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THEORY OF flECOMBlNATION

Christopher Katcher

Cttk hii t« Hfctiwi.nl Ubor&tory

Cia't, hi-V.*' i Ter.i.^siice i't&iO

veK.»'!tjf,
T.

i-Atui; iej. . f s.i hie /•.... .J: ; . t .•-...", -,;; •...;..-/,, :,, vMv i. .':.:i; t e r s
1 u:..X 2 ure JfV.-led, tiiJ :';.-iy •;..:;!•<' rv J.-' d i '~:i i. •!, t c wi.uh
D.«fter 3 i s deivttfj I ;. Jtlt,tT.«T - we ttiiie u[, tHl't'd-ij..'^ re\.w:!; '-
nact'en defined Ly ( 3 ) . U.c t - j :ca - f Cr.ur-terfl 1 and 2 arc j f ove r -
wLcl=i[i{; iKporiar.ee ir. ^[ . f l i .ed ^..ts.-zas where t a r e or highly s t r i p p e d
Ions preiicclr.ate. ^et the LJ;1 .JB j f Cr.u[,ters 3 and 1* are ulao lm-
portor.t t c fuaicr. ac ie : .c c 11. the Jes i^n of ion sources and the p ro -
duct ion cf ir.tet.se r .eutral Ic-tuzs. We sr.all r.ol d l a c u i s nutual
n e u t r a i i z a t l o r . ,

S 1. hADUTIVfc RtCOMIlIMATrOH

heccitbiiiatu r. Is the removal of chnr^ir,i j u r i J c l c s by the aaJo-
ciatitiri of pus t t lve ar. i i.efi-ative cha r^ t a . Jm.'fc p r a c t i s e s car. take
plhce In l iquids tin 1 u c l i d s or en burfh, : rs , t u t we con fine curae lves
tc tj.e g»:» fhaae. I f x*,y~ are charged tod ies (iiUiftll l e t t e r s stand
for a t o o s , molecules, e l e c t r o n s , o r rho tu i . s ) ,

x + > " •• c (i;

Is iupoasible, since by time-revtrrual c is unstable. Iicwever,

(6)

x * y + b

x * y * i - » x + y +

(2)

(3)

are possible The rate of disappearance of x or y is described
by the rate equations

(M

Keaearcn s ^ n a ^ r t J ty tt.e IJIV. . ic.t. uf BUHIC Energy Sclei.ce::,
Oejiurtiteiit :.f r r . e r ty , under c o n t r a s t W-7l*G5-eng-26 with the Ur.iur.
Carbide Curi<ortitlon.

Ui,H--.s otherwise e t b t c J , we
13 c^nvenlef.t to H a t tne ccr.ve:

a .u . veloci ty - J.IS'U • 10" en eec

a

atomic u n i t s . I t

gpeed at light « a (a
i n a . u . l 6 * 3

is the fir.e structure constant)

» 137-2 37

1 eV = 11,605- 1 &C& K

1 a.u. energy = 27.21 =V •= 315,79- deg K

a.u. of cross section nd = 0.37?? » 1C i,c

a.u. of rate a t - t."..~'̂ -. • 1C . t aec l

o o



1.1. Formulae Tor the Radiative R»te

The siEplest, ar.d perhaps must importhnt, recomoinatlon mechan-
lam is single electron radiative recombination into a hydrogenic
(Rydberg) orbit,

e + H+ - Htntai) + hv. (7)

TheScaling to a hydrogenic ion Is trivial (c.f. Just below {^9}).
cross section for (7) is readily derived from the Einstein A-
coefficient for a transition from a continuum itate, labelled by the
wave-vector Ji, to a bound state ntm.

oR(k,nlm) = T- i (8)

The electron ini t ial ly nas energy c ** &2/2, while the angular
frequency of the Knitted photon u » E + l/(£n2) ; £ is the position
vector (dipole moment) of the electron. We now replace the Coulomb
wave by an expansion in eigenstates of angular momentum, average
over a l l directions of k and sum over a l l states m to find

• [ l<kl- l | r |n t> + (l+l) <kl*l|r|nt>2].C9)

