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With the recent emergence of the field of metamaterials, the study of
subwavelength propagation of plane waves and the dissipation of their energy either in the
form of Joule losses in the case of electomagnetic waves or in the form of viscous
dissipation in the case of acoustic waves in different interfaced media assumes great
importance. With this motivation, I have worked on problems in two different areas, viz.,
plasmonics and surface acoustics.
The first part (chapters 2 & 3) of the dissertation deals with the emerging field of
plasmonics. Researchers have come up with various designs in an efort to fabricate
efficient plasmonic waveguides capable of guiding plasmonic signals. However, the inherent
dissipation in the form of Joule losses limits efficient usage of surface plasmon signal. A
dielectric-metal-dielectric planar structure is one of the most practical plasmonic structures
that can serve as an efficient waveguide to guide electromagnetic waves along the metaldielectric boundary. I present here a theoretical study of propagation of surface plasmons
along a symmetric dielectric-metal-dielectric structure and show how proper orientation of
the optical axis of the anisotropic substrate enhances the propagation length. An equation
for propagation length is derived in a wide range of frequencies. I also show how the
frequency of coupled surface plasmons can be modulated by changing the thickness of the
metal film. I propose a Kronig-Penny model for the plasmonic crystal, which in the long
wavelength limit, may serve as a homogeneous dielectric substrate with high anisotropy
which do not exist for natural optical crystals.

In the second part (chapters 4 & 5) of the dissertation, I discuss an interesting
effect of extraordinary absorption of acoustic energy due to resonant excitation of Rayleigh
waves in a narrow water channel clad between two metal plates. Starting from the elastic
properties of the metal plates, I derive a dispersion equation that gives resonant
frequencies, which coincide with those observed in the experiment that was performed by
Wave Phenomena Group at Polytechnic University of Valencia, Spain. Two eigenmodes
with different polarizations and phase velocities are obtained from the dispersion equation.
At certain critical aperture of the channel, an interesting cutoff effect, which is unusual for
an acoustic wave, is observed for one of the eigenmodes with symmetric distribution of the
pressure field. The theoretical prediction of the coupling and synchronization of Rayleigh
waves strongly supports the experimentally measured shift of the resonant frequencies in
the transmission spectra with channel aperture. The observed high level of absorption may
find applications in designing metamaterial acoustic absorbers.
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CHAPTER 1
GENERAL INTRODUCTION
1.1. Surface Waves
Surface waves are two-dimensional waves that propagate on the surface of a medium
or at the interface between two di erent media. They can be electromagnetic or mechanical
in nature. In the case of surface electromagnetic waves such as surface plasmon polaritons
(SPPs), the evanescent electromagnetic wave propagating at the interface between a metal
and a dielectric is coupled to the charge density oscillations of electrons at the surface of the
metal (see Fig. 1.1).

+ + + + +

Figure 1.1.

- - - - -

+ + + + +

- - - - -

Surface Plasmon Polariton: an electromagnetic wave bound

to charged oscillations at the interface of the conductor. The dashed lines
represent electric eld lines joining regions of high (-) and low (+) charge
densities.
Because SPPs are bound to the interface and their electric eld decays exponentially
perpendicular to the interface, SPPs are essentially 2-dimensional waves. Mechanical surface
waves such as Rayleigh waves travel near the surface of the solids.
Rayleigh waves incorporate both longitudinal and transverse component motions whose
amplitudes decay exponentially with increasing distance from the surface with a phase di erence between the two component motions (see Fig. 1.2). In order to better understand the
properties of surface electromagnetic waves, it is important to study how plane waves behave
in matter in general. A brief look at the behavior of electromagnetic plane waves in matter
1

Figure 1.2.

Figure showing Rayleigh wave in which the particle motion is

elliptical with longitudinal and transverse components. The size of the ellipses
decreases with distance away from the surface denoting decreasing amplitudes
of longitudinal and transverse motions.
would be a good starting point for that purpose.

2

1.2. Bound Electrons and Polarization of Matter
Consider an atom in which an electron is bound with a force proportional to its displacement. The electron thus bound behaves as a harmonic oscillator. Now taking a damping
force which is proportional to the velocity of the electron, the equation of motion is given by:

(1)

F = qe E = m(x + x_ + !02 x );
where x is the displacement parallel to direction of electric eld E, which is taken to

be linearly polarized, is the dissipation constant, !0 is the natural frequency of the harmonic
oscillator i.e. the bound electron. We also assume the restoring force F to be uniform in all
directions (isotropic oscillator). If the electric eld E = E0 e i !t varies sinusoidally with time,
the displacement also will oscillate with the same frequency such that x = x0 e i !t . Now using
these equations for E and x in Eq. (1), we have

(2)

q =m
x = !2 +ei ! + !2 E:
0
The induced dipole moment p of an atom is qe x . Using Eq. (2), the equation for p is

(3)

p = ! +qei=m! + ! E:
2

2
0

2

Since p is proportional to E, we can write p = 0 (!)E, where

is the atomic

polarizability [1]. Therefore, we have

(4)

(!) =

qe2 =m0
!2 + i ! + !02 :

Since atoms have several natural frequencies, each with its own dissipation constant
and "strength" factor z, summing over various modes, Eq. (4) may be modi ed as
3

(!) =

(5)

qe2 ∑
zk

0
m k !2 + i k ! + !02k :

It is easy to see that at very high frequencies, (!) is small. However, at low frequencies (!) is high i.e. the response is strong.
1.3. Plane Waves in Dielectrics and Metals
We are now in a position to nd out what kind of waves exist in dielectrics in which
there are no free electrons. Maxwell's equations in terms of charge density , current density

j , and polarization P are given by

r  E = r
(b) c r  B = ( + E)
(c) r  E =
(d) r  B = 0;
r  P and j = using the continuity equation.
(a)

P
0

@
@t

2

(6)

P
0

@B
@t

where we used  =

@P
@t

Manipulating

the rst three equations in Eq. (6), we get

(7)

r E c1 @@tE = 1 r(r  P) +  1c @@tP :
2

2

2

2

2

0

0

2

2

Eq. (7) can still have solutions since P depends on E. Now for a wave going in the
z-direction but polarized in x-direction, the solution can be of the form

(8)

Ex = E0 e i !t

kz

:

The phase velocity of a wave represented by Eq. (8) is vp = !=k , and in terms of
refractive index n and speed of light c , it is vp = c=n. So it is now possible to nd the value
of k so that Eq. (8) satis es proper eld equations, and then using n = kc=!. Polarization
4

P does not change with x -coordinate i.e. r  P = 0 since the material is isotropic with only
x -component of the polarization. Also assuming a linear dielectric, Px will vary as e i !t , and
@ 2 Px =@t 2 = !2 Px . Now Eq. (7) becomes @ 2 Ex =@z 2 = k 2 Ex , so that
!2
( 2
c

(9)

!2 Px
k )Ex =  c 2 :
0
2

Assuming E varies sinusoidally, we can set P proportional to E such that Px =

0 N (!)Ex and plugging it in Eq. (9), we obtain
!2
k 2 = c 2 (1 + N ):

(10)

Now using n = kc=! in Eq. (10), we get an equation for refractive index as n2 =
1+N .
Finally, using Eqs. (4 and 10), we have

(11)

Nqe2 =m0
n = 1 + !2 + i ! + !2 :
0
2

The term i ! in Eq. (11) represents the dissipation of the oscillators i.e. bound
electrons [1]. Thus, refraction in a dispersive medium such as a dielectric involves dissipation
of energy of the propagating electromagnetic wave.
The theory of plane waves propagating in dielectrics can also be applied, with little
modi cations, to good conductors like metals. The only di erence is that in metals, some
electrons are not bound to atoms. It is these free electrons that give rise to conductivity
in metals. For the electrons which are bound to atoms in metals, the theory worked out
earlier is directly applicable. Since there is no restoring force on free electrons in a metal, the
quantity !0 = 0. Therefore, the index of refraction for metals turns out to be
5

Nq 2 =m
n2 = 1 + !2e + i 0! ;

(12)

which is the only major contribution from the conducting free electrons.
1.4. Role of Dissipation in Surface Plasmons
Plasmonics is an emerging eld that has a huge potential to lead to an entirely new
class of opto-electronic devices. By creatively designing the metal-dielectric interface, surface
plasmons can be generated with the same frequency as the incident electromagnetic wave
but with much shorter wavelength. This could help build ultrasmall electronic circuits which
can then be used for faster data transmission across interconnects. However, the inherent
dissipation in the form of Joule losses (as discussed earlier in the chapter) strongly limits
usage of surface plasmons signal for ecient plasmonic interconnects.
Researchers over the last decade have come up with various designs in an e ort to
fabricate ecient plasmonic waveguides capable of guiding plasmonic signals. However, not
all the waveguides turn out to be of desired eciency. For instance, a linear chains of
nanoparticles exhibited strong dissipation [5]. Nanoholes in a metallic medium are dicult
to fabricate and also exhibit high dissipative forces [4]. Metal wedges are relatively easy to
fabricate but exhibit relatively large bend losses. However, at telecommunication frequencies,
the wegde plasmonic waveguides are superior to groove waveguide structures due to their
strong subwavelength localization of guided plasmonic signals with relatively low dissipation
and large propagation lengths.
One of the methods to localize electromagnetic energy into nanoscale regions at optical frequencies is achieved using metallic nanostrctures. The purpose is to take advantage
of SPP modes to guide light signals beyond the di raction limit. One of the major requirements for highly integrated optical circuits and subwavelength optical devices is to achieve
strong subwavelength localization. Interestingly, the short-range SPPs are preferred despite
6

their relatively strong dissipation because of their strong localization of the guided signal.
Long-range SPPs are not preferred because they exhibit poor subwavelength eld localization
[3]. An exceptional degree of optical transmission through thick metal lms perforated with
a periodic array of subwavelength holes have also been reported [42]. In these samples, where
the surface plasmons on both surfaces of the metal lm are strongly coupled, the interaction of the incident radiation with the coupled surface plasmons leads to a highly enhanced
transmission. It has been observed that transmission at wavelengths up to ten times the hole
diameter with eciencies that can exceed unity when normalized to the area of the holes.
A dielectric-metal-dielectric planar structure is one of the most practical plasmonic
structures that can serve as an ecient waveguide to guide electromagnetic waves along
the metal-dielectric boundary and thus routing signals on a chip. The propagation length
can be maximized if the waveguide an antisymmetric mode, which pushes greater portion of
the electromagnetic wave away from the guiding metal and into the surrounding dielectric,
thereby lowering dissipation. Interestingly, the frequency and wavelength of surface plasmons
can be modulated by changing the thickness of the metal lm. This is possible due to the
interaction of electromagnetic elds at the top and bottom surfaces of the metal lm.
1.5. Outline of the Thesis
In this chapter, I have so far given a broad introduction by discussing how surface
electromagnetic and acoustic waves interact with matter. I have also discussed the theory
that shows how dissipative e ects originate during such interactions. The ongoing research
in the area of subwavlength plasmonics to control dissipative losses in opto-electronic devices
has also been briefed in this chapter.
Chapter 2 covers the theory necessary to understand the basics of surface plasmon
polaritons. Starting from Maxwell's equations, we derive dispersion equations for two and
three-layered plasmonic structures. A necessary condition for the existence of surface plasmons is also derived.
7

In chapter 3, I discuss short and long-range surface plasmon propagation in a dielectric/metal/dielectric trilayer with highly anisotropic dielectric substrates. I show how proper
orientation of optical axis of the dielectric crystal reduces dissipation and enhances the range
of propagation. Results for the propagation length in a wide range of frequencies, including
the telecommunications region are also discussed.
In chapter 4, I discuss the fundamentals of surface elastic waves in an in nite isotropic
medium. Starting from the equations of motion, the velocities for transverse and longitudinal
waves are derived. A dispersion equation for Rayleigh waves propagating along a metalvacuum interface is also derived. The necessary condition for the existence of Rayleigh waves
is discussed. The properties of longitudinal and transverse displacements are also discussed.
In chapter 5, I discuss extraordinary absorption of acoustic energy due to resonant
excitation of Rayleigh waves in a narrow water channel clad between two unidentical metal
plates. From the elastic properties of the metal plates, I derive a dispersion equation for
coupled Rayleigh waves. I also present the experimental con rmation of coupling through
measurements of change in transmission minima with channel aperture.

