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ABSTRACT

Omission of peak strain in the 0'Donnell-Porowski simplified

ratchetting rules of ASME Code Case N-47, which governs design of

elevated-temperature nuclear components, can lead to nonconservatism.

The O'Donnell-Porowski method is therefore modified in this paper to

include peak strain. The revised technique eliminates nonconservatism

that was originally found in comparing the simplified rules with the

results of two- and three-dimensional dnalyses and that was used as a

basis for restricting the O'Donnell-Porowski method to one-dimensional

geometries. Since the new method is found to be conservative in all the

one-, iwo-, and three-dimensional problems in which it has been tested,

it is under consideration by the code for inclusion in N-47 without

restriction as to dimensionality.
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INTRODUCTION

American Society of Mechanical Engineers Boiler and Pressure Vessel

Code Case N-47 (Ref. 1) divides a general thermal stress profile into a

secondary stress that is the equivalent linearized distribution, and a

peak stress that is the difference between the general and linearized

distributions. Code Case N-47 allows the use, in both transient and

quasi-steady situations, of simplified ratchetting analysis methods that

make use only of the secondary stress state and ignore peak stress. The

simplified ratchetting methods are based on the work of Bree (2,3) who

published some techniques for simplified analysis of ratchetting of a

nuclear reactor fuel can. The assumed temperature distributions were

linear through-the-wall and were alternately applied and removed

consistent with slow increases and decreases in reactor power. Bree did

not discuss nonlinear transient temperature profiles.

In 1974 O'Donnell and Porowski (4) modified the Bree technique by

introducing the elastic core stress to estimate creep ratchetting strain

when no plastic ratchetting occurred. O'Donnell and Porowski continued

the use of linear temperature distributions, but it is clear from their

original paper that they had reservations about the use of linear temp-

erature distributions for simplified analysis when the correct distribu-

tions were known to be nonlinear.

Because peak thermal stress is ignored in the Code Case N-47 simp-

lified ratchetting rules and its effect was not considered in detail in

the supporting work by either Bree or O'Donnell and Porowski, an anal-

ysis procedure that allows for peak thermal stress is developed in this

paper.



AN EARLIER STUDY REVISITED

In 1976, the author published an exploratory study (5) of the

applicability of simplified ratchetting rules to two-dimensional (2-D)

axisynimetric structures. Various geometries were considered, but here

the only concern is a cylinder incorporating a stepped-wall thickness.

[No other geometries in Ref. (5) led to nonconservatism of Code Case N-

47 ratchetting rules.] The stepped-wall cylinder was analyzed in

several cases, including both a transient thermal downramp and a linear

through-the-wall applied temperature profile, but only the transient

thermal downramp led to nonconservatism of the ratchetting rules. An

example of the nonconservatism is shown in Table 1, which shows that the

elastic core stress obtained by the 0fDonne11-Porowski method is

nonconservative by about a factor of 1.8.

In the preliminary stages of the present work, exploratory studies

were performed to search for the source of this discrepancy in elastic

core stress. It was found that when the calculated transient tempera-

ture profiles were replaced with an equivalent linear temperature pro-

file, a dramatic effect on the results was immediately observed. In

fact, a simple change from an actual calculated temperature profile to

an equivalent linear profile seems to fully explain the nonconservatism

found in the 0fDonnell-Porowiiki method in Ref. (5).

DEVELOPMENT OF SIMPLIFIED RATCHETTING ANALYSIS
PROCEDURE INCORPORATING PEAK THERMAL STRAIN

After concluding that the current N-47 simplified ratchetting rules

do not adequately treat peak thermal strain, it was decided to develop



an extension of the 0'Donnell-Porowski elastic core stress procedure

that incorporates the peak thermal strain that occurs during thermal

transients. To obtain an approximate temperature profile that makes the

Bree-type analysis relatively simple yet incorporates peak thermal

strain, the temperatures are idealized to a special two-segment piece-

wise linear (or bilinear) form shown in Fig. 1, in which the segment

nearest the outer surface is assumed to be flat because the temperature

gradient is zero at a typical insulated outer-pipe surface. The point

where the two linear segments intersect is to be considered

adjustable. Of course, the piecewise linear form does not accurately

represent the true transient profiles, but it can provide profiles

ranging fron nearly all peak thermal strain to linear profiles that are

all secondary strain. The question of how the intersection point and

temperature range of the piecewise linear profile should be chosen to

obtain conservative predictions is postponed until later. Introduced

here is the symbol T (0 < T < 1) to represent the fraction of the total

wall thickness that lies inside the intersection point.

