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We rtport llncar-auffin-tin-orbital calculations of the band structure and pretsure-
V O I U M isotherms for fee La, both at itro and finite temperatures. The calculated 
bulk modulus shows • rapid stiffening in the range from 40-501 compression, due to 
termination of the (t to 5d electronic transition. * « n combined with a simple 
Slater model analysis, these results yield a temperature dependent peak in the 
lattict Gruntittn parameter. Experimental confirmation of this peak is found in an 
anomalous stiffening Men in the shock compression data for La, and it may also have 
some bearing on tht observed saturation of the superconducting transition tempera
ture in La tround 200 kbtr. 

1. WTBOOIKTICH 

The concept of s-d transition Has first intro
duced by Fermi,1 and applied by Stern-
heimer? in trying to explain the 42 kbar 
isostructurel transition in Cs.* In essence 
one considers the unoccupied 5d orbitals in Cs 
to be more compact spatially in comparison to 
the 6s orbitals, half of vhlch are occupied at 
ambient conditions, on compression, the 6s 
orbitals overlap more strongly than do the Sd, 
causing their energies to rise faster. It 
becomes energetically favorable, then, for 
electrons to transfer from 6s 'd states 
under compression. Modern bai. 'tructure 
calculations**5 *ndicate that tius process 
is not in abrupt collapse in size of the Cs 
atoms, as might directly explain tht isostruc-
tural transition. It is rattier of a contin
uous nature extending over a vide range in 
volume. This leads to • overall toitaning of 
the equation of state, i.t. pressure an* bulk 
modulus increasing Itss rapidly wit vres-
sica, then would have been the c:<e i the 
absence of s-d transition. however, Sruhtiitn 
model calculations5 based on the band struc
ture results do predict the isostruetural 
trsnsition in Cs to arise indirectly from the 
s-d transition. Tht softening mechanism of 
the s-d transition has an enhanced effect on 
the lattict vibrational frequencies, and it is 
their contribution to the finite temperature 
equation of state which appears to induce the 
isostructural transition. 

The purpose of this work is to report calcula
tions which show that the effects of this same 
s-d transition are also appartnt in La. A more 
detailed description of this work hat recently 
appeared elsewhere.' In La, which hat two 
more valtnct electron! than Ct, there it no 
isosuuctural transition. The softening effect 
is wetktr in La because onl . third of the 

valance charge participates in the s-d transi
tion, while essentially all of it is involved 
for Ct. The interesting effect for La occurs 
at th« end of the s-d transition, when all of 
the (t electrons havt been transferred to 5d 
states. At this point, the loss of the soften
ing mechanism leads to an effective stiffening 
in the equation of tutt, which is particular
ly evident in shock compression data. 7* 9 

Figure 1 shows a plot of shock velocity, u,, 
vtrtus particle velocity, up for La, which 
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Figure 1: Experimental shock compression 
data foe Li. Tht data it from Heft. I and 
». Tht lints are drawn to eapbatiit the 
apparent slope change near up « 1 km/t. 
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are the two meaturcd variables in shock com
pression. The apparent change of slope at Up 
• 1.07 km/s (P • 210 kbar) in Fig. 1 repre
sents a rsther dramatic stiffening in the La 
equation of state which we propose is due 
primarily to the termination of the s-d tran
sition in this material. While this suggestion 
is not n e w , 1 0 the present work offers the 
first evidence from ab initio calculations 
that this, and not one of the several other 
possible reasons, is the primary explanation 
of the data. 

Two other explanations have been proposed for 
the apparent change of slope teen in rig. 1, 
overlap of the Xe cores,B and melting.9 
Both explanations are in fact closely related 
to s-d transition. Cust and Jo y c e 8 were 
able to correlate the volumes at which the 
apparent slope changes occur, not only for La, 
but also for other rare earths and group I I M 
elements having similar shock wave anomalies, 
with overlap of the appropriate rare gas 
cores. This suggests the stiffening is due to 
core repulsion. However, band structure cal
culations snow that significant s-d transition 
is Itself correlated with overlap of the rare 
gas cores. This follows from orthogonality of 
the wavefunctions. S w d p valence bands 
generally begin to rise with compression, 
causing s-d transition if there arc nearby d 
bands, at about the same volume where s and p 
core states begin to overlap. The present 
calculations show effects of both core repul
sion and s-d transition, but indicate that the 
former is much too gradual to account for the 
data in Fig. 1. The melting hypothesis' 
presumes that the solid melts to a denser and 
stiffer liquid phase. This can only occur if 
the melting temperature is decreasing with 
increasing pressure, which is a well known 
characteristic of electronic transition. In 
the case of Cs, for example, such behavior 
occurs and is believed to result from the 
different rates at which the s-d transition 
takes place in the solid and l i q u i d . 9 ' 1 1 As 
we are able to explain the essential behavior 
seen in Fig. 1 without including liquid 
corrections, and also get a normal melting 
curve for La, the melting hypothesis does not 
appear to be the correct explanation either. 