*.."* .^nJi^I Matrix Elements

For the r. state of h.< Hrciijen the JWKB approximation2 to the
radial vavefunction is

l; If PJr (12)

Anl ^8 ft r.oncali2atlou constant mid rj , r ; Arc t t.e Inner, outer
cl«salc»l turning points. We recssl f In the fora

(nrP)2 = n ' t 2 - (r-r .2)2 , r. :t2 =• I-.2 - I2

so that c is the eccentricity *.? the : l . S i ! i i ) c rb i t . The substi-
tution

r.2 - r * r.!tcost ( 1 5 )

is bUfJetfdte.i \.y {11,}. 'ihc:. ti.e tiue to rnjve ..r, the closaU&l orbit
frca perigee (T - C) id giver, by

The kets |ril>, |kt> are Hshucl&
nonsalized continuum orbit&ls.
i« then from (5), (9)

eil with the raaia l bjuna u-r.i et.erd
The r a t e of recoitblr.atiuii into nl

a (nl.T) * I v a (v,til)r(ctT)d£

^o

where v2 » 2L and the Mmcwelliar. distribution

f(C,T,=2fi]"
2e-^.

(10)

(u)

t - i r • r.' ( i - t a iM) . ( I D )

UT)

To tfVttluutc (9), *«? r.ccd c:ttrlx elecents of r beiveeii tiydro-
genic wavefunctions. Most textbooks express the wttvefunctions of
bound hyaroijenic states as Luguerre ^olynonials, and of continuum
states ia liyf.ergrt jictrii" fur*ct i*>i.L. The fie repreaentatlui.s are not
very ubeful lor ttic pcicDl prutlt-is, and we turn instead to semi-
classical uiLthoJa which ere cost sisjily iiitrcduced through the JWKB

Keg.lnclnj i t j ! • tm. i i / J ) , wt fis.J t.'.ut



or equivalently

z • rcos| • n2 (cosT-t), y - rsinj = i.'rj&iLT. Ub)

In c l a s s i c a l mechanics3 t i s the eecer . t r i , ; H.'iJCibly, tind ( l 6 ) , (19 ) ,
and (20) de f ine the c l a s s i c a l c c t i o n in the ( r , j ) or ( x , y ) p lane .

Returning to quantal cechm. ics , the raJi t t l c a t r i x elements cf
an opera tor F ( r ) a re denoted by

H d i t . n ' l ' ) • < n ( i F | n ' t ' > . (21}

Fro« (12) thi« Is en integral over the product of two rapidly oscil-

lating functions slnaslna' which we replace by % oos(tt-a') so that

M(nt.n'l') * r A A I ^ co8(a in + a.il)F(p),
c n i n * i r n l

An • n-n' , tl = i-l' .

The coefficients a , & are given by

(S2)

(23)

^ T i T = - • ( t )

fr;ir. (lr;i an.l (10) . As o i. | .cllul case of C ?

•o tlml for n >> An, t >> AX, (2J) beL-omes

Ml&n.AlJ • y d t ( T ) F [ r ( T ) l c c s U t ( i ) f l

(JS)

(26)

where L ^ is 2t/orbital period (classical) or the separation of ad-
jacent levels (quintal).

We have derived one of a large class of results known as

correspondence principles. For An • fll • 0, M reduces to the ex-

pectation value of F, while (26) gives the time average of ¥ over a

classical orbit. When off-diagonal (transition) matrix elements

are considered, the argument of the cosine In (26) is the differ-

ence between the classical actions in the initial and final orbits.

In general, this quantity is ot the form

fi(a,-ii..i.i - I M , H LI) j ( i 7 )

vl.ere 4j 1B u at!., i.li-hi J.,..i\il:i(ile at .1 if ' j ifi the ctiur.ge in the
coitjjcfttt c s r i - i u E liurljig the t r a n s i t i o n , tt;e sun liicludi-a a tenn
for the ( a i r H - t , V = E. Vcr h ,iif.-ole i r s r . s i t i o n F = r and At •
1 1, sc tl .at we - r. 1 y Uve t c c a l c u l a t e

M U . i l ) • M U-) : K ( (id)

• f i d x , y w e r e J e i l n e J l r . ( J O ) . I t i t e t j r a t . l i ; g ( i ? y ) t y p t t r t b £ c . f .
(73) ) , we find

M • — I s.Ii.8( t )JJI( t i . M - — - L . . I : I I I d y l l ) .

