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ABSTRACT 

The thermal equilibrium electric field fluctuation energy of the gyrokinetic model 
of magnetized plasma is computed, and found to be smaller than the well-known 
result (6ESE){k)/Sn = ^T/{1 + {kXD)2) valid for arbitrarily magnetized plasmas. 
It is shown that, in a certain sense, the equilibrium electric field energy is minimum 
in the gyrokinctic regime. 
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I. I N T R O D U C T I O N : G Y R O K I N E T I C F L U C T U A T I O N E N E R G Y 

Although the particie simulation technique 1 has been used for many years to study 
a wide variety of plasma phenomena, 2 versions based on the full Lorentz equations of 
motion have met with only modest success when applied to problems of low frequency 
fluctuations in magnetized plasma—e.g., to drift waves in tok-tnaks. The difficulty Lies 
with the fact that such codes resolve time scales which are much shorter than those of 
interest, and thus are unduly noisy and require substantial computation time. Recently, 
however, the picture has changed: the systematic derivation of a nonlinear gyrokinetic 
equation 3 in characteristic form 4 , 5 has led to the advent of the gyrokinetic particle sim
ulation technique. 6 Although many applications of this method remain to be made, the 
preliminary results 7 are very encouraging: noise is very low, and the time steps may be 
relatively large. For the first time, it appears feasible to perform realistic simulations of 
nonlinear low frequency phenomena in realistic geometry. 

The principal application of the gyrokinetic simulation technique is to nonequilibrium 
phenomena. However, a well-established method (necessary but not sufficient) for testing 
the accuracy of such codes involves verifying that the code predicts the proper equilibrium 
electric field fluctuation spectrum £* == (i5E5£)(fc)/8ir. (We shall use the notation "=" for 
^definition" and, later, " = B for "equivalence"; the notation (AB)(k) means the Fourier 
transform with respect to p of the translationally invariant two-point correlation (A(x + 
p)B(x)}.) In unmagnetized or arbitrarily magnetized (in the sense of resolving the helical 
motion with an infinite number of harmciics) equilibrium plasmas, £k is well-known: it is 
predicted by the fluctuation-dissipation theorem (cf. Ref. 8) to be 

£k =

 l+\kxDr ( 1 ) 

a result independent of the magnetic field B. (Here T is the temperature of a Gibbs 
ensemble, and AD = fc^1, where kg == A D e + A2^ and fcDn = 4ir(ne2),/T.) This result 
also holds for the guiding center plasma model. 9 However, it is interesting, and the source 
of a possible paradox, that (1) does not hold for the gyrokinetic pi ^sma, where we find 
that the field energy is much smaller. The purpose of this paper is to discuss this issue. 
Indeed, we can show that, in a reasonable way, one can define a function <£k{B, n) which, 
as a function of B and the density rt, is smoothly connected to (1) and which exhibits a 
minimum in the gyrokinetic regime. This result is a persuasive argument in favor of the 
gyrokinetic method, as it implies that gyrokinetic simulations will be much quieter than 
simulations based on the full ?qiiations of motion. 

For definiteness, simplicity, and relevance to the extant gyrokinetic codes, we shall con
sider as the "exact" physical system to be studied a plasma with arbitrarily magnetized 
ions but with drift-kinetic electrons. (The extensions to the case of general electron mag
netization are straightforward.) In thermal equilibrium, the linear dielectric function for 
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this svstem may be written in the form 

• ( * ) W ) 1 M T O ) - ,2> 

Here v„ = (T/ma)1^2, Z{z) is the conventional plasma dispersion function, 1 0 and Vn = 
/ n(6)exp(—6), with 6 = (&j_/>t)2> Pi = " i / w ei i and wej = eB/m,-e. (An alternative repre
sentation for the dielectric is discussed in App. A.) 