The structure is assumed to be in a uniaxial stress state in which

the hoop stress varies across the thickness of the wall. The material

is assumed to be elastic-perfectly plastic with temperature-independent

properties. The analysis proceeds in the same way as that of Bree

(2). Typical stress regimes are shown in Fig. 2 for the case T = 0.7.

The stress parameters are taken as the pressure stress a = pR/d, where p

is the pipe internal pressure, R is the pipe radius, d is the pipe wall



thickness, and the thermal stress parameter 0 = EaAT, where E is the

constant Young's modulus, a is the constant thermal expansion

coefficient, and AT is the maximum through-the-wall temperature

differential. As in Bree's analyses, the thermal stress parameter is

modified to a = EaAT/(l — v), where v is Poisson's ratio, to treat

biaxial stress states approximately with the uniaxial model.

Because of the antisymmetry of the applied temperature profile in

the Bree and 0'Donnell-Porowski analyses, the four quadrants of the

stress regime diagram are mirror images of one another, so it is only

necessary to plot the first quadrant. In the present, less symmetrical

problem, there are two distinct quadrants as shown in Fig. 2. The two

remaining quadrants are obtained by rotating Fig. 2 by 180° about the

origin.

An elastic regime E occurs as in the Bree analyses, but it is no

longer symmetrical. The Sj and SQ regimes correspond to Bree's S reg-

ime. The subscripts I and 0 indicate yielding at the inner and outer

Bree uses a = EaAT/2. This makes sense for his symmetrical temp-
erature profile because AT/2 is the temperature from the midsurface to
the surface of the wall and EaAT/2 is the maximum elastically calculated
thermal stress. With the present, more complicated temperature pro-
file, AT/2 is not usually the temperature range from the midsurface to
the surface and EaAT/2 is not usually the maximum elastically calculated
thermal stress, so Bree's definition seems less appropriate. Therefore
the simplest definition is chosen for Fig. 2: a = EaAT. Of course, the
precise form of the definition does not matter as long as the same defi-
nition is adopted by the user and the constructor of the diagram. In
constructing a design chart later in this report, the conventional Q-
stress parameter based on the first moment of the stress profile will be
adopted so that the designer may use the parameters with which he is
already most familiar.



surface, respectively, before shakedown to elastic behavior occurs. The

SB regime corresponds to Bree's S2 regime. The subscript B indicates

initial yielding at both surfaces. At higher values of thermal stress,

two new regimes appear: Pj indicates initial yielding and plastic cycl-

ing at the inner surface only and Pg/j indicates initial yielding at

both surfaces followed by plastic cycling at the inner surface only. At

still higher thermal stress, a regime Pg/g occurs that corresponds to

Bree's P regime in which both initial yielding and plastic cycling occur

at both surfaces. The plastic ratchetting regimes (corresponding to

Bree's R, and R2 regimes) have not been investigated because Code Case

N-47 did not permit design in those regions at the time of this work.

Contours of constant elastic core stress for the case T = 0.7 are

presented in Fig. 3.

DETERMINATION OF A CONSERVATIVE BILINEAR APPROXIMATION
TO THE TRANSIENT TEMPERATURE PROFILES

The present extension of the analyses of Bree and O'Donnell and

Porowski is based on approximating the family of transient temperature

profiles by a simple class of bilinear temperature profiles. These bil-

inear profiles have two adjustable parameters: (1) an intersection

point T that may be set to any value (0 < T < 1.0) but is held fixed

during a given analysis and (2) a temperature amplitude that changes

from zero to a maximum and back to zero as the thermal load is applied

and removed during the course of an analysis.

In this work the intersection point is set to whatever value maxi-

mizes the calculated elastic core stress. (The same vali maximizes the

calculated ratchetting strain; it is chosen to ensure conservatism.)



This maximal value is determined by a combination of manual, plots and

computer numerical optimization. The temperature imL iitude is then

adjusted to make the maximum value of the first moment of the bilinear

profile equal to the maximum value of the first moment of the actual

transient profiles. By introducing the first moment of the temperature

(or stress) profile, we bring this present work into closer correspond-

ence with the 0'Donnell-Porowski ratchetting chart that is based on Q

stress.