In se r t i ng U(>) ir. iiO'i, wt j t t a i i , iLtr^
lr. tense of Dt^sc] fur .ct lcr .s , ac l. ' ;at3i

Wi uuutilly l c^ull'e t-l.c ru^ ld i t .d t r l X element
averagtd over 1,

P f n . c ) - - T J* l * M ( c , - l ) 2 * ( t n ) M ( c , t l ) : ]
n i-o

H y ( c ) 2 ] .

iu.uurt;.t ni.-J

(3J)

The Integral over e can be evaluated using the second-order differ-
ential equation satisfied by J^, with the result that

Dtn.c) = '^- Jc(c)J^(c).

For c >> ] but still << n, we have

(33 )



J

c

whence
P(D.C) • 0(c ) , Cj - 0.1S2TT. (35!

The asye f to t i c fcramltt [y,) is e s s e n t i a l l y the mujh-quuted Claur.t-
Kraaen r e s u l t . 6 Even far sxal l c , the accuracy of (3*,) la reason-
ab le , as Table 1 shoua. The n •* n + c o s c i l l a t o r s t r eng th i t

f(n - n • c) > f f , D(n.c) - ^ H , C - 0.1.9007. (Sdi

Notice that the s ta t i s t i ca l weight of the in i t i a l level , 2nz, is
explicitly displayed.

Ue now rewrite (36) in such a. fora that the final state n' can
be extr«pol«ted into the continuua. Thla will lead to the reccjcbl-
n»tion c ron lection into n, summed over 1. from (9) thi t total
cross section i i

2

'2 °<l ( T ) ^ ( 3 7 )

where df/dc Is the usual oscillator strength density out of the

bound t.ate,

Each H y d t e r i i s t a t e n' i s b.:.a.ic t u t e.i
( n ' ) ~ 3 s o t h a t ( 3 6 ) i t e q u i v a l e n t t

r, ci,ei£-y ii;t«rvaj Ji

The recoabir.allor: cross se.:tlu

,? C

It is worth i.otli.g U.h.: tt.e ::..5s sectior. for ptXLOiutiizlr.g a high
o stale, the lr.verse proves a to rtcuatinaticr., i» given by'

(U2)

Thus at threshold opj(n} = Itn Mb. However, the band width la pro-
port ional to the binding energy so tha t the t o t a l o s c i l l a t o r s t r eng th
In the continuum

Moat of the o a c i l l a t u r s i r
to adjacent bour.d s t a t e s .

C3)

b'jx ru l e is exhausted by t r a n s i t i o n s

by def in i t ion the quunt i ty S
that (36) can be wr i t t en as

Co(nr. 'u)
-3

t - l > 2 + (1+1) < n l | r [ k l t l > 2 ] . {-*&)

, , n ' ) should be aymnietric in n,n* ao

(39)

Tt.« r«L»
In (10) ,

1, j . i^tflj ha te i

[;»! j ^ i . it.to r, l i obtKir.til by

»fiU,T)

Introducing the new varititle x *• n2k2, ye fm«

9 » 10"C | i _ ] a(X), X = l / (Zn 'T)

(1.1)

0.11.303
>.07900
0.051*71
0.014190

0.18377
0.09169
0.06126
O.OU59I1

#(X) (1.6)



ae^E.'. !f " f " P ° ^ n t i a l Integral.1- As X - ...
In
te&ti unita the coefficient in ?UI i . *" , " 7' * ~* *' I n cn: " c
in Practice, the .oat o^^^r.^Jr.t^' i . ; . . 1 ! -"-

rl.ere n • 1,2 for plasmas vhich are optically thin, thick in the
jrfcan-a line. Thus, we write

Kis"ure 1 shows the variation of
''",*? y'U ' *'• /^ " hJ-J^e,,lL-ion of nuclear charge q, (tB) la iultiplied by q2. It appears fru

C*5) that the favored values of i; are those fnr uhi.^ —2m. . . .... . . .u . cu vatuea or o are those for which in-T - 1
asyaptotlc fomulae (^1), etc. should not be used fcr T >> 3 *q2 degK.

