈ C1(Vec(R),End(F1)) and e∗0 ∈ C1(Vec(R),C) by

γ(fD) := Bol ◦Div(fD) ◦
∫
, γ(fD)(dzg) = dz(f ′g + f ′′

∫
dzg)

e∗0 := Eval0 ◦Div, e∗0(fD)(c) = f ′(0)c.
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Proposition 5.5. The block matrix form of (π0,n)⊕
n BE is



π1

α∗ 0

γ α π1

e∗0 α∗
...

γ
... 0

... α π1

0 e∗0 α∗ 0



.

Proof. The case of n = 1 is Proposition 5.4 Part (b). We begin with the case of n = 2.

For fD ∈ Vec(R) we conjugate π0,2(fD) by ⊕2 BE which gives the following block matrix

action on an element (dzg1, c1, dzg2, c2) of F1 ⊕ C⊕F1 ⊕ C:

 (π0)
BE(fD)(dzg1, c1)

(Div)BE(fD)(dzg1, c1) (π0)
BE(fD)(dzg2, c2)

 .

Part (b) of Proposition 5.4 gives the matrix form of (π0)
BE, so we compute (Div)BE(fD).

Using the definition of BE and BE−1 we see

((Div)BE(fD))(dzg1, c1) = (BE ◦Div(fD))(

∫
dzg1 + c1)

= BE(f ′
∫
dzg1 + f ′c1)

= (dz(f ′g1 + f ′′
∫
dzg1 + f ′′c1), f

′(0)c1)

= (γ(fD)(dzg1) + α(fD)(c1), e
∗
0(fD)(c1)),

and thus

(Div)BE =

γ α

0 e∗0

 .
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Hence the block matrix form of (π0,2)
⊕2 BE is
π1

α∗ 0

γ α π1

0 e∗0 α∗ 0


.

A similar calculation yields the result for any n ≥ 2. �

Corollary 5.6. The cup equation for (π0,3)
⊕3 BE gives

∂γ + α ∪ α∗ = 0, ∂e∗0 + α∗ ∪ α = 0, α∗ ∪ γ + e∗0 ∪ α∗ = 0,

γ ∪ α + α ∪ e∗0 = 0, γ ∪ γ = 0, e∗0 ∪ e∗0 = 0.

5.3. Length n

We use Proposition 3.12 and the e0-relativity of α∗ and α to further reduce the number

of uniserial cases with zero Casimir eigenvalue to consider.

Lemma 5.7. No uniserial extension, with zero Casimir eigenvalue, of admissible irreducible

Vec(R) representations with weights bounded below exists for any composition series contain-

ing adjacent copies of π1 except for self-extensions of π1.

Proof. Excluding the self-extension case, any such extension would contain π1  π1  0

or 0 π1  π1 as a subrepresentation, quotient, or subquotient. The cup product of the

two cocycles on the first subdiagonal, α∗ ∪ Div and Div ∪ α respectively, is non-trivial by

Proposition 3.12 because both α∗ and α are e0-relative and Div is e0-covariant but not

e0-relative. Thus no such uniserial extensions are possible. �

The following lemma is an immediate result of Lemma 5.1 and Lemma 5.7.

Lemma 5.8. Except for self-extensions, there are no uniserial extensions, with zero Casimir

eigenvalue, of admissible irreducible Vec(R) representations with weights bounded below hav-

ing either adjacent copies of πC ≡ 0 or adjacent copies of π1 in their composition series.

We now give our final result with a proof by induction on the length of the extension.
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Theorem 5.9. The following is a complete classification of the length n uniserial extensions,

with zero Casimir eigenvalue, of admissible irreducible Vec(R) representations with weights

bounded below.

For all n there is, up to equivalence, exactly one such uniserial extension with the

composition series

(a) π1  · · · π1.

There is, up to equivalence, exactly one such uniserial extension in each length with

the composition series

(b) 0 π1  0 · · · π1  0,

(c) π1  0 · · · π1  0,

(d) 0 π1  · · · 0 π1.

In addition, there is a one-parameter family of such uniserial extensions with the

composition series

(e) π1  0 π1  · · · 0 π1.

The block matrix forms of these representations are, respectively,



π1

Div
...

... π1

0 Div π1


,



0

α π1

e∗0 α∗
...

