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ABSTRACT 

Ana ly t i ca l  s o l u t i o n s  have been developed f o r  t h e  problem of s o l u t e  

t r a n s p o r t  i n  a s teady ,  t h r e e  dimensional f i e l d  of groundwater flow with 

non-equi l ibr ium mass t r a n s f e r  of a r a d i o a c t i v e  s p e c i e s  between f l u i d  and 

s o l i d  phases  and wi th  a n i s o t r o p i c  hydrodynamic d i spe r s ion .  

t r a n s p o r t  i s  descr ibed  by a l i n e a r  r a t e  expression.  So lu t ions  a r e  presented  

In t e rphase  mass 

a l s o  f o r  t h e  case of e ,qui l ibr ium d i s t r i b u t i o n  of s o l u t e  between f l u i d  and 

s o l i d  phases .  Three types  of r e l e a s e  from a p o i n t  source were considered:  

i n s t an taneous  r e l e a s e  of a f i n i t e  mass of s o l u t e ,  cont inuous r e l e a s e  a t  an 

exponen t i a l ly  decaying r a t e ,  and r e l e a s e  f o r  a f i n i t e  pe r iod  of t i m e .  Graph- 

i c a l  d i s p l a y s  of computat ional  r e s u l t s  f o r  po in t - sou rce  s o l u t i o n s  show t h e  

expected v a r i a t i o n  of s o r p t i v e  r e t a r d a t i o n  e f f e c t s  p rogres s ing  from t h e  

case  of no s o r p t i o n ,  through s e v e r a l  ca ses  of non-eaui l ibr ium s o r p t i o n ,  t o  

t h e  case  of equ i l ih r ium so rp t ion .  The poin t -source  s o l u t i o n s  can be i n t e -  

g ra t ed  over  f i n i t e  r eg ions  of a space t o  provide  a n a l y t i c a l  s o l u t i o n s  f o r  

r eg ions  of s o l u t e  r e l e a s e  having f i n i t e  s p a t i a l  e x t e n t s  and va r ious  geo- 

metrical shapes,  t h u s  cons ide rab ly  extending t h e  u t i l i t y  of t h e  po in t - sou rce  

s o l u t i o n s .  
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I. I n t r o d u c t i o n  

The s tudy  of t r a n s p o r t  of chemical ly  r e a c t i v e  s o l u t e s  by f lowing 

groundwater systems has  many a p p l i c a t i o n s  t o  c u r r e n t  i n v e s t i g a t i o n s  i n  

t h e  f i e l d s  of hydrology and geochemistry.  Processes  of mass t r a n s p o r t  

and i n t e r p h a s e  mass t r a n s f e r  p l ay  important  r o l e s  i n  n a t u r a l  systems 

such  as ore d e p o s i t s  and geothermal r e s e r v o i r s .  Dis turbances  of n a t u r a l  

systems by human a c t i v i t i e s  a l s o  may r e q u i r e  eva lua t ion  and p r e d i c t i o n  

of r a t e s  and e x t e n t s  of mass t r a n s p o r t .  These d i s t u r b a n c e s  i n c l u d e ,  

f o r  examples, subsur face  d i s p o s a l  of r a d i o a c t i v e  o r  t o x i c  chemical 

was tes ,  a c i d i c  dra inage  from mines, and l each ing  of l a n d f i l l s ,  t a i l i n g s  

dams,  and spoil heaps.  

The work r e p o r t e d  h e r e  is  a p a r t  of a l a r g e r  s tudy  of non-equi l ibr ium 

p rocesses  i n  mass t r a n s p o r t  by f lowing groundwater. This work p r e s e n t s  

a n a l y t i c a l  s o l u t i o n s  f o r  convec t ive-d ispers ive  t r a n s p o r t  of  a r a d i o a c t i v e  

s o l u t e  which undergoes time-dependent s o r p t i o n  on s u r f a c e s  of t h e  ma t r ix  

suppor t ing  t h e  flow. The r a t e  of s o r p t i o n  is  rep resen ted  by a l i n e a r  

k i n e t i c  r a t e  law, corresponding t o  t h e  approximation of ve ry  low s o r b a t e  

a c t i v i t y  i n  t h e  f l u i d  phase. These s o l u t i o n s  were de r ived ,  a long  w i t h  

s o l u t i o n s  f o r  t h e  case of equ i l ib r ium s o r p t i o n ,  t o  serve as r e f e r e n c e s  

f o r  comparison wi th  numerical  r e s u l t s  f o r  transport problems us ing  non- 

l i n e a r  k i n e t i c  r a t e  laws of s o r p t i o n  and wi th  more complex t r e a t m e n t s  

i nc lud ing  e f f e c t s  of  thermodynamic coupl ing  of t r a n s p o r t  p rocesses ;  t h e s e  

i n v e s t i g a t i o n s  a r e  now i n  p rogres s .  

The s o l u t i o n s  p re sen ted  h e r e  are geomet r i ca l ly  symmetric about  an a x i s  

p a r a l l e l  t o  t h e  d i r e c t i o n  of f l u i d  f low,  and inc lude  d i f f e r e n t  values of 

t h e  c o e f f i c i e n t s  of hydrodynamic d i s p e r s i o n  i n  l o n g i t u d i n a l  and t r a n s v e r s e  



d i r e c t i o n s .  The m e d i u m  suppor t ing  f l u i d  f low is  assumed homogeneous and 

i n f i n i t e  i n  e x t e n t .  Three cond i t ions  governing release of s o l u t e  are con- 

sidered: (1) an ins t an taneous  r e l e a s e  of a f i n i t e  q u a n t i t y  of s o l u t e ;  ( 2 )  a 

cont inuous ,  time-dependent release; and (3) a time-dependent release which i s  

t e rmina ted  a t  a f i n i t e  t i m e .  

Our approach has  been t o  d e r i v e  a n a l y t i c a l  s o l u t i o n s  to  t h e  problem of 

r e l e a s e  of s o l u t e  a t  a h y p o t h e t i c a l ,  s i n g l e  p o i n t  i n  space. The a n a l y t i c a l  

s o l u t i o n s  t o  t h i s  problem are u s e f u l  i n  t w o  ways. F i r s t ,  t h e  point-source 

s o l u t i o n s  by themselves  are u s e f u l  approximations t o  s o l u t e  concen t r a t ion  

h i s t o r i e s  a t  d i s t a n c e s  s u f f i c i e n t l y  f a r  f r o m  source  r eg ions  t h a t  t h e  dimen- 

sions of the latter can be considered relatively negligible. Second, the 

poin t -source  s o l u t i o n s  can be used as t h e  k e r n e l s  of i n t e g r a l s  over  f i n i t e  

volumes of space t o  provide  a n a l y t i c a l  s o l u t i o n s  for source  r eg ions  having 

f i n i t e  s p a t i a l  e x t e n t s  and a v a r i e t y  of geometr ica l  shapes.  This ex tens ion  

a l lows  e v a l u a t i o n  of s o l u t e  concen t r a t ion  h i s t o r i e s  a t  source- to-observer  

d i s t a n c e s  which are not  l a r g e  r e l a t i v e  t o  source dimensions. The po in t -  

source  s o l u t i o n s  are de r ived  i n  Sec t ion  I11 of t h i s  work; t h e  method f o r  

t h e i r  ex tens ions  t o  f i n i t e  source  r eg ions  and s e v e r a l  examples a r e  p re sen ted  

i n  Sec t ion  IV. 

The s o l u t i o n s  p re sen ted  he re  f o r  t h e  cases of non-equi l ibr ium s o r p t i o n  

are expressed i n  closed form a s  d e f i n i t e  i n t e g r a l s  i n  which time is t h e  

v a r i a b l e  of i n t e g r a t i o n .  These i n t e g r a l s  appear t o  be i r r e d u c i b l e ,  and must 

be eva lua ted  numerical ly .  

e v a l u a t e s  t h e  poin t -source  s o l u t i o n s  p re sen ted  here .  

W e  have composed a computer code which numer ica l ly  



-3- 

11. Previous Work 

A large body of literature exists on the subject of mass transport, in a 

mobile fluid phase, of solutes or components which can be sorbed by a stationary 

phase supporting the flow of the mobile phase. 

ject range in content from theoretical studies of ion-exchange chromatography 

and gas chromatography to predictive analyses of the long-term hydrological 

safety of sites of underground nuclear explosions. 

small sampling which follows have been selected on the basis of their relation- 

Published writings on this sub- 

The papers in the relatively 

ship to the topic of this paper. 

Early theoretical treatments of ion-exchange chromatography described one- 

dimensional, advective transport in sorbing, porous media without hydrodynamic 

dispersion. Hougen and Marshall ( 1 9 4 7 )  and Thomas ( 1 9 4 9 )  considered non-equilib- 

rium sorption with a linear, reversible rate expression, Hiester and Vermeulen 

(19521,  Goldstein (1953 a, b), and Goldstein and Murray (1959 a, b, c) extended 

this work to non-linear, reversible, non-equilibrium sorption and to equilibrium 

sorption characterizable by a non-linear sorption isotherm. Tien and Thodos 

(1959)  provided a numerical solution to the problem of advective transport in 

an ion exchange column in which sorbent and sorbate are at equilibrium, the 

sorption process is described by a non-linear isotherm, and the sorbate 

diffuses in the solid phase. 

Lapidus and Amundson (1952) appear to have been the first to provide a 

complete treatment of the effect of longitudinal dispersion in transport; they 

considered both equilibrium sorption with a linear isotherm and non-equilibrium 

sorption with a linear, reversible rate expression. Their work was followed 

by many papers written by other workers, all dealing with advective-dispersive 

transport with sorption and differing principally in their treatments of the 

sorptive process. 
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Houghton (1963) developed an analytical solution to an approximation of 

the transport differential equation incorporating equilibrium sorption with a 

non-linear sorption isotherm. 

Lynch (1964) considered transport in fractured flow systems with linear, 

non-equilibrium sorption. Ogata (1964, 19701, Lindstrom and Narasimhan 

(1973), Marino (1974, 1978), and Lindstrom (1976) treated the same type of 

sorption in flow through porous media. 

Lindstrom et al. (19671, Holly and Fenske (19681, Cleary and Adrian (1973) ,  

and Selim and Mansell (1976) used linear, equilibrium sorption in their treat- 

ments of transport. Holly et al. (1971) extended the work of Holly and Fenske 

to two dimensions using approximation and numerical methods. Both treatments 

incorporated radioactive decay of the transported material. Burkholder (1976) 

treated radioactive decay chains arising in the transport of actinide elements. 

Numerical methods were used by Lai and Jurinak (19721, Rubin and James 

(19731, and van Genuchten et al. (1974) in studies of transport with non-linear, 

equilibrium sorption. The latter workers included hysteresis in sorption-desorp- 

tion processes and also treated non-linear, non-equilibrium sorption. Numeri- 

cal methods were used also by Gupta and Greenkorn (1973) to treat non-linear, 

non-equilibrium sorption. 

Several authors have reported studies of transport in two dimensions. 

Eldor and Dagan (1972) used a perturbation method to derive approximate, 

analytical solutions for the case of linear, non-equilibrium sorption. 

Pickens and Lennox (1976) included linear, equilibrium sorption in their 

numerical treatment of transport in an inhomogeneous, steady flow system. 