2. resciis 
Self-consistent linear-muffin-tin-orbital 
(LHTO) calculations12 were used to obtain 
the sero and finite temperature pretsure-
voliate isotherms for fee La. A region of 
unusual stiffening it most apparent in a plot 
of the pressure derivative, or bulk modulus, 
shorn in Fig. 2 for the » r s temperature 
case. The calculated bulk modulus (solid 
curve) is seen to increase rather rapidly in 
the region v/Vg • 0.57 - 0.5, where Vg is 
the equilibrium volume of fee La. This quan
tity is shown resolved in the figure {dashed 

curves) into valence and Xe core contribu
tions, and alto a small muffin-tin correction 
contribution. Hhile the core overlap certain
ly contributes to the stiffening, it is the 
more dramatic variation seen in the valence 
contribution which is primarily responsible 
for the structure seen in the total bulk 
modulus. The maximum pressure is about 2 Hbar 
for the volume range shown in Fig. 2, and the 
experimental bulk modulus results of syesten 
and Holiapfel13 (dotted curve) are included 
for comparison. 
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Figure 2: Bulk modulus ve relative volume 
for IX) La. The calculated results (solid 
curve) are resolved into valence, core, 
and muffin-tin correction contributions 
(dashed curves). The room temperature 
measurements (dotted curve) of Kef. 13 are 
shown for comparison. 

The behavior of the valence contribution to 
the bulk modulus may be understood from a plot 
of the unhybridiicd band toges Shown in Fig. 
i . At 6t levels rise above the Fermi energy, 
E/Cp • 1, electrons must be transferred 
from 6s to 54 states. This it just the s-d 
transition. 1 4 Examination of the band 
structure shows that the maximum density of St 
states occurs at an energy which passes above 
the Fermi level at V/Vg • 0.57. At this 
volume the s-d transition hat achieved its 
greatest rate, and with further compression 
begins to diminish at there are successively 
fewer it statu to depopulate. The transition 
enSt at v/Vg • 0.5 when the bottom of the (t 



3 

band rins straw the Fermi level. The effect 
of this process on the pressure may be crudely 
understood if one views the negative slope of 
each energy level in the figure as an effect
ive pressure per electron. This viewpoint lay 
be substantiated more tonally in terns of the 
concepts of canonical band theory. 8' 1 5 

Since the It and Sd levels in Fig. 3 have 
considerably nailer slopes than do 61 levels, 
it can be seen that conversion of a 6s elec
tron to either a 5d or 4f state v U l reduce 
the pressure and the bulk modulus. According 
to the contents above about the rate of »-d 
transition, one can expect the greatest soft
ening effect at V/VQ • 0.57, and tor this 
process to be exhausted by 7/Vg • 0.5. this 
is of course precisely the structure seen in 
the valence bulk modulus in Fig. 2. 
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Figure 3: Dnhybridised band edges vs 
relative voluac for > o La. The energies 
are divided by the Fermi energy, Ej, 
at each volume. 

The lattice vibrational frequencies should 
undergo a region of rapid stiffening quite 
similar to that seen in Fig. 2. Within the 
Debye approximation one can calculate the 
lattice Gruneisen parameter, Y > 
- O l i w ^ l n ? ) ; , by relating the 
Debye frequency, uin, to the sound speed, 
and it in turn to the bulk modulus. This 
gives the Slater expression16 for y . 

Tf(V,T) - - I - j [3JflB{V,T)/3lnV]T , (1) 

it can be argued that B should be the isother
mal, static-lattice bulk modulus insofar as 
the short wavelength phonans, which dominate 
the equation of state, are concerned.'7 

Results of Eq. (1) based on both the zero and 
finite temperature urro calculations are shown 
in Fig. 4 (solid curves). The calculations 
were performed in increment; of 0.68 eV up to 
a maximum temperature of 3.4 eV. The dramatic 
peak in the zero temperature Y arises from 
the region of rapid stiffening in the bulk 
modulus seen in Fig. 2. It implies that the 
phonon frequencies themselves will undergo a 
similar region of rapid increase as the s-d 
transition ends. Note that the size of the 
peak in T *« considerably reduced with 
increasing temperature. This is to be expec
ted from an electronic transition anomaly. At 
finite temperature one may consider the Fermi 
level to have a width of, say, k BT. This 
causea the s-d transition to be smeared out 
over a much broader volume range than is the 
case at T • 0, which diminishes the rate at 
which the stiffening effect occurs, and thus 
the size of the peak in Y< 

Figure 4: Lattice Gruneisen parameter, 
1, n relative volume. The temperature 
dependent, Slater model Y i> ahown at 
six treperatures ranging from 0 to 3.4 eV, 
in increments of 0.68 eV [solid curves). 
The temperature independent, linear 1 
(dashed curve) is used for a test 
calculation. 

