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ABSTRACT 
Angular momentum- and number-projected 
Hartree-Fock-Bogoliubov (HFB) wavefunctions for 
transitional and deformed Rare Earth nuclei are 
analyzed in terms of Fermion pairs coupled to 
angular momenta L = 0(S), 2(D), 4(G), ... The 
Fermion space is truncated to contain only S-D or 
S-O-G pairs. The variation is carried out before 
and after angular momentum projection and with 
different truncations. The influence of the 
truncation on physical quantities such as moments 
of inertia, quadrupole moments or pairtransfer 
matrix elements is discussed. 

The Interacting Boson Model (IBM) of Arima and Iachello') has 
proven to be very successful in the phenomenological description of 
collective properties in nuclear structure. This fact can be 
understood eventually by relating the Bosons in this model to 
collective pairs of Fermions2.3) These pairs can be thought as 
building blocks of a shell model calculation. Taking into account a 
sufficiently large number of different Fermion pairs one thus has in 
principle an exact description of the manybody problem for the valence 
shell of transitional and deformed nuclei. Of course this concept cjn 
only be carried out in practice, if the number of different types of 
fermion pairs is restricted. In fact the ground state of spherical 
nuclei seems to be built to a very large extent by pairs coupled to 
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angular momentum L=0 (S). Low lying excited states carry angular 
momentum L=2 (D). A number of calculations in spherical nuclei, where 
only very few broken pairs are present, have shown that one obtains a 
qualitative understanding of the microscopically fitted IBM-parameters 
already considering only S and D pairs 4> 5> 6). By taking into account 
the influence of higher pairs, such as G,I... and S',0',.., by a 
renormalization procedure one can find even a quantitative agree
ment 7- 8'. In that sense there is a microscopic foundation of the IBM 
in spherical nuclei. 

Of course the IBM model has its biggest success for the 
description of transitional and deformed nuclei. And there the 
situation is much more complicated. The transition from spherical 
shapes to deformed shapes can be described as a kind of a phase-
transition in a finite system. Such a phase-transition is connected 
with the freezing out of a soft mode. It is evident that this soft 
mode is a quadrupole vibration and therefore one expects the deformed 
ground .tate to contain a large number of 0-pairs. A number of inves
tigations have been carried out to understand quantitatively the 
structure of deformed HFB-states in terms of S,0,G ... p a i r s 9 - 1 0 , 1 1 ) . 
It has been found that HFB-wavefunctions of deformed nuclei lie to a 
large extent in the SD-space. Essential physical quantities, however, 
can be understood only on the basis of higher pairs. For a microscopic 
understanding of the properties of deformed nuclei one has to take into 
account at least the G-pair. 

All these investigations used deformed HFB-states. IBM-model 
states, however, are states in the laboratory frame with good angular 
momentum. In fact one of the big advantages of pp-Bosons as compared 
to the ph-Bosons, which have been widely used in the literature for a 
microscopic understanding of collective properties in 
n u c l e i 1 2 , 1 3 , 1 4 ' 1 5 - 1 6 ' 1 7 ) and which work in terms of quasiparticle 
pairs, is t.-'. fact that pp-Bosons preserve the symmetries: The 
microscopic counterpart of the IBM-groundstate in spherical nuclei is a 
state with generalized seniority z e r o 1 8 , 1 9 ' 2 " ) 0 r a number projected 
BCS-state. Using symmetry conserving wavefunctions in the Fermion 
picture is certainly more complicated, but it has the advantage that 
one avoids the admixture of spurious states. 

A consequent extension of these ideas to deformed nuclei requires 
the use of angular momentum and number projected deformed ilFB-
wavefunction for an analysis of the microscopic background of the 
IBM-model in deformed nuclei. We therefore assume that the groundstate 
and the members of the groundstate band for not too large angular 
momenta can be described in a fairly good approximation by wave-
functions of the form: 

|* I N> « P IP N»> (1) 

I N P and P ire projectors onto good angular momentum and particle 
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number. The number projected intrinsic state can be written as a 
condensate of A-pairs: 

PN|*> « ( A V / 2 | 0 > (2) 

The A-pair can be decomposed in terms of pairs coupled to good angular 
momentum 

A* = x S + +• x_0 + + x.G+ <- .. . ' (3) 
0 2 4 

The full wavefunction |t> is therefore characterized by 
1) the parameters X(_, which determine the admixture of different 

L-values and 
2) the structure constants ajj' of the Fermion pairs S,D. ... as 

for instance 

The following investigation is carried out in model of Baranger 
and Kumar^l): 

H = H Q - | Q +Q - G P tP (5) 

H 0 are spherical single particle energies, x and G are the strength-
parameters for a quadrupole-quadrupole force in the ph-channel and a 
monopole pairing force in the pp-channel. The valence space contains 
two major oscillator shells for each isospin, namely N=4 and 5 for the 
protons and N=5 and 6 for the neutrons. The force parameters and the 
single particle energies have been adjusted by Baranger and Kumar more 
than fifteen years ago and have been widely used with considerab^ 
success in the meantime. 

In the following we discuss two kinds of investigations, one with 
a projection and truncation after variation and a second with a varia
tion after truncation and projection. 

In the first part we start with the wavefunctions obtained by 
Baranger and Kumar before projection, truncate them to the SD- or 
SDG-space and project afterwards onto good particle number and angular 
momentum. We then study the behavior of different quantities as a 
function of the particle number and the angular momentum in the well 
deformed region. 