Pickens et al. (1979) extended this work to unsteady flow systems with either 

equilibrium, or non-equilibrium, linear sorption. 

Van Genuchten and Wierenga (1976 a, b) treated one-dimensional models 
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of transport in which linear, non-equilibrium mass transfer occurs between 

mobile and immobile fluid phases concurrently with mass transfer between fluid 

and solid phases. They obtained analytical solutions for the case of linear, 

equilibrium sorption on the solid phase, and used numerical methods to study 

effects of hysteresis in non-linear, equilibrium sorption. De Smedt and 

Wierenqa (1979 a, b) later used the same model without fluid-solid mass 

transfer . 
Cameron and Klute (1977)  used a model of transport in which linear 

equilibrium and linear non-equilibrium sorption occur simultaneously at two 

kinds of sorption sites. 

Mansell et al. (1977)  fitted experimental data with a numerical model 

incorporating linear equilibrium, non-linear equilibrium, and non-linear 

non-equilibrium reversible sorption with irreversible precipitation or chemical 

immobilization. 

Gureqhian et al. (1979)  used numerical methods to study transport in 

unsteady flow with non-linear, equilibrium sorption and sequential chemical 

reactions following linear rate expressions in the fluid phase. 

Fenske (1979) presented experimental data on non-linear, non-equilibrium 

sorption by rock surfaces, and used them in a numerical model of non-dispersive 

transport with time-dependent sorption based on the binomial probability 

distribution. 

Harada et al. (1980)  derived analytical solutions for one-dimensional 

transport through isotropic, homogeneous or layered, porous media of radio- 

nuclides belonging to three- and five-member decay chains. Linear, equili- 

brium sorption was assumed, and various modes of release of radioactive 

precursors from a plane source were treated. 
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111. Development of Analytical Solutions for the Transport Equations. 

A. The Equations of Transport and Interphase Transfer 

We begin by deriving the differential equations of transport with inter- 

phase mass transfer; these will be general expressions of the principle of mass 

conservation. 

ing as much generality as possible. Ultimately, we specify assumptions and 

conditions leading to specific solutions describing transport of a solute away 

from a zero-dimensional point of release. 

utility of "point-source" solutions in constructing solutions for other source 

We then progress toward solutions of the these equations, retain- 

We take this approach because of the 

region geometries, i.e. lines, surfaces, and volumes. 

Let us consider an arbitrary volume, V, of a medium having porosity & and 

saturated by a fluid phase containing a solute species which may undergo 

sorption on surfaces of the solid phase. 

the external coordinate axes. The fluid flows with pore velocity V. The 

mass concentrations of solute within V are C mass units per unit volume of 

fluid and Q mass units per unit volume of solid. Because the system under 

consideration is not at equilibrium, concentrations C and Q, are not con- 

stants but are functions of position and time. 

associated with the fluid and solid phases within volume V are Mf and 

M respectively, where 

Volume V is fixed with respect to 
-+ 

The masses of solute 

S 

M f = P C d V  

V 

M =  
S 

V 

The time rates of change of M and M are given by the time derivatives 

of ( 1 )  and (2). Since the volume V is fixed with respect to the external 

f S 
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coord ina te  axes ,  t h e  o rde r  of d i f f e r e n t i a t i o n  and i n t e g r a t i o n  may be i n t e r -  

changed, so t h a t  w e  have 

V 

Other expres s ions  f o r  d M  / d t  and dM / d t  may be  ob ta ined  as fo l lows .  

The s u r f a c e  of t h e  volume V i s  d iv ided  i n t o  i n f i n i t e s i m a l  e lements  of  a r e a  dA. 

f S 

The v e c t o r  a;h, of magnitude dA, i s  def ined  f o r  each element of a r e a o  The 

-+ 
d i r e c t i o n  of dA is t aken  pe rpend icu la r  t o  t h e  element of  s u r f a c e  dA and 

p o i n t i n g  outward from t h e  volume V. I f  J i s  t h e  c u r r e n t  d e n s i t y  or  f l u x  of 
-+ 

s o l u t e  mass c r o s s i n g  t h e  surface of volume V, t h e n  t h e  r a t e  of change of mass 

w i t h i n  V due t o  J i s  
-t 

A 

where t h e  i n t e g r a t i o n  is  taken  over  t h e  e n t i r e  s u r f a c e  of V. W e  now make t h e  

assumption t h a t  a solute m a s s  flux J e x i s t s  only i n  t h e  fluid phase, i.e. 
-t 

sorbed s o l u t e  remains f i x e d  wi th  respect t o  t h e  sol id  phase, which i n  t u r n  

i s  f i x e d  w i t h  respect t o  t h e  e x t e r n a l  coord ina te  axes. W e  next  d e f i n e  a 

-b 
s o l u t e  m a s s  f l u x  i n  the  f l u i d  phase,  J r e f e r r e d  t o  u n i t  area of  t h e  

f l u i d  phase.  

f '  

Then t h e  rate of change of s o l u t e  m a s s  Mf w i th in  V due t o  

f l o w  of s o l u t e  through t h e  p o r t i o n  of t h e  s u r f a c e  of V occupied by f l u i d  i s  
F 

A 

W e  now cons ide r  changes of s o l u t e  mass a r i s i n g  f r o m  i n t e r n a l  p rocesses  wi th in  
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volume v. F i r s t ,  w e  hypothes ize  t h a t  s o l u t e  mass may be  removed from both f l u i d  

and s o l i d  phases  by r a d i o a c t i v e  decay with a ra te  c o n s t a n t ,  A .  Second, w e  

account  f o r  i n t e r p h a s e  m a s s  t r a n s f e r  by hypothes iz ing  a mass t r a n s f e r  ra te ,  s, 

expressed as m a s s  u n i t s  o f  s o l u t e  p e r  u n i t  t i m e  and volume of t h e  s o l i d  

phase.  Adding t h e  changes i n  M and M w i th in  V due t o  f l u i d  f low through 

t h e  boundary of  V and t o  i n t e r n a l  p rocesses ,  w e  have 

f S 

- -  mS - - jhQ(1 - E)dV + f ( l  - &)dV. 
d t  

V V 

(Note t h a t  posi t ive S cor responds  t o  a t r a n s f e r  of s o l u t e  mass from t h e  f l u i d  

phase t o  t h e  s o l i d  phase.)  The f i r s t  i n t e g r a l  on t h e  r ight-hand s i d e  of ( 5 )  

may be t ransformed by use of t h e  d ivergence  theorem (Boas,  1966, p. 247) :  

Combining (31, (51, and (71, and (4) and (61, w e  f i n d  

S ince  t h e  volume V under c o n s i d e r a t i o n  i s  a r b i t r a r y ,  t h e  on ly  way f o r  (8 )  and ( 9 )  

t o  be v a l i d  f o r  a l l  volumes V i s  f o r  t h e  in t eg rands  t o  vanish .  

o b t a i n  t h e  conse rva t ion  equa t ions  

Therefore ,  we 



-9- 

+ +  
E- = - EV' Jf - EXC - ( 1  - E ) S ,  
at 

( 1  - "'at aa = - ( 1  - E ) x q  + ( 1  - &IS. ( 1 1 )  

+ 
We now investigate the constitutions of the solute mass flux, J and the 

f' 

interphase mass transfer rate, S. 

The flux of solute is the mass Of SolUte flowing per unit area 

of fluid phase in unit time, and is equal to the product of mass concentration 

C and the solute velocity vector, vs: 
-+ 

Jf = CV ( 1 2 )  
S 

+ + 
We note that v 

We define a dispersive flux, jf, of solute relative to the local center 

is not, in general, equal to the total flow velocity vector v. 
S 

+ 

of mass as 

t + 
Then the mass flux, J is related to the dispersive flux, If' by 

f' 
+ + + Jf - - jf + C v .  

The divergence of the mass flux is then 

+ + + + + -t + $ * V C + C Q . V .  + 
J f  

Q J~ = V  9 

( 1 4 )  

( 1 5 )  

- + +  
We make the approximation that V v is zero, substitute ( 1 5 )  into (IO), 

and obtain an expression for conservation of solute mass in the fluid phase 

which contains, explicitly, terms accounting for diffusion and advection: 

+ + ac + 
at f 

E- = -&V 3 - Ev vc - EXC - ( 1  - E)S.  (16)  
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' to observable quantities through We need to relate the dispersive flux, 

a constitutive (or phenomenological) relation. For the present purpose, we 

If' 

assume the validity of the expression 

+ 
D VC, * -  - - If - - 

a form of "Fick's law of diffusion" (Crank, 1975, p. 2 )  which has been used 

extensively in studies of solute transport; in this context, the second-rank 

tensor D is known as the coefficient of hydrodynamic dispersion and is a 

function of the velocity of flow, v (Scheidegger, 1961; Bachmat and Bear, 

- - 
+ 

1964). With this relation, (16)  becomes 

-f + + 8C + = &V* (2 VC) - &V vc - &XC - ( 1  - &IS. t - ( 1 8 )  

The interphase mass-transfer rate, S, may assume many forms. For example, 

t he  r a t e  expres s ion  f o r  i o n  erchange i n  which t h e  i o n i c  s o l u t e  of i n t e r e s t  

replaces another ion of equal charge on the solid phase is 

S = k'(Q - Q)C - ki(CT - C)Q (19)  
1 sat 

where Q is the ultimate capacity of the solid phase for sorption of the 

Solute, c is the total concentration in the fluid phase of the exchanging 

solutes, and k' and k' are forward and backward rate constants (Hiester and 

Vermueulen, 1952). For another example, the rate expression for "Langmuir" 

sat 

T 

1 2 

adsorption at a surface is 

S = k"(Q - Q)C - klQ 
1 sat ( 2 0 )  

where k" and k" are rate constants and the other symbols have the same 
1 2 

meanings as previously. 

Equations (19)  and ( 2 0 )  are both non-linear; they may be linearized by 

assuming in both that Q << Q and in ( 1 9 )  that C << C . Then the linear, sat T 

non-equilibrium form of S in both cases is 
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in which k equals k' Q and k equals k'C for ion exchange, and k equals 
1 1 sat 2 2 T  1 

and k equals k" for Langmuir adsorption. S given by (21) will be used in k;Qsat 2 2 

( 1 0 )  and (11) for analysis of mass transport with linear, non-equilibrium inter- 

phase mass transfer. 

If it is assumed that the fluid and solid phases are in a state of chemi- 

cal equilibrium with respect to transfer of the solute of interest, the net 

mass transfer rate, S, is identically zero, and we must proceed in the follow- 

ing manner. We add ( 1 1 )  and ( 1 8 )  to obtain a mass conservation equation with 

respect to a unit volume of porous medium: 

If fluid and solid are at equilibrium, the distributed solute concentrations C 

and Q may be related by 

' = F(C), 
C 

where F(C) may be a non-linear function. 

ity in the non-equilibrium case can be carried over to the equilibrium case, 

then we may set S equal to zero in (21) and obtain 

If our assumptions made about linear- 

In either event, we may set the ratio Q/c equal to a function, F, which may be 

a constant (k /k ) in the linear case or may be a function 

of C. Then we have 

1 2  

Q = FC 

and 

where F' is aF/ac. 