In order to calculate the shock compression or 
nugoniot curve, a complete equation of atate is 
needed, i.e. the lattice vibrational contribu
tion to tae pressure and energy must be added 
to the UttO results. Within the Gruneisen 
model, one has 

where B should be the bulk modulus for a 
static lattice of atoms, i.e., without any 
lattice vibrational contribution, thia is 
what the band structure calculation* yield, 
and is the quantity plotted in Fig. 2 for the 
zero temperature case. At finite temperature 
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P(V.T) - PonotV.T) + IkgTfiV.V/V (2) 

EIV,T) • I ^ I V , ! ) + 3kBTU + 5(V,T)), (3) 

where 6(V,T) - - (31nB/3tnT)v/2, consistent 
with the model In Eq. (1). in shock compres
sion, i shock wave of velocity u, imparts a 
net velocity, the particle velocity <jp, to 
the material through which i t passes. Conser
vation of M i l , aowntin and energy yield the 
Rankine-Huroniot relations 

*(V.T) - *„ • P 0 u s l l p 

V - V 0 ( l - u p / a s ) 

E(V,T) •E Q - J [P(V,T) +J ,

0 1(V | ) - V ) 

Here Vg, pj and En as well as the dens
ity pn are the initial conditions of the 
sample prior to passage of the shock wave 
Given Eqs. (2) and (3), one solves Eq. (() at 
each voluse for the temperature along the 
Hugoniot in order to obtain the final state 
properties, V, PtV.iy and E(V,Th). Eqs. 
(4) and (5) then given Up and u s. 
The shook compression data for La offers 
direct evidence for the existence of a peak in 
the lattice Griineisen parameter. This u y be 
seen by comparison of the calculated Hugoniot 
(solid curve. Fig. 5) based on the present 
results for t, with the data. The solid 
curve in Fig. 5 bends upward for o p > l 
ks/s in response to the rise in if for v/Vn 
< 0.6. Subsequently the solid curve begins 
to bend back downward at higher particle 
velocities in response to the decrease in Y 
on the snail volus* side of the peak. To see 
the magnitude of this effect, the calculation 
was repeated for the temperature independent, 
linear Y shown in Fig. 4 (dashed curve). 
Such linear behavior for Y is characteristic 
of most normal Materials. The corresponding 
Hugoniot is the dotted curve in Fig. 5 and is 
shown for comparison. A 13» decrease in the 
sire of the peak in Y would bring exact 
agreement of the solid curve with the data in 
the range near Up • 3 km/s, whereas a factor 
of two reduction ia needed to reach the dotted 
curve. Thus in spite of the crude Slater 
model estisate of Y used in this work, the 
shock data can be seen to clearly indicate a 
substantial peak in the lattice GrOneisen 
parameter for La. 

The two intersecting daabed lines in Fig. 5 
show the fit to the Bugoniot data proposed in 
Kef. i, and on the basis of which it his been 
speculated that U undergoes a phase transi
tion at the point where the lines cross. As 
can be seen, this fit fails to account for the 
very high pressure points at tip > 3.5 key's. 
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Figure 5: Comparison of theory and exper
iment for the shock compression curve of 
la. Theoretical calculations using the 
temperature dependent, slater Y (solid 
curve) and the tesperature independent 
linear Y (dotted curve) are cospared to 
the data of Refs. 7-9. The two-line fit 
(dashed lines) of Kef. 9 is shown for com
parison. 