The formula (2) is derived from the magnetized Vlasov equation. In general, however, 
we are ?ot concerned exclusively with that complete expression, but rather with approx
imations to (2) appropriate to the physics regime we happen to be studying. The size of 
f t then depends on the model; heuristically, we may predict its dependence on B in the 
following way. Consider three models, which (loosely) correspond to various regimes of 
magnetic field or ion gyroradiua: (a) the arbitrarily magnetized model, in which the helical 
motion of the ions is important and all Bessel harmonics must be retained in (2); (b) the 
gyrokinetic model, in which the fundamental entity is the gyrocenter and only the n = 0 
harmonic is retained in (2)—that is, 

Dg(k,,) = l + ( k 4 ) \ r ( ^ ) \ ^ ( ^ ^ - ) z ( ^ - ^ ) , (3) 
V W ^ . \ * J \V2\hA\v3) \V2\k^uJ 

where r ' c ^ = 1 and 1^*' = To," and (c) the guiding center model, the limit of model 
(b) in which o,- —• 9. In the arbitrarily magnetized model, which embraces the limit 
of unmagnetized ions (cf. App. A), high frequency, non-neutral fluctuations are present. 
and these lead to substantial noise—of the amount, in fact, described by Eq. (1). In the 
gyrofcinetic model, valid for |w| <£. uici, the fast-moving ions have disappeared in favor of 
the slowly-moving gyrocentera (whnse interaction with the electric field is described by To)-
These undergo polarization drift, and, thus, tend to shield any fluctuations which might 
arise; the noise should therefore be smaller. In the guiding center regime, polarization 
drift is prohibited; both species move perpendicularly together at the E x B velocity. In 
the parallel direction, however, their speeds differ. Non-neutral fluctuations again arise. 
and lead to noisrf enhanced over the gyrofcinetic value. In this sense of transitions between 
various models, we may thus expect a minimum of ffc(xa) in the gyrokinetic regime. 

Quantitatively, these results are a consequence of the fluctuation-dissipation theorem. 
which for plasma in the electrostatic approximation is 
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Equation (4) may be conveniently integrated over frequency8 by writing 

fc*/-£^ * / £ , » ( ! -A (5a) 
T f d u f l \ 

2 \i 
1 l , (Si) ,Z?(k,oo) £>(k,0) 

where the last result was obtained by applying Cauchy's Theorem to the contour in Fig. 1. 
The result (1) follows from (5b) when one uses (2) to conclude that /?(k, 0) = 1 + {k>.o)~2 

and that D(k,oo) = 1 (the "vacuum" result). 

Clearly (1) holds, independently of B, as long as all Bessel harmonics are retained in 
the dielectric—that, is, as long as we choose to describe the plasma completely, in terms 
of particles which obey the conventional Lorentz force law. (The time to approach equi
librium, which does depend on B, is not addressed by this calculation.) In the gyrokinetic 
model, however, exact particle dynamics are replaced at the outset by gyrocenter dynam
ics, the dielectric response for which is described by (3). (This is exactly true analytically, 
and true to an adequate degree of approximation in the explicit numerical gyrokinetic com
putational scheme. 6) In this model, the general result (5b) still holds. However (dropping 
now the k dependence of D for conciseness), the "vacuum" result Dg{oo) for the gyrokinetic 
plasma, is r.ot -unity, but is rather 

te)2 (v*x<i 
Of course, the last result, often somewhat imprecisely callec "the" dielectric for magnetized 
plasma, is well-known. 1 1 However, its interpretation as a "vacuum" (w — oo) dielectric 
has not always been clearly stated, especially with regard to in role in the fluctuation-
dissipation theorem. The point is that 'Vacuum" implies a consideration of the shortest 
time scales correctly resolved by the model In the unmagnetized or arbitrarily magnetized 
case, those scales are arbitrarily short—shorter, in particular, than the time for a spiraling 
ion (and, therefore, a collection of such ions) to respond to a perturbation at wave number 
k. Thus, for that case collective effects are not important as ui -»"(»*, and there D(x) = I. 
ID the gyrokinetic case, however, the highest frequencies correctly resolved still satisfy 
v <£ ujci, so that collective effects (involving the ion polarization drift) can operate even 
at JJ ="oo". 