1. The
10s

(51)

-

1

1

/

1 _.

• 1

1 _

fig. 1. Variation of functions t, .», J e r l n o d ,„
( • • 3 ) . 2- VMI.UU



The accurate calculations ar.d asymptotic formulae agree that , ex-
cept for u+(l), »H the aatrix elements -*• 0 rapidly as c -*• 0, i . e . ,
as the classical orbits become circular . I t is not possible to ex-
trapolate (51) into the continuuci though i t correctly suggests that
very low l-» are favored.

We can rewrite (9) ir. zeiSii* wi* eltl.t-r v«»«city ar acceleration
satrix eleoents. F^r exact eigenstates,

<i |r |f* ' ( iu) - 1 «i |p|f" (velocity)
(^ l)

* (U)"4 « l | r / rV* (acceleration).

Theft the dlpole matrix elements in (9) can be replaced by

I (n.kl) - <r.t|r"2|klil> (53)

tlaca w~ . Since the acceleration matrix element weighs the region
of space near the nucleus* it Is possible to replace the hlgh-n
orbital by a continuum orbital of zero energy

li* n 3 ' 2 <r[nt> » lim <r|kt> (51,)

~1 p

J L
0 0 1 0.2 0 1 0.4 0 3 0 6

Fig. 3. Variation of S(k) defined by (57), (58) with k.

when Ikt> i s energy normalized. Then (33) becomes

I t(a,kt) * n"3/2 J,(Ki), J t(kt) - <nl|r"2joi:-.l> (55)

vhlle the recombination cross section

This Is equivalent to U l ) if

[ (3«.l)S ((k) - S(k)

(57)

(56)

Is ccnstbnt anj c lose to 2Cj over ti reusonable range of k. This Is
ver i f ied to be so by direct numerical ca lcu la t ion (Fig. 3 ) . In Kig.
I* ve show histograms of

ORNL-DWG 79-IJS55

0.4

0.3

0.2

O.I

k = 0.l

.Jljjj

k«O2

hllil

k-0.3

I l l l i i ,

k =

III

0 4

0 4 80 A 80 4 80 A 80 4 8

Fig. *•• iiiatctjrtinifi at P , the Ji atribut iono defined in (''5).



(59)

vhich represent the dlatrlbutior, over 1 for dirrerent Initial encr-
(lci. As it veil known, St(k) oaclllatea as • function of I »nd k,
but thla atructure doea not peralat In the ratal. Moat reconblna-
tton il Into «t»tei I - t. In Fig. 5 we ahow the rate* Into all n
of * given 1,

(60)

Tor
(1)

I, c.«i.*tr«;.i witt. tl.r total, u* J of

t u r i ^ s used U,e Jin'ercl.l ail rood. °<' ent.-ci.-t lr.£ Ihe sli.ri.jl-
•ate analytic Jei-t::nlenL-e on k frcfl. the length [n&trlx elenei.ts, so
that

(61)
u I(n.kt) - n2 h.(nl) —

Ki«- H'1*'1^ as defir.e*i in (60), vs. T. Ti,e total rutt-
Into all bGuntl states is also shown.

i Z. fi-1 .i. l i . I M a i e[ i t u . - . . t i i t i i . ; . U v n i i j f o r u < 2uu. Ty i - i t - a l
v a l u e s o f fl, « r e - 2 . C , w h i l e i--, - l , j , B_ 0 . 3 . H o w e v e r , 6 . i n -
c r e a s e s w i t h I , tii.d bf l .ave a s low v a r i a t i o n w i t h r , l BUCh t l . a t

n-1
| IB ( i ; l j 2 t ( ( . 1 ) 1 : l i . O : ] " J 1 . ^ . .