8

CHAPTER 2
SURFACE PLASMON POLARITONS
This chapter serves as a background study to facilitate basic understanding for the
next chapter. Starting from the wave equation yielding pure plane-wave solutions, the fundamentals of surface plasmon polaritons (SPPs) both at single, planar interfaces and in
metal/dielectric multilayer structures are discussed [2].
2.1. The Wave Equation
The quantitative description of physical properties of SPPs can be derived from
Maxwell's equations, which are as follows:

(13)

r  D = 0;
r  B = 0;
;
rE=
rH= :
1 @B
c @t

1 @D
c @t

Now equations (2.1) may be represented in a general form applicable to the guiding
of electromagnetic waves. In the absence of external charge and current densities, the combination of curl equations in Eq. (13) yields

(14)

r  r  E = @@tD :
2

2

Using the identities rr E  r(r E)

r E as well as r ("E)  E r" + "r E,
2

and recalling that r  D = 0 in the absence of external eld, Eq. (2.1) can be rewritten as

(15)

r( 1" E  r") r E = c " @@tE :
2

2

2

2

9

Over distances on the order of one optical wavelength, the variation in " = "(r) is
negligible, and Eq. (15) simpli es to the following important equation,

" @ 2E
r E c 2 @t 2 = 0:

(16)

2

Now by assuming harmonic time dependence of electric eld E(r; t ) = E(r)e

i !t

and using

Eq. (16), we obtain

r E + k "E = 0 ;

(17)

2

where k0 =

!
c

2
0

is the wave vector of the propagating wave in vacuum. Eq. (17) is

known as Helmholtz equation.
For simplicity, we assume a one-dimensional problem where the waves propagate along
the x-direction and " = "(z ) . The plane z = 0 is identical to the interface along which the
waves propagate. These waves can now be described as E(x; y; z ) = E(z )e i kx . The complex
wvae vector k = kx is also called the propagation constant of the travelling waves. Now using
Eq. (17), we obtain

(18)

@ 2 E(z )
2
2
@z 2 + (k0 " k )E = 0
For harmonic time dependence ( @t@ = i!), we arrive at the following set of equations
10

(19)

@Ez
@y

@Ey
@z

= i!Hx ;

@Ex
@z

@Ez
@x

= i!Hy ;

@Ey
@x

@Ex
@y

= i!Hz ;

@Hz
@y

@Hy
@z

= i!"Ex ;

@Hx
@z

@Hz
@x

= i!"Ey ;

@Hy
@x

@Hx
@y

= i!"Ez :

For waves homogeneous in the y-direction and propagating along x-direction ( @x@ = ik )
( @y@ = 0), equations (19) reduce to
= i!Hx ;

@Ey
@z
@Ex
@z

ikEz = i!Hy ;
ikEy = i!Hz ;

(20)

@Hy
@z
@Hx
@z

= i!"Ex ;

ikHz = i!"Ey ;
ikHz = i!"Ez :

For transverse magnetic (TM or p) modes, the eld components Ex ,Ez , and Hy are
nonzero, and for transverse electric (TE or s) modes, Hx ,Hz , and Ey are nonzero.
For TM modes, equations (20) reduce to

Ex = i !"1 @H
;
@z
y

(21)

Ez =

k
!"

Hy ;

and the wave equation for TM modes is
@ 2 Hy
@z 2

+ (k02 " k 2 )Hy = 0:

A similar set of equations for TE modes is
11

Hx = i !1 @E@z ;
y

Hz = !k Ey ;

(22)

and the wave equation for TE modes is
@ 2 Ey
@z 2

+ (k02 " k 2 )Ey = 0:

The equations above facilitate the description of surface plasmon polaritons.

2.2. Surface Plasmon Polariton Propagation Along a Single Interface
This section deals with the propagation of SPPs along a metal-dielectric interface for
the con guration as shown in Fig. 2.1 below.
Z

Dielectric 2
d

Metal

x

-d

Dielectric 1

Figure 2.1.

A typical planar waveguide geometry. The direction of wave

propagation is along x-axis.
We want to look for propagating wave solutions con ned to the interface, i.e. with
evanescent decay in perpendicular direction.
Using equation set Eq. (21), we obtain

Hy (x; z ) = A2 e i kx e
(23)

2 z

Ex (x; z ) = iA2 !"1 2 e i kx e
d

Ez (x; z ) = A2 !"k 2 e i kx e
d

for z > 0, and
12

;
2 z

;

2 z

:

Hy (x; z ) = A1 e i kx e 1 z ;
(24)

Ex (x; z ) = iA1 !"1 1 e i kx e 1 z ;
m

Ez (x; z ) = A1 !"k e i kx e 1 z :
m

for z < 0, where 1 and 2 are components of the wave vector perpendicular to the
metal-dielectric interface. Also the equation z^ = j1z j , de nes the inverse decay length of
the elds perpendicular to the interface. Continuity of Hy and "i Ez at the interface requires

A1 = A2 and
1
"
= d:
2
"m

(25)

The expression for Hy further has to ful ll the wave equation in Eq. (21), obtaining

21 = k 2 k02 "m ;

(26)

22 = k 2 k02 "d :
From equations Eq. (26), we obtain the following dispersion relation for SPPs propa-

gating at the interface between the metal and the dielectric i.e. between the two half spaces
√

" "
k = k0 " m+ d" :
m
d

(27)

This dispersion equation (27) is valid for both real and complex values of "m . Fig. 2.2
shows typical dispersion curves plotted using Eq. (27) for SPPs propagating along Silver-Air
interface.
Now using Eq. (22), the respective eld components are given by
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Figure 2.2.

Dispersion relation of SPPs at the interface between Silver and

air. The dashed curve represents the light line (ll)

Ey (x; z ) = A2 e i kx e
(28)

2 x

;

Hx (x; z ) = iA2 !1 2 e i kx e

2 z

Hz (x; z ) = A2 !k e i kx e

:

2 z

;

for z > 0, and

Ey (x; z ) = A1 e i kx e 1 z ;
(29)

Hx (x; z ) = iA1 !1 1 e i kx e 1 z ;
Hz (x; z ) = A1 !k e i kx e 2 z :
for z < 0. Continuity of Ey and Hx at the interface leads to the condition

(30)

A1 (1 + 2 ) = 0:
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Since con nement to the surface requires Re [1 ] > 0 and Re [2 ] > 0, this condition
is only satis ed if A1 = 0, so that A1 = A2 = 0. Therefore, TE polarization does not support
surface mode. SPPs only exist for TM polarization.
For small wave vectors corresponding to low frequencies, the SPP propagation constant is close to k0 at the light line, and the waves extend over many wavelengths into the
dielectric space. In the opposite limit of large wave vectors, the frequency of the SPPs
approaches the characteristic surface plasmon resonant frequency

!s = p

(31)

!p

1 + "d

:

It is well known that the presence of a metal is required to support the existence of
surface plasmons. This requirement is due to the fact that the metal supplies necessary free
electrons that facilitate density uctuations in electron plasma when coupled with an incident
electromagnetic wave. To prove this, let us consider a wavelike solution for the electrostatic
potential  for a wave propagating in the x-direction while exponentially decaying in the zdirection is given by (z ) = A2 e i kx e
the Laplace equation

2 z

for z > 0, and (z ) = A1 e i kx e 1 z for z < 0. Now

r  = 0 requires that 
2

1

= 2 = k : the exponential decay lengths

jz^ = j into the dielectric and into the metal are equal.
1
kz

From the continuity of  and and

its normal gradient, we obtain the relation A1 = A2 in addition to the requirement

(32)

"m (!) + "d = 0:
For a metal with a frequency-dependent dielectric function given by Eq. (31), the

condition in Eq. (32)is ful lled at resonance frequency !s .
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2.3. SPP Propagation in Multilayer Systems
In a multilayered system (see Fig. 2.3) consisting of alternating conducting and dielectric thin lms, each interface can sustain bound SPPs [2]. When the separation between
adjacent interfaces is comparable to or less than the decay length of the interface mode,
interactions between SPPs give rise to coupled modes.

Z

III
d

Figure 2.3.

x

I
II

-d

A three-layer system consisting of a metal lm clad between

two dielectric substrates.
We begin with a general description of TM modes that are plane waves decaying along
z-direction normal to the interfaces using equations (22). For the dielectric substrate on top
(z > d ), the eld components are

Hy (x; z ) = Ae i kx e 3 z ;
(33)

Ex (x; z ) = iA !"1 3 3 e i kx e

3 z

Ez (x; z ) = A !"k 3 e i kx e

3 z

;

:

For the dielectric substrate on bottom (z < d ), we have

Hy (x; z ) = Be i kx e 2 z ;
(34)
,

Ex (x; z ) = iB !"1 2 e i kx e 2 z ;
d

Ez (x; z ) = B !"k e i kx e 2 z ;
d
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and nally for the metal lm d < z < d , we have

Hy (x; z ) = Ce i kx e 1 z + De i kx e
(35)

1 z

;

Ex (x; z ) = iC !"1 1 e i kx e 1 z + iD !"1 1 e i kx e
m

m

Ez (x; z ) = C !"k 1 e i kx e 1 z + D !"k 1 e i kx e
m

m

1 z
1 z

;

:

From the continuity of Hy and Ex , we obtain dispersion equations for two di erent
modes (see Fig. 2.4) corresponding to the anti-symmetric and symmetric electric eld distributions with respect to the plane of symmetry z = 0. Considering a special case where

"d = "3 and 2 = 3 , we obtain following dispersion equations for two di erent modes:
(36)

tanh 1 d =

 2 "m
 1 "d ;

(37)

coth 1 d =

2 " m
 1 "d :

Here the dielectric function of silver is approximated as a Drude metal with negligible
damping (Im"(!) = 0), so that Imk = 0. As can be seen from Fig. 2.4, the odd modes have
frequencies higher than respective frequencies for a single interface SPP, and the even modes
lower frequencies.
A particularly interesting property of odd modes is that with decreasing metal lm
thickness, the coupled SPP evolves into a plane wave supported by the dielectric substrate,
and thus resulting in the increase in propagation length. On the contrary, the even modes
exhibit an opposite tendency, which results in shorter propagation length. This is the reason why surface plasmons associated with anti-symmetric eld distribution (with respect to
the plane of symmetry) are often called long-range surface plasmons, and surface plasmons
associated with the symmetric eld distribution are short-range surface plasmons.
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Figure 2.4.

