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A general theory for the stability of collision-
less drift-wave eigenmodes in sheared slab magnetic 
fields is developed using the S-matrix technique. 
The eigenmodes are described with the integral 
formulation which fully takes into account the non
local effects of finite ion gyro-orbits. The universal 
eigenmode is then shown to be absolutely stable for 
arbitrary radial wavelengths. 
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Recently, significant progress has been made in understanding 
the stability properties of drift-wave eigenmodes in a sheared 
magnetic field and slab geometry within the second-order differential 
eigenmode equation formulation. However, the differential formula
tion is justified only when the radial wavelengths are much longer 

2 2 2 
than the ion-Larmor radius (|pi<i /dx | << 1) . For the case of cold 

2 ions (T. << T ), the ion-sonic turning points of Pearlstein and Berk 
are much closer to the mode-rational surface (k-B = 0) than are the 
regions of heavy ion-Landau damping and, hence, determine the 
radial scale length of the drift-wave eigenmode. Then the simple 
WKB estimate k ~ (L T./L T ) ' /p. (where L and L„ are the x n l s e l n s 
density and magnetic shear scale lengths) shows that the long radial 
wavelength assumption is valid here. For T ~ T. , the WKB estimate 

1/2 k p. ~ (L /L ) still holds for long azimuthal wavelength modes 
propagating in the electron diamagnetic drift direction. However, 
at shorter azimuthal wavelengths (k p. >1), the radial localiza
tion of the eigenmode is determined by ion-Landau damping and the 
radial wavelengths become of the order of the ion-Larmor radius, 
so that the usual differential eigenmode equation ceases to be 
valid. For eigenmode traveling in the ion diamagnetic direction, 
the differential formulation is, in general, not at all valid 
because of the importance of ion-Landau damping for this kind of 
mode. Moreover, experimentally observed drift-wave fluctuations 
tend to have wavelengths shorter then the ion-Larmor radius. There
fore, in order to assess correctly the stability properties of 
short-wavelength drift-wave eigenmodes, it is necessary to take 
into account explicitly the nonlocal nature of ion gyro-orbits 

4 through an integral eigenmode equation formulation. This is 
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particularly important because the differential formulation 
predicts the existence of very weakly damped eigenmodes. Hence, 
it would appear that any small additional effect might give rise 
to absolute instabilities. Although there have been some 

5 numerical efforts in this direction, we believe that this letter 
is the first such analytical treatment. Our major conclusion is 
that, even using the integral formulation with full ion-Larmor-
radius effects, the collisionless universal eigenmode is absolutely 
stable. In the course of our investigation, we have developed a 
general stability theory employing the S-matrix technique in the 
complex x plane, which may have wider applicabilities. 

Our method for analyzing the stability of drift-wave eigen
modes with arbitrary radial wavelengths is an extension of the 
S-matrix technique for the differential formulation. Briefly 
stated, the method consists of introducing a real parameter A 
which varies from 0 to 1 such that A = 1 corresponds to the 
original integral equation and A = 0 corresponds to the differential 

1 7 equation approximation which has been shown ' to allow only damped 
eigensolutions. We then formulate the problem as a scatcering one 
and show that the scattering amplitude contains no poles on the 
real w axis for all real A between 0 and 1 . Care must be taken 
to ensure that no additional unstable poles (in the upper-half oi 
plane) are generated when A is allowed to differ from zero and 
that there are no poles at |u| -»•» . Furthermore, whenever a sin
gularity of the coefficients of the equation is encountered for 
real w , we substitute u+ie(e>o) to preserve causality as in 
the Landau damping problem. Since the poles in the & plane corre
spond to the eigenmode frequencies and, as functions of X , they 
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cannot move to the upper-half ai plane without crossing the real 
<o axis or coming from infinity due to the continuity of the pole 
trajectories, this procedure will indeed determine the stability 
of the integral system. 

We now apply this procedure to study the collisionless drift 
wave with no temperature gradient. The e.igenmode equation considered 
here is 

[a(d/dx,X) + Q(x,Q)]<|> = 0 (1) 

with 

0(d/dx,A) = - b i + X[r Q-l + b i] , (2) 

Q(x,fi) = [(J2T+1) U+£,Z.) + (0,-1) (1+E Z )]/(fiT+l)£.Z. . (3) 
1 1 6 6 I X 

Here, b ± = (p^/2) (k2 - d 2/ax 2) , r o(b ±) = I Q (b-^exp (-b±) , n = wA> # e , 

T = T e / T i f Cj-OXj/lxl, Xj-« t a/|*ilv tjl < k l | = k
y / L s f a n d ZJ = Z < C J ) 

for j=e,i with Z the plasma dispersion function. Note that 
in Eq. (1), we have introduced the artificial parameter X in order 
to make a smooth connection between the two formulations; that is, 