γ
... 0

... α π1

0 e∗0 α∗ 0


,



π1

α∗ 0

γ α
...

e∗0
... 0

... α π1

0 e∗0 α∗ 0


,
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0

α π1

e∗0 α∗
...

γ
... π1
... α∗ 0

0 γ α π1


,



π1

α∗ 0

γ α
...

0 e∗0
... 0

... 0
... α π1

0
...

... e∗0 α∗ 0

kDiv 0 · · · 0 γ α π1



.

Proof. The length 1 case is vacuous for each type of extension. Suppose the claim for n−1

and let π be a length n uniserial extension composed of copies of C and F1.

The proof of Part (a) is identical to that of Proposition 4.3 so we will assume that

none of the following extensions are self-extensions of F1. Lemma 5.8 thus implies that

the remaining uniserial extensions, with zero Casimir eigenvalue, of admissible irreducible

Vec(R) representations with weights bounded below are composed of alternating copies of C

and F1.

If the composition series is of the form 0 π1  0 · · · π1  0, then by induc-

tion

π ∼=



0

π21 π1

π31 α∗
...

π41 γ
... π1

... 0
... α∗ 0

πn−1,1
...

... γ α π1

πn1 0 · · · 0 e∗0 α∗ 0


.

Throughout we will only conjugate by sums of the identity matrix I and multiples of Ej1,

for 2 ≤ j ≤ n. Thus, by Lemma 2.2, only the (k, 1)-entries, for k ≥ j, may change.

By Proposition 2.4 and (8) we may assume that π21 = α. Then the cup equation at

π31 gives ∂π31 + α∗ ∪ α = 0. By Corollary 5.6, ∂π31 = ∂e∗0. Therefore by Proposition 3.11

Part (c), π31 = ∂φ31+e∗0 for some φ31 ∈ C0(Vec(R),C). But here φ31 is a scalar and ∂φ31 = 0,
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so

π ∼=



0

α π1

e∗0 α∗
...

π41 γ
... π1

... 0
... α∗ 0

πn−1,1
...

... γ α π1

πn1 0 · · · 0 e∗0 α∗ 0


.

The cup equation at π41 gives ∂π41 + γ ∪ α + α ∪ e∗0 = 0. Corollary 5.6 gives ∂π41 = 0 so

by (8) π41 = k41α + ∂φ41 for some k41 ∈ C and φ41 ∈ C0(Vec(R),F1). For non-zero k41,

conjugation of π by I + k41E31 + φ41E41 annihilates π41. Continuing in this fashion down

the first column through the (n− 1, 1)-position will result in the annihilation of each entry.

In the (n, 1)-position, the cup equation is then ∂πn1 = 0. By Proposition 3.11 Part (c),

πn1 = ∂φn1 for some φn1 ∈ C0(Vec(R),C). As at the (3, 1)-position, ∂φn1 = 0, so

π ∼=



0

α π1

e∗0 α∗
...

γ
... 0

... α π1

0 e∗0 α∗ 0


.

If the composition series is of the form π1  0 · · · π1  0, then by induction
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we have an equivalence

π ∼=



π1

π21 0

π31 α
...

π41 e∗0
... π1

... 0
... α∗ 0

πn−1,1
...

... γ α π1

πn1 0 · · · 0 e∗0 α∗ 0


.

By Proposition 2.4 and (8), we may assume π21 = α∗. Then the cup equation at π31 gives

∂φ31 + α ∪ α∗ = 0. By Corollary 5.6 and (8), π31 = k31 Div + ∂φ31 + γ for some k31 ∈ C and

φ31 ∈ C0(Vec(R),End(F1)). Conjugation by I + φ31E31 results in the equivalence

π ∼=



π1

α∗ 0

k31 Div + γ α
...

π41 e∗0
... π1

... 0
... α∗ 0

πn−1,1
...

... γ α π1

πn1 0 · · · 0 e∗0 α∗ 0


.

We note that we cannot annihilate k31 Div because C and F1 are not isomorphic: if we

conjugate π by a transformation of the form I + φ21E21, we will change π21 by ∂φ21 6= 0.