We r.ow r e w r i t e 1 1 . }

t t : )

(63)

hi:J inaer t If *"(•). "ni'ij.a,- r . =• . , wnioh overebtltcntee tl.e c o n t r i -
bution or iti-e't t , ( t . ; j i m ^ ULII to (1*1) with 2Cj replaced by
0.55. The v a r i a t i o n of 3 , v i t h I l i iuch that low i - i a re highly
fp.vored, a a we shoula expec t .

i 2. DIEI.KCTKONIC RECOMBINATIOK

2.1. Introduction

I:; Cna^ter 1 we abw tl.ut single electron radiative recombina-
tion falls off reasonably rapidly with the energy of the free
electron, eiiply because the matrix element connecting the free and
bound states must decrease as the dcBroglie wavelength 2s/it de-
creases, (!.l). If, however, the reccobining ion i^ not a bare
nucleus, thr Incident electron can be slowed by exciting aome of the
bound electrons. Following this line of thought, one is led to con-
iider dialeotronic reco^-lin^ticn (DIR),

e(ht) + A + q(a) 7 A^^'^D.ni 1) (6i-a)

By lbccre
that inr.er shell



1
• \

a

\

\

\

P i g . 6 . Scheme o f d l e l e c t r o n i c r e c o m b i n a t i o n (61*).

decays radlatlvely to produce a stable state (we shall not consider
the complication that i t could produce another unstable atate) .
Typically, the radiative lifetime - 10"10 sec, while the radlatio.i-
less l l f e t i i e - 3 " lcr l t j n3 sec, so that r&dUtlve decay (s tabi l l -
latlon) Is more likely for n > no - 70. For a given electron in the
bandwidth uf tl.e hyiiteri ser ies , the prolal l l l ty of being in a
resonance' is - 50», while the probability that ike res.r.ar.ce
•tabi l i tes 1. - 1001 (n > no> or the rat io of tl.e lifetimes U < I-.,).
whence the prohatility of stabilization

P > 0.5 HIM (1. (n/n I1! ibi)

vhere n*' i s the Hydberg state nearest in energy. A v e r a g i n g ( t ^ )
over energy (multiply Pn by q*/n3, su» over n and divide by q /2)
vc arrive At a ne»n probability

P - 1/ni, tt:6

If tl.e bulk of the Maxwelllan overlaps the Bydberg series and the

electronic temperature ' 10^ deg K, P It ,lu»t the rate in a.u.

BIH (67)

where W is the nuaber of Bydberg aeries (g,! 1). Ir^the raost favor-
Able Cftses, a t I H re»che« a feu tiae» 10~il C E ^ »ec~*. Since the
radUtive rate at T « 3 * 10 5 JegK i« o R « 3 » ̂ C~jl* q2 co3 »ec~lt

dielectronic rtcoctination dominate* wherever c^re tranuition*
Q * 0 are readily excited (at least for q < 20)^ We shall see that
°DIR k*6 * n intricate dependence on charge state, temperature, and
species, though the range of valuet spanned is usually limited to

"* "* - cm3 aec~l.

— — V * * ^ ^'•««btf.*«'«4V fm** 4M4^'« ^ * 41 (• \* • Ut4 ~ * V*i } bilk

by Setton and Storey1 *• shculd be oonsulLeJ

2.J.. Theory

S lr.ee we tire not l.ere c
we ai.all siz.\ iy qu^ te ti.ti ̂ ;
tlieory with CHiiy jftar.iiels, I c

naiices n, decayiRg Into chtir.
given by

where t la the total ai.^uliir
Each resonance has posltioi. t
(also rate of decay in a.u.)

(.•,-tie J with scattering theory us such,
M: £ result of resonant scattering
ir & aeries of well-separatei r tso-
s 1, the crass section i * J is

(68)

utlja «n.l Kt the in i t ia l wa\ eiuober.
^ r t t a l wldtl.3 r i | ( and total width

*The •utoioniiir.fi states are resonances In the
channel.

c:.erhl Jcj t'r.Jir.t; ^i; i . 'ii.f ::.>ut.U.t£
ntince has tl,e o v e r a l l !-re:L Winner rfij' it-j eudence, vh i l e the



branching ratios for different processes are prop^rtIcunl to the
producti of the entrance and exit partial widths.