Dispersion relation showing anti-symmetric (odd mode) repre-

sented by dashed line and symmetric (even mode) represented by dash-dotted
line modes for a three-layer system consisting of a silver lm of thickness d = 35
nm clad between two dielectrics (air in this case). The dotted line represents
light line ! = 2 c .
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CHAPTER 3
PROPAGATAION OF SURFACE PLASMON POLARITONS IN
DIELECTRIC/METAL/DIELECTRIC TRILAYERS
3.1. Introduction
It is well-known that nite propagation length of surface plasmon polaritons limits the
eciency of plasmonic devices. The propagating surface plasmons are attenuated due to
∫

Joule losses in the metal. The Joule losses Q = j  E dV are reduced if the electric eld has
a mode, enforced by symmetry, somewhere inside the metal plate. In a bulk conductor, the
eld decays at the skin depth . This e ect is noticeable if the metal plate thickness d does
not exceed  [6]. Dissipation is strongly reduced if the plasmonic structure is symmetric,
i.e. the dielectrics on both sides of the plate are the same. In that case, the electric eld E
vanishes exactly at the plane of symmetry, minimizing the integral Q [7]. This plasmonic mode
with anti-symmetric distribution of parallel-to-the-plate component of electric eld is called
long-range surface plasmon [8]. The propagation length of this mode scales as L  1=d 2 , and
may be as long as few millimeters or even centimeters in the near infrared [9] for silver lms of
thickness d

 50 nm. If surface plasmon propagates along a metal strip instead of an in

nite

plane, some increase in propagation length can be reached for special choice of cross-section
of the strip [10]. In order to reduce dissipation in plasmonic waveguides, grooved V-shaped
channels in metal were proposed [11]. These channels support propagation of long-range
surface plasmons and allow experimental realization of interference, splitting, and switching
of surface waves [12]. Apart from the long-range propagation mode, the dispersion equation
for surface plasmons also gives rise to a mode with symmetric distribution of electric eld with
respect to the plane of symmetry. This mode is associated with the short-range propagation
of surface plasmons. Short propagation length of surface plasmons limits the size of photonic
chip or component of optical circuit containing plasmonic structure.
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The most interesting features of surface plasmon-polariton are manifested at frequencies close to the resonant frequency !s in the spectrum of surface plasmon ! = !(k ). For

p

the case of isotropic substrate, this frequency is given by !s = !p = 1 + ", where !p is
plasma frequency of the metal and " is the dielectric constant. The surface plasmon density of states dk=d! grows in nitely at frequencies Close to the resonant frequency, leading
to the enhancement of light emission from quantum semiconductor structures [13]. Near
the resonant frequency, the sub-wavelength resolution of plasmonic devices is also strongly
enhanced, since the penetration depth (inverse decay length) into the dielectric vanishes at

! = !s [14]. Therefore, the propagation length L(!) quickly tends to zero near !s . Because of this property, any plasmonic device cannot operate in the frequency region close to
surface-plasmonic resonance. It is worthwhile to discuss here the physical reasons for such
strong decay.
Propagation length, being the distance at which the energy of the wave decays by a
factor of e , can be expressed through the rate of dissipation Q and ux of energy S (!) as
follows:
(38)

S (! )
L(!) = Q(!) :

It is clear that the denominator Q, while grows smoothly with !, remains nite at any
frequency. Fast decay of surface plasmon is due to vanishing of the energy ux S at ! =

!s . The total ux S associated with propagating surface plasmon is a sum of two terms,
S = 2Sd + Sm . Here Sd and Sm are Poynting vectors in one of the dielectrics and in the
metal, respectively. Since the dielectric constant of the metal lm is negative, "m (!) < 0,
the energy in the metal and in the dielectrics ows in opposite directions, i.e. Sd > 0 and

Sm < 0. While the total ux S is positive (surface plasmon is a wave with normal dispersion,
d!=dk > 0, if the metal (silver) lm thickness is not less than 30 nm), the interior of
the metal gives negative contribution. Following Fig. 3.1, the Poynting's vector along x direction i.e., the ow of energy in the dielectric and in the metal close to the interface
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are found to be Sd =

c 2k
1
16! d d

jH j
0

2

and Sm =

c 2k
1
16! m m

j j

jH j .
0

This means the ow

2

of energy in the metal compensates the ow of energy in the dielectric substrates. This
results in the reduction of net ow of energy along the metal-dielectric interface. Now it
is easy to derive that 2Sd + Sm

/ " (!) " .
2
m

2

The resonant frequency is obtained from

the equation "m (!s ) + " = 0. Therefore, the net ux S (!) vanishes linearly at ! = !s .
This simple calculation shows that the main reason for strong decay of surface plasmon near
the resonant frequency is related to its dispersion but not to dissipation. A recent work by
F. D. Nunes et. al. gives a detailed discussion on dissipation of electromagnetic energy in
dispersive and lossy media [15]. For frequencies near !s , the most ecient way to increase
the propagation length is detuning from the resonance, which a ects the numerator in Eq.
(1) . Thus, the most attractive for applications region of frequencies is unreachable because
of very short propagation length.

0

d

Sx

z

H d " H 0e

Sx

(plane)

Figure 3.1.

d

z

diel

0
Sx
m

ikx !

0

total

x

metal

H m " H 0e

ikx !

m

z

The gure above demonstrates ow of energy along a

metal/dielectric interface.
At low temperatures, the Joule losses are strongly reduced due to the decrease of
denominator in Eq. (1), leading to increase of the propagation length [16]. At room temperatures, however, there are very limited options for variation of the propagation length. One
of them is to a ect the level of dissipation through the dielectric properties of the substrate.
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The eld in the substrate a ects the eld in the metal (and thus the level of dissipation)
through the boundary conditions. Surface plasmons on anisotropic

lossless

substrate were

studied in Ref. [17]. It was shown that the in-plane anisotropy gives rise to the splitting of
surface plasmon by two ordinary-like and extraordinary-like surface modes, if surface plasmon
propagates at an angle with respect to the optical axis. The e ects of anisotropy of the
substrate were studied for asymmetric plasmonic structures, i.e. for vacuum-metal-dielectric
structures. In Ref. [19], the proposed substrate was 2D photonic crystal (a periodic arrangement of parallel cylinders) and in Ref. [18], the metallic lm was deposited on multilayered
dielectric heterostructure (1D photonic crystal). In both cases an essential increase of the
propagation length has been reported.
Here we consider a symmetric dielectric-metal-dielectric plasmonic structure. The
advantage of this con guration is that it supports propagation of the long-range surface
plasmon. The e ects of anisotropy may lead to further increase of the propagation length.
Indeed, we report about 20-fold increase in the propagation length of long-range surface
plasmon in the symmetric con guration when compared to that of the asymmetric (vacuummetal-dielectric) one [19] for the same given parameters at  = 1:57 m. It is important to
mention at this point that an attempt to study the e ects of anisotropy on the propagation
length was made in Ref. [20]. Unfortunately, the reported results are erroneous. The
calculated propagation length turned out to be as short as 10
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m, i.e. of the order of

the classical electron radius! Apart from this many-orders-of-magnitude error, the reported
tendency for the propagation length to grow towards the resonant frequency is wrong. It is
clear from the aforementioned e ect of vanishing of the total ux S in Eq. (38) that even
in nitesimally weak dissipation Q leads to zero propagation length at ! = !s . In addition,
the authors of Ref. [20] report unreasonably strong sensitivity of the propagation length
to the level of anisotropy, taking into account relatively weak anisotropy they used in their
calculations.
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3.2. Propagation Length of Surface Plasmons
The symmetric con guration that we consider consists of a metal lm of thickness

d clad with two identical semi-in nite anisotropic dielectric substrates as shown in the inset
in Fig. 3.2. The metal lm occupies the space between z = 0 and z = d (region 1). The
dielectric on top of the metal lm occupies all space above z = d (region 2), and the dielectric
below the metal lm occupies all space below z = 0 (region 3). The dielectrics are assumed
to be isotropic in the x

y plane, i.e. "x = "y . The dielectric constant in the perpendicular

to the interface direction (along z -axis) is, however, di erent, "z =
6 "x .
The surface plasmon propagating along the metal-dielectric interface is a p-polarized
wave with the components of the electric eld Ex and Ez and with the only component of
the magnetic eld Hy = H (x; z ). The eld inside the metallic lm is a superposition of two
exponents, H1 (x; z ) = A exp(ikx + 1 z ) + B exp(ikx

1 z ), with 1 =

√

k 2 "m !2 =c 2

being the inverse skin depth, 1 1 = . In the substrates, which are two identical uniaxial
dielectric crystals, the magnetic eld is obtained from the Helmholtz equation,

(39)

1 @ 2H

"z @x 2

+

1 @ 2H

"x @z 2

+

!2
c 2 H = 0:

The evanescent solutions of this equation are H2 (x; z ) = C exp[ikx

H3 (x; z ) = C exp(ikx + 2 z ), where 2 =

√

"x ( k"2
z

the surface plasmon eld in dielectric, and "m (!) = 1

!2
c2

2 (z

d )] and

) is the inverse decay length of

!p2 =!2 . From the continuity of the

magnetic eld H (x; z ) and electric eld Ex (x; z ) = (c=i!"x )@H=@z at the interfaces z = 0
and z = d , we obtain the following dispersion equations for the surface plasmon:
(40)

d
2 "m
= tanh( 1 ) :
1 " x
2

(41)

d
2 "m
= coth( 1 ) :
 1 "x
2
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Figure 3.2.

Dispersion curves for di erent orientations of optical axis of

the anisotropic dielectric crystals with metal lm of thickness d = 50 nm. The
dotted curve represents dispersion curve for equivalent isotropic dielectric with

p

dielectric constant "i s = "x "z .
This equation gives the dispersion for the mode with anti-symmetric distribution of

Ex with respect to the plane of symmetry z = d=2, i.e. for the so-called long-range surface
plasmon while eq. (41) gives the dispersion for the mode with symmetric distribution of Ex
with respect to the plane of symmetry z = d=2, i.e. for the so-called short-range surface
plasmon.. It is easy to see that interchanging the values of "x and "z , two di erent dispersion
equations are obtained. The transformation "x

$"

z

means 90 -rotation of the optical axis of

the dielectric crystal with respect to the metal surface. In Fig. 3.2 the solid and dashed curves
are the dispersion equation (40) for two di erent orientations. Both the curves approach the
same resonant frequency

!s = √

(42)
at k

! 1 [21].

!p

p

1 + "x "z

Since !s is symmetric with respect to "x and "z , the equivalent isotropic

p

dielectric constant may be de ned as "i s = "x "z . The dispersion curve for the structure
with equivalent isotropic dielectrics (dotted line) lies in between the solid and the dashed lines
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in Fig. 3.2. The dispersion curves are plotted for silver lm of thickness of d = 50 nm. The
numerical values of the principal dielectric constants are taken to be 2 and 7.5. These are the
homogenized values obtained in the low-frequency limit for photonic crystal of Si cylinders
arranged in a square lattice with Si lling of 57% [22]. The larger value 7.5 corresponds to
the dielectric constant along the cylinders. In the plane of periodicity, the photonic crystal is
isotropic with dielectric constant equals 2.
The asymmetry of the dispersion equation (40) with respect to the interchange "x

$

"z gives rise to di erent propagation lengths for two di erent orientations. Since only the case
of weak dissipation is of practical interest, we consider the region of frequencies where the
imaginary part of the dielectric function of the metal lm "m (!) = "0m (!) + i"00m (!) is small,
i.e. "00m

 "0 .
m

For a typical metal this condition is valid in the infrared and visible regions.

In weakly dissipative medium, the wave vector acquires small imaginary part, k = k 0 + ik 00 .
Expanding the dispersion equation (40) over "00m and k 00 and keeping the linear terms, the
following result for the propagation length L(!) = 1=2k 00 for long-range SPPs is obtained
[32]:
(43)

[

(

)]

2 j"m j 22 "x
k 1 "x 22
L(!) = 2" 2 " 2 + d 2 " 2 j" j
z
x
m
m 2
1
1
[
(
)]
1
1
!2 d j"m j 22 "x
!2
 j" j 2c 22 + 4c 2  " 2 j" j
:
m
2
x
m
1
1
00

Similarly, from the dispersion equation (41), we obtain the propagation length for
short-range SPPs:
(44)

[

[

(

)]]

k "d
" 2
 d j" j
L(!) = 2" z 22 + j"m j 1 "z 22 1 22 "m
x
x
m
1
[ 2
[
(
)]]
1
2
 !c 2 "z 22d + ""z 22 1 !c 2 j"m2 j 1 22d j""m j
:
x
x
1
00

Apart from the factor 1="00m in Eqs. (43) and (44) , all the quantities on the righthand-side are calculated for a lossless metal, "00m = 0. The propagation length L(!)