The result of all this is that for the gyrokinetic model 

f = W _ i I-To \ ... 
Cfc 2 W + ( * W (**«)* + i - r j ' 
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which can be readily seen to be monotonic in To (or p^, with a maximum of amount (1) 
in the guiding center limit pi —* 0 (To —• 1) and a minimum value of 

f _ i r / ' __J 1 

in the limit of fcxPV —• oo (Fo —» 0). It can also be viewed as the weak field limit p, —• cc 
of the gyrokinetic model. 

It is perhaps disquieting that the latter limit p,- —• oo, apparently the unmagnetized 
limit, does not agree with result (1). There is really no intrinsic reason why it should; the 
gyrokinetic model is just that—a model—and need not be continuously connected to the 
unmagnetized limit. However, such continuity is conceptually useful to maintain. In the 
next section, we suggest a procedure or viewpoint whereby such a continuous connection 
can, in fact, be achieved. 

I I . W H A T IS T H E GYH.OKINETIC R E G I M E ? 

In the previous section, we observed that the gyrokinetic plasma is described by a 
dielectric function which differs from that of the full plasma, and that equilibrium fluctua
tion theory can be applied straightforwardly to the gyrokinetic model. Now although that 
model can be studied in its own right, without reference to the properties of arbitrarily 
magnetized plasma, it is also of interest to discuss the relationship of the model to the 
full plasma dynamics. In this section, we shall define the gyrokinetic regime by describing 
a certain partition of the parameter space of density and magnetic field. We shall also 
jive a procedure, based on frequency filtering, which enables one to view the equilibrium 
fluctuation properties of the gyrokinetie and other model? as continuously connected to 
those of the arbitrarily magnetized or unmagnetized plasma. This procedure is primarily 
intended to be heuristic We briefly discuss its relation to the more formal Hamiltonian 
method 5 in the next section. 

As we have remarked, if cue begins with the full dielectric function (2) and computes 
£k by integrating over all frequencies as in (5a), one will always recover the result (1). 
independent of magnetic field strength. Let us, however, consider instead the frequency-
filtered function 

/
n J 

«-&.<" (9) 
where fl is a fixed cutoff and where £* > u is computed using the full dielectric (2) (Practi
cally, ii. would be desirable to use a low-pass filter smoother them the box filter implied by 
(9). However, the following heuristic arguments are independent of such details.) As ^ p , 
and jjci are continuously varied, £fc(H) will continuously vary, with a value which may be 
thought of as arising from an approximate dielectric or model appropriate to the frequency 
range \w\ < fJ and the chosen values of oipl- and u;e;. If, for example, fl <£ >J 0 1 . then one is 

(8) 

- 5 -



entitled to replace D(JJ) in (5a) by the approximate expression appropriate to >UJ\ <?: *JC,. 
Having done this on the real axis, one may, if he chooses, analytically continue the approx
imate dielectric into the complex plane in order to expedite evaluation of (5a). (Contour 
integration is not required, of course. If the bulk of the power Lies in weakly damped 
normal modes, one may wish to perform the integration in (9) directly by integrating over 
the resonances.) The resulting function of w defines the dielectric model appropriate to 
the chosen parameter regime. For the cited example, one obtains to lowest order in Q/uci 
the gyrokinetic dielectric (3). 