It is straightforward to apply (66) to (£(*)- tor a sir.£le
pair of angular momenta t , t '

r U . n i ' ;a , t ) r U.r . i ' ,O

n

where the suha^ripts r,a refer to radiative m.i tmtuionising decays.
Though angular momentum couplings are not explicitly shown in (7C),
i t i i necessary to »u.*n over a l l In i t i a l , intermediate, and final
•ubstatea, finally dividing by the s ta t i s t ica l weight of a. The
total width

a . n l 1 ) - [ r ( d . n l ' i o 1 , ! ) I [ r U . n l ' i r ' ) . ( 7 1 )

Certain s i s p l i i"y*r-& nasudpt ions a rc made:

( i ) the resonance* ure narrow ^ a j u re j wit., lU- l r spacing;

( i i ) t he energy l e v e l s L do not depend oti t ' , i . e . quantuc

(111) only the decay channels a' « o , t 1 * 1 a rc s i g n i f i c a n t ,

( iv ) the r a d i a t i v e decay r a t e i s independent of n l ' and ia
s iap ly the A-coef f i c l en t for ^ -* f in A*1.

I f we w r i t e

rjnl'l o . n l ' i a . t ) , T ( n l ' ) - T r •> r ^ l n l 1 ) ( 7 2 )

for t u " and sum (70) over I , the contribution froo. a single
Rydbcrg »«rl*« (6, th) btcoaes

r (ni-)r
(73)

To o t t a l n a r a t e from ( 7 3 ) ( we fflust eva lua te

] r

W f f i n d f ! • « . > & l l i * t l l . - l I t " 1 ' ) l i . t t ' .

175.)

The ei;er(jy l e v e l s ILU^L Xe r e l u i r l u t :,c i i . i t i a j i t t i t e v/f A ' ' . A l l
d i a c u s a l o r i s o f Clh a r e t-«-.cJ ci. ('it).

a l ^ u i h i K n o f hftt

The decay jroceah (t^.d) Is ^l
process

related to the

I k t h r e s h L , U i i r o n s a e c t L h th* - a ) »i.J v i . H h b (n * - } ^nii I r
v r l t t e n i n t e r c s of t h e shiic r » : i c t l o r . s 0 i h t . k ' l 1 ) .

( n t 1 ) •= a'3 I

(76 )

(77a)

(77b)

Replacing

where i to /2 I s t h e t h r e s h o l d e n e r g y . H e n c e f o r t h we w r i t e i i a ( k u l , 0 1 ' )
• Ga{*p)- We shall presently calculate Cfc in the Coulcab-born-Dipole
approximation, but first (75) can b« dtveloped further.

It will turn out that Gfc it inaensitive to q, while T varies
strongly,

r . i a 3 U 3 U 6 | D ! Y > | 2 . (78)

The dipcle operator of A 1 a Di (78) implies Bummation over the
substates of -y and averaging over the subetate of 6. The dipole
matrix element - q~ ,̂ while

u - E - E » G qy+:i (T9)

where y =• 0,1 If the principle .luontuc naiiber chiit.ges by



|l - » I « 0, >. 1 so that.

rj

Then the rate Is given by

"DIH* (n/n ) ^ - F('-T
-t/T

on using (So) ,

(do)

Insert ing I77l)> (HO) ir: (75) wo see that u Key role i s \.\uy
fcy the prii .cipkl quantum number ii for which P = P ,

,1 /3

(ol)

(82)

Most of the sum comes from high values of n for which cn = u ( i f
t <• a for l i m p l i c i t y ) . Then (82) becccts

(fii)

The total rale is obtained on summing over 1' (the sum over sub-
state* of I1 Is already contained in G ),

(81.)

( B 5 )

This function peaks at T = | u-, as one e ight have expected, tl.e
majtimunj value being

UIB-MAX ra l

I.e. for » - 0, o ^ ^ . ^ - q"5 / 6 and for p = I, ~ q"173. Thus, in
Sub* equilibrium u = 1 transit ions are mere important.