-12.- 

S u b s t i t u t i n g  ( 2 3 )  and ( 2 4 )  i n t o  ( 2 2 1 ,  d i v i d i n g  by E, d e f i n i n g  a by 

1 - E  a= - 
E ,  

c o l l e c t i n g  terms, and d i v i d i n g  by ( 1  + U F ) ,  w e  g e t  

-+ D -+ 
V 

1 + a F  1 + a F  vc  - xc 

which i s  t h e  t r a n s p o r t  equat ion  f o r  t h e  non l inea r ,  equ i l ib r ium case .  Pass ing  

t o  t h e  l i n e a r  equ i l ib r ium c a s e ,  w e  assume F t o  be equal  t o  t h e  c o n s t a n t  k /k 

t h e n  F'  i s  ze ro  and ( 2 5 )  becomes 

1 2'  

-t -f 
V 

D 
' vc - xc. a t  1 + aF .,I - 1 + aF ( 2 6 )  

W e  no te  t h a t  i f  F i s  s e t  t o  ze ro  i n  ( 2 6 )  we have t h e  t r a n s p o r t  equat ion  f o r  a 

non-sorbed s o l u t e .  I t  i s  apparent  t h a t  equ i l ib r ium s o r p t i o n  causes  movement of 

s o l u t e  with an e f f e c t i v e  v e l o c i t y  and e f f e c t i v e  d i s p e r s i o n  c o e f f i c i e n t  reduced, 

r e l a t i v e  t o  t h e s e  q u a n t i t i e s  i n  t h e  absence of s o r p t i o n ,  by t h e  q u a n t i t y  

( 1  + aF). This  q u a n t i t y  has  been c a l l e d  t h e  " r e t a r d a t i o n  f a c t o r "  i n  s t u d i e s  

of subsur face  t r a n s p o r t  of r a d i o n u c l i d e s  (e.g.  Holly e t  a l . ,  1971, p. 2 0 ) .  

B. So lu t ion  of t h e  Equations of Transpor t  

W e  wish t o  d e r i v e  a n a l y t i c a l  s o l u t i o n s  of t h e  t r a n s p o r t  equa t ions  f o r  t h r e e  

cases  which cover t h e  e n t i r e  range of t h e  s o r p t i v e  behavior  t h a t  can be desc r ibed  

by l i n e a r  equa t ions :  no s o r p t i o n ,  l i n e a r  non-equilibrium s o r p t i o n ,  and l i n e a r  

equ i l ib r ium s o r p t i o n .  W e  proceed by making t h e  fo l lowing  assumptions.  

1. We a r e  working w i t h  a homogeneous, porous medium of i n f i n i t e  

e x t e n t .  

2. The f l u i d  flow f i e l d  i s  s t eady  i n  t ime,  and i s  uniform throughout  

space: f l u i d  flows wi th  v e l o c i t y  v p a r a l l e l  t o  t h e  z a x i s  of a 

Car t e s i an  coord ina te  system i n  t he  d i r e c t i o n  of i n c r e a s i n g  z .  
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3 .  The p r i n c i p a l  axes  of  t h e  d i s p e r s i o n  t e n s o r  a r e  or iented.  p a r a l l e l  t o  

L 
t h e  c o o r d i n a t e  axes;  t h e  l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t  is  D 

i n  a d i r e c t i o n  p a r a l l e l  t o  t h e  z a x i s ,  and t h e  l a t e r a l  ( o r  t r a n s v e r s e )  

d i s p e r s i o n  c o e f f i c i e n t  i s  D i n  any d i r e c t i o n  p e r p e n d i c u l a r  t o  

t h e  z a x i s ;  D and D a r e  f u n c t i o n s  o n l y  of t h e  f low v e l o c i t y ,  v. 

T 
+- 

L T 

With t h e s e  assumptions,  t h e  t r a n s p o r t  equat ion  wi thout  s o r p t i o n  i s  

For t h e  c a s e  of l i n e a r  e q u i l i b r i u m  s o r p t i o n  w e  have 

ac 

\ 

Q = -  c, 

where B i s  t h e  r e t a r d a t i o n  f a c t o r  d e f i n e d  by 

k l  

k2 
B =  1 + a-. 

( 2 8 )  

( 2 9 )  

( 3 0 )  

The case of l i n e a r  non-equilibrium s o r p t i o n  i n v o l v e s  two s imultaneous e q u a t i o n s :  

= -XQ + k,C - k2Q. ( 3 2 )  

W e  r e q u i r e  s o l u t i o n s  t o  ( 2 7 ) ,  ( 2 8 )  and ( 2 9 ) ,  and ( 3 1 )  and ( 3 2 )  subject t o  

t h e  i n i t i a l  c o n d i t i o n s :  

C = O , Q = O f o r  p > O ,  t = 0 ,  

2 2 2 2 
where p = x + y + z , 

(33 )  



and t h e  boundary c o n d i t i o n :  

l i m  C = 0 ,  t > 0.  
pw" 
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( 3 4 )  

Condit ions ( 3 3 )  and ( 3 4 )  w i l l  determine t h e  r e q u i r e d  s o l u t i o n s  up t o  a m u l t i p l i -  - 

cat ive c o n s t a n t  which w i l l  be f i x e d  by t h e  n a t u r e  of t h e  s o l u t e  release. 
- 

The Laplace t ransform wi th  respect t o  t i m e  of (281,  t h e  c a s e  of e q u i l i b r i u m  

s o r p t i o n ,  i s  

where t h e  overbar i n d i c a t e s  t h e  t ransformed f u n c t i o n  (o r  image f u n c t i o n )  and s 

is  t h e  parameter of t ransformat ion .  W e  n o t e  t h a t  t h e  t ransform of ( 2 7 1 ,  t h e  

case of no s o r p t i o n ,  i s  given by (35)  wi th  B = 1. The Laplace t ransforms of 

( 3 1 )  and ( 3 2 )  are 

I n i t i a l  c o n d i t i o n s  ( 3 3 )  were used i n  d e r i v i n g  (351, (361,  and ( 3 7 ) .  The t r a n s -  

formed boundary c o n d i t i o n  i s  

- 
l i m  C = 0.  
pf" 

Solving (37) for  6 gives: 

( 3 8 )  

I n s e r t i n g  ( 3 9 )  i n t o  ( 3 6 )  and combining terms, w e  a r r i v e  a t  t h e  fo l lowing  equa- 

t i o n  for t h e  case of non-equilibrium s o r p t i o n :  
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DT($+$) 
- ( s  + A + a k ,  - + ak1k2 + k 2  ) E  = 0. ( 4 0 )  

a x  ay 

We now no te  t h a t  (35) and ( 4 0 )  may be expressed i n  t h e  gene ra l  form: 

where h ( s )  = 0 f o r  t h e  cases  of no s o r p t i o n  and equ i l ib r ium s o r p t i o n ,  

f o r  t h e  case of non-equi l ibr ium s o r p t i o n ,  
a k l k 2  h ( s )  = a k  - 

1 s + A + k 2  

f = 1 f o r  t h e  cases  of no s o r p t i o n  and non-equilibrium s o r p t i o n ,  

and f = B f o r  t h e  case  of equ i l ib r ium so rp t ion .  

In  o rde r  t o  f i n d  a complete s o l u t i o n  of ( 4 1 1 ,  we need another  cond i t ion  

i n  a d d i t i o n  t o  t h e  boundary cond i t ion  ( 3 8 ) .  The second cond i t ion  w i l l  be a 

s ta tement  of conserva t ion  of s o l u t e  mass i n  a l l  space ,  and w i l l  p rovide  a 

r e l a t i o n s h i p  between s o l u t e  concen t r a t ion  and t h e  " s t r e n g t h "  of a p o i n t  source  

r e l e a s i n g  s o l u t e .  

We r e q u i r e  t h a t  t h e  amount of s o l u t e  p r e s e n t  i n  a l l  space  a t  any t ime,  t ,  

be equal  t o  t h e  t o t a l  amount of s o l u t e  r e l eased  a t  t h e  source  wi th  c o r r e c t i o n  

f o r  conversion of solute t o  another  m a t e r i a l  by chemical r e a c t i o n  o r  radioac-  

t i v e  decay. Hence, i f  M ( t )  i s  t o t a l  mass of s o l u t e  p r e s e n t  a t  t ime t ,  it 

fo l lows  t h a t  

a 1  1 
space 

The Laplace t ransform of ( 4 2 )  i s  

a 1  1 
space 
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- 
The form of t h e  f u n c t i o n  M ( t ) ,  and of i t s  Laplace t ransform M ( s ) ,  w i l l  

be determined by t h e  temporal  behavior '  of t h e  so lu t e -emi t t i ng  source .  Leaving 

t h i s  s p e c i f i c a t i o n  open f o r  t h e  t i m e  be ing ,  w e  proceed t o  t h e  s o l u t i o n  of ( 4 1 ) ,  

s u b j e c t  t o  cond i t ions  (38)  and (431, and f i n d :  

where rl = (e + q z 2  Y2 I 

2 2 2 
r = x  + y ;  

h and f remain as de f ined  fo l lowing  (41 ) .  A d e t a i l e d  d e r i v a t i o n  of ( 4 4 )  is 

given i n  Appendix A. 

Before t h e  s o l u t i o n  (44) can be i n v e r t e d  from s-space t o  t - space ,  M ( s )  

must he s p e c i f i e d .  I n  t h e  fo l lowing  s e c t i o n s  w e  cons ide r  s e v e r a l  release 

s c e n a r i o s :  ( 1 )  an in s t an taneous  release, ( 2 )  a cont inuous ,  time-dependent 

release, and ( 3 )  a time-dependent release f o r  a f i n i t e  time p e r i o d  followed. by 

no f u r t h e r  release ( a  "time-dependent p u l s e " ) .  

1.  Ins tan taneous  Release 

A q u a n t i t y ,  M , of  s o l u t e  i s  r e l e a s e d  i n s t a n t a n e o u s l y  a t  t i m e  ze ro  a t  
0 

t h e  o r i g i n  of coord ina te s .  Allowing f o r  d i sappearance  of s o l u t e  by r a d i o a c t i v e  

decay, t h e  q u a n t i t y ,  M ( t ) ,  of  s o l u t e  p r e s e n t  a t  t i m e  t is  

- A t  
M ( t )  = M e . 