There is also no compelling evidence in the 
data for an abrupt change of slope at Up * 
1.07 km/s, as the present saooth curve (solid 
curve) fits the data equally well in the 
vicinity of 1 ks/s. The slightly small u p * 
0 intercept of the solid curve follows from 
the calculated :ero pressure bulk modulus 
being too ssall by 121. As band theory gener
ally only gives the normal density bulk modu
lus to within about 201 of experiment, such an 
offset is not unexpected. Using the Lindemann 
la* 1' in conjunction with the results for 
Y in Fig. 4, we do estimate melting to occur 
in the vicinity of Up » 1 km/s. Thus there 
may well be a change of slope due to melting. 
However, it is to be emphasized that the 
present calculations reproduce the essential 
anomalous features seen in the La shock data 
without including liquid corrections. This is 
consistent with the fsct that it has not yet 
proved possible to detect melting in any metal 
Solely from u a-Up Bugoniot data. 
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3, CONCLUSIONS AND FUTURE RESEARCH 

The present work suggests thit termination of 
the s-d electronic transition in La leidi to a 
stiffening in the lattice vibrations for this 
material, which is indicated by a substantial 
peak in the calculated lattice Grflneisen para-
aeter. It has been shown that an anomalous 
stiffening seen in the shock compression data 
for la can be explained by the existence of 
this peak. Since the initial rise in the low 
temperature y in Fig. 4 occurs at about 200 
kbar, the peak nay also explain the saturation 
of the superconducting transition temperature 
vhich is observed in this pressure region. 1 9 

S-d transition is a fairly cosaan phenomenon 
in metals. Host of the rare earths as well as 
other group IIIA elements (Sc. ¥] exhibit 
essentially the same shock anomaly as dis
cussed here fot La. 7' 9 As mentioned earlier, 
the 42.5 kbar isnttructurai transition in Cs 
can be attributed to the effects of s-d tran
sition.5 Neighboring Be also exhibits an 
isostruetural transition at 95 kbar,20 a n d 
Lighter alkalis and alkaline earths may well 
have sucb transitions at much higher pres
sures, all likely consequences of s-d transi
tion. Clearly a thorough understanding of s-d 
transition and its consequences is important 
to an understanding of the high pressure 
behavior of many metals. 

Because of the profound changes in electronic 
structure which accompany s-d transition, 
strictly electronic measurements such as 
de Baas-van Alphen are ideally suited to 
investigate this phenomenon. Ofle can locate 
the various Lifshitx singularities vhich 
accompany the rise of the 6s band up through 
the 5d band. The final singularity, at the 
end of the s-d transition, occurs when the 
?i state rises above the Fermi level, 
which should occur in La at about 5(0 kbar 
(VA'o ' 0.5) and in Cs at about 120 kbar 
<V/v0 - 0.25). 

Implicit in the present work is the fact that 
the lattice vibrational properties also offer 
a unique probe of systematic changes In the 
electronic structure. While the electronic 
structure determines the forces between atoms, 
the lattice vibrational properties probe 
(length) derivatives of these forces, and are 
therefore in some cases very sensitive indica
tors of changes in the electronic structure. 
Thus in both the present calculation for La 
and in previous work on Cs, 5 both bated on 
Eg. (2), it hat been the lattice vibrational 
contribution to the pressure, and specifically 
the GruneUen parameter, which hat lead to the 
important observable consequences in the equa
tion of state. In the case of Ct, the struc
ture in Y it sufficiently dramatic as to 
lead to an isostructural transition at room 
temperature, tor the weaker s-d transition in 

La it requires the very high temperatures 
induced by shock compression to sufficiently 
accentuate the fT term relative to the 
larger and more smoothly behaving electronic 
contribution to the pressure, in order to lead 
to significant effects in the equation of 
state. 

Theoretical calculation of the lattice vibra-
• tional frequencies for non-simple metals, 
directly from firnt principles electron band 
theory, is an extremely difficult problem, but 
well worth pursuing. The elastic constants, 
phonon frequencies ant! their mode-Grllneisen 
parameters should all be rich in structure (as 
functions of volume) for materials undergoing 
electronic transition. Furthermore, calcula
tion of the pbonon frequencies is a necessary 
preliminary to calculations of resistivity and 
superconducting transition temperature, easily 
measured quantities which are well known for 
their extreme sensitivity to compression. 
Some theoretical progress has been achieved in 
this area: The tight binding approach devel
oped by Varma, et a l . 2 1 and the "frozen 
phonon* approach employed by Kin and Cohen 2 2 

for Si, have both yielded frequencies in good 
agreement with experiment. Such calculations 
carried out for La and Ca under compression 
would be extremely valuable. Until this can 
be managed, however, there is still room for 
simple model calculations, such as the Slater 
model used in the present work to estimate the 
Gruneisen parameter. Another example would be 
the analysis of temperature and volume depen
dence of resistivity data, using some form of 
Bloch-Gruneisen theory,^ in order to get an 
estimate of the volume dependence of an effec
tive Debye frequency. Such analyses have been 
carried out for C s , " and would be extremely 
useful for La in the region above 200 kbar in 
testing some of the predictions made in this 
work. 
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