In Fig.l we show the expectation value of the spherical single 
particle Hamiltionian. Going from the transitional region in 1 5 3 D y to 
the well deformed region in '^Oy we observe a large decrease of this 
quantity, which is obviously caused by the increase of the total 
binding energy with increasing particle number. The wave functions in 
the full space show the same behavior as the wave function in the 
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Fig.l The single particle energy <H 0> after projection onto particle 
number (N) and angular momentum (I). The different curves 
correspond to the full HFB-wave functions and to truncations to 
the SD-space (02) and to the SDG-space (024). 

spaces truncated to SO- or SQG-pairs only. The absolute values, 
however, are rather different. In the SD-space we obtain roughly 8 MeV 
less binding than in the full space. Taking into account the G-pair 
closes this gap to less then 2 MeV. We also see in Fig.l that angular 
momentum projection has little influence on this behavior. The curves 
on the r.h.s. obtained after number projection only look very similar. 

In Fig.2 we show quadrupole moments. Since we cannot compare 
spectroscopic moments with intrinsic values we give the intrinsic 
quadrupole moments <Q>N and in the projected case an effective 
intrinsic quadrupole moment <0>'N defined by 

B(E2, 2 •» 0) 1/2 <2020|00><Q> IN (6) 

We coserve an increase of the deformation on the way from 1 5 6 D y 
l 0

 1 M D y in all cases. Again there is no qualitative difference 
between the calculations with'and without angular momentum projection, 
lhere is, however a large difference between the SD-truncation and the 
full wavefunctions, which increases even with deformation: In the well 
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Fig.2 Quadrupole moments as defined in eq.(6) as a function of the 

particle number for different truncations: Full wavefunctions, 
SD-space (02) and SDG-space (024) 

deformed region we find only 80% of the quadrupole deformation in the 
SD-space. Surprisingly the inclusion of the G-pair produces nearly the 
full value. 

In Fig.3 we show moments of inertia as a function of the angular 
momentum: 

_? (I) = (21 - U / « 1 ( i _ 2 (V) 

Again two cases are investigated: A transitional nucleus 1 5 B 0 y 
and a well deformed nucleus 1 M D y . In the first case the influence of 
SD-truncation is a reduction of more than 20%, which increases with 
angular momentum. In the second case we find only 20-30% of the moment 
of inertia in the SD-space. Again the inclusion of the G-pair gives 
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Fig.3 Moment of inertias defined in eq.(7) for the nuclei ^ 5 a D y and 
1 6 * D y as a function of the angular momentum. Full HFB-results 
are compared with SD-truncation (02) and SDG-truncation (024). 

nearly the full value. 

From these results one could be led to the conclusion, that for 
well deformed nuclei the entire projected HFB-function lies in the 
SDG-space. This is not completely true, as we see in Fig.l and also in 
Fig.4, which shows the pair transfer matrix elements: 

<A *• 2|(a +a t) |A> (8) 

This difference shows up even more dramatically, when we now turn 
to the second type of investigations, namely a variation in the trun
cated spaces. For this purpose we restrict ourselves to wavefunctions, 
which depend only on the deformation parameter p and the gap para
meters /ip and 4 n . We minimize the projected energy 

t « <*([3,4 ,4 )|P IP NP ZH PlPNP^|*(|3,fl ,4 )> p n p n (9) 

calculated with full and truncated wavefunctions with respect to these 
parameters. In particular we investigate the well known chain of 
transitional nuclei 1 4 ^ S m to ^ s m , in which a clear change from 
spherical to deformed shapes is observed. In Fig.5 we show the defor
mation and gap parameters for the minima in the angular momentum and 
particle number projected energy surfaces for the full HFB functions 
and for different truncations. 
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Fig.4 Pair transfer matrix elements as defined in eq.(B) as a function 
of the particle number for different truncations. 
In the theory without angular momentum projection this transition 

is very sharp. 1 4 8 s m is spherical and 1 5 0 S m has already a deformation 
15 = 0.2. The theory with angular momentum projection takes into 
account fluctuations and the sharp transition is somewhat smeared out 
in the sense that already 1 4 B S m shows a small deformation. For all 
other nuclei angular momentum has not much influence. 

In fig.5 we see very clearly that the deformations obtained in a 
variation within the SO space are much too small, even in the SDG space 
the final deformation is nearly 20% smaller than the deformation found 
in the full space. Still one can say that the SDG space is able to 
describe the , shape transition. However we find considerable 
differences for other quantities as for instance the gap parameters. 

Summarizing we can conclude that the concept of SD-truncation 
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Fig.5 Deformation and gap parameters for the minimal configurations in 
a variation after angular momentum and number projection. 
Variation in the full HFB space is compared with a variation in 
the SO space (02) and in the SDG space (024). 

does not work in transitional and deformed nuclei. In particular it 
seems to fail even more for the well deformed nuclei than for the 
weakly deformed nuclei. On the other side SDG-truncation seems to 
reproduce many of the full results surprisingly well. For a 
microscopic understanding of the success of the phenomenoU^ical IBM 
models it is therefo'-e not enough to neglect the effects of the 
G-pair. It is still an open problem, which requires further 
investigation, if all the effects of the G-pair and the corresponding 
g-Boson can be taken care of by a suitable renormalization of the 
force-parameters, or if the g-Boson has to be treated dynamically. 
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