A BREAKDOWN IN THE BREE METHODOLOGY

In Fig. 2 the boundaries between the plastic cycling regimes and

the plastic ratchetting regimes are shown in dashed lines because of a

difficulty in determining the boundaries by Bree's method.

Most readers are familiar with inelastic analysis by the finite

element method. In such analyses a load application (or removal) is

broken up into many small increments and at each increment (and each

stress Integration point) a test for yielding is performed.

One of the bases of the Bree simplified methodology (as it is

understood by the present author) is the implicit assumption that such

complicated tests are not needed and that it is only necessary to per-

form analyses for certain extremal load conditions, namely: zero ther-

mal load, full thermal load, zero thermal load, etc. If, for example,

the stress at some point in the wall is fully elastic (not yielding or

marginally yielding) at full thermal load and is fully elastic again at

the next zero thermal load state, then it is assumed that no stress

excursion causing yielding occurred during the course of the removal

because the stress state changed raonotonical ly from one elastic state to

another.



Unfortunately, this monotonicity assumption breaks down in the pre-

sent analysis because of the asymmetry of the temperature profiles, and

some other analysis method is needed. The details of this breakdown are

discussed more fully in Ref. (6).

NUMERICAL ANALYSES OF RATCHETTING

Structural ratchetting is sometimes modeled qualitatively by the

three-bar mechanism. Bree's problem can also be modeled numerically

with any desired degree of precision by a mechanism using a large number

of identical parallel uniaxial bars. Each bar has its own uniaxial

stress history and temperature history. The through-the-wal1 tempera-

ture profile is modeled by varying the temperature and stress from one

bar to the next. By applying a load change in many small increments and

by testing for yielding and for elastic unloading in each increment,

calculations can be made (approximately) with nonmonotonic stress paths

that are more complicated than can be treated with Bree's methodology.

Another complication often found in exercising the numerical ratch—

etting analysis technique is that it may be necessary to analyze many

cycles before a stable elastic core stress is reached. In the standard

Bree analysis, for some regimes, yielding occurs during the first cycle

and then shakedown to elastic behavior occurs in the second cycle. All

cycles after the second, however, are identical to the second. In the

present more complicated problem, however, as many as 100 cycles are

needed in rare cases before the calculated core stress stops changing.

In all applications of the numerical method in the present work, there-

fore, cycling is repeated until convergence is obtained before the elas-

tic core stress is accepted. The reported core stresses are, therefore,



both conservative and asymptotically correct, but for early cycles a

smaller core stress sometimes occurs.

Another finding in the present problem is that erosion of the elas-

tic core can occur. In the Bree analysis, as the stress parameters P

and Q are increased, the core stress increases until finally it reaches

the yield stress. At that point, the elastic core disappears abruptly,

and the core stress method (as originally proposed) becomes inapplic-

able. The only mechanism for disappearance of the elastic core in

Bree's problem is that the elastic core stress reaches and exceeds the

yield stress. Thus, the limit of applicability of the Bree-O'Donnell-

Porowski method is always represented by the curves \a \/a = 1 on the

stress regime diagram.

With the present numerical analysis technique and bilinear tempera-

ture profile, however, the elastic core can also be eroded away from the

sides; that is, the width of the elastic core can decrease as the load

parameter increases until at some load condition the elastic core width

becomes zero, and the elastic core method is no longer applicable even

though (for an infinitesimally reduced load) the core stress was not

approaching yiela. Then the boundary representing the limit of applica-

bility of the method is not the curve \a \/a = 1. Although this compli-

cation exists and has been studied, it occurs only at very high Q

stresses (Q/o > 5). Such conditions are likely to be quite rare in

design practice, and results for such conditions are not presented in

this paper.

The numerical model can be used both to verify the closed-form

solution when the latter is accurate and to determine the degree of non-
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conservatism when the closed-form solution is nonconservative. Numeri-

cal experiments indicate that at most about 400 or 500 parallel bars and

at most about 400 increments per thermal load application are needed.

It is often advantageous to vary the width of the bars to obtain greater

refinement in certain areas of the grid.

In the present work use of the numerical calculations to restore

the conservatism of the closed-form solution is preferred rather than to

completely replace the closed-form solution. This is done as follows.