!0

when ! ! !s . As it was mentioned in the introduction, this e ect is due to surface plasmon
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dispersion (vanishing of the group velocity), but not due to increase of dissipation. The
dispersion equation Eqs. (40) and (41) and the propagation length Eqs. (43) and (44)
respectively can be simpli ed in the limiting case of thick lm.
The limit d

! 1 is readily obtained from Eqs. (40) and (43). In this limit the surface

plasmons propagating along two metal-dielectric interfaces do not interact with each other,
therefore the dispersion relation is reduced to the result obtained in Ref. [8] for semi-in nite
metal
(

j" j + "
!√
k = c "z j"m j "2 m " "x
x z
m

(45)

)1=2

:

Now, using Eq. (45), we obtain from Eq. (43) the following result for the propagation length
√

c " j" j ("2 " " )3=2 (j" j + " )1=2
L(!) = !"00 " z" m m("2 +x "z " + 2m" j" zj) :
x z
x z
z m
m
m

(46)

Of course, in the case of isotropic dielectrics, "x = "z , Eqs. (40-47) are reduced to the
well-known results [8, 23].
The calculation of propagation length in the limit when d
when !

!!

s

!1

and in the limit

can both be considered equivalent, because at frequencies close to resonant

frequency !s , the decay length 2 1

! 0 (since the surface plasmon wave vector k ! 1).

For the evanescent eld of surface plasmon, this has the same e ect as having a semi-in nite
metal lm. Consequently, the propagation length L(!)  (!s !)3=2 for a metal lm of any
given thickness close to resonant frequency, as one obtains from Eq. (46).
In the opposite limit of thin lm, d

! 0, Eq. (43) is simpli

ed in the long-wavelength

regime, i.e. when surface plasmon behaves like a transverse light wave,
(47)

2 ( c )3
j "m j3
L(!) = "00 d 2 !
:
"x "3z =2 (j "m j +"z )
m

p

In this approximation the dispersion relation !  kc= "z does not contain characteristics of
the metal, but the propagation length does. It follows from Eq. (47) that for xed ! , the
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propagation length scales as d 2 , which is a signature of the long-range surface plasmon.
Analysis of the long-wavelength limit shows that the favorable orientation in the limit of thin

! 0) is not the same as the one in the case of a semi-in nite lm (d ! 1). In the
limit of thin lm (for a given frequency), [L(!)] / " " , while in the case of a semi-in nite
lm, [L(!)] / " " . There is a certain critical frequency ! (for a given thickness d of
lm (d

3=2
x z

1

1

1=2
x z

cr

metal lm) at which the favorable orientation reverses (see Fig. 39). The dependence of
critical frequency on the thickness d of the metal lm is discussed in more detail later in this
paper.
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Figure 3.3.

The top gure shows propagation length for parallel ("x > "z )

and perpendicular ("x < "z ) orientations for metal thickness d = 20 nm. The
bottom gure shows the same curves between ! = 0:21!s and ! = 0:24!s .
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Further examination of asymptotes in the linear dispersion regime (!
reveals some interesting details. The asymptote in the limit of thin lm (kd
Eq. (47), and in the limit of thick lm (kd

 kc=p" )
z

 1) is given by

 1), we obtain from Eq. (43):

j " j ("2 "x "z ) ; kd  1:
L(!)  " "m00 k (j "m j +2
"z )
x m
m

(48)
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Figure 3.4.

Dispersion curves and light lines (ll) for di erent orientations

for metal thicknesses d = 5 nm and d = 200 nm. Light lines for equivalent isotropic case ("x = "z ) are not included in the gure. The anomalous
dispersion curves correspond to metal thickness d = 5 nm (top gure).
The linear dispersion regime in the limit of very thin metal lm spans over a broad
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range of frequencies, while in the case of very thick metal lm, the linear dispersion regime is
limited only to low-frequencies (see Fig. 40). Although very thin lm favors a much longer
propagation length (see Figs. 39 and 3.5 ), it is relatively more dicult to reach the resonance
frequency !s (see Fig. 40). In addition to this, the surface plasmon density of states dk=d!
for very thin lms is relatively very low (due to the greater slope d!=dk of the dispersion
curve), leading to the decrease in probability of light emission. We note that in the limit of
very thick metal, the form of Eq. (48) is di erent from Eq. (46), because, linear dispersion
does not span over a broad frequency range as compared to linear dispersion in the limit of
very thin metal. However, at very low frequencies (in the long wavelength regime), both Eq.
(48) and Eq. (46) are reduced to

"2
L(!)  " "m00 k ; kd  1 :
x m

(49)
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Figure 3.5.

Propagation length for parallel, perpendicular orientations, and

for the equivalent isotropic case with metal lm of thickness d = 50nm. ! =
0:36!s corresponds to  = 0:961 m, and ! = 0:45!s corresponds to  =
0:768 m.
The propagation length curves (obtained from Eq. (43)) for the two orientations
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("x < "z and "z < "x ), and for the equivalent isotropic case ("x = "z = "i s ) are shown in
Fig. 3.5. It is clear from Eq. (43) and Fig. 3.5 that the e ect of anisotropy of the dielectric
may be used as an advantage to modulate the propagation length by changing the orientation of the optical axis of the dielectric crystal. The decreasing trend of L(!) towards higher
frequencies can be seen in Fig. 3.5, where ! = 0:36!s corresponds to  = 0:961 m, and

! = 0:45!s corresponds to  = 0:768 m. This range is much below the telecommunications wavelength (1.3-1.6 m). Though the isotropic case is more favorable for wavelengths
between  = 0:768 m and  = 0:961 m, it is obvious from Fig. 3.5 that the perpendicular
orientation ("x < "z ) is most preferable at wavelengths above  = 0:961 m. However, at
frequencies higher than !cr (critical frequency at which the favorable orientation reverses),
the parallel orientation is more preferable.

For silver metal lm of thickness d = 50 nm, and for the dielectrics having principal
dielectric constants as 2 and 7.5, this critical frequency !cr occurs at !

 0:4! ,
s

which

corresponds to cr = 0:865 m, i.e. it is still much below the telecommunications wavelength.
In Fig. 3.6, the critical frequency is plotted as a function of thickness d of the
metal lm. The ratio !cr =!s gradually increases with d until it saturates at !

 0:62! ,
s

which corresponds to thickness d = 200 nm. The saturation of curve in Fig. 3.6 indicates
that for a given anisotropy of dielectric, the metal thickness of d = 200 nm can be safely
considered as semi-in nite. This fact is clearly demonstrated in the inset of Fig. 3.6, where
the di erence between propagation lengths (calculated from the 'exact' Eq. (43) and it's
asymptote (L1 (!); d =

1) Eq.

(46)) as a function of frequency is plotted. It is to be

noted that for the given orientation ("x < "z ), the propagation length at ! = 0:2!s is about
700 m, as compared to the di erence L(!)

L1 (!) of 18 m only. The plot in the inset

shows the strong agreement between Eq. (43) and Eq. (46). It is also obvious from Fig.
3.6 that the critical frequency !cr shifts towards lower frequencies as the metal thickness
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Figure 3.6.

!cr =!s as a function of thickness d of the metal lm. The

inset shows the di erence between propagation lengths (obtained using Eq.
(43) and Eq. (46)) as a function of frequency for metal thickness d = 200
nm.

d decreases. This behavior strongly in uences the favorability of one orientation over the
other. In particular, within the telecommunication bandwidth (between !

 0:22! ) and
s

!  0:25!s , having "z < "x is more preferable for very thin metal, whereas having "x < "z is
more preferable for a thick metal (compare Figs. 39 and 3.7).
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Figure 3.7.

Propagation length L(!) for di erent orientations of dielectric

crystal with metal lm of thickness d = 50 nm.
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In Fig. 3.7, the propagation length for "x < "z , "x = "z , and "z < "x is plotted.
The frequency range from ! = 0:22!s (  = 1:57 m) to ! = 0:25!s ( = 1:384 m)
contains the telecommunications bandwidth. Clearly, the propagation length is enhanced
by more than 50 percent when the optical axis of uniaxial dielectric substrate is aligned in
the direction perpendicular to the interface. In particular, if the substrates are 2D photonic
crystals, the preferable orientation of cylinders is perpendicular to the metal lm.
Interestingly, the propagation length of surface plasmons for symmetric con guration is
one order of magnitude higher than the propagation length of surface plasmons for asymmetric
con guration [19]. For instance, L(!)  2:3mm at  = 1:57 m for perpendicular orientation
in the case of symmetric con guration compared to L(!)

 100 m at  = 1:57 m for

the same orientation for asymmetric con guration. That is an enhancement of propagation
length by more than 20 times. It means that the propagation length (in the case of symmetric
con guration that we considered in this paper) is of the order of a few millimeters with in
the telecommunications bandwidth (see Fig. 3.7).
3.3. Penetration Depth
Another important characteristic of plasmonic structure is penetration depth (2 1 ).
As the penetration depth determines the coupling strength of the surface plasmons with other
elements of integrated photonic circuitry, an enhancement in penetration depth is desirable.
Indeed in Fig. 3.8, the penetration depth for perpendicular orientation is enhanced by
more than 300 percent compared to the penetration depth for parallel orientation, reasserting
the requirement that the perpendicular orientation is more preferable for bandwidths corresponding to the telecommunications wavelength.
3.4. Kronig-Penney Model for Plasmonic Crystal
Homogenization of photonic crystals, which we propose to use as anisotropic substrate,
has been developed for the bulk modes. Currently there are several approaches, apart from
the one proposed in Ref. [22] to the problem of homogenization of metamaterials. Being
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Figure 3.8.

Penetration depth of SPs for di erent orientations of dielectric

crystal with metal lm of thickness d = 50nm.
technically di erent, however, they lead to the equivalent results for the e ective dielectric
constants in the low-frequency region away from internal resonances, see, e.g. [29]. It
is not clear, however, whether the "bulk" e ective dielectric constants can be used in the
case of surface modes which are strongly inhomogeneous in the direction perpendicular to
the interface. This inhomogeneity may also enhance the contribution of higher harmonics
to the dissipation and, thus, reduce the propagation length in Eq. (43). The latter was
calculated assuming that the substrate is a homogeneous anisotropic dielectric, i.e. all the
spacial harmonics of the electromagnetic eld of surface plasmon have been ignored. To
clarify the possibility of homogenization of plasmonic crystal and evaluate the contribution
of higher harmonics, we consider here a simple Kronig-Penney model. Usually, a periodic
structure in a plasmonic crystal is associated with a periodic dielectric pattern on the surface
of a metal lm [30]. Here we consider a periodic arrangement of in nitesimally thin dielectric
sheets parallel to axis y and oriented perpendicular to semi-in nite metal, see Fig. 3.9. The
dielectric constant of this structure can be represented as a series of delta-peaks:
(50)

"( x ) = 1 + "0 a

∑

(x na); z > 0:

n
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Figure 3.9.

Kronig-Penney model for plasmonic crystal.