0 

The Laplace t ransform of  M ( t )  i s  

M 
M(s)  = s+x 0 
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I n s e r t i n g  ( 4 5 )  i n t o  ( 4 4 )  g ives  

+ 
2 

V - 
n 

e 2DL -of 1 / 2 (  s X + - 4DLf 
VZ 

M --. e 
( 4 6 )  

W e  now use  ( 4 6 )  t o  f i n d  C and Q f o r  s p e c i f i c  c a s e s  of s o r p t i v e  behavior .  

a. Equi l ibr ium Sorp t ion  

In t h i s  case, h ( s )  = 0 and f = B; t h e  i n v e r s e  of ( 4 6 )  i s  then  found from 

t a b l e s  (e .g . ,  E r d e l y i ,  1954, p. 245, No. 5 . 6 ( 1 ) )  t o  be 

2 
B ( z  - vt/B) 

2 
B r  

0 T 
3/2 

- -  - 
B'/2M , - A t  4 D  t 4DLt 

8 D  D ' l 2 E ( T t )  
e c =  1 

T L  

(47 1 

and Q i s  t h e n ,  

k l  

k2 
g = - c .  

b. Non-Equilibrium Sorp t ion  

S u b s t i t u t i n g  f = 1 and t h e  a p p r o p r i a t e  v a l u e  of h ( s )  i n t o  ( 4 6 )  g ive :  

VZ 2 
V - 

+ akl - e 2DL s + h + k 2  
e * - .  0 

M - 
C =  

4TDTDL 1 / 2 €  rl 

Then, u s i n g  (391, w e  have 

- 

. ( 4 9 )  

2 VZ + akl - 
e 

2DL e .-. G =  klMO 

4?TDTDL 1 / 2 €  11 s + X + k 2  
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in (48) is inverted by use of (B-13), Appendix B, with 

2 
B 1 = X + -  V + aklk2, and B, = X + k2. 

4DL 

The result is 

- A t  M e  
0 -  

lDE C =  
1 e 

3 12 t 

0 I L  

d T  
112 I1 2Aaklk2~ ( t  - [ T ( t  - T) 

If we make the substitution u = T / ~ ,  the second term within the curly 

braces in (50) becomes 

1/2 -k2t e 

0 

2 2 
(2-vtu) - (akl - k ) tu - r - 

4DTtu 4D tu 2 
L 

du 
I1 [2tdklk2u (1-u) ] u (1-u) 1/2 I 

a form useful for numerical evaluation. 

. 
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. 

To invert 6 in (49) , we note that * 

L 

Then, using ( B - l l ) ,  Appendix B, with 

2 

B, = -  
V 

+ a k l  - k2 ,  8 ,  = CLklk2, and (3, = 0, 
4DL 

we find 

or 

Q =  

-(A + k2)t 
klMOe - 

8 n 3 / 2 D ,  ( D L t )  -J 0 

s I 

L 

* -1 
Symbols L and L 
inversion, respectively; see Appendix B. 

signify the operations of Laplace transformation and 
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2.  Continuous,  Time-Dependent Release 

S o l u t e  i s  r e l e a s e d  cont inuous ly  a t  t h e  o r i g i n  beginning a t  t i m e  zero.  

The ra te  of release is  m m a s s  u n i t s  per u n i t  t i m e  a t  t i m e  z e r o ,  and decreases  

e x p o n e n t i a l l y  wi th  t i m e  wi th  a t i m e  c o n s t a n t ,  Y; s imul taneous ly ,  s o l u t e  

d i s a p p e a r s  by r a d i o a c t i v e  decay wi th  a decay c o n s t a n t ,  A .  

t h e  n e t  rate of change of s o l u t e  mass, M ( t ) ,  i n  space i s :  

0 

Then a t  t i m e  t 

wi th  t h e  i n i t i a l  c o n d i t i o n  

M ( 0 )  = 0. ( 5 3 )  
- 

Laplace t ransforming  (521, u s i n g  (531, and s o l v i n g  f o r  M ( s )  g ives :  

m 
0 - 

M ( s )  = ( s  + h ) ( s  + y + A )  

I n s e r t i n g  ( 5 4 )  i n t o  ( 4 4 )  g ives :  

m 
0 - 

C =  1 I r )  

VZ - 
2DL e 
n s + y + A  

a. Equi l ibr ium S o r p t i o n  

With h ( s )  = 0 and f = B, (55 )  becomes 

vz -112 ( V 2 \1/2 
s + h + T ; ; - ; ;  

m \ e e -. 0 

rl s + y + x  

(54 )  

(56) 
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Using t h e  convolu t ion  p r o p e r t y  and a tab le  of  i n v e r s e  t r a n s f o r m s  ( E r d e l y i ,  

1954, p. 245, no. 5 . 6 ( 1 ) ) ,  t h e  i n v e r s e  of ( 5 6 )  i s  found t o  be: 

-1/2 
W e  make t h e  s u b s t i t u t i o n  u = T f o r  T i n  ( 5 7 ) ;  t h e n ,  u s i n g  t h e  fo l lowing  

i n d e f i n i t e  i n t e g r a l  given by Gautschi  (1964, p. 304, no. 7 .4 .33) ,va l id  f o r  a # 0 :  

-2ab e r f ( a u  - hj 
2 -2 J?-a2u2 - 4a U U du = - 

+ c o n s t a n t ,  

w e  f i n d :  

C =  

-tv + A ) t  m e  
0 

1 4  

Then 

1 / 2  

( 5 8 )  

L 

\ 1 / 2  

C. 
Q = -  k l  

2 
k2 

V 
I n  t h e  e v e n t  t h a t  q -Y < 0 w e  u s e  (D-41, Appendix D,  which 

gives t h e  r e s u l t :  
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V 2 -% 
If - - - Y # 0, ( 5 7 )  can be integrated using the substitution = T 

4DLB 

to give: 

Note that both C and Q are unbounded positively at = 0. 

b. Non-Equilibrium Sorption 

In this case (55) becomes 

/ 2 ak,k, \1/2 
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and ( 3 9 )  becomes 

vz ( 4DL 1 s + X + k 2  
2 

V - q s + X + -  + ak - 

( s  + y + X)(s 
e 2DL e k m  l o  Q =  + X + k2) 

To i n v e r t  c i n  (601,  w e  no te  t h a t  

-1 L 
s + X + k 2  

2 
V 

. a k l -  
0 

S + Y + A  

112 I / 2 ak-k, \ 

Then w e  u s e  ( R - l o ) ,  Appendix E ,  with 

2 

L 
B = +- ak - y, B2 = a k  k and f3 = k2 - y, 

1 1 2’ 3 1 4D 

and f ind*  

- I  
m e  

8 n ’ D D  

0 
3 2  J ( 6 2 )  

0 

c =  
T L  

*The function J(x,y) is defined in Appendix B. 
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The following form of (62) is convenient for numerical evaluations 

1 

m e  - (X+Y 1 t - 4 D T t u  r2 - -  (2 4 D L t u  - V t U ) 2  +(k” y + ’)Ytu 
0 C =  

8 1 ’ r y ’ ~ D ~ ( D ~ t ) ~ ’ ~ ~  
r 1 

TO i n v e r t  i n  ( 6 1 )  , w e  no te  t h a t  

s + A + k 2  

2 
+ akl - 

-1 e 
(s + y + X)(s + X + k2) L q  

, I 

s + X + k ,  

2 
V + akl - 

\ 

(s + y + X)(s + X + k2) 

-(Y + V t  = e  

+ ctkl - k2 - 
S 

2 
V 

+ 4DL (X + k2)t 

k, - Y L - e  

Then using (B-101, Appendix B, w i t h  

2 
V 

+ ml - YI P2 = aklk2, and = k2 - y,  
B = -  
1 4DL 3 

and. ( B - l l ) ,  Appendix B ,  w i t h  

c 
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kl 
k2 - Y Q =  

w e  f i n d  

( 2  - V T )  - (akl - k2)T r - - -  
4 D T ~  4 D L ~  i e 

- ( A  + k 2 ) t  
m e  

8~ 

0 

-3/ZD 1 / Z E  
. c  - 

0 
T L  

\ 
\ 

(63)  

I 2 ak  k ~ ( t  - T) 
o [  1 2  T 

-()L+k2) t [:eu -,@+ -(ark 1 2  -k ) t u  
m e  

1/2, 
0 

where C i s  g iven  by (62). 

release of  s o l u t e  a f f e c t e d  on ly  by r a d i o a c t i v e  decay,  (63)  becomes 

I n  t h e  even t  t h a t  y = 0 ,  cor responding  t o  a rate of 

i n  which ( B - 8 ) ,  Appendix B, has been used. 

I f  y = k2 # 0,  t h e  fo l lowing  expres s ions  are ob ta ined  €or c and Q: 
L 

2 .o2 - (akl-k2)? 1 e- 

- m e  0 4DLT 
C= 

5 
0 

'' - (akl-k2) II 
4DLU / d'c 1 - - 

Q -  e 

du 
Io(&aklk2u(1-u) 1 .m 0 0 

U 
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3 .  Time-Dependent Pulse  Release 

s o l u t e  i s  released a t  t h e  o r i g i n  beginning a t  t i m e  zero.  The ra te  of 

release i s  m m a s s  u n i t s  per u n i t  time a t  t i m e  z e r o ,  and decreases exponen- 

t i a l l y  wi th  t i m e  wi th  a decay c o n s t a n t ,  y ;  s imul taneous ly ,  s o l u t e  d i s a p p e a r s  

0 

by radioactive decay wi th  a decay c o n s t a n t , i  . The release proceeds from 

t i m e  z e r o  u n t i l  t i m e  T, when it s t o p s ;  t r a n s p o r t  of p r e v i o u s l y  released s o l u t e  

c o n t i n u e s  after t i m e  T. A t  any t i m e ,  t ,  t h e  n e t  ra te  of  change of s o l u t e  

m a s s ,  M ( t ) ,  i n  a l l  space is :  

wi th  t h e  i n i t i a l  c o n d i t i o n  

M(O) = 0. 

- X M ( t )  (65)  

(66)  

U ( t )  i s  t h e  u n i t  step f u n c t i o n ,  def ined  by: 

0 fo r  t < 0 

1 fo r  t > 0.  
U ( t )  = 

W e  form t h e  Laplace t ransform of (651, u s i n g  (66) ,  and solve f o r  ;(E.): 

I n s e r t i n g  ( 6 7 )  i n t o  ( 4 4 )  g i v e s :  

It i s  e v i d e n t  t h a t  a t  any t i m e ,  t ,  less than  or equal t o  t h e  "shut-off  t i m e " ,  

T ,  c o n c e n t r a t i o n s  i n  f l u i d  and s o l i d  phases  are given by t h e  appropriate 

e x p r e s s i o n s  i n  S e c t i o n  III .B.2 for  a cont inuous,  time-dependent release. 
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For a t i m e  t g r e a t e r  t h a n  T, t h e  c o n c e n t r a t i o n  i n  a phase i s  composed of  t h e  

d i f f e r e n c e  of t w o  terms, one term being  t h e  h y p o t h e t i c a l  c o n c e n t r a t i o n  t h a t  

would be computed f o r  a cont inuous release up t o  t i m e  t and t h e  o t h e r  t e r m  

be ing  a c o r r e c t i o n  t o  account  €or t h e  c e s s a t i o n  of release a t  t i m e  T. 

a. Equi l ibr ium S o r p t i o n  

The f l u i d  c o n c e n t r a t i o n  a t  t i m e  t, t > T,  i s  

P' 
c = cc - c- 

where C i s  g iven  by ( 5 9 )  and C i s  given by: 
C P 

t h u s ,  

vz / 9  \ 1 1 3  

- (Y + x ) t  -B1 .~ 

Then the s o l i d  concentrat ion is 

A t  a t i m e  t, t>T, ( 5 9 )  and ( 6 9 )  cannot  be e v a l u a t e d  a t  t h e  p o i n t  r=z=O 

( ~ 0 )  because q appears i n  t h e  denominators of t h e s e  expressions. I n  t h i s  

case, C i s  e v a l u a t e d  by direct  i n t e g r a t i o n  of  a modif ied v e r s i o n  of  ( 5 7 ) :  
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v2 If - - y < 0, we use  (D-5), Appendix D,  in (70) t o  give: 4DLB 



-29- 

b. Non-Equilibrium Sorpt ion  

The f l u i d  c o n c e n t r a t i o n  a t  t i m e  t, t > T ,  i s  

c = c  - c ,  
C P 

where C i s  g iven  by ( 6 2 )  and C i s  given by: 
C P 

t h u s ,  

The s o l i d c o n c e n t r a t i o n a t  t i m e  t, t > T, i s  

S? = Qc - Qp, 

where Q is given  by ( 6 3 )  and Q i s  given by: 
C P 

-( '+YIT Q ( t - T )  ; Q ( t )  = e 
P 

t h u s ,  

Qp - - k2 k1 - Y (( P - -(A + k2) t  
m e  

0 

(2 -ur> 2 - 
r - - -  4DTT 4DLT 

e e 

0 

where C i s  g iven  by ( 7 4 ) .  I n  t h e  event  t h a t  y = 0 ,  Qc i s  g iven  by ( 6 4 )  
P 

and Q by 
2 r (2 -vT) --- 

4DLT (1 - JL2(t - T - 4DT? 
e 

P 

m e  kl 0 
E -  ', k2 

( 7 4 )  



-30- 

I V .  Computational Resu l t s  

Ca lcu la t ions  were made f o r  t h e  s o l u t i o n s  given i n  Sec t ion  I11 c o r r e -  

sponding t o  each type of s o l u t e  r e l e a s e  and s o r p t i v e  behavior .  Values found 

i n  t h e  l i t e r a t u r e  on mass t r a n s p o r t  through porous media (e .9 .  Bredehoeft  

and Pinder ,  1973) were used a s  a guide f o r  t h e  choice  of t h e  fo l lowing  pa ra -  

meter va lues  used i n  t h e  c a l c u l a t i o n s .  