Next, the cup equation at π41 gives ∂π41 + e∗0 ∪ α∗ + α∗ ∪ (k31 Div + γ) = 0. By

Corollary 5.6 this is ∂π41 + k31(α
∗ ∪ Div) = 0. By Proposition 3.12 α∗ ∪ Div is non-trivial

so k31 = 0 and π41 = k41α
∗ + ∂φ41 for some k41 ∈ C and φ41 ∈ C0(Vec(R),F∗1 ). Conjugation

by I + k41E31 + φ41E41 annihilates π41. Continuing in this fashion down the first column

annihilates each πj1, where kj1 = 0 for odd j by the cup equation for πj+1,1, and the required
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equivalence is achieved:

π ∼=



π1

α∗ 0

γ α
...

e∗0
... 0

... α π1

0 e∗0 α∗ 0


.

If the composition series is of the form 0 π1  · · · 0 π1, then by induction

there is an equivalence

π ∼=



0

π21 π1

π31 α∗ 0

π41 γ α
...

... 0 e∗0
... 0

πn−2,1
... 0

... α π1

πn−1,1 0
...

... e∗0 α∗ 0

πn1 kDiv 0 · · · 0 γ α π1


for some k ∈ C. We work down the first column in exactly the same way as in Part (a) to

get the equivalence

π ∼=



0

α π1

e∗0 α∗ 0

0 γ α
...

... 0 e∗0
... 0

0
... 0

... α π1

0 0
...

... e∗0 α∗ 0

πn1 kDiv 0 · · · 0 γ α π1



.
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Here we see that the cup equation at πn1 gives ∂πn1 + (kDiv∪α) = 0. By Proposition 3.12,

Div ∪ α is non-trivial so k = 0. Thus πn1 = kn1α + ∂φn1 for some kn1 ∈ C and some

φn1 ∈ C0(Vec(R),F1). We conjugate π by I+kn1En−1,1+φn1En1 and the required equivalence

is achieved:

π ∼=



0

α π1

e∗0 α∗
...

γ
... π1
... α∗ 0

0 γ α π1


.

Finally, if the composition series is of the form π1  0 π1  · · · 0 π1, then

by induction there is an equivalence

π ∼=



π1

π21 0

π31 α
...

π41 e∗0
... 0

... 0
... α π1

πn−1,1
...

... e∗0 α∗ 0

πn1 0 · · · 0 γ α π1


.

We work down the first column in the same way as in Part (b) to get the equivalence

π ∼=



π1

α∗ 0

γ α
...

0 e∗0
... 0

... 0
... α π1

0
...

... e∗0 α∗ 0

πn1 0 · · · 0 γ α π1


.

30



The cup equation for πn1 gives ∂πn1 = 0, so πn1 = kn1 Div + ∂φn1 for some kn1 ∈ C and

φn1 ∈ C0(Vec(R),End(F1)). As before, we may not conjugate by a transformation with a

non-zero (n− 1, 1)-entry, and conjugation by I + φn1En1 results in the required equivalence:

π ∼=



π1

α∗ 0

γ α
...

0 e∗0
... 0

... 0
... α π1

0
...

... e∗0 α∗ 0

kDiv 0 · · · 0 γ α π1


.

�
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CHAPTER 6

THE VIRASORO LIE ALGEBRA

6.1. Introduction

We use the notation Vec(T) for the space of polynomial vector fields on the circle. As

for Vec(R), general elements of Vec(T) are written fD for f ∈ C[z, z−1], and the Lie bracket

in Vec(T) is

[fD, gD] = (fg′ − f ′g)D.

Vec(T) has the basis

{en : n ∈ Z}, where en = zn+1D.

There exists a unique universal central extension of Vec(T), called the Virasoro Lie

algebra, V . Writing C for the central element, V has the basis

{C, en : n ∈ Z}

with bracket

[en, em] = (m− n)em+n +
n3 − n

12
δn,−m C,

where δ is the Kronecker delta function. Note that, like Vec(R), V contains a as a subalgebra.

For a, λ ∈ C, we define the tensor density representation Fa,λ of V as

Fa,λ := Span{dzλzµ : µ ∈ a− λ+ Z}.

The action of V on Fa,λ is identical to that of Vec(R) on Fλ and does not depend on a. It is

πλ(fD)(dzλh) := dzλ(fh′ + λf ′h), πλ(C) = 0.

More specifically, on the basis elements of each space the action is

πλ(en)(dzλzµ) = (µ+ (n+ 1)λ)dzλzµ+n.