In the long-wavelength limit this substrate behaves as a uniaxial optical crystal with e ective
dielectric constants
(51)

(52)

1

"z = "y = a
1

"x

=

1

a

∫

a=2
a=2

∫

"(x )dx = 1 + "0 ;

1
dx = 1:
a=2 "(x )

a=2

The magnetic component H (x; z ) of surface plasmon eld decays exponentially away
from the interface: in the metal (z < 0), H (x; z ) = exp(1 z i!t )h(x ) and in the substrate
(z > 0), H (x; z ) = exp( 2 z i!t )h(x ). The continuity of H (x; z ) at z = 0 is satis ed and
within the interval a=2 < x < a=2 the function h(x ) is a superposition of two plane waves
(53)

h(x ) = Ae i qx + Be

i qx

;

where
(54)

q 2 = 21 (!=c )2 j "m (!) j= 22 + (!=c )2 :

The values of h(x ) on the whole axis x are obtained from the Bloch theorem, h(x + a) =
exp(ikx )h(x ). h(x ) is a continuous function at x = 0 but its derivative has a discontinuous
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jump

!2
h0 (+0) h0 ( 0) = "0 a c 2 h(0):

(55)

The continuity of h(x ) at x = 0 together with Eq. (55) form a set of homogeneous equations
for A and B . Equating its determinant to zero, the following dispersion equation is obtained:
cos ka = cos qa

(56)

"0 a2 !2 sin qa
:
2 c 2 qa

In this equation the wave vector q is a function of frequency !. The dependence

q (!) is obtained from the continuity of the tangential electric eld Ex = (ic=!")@H=@z at
z = 0. This condition gives
(57)

1 =j "m (!) j 2 :

Eqs. (54) and (57) determine the frequency dependencies 1 (!), 2 (!), and q (!)
(58)
(59)
(60)

!2 "2 (!)
21 = c 2 j " (m!) j 1 ;
m
2
!
1
22 = c 2 j " (!) j 1 ;
m
2
! j " (! ) j
q 2 = c 2 j " (m!) j 1 :
m

Since j "m (!) j> 1, the following inequality holds, 2 < q < 1 . When !

!!=
p

p

2 all

three parameters 1 , 2 , and q diverge. As one can see from Eq. (56) the Bloch vector k

p

also formally diverges. The frequency !s = !p = 2 is the limiting frequency in the dispersion
equation (56). It is the resonant frequency of the plasmonic crystal. The resonant frequency
is independent on the details of the substrate since in the Kronig-Penney model the lling
fraction of the dielectric component is exactly zero. Near the resonance the wavelength
2=k vanishes, therefore the eld of the surface plasmon is insensitive to the presence of
the dielectric sheets, which are separated by a nite distance a, i.e. by in nite number of
wavelength. In the case of non-zero lling fraction of the dielectric component the resonant
frequency depends on the properties of the substrate [31].
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The structure of the low-frequency bands of Eq. (56) is similar to that of any periodic
system. Few rst bands are shown in Fig. 3.10. Unlike standard Kronig-Penney model,
z
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Figure 3.10.

The rst four allowed bands for a plasmonic crystal of Si

semi-space and periodic substrate with "0 = 3.
the width of the allowed bands decreases with frequency. Near the resonant frequency the

p

spectrum becomes point-like. Zero-width frequency bands are accumulated towards !p = 2.
Here the spectrum becomes dense and asymptotically it coincides with the spectrum of surface

3
2
1
0

2

2

cos(qa) − (ω ε°a/2qc ) sin(qa)

plasmon near its resonant frequency. This tendency is clearly seen in Fig. 3.11.
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Figure 3.11.

The rhs of Eq. (56) vs frequency. The band edges are the

intersections of the curve with two horizontal lines at the level 1.
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Long wavelength limit.

In the limit ka; qa << 1 Eq. (56) is simpli ed
[

]

!2 j " (!) j
k = c 2 j " (m!) j 1 + "0 :
m

(61)

2

Dispersion of surface plasmon with anisotropic homogeneous substrate is given by Eq. (45).
Substituting in Eq. (45) the e ective dielectric constants of the substrate given by Eqs.(51)
and (52) the following dispersion equation is obtained:

!2 (1 + "0 ) j "m (!) j (1+ j "m (!) j)
k = c2
:
"2m (1 + "0 )

(62)

2

p

In the limit ! ! 0 Eqs. (61) and (62) have the same linear asymptotic, k = (!=c ) 1 + "0 .
This means that in the low-frequency limit the Kronig-Penney plasmonic crystal homogenizes
and the e ective dielectric constants coincide with those obtained for 1D photonic crystal.
Two dispersion curves corresponding to Eqs. (61) and (62) are shown in Fig. 3.12. [!h]
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Figure 3.12.

Dispersion curves for plasmonic crystal with "0 = 3 in the

limit ka; qa << 1 (Eq. (61), solid line) and for plasmonic structure with a
homogeneous dielectric substrate with "x = 1 and "z = 1 + "0 (Eq. (62),
dashed line). The insert shows the region of low frequencies. The frequency is

p

normalized to !s = !p = 1 + "0 = !p =2.
In fact, the dispersion curves in Fig. 3.12 are very close to each other not only in the
low-frequency limit but within a wide range of frequencies. This means that the substrate
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can be considered as an e ective homogeneous medium once the conditions qa; ka << 1 are
satis ed. Two dispersion curves exhibit essential di erence only near the resonant frequencies

p

p

!p = 2 and !s = !p = 1 + "0 = !p =2. Here q; k ! 1 and the dispersion equation (61) is
not valid, since the conditions qa; ka << 1 cannot be satis ed.
Contribution of higher harmonics.

The contribution of higher harmonics is evaluated

from the Fourier expansion of magnetic eld

h(x ) = exp(ikx )fk (x ) = exp(ikx )

(63)

∑

fk (n) exp (2inx=a):

n

The distribution of the eld h(x ) within a period a=2 < x < a=2 is obtained from Eq. (53),
where the ratio

B
e i qa e i ka
=
A
e i qa e i ka :

(64)

Normalizing the magnetic eld by the condition h(0) = 1, we obtain the following result:
[

]

h(x ) = e i ka sin qx + sin q (a x ) = sin qa;

(65)

a=2 < x < a=2:

The Fourier harmonics are easily calculated from Eqs. (63) and (65)
(66)

[
( 1)n ( i ka
fk (n) = ia sin qa e

e

]

k )=2] ( i qa i ka ) sin[a(q + k )=2]
e q + k + 2n=a :
q k 2n=a + e

)
i qa sin[a(q

In the long wavelength limit ka << 1 all the harmonics vanish, but the one with n = 0,

fk (n)  ( 1)

(67)

[

n+1

]

a(q k ) 2
; n 6= 0:
2n

Thus, the contribution of higher harmonics to the electromagnetic eld of surface plasmon
decays as a2 (k

q )2 . This justi es the approximation of the e ective medium theory in cal-

culation of the propagation length of surface plasmon Eq. (46) propagating along a photonic
crystal substrate.
In conclusion, what I have presented in this chapter is the culmination of my work
on the propagation of surface plasmons in a dielectric-metal-dielectric structure with highly
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anisotropic substrates [32]. From the dispersion equation for two di erent surface plasmon
modes corresponding to symmetric and antisymmetric eld distributions, I derived the formulas for propagation length for corresponding modes. However, only the mode associated with
long range propagation has been discussed keeping in mind that it is of practical interest.
Making use of the high degree of anisotropy of dielectric substrate, I have shown that proper
orientation of optical axis of uniaxial dielectric substrates with respect to the metal surface
signi cantly increases the propagation length of surface plasmons. The frequency !cr [at
which L(!) is independent of the orientation of optical axis] shifts toward lower frequencies
for thinner metal lms indicating that the parallel orientation (z < x ) becomes increasingly
favorable with decreasing metal thickness d . I demonstrated an important general property
of long-range surface plasmons in which the propagation length tends to zero close to resonance frequency !s . This happens not because of increase in dissipation but due to the
compensation of electromagnetic energy uxes in the metal and in the dielectrics. This is
a direct consequence of dispersion resulting from the negative value of the dielectric constant of metal. I have also shown that the propagation length for symmetric con guration
is one order of magnitude greater than the propagation length for asymmetric con guration.
This enhancement in propagation length can cut the limitation on the size of photonic chip
or component of optical circuit containing plasmonic structure. Naturally occurring optical
crystals do not possess the high degree of anisotropy that I considered for the dielectric substrates. So I proposed a simple and analytically solvable Kronig-Penney model for plasmonic
crystal and obtained dispersion equation which has a band structure. In the long-wavelength
limit this equation is reduced to the equation obtained for surface plasmon propagating along
a homogeneous anisotropic substrate. This means the plasmonic crystal can be considered
identical to a homogeneous anisotropic substrate in the low-frequency limit. Finally, I have
shown that in the case of 1D periodic substrate the contribution of higher harmonics to
electromagnetic elds vanishes in the long-wavelength limit.
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CHAPTER 4
SURFACE ELASTIC WAVES
4.1. Properties of Elastic Waves in Isotropic Media
When particles are displaced in an elastic medium, a restoring force proportional to
the displacement acts upon the particles and restores them to their original position. An
elastic wave is thus the motion of the displaced particles in an elastic medium. The general
equation of motion for an elastic medium in terms of stress tensor i k and density  is given
by :

ui = @i k =@xk :

(68)

For an isotropic elastic medium, the equations of motion in terms of density , displacement vector u, Young's modulus Y , and Poisson's ratio  is given by [37]:

(69)

Y
Y
u = 2(1 + ) 4u + 2(1 + )(1 2) grad div u:
We now consider a plane elastic wave in an in nite isotropic medium, where the

deformation u is a function of one coordinate, say of x , and of time. This means all the
derivatives with respect to y and z are zero. We can obtain the wave equations for the
components of the displacement vector u as :

(70)

@ 2 ux
@x 2

1 @ 2 ux

cl2 @t 2

= 0;

@ 2 ux
@y 2

1 @ 2 uy

ct2 @t 2 = 0;

where cl and ct are longitudinal and transverse velocities respectively, and are expressed
in terms of Young's modulus Y , Poisson's ratio  and density  as :
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√

cl =

(71)

Y (1 )
(1 + )(1 2) ; ct =

√

Y

2(1 + )

:

Therefore, an elastic wave consists of two independently propagating waves. The wave
in which the displacement ux in the direction of propagation is called the longitudinal wave
propagating with velocity cl , and the one in which the displacement (uy ; uz ) perpendicular to
the direction of propagation is called the transverse wave propagating with velocity ct . It is
clear from Eq. (71) that cl >

√

(4=3)ct i.e. the longitudinal waves propagate faster than

the transverse waves.
4.2. Longitudinal and Transverse Displacements
In general, any arbitrary (other than plane) elastic wave propagating in an in nite
medium can be expressed in terms of independently propagating longitudinal and transverse
parts. To see this, we cast equation (69) in terms of cl and ct :

(72)

u = ct 4u + (cl
2

2

ct2 ) grad div u:

Now the displacement vector u can be represented as the sum of two components:

(73)

u = ul + ut ;
of which the transverse part satis es the condition

div ut = 0

(74)
and the longitudinal part satis es

(75)

curl ul = 0:
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Now the net displacement vector can be represented as the sum of the curl of a vector
and the gradient of a scalar. By substituting u = ul + ut in Eq. (72), we obtain

ul + ut = ct 4(ul + ut ) + (cl

(76)

2

ct2 )grad div ul :

2

Taking the divergence of both sides with div ut = 0, we get
divul = ct2 4 div ul + (cl2

ct2 )4 div ul , or div(ul cl2 4ul ) = 0.