D = 7 m;/yr 
D~ = 2 m /yr  
vT = 1 m/yr 
k = 0.2 
x = o  

The source  decay c o n s t a n t Y  was n o t  included i n  t h e  computer program, so 

t h e  c a l c u l a t i o n s  correspond t o  s o l u t i o n s  forY = 0. 

Figures  1 t o  3 show t h e  r e s u l t s  of contour ing  t h e  concen t r a t ion  d a t a  

-10 
a t  a contour  l e v e l  of 1 0  m o l e s / l i t e r  i n  t h e  f l u i d  phase.  To compare 

t h e  e f f e c t s  of d i f f e r e n t  types  of s o r p t i v e  behavior ,  r e s u l t s  f o r  t h e  cases  

of no s o r p t i o n ,  equ i l ib r ium s o r p t i o n  and non-equi l ibr ium s o r p t i o n ,  t h e  

l a t t e r  wi th  va ry ing  r a t e  c o n s t a n t s ,  have been superimposed i n  each f i g u r e .  

F igure  1 shows t h e  l e v e l  curves  f o r  t h e  t h r e e  types  of s o r p t i v e  behavior  

t e n  y e a r s  a f t e r  an in s t an taneous  release of one mole of s o l u t e  a t  r = 0 ,  

z = 0. Figure 2 shows t h e  r e s u l t i n g  l e v e l  curves  a f t e r  t e n  y e a r s  of con- 

t i nuous  s o l u t e  r e l e a s e  a t  r = 0, z = 0 a t  t h e  r a t e  of one mole p e r  yea r ,  

and Figure 3 shows t h e  same a t  a t ime n ine  yea r s  a f t e r  t h e  c e s s a t i o n  of 

a one-year pe r iod  of s o l u t e  r e l e a s e  a t  t h e  r a t e  of one mole p e r  year .  

It i s  c l e a r  from t h e  f i g u r e s  t h a t  t h e  level curves f o r  non-equi l ibr ium 

s o r p t i o n  f o r  vary ing  r a t e  cons t an t s  f a l l  hetween t h e  l e v e l  curves  f o r  t h e  

cases  of no s o r p t i o n  and equ i l ib r ium so rp t ion .  In  a non-sorbing medium, 

t r a n s p o r t  of t h e  s o l u t e  i s  no t  r e t a r d e d  a t  a l l  r e l a t i v e  t o  motion of t h e  

f l u i d  phase.  In  t h e  presence  of non-equi l ibr ium s o r p t i o n ,  i n t e r p h a s e  



-31- 

I- 

transfer occurs at a rate determined by the magnitudes of the forward and 

backward reaction rate constants, kl and k2, 

leading edge of a solute front the ratio Q/C, and thus also the retardation 

calculated from this ratio, increase with increasing magnitudes of the rate 

as shown in (21). At the 

constants and with increasing residence time of a parcel of fluid within an 

elemental volume of the fluid-solid system. In the equilibrium state Q/C and 

the retardation factor, B, achieve their maximum values given by (29) and 

It is difficult to show from the analytical solutions that the non- 

equilibrium solution tends to the equilibrium solution as the rate constants 

increase. Consider instead the expression for the mass transfer rate S re- 

written in terms of Q, obtained by rearranging (21): 

Then as k, and k2 increase while the ratio kl/k2 is kept constant, 1/k2 

goes to zero and the expression for Q approaches that of the equilibrium 

case, (29). 

Figures 1-3 show that as the values of the rate constants increase 

while the ratio kl/k2 is kept constant, the non-equilibrium solution 

tends to the equilibrium solution. The calculations for the equilibrium 

case were made for kl = 0.01 and k2 = 0,001 so kl/k2 = 10. 

rate constants kl and k2 do not appear individually in the equilibrium 

solution, but only in the ratio kl/k2. 

Note that the 

For the non-equilibrium 

sorption solution, calculations were made for kl = 0.01, 0.1 and 1.0 , 

where k2 was determined by the ratio kl/k2 = 10. 

The influence of the flow field (v = lm/yr in the direction of the 

positive z-axis) and of the different longitudinal and lateral dispersion 
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c o e f f i c i e n t s  can be seen  i n  t h e  l o c a t i o n  and shape of t h e  curves.  Without 

a f low f i e l d ,  t h e  curves  would he c i r c u l a r  and centered  a t  r = 0 ,  z = 0. 

Though no t  shown on t h e  f i g u r e s ,  t h e  1 0  m o l e / l i t e r  l e v e l  curve f o r  

t h e  no s o r p t i o n  case  would f a l l  w i th in  a r e c t a n g l e  formed by r = 50 m and 

z = + 1 1 0  m,  whereas a r e c t a n g l e  formed by r = 14 m, z = - + 16 m would con- 

t a i n  t h e  1 0  m o l e / l i t e r  l e v e l  curve f o r  t h e  equi l ibr ium case .  I n  

accordance w i t h  t h e  d i scuss ion  above, a l l  of t h e  1 0  m o l e / l i t e r  l e v e l  

curves  f o r  non-equi l ibr ium cases  w i t h  vary ing  r a t e  c o n s t a n t s  f a l l  between 

-20 

- 
-2 0 

-2 0 

t h o s e  for  t h e  no s o r p t i o n  and equ i l ib r ium cases .  

A comparison of F igure  2 t o  F igure  1 and t o  F igure  3 shows on ly  a s l i g h t  

d i f f e r e n c e  between s e t s  of l e v e l  curves .  This i s  unexpected i n  l i g h t  of t h e  

f a c t  t h a t  t h e  concen t r a t ion  i n  t h e  cont inuous r e l e a s e  case  ( F i g u r e  2 )  i s  t h e  

r e s u l t  of a s o l u t e  release t e n  t i m e s  as l a r g e  a s  t h e  amount r e l eased  i n  t h e  

in s t an taneous  r e l e a s e  (F igu re  1) o r  one-year cont inuous r e l e a s e  case (F igure  

3 ) .  Examination of concen t r a t ion  va lues  near  t h e  p o i n t  of r e l e a s e  r e v e a l s  

t h a t  t h e  concen t r a t ion  i s  one t o  two o r d e r s  of magnitude h igher  f o r  t h e  

cont inuous r e l e a s e  case  than  f o r  e i t h e r  of t h e  o t h e r  r e l e a s e  types .  For t h e  

cont inuous r e l e a s e  c a s e ,  t h e  concen t r a t ion  near  t h e  p o i n t  of r e l e a s e ,  a t  r=2 ,  

z=O m ,  i s  between 0.2 x 1 0  and 0.7 x 10 , i n  t h e  in s t an taneous  

r e l e a s e  case ,  a t  r = O ,  z=O, t h e  range i s  0.2 x 1 0  t o  0.4 x 1 0  and 

f o r  t h e  one-year cont inuous r e l e a s e  case ,  0 .1  x 1 0  t o  0.5 x 1 0  a l s o  

-4 -4 

-6 -5 

-6 -5 

a t  r = O ,  z=0. Calcu la t ions  f o r  t i m e s  l a r g e r  than  t e n  y e a r s  would show more 

apprec i ab le  d i f f e r e n c e s  between r e s u l t s  f o r  d i f f e r e n t  r e l e a s e  mechanisms. 
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t 

V. Extension of  S o l u t i o n s  t o  F i n i t e  Sources.  

The p o i n t  source  s o l u t i o n s  developed i n  ear l ie r  s e c t i o n s  can be used 

t o  c o n s t r u c t  s o l u t i o n s  r e s u l t i n g  from non-point sources. The t e r m  non- 

p o i n t  source  i s  used t o  denote  one-, t w o - ,  or  three-dimensional  r e g i o n s  

which c o n t a i n  a uniform d i s t r i b u t i o n  of p o i n t  sources. The c o n c e n t r a t i o n  

a t  a p o i n t  o u t s i d e  t h e  source  r e g i o n  is  t h e  sum of t h e  c o n t r i b u t i o n s  from 

each p o i n t  s o u r c e  i n  t h e  source region.  This  method h a s  been widely used 

t o  solve h e a t  conduct ion problems (e.g., C a r s l a w  and Jaeger ,  1959, Chapter 

1 0 )  i n  which tempera ture  i s  analogous t o  c o n c e n t r a t i o n  and t h e  q u a n t i t y  of 

h e a t  r e l e a s e d  i s  analogous t o  t h e  mass o f  s o l u t e  r e l e a s e d .  

In t h e  development o f  t h e  p o i n t  source  s o l u t i o n s  ear l ie r  i n  t h i s  work, 

t h e  p o i n t  source  was assumed t o  be l o c a t e d  a t  (O,O,O) and t h e  c o n c e n t r a t i o n  

w a s  c a l c u l a t e d  a t  a p o i n t  ( x , y , z ) .  If t h e  p o i n t  source  is  i n s t e a d  l o c a t e d  

a t  ( x ' ,  y ' ,  z ' ) ,  t h e  v a r i a b l e s  x, y and z i n  t h e  p o i n t  s o u r c e  s o l u t i o n s  must 

be r e p l a c e d  by x - x ' ,  y - y ' ,  and 2-2'. The spat ia l  i n t e g r a t i o n s  are t h e n  with 

respect t o  x ' ,  y' and z ' .  For example, i f  p o i n t  sources  are d i s t r i b u t e d  

a l o n g  t h e  x - a x i s  from x t o  x t h e n  t h e  i n t e g r a t i o n  i s  with respect 

t o  x '  w i t h  lower and upper l i m i t s  of i n t e g r a t i o n  x and x 

r e g i o n  i s  a c i rcu lar  d i s k  of r a d i u s  R i n  t h e  x-y p l a n e ,  t h e n  one i n t e -  

1 2 '  

If t h e  source  
2. 1 

g r a t i o n  i s  f irst  performed wi th  respect t o  x' with  l i m i t s  of i n t e g r a t i o n  

f r o m  - 4 ~ ~  - y f 2 t o  + J-foIlcied by a n  i n t e g r a t i o n  wi th  respect 
-.- 

t o  y '  from -R t o  R. If a r a d i a l  c o o r d i n a t e  system i s  used i n s t e a d  of a 

C a r t e s i a n  c o o r d i n a t e  system and t h e  appropriate change of v a r i a b l e  is  made i n  

t h e  i n t e g r a n d ,  t h e n  t h e  i n t e g r a t i o n  is  from 0 t o  R w i t h  r e s p e c t  t o  r '  and f r o m  0 

t o    IT with  respect t o  0 ' .  The l a s t  example shows how a change of  c o o r d i n a t e  

system may s i m p l i f y  t h e  i n t e g r a t i o n .  The i n t e g r a t i o n  may a l so  be s i m p l i f i e d  by 

a l i g n i n g  t h e  source  r e g i o n  with t h e  coordubate  axes  and by making use  of a p lane  
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o r  a x i s  of symmetry if it e x i s t s .  