1 2 4 
A=0,1 corresponds to the differential ' and integral eigenmode 
formulations, respectively. We emphasize here that Eq. (1) has 
physical meanings only at X = 0 and 1 . The lowest order eigen-
solutions to Eq. (1) for X=0 have been extensively studied with 
numerical shooting methods. As A is increased from 0 to 1 , 
these solutions, obtained with the differential formulation, will 
evolve continuously to those of the integral formulation, but only 
if the following condition is satisfied: 



-5-

lim X |1 r o — l + bj| = 0 (4) 
A->-0+ 

Here || ... || is a suitably chosen norm for the differential-
integral operator TQ - 1 + b i and 0 + is an inf initesimally small 
positive number. Equation (4) simply states that the eigensolutions 
obtained from the differential formulation are not singular solu
tions with respect to A at the point A = 0 . That is, when A ?* 0 , 
Eq. (1) is formally equivalent to an infinite-order differential 
equation which may, in general, have more branches of eigenmode solu
tions than the second-order differential equation (X = 0). Hence, if 
Eq. (4) is violated, there could exist singular solutions corresponding 
to new branches of eigenmodes for the integral equation (A = 1) 
which have no differential equation counterparts. Or, in other 
words, fi = fi(A) vrould not necessarily be a continuous function of 
A with n(A->0+) given by Q(0) . We can see that such is not the 
case by analyzing Eq. (1) in the limit A •* 0 . Since the full ion 
Z function has been used in Eq. (1), we expect the eigensolutions 
to be spatially bounded even though most, if not all, are temporarily 
damped modes. A detailed WKB asymptotic analysis shows that the 
eigenmodes are also square-integrable. Hence, the Fourier trans
form of $(x) exists, defined' by 

<t>(x) = -^z [ ds4(s)exp(isx) , (5) 
. /2TT J-oo 

with the s-contour suitably deformed to ensure convergence of the 
integral for complex x. In terms of *(s) , violation of Eq. (4) 
implies 
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lim X |*(s) | |T C(kJ+ s 2)pf/2] - 1 + <k 2 + s 2)p 2/2|ds ? 0.(6) 

Since *(s) is also square-integrable, Eq. (6) is only possible 
if there exists a point x about which, as X + 0 , the solution 
is rapidly varying. That is, in the neighborhood of x , the char-
acteristic wavenuraber s has the ordering I p . ~ 0(X~ ~ ) with 
6 >^ 0 . We investigate this possibility by rescaling the x variable 
as x = x + X ( 1 + 6 ^ 2 t . Letting A + 0 + , Eq. (1) becomes 

F(p 2/2)d 2/dt 2 + limX 6Q(x +A a + 6 ) / 2t,fl)l<(i = 0 . (7) l i X-»-0 ° J 

The limit in Eq. (7) can easily be taken and, for 6 j> 0 , can be 
shown to be zero. Hence, no nontrivial eigenmodes exist for Eq. 
(7); the only trivial solution is a constant one which, however, 
contradicts the assumption that <j> has short scale length at x . 
We therefore conclude that no additional branches of eigenmodes 
are created through the introduction of the parameter X . That 
is, A smoothly connects the eigenmode solutions of the two formula
tions. 

Similarly, it may be seen that no solutions with |fi| -> °° exist. 
This follows from our being able to demonstrate that no rescaling 
of the independent variable in the form x = x + J ft | t can lead to 
nontrivial eigensolutions in the limit \il\ •* <*> . Consider the 
following three cases distinguished according to the range of the 

—2 8 scaling exponent 6 • (1) 3_<0s In this case a(d/dx,A) ->• \si\ 
7 7 2 

x(l-A)(pf/2)d /dt and Q(x,fi) •+ constant , and thus only a constant 
solution is possible. (2) g ^ l : In this case a(d/dx,A) •+ constant 
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and Q(x,ft) + » , again, no nontrivial solution is possible. (3) 
0< 8 < 1: Here a (d/dx,A) •+ negative constant and Q(x,fi) •* (1/2) 
xjn| 2 ( B - 1 ) (1/x2 + l/xx 2)t 2 provided k is nonzero and no eigen-
solution is possible; otherwise, set k = h|fl|~ whereupon the con
sistency of the scaling requires B = 8 = 1/3 . Equation (1) becomes 
the following Weber's equation 

[(p?/2) (d 2/dt 2-h 2) + (l/x?+l/Tx2)t2/2]<j>(t) = 0 . (8) 
1 I S 

However, Eq. (8) has only unbounded eigensolutions for which the 
2 

eigenvalues h are purely imaginary, contradicting the physical 
2 

requirement that k must be real. One can also exclude the pos
sibility of multiple scale lengths. Thus, we have ruled out the 
possibility that the poles can cross the semi-circle at infinity 
in the upper-half w plane. 