First, choose an arbitrary value of the Q stress parameter (based on the

first moment of the thermal stress through the wall). Then, for a ser-

ies of P stresses, calculate the elastic core stress (maximized numeri-

cally with respect to T with Q and P held constant), using both the num-

erical inelastic analysis method and the closed-form method. Thus, a

factor of nonconservatism is obtained:

numerical

closed form

(The factor has never been <1.) Numerical experiments reveal that this

factor is largest adjacent to the borders of the plastic ratchetting

regime. By concentrating on values of P that lie along the plastic rat-

chetting borders, a factor of conservatism is obtained:

numerical

closed form

which is a function of Q alone but that is maximized with respect to

both T and P- The functional form of f(Q) is obtained by repeating
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these calculations for several assumed values of Q and curve fitting.

In that way

f(Q) = exp [exp (-15,004 + 4.9731 Q - 0.533571 Q2

+ 0.013333 Q3)] (3)

is valid over the range 0 < Q < 5 and conservative at each Q over the

range 0 < T < 1 and for values of P from the left to the right plastic

ratchetting boundary.

DESIGN CHART

A conservative approximation to the elastic core stress can now be

calculated from the equation

(P,Q)f = f(Q) \ac (P,Q)| . (4)
conservative closed form

Conservative stress contours plotted against P and Q are shown in Fig.

4. Two quadrants of the stress diagram are plotted, depending on whe-

ther the peak stress has the same sign as, or the opposite sign from,

the primary stress.

In considering the design chart for inclusion in Code Case N-47,

however, it was decided that only the more conservative right quadrant

would be included and that no credit would be allowed based on the signs

of the stress states because of the difficulties of attributing a sign

to a multiaxial stress state.
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To aid in comparing the elastic core stresses of the present method

obtained from Fig. 4 with the O'Donnell-Porowski core stresses, Fig. 5

shows a simple line plot of |a |/a vs primary stress ?/a for a typical

fixed value of secondary stress of Q/a = 2.0. In the first quadrant

(positive P) the elastic core stress of the present method begins (at

the right boundary) ~4% or 0.04 a higher than in the O'Donnell-Porowski

result. As P decreases, the difference gradually increases until it

reaches ~0.27 a at P = 0. (The O'Donnell-Porowski method predicts a

zero elastic core stress at P = 0, because the thermal stress profile is

assumed to be perfectly antisymmetrical and the effect of yielding at

the two surfaces cancels with perfect precision. Any core stress calc-

ulation that allows for some asymmetry will lead to imperfect cancella-

tion and to some nonzero core stress when P = 0. If the difference in

the elastic core stresses of the two methods is expressed as a percent-

age of the O'Donnell-Porowski result, it of course becomes infinite at P

= 0 . ) As P moves negative, the difference decreases until,

at ~?/o = —0.083, the methods give essentially identical results. Over

a wide range of primary stresses from ~P/a = —0.09 to —0.35, the two

results remain essentially equivalent. As the left plastic ratchetting

boundary is approached, the difference gradually increases again, reach-

ing about 0.06 a at the boundary.

Table 2 presents the application of Fig. 4 to the case that was

shown in Table 1 to lead to nonconservatism of the O'Donnell-Porowski

method. The elastic core stress obtained from Fig. 4 is seen to be

overconservative by about a factor of 1.6 (= 63.2/39.14), whereas the

O'Donnell-Porowski elastic core stress is underconservative by about a

factor of 1.8 (= 39.14/22.37).
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In addition to comparisons with the 2-D axisymmetrical structures

of Ref. (5), an attempt was made to compare predictions based on Fig.

4 with the fully 3-D inelastic structural analysis of a nozzle-to-

cylinder reported by Yahr (7). The values of P and Q stress at the

worst location on the nozzle-to-cylinder geometry (as chosen by Yahr)

were selected. It was found, however, that these values fell outside of

the region covered by Fig. 4 (in the plastic ratchetting regime). Thus,

design of the nozzle-to-sphere structure of Ref. (6) would not be

allowed by the present design chart. The present method is then

conservative for the fully 3-D geometry of Ref. (6) if only by default.