In  a C a r t e s t i a n  coord ina te  system, t h e  i n t e g r a t i o n  w i l l  be wi th  r e s p e c t  

t o  x', y '  and/or 2'. One o r  more of t h e  fo l lowing  i n t e g r a t i o n s  w i l l  occur 

i n  almost every s o l u t i o n :  

B (y -y  ' ) 2 
4 D T t  

dY' - erf 

B112(z - z., - v t / B )  
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M u l t i p l e  i n t e g r a t i o n s  w i l l  r e s u l t  i n  p r o d u c t s  o f  e r r o r  f u n c t i o n s .  The argu- 

ments o f  t h e  error f u n c t i o n  w i l l  i n  most cases involve  t h e  t i m e  var iable  and 

t h e r e f o r e  t h e  e r r o r  f u n c t i o n  w i l l  be a par t  of t h e  i n t e g r a n d  i n  t h e  i n t e g r a -  

t i o n  wi th  r e s p e c t  t o  t i m e .  Though t h e  i n t e g r a n d s  are q u i t e  complicated,  t h e r e  

a r e  many a v a i l a b l e  software r o u t i n e s  which compute e r r o r  f u n c t i o n s  and Bessel 

f u n c t i o n s  q u i c k l y  and e f f i c i e n t l y .  

Approximation of  volume sources  by p o i n t  s o u r c e s  i s  r e a s o n a b l e  when t h e  

d i s t a n c e  between t h e  source  r e g i o n  and t h e  p o i n t  of  c a l c u l a t i o n  i s  l a r g e .  

A s p h e r i c a l  source  could be approximated by a p o i n t  source  and a c y l i n d e r  

source  by a l i n e  source.  It is  d i f f i c u l t ,  however, to determine t h e  range 

of v a l i d i t y  of such an approximation by means o t h e r  t h a n  d i r e c t  c a l c u l a t i o n s .  

Examples o f  non-point source  s o l u t i o n s  i l l u s t r a t i n g  t h e  method and some 

of t h e  p o i n t s  mentioned above are g iven  i n  t h e  next  s e c t i o n .  The case of a n  

i n s t a n t a n e o u s  r e l e a s e  wi th  equi l ibr ium sorption is  emphasized i n  t h e  examples 

because t h e  e x p o n e n t i a l  t e r m  i n v o l v i n g  s p a t i a l  v a r i a b l e s  which o c c u r s  i n  t h i s  

case also o c c u r s  i n  a l l  o t h e r  cases. Aside f r o m  t h i s ,  t h e  s e l e c t i o n  of ex- 

amples is eclect ic .  

A. L ine  Source 

Consider a l i n e  source  c o n s i s t i n g  of a d i s t r i b u t i o n  of p o i n t  s o u r c e s  

a l o n g  a l i n e  p a r a l l e l  t o  t h e  x-ax is  between x and x and i n t e r s e c t -  

i n g  t h e  y-z p l a n e  a t  t h e  p o i n t  ( y ' , ~ ' ) .  Then t h e  c o n c e n t r a t i o n  is given  by 

1 2 

x 
r 2  

C ( x , y , z ; t )  = I ~ ( x - x ' ,  y-y' ,z--z' ; t ) d x '  . 
l i n e  source  Jx p o i n t  source  

1 

S p e c i f i c a l l y ,  i n  t h e  case of i n s t a n t a n e o u s  release wi th  e q u i l i b r i u m  s o r p t i o n  
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B ( y  - Y ' ) ~  B ( z  - z' - v t / B )  2 - - [ erf 112 

MA e-' 4DT t 4 D L t  
C =  e 

8rr (DTDL) 'I2ct 2 ( D T t )  (78) 

1 B1'2(x - x2) 

1/2 
- erf 

2 ( D T t )  

where M ' is  the  mass release p e r  u n i t  l e n g t h ,  M I = M /(x -x ).  

If  t h e  c e n t e r  of t h e  l i n e  source  is  located a t  t h e  o r i g i n  of t h e  coord ina te  

0 0 0 2 1  

system t h e n  i n  ( 7 8 )  y'  = 0 ,  z' = 0 ,  x1 = -L/2 and x = L/2, where L is 2 

t h e  l e n g t h  of  t h e  l i n e  source.  If t h e  l i n e  source  i s  i n f i n i t e  t hen  

The s o l u t i o n  f o r  a l i n e  source  a long  t h e  z -ax is  is s l i g h t l y  d i f f e r e n t  i n  

form. For t h e  in s t an taneous  release, equ i l ib r ium case 

B(x2+ y2)  
M '  e - 4 D T t  

8 r r D p  

[erf B1/2 (z- z l-vt / B ) B ~ / ~  (z-z2-vt/B) 
- ] (80) 

0 

1 / 2  
C =  e -er f 

2 (DLt)1 /2  2 ( D L t )  

2 7  where t h e  l i n e  source  ex tends  from z = z t o  z = z 1 
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B. D i s k  Source 

Next c o n s i d e r  a d i s k  source  of r a d i u s  R i n  t h e  x-y p l a n e  c e n t e r e d  a t  

z = z ' .  A f t e r  changing t o  a r a d i a l  c o o r d i n a t e  system 

R 27 

point source  
J" 

disk source  

I n  t h e  case of i n s t a n t a n e o u s  rslease wi th  e q u i l i b r i u m  s o r p t i o n  

Bd ['- BrrtL os (e ' -e)  
de '  

2DTt r ' e  4DTt d r '  e 

where M I i s  t h e  mass i n s t a n t a n e o u s l y  r e l e a s e d  per u n i t  area, M ' ' = M / ( 2 ~ r R ~ ) .  
0 0 0 

A s  l o n g  a s  t h e  i n t e g r a t i o n  wi th  respect t o  0' i s  over a p e r i o d  of 2~ , t h e  

l i m i t s  of i n t e g r a t i o n  can be r e p l a c e d  by 0 and @ + 2 ~  . 
0' - 0, t h e  s o l u t i o n  becomes 0' 1 = 

A f t e r  a change of v a r i a b l e ,  

Br12 
4 D T t  

- -  R 2 2 

- 4 Q -  J e - I0(G)r'dr' (82)  

B 1/2)*11 . -A t  - B (z-z '-vt/B) 
e 4%' 

0 

C =  4DT 1/2Et3/2 

0 

where t h e  i n t e g r a l  wi th  r e s p e c t  t o  0" i s  given by Watson (1966, p.79, no.3.7 

( 9 ) ) .  This  form shows t h e  r a d i a l  symmetry of t h e  s o l u t i o n ,  a r e s u l t  n o t  un- 

expected from t h e  geometry of  t h e  problem. Using t h e  d e f i n i t i o n  of t h e  
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function J(x,y) in CB-7),Appendix B, the final solution can be written 

? ?  -At - B ( 2- z -v t / B ) 
Mo-e e 4DLt C =  

2 (BDLITt) 

C. Spherical Source 

The solution for a spherical source region with radius R, centered 

(83) 

at the origin of coordinates, is most easily developed by superposition of 

disk sources in the x-y plane, centered on the z-axis at z=z l  and with radii 

R 1  given by R I 2  = R2 - z V 2 .  Thus, in cylindrical coordinates, 

21T 

de' C(r-rl,z-zl,O-$t;t) . 
C source spherical (r,z;t) = f -R d z 1 l m r ? d r ?  1 point source 

For the case of instantaneous release with equilibrium sorption, superposi- 

tion of disk sources gives: 

R 

1 1 ?  1 1 1  

where M is the mass instantaneously released per unit volume, M = 

MO/ ( 4v R3/3 ) . 
D. Cylindrical Sources 

0 0 

For a cylindrical source of length L and radius R, centered at the origin 
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of c o o r d i n a t e s  with a x i s  a long  t h e  z -ax i s ,  

c ( r , e ,  2; t )  =/zL'[rldrf ['def c ( r - r l , e - e l ,  z-zf;t) , 
c y l i n d r i c a l  -L/2 p o i n t  
sou rce  sou rce  

The necessa ry  i n t e g r a t i o n  wi th  r e s p e c t  t o  z '  i s  t h a t  used i n  t h e  l i n e  source 

example and t h e  i n t e g r a t i o n s  wi th  respect t o  8 '  and r '  are t h o s e  used i n  t h e  

d i s k  sou rce  example. The f i n a l  expres s ion  f o r  t h e  c o n c e n t r a t i o n  f o r  t h e  case 

of i n s t a n t a n e o u s  release wi th  equ i l ib r ium s o r p t i o n  invo lves  t h e  product  of 

t h o s e  i n t e g r a t i o n s  

I f f  f 1 1  - - where M 

2 M / ( T R  L). 

is t h e  mass i n s t a n t a n e o u s l y  r e l e a s e d  per u n i t  volume, Mo 
0 

0 

For a f u r t h e r  example, w e  s ta te  t h e  s o l u t i o n s  f o r  C and Q i n  t h e  case of 

a con t inuous ,  t i m e  dependent release wi th  non-equi l ibr ium s o r p t i o n ,  u s i n g  t h e  

same geometry as  t h a t  j u s t  cons idered:  
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2 1 1 1  1 1 1  

0 0 0 
where m i . s t h e  r a t e  of release of m a s s  per u n i t  volume, m = m /(TR L ) .  

F i n a l l y ,  c o n s i d e r  a c y l i n d r i c a l  source  reg ion  having l e n a t h  L and 

r a d i u s  R, c e n t e r e d  a t  t h e  o r i g i n  of c o o r d i n a t e s ,  wi th  i t s  a x i s  c o i n c i d e n t  

wi th  t h e  y-axis .  H e r e ,  

L/2 R iR2-zi2 

C(X-X1,y-y',Z-Z1;t)* 
c y l i n d r i c a l  p o i n t  source  
s o u r c e  

For t h e  c a s e  of an i n s t a n t a n e o u s  r e l e a s e  wi th  e q u i l i b r i u m  s o r p t i o n ,  it 

fo l lows  t h a t  
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VI. Discussion 

Pe have der ived  anal-yt i c a l  s o l u t i o n s  t o  t h e  t r a n s p o r t  equat ion  under 

t h e  assumption t h a t  t h e  number of s i tes ,  on s u r f a c e s  of t h e  s o l i d  phase,  

ava. i lable  € o r  e i t h e r  i on  exchange o r  t h e  L a n q u i r  type  of s o r p t i o n  i s  very  

l a r g e  r e l a t i v e  t o  t h e  number of si tes occupied by s o r b a t e  i o n s  o r  molecules.  