One can see that Fa,λ is admissible with weights a + Z and weight spaces (Fa,λ)a+k =

Cdzλza−λ+k. As in (5), the action of the Casimir operator Q of a is πλ(Q) = λ2 − λ.
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The Fa,λ are all irreducible except for F0,0 and its dual F∗0,0 ∼= F0,1, which have

subrepresentations C and (F0,0/C)∗ respectively.

The goal of this chapter is to classify the uniserial extensions, with a single Casimir

eigenvalue not equal to either 0 or −1/4, of irreducible V representations. Examples of such

extensions in length 2 were first described by Martin and Piard [4].

As in Section 3.1, the space of linear maps between two tensor density modules Fa,λ

and Fb,µ is denoted Hom(Fa,λ,Fb,µ). It carries the natural V-action

homλ,µ(fD)(T ) = πµ(fD) ◦ T − T ◦ πλ(fD).

Throughout this chapter we will consider cohomology classes taking values in End(Fa,λ). No

simple analogue of Proposition 3.2 exists for End(Fa,λ). However, any element T may be

written as the formal sum

T =
∑
ν′ν

Tν′νEν′ν ,

where Eν′ν is an operator of weight ν ′ − ν defined by

Eν′ν(dz
λzµ) = δµ,νdz

λzν
′

and Tν′ν is a scalar.

Observe that for each ν, Tν′ν is non-0 only for finitely many ν ′. The action homλ,λ is

homλ,λ(en)(Eν′ν) =
(
ν ′ + (n+ 1)λ

)
Eν′+n,ν −

(
ν − n+ (n+ 1)λ

)
Eν′,ν−n,

homλ,λ(C)(T ) = 0,

homλ,λ(en)(T ) =
∑
ν′ν

[(
ν ′ − n+ (n+ 1)λ

)
Tν′−n,ν −

(
ν + (n+ 1)λ

)
Tν′,ν+n

]
Eν′ν .

6.2. Self-extensions with Two Dimensional Cohomology

We digress to briefly discuss a general situation similar to that of Section 2.2, self-

extensions where the 1-cohomology class is two dimensional.
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Proposition 6.1. Suppose that g is a Lie algebra, (ψ, V ) is an irreducible representation

of g, and α and β are elements of Z1(g,End(V )) such that

(9) H1(g,End(V )) = Span{[α], [β]}, α ∪ α = β ∪ β = 0, α ∪ β /∈ B2(g,End(V )).

Every length n uniserial self-extension of ψ is, up to equivalence, of the form

(10)



ψ

η ψ

k2ν η
...

k3ν k2ν
... ψ

... k3ν
... η ψ

kn−2ν
...

... k2ν η ψ

kn−1ν kn−2ν · · · k3ν k2ν η ψ


for some non-0 η ∈ Span{α, β} and some ν ∈ Span{α, β} not in Cη. Every such extension

is uniserial. Two such extensions, say (10) and a primed counterpart, are equivalent if and

only if there is a scalar c such that η′ = cη and k′iν
′ − cikν ∈ Cη.

Proof. We will only prove the first statement, leaving the rest to the reader.

By Lemma 2.5, up to equivalence, a uniserial length 2 self-extension must have matrix

form ψ
η ψ


for some non-0 η ∈ Span{α, β}.

Consider a general length 3 uniserial extension π of ψ  ψ  ψ. The matrix form of

such an extension is

π =


ψ

π21 ψ

π31 π32 ψ

 .
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Using the above note on length 2 extensions, this extension is equivalent to

π ∼=


ψ

π21 ψ

π31 η ψ

 ,

for some non-0 η ∈ Span{α, β}. Let ν be any element of Span{α, β} such that ν /∈ Cη. Then

Span{η, ν} = Span{α, β} and one may verify that η and ν satisfy all parts of (9).

The cup equation for the (3, 1)-position yields

∂π31 + η ∪ π21 = 0.

Modifying the (2, 1)-position by a coboundary, we may assume π21 = aη + bν, so η ∪ π21 =

b(η ∪ ν). By (9), this cup product is non-trivial unless b = 0. Hence π21 = aη. By the

uniseriality of π, a 6= 0 . Conjugating π by I + (a− 1)E11 yields

π ∼=


ψ

η ψ

π31 η ψ

 .

Because η ∪ η = 0, ∂π31 = 0, so π31 = j1η + k1ν + ∂φ for some j1, k1 ∈ C and φ ∈ C0.