The curl of the expression in parentheses is also zero using Eq. (75). Therefore, we
have

@ 2 ul
@t 2

(77)

cl2 4 ul = 0:

In the same way, the curl of equation (76) gives, since the curls of ul and of any
gradient are zero,
Since the divergence of the quantity in parentheses is also zero, we obtain :

@ 2 ut
@t 2

(78)

ct2 4 ut = 0:

Equations (77) and (78) are ordinary wave equations in three dimensions representing
the propagation of an elastic wave with two components i.e. longitudinal and transverse
waves propagating with velocities cl and ct respectively. In a monochromatic elastic wave,
the displacement vector is

(79)

u = refu e
0

i !t

g;

where u0 is a function satisfying the equation

(80)

ct2 4 u0 + (cl2 ct2 ) grad div u0 + !2 u0 = 0;
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obtained by substituting Eq. (79) in Eq. (72). Now the longitudinal and transverse
components satisfy the respective equations

4u + k u

(81)

2
l

l

l

= 0;

4u

t

+ kt2 ut = 0;

where kl = !=cl , kt = !=ct are wave numbers of longitudinal and transverse waves
respectively.
4.3. Rayleigh Waves Along Semi-In nite Elastic Medium / Vacuum Interface
Rayleigh waves are surface elastic waves that consist of a combination of particle
motion perpendicular and parallel to the main direction of wave propagation. The propagate
near the surface of a body without penetrating into it. Now using equations (77) and (78),
we write the equation of motion in the form for such an elastic surface as

@ 2u
@t 2

(82)

c 2 4u = 0;

where u is any component of the vectors ul , ut , and c is the corresponding velocity cl or ct .
We take the plane of propagation of the wave as xy -plane and the medium to be in z < 0.
Now to seek the solutions to Eq. (82), consider a plane monochromatic surface wave propagated along the x-axis. Accordingly u = e kx

!t

f (z ). Using this solution for u in equation

(82), we obtain the equation for f (z ) as

(83)

@ 2f
2
2 2
@z 2 = (k ! c )f :

Eq. (83) is oscillatory function if k 2

!2 c 2 < 0 i.e. the solution is an ordinary plane wave

which is not damped inside the body. Therefore, it is reasonable to suppose that k 2 !2 c 2 >
√

0. The solutions for f then are of the form f (z ) = constant  exp( (k 2
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!2
c2

)z ). We

discard the minus sign in the solution owing to an inde nite increase in the deformation for

z ! 1. Therefore, considering only the plus sign, we obtain
u = constant  exp[i (kx !t )]e z ;

(84)
where  =

√

k2

!2
c2

.

Equation (84) corresponds to an exponentially damped wave towards the interior of the
medium i.e. the wave propagates near the surface. The quantity  determines the rapidity
of the damping.
As mentioned earlier, the displacement vector u is the sum of the vectors ul and ut ,
which satisfy Eq. (82) with c = cl for ul and c = ct for ut .
For bulk waves in an in nite medium, the two parts are independently propagated waves.
However, this division of two independent components is not possible for surface waves owing
to the boundary conditions. Therefore, u must be a de nite combination of ul and ut . It
should also be noted that ul and ut no longer have the simple signi cance of displacement
components parallel and perpendicular to the direction of propagation. In order to nd out
the linear combination of ul and ut which gives the true displacement u, the the boundary
conditions of the medium must be used. Thus we obtain a relationship between the wave
vector ~k and frequency !, and therefore the velocity of the propagation of the wave. At the
free surface we must have i k nk = 0 i.e. the net external force on unit surface area of the
body is zero. This can be represented in matrix form as :


(85)



σn
^=



x x x y x z
y x y y y z
z x z y z z
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nx
ny
nz




 = 0:



Since the normal vector n^ is parallel to the z -axis i.e. nx = 0 = ny ; nz =
6 0, it follows
that x z = y z = z z = 0. The components of stress tensor i k expressed in terms of Young's
modulus Y and Poisson's ratio  is i k =

Y
1+

(ui k + 1 2 ul l i k ). Now x z = 0 ) ux z = 0 ;

y z = 0 ) uy z = 0; To obtain uz z , we have z z = 0 =
Further simpli cation leads to (ux x + uy y ) + (1

Y
1+

[uz z + 1 2 (ux x + uy y + uz z )].

)uz z = 0. Hence, we have the following

three conditions:

ux z = 0; uy z = 0; (ux x + uy y ) + (1 )uz z = 0:

(86)

z
Now uy z = 0 gives uy z = 12 ( @u@zy + @u
)=
@y

1 @uy
2 @z

.

Since all the quantities are independent of y -coordinate, we have uy = 0. Now the transverse
part ut satis es the condition div ut = 0, or

@utx
@x

+ @u@ztz = 0.

We get the dependence of utx and utz on x and z from the factor e i kx +t z , where t is given
by t =

√

(k 2

!2
ct2

).

Hence the aforementioned condition results in equation

ikutx + kt utz = 0, or utx =utz = t=ik .
Thus we can write

(87)

utx = t ae i kx + z
t

i !t

; utz = ikae i kx + z
t

i !t

;

where a is a constant. The longitudinal part ul satis es the condition curl ul = 0, or
@ulz
@x

= 0, whence ikul z

√

l ul x = 0 (l = k 2

!2
cl2

).

Thus we must have

(88)

ul x = kbe i kx + z
l

i !t

; ul z = il be i kx + z
l
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i !t

;

@ulx
@z

where b is a constant.
Now using ux z = 0 and (uxx + uyy )+(1 )uzz = 0 from Eq. (86), and expressing

ui k in terms of the derivatives of ui , and using the velocities cl , ct , we can write these
conditions as

@u
@u
@ux @uz
+
= 0; cl2 z + (cl2 2ct2 ) x = 0:
@z @x
@z
@x

(89)

Substituting ux = ul x + utx , uz = ul z + utz in Eq. (89), and using

@ux
@z

z
+ @u
= 0, we get
@x

a(k 2 + 2t ) + 2bkl = 0:

(90)

z
The second condition cl2 @u
+ (cl2
@z

x
2ct2 ) @u
= 0 gives
@x

2act2 t k + b[cl2 (2l k 2 )+2ct2 k 2 ] = 0. Dividing this equation by ct2 and substituting 2l k 2 =
!2
cl2

= (k 2

2t ) cc 2 , we have
2
t

l

2at k + b(k 2 + 2t ) = 0:

(91)

This means, using Eqs. (90 and 91), we have

a2
b2

=

4k 2 2l
(k 2 +2t )2

=

(k 2 +2t )2
42 k 2
t

. Therefore, the

condition for the two homogeneous equations (90) and (91) to be compatible is (k 2 + 2t )2 =
42t k 2 or, squaring and substituting the values of 2l and 2t ,

(92)

(2k 2

!2 4
4
2
ct2 ) = 16k (k

!2 2
ct2 )(k

!2
cl2 ):

Equation (92) is the dispersion for Rayleigh waves propagating along a metal-vacuum
interface and gives the relation between ! and k [37]. Now we express Eq. (92) independent
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of wave vector k on both sides of the equation by expressing frequency ! in terms of a
dimensionless quantity X as ! = ct kX .
Thus we now obtain the dispersion equation (92) in terms of dimensionless parameter

X as
(93)

c2
c2
X 6 8X 4 + 8X 2 (3 ct2 ) 16(1 ct2 ) = 0:
l
l
It is clear that X depends only on the ratio ct =cl , which is a constant characteristic of

any given material. The quantity 0 < X < 1 so that t and l are real. Equation (93) has
only single root satisfying these conditions, and so a single value of X is obtained for any given
value of cctl . Thus for both surface waves and volume waves, the frequency is proportional to
the wave number. The constant of proportionality is the velocity of the propagation of the
wave,

(94)

cR = ct X:
Equation (94) gives the velocity of Rayleigh waves in terms of the velocities ct and cl

of the transverse and longitudinal waves respectively.
So far the dispersion of Rayleigh waves propagating along an interface of an isotropic elastic
medium and vacuum has been discussed in this chapter. The problem becomes even more
complicated but nevertheless interesting when we study propagation of Rayleigh waves along
two parallel interfaces connected by another medium that facilitates coupling of aforementioned independently propagating Rayleigh waves. This problem will be studied in detail in
the next and the nal chapter of this dissertation.
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CHAPTER 5
EXTRAORDINARY ACOUSTIC ABSORPTION DUE TO RESONANT EXCITATION OF
RAYLEIGH WAVES
5.1. Introduction
In the theory of di raction, transmission of waves through a subwavelength hole or
slit in a screen is one of the traditional problems that have been extensively studied in the
past [33, 34, 35, 36]. The walls of the screen are assumed to be rigid in the classical
approach, and thus barring the propagating wave from penetrating inside [38, 39, 40, 41].The
results for the transmission are drastically changed due to \Softened" Dirichlet or Neumann
boundary conditions for the di racted eld. In optics it leads to highly unusual transmission
of light through metal lms perforated with a periodic array of subwavelength holes [42,
43]. This e ect is due to resonant excitation of surface plasmons on the screen surface
with nite conductivity. Acoustic counterpart of the e ect of extraordinary transmission
through a perforated metal plate has been recently reported [44, 45, 46]. The coupling
between di ractive waves and the Fabry-Perot resonant modes inside the apertures resonantly
enhances zero-order transmission. The ne details of this e ect can only be explained if the
metal plate is considered as elastic material and the contribution of surface modes is taken
into account Ref. [47].
The excitation of surface waves may not only strongly enhance transmission through
subwavelength aperture but also may enhance absorption of the incident wave. It has been
shown that even weak dissipation at the frequency of surface plasmon resonance leads to
suppression of light transmission through perforated metal lms with thickness less than the
skin-depth [48]. Similar e ect of suppression of specular re ection was predicted in layered
superconductors due to resonant excitation of Josephson plasma waves [49]. Abnormal absorption of electromagnetic energy at the resonance facilitates suppression of transmission
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and re ection as well.
In this chapter, I will discuss the e ect of high acoustic absorption in the transmission
of ultrasound through a subwavelength slit (in the form of a narrow channel) formed by plates
of two di erent metals { brass and aluminum { immersed in water. Deep minima in sound
transmission have been observed at the frequencies corresponding to resonant excitation of
Rayleigh waves in a nite-length water channel. The enhanced absorption is due to the
dissipation of acoustic energy in the metals which becomes very e ective at the resonance.
The observed level of dissipation of acoustic energy exceeds by orders of magnitude the level of
dissipation in pure water. Therefore, this e ect may nd useful applications as a metamaterial
absorber of ultrasound. The aforementioned e ect, however, is very di erent from the wellknown e ect of acoustic absorption in micro perforated plates [51]. The mechanism of the
latter e ect is related to viscous friction which becomes relevant in the holes with diameter
comparable to the viscous boundary layer. The width of the channel in the experiment
(discussed in this chapter) is much greater than the thickness of the viscous boundary layer,
and therefore, viscous dissipation in water is negligible compared to the dissipation in metal.
The e ect of anomalous absorption of sound in a uid channel formed by two identical

metal plates has been recently studied and reported, where it was proposed that the

mechanism of absorption was related to resonant excitation of coupled Rayleigh waves [52].
Coupling between the Rayleigh waves is weak since it is proportional to the ratio of the density of water to the density of metal. For identical metals such weak coupling is manifested
as splitting of two degenerate Rayleigh waves into two channel eigenmodes with di erent
polarization (symmetric and anti-symmetric) and slightly di erent phase velocities [53]. Only
the symmetric mode is excited at normal incidence. Therefore the characteristics of this
mode only have been reported. In the present case of two di erent metals the coupling between the Rayleigh waves, which is still weak, leads to strong renormalization of the velocity
of each Rayleigh wave. Here the dispersion of two coupled modes becomes nonlinear due
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to synchronization in propagation of the Rayleigh waves, where the phase velocities of two
channel eigenmodes lie between the velocities of the Rayleigh wave in brass and aluminum.
As a result, we have two hybrid eigenmodes, which are neither symmetric nor antisymmetric.
The minima in the transmission spectra correspond to excitation of those two eigenmodes.
Eigenmodes of a uid channel clad between two solids have been considered in many
previous publications. The problem was formulated by Lloyd and Redwood[53] for an in nitely
long channel formed by two solid plates of nite width. It was shown that coupled vibrations
of the plates and water give rise to extremely low-frequency dispersive eigenmodes. At high
frequencies it coincides with Stoneley-Scholte mode. This low-frequency guided mode was
experimentally observed and its strong dispersion was measured [54]. Coupling between the
Rayleigh modes in a solid-liquid-solid waveguide was studied in Ref. [55]. Dispersion equation
was derived in approximation of geometrical acoustics and good agreement between the theory
and experiment was reported for high-frequency sound excitation. Both, symmetric and
asymmetric trilayers were studied. Acoustic transmission and Lamb-mode coupling through
ultra-thin uid layer were reported in Ref. [56].
When the channel length is practically in nite (as in the case in all the previously
mentioned studies), the e ect of resonant absorption at frequencies obtained from quantization of eigenmodes in a nite-length channel cannot be observed. In this chapter, using
the experimental results on acoustic transmission, I will derive the dispersion equation for
the coupled Rayleigh waves and obtain the set of resonant frequencies for each eigenmode.
The experimental measurement of an interesting cut-o e ect for one of the eigenmodes at
apertures smaller than some critical value and the theoretical prediction will also be discussed
at length. In general, an independently travelling longitudinal acoustic wave propagates freely
through any narrow aperture (unlike transverse electromagnetic wave). This conclusion is
based on numerous results obtained for rigid screens, see, e.g. Refs. [38, 57]. However,
when the vibrations of the surfaces of the slit or aperture are taken into account, the propa50

gating sound wave is not purely longitudinal anymore. It is some kind of a hybrid wave with
a transverse component that prevents propagation of the acoustic wave when the size of the
aperture is below certain critical value.
5.2. Experiment and acoustic transmission results
The following experiment was performed by my collaborators from Wave Phenomena
Group at the Department of Electronic Engineering, Polytechnic University of Valencia, Spain.
The experiment is performed in a water bath of size 50  60  12 cm3 . The setup consists
of two 1:500 immersion (V392-SU, Panametrics) transducers that are placed face to face
separated by a distance of 16 cm. Slits are obtained between two adjacent but di erent metal
plates (of dimension 12  12 cm2 ){ one of aluminium and one of brass { of equal thickness

h. The slit is aligned and centered midway between both transducers while maintaining its
aperture d with the help of a sample holder that xes both metal plates by their upper part.
The experimental setup is schematically shown in Fig. 5.1.
z
Metal 1

h
emitter

receiver

x

d

h

Metal 2

Figure 5.1.