T h i s  assumption l e a d s  t o  a k i n e t i c  law f o r  t h e  r a t e  of mass t r a n s f e r  between 

f lu ic?  and s o l i d  phases  which i s  l i n e a r  i n  c o n c e n t r a t i o n s  of  s o r b a t e  i n  both  

phases .  Thus, o u r  a n a l y s i s  i s  s t r i c t l y  a p p l i c a b l e  only  t o  s o r p t i o n  u p n  a 

s o l i d  phase i n  which t h e  c o n c e n t r a t i o n  of s o r b a t e  is  s m a l l  r e l a t ive  t o  t h e  

s a t u r a t i o n  c o n c e n t r a t i o n  or ,  e q u i v a l e n t l y ,  t o  s o r p t i v e  systems c h a r a c t e r i z e d  

by a l i n e a r  i so therm f o r  s o r p t i o n .  

Our p o i n t - s o u r c e  s o l u t i o n s  w i l l  s e r v e  a s  s t a n d a r d s  f o r  checking o f ,  

and comparison w i t h ,  numerical  models of non- l inear ,  s o r p t i v e  systems now 

under development. A d d i t i o n a l l y ,  t h e  p o i n t -  and l i n e - s o u r c e  s o l u t i o n s  a r e  

u s e f u l  approximations,  i n  t h e  f a r  f i e l d ,  t o  s o l u t i o n s  of  l i n e a r  t r a n s p o r t  

problems i n v o l v i n g  source  f u n c t i o n s  f o r  which a t o t a l  ra te  of release of 

s o r b a t e  can be  s p e c i f i e d .  F i n a l l y ,  t h e  poin t -source  s o l u t i o n s  are d i r e c t l y  

a p p l i c a b l e  t o  t h e  development of a n a l y t i c a l  s o l u t i o n s  of problems involv ing  

source  € u n c t i o n s  occupying f i n i t e  r e g i o n s  of t h e  space i n  which t r a n s p o r t  

t a k e s  p l a c e .  This  a p p l i c a t i o n  is  p o s s i b l e  because t h e  t r a n s p o r t  equat ion  

and, i n  t h e  cases of  non-equilibrium s o r p t i o n ,  t h e  a s s o c i a t e d  m a s s  t r a n s f e r  

e q u a t i o n  are l i n e a r  e q u a t i o n s ,  and t h e  p r i n c i p l e  of s u p e r p o s i t i o n  can be 

used t o  c o n s t r u c t  t h e  a n a l y t i c a l  e x p r e s s i o n s  f o r  f i n i t e  sources .  

I t  is a c h a r a c t e r i s t i c  of po in t - source  s o l u t i o n s  t h a t  t h e y  may become 

i n f i n i t e  a t  t h e  p o i n t  where mass is  in t roduced  i n t o  t h e  t r a n s p o r t  system. 

I n  our  d e r i v a t i o n s ,  t h i s  p o i n t  i s  t h e  o r i g i n  of c o o r d i n a t e s  ( r  = 0 ,  z = 0 ) .  

I n  t h e  f o l l o w i n g  paragraphs w e  d i s c u s s s  t h e  behavior  of our  poin t -source  
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s o l u t i o n s  a t  t h i s  p o i n t  for  each type  of mass r e l e a s e .  

Ins tan taneous  r e l e a s e :  In  t h i s  c a s e ,  t h e  express ion  ( 4 7 )  f o r  e q u i l i b -  

rium s o r p t i o n  is  f i n i t e  everywhere when t > 0 ,  and as  t + O  (47) t e n d s  t o  

zero  a t  a l l  p o i n t s  except  t h e  o r i g i n  where it becomes i n f i n i t e ,  a s  ex- 

pected. For non-equi l ibr ium s o r p t i o n ,  e q u a t i o n  ( 5 0 )  f o r  C e x h i b i t s  

i d e n t i c a l  behavior ;  however, t h e  in tegrand  i n  t h i s  e x p r e s s i o n  appears  

t o  become i n f i n i t e  f o r  r = z = O ,  a t  t h e  l o w e r  l i m i t  of i n t e g r a t i o n  

when t > 0 .  This  apparent  s i n g u l a r i t y  can be removed by a change of t h e  

2 
v a r i a b l e  of i n t e g r a t i o n  from T t o T  , and by u s i n g  t h e  l i m i t i n q  form 

of t h e  modif ied Bessel f u n c t i o n  for  v a n i s h i n g l y  s m a l l  v a l u e s  o f  i t s  

argument. On t h e  o t h e r  hand, t h e  i n t e g r a n d  i n  t h e  e x p r e s s i o n  for  Q i n  

( 5 1 )  h a s  a non-removable s i n q u l a r i t y  a t  t h e  lower l i m i t  of i n t e g r a t i o n  

(:= 0 )  when r = z = 0 and t > 0. This  behavior  appears t o  be a con- 

sequence of o u r  assumption t h a t  t h e  sorptive c a p a c i t y  o f  t h e  s o l i d  phase 

is unbounded. 

Continuous release: As expected,  a l l  s o l u t i o n s  become i n f i n i t e  a t  

r = z = 0 when t > 0.  

P u l s e  release: Here t h e  s o l u t i o n s  for  e q u i l i b r i u m  s o r p t i o n  c l e a r l y  

are bounded a t  t h e  p o i n t  r = z = 0 when t > T. For non-equi l ibr ium 

s o r p t i o n ,  t h e  i n t e g r a n d s  i n  t h e  express ion  fo r  C formed by s u b t r a c t i n g  

( 7 2 )  from (62 )  appear t o  become i n f i n i t e  a t  t h e i r  l o w e r  l i m i t s  when 

r = z = 0 and t > T,  c o n t r a r y  t o  expec ta t ion .  However, it can be 

shown ( b y  t w o  p a r t i a l  i n t e g r a t i o n s )  t h a t  t h i s  apparent  s i n g u l a r i t y  i s  

removable. On t h e  o t h e r  hand, t h e  i n t e g r a n d s  i n  t h e  complete e x p r e s s i o n  

for  Q have non-removable s i n g u l a r i t i e s  a t  t h e i r  lower l i m i t s  when r = 

z = 0 and t > T,  a g a i n  a p p a r e n t l y  because of t h e  assumption of i n f i n i t e  

s o r p t i v e  c a p a c i t y  i n  t h e  s o l i d  phase. 
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The s i n q u l a r i t i e s  i n  C i n  t h e  c a s e s  of non-equi l ibr ium s o r n t i o n  fo l lowing  

an i n s t a n t a n e o u s  r e l e a s e  and c e s s a t i o n  of a p u l s e  r e l e a s e  a r e  n o t  s i c j n i f i -  

c a n t  l i m i t a t i o n s  t o  a p p l i c a t i o n  of t h e  poin t -source  s o l u t i o n s .  F i r s t ,  i n  t h e  

use of these s o l u t i o n s  as approximations of s o l u t e  c o n c e n t r a t i o n  h i s t o r i e s  

i n  t h e  f a r  f i e l d  t h e r e  w i l l  be l i t t l e ,  i f  any, i n t e r e s t  i n  t h e  p o i n t  r = z = 0. 

Secondly, when t h e  p o i n t - s o u r c e  s o l u t i o n s  a r e  i n t e g r a t e d  i n  space  t o  form 

s o l u t i o n s  f o r  s p a t i a l l y  f i n i t e  source  req ions  a l l  s i n q u l a r i t i e s ,  bo th  r e a l  

and a p p a r e n t ,  d i sappear .  

It should he  noted t h a t  s o l u t i o n s  for  f i n i t e  source  r e g i o n s ,  der ived  

f r o m  o u r  p o i n t - s o u r c e  s o l u t i o n s ,  describe t r a n s p o r t  away from source  r e g i o n s  

which have p h y s i c a l  and chemical p r o p e r t i e s  i d e n t i c a l  t o  t h o s e  of t h e  surround-  

i n g  medium,  except  t h a t  mass i s  in t roduced  wi th in  t h e  source  r e g i o n s .  I n  

P a r t i c u l a r ,  t h e  source  r e g i o n s  do n o t  p e r t u r b  t h e  f l u i d  f low f i e l d .  Thus, f o r  

example, t h e s e  s o l u t i o n s  do no t  d e s c r i b e  t r a n s p o r t  of a s o l u t e  which i s  i n t r o -  

duced at t h e  s u r f a c e  of a reg ion  of space which is  impervious to f l u i d  flow. 
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Appendix A .  Deriva t ion  of Equation ( 4 4 ) .  

We make t h e  fo l lowinq  changes of v a r i a b l e s :  

Then ( 4 1 )  becomes 

2- 2- 2-  2 

L 

V 

4D + 9. = 0, 
a u + a U + a . - -  (,+ + -  - 

2 D  
L \  

and t h e  boundary c o n d i t i o n  ( 3 8 )  becomes 

- 3 2 2 2 6 

l i m  u = 0 ,  wherep 1 = x l  + y l + z *  4 - (A-2 

(A-1) i s  s p h e r i c a l l y  symmetric i n  t h e  c o o r d i n a t e  system wi th  axes x 1 , y l , z ;  

t h e r e f o r e  (A-1) can he r e c a s t  i n  t h e  form: 

( A - 3 )  

w h e r e  p is t h e  r a d i a l  c o o r d i n a t e  def ined  i n  ( A - 2 ) .  The g e n e r a l  s o l u t i o n  of 

(A-3) c o n s i s t e n t  with ( A - 2 )  i s  

1 

where A i s  a c o n s t a n t  of i n t e g r a t i o n .  Then i s  g iven  by 

vz - 
2DL - ( f P P 2 T l  

(A-4) 
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where 0 w a s  def ined  fo l lowing  ( 4 4 ) ,  and 

2 
V 

p = s + x  + -  + h .  4DLf ( A - 5  1 

W e  next  e v a l u a t e  A u s i n g  t h e  m a s s  ba lance  expressed by ( 4 3 ) ,  and n o t i n g  t h a t  6 
can be r e l a t e d  t o  by: 

where g i s  a f u n c t i o n  of t h e  t ransformat ion  parameter s and i s  given by: 

fo r  t h e  case of non-equi l ibr ium s o r p t i o n ;  kl 
g ( s )  = s + A + k2 

f o r  t h e  case of e q u i l i b r i u m  s o r p t i o n ;  and k l  

k* 
g ( s )  = - 

g ( s )  = 0 €or t h e  case of no s o r p t i o n .  