Conjugation by I + j1E21 + φE31 gives

π ∼=


ψ

η ψ

k2ν η ψ

 .

Let n ≥ 4 and suppose the result is true for n − 1. Then, by induction, any general
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length n uniserial self-extension π of ψ is equivalent to

π ∼=



ψ

π21 ψ

π31 η
...

π41 k2ν
... ψ

... k3ν
... η ψ

πn−1,1
...

... k2ν η ψ

πn1 kn−2ν · · · k3ν k2ν η ψ



for some non-0 η ∈ Span{α, β}, ν ∈ Span{α, β} with ν /∈ Span{η}, and ki ∈ C for all i. An

argument as in the length 3 case on the (2, 1)- and (3, 1)-positions yields

π ∼=



ψ

η ψ

k31ν η
...

π41 k2ν
... ψ

... k3ν
... η ψ

πn−1,1
...

... k2ν η ψ

πn1 kn−2ν · · · k3ν k2ν η ψ


.

The cup equation at the (4, 1)-position gives

0 = ∂π41 + (k2ν ∪ η) + (η ∪ k31ν) = ∂π41 + (k2 − k31)(ν ∪ η).

Again by (9), ν ∪ η is non-trivial, so k2 = k31 and thus π41 = l41η+k41ν+∂φ41. Conjugating
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π by I + j41E31 + φ41E41 yields

π ∼=



ψ

η ψ

k2ν η
...

k41ν k2ν
... ψ

... k3ν
... η ψ

πn−1,1
...

... k2ν η ψ

πn1 kn−2ν · · · k3ν k2ν η ψ


.

Apply the (5, 1) cup equation to deduce k41 = k3. Induction down the first column

completes the proof.

�

6.3. Cohomology

Definition 6.1. Define Div : V → F0,0 and ` : V → F0,0 by

Div(fD) := f ′ and `(fD) := z−1f.

Both Div and ` may be viewed as taking values in End(Fa,λ) for any a, λ. Note that ` may

be thought of as the coboundary of multiplication by the natural logarithm function.

Proposition 6.2. For all (a, λ) ∈ C2, Div and ` are non-trivial 1-cocyles of weight 0.

Proof. Let (a, λ) ∈ C2. It is a simple exercise to prove that Div and ` are 1-cocycles of

weight 0.

Suppose Div ∈ B1(V ,End(Fa,λ)). That is, there exists T ∈ C0(V ,End(Fa,λ)) such

that Div = ∂T . Because Div is weight 0, by the second equation of (6), T is weight 0. Hence

∂T (e0) = 0. But Div(e0) = 1, so Div 6= ∂T . The same argument also holds for `. �

We next consider the 1-cocycle Div− ` when λ 6= 1/2. Note that it is e0-relative and

(Div − `)(en) = nzn, so (Div − `)(en)ν+n,ν = n

for all n.
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Proposition 6.3. Let λ ∈ C \ {1/2}. For every e0-relative 1-cohomology class taking

values in End(Fa,λ), there is a unique scalar c such that the restriction of the class to a is

cohomologous to c(Div − `)|a.

Proof. Let λ ∈ C \ {1/2} and let α be an e0-relative representative of a cohomology class

in H1. Also, let T ∈ End(Fa,λ) be of weight 0 and consider

∂T (en)ν+n,ν =
(
ν + (n+ 1)λ

)
(Tνν − Tν+n,ν+n).

In particular,

∂T (e1)ν+1,ν = (ν + 2λ)(Tνν − Tν+1,ν+1),

∂T (e−1)ν−1,ν = ν(Tνν − Tν−1,ν−1).

By re-indexing the subscripts for T (e−1) we see

∂T (e−1)ν,ν+1 + ∂T (e1)ν+1,ν = (ν + 1)(Tν+1,ν+1 − Tνν) + (ν + 2λ)(Tνν − Tν+1,ν+1)

= (2λ− 1)(Tνν − Tν+1,ν+1).

As λ 6= 1/2 we may freely choose the value of ∂T (e−1)ν,ν+1 + ∂T (e1)ν+1,ν by varying our

choice of Tνν . Choose Tνν such that

(11) α(e−1)ν,ν+1 + α(e1)ν+1,ν = ∂T (e−1)ν,ν+1 + ∂T (e1)ν+1,ν

for all ν. Replacing α with α− ∂T yields

(12) α(e−1)ν,ν+1 + α(e1)ν+1,ν = 0.