Experimental setup showing the geometrical parameters of the

aperture (d ) and length (h) of the slit.
The emitter transducer is connected to a waveform generator Agilent 33220A, while
the receiver transducer is connected to a digital oscilloscope NI PXI-5105. Prior to placing
the sample, a direct measure between both transduccers is performed. These data are then
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used as reference to normalize the subsequent measures, thus compensating the non- at
frequency response of the piezoelectric transducers. The last cycles of the received signal
until the arrival of the rst unwanted echo are selected to be processed by a sine tting
algorithm. This procedure ensures a echo free measurement. In order to ensure that the
response corresponds to the steady state of the system, it is also important to make sure
that the envelope of the signal remains constant within the region where the cycles to be
analyzed are extracted.
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Figure 5.2.

Transmission spectra for several apertures d of the slit separat-

ing two unidentical (Brass and Aluminium) metal plates (immersed in water)
for a channel length h = 3 mm. The maxima in the transmission spectra are
Fabri-Perot resonances. The minima correspond to the frequencies of resonant
excitation of coupled Rayleigh waves due to extraordinary absorption of sound.
Two resonances with n = 1 and n = 4 fall within the shown range of sound
frequencies.
First, the sound transmission through square metal plates without the slit was measured. It is well known that the metal-water interface re ects most of the incident acoustic
energy at normal incidence, which implies that away from Fabry-Perot resonances the plates
are practically opaque to sound. For the metal plates of nite thickness h, the resonant
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maximum occur when l = 2h=n, where n = 1; 2; 3; ::: and l = cl =fn is the wavelength of
the longitudinal wave of linear frequency fn .
In the experiments, the maxima in the transmission are situated exactly at FabryPerot resonances, which can be seen in Fig. 5.2 where the transmission spectra of the water
channel with a xed length h and di erent apertures d are plotted. The spectra in Fig. 5.2
also exhibit sharp minima indicating presence of sound absorption mechanism. Relevance of
these resonances to excitation of the metal plates follows from simple relation giving the
positions of absorption dips :

R = cR =fn = 2h=n;

(95)

c

c

where n is an integer, Rc and cRc are the wavelength and phase velocity of the eigenmode
which is formed in the channel due to coupling between the Rayleigh waves propagating in
the metal plates. This phase velocity is calculated below for from the dispersion equation for
the coupled Rayleigh waves.
When the aforementioned condition is satis ed, the frequency of incident sound wave
matches with one of the eigenfrequencies of the water channel clad between elastic surfaces.
As a result, the amplitude of vibrations of the surfaces reaches a maximum. The acoustic
energy dissipates in the metals more eciently than in water, giving rise to the minima in
the transmission spectra. To calculate the positions of the minima from Eq. (95) we need
to know the dispersion relation for the propagating eigenmode.
5.3. Dispersion Equation for Coupled Rayleigh Waves
An ultrasonic plane wave when impinged on the channel clad between metal plates
generates surface elastic (Rayleigh) waves, which would propagate independently and with
di erent phase velocities if there would be no interaction between them through the uid.
However, the propagation of two Rayleigh waves on both sides of the channel and the sound
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wave in the uid channel is synchronized if the propagating Rayleigh waves are coupled due to
interaction through uid. The wave that propagates in the whole system { metal plates and
uid channel { has a phase velocity, polarization and dispersion which are calculated from the
corresponding eigenvalue problem. The eigenvalue problem consists of two wave equations
in elastic metals, one wave equation for sound in the uid and the boundary conditions at the
interfaces. In this section we derive the dispersion equation following a standard procedure,
see, e.g. Ref. [58, 53].
The displacement of the metal plates in terms of velocity potentials can be expressed
as w = r + r  a for metal 1 (z > d=2) and u = r + r  b for metal 2 (z < d=2),
where a = (0; a; 0) and b = (0; b; 0), see Fig. 5.1. As discussed in chapter 4, the gradient
and curl components of the displacement vectors correspond to longitudinal and transverse
waves respectively, and satisfy the conditions that the divergence of transverse component
and the curl of longitudinal component vanish.
The components of the velocity potentials are obtained from four wave equations
(96)
(97)

r a + c! a = 0;
2

2

2
1t

r  + c!  = 0
2

2

2
1l

for metal 1 (z > d=2), and
(98)
(99)

r b + c! b = 0;
2

2

2
2t

r  + c!  = 0
2

2

2
2l

for metal 2 (z < d=2). Here (c1t ; c1l ) and (c2t ; c2l ) are shear and compressional velocities in
metal 1 and metal 2, respectively. We are looking for the solutions of these equations in the
form of plane waves propagating along axis x and evanescent waves away from the channel
along axis z .
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(x; z ) = e P z
(x; z ) = e

(100)
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√

√
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q 2 !2 =c22t ;

√

q 2 !2 =c12t :

The dynamical equation for the velocity potential (x; z ) in the uid channel ( d=2 <

z < d=2) is given by r2 + !2 =cf2 = 0, where cf is the compressional wave velocity in water.
The solution for (x; z ) is a pure plane wave with components of the wave vector along axes

x and z ,
(101)
(x; z ) = e

i !t

[e i z (K1 e i qx + L1 e

i qx

)+e

i z

(K2 e i qx + L2 e

i qx

)];  =

√

(!=cf )2

q2:

The oscillating pressure produced by sound wave in the uid is obtained from the continuity
equation

@v
f @t + rp0 = 0;

(102)
where v(x; z ) = r (x; z ).

Solutions (100) and (101) of the wave equations in three di erent media are coupled
through the boundary conditions at z = d=2. At these interfaces the normal and shear
stresses are continuous
(103)

d
d
d
z z (z =  2 ) = p0 (z =  2 ); x z (z =  2 ) = 0;

and the normal components of the velocity are continuous
(104a)
(104b)

d
@
vz = @z jz =+ 2 = w_ z = i!wz (z = 2 );
@
d
vz = @z jz = 2 = u_z = i!uz (z = 2 ):
d

d
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Thus, these boundary conditions give 6 linear relations for 12 unknown constants in
Eqs. (100) and (101). However, the unknown constants for the wave propagating to the right
and the constants for the wave propagating to the left form two independent groups and can
be considered separately. For each group there are 6 homogeneous equations for 6 unknowns.
Equating the corresponding determinant to zero, we obtain, after some cumbersome algebra,
the following dispersion relation between ! and q [50]:
(105)

tan

(

d
2

)

=

√

CD)  (A2 + C 2 )(B2 + D2 )
;
AD + BC

(AB

where A, B , C , and D are functions of ! and q given by :

A = (S 2 + q 2 )2 4SQq 2 ;
B = (R2 + q 2 )2 4RP q 2 ;

(106)

C=
D=

(

(

f ! 2
1 c12t 
f ! 2
2 c22t 

)

)

Q(S 2 q 2 );
P (R2 q 2 ):

Here 1 , 2 , and f are the densities of the metals and the uid, respectively.
Relation (105) de nes two eigenmodes, \plus" and \minus". They have di erent
polarizations and propagate with di erent phase velocities. We refer to them as
fast

slow

and

mode since \plus" mode has lower phase velocity. If the channel is empty, f = 0, then

C = D = 0 and Eq. (105) is reduced to two equations A = 0 and B = 0 which give the linear
dispersion relations for the Rayleigh waves in metal 1 and metal 2, respectively. Solutions for
independently propagating Rayleigh modes are shown in Fig. 5.3.
The coupling between the Rayleigh waves occurs when the parameters f =1 and

f =2 are di erent from zero. This coupling leads to nonlinear dispersion of the channel
eigenmodes.
5.4. Eigenmodes for Identical Metals
For a uid channel clad between two identical metals Eq. (105) is reduced to two
dispersion equations obtained in Ref. [52]. In this particular case A = B and C = D such
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Figure 5.3.

0.5

1.0

X

1.5

Solutions of the dispersion equations for uncoupled Rayleigh

modes for Brass and Aluminium in the absence of uid (water) in the channel.
The roots XR for brass and aluminium are XRBr = 0:936 and XRAl = 1:456,
respectively. The phase velocity of uncoupled Rayleigh waves is cR = XR c1t .
For brass cRBr = 1:87 km/s (< c1t = 1:997 km/s) and for aluminium cRAl = 2:9
km/s (< c2t = 3:13 km/s).
that Eq. (105) yields:
(

d

)

A = C tan 2 ;
( )
d
A = C cot 2 :

(107a)
(107b)

Therefore, the slow and fast modes become the modes with antisymmetric and symmetric polarization, respectively.
5.5. Resonant Frequencies from Approximate Boundary Condition
The dispersion relation Eq. (105) was obtained for an in nite channel where ! changes
continuously with the wave vector q . In a nite-length channel this relation is not valid for
all wave vectors. Resonant frequencies should be obtained from a complete solution for
sound wave passing through the dissipative inhomogeneous metal- uid-metal medium. Of
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Symmetric mode:

Antisymmetric mode:

Figure 5.4.

Di erent modes of vibrations of metal plates in the special

case of identical metals when the dispersion equation (105) yields symmetric
and antisymmetric eigenmodes.
course, this problem could not be solved analytically. We, however, found an approximate
solution (which is in a good agreement with the experiment and numerical simulations) by
quantizing the wave vector. The quantized values of q are obtained from the boundary
conditions at the ends of the channel, x = 0 and x = h. Here the acoustic energy which is
concentrated in a narrow channel enters into in nite uid medium. The oscillating part of
pressure p(x; z ) is strongly reduced within a narrow transition layer at the channel openings.
Then, an approximate boundary condition can be written as follows [61] :

p(x = 0; z ) = p(x = h; z ) = 0:

(108)

This condition together with Eq. (101) for the potential

and relation (102) gives that

the wave vector takes only discrete values, qn h = n, n = 1; 2; 3; : : : . The eigenfrequencies

fn = !n =2 of the channel can be written in the form fn = qct 1 X=2, which is equivalent
to Eq. (95). Substitution of this frequency into dispersion equation (105) leads to two
equations (with plus and minus signs) for the dimensionless unknown parameter X (for each
integer n).
In the special case when the metal plates on both sides of the uid channel are identical,
the incident acoustic wave propagating parallel to the axis of the channel excites only the
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symmetric mode.[52] However, for the general case when the metal plates on both sides of
the uid channel are not identical, both slow and fast modes are excited though the excitation
of the fast mode is relatively more pronounced. It is now convenient to express Eq. (105) in
terms of unknown X :

(109)
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where A; B; C; D, and  are transformed functions of X given by :
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where q = qn = n=h.
The solutions for X in F (X ) are obtained when F (X ) = 1 (see Fig. 5.5). Hence the
solutions for F+ (X ) = 1 and F (X ) = 1 are denoted by X+ and X respectively. It is clear
from Fig. 5.5 that for a given aspect ratio d=h that F (X ) > F+ (X ). Since the velocity of
coupled Rayleigh wave is proportional to the root X , it is appropriate to label F+ (X ) as slow
mode and F (X ) as fast mode. Therefore, the phase velocities of coupled Rayleigh wave for
the fast and slow modes are cRc = c1t X and cR+c = c1t X+ respectively.
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Figure 5.5.