W e  s u b s t i t u t e  (A-4)  and ( A - 6 )  i n t o  ( 4 3 )  and use t h e  volume element dV = 21~rd rdz ;  

t h e  r e s u l t  is  

vz 

( A - 7  1 2 m  - 
112 

DL 

+ 
vz - 

2DL e dz e -(fP)11211 dn 
( A - 8  1 
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The r e s u l t  of t h e  i n t e g r a t i o n  wi th  regard  t o  r7 i n  ( A - 8 )  i s  broken i n t o  a sum 

of t w o  i n t e s r a l s  with r e c a r d  t o  z ;  i . e . ,  

1/2p1/2 + 

= 2DL v1/2) dz 

1 / 2  

1 / 2  1 / 2  

+ i;” 
0 

E v a l u a t i n g  t h e  i n t e g r a l s  and s o l v i n g  for  A g i v e s  t h e  r e s u l t :  

(A -9 )  

Inser t ing appropriate values of h ( s )  i n t o  ( A - 5 )  and of g ( s )  i n to  ( A - 9 )  and Sub- 

s t i t u t i n g  ( A - 5 )  for  p i n  ( A - 9 )  and ( A - 4 )  gives ( 4 4 ) .  
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Avvendix B. I n v e r s i o n  of some Imaae-Space S o l u t i o n s  

I n  t h i s  appendix w e  e s t a b l i s h  t w o  r e s u l t s  which are u s e f u l  i n  Sec t ion  1 I I . B .  

I n  t h e  fo l lowing  d i s c u s s i o n  w e  use  t h e  symbol L t o  s i g n i f y  t h e  o p e r a t i o n  of 

Laplace t ransforming  an o r i g i n a l  f u n c t i o n ,  F ( t ) ,  i n t o  an image f u n c t i o n ,  ~ ( s ) ,  

and t h e  symbol L t o  s i g n i f y  t h e  i n v e r s i o n  of an image f u n c t i o n  back t o  

- 

-1 

a n  o r i g i n a l  f u n c t i o n ;  t h u s ,  

- 
W e  begin  by c o n s i d e r i n g  i n v e r s i o n  of an image f u n c t i o n ,  F 1 ( s ) ,  g iven  by 

and 6 a r e  c o n s t a n t s ,  and @$O. W e  d e f i n e  a f u n c t i o n  I’ B2 3 
where R 

F ( S I  bv 
2 

It I s  clear that Fl(s) has the form 
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-1 F3( t , ' l )  = L 1 

Then it can be shown (see Appendix C )  t h a t  t h e  o r i g i n a l  f u n c t i o n ,  F l ( t ) ,  

e 
6 1 + -  

- 
corresponding t o  t h e  image f u n c t i o n ,  F 1 ( s ) ,  i s  given by 

-1 ~ L 

t 

I 

0 

From tab les  ( E r d e l y i ,  1954, p. 245, no. 5 . 6 ( 1 ) ) ,  we f i n d :  

r12 - b l t  - - 4 t  . 
e rl - - 

3 1/2 
2 ( n t  1 

TO f i n d  F 3 ( t , r ) ,  w e  w r i t e :  

We have from t a b l e s  ( E r d e l y i ,  1954, p. 245, no. 5 . 5 ( 3 5 ) ) :  

'2r 
s + 8, 

s + 8, 
e 
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where I ( x )  i s  t h e  modif ied Ressel f u n c t i o n  of t h e  f i r s t  k ind  and o r d e r  n 

having argument x. Then, u s i n g  t h e , r e s u l t  (B-5) and t h e  convolu t ion  p r o p e r t y ,  

n 

( R - 4 )  becomes: 

The i n t e g r a l  i n  (B-6) i s  r e l a t e d  t o  t h e  f u n c t i o n  J x , y )  which w a s  in t roduced  by 

Anzel ius  (1926)  and’has  been d i s c u s s e d  by Golds te in  (1953a) ,  Masters (1955), and 

Luke (1962) .  The f u n c t i o n  J ( x , y )  i s  d e f i n e d  by: 

and it h a s  t h e  p r o p e r t y :  

I f ,  i n  (B-7) and ( E - 8 ) ,  t h e  f o l l o w i n g  s u b s t i t u t i o n s  are made: 

f 3 2 q  0 = B 5, 
3 x = B 3 t ,  y = - 

f33 

t h e n  it i s  e a s i l y  shown t h a t  (€3-6) i s  e q u i v a l e n t  t o  

L - 
F 3 ( t , ? )  = e ” J (x B3t) 

W e  now s u b s t i t u t e  (B-3) and (€3-9) i n t o  (B-2) t o  o b t a i n  

J 
0 



6 

t h e  image, F ( s ) ,  of F ( t )  is given by ( € ? - I ) .  
1 1 

I n  t h e  special  c a s e  when 6 = 0 ,  (E-6) becomes simply 3 

and (R-10) becomes 

J 
0 

Next, w e  c o n s i d e r  i n v e r s i o n  of t h e  image f u n c t i o n ,  

s + e 3  r2 . 
F ( S I  = e 

4 

W e  n o t e  t h a t  

F ( s )  = s F 1 ( s )  = s L { F l ( t ) l  4 

Using t h e  r u l e  f o r  t ransforming  t h e  d e r i v a t i v e ,  

From (B-101, F ( 0 )  i s  z e r o ,  so (B-11) becomes 
1 

(B-12) 

W e  perform t h e  i n d i c a t e d  d i f f e r e n t i a t i o n  on (B- ) u s i n g  Le,-niz' r u l e  ( B o a s ,  

1966, p. 162) and t h e  f o l l o w i n g  properties of t h e  f u n c t i o n  J ( x , y )  

1953a) : 

( G o l d s t e i n ,  
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-X 
J(x,O) = e , 

1 /2 
I ( 2 G - L  

a -x-y 5 
a Y  Y 1 
- J ( x , y )  = e 

The r e s u l t  is: 

L 

(B, - B3)T d? . 
e 

T ( t - T )  
0 

c 
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c 

Appendix C: A u s e f u l  Rule f o r  Invers ion  of c e r t a i n  Image Funct ions.  

The problem can be s t a t e d  by t h e  fol lowing.  

Given: a n  image f u n c t i o n ,  F1 ( s )  , which i s  t h e  Laplace t ransform 

of an o r i g i n a l  f u n c t i o n ,  F l ( t ) ;  and 

given: f u n c t i o n s  g ( s )  and g ( s )  such t h a t  t h e  f u n c t i o n  6 ( s ) ,  where 1 2 2 

is  t h e  Laplace t ransform of  an o r i g i n a l  f u n c t i o n  F ( t , T ) ;  t h e n  

t h e  o r i g i n a l  f u n c t i o n ,  F 3 ( t ) ,  whose Laplace t ransform,  F (s), is 

given by 

2 - 
f i n d :  

3 

From t h e  d e f i n i t i o n s  of  F ( s )  and F ( s )  a s  Laplace t r a n s f o r m s ,  w e  have 
1 2 

0 

and 

0 

( C - 1 )  can be regarded a l so  as t h e  d e f i n i t i o n  of t h e  f u n c t i o n a l  form of I? (SI ;  
1 

a c c o r d i n g l y  w e  may write 
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and t h e n  

(C-3)  can be rear ranged  t o  read: 

The q u a n t i t y  enc losed  i n  b r a c k e t s  i n  ( C - 4 )  i s  a Laplace t r a n s f o r m  def ined  by 

( c -2 ) ;  s u b s t i t u t i o n  of ( C - 2 )  i n t o  ( C - 4 )  gives: 

NOW l e t  a new variable of i n t e g r a t i o n ,  t ,  be g iven  by 

t = T + 5  or o = t - ~  

and s u b s t i t u t e  t- T f o r  5 ( h o l d i n g  T c o n s t a n t )  i n  t h e  i n t e g r a l  wi th  regard t o  

0 i n  ( C - 5 ) .  Then ((2-5) becomes 

03 00 

F ( s )  = / d T .  F , ( T ) / d t  . e -st F ( t - ' I , T )  
3 2 

0 T 

I n  ( C - 6 ) ,  t h e  i n t e g r a t i o n  w i t h  r e g a r d  t o  t ranges  f r o m  t = T t o  t = 00 i n  strips 

of width d T ,  and t h e  i n t e g r a t i o n  wi th  regard t o  T sums t h e s e  strips f r o m  T = 0 

'I = a  . I f  w e  v i s u a l i z e  t h e  t - T p l a n e  wi th  t h e  l i n e  T = 0 as t h e  abscissa and 

t h e  l i n e  t = 0 as  t h e  o r d i n a t e ,  w e  see t h a t  t h e  i n t e g r a t i o n s  i n  ( C - 6 )  cover a 

wedge-shaped area i n  t h e  first quadrant  of t h e  p l a n e ,  t h i s  area l y i n g  between 

t h e  abscissa t = 0 and t h e  l i n e  T = t. W e  now adopt  a procedure used by Boas 
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(1966, pp. 608-609) and r e v e r s e  t h e  o r d e r  of i n t e g r a t i o n .  W e  now i n t e g r a t e  

f i r s t  wi th  r ega rd  t o  ‘I so t h a t  t h i s  i n t e g r a t i o n  ranges  from = 0 t o  ‘I= t i n  

s t r i p s  of width d t ,  and t h e  second i n t e g r a t i o n  wi th  regard  t o  t sums t h e s e  

s t r i p s  from t = 0 t o  t = 03; t h i s  procedure covers  t h e  same area i n  t h e  t-‘I 

p lane  t h a t  was covered by t h e  i n t e g r a t i o n s  i n  ( C - 6 ) .  The new double  i n t e g r a l  

i s  : 

where 

W e  recognize  (C-7) as t h e  Laplace t ransform of t h e  q u a n t i t y  enc losed  i n  

b racke t s .  (Compare (C-11 . )  Therefore ,  

L 

As an example of a p p l i c a t i o n  of the method, w e  s h a l l  derive a known, 

gene ra l  i n v e r s i o n  formula.  

f u n c t i o n ,  F l ( t ) ,  and l e t  CJ (s) = s1’2 and g ( s )  = s ” ~ .  

Let F ( s )  be t h e  t ransformed image of an o r i g i n a l  
1 

Then by o u r  procedure,  1 2 

2 T 112 - -  
-11 2,-1/2= 4t F2(t,T) L-l = IT 
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the inversion. It must follow that 

where we have used a result given by Erdelyi (1954, p. 246, no. 5.6(6)) for 

( C - 8 )  

The result ( C - 8 )  is also given by Erdelyi (1954, p. 227, no. 5.1(2)). 

Appendix D. Error Function with Complex Argument 

Define the function@ (z), where the argument z is t..e complex var-able 

z = x + iy, x and y real, by: 

The error function w r - t h  argument z, erf(z), and its complement, erfc(z), are 

related to @ (z) by 

erf(z) = 1 - erfc(z) = 2T-1’2Q(z) (D-2 1 

Salzer (1951) has derived the following approximate formula for computa- 

tion of @(z): 

2 -X 
[l-cos(2xy) + i sin(2xy)l e 

?5 47T x 
Q ( z )  = @(x) + - 
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where 

A (x,y) 

R (x,y) 

and I E(z) 1 

= 2x - Zx-cosh(my)-cos(Zxy) + m-sinh(my).sin(Zxy), 

= 2x.cosh(my) asin(2xy) + m-sinh(my)-cos(Zxy), 
rn 

m 

1616 10 ( z )  I . 
The fo l lowing  r e s u l t s  c a n  be der ived  from ( D - 1 ) :  

- 2 ixy 2 ixy 
e erfc (x-iy) + e erfc (x+iy) c z-cos(~xy).erfc(x) 

(D-4) 2 

[ cosh (my) -cos (2xy) I , 8~ -X 
-X 

e + ~[l-cos(2xy)] + 7 e 
m= 1 

and 

y 22 m sinh(my). 
l . 7 1  

iDerf(iy) E - 
m=l 
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