We note that the choice of ∂T is unique as modifying α−∂T by any ∂T ′ while still satisfying

(11) implies ∂T ′ = 0, i.e., T ′ is constant.

By the cocycle condition on α we have

0 = ∂α(e−1 ∧ e1) = homλ,λ(e−1)(α(e1))− homλ,λ(e1)(α(e−1)).

Thus, when ∂α(e−1 ∧ e1) acts on dzλzν we have

0 = (ν + 1)α(e1)ν+1,ν − να(e1)ν,ν−1 − (ν − 1 + 2λ)α(e−1)ν−1,ν + (ν + 2λ)α(e−1)ν,ν+1.
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Using (12), we make the replacements

α(e1)ν+1,ν = −α(e−1)ν,ν+1 and α(e1)ν,ν−1 = −α(e−1)ν−1,ν

so that the above equation becomes

0 = (1− 2λ)α(e−1)ν−1,ν + (2λ− 1)α(e−1)ν,ν+1.

Again, λ 6= 1/2, so we have α(e−1)ν−1,ν = α(e−1)ν,ν+1.

A similar replacement shows α(e1)ν+1,ν = α(e1)ν,ν−1. Thus, on a, α = c(Div− `). �

Proposition 6.4. For λ 6= 1/2, every End(Fa,λ)-valued cocyle has a unique representative

of the form

dDiv + l`+ β, some a-relative β.

Proof. We begin by noting that the proof of Part (b) of Lemma 3.7 relied only on an e0

weight argument and was independent of Vec(R). Thus its result applies to all cohomology

classes in H1(V ,End(Fa,λ)).

Let α ∈ Z1(V ,End(Fa,λ)) be an e0-covariant representative of its 1-cohomology class.

Then α(e0) is V-invariant, hence a scalar c, and so α− c` is e0-relative. By Proposition 6.3

we know that there exists a unique ∂T ∈ B1 and d ∈ C such that α− c`− ∂T = d(Div− `)

on a. That is,

α− ∂T = dDiv + l` on a.

Thus, for some some a-relative 1-cocycle β,

α = dDiv + l`+ β.

Here, β is unique because, as noted above, the only a-invariant elements of End(Fa,λ) are

the constants, which are V-relative. �

Corollary 6.5. For λ 6= 1
2
, B1(V , a,End(Fa,λ)) = 0.

In fact, it follows from (10) of [1] that for λ 6= 0, 1/2, or 1 there are no a-relative 1-

cocycles of V with values in End(Fa,λ). More generally, the following theorem was deduced

earlier by Martin and Piard [4].
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Theorem 6.6. For any (a, λ) ∈ C2 with λ 6= 0, 1/2, or 1,

H1(V ,End(Fa,λ)) = Span{[Div], [`]}.

Finally, we give results for the cup products of Div and `.

Proposition 6.7. For all (a, λ) ∈ C2,

(a) Div ∪Div = ` ∪ ` = 0,

(b) Div ∪ ` /∈ B2(V ,End(Fa,λ)).

Proof. Part (a) is a result of the commutativity of C[z, z−1]. For Part (b) recall that the

proof of Proposition 3.12 relied only on properties of e0 and the fact that neither cocycle

was 0 or trivial. Thus the result extends to V . Apply it as follows. Both Div and Div − `

are e0-covariant and only Div− ` is e0-relative, so (Div− `)∪Div = Div− ` is non-trivial in

H2(V ,End(Fa,λ)). �

6.4. Uniserial Self-Extensions

In light of the previous results of this chapter, we have the following theorem.

Theorem 6.8. Let λ 6= 0, 1, 1/2 and let n ≥ 3. Every length n uniserial self-extension of πλ

is, up to equivalence, of the form

(13)



πλ

η πλ

k2ν η
...

k3ν k2ν
... πλ

... k3ν
... η πλ

kn−2ν
...

... k2ν η πλ

kn−1ν kn−2ν · · · k3ν k2ν η πλ


for some non-0 η ∈ Span{Div, `} and some ν ∈ Span{Div, `} not in Cη. Every such exten-

sion is uniserial. Two such extensions, say (13) and a primed counterpart, are equivalent if

and only if there is a scalar c such that η′ = cη and k′iν
′ − cikν ∈ Cη.
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