A typical plot showing the roots of the dispersion equations

F (X ) = 1 for slow and fast modes for n = 4, channel length h = 3 mm, and
aperture d = 4:5 mm. F (X ) are related to the slow and fast modes. The plot
is obtained for a metal combination of brass (c1t = 1:997 km/s, c1l = 4:25
km/s, 1 = 8:5 gm=cm3 ) and aluminium (c2t = 3:13 km/s, c2l = 6:32 km/s,

2 = 2:7 gm=cm3 ). The compressional velocity of sound in uid (water) in the
channel is taken as cf = 1:48 km/s.
The equations for (X ), A(X ) and B (X ) impose a strict condition that the real
solutions corresponding to coupled Rayleigh waves described by Eq. (109) must fall within
the interval cf =c1t < X < 1. This means the velocity of coupled Rayleigh mode cRc = Xc1t
cannot exceed the shear velocity c1t . Otherwise, when cRc > c1t the coupled mode becomes
a leaky Rayleigh mode and radiates part of its energy into the metal with the corresponding
shear velocity c1t . In that case, the solutions for F (X ) = 1 become complex : XLR takes the
0 + iX 00 , where the imaginary part X 00 characterizes the attenuation length,
form XLR = XLR
LR
LR

which gives the depth and width of the resonant minimum. Further theoretical study on
leaky Rayleigh waves radiating from metal-liquid interface can be found in Refs. [58, 59, 60].
Strong attenuation of Rayleigh waves has been recorded in a seismic study.[62] Rayleigh waves
leaking into uid from metal- uid interface have also been experimentally studied.[63]
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5.6. Agreement between Theory and Experiment
The resonant frequency fn scales as 1=h with the channel length. This is the same
geometrical factor that de nes also the Fabri-Perot resonances.
h=3mm , n=1
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Figure 5.6.

Dimensionless parameter Xn plotted as a function of the aspect

ratio d=h for slow and fast modes at di erent resonances n = 1 (a) and n = 4
(b).
There is, however, much weaker dependence of fn on the channel aspect ratio d=h
which enters through X . This dependence is shown in Fig. 5.6 for both eigenmodes and for
resonances n = 1 and n = 4. It is clear that there is a tendency for the root X , corresponding
to the fast mode to approach the critical value X = 1 as d=h decreases. Substituting X = 1
into equation F (X ) = 1, we obtain the following minimal aspect ratio below which the fast
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mode cannot propagate:
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Figure 5.7.

Frequency f versus aperture d of the water channel for fast

(solid line) and slow (dashed line) modes obtained using Eq. (109). While the
slow mode does not have a critical minimum aperture, the fast mode has a
critical minimum aperture at d = 0:78 mm. For the case of a water channel
clad between identical metal plates, the fast and slow modes become symmetric
and antisymmetric modes, respectively, see Ref. [52].
Though longitudinally travelling acoustic waves can propagate through any narrow
aperture, it follows from Eq. (111) that it is not true for coupled Rayleigh waves. This is
because Rayleigh wave, unlike typical acoustic wave, also consists of a transverse component
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which limits propagation through narrow apertures. For the channel clad between brass and
aluminium plates, the rst resonance n = 1 does not exist if (d=h) < (d=h)mi n =1.06. Since
in the experiment we always deal with narrow channels with small apertures, d=h < 1, we did
not observe the cuto of the fast mode for the primary resonance n = 1. However, for the
resonance n = 4 the critical aspect ratio is 0.26. For this case we observe the cuto of the
fast mode.

Fast mode

Slow mode

Figure 5.8.

Measured resonant frequencies of the minima of transmission

at di erent apertures d of the water channel. It is clear from the above gure
that the fast mode has a critical minimum aperture at around dmi n = 0:75 mm.
On the contrary, the slow mode does not have a critical minimum aperture.
The slow mode, unlike the fast one, can propagate in a channel with any small aspect
ratio. As shown in Fig. 5.6 the corresponding value of X does not exceed 1 when d=h ! 0.
In a channel with d=h > (d=h)mi n the both modes can be excited but if d=h > (d=h)mi n it
is only the slow mode that transfers acoustic energy from uid to metal. For the case of
identical metals[52] only the symmetric (fast) mode can be excited. Therefore no minima
in the transmission spectra were observed for any channel with aspect ratio less than the
critical one. In our experiment with di erent metals we observed minima for the channels
with d=h < (d=h)mi n . Apparently, these minima are due to excitation of the slow mode.
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To better understand the transition from slow mode to fast mode in the vicinity of
the critical aspect ratio we plot in Fig. 5.7 the shift of the resonant frequencies with n = 4
and h = 3 mm with channel aperture d . This plot was obtained using the dispersion equation
Eq.(109). It follows from this gure that the transition occurs at d

 0:8 mm.

Around

this value one may expect a discontinuous jump due to reduction of frequency when the fast
mode is replaced by a slow mode. This jump at d = 0:75 mm was indeed observed in the
experiment.
Fig. 5.8 shows experimental data for the shift of the resonant frequency with aperture.
The shift was obtained from the series of transmission spectra shown in Fig. 5.2. The
frequency of this transition f

 1:34 MHz is also in a good agreement with the theoretical

value of 1.33 MHz.
In the experiment the frequencies of the resonances for the both modes increase as
the aspect ration decreases, in agreement with the theory. This behavior is a direct evidence
of the coupling of the Rayleigh waves. Without coupling the frequency should exhibit a
tendency to grow with d . This follows from the fact that the phase velocity of a surface
mode propagating along a contact of a solid elastic medium with a uid layer growth with
the thickness d of the layer.[58]
As shown, the resonant frequencies obtained from the experiments and from theoretical calculations are about 91% (at d = 0:2 mm) in agreement (fex p = 1:38 MHz, fth = 1:26
MHz) for slow mode and about 95% (at d = 1mm) in agreement (fex p = 1:335 MHz,

fth = 1:275 MHz) for fast mode. Hence the close agreement between experiment and theory shows that extraordinary absorption appears at resonant frequencies corresponding to
the excitation of coupled Rayleigh waves along both surfaces of the water channel. Such a
good agreement is observed in spite of the fact that we used approximate boundary condition
Eq. (108) for quantization of the wave vector. This boundary condition assumes that the
Rayleigh waves are completely re ected from the right corner at the edges of each plate.
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Figure 5.9.

a) Numerical (COMSOL) simulations for the longitudinal (a)

and transverse (b) displacements of the both metal plates induced by propagating plane wave with f = 0:231 MHz in water channel with h = 5 mm and

d = 3:75 mm. The ratios of longitudinal to transverse displacements plotted
using COMSOL and the theory are in a good agreement.

In real situation they are only partially re ected. A numerical method for evaluation of the
re ection coecient for Rayleigh wave was proposed in Ref. [64]. It was evaluated that for
Rayleigh wave propagating along a metal-vacuum interface the re ection coecient does not
exceed 50%. It, however, may be higher for metal-water interface, due to resonance.
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5.7. Polarizations of the Eigenmodes
In this section we explore the properties of transverse and longitudinal displacements
of the metal plates corresponding to di erent polarizations of coupled Rayleigh waves. Since
the displacement vectors of metal plates are expressed in terms of velocity potentials as

w = r + r  a for brass (z > d=2) and u = r + r  b for aluminium (z < d=2), their
corresponding longitudinal and transverse components are found to be wx (x; z ) =

wz (x; z ) =

@
@z

+

@a
@x

for brass, and ux (x; z ) =

@
@x

@b
@z

, uz (x; z ) =

@
@z

+

@b
@x

@
@x

@a
@z

,

for aluminium.

Once the relations between the unknown constants in velocity potentials a, , , and b are
obtained from a set of homogeneous equations following from the boundary conditions as
shown earlier, the displacements turn out be ux ; wx

/ cos qx , u ; w / sin qx .
z

z

Although the

longitudinal and transverse displacements depend on position x along channel length h, the
ratio of longitudinal displacements ux =wx and that of the transverse displacements uz =wz
taken at the metal surfaces are independent of x . In general, for any metal combination,
the ratio

uz
wz

> 0 for slow mode and

uz
wz

< 0 for fast mode. It was previously shown in this

paper that the velocity of the fast mode corresponds to the higher resonant frequency. Since
higher resonant frequency is associated with higher absorption of acoustic energy, it follows
that the transverse motion of the two metal plates must be opposite in phase when they
are resonantly excited by the fast mode. In particular, for a channel of length h = 5 mm
and aperture d = 3:75 mm, the ratio of transverse displacements of Aluminium to Brass

uz =wz = 1, and the ratio of longitudinal displacements ux =wx = 0:825.
These values are in a good agreement with numerical simulation (Fig. 5.9) plotted at

n = 1 resonance. In the special case where the water channel is clad between identical metal
plates, the longitudinal and transverse displacements of both metal plates have the same phase
as in the case of water channel between unidentical metal plates, but in addition to this the
amplitudes of longitudinal and transverse vibrations are equal i.e. ux (x; z ) = wx (x; z ),

uz (x; z ) = wz (x; z ) for slow (antisymmetric) mode, and ux (x; z ) = wx (x; z ), uz (x; z ) =
66

wz (x; z ) for fast (symmetric) mode, as expected. At this point it is worthwhile to note
that the absence of resonances n =2,3 in Fig. 5.2 could be attributed to the fact that the
metal plates are xed in place by sample holder (see Fig. 5.1). It is possible that the xation
of metal plates by their upper part allows longitudinal and transverse displacements in a way
that does not permit certain resonances to manifest. However, to verify this possibility, it is
desirable to carry out further experimental investigation and analysis of the displacements of
the center of mass of the metal plates.
In conclusion, a detailed study of extraordinary absorption of acoustic energy due
to resonant excitation of Rayleigh waves in a nite length water channel clad between two
unidentical metal plates was discussed in this chapter. From the elastic properties of the metal
plates and from the boundary conditions, I derived the dispersion equation for the channel
eigenmodes and calculated the resonant frequencies which coincide with those observed in the
experiment. The dispersion equation gives rise to two eigenmodes with di erent polarizations
and phase velocities. For the general case when the metals are not identical, these modes do
not possess de nite symmetry (like symmetric and antisymmetric modes for a channel formed
by identical metals) and they were labelled slow and fast modes. The fast mode possesses
an interesting e ect of cuto at certain critical aperture. This cuto is unusual for sound
wave which penetrates freely through any narrow aperture. Precise measurements of a slight
shift of the resonance minima in the transmission spectra with the channel aperture con rm
the theoretically predicted e ect of coupling and synchronization of the Rayleigh waves. Due
to high level of absorption this e ect may be used in designing of metamaterial acoustic
absorbers. It is also worthwhile to study similar e ect in a set of subwavelength periodic slits
in order to increase the width of the absorption band. The methods discussed so far in this
chapter have potential applications in non-destructive testing for layered media.
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