In Fig. 2, we consider the parameter space of (ojpi,u>ei) at fixed fcy, A:x, and Q. The 
fundamental lines uip, = Q, wei- = fl, and uei — uipi divide the space into six regimes. 
When the line k±p{ = 1, which separates the unmagnetized from the magnetized regimes, 
is added, three more subdivisions appear. (One is not shown in Fig. 2.) The regimes 
fcj.Pi S=" 1 (e-g-i I and II) define the unmagnetized regime, where the ion susceptibility 
(2) is essentially equivalent to the unmagnetized dielectric. (For a brief review of that 
limiting procedure, see App. A.) The normal modes in this regime are modified Langmuir 
oscillations: 

W £ « u £ + (Vfc) 2sL- (io) 
(See App. B for a brief discussion of the equilibrium normal modes of the present system.) 
In Fig. 2, the approximate orderings of such normal modes axe identified by vertical arrows 
pointing to their approximate position in the inequalities which define the regimes. When 
those modes are of frequency higher than Q, they are enclosed in parentheses and indicated 
with dashed arrows in order to remind the reader that those resonances would not be 
counted during the integration of (9) on the real axis. In regimes III—VUI, the normal 
modes are the lower hybrid oscillations, the dispersion relation of which is 

and a lower frequency mode 

w 2 * ! T f b : {k*<<k)> (12) 

or 

WLd » ± f -T- ] Wp« {<*>pi « Wei), 

where w^ is an electrostatic version of the shear Alfven wave and JJ^^ is the modified 
Langmuir wave in the drift-kinetic limit. It is important to note that UJA is intrinsically 
quasineutral due to the shielding effects of the ion polarization drift whereas WL, ->W, and 
.Jii are non-neutral oscillations. The gyrokinetic regime is V, which can be reached, for 
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example, by tracing a path from the origin through regimes I, II, and IV, or equivalently 
through III and IV. In the gyrokinetic regime, ujlh is large compared to n , so only the 
.̂-.4 modes contribute to the frequency-filtered £fc(Q), In nonequilibrium situations, the 

drift wave would exist in this regime and dominate the noise spectrum; however, that 
wave is absent in the homogeneous equilibrium limit. Thus, it should now be clear why 
equilibrium noise is substantially lower in the gyrokinetic regime than in the unmagnetized 
limit. Notice that the noise remains low if the path goes to oo in regime V; however, if 
the path goes to regimes VI and VII, the presence of wtd will raise the noise back to its 
unmagnetized value. 

UI. D I S C U S S I O N A N D CONCLUSIONS 

The heuristic frequency filtering scheme introduced in Sec. II provides a successful 
generalization of the well-known result (1). However, there is a substantial amount of 
arbitrariness in (9). Filters other than (9) can obviously be devised which would be
have differently. However, at least in the low frequency regi»ne V-VII, there is a much 
more profound procedure for effecting such frequency filtering which, in fact, provided the 
motivation for the choice (9)—namely, the Hamiltonian-Lie method of symplectic transfor
mations. In this approach, which we have explored hi a previous article, 3 high frequency 
dynamics are not arbitrarily neglected or filtered away; rather, they are merely segre
gated into the generating function of a symplectic transformation. A Hamiltonian and a 
(gyro-)kinetic equation for gyrocenters can be defined by systematically transforming away 
gyro-angle dependence order by order. This averaging transformation, which physically 
removes the high frequency motions from the gyrokinetic Hamiltonian and kinetic equa
tion, is the formal procedure which effects the frequency filtering introduced heuristically 
in the last section. The consistency of the two approaches is demonstrated when one notes 
that the linear response theory of that system leads precisely to (3). Furthermore, the 
Hamiltonian nature of this problem leads one naturally to a numerical scheme to simulate 
the gyrocenter dynamics; of necessity, the equilibrium fluctuation properties of that simu
lation plasma must agree with (7). [A similar procedure applicable to the high frequency 
regime (II and IV) has yet to be developed.] 

Thus, we may summarize our results as follows. We have computed the equilibrium 
electric field energy for gyrokinetic plasma by a careful application of the fluctuation-
dissipation theorem. The low level of equilibrium noise in that system lends credence to 
the validity of the gyrokinetic simulation approach. Finally, we have suggested a simple 
scheme by which we can understand the relation of the gyrokinetic model to the arbitrarily 
magnetized plasma. 