SUMMARY AND CONCLUSIONS

The nonconservatism found in Ref. (5) when applying the O'Donnell-

Porowski elastic core stress method of ASME Code Case N-47 to 2-D

axisymmetric structures is reexamined and is attributed to the neglect

of peak thermal strain rather than to the two-dimensionality of the geo-

metry as originally believed. To compensate for peak thermal strain in

a relatively simple manner, the linear through-the-wall temperature pro-

file of Bree and O'Donnell-Porowski is modified to a special bilinear

form. The new bilinear temperature profile requires the specification

of two parameters: an intersection point and a temperature range. In

the present work the intersection point is set in the most conservative

manner by choosing the value that numerically maximizes the elastic core

stress. The temperature range is set by specifying the maximum first

monent of the transient profiles.
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The analyses of Bree and O'Donnell and Porowski are revised for the

new temperature profile. In some cases, the Bree simplified methodology

breaks down for the new temperature profile, so a revised numerical rat-

chetting analysis method is also developed and used to restore the con-

servatism of the Bree-type solution.

A design chart giving contours of elastic core stress is presented

based on the first moment parameter Q/cr . The chart is conservative

when applied to the cases of Ref. (5) in which the 01 Donnell-Porowski

method was nonconservative.

Based on the present work, it is concluded that the nonconservatism

found in Ref. (5) in applying the O'Donnell-Porowski elastic core stress

simplified ratchetting method to 2-D axisymmetric structures does not

apply to linear temperature profiles such as arise in a thin-walled nuc-

lear fuel can subjected to slow changes in power. The O'Donnell-

Porowski method should continue to be used for such known linear tempej—

ature or stress profiles. For nonlinear temperature profiles such as

are .caused by thermal transient loadings, however, the nonconservatism

applies not only to 2-D axisymmetric structures but also to long pipes

that are essentially 1-D.

Ratchetting produced by repeated thermal transient loadings may be

conservatively analyzed by obtaining the elastic core stress from Fig. 4

and by using the core stress in the isochronous stress-strain charts as

is currently recommended in Code Case N-47 using the O'Donnell-Porowski

method. When Fig. 4 is used in place of the corresponding O'Donnell-

Porowski chart, the simplified method is conservative for all of the 2-U

axisymmetric structures analyzed in Ref. (5). The present simplified
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method is also conservative for the fully 3-D nozzle-to-cylinder struc-

ture of Ref. (7) in the sense that it forbids design of that structure

because it places the stress point in the plastic ratchetting regime.
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Table 1. Comparison of the elastic core stress obtained
by the O'Donnell-Porowski method with that obtained

by inelastic finite-element analysis in Ref. 5

Case

Location

Secondary stress range

Primary stress

Average yield stress

Elastic core stress

(O'Donnell-Porowski)

Elastic core stress

(inelastic analysis)

2AI

Line 8, inside surface (see Fig. 1)

QR = 333.29 (48,340 psi)

PL = 7.29 MPa (1,057 psi)

a = 108.6 MPa (15,744 psi)

a = 22.37 MPa (3,245 psi)

a = 30.92 to 39.14 MPa (4,485 to
c

5,681 (psi)



Table 2. Comparison of the elastic core stress obtained
from Fig. 3 with that obtained from the O'Donnell-

Porowski method and from detailed inelastic
finite-element analyses

Case

Location

QR

PL
a

a
c

a
c

/a

/a

/a

y

y

V
(Fi

(0

(Fig-

g. 3)

Donnel

3)

1-Porowski)

a (inelastic analyses)

2AI

Line 8, inside surface

3.07

0.0671

0.582

63.2 MPa (9163 psi)

22.37 MPa (3245 psi)

30.9? to 39.14 MPa (4485 to 5681 psi)



FIGURE CAPTIONS

Fig. 1> Sketch of a few two-segment piecewise linear "emperature
profiles of form used in present work. These profiles have two adjust-
able parameters: temperature range and intersection point. Linear pro-
file of Bree and O'Donnell-Porowski is member of this family for which
intersection point is at outer radius.

Fig. 2. Stress regime diagram for bilinear temperature profile with
intersection point - = 0.7. The equations give boundaries of stress
regimes for any t.

Fig. 3. Contours of constant dimensionless elastic core stress
for T = 0.7 plotted on stress diagram. Labels on contours give value
of lo la I.

c y1

Fig. 4. Design chart of elastic core stress contours obtained from
equation a (P,Q)| = f(Q) \o (P»Q)| and correlated

c c
conservative closed form

in terms of dimensionless secondary or Q stress and primary stress.

Fig. 5. Elastic core stress plot comparing present work with Bree-
O'Donnell-Porowski method for special case of Q/a = 2.
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