It now remains to be proved that the poles cannot cross the 
real to axis either, for a real X anywhere between 0 and 1 . 
We prove this point by contradiction. That is, we assume eigen-
modes with w purely real exist,and allow x to be complex. Since 
the operator 0(d/dx,X) is an entire function of d/dx , it can 
be replaced by an infinite-order, local differential operator 
whenever applied to an infinitely differentiable function. 
(Integral operators with this property will be called quasilocal 
operators.) The quasilocal property enables us to consider the 
asymptotic regimes |xj ->°° of Eq. (1) as if it were a finite-
order differential equation. As |x| •+ °° and Re x > 0 , Z. •*• i/fTx./x 
and Eq. (1) becomes 

-1/2 (o(d/dx,X) -iTr"1/2(l+T) ( Q T + D - ^ / ^ J ^ J X ) = 0 / (9) 
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a similar equation for Rex<0 can also be obtained. Substituting 
the Fourier integral representation of $ (x) , Eq. (5) into Eq. (9), 
we obtain the following equation for $(s) 

[d/ds - ^Ki(ai+1) ( 1 + T ) - 1 O ( - is,\)]#(s) = 0 . (10) 

Equation (10) can be trivially integrated to give *(s) , and the 
asymptotic solutions of <(>(x) can then be obtained by saddle point 
integration. In particular, for fix+1>0 , the subdominant region 
(in which |<Mx)| •* 0 as |x| -*•«>) is the sector bounded by the 
rays (asymptotic anti-Stokes lines) arg x = TT/6 and arg x = - w/2 ; 

whereas for J2T + i < o f the rays are arg x = T/2 and arg x = - if/6 . 
In both cases, the subdominant solutions are 

* ( x> = A+ 3T CT(-is,*) exp[±i[ k(y)dy] , x + ±°° (11) 
_ l- s ' 's=k(x) <• ' > 

where k (x) satisfies the equation <j(-ik,X) = i (1+T) |x|//Fxi (RT+1) 
and can be considered to be the asymptotic WKB wavenumber for <j> (x) . 

Upon making the transformation x = - in sgn(Qr + 1) to the 
asymptotic anti-Stokes line, Eq. (1) becomes 

{3(d/dn,X) +Q(n,fJ)]4<Ti) = 0 , (12) 

with a = b - A[r (b )-l+bl and Q(n,n) = [ (fix+DG. + (fi-l)Gl/ 
(nT+l)g± . Also, b = (ky + d2/d2)p?/2 , G. = 1 - g. with 
g. = /nl. exp(5j)erfc(I.) , and fj = fix./|n| for j=e,i. Since 
Q(n,fi) is purely real, Eq. (12) describes a conservative system. 
Motivated by this observation, we can then, as in the case of second-
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differential equations, define a generalized flux function J(n) 
by 

* ,a. .co r (e')-r (e ) 
j(n) = (1-A) (<W -<f>*<J> ) + i X dt d s * ( t ) * * ( s ) — — ^ _ •• ° — n _ e x p [ i ( t - s ) n ] 

(13) 
where S n = p^k 2 - t2) /2 and 6̂  = P?<ky - s2)/2. . We note that, for 
A=0 , Eq. (13) reduces to the Wronskian (flux) of second-order 
differential equations, as it should. Using Eq. (12), it is easy 
to show that the flux function J(n) r as defined by Eq. (13), is 
a constant on the real n axis. 

As | n | -+ °° , the dominant contribution to the s integral in 
Q 

J(ri) comes from s = t , and asymptotically, 

j(n) <-• (l-M (<M>*-***n) -H<t>*r^(br))((1-1ftr^)(bn)((1]'} (14) 

with r'=dr (C)/dC . Using Eqs. (11), (14), and (d/ds) a (- is, A) 
= - p.k (i-A-AT ) , we obtain the following flux conservation law: 

|A +| 2=-|A_| 2 • (15) 

Clearly, Eq. (14) cannot be satisfied unless A, and A both 
vanish exactly. From the asymptotic analysis and the uniqueness 
theorem of integral equations, this implies that $ vanishes 
identically. Therefore, no eigenmode solutions can exist for 
real w . This completes our proof for absolute stability. 

To summarize, we have shown for slab geometries and in the 
absence of temperature gradients that, as the finite-ion-Larmor-
radius parameter X is increased from zero, the collisionless drift-
wave eigenmodes evolve continuously from those described by the 
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purely differential (i.e., long-wavelength) formulation. We have 
found that the corresponding eigenmode frequencies never cross 
the Re- ID axis. Since the eigenmodes are known to be stable in 
the differential formulation, our analysis clearly proves that 
they remain stable in the integral-equation formulation. We con
clude that, within the present physical model, no absolutely unstable 
universal eigenmode exists even with finite ion gyro-orbit effects 
fully accounted for. 

Finally, we remark that, in this discussion, electron and 
ion temperature gradients have been left out for simplicity. The 
inclusion of the electron temperature gradient does not alter 
the stability proof. However, a finite ion temperature gradient 
drastically alters the asymptotic behavior of Eg. (1) and will also 
alter the stability properties of the drift waves. We defer con
sideration of this and other physical effects such as those of 
finite beta and trapped particles to a future publication. 
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