A C K N O W L E D G M E N T S 

This work .vas supported in part by U.S. D.o.E. Contract No. DE-AC02-76-CHO-
3073, and in part by the National Science Foundation under Grant No. PHY82-17853. 

- 7 -



supplemented by funds from the National Aeronautics and Space Administration. 

A P P E N D I X A: T H E U N M A G N E T I Z E D LIMIT 

Here, we remind the reader of the steps necessary to establish the connection between 
the arbitrari.iy magnetized susceptibility (2) and the unmagnetized susceptibility. There 
are at least two techniques of interest. 

In the first method,* >nost closely related to the representation (2), we need to show 
that 

°° f 
*.. . ["}°'K. MD — fc||Mn — nui, 

dvJ^l- (A2) 
u-k-v 

as kxp —• oo. We may use the asymptotic form 

r„(*) ~ ( a r f t 3 ) - ' ^ e x p ( - n 2 / 2 6 2 ) , (.43) 

and have, upon introducing the variable « = nft/kj_, 

; . / t W r - » H - ^ ) / * . . . ; ; h . ' L , . (*» 
If we choose kx to be in the x direction for definiteness, we may interpret u as v z , and 
k[[V\\ + k±u = A(iv|[ + kx- Vx = k - v . The result (A2) then follows upon multiplying (A4) 
by 1 = / «to||/M(w||). 

The above technique is not rigorous because the uniform validity of the as--' -vptotic form 
is questionable. A sounder procedure, which leads to the same result and v .ich is particu
larly well suited for representing limiting situations, is to derive an integral representation 1 2 

for the ion susceptibility: 

* { k , w ) « l + a_*£M 

f*dr exp L - &&[! - cosKr j i - £ * f l u , v ) . (.45) 

From (A5), the limits uic —• 0 or ui —>• 0 follow immediately. 
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APPENDIX B; EQUILIBRIUM NORMAL MODES 

The model considered in the main body of the paper is slightly unusual because the 
electrons and ions were not treated symmetrically: the electrons were drift-kinetic while the 
ion magnetization was arbitrary. Here we comment very briefly on the thermal equilibrium 
normal modes for that system. 

First, consider the limit of completely unmagnetized ions. In this case, the dielectric 
retains the form (2), but with the ion susceptibility replaced by 

feW " )z(-W ) . (fll) 
\ k J \y/2\k\viJ \y/2\k\vi/ 

In general, such a dielectric would support an ion sound mode in the frequency range 
kvj < u < &||U=. However, in thermal equilibrium such a fluctuation is heavily Landau 
damped and does not qualify as a normal mode. Langmuir oscillations persist, however. 
Upon expanding in the fluid limit w > fcuj, ui > k^ve, one is readily led to the form (10). 

For the magnetized case, we shall restrict our attention to the cold limit. It is convenient 
to begin with the well-known dispersion relation for arbitrary electron magnetization, 1 3 

which simplifies in the drift-kinetic limit w c e —• oo to 

•2. \ / ,.,2 

o = fcll1-3rb-)+*i|i-^|. (*»> 

where ui^ = u/^ + w?,. In the high frequency limit u > wet-, (B3) supports the normal 
mode (11), which is just the lower hybrid oscillation. The conventional dielectric factor 
ai^/ar^., which describes the electron polarization drift, vanishes in the drift-kinetic limit 
being considered here. 

In the low frequency limit UJ < u/C ), one finds from (B3) the normal mode (12). 
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F I G U R E C A P T I O N S 

Fig. I. The integration coniour used to deduce Eq. (5b}: j A = — j„ - /_ , 

Fig. 2. Parameter space for thermal equilibrium plasma, with drift-kinetic electrons and ar
bitrarily magnetized ions, as a function of magnetic field (w c i) and density (C<JP,). See 
Sec. II for detailed explanation. 
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