Before calculating Ga, ve must digress on ar.gular momentum
coui'linfi. The s ta te B Is usually specified by Russell-Sanders
qudiitua nuiaberii S L J , while the outer electron couplet to J,

giving 6 t c t a l ur.P-ulttr K{jiie»titit K. The i'al I sc; of qunriluffi nun-Lers
1B (HSpI.jjJ , n l ' .KM-). If ve averu^e over JKML and Ignore the anuill
differences in energy between d l r f r ren t JK s t t t les , the r e su l t i s aa
If we had used im uncoupled rcpiesent»t icn and averaged over the
limnetic iiuantiA i.utterB (fil. M,nt 'a ' ) . This procedure should be
good exctjit Ir. a.Lir scal l energy ranges which do uai significantly
affect thfe r a t e . Then the a ' i t c i cu i i a t i cn width is given by the
"golden ru l e " ,

^ U 1 ) •- i '^ i ' l^ci^H' .Oj 'c ' lVlal^M.k t n ^ | 2 , (87)

wncre we suit over tti an-i bvri'bge over M'a'. it.e ir.teraciion

IF V I I " 1 (88a)

where r is the poblticn of the cuter electrot: and J runs over the

electron! of A*1*. To evaluate {S7) ue retain enly the dipole tera

V a D • r / r 3

whence

& * j * n' a' a' P ' '

The ai.gulur in tegra l

c ( l l ' ) = MAXtl.C )

J i s the same integral introduced in (55) .

(89)

(90)

J t t . l 1 ) » <k i j r " J0i '? (91)

ami Fi la the radt&l it.tcgr&l (fur a one-electron t r a n s i t i o n — more
generally i t i s a reduced a a t r i x element) t

H(a.b) - <^ | rU>. (92)

Siiu:e fr i s ttiau i-roj.. r i iu i su t», b* , wt.- CM. «XJ reas (09) In the form

''. ( f ) , „•, . ,-,7
' U . i ' ) 2 ] . (93)

I t i s in t e res t ing tltta ti^corJir.g tc t'.yj) the r t tdia t ionlesa
proceas (61k) ifi related to rudia t tve reL-uabicifttiiin via the acceler-
ation EJfttri* elecenlfl. The Inttgral (9l) Can be aculed to q • 1,



(9M

Since R • q , an ltxtedifttt consptiu'-m'p Is ths* 0 - q , ais stated
above. Then (93) becomes *

r r-
G i t 1 ) = '...•'17 • 10 ' -~- r ( 1 ' ' (95!

>.ere H I ) = ( n » l ! S , ( k o / n ) , b i i j S , v i s . I r f l n M In ( 5 7 ) . F ron F i g .
»!• see t h a t C, csmt ( o i l o f f r » p f . l ! y vl.en « ' > •>. Frraa ( 7 0 ) ,

10 u/i,

J ( p i

0.680
7.06
0.08?:

0.7S3
7.90
0.13.?

3.?o
o.73b
8.18

. tMlt erln£ I

P 16

8.(7
0.151" 0.169 0.172

0.0205 O.Olill 0.0511" C.05PC O.oi.r;'
O.S68 0.906 1.36 1.77 1.Q6

0.779
3.76
O.Ut

All quantities refer to the process (99) - (1031.

Then the total rate

V H " '"7fl c'1>'"" *

F i n n l l y t t h e j>eak r a t e

However, Gr is compensatingly small because of the w3 factor. Using
the values at q a 8. G » 0.071* and Gr • 5.26 " lO"9! so that
C (1) - 7.87 * 10-fi ami the total Cr(l • 3-?7 « 10"?. From (97)
th* total rule is

'LTR

or vhtch !'

(102)

To Illustrate the aoology of nutoionizing
detail at a series In four-electron iona

2s) {99)

which is ntrotiply excited in ion-atcn col l is ions. 1 5 Thus a * 2B,
fi • 2p, I1 * 1, I • 0,2; in (79), v - 0- Tftfcle 2 shavs the varia-
tiDn vlth q of inAi, qP, J(p-s) and J(j>-n3): (U, I?(2s+?p) are the
bf»t ex^erimcrtfil mil theoretical values1* and J «as calculated vith
Coulorab wavefvinotions. The regularity of sculiri^ with q is rlenalng
From (f?9) we nV.tnin the reducrd widtns

0a - ?n (qfO2 [Jljr 'sl2 * ? J ( jr-d 1? ) . (lOO)

Table 2 shows the avetvge «lilth of one multiplet C^jmpJSI,, ^ ''R-
The perturbation theory is valid10 1f J- Ga < 2n which is Juat about
JBtlsfled. Because of the resonance oscillator strength, these
widths are unusually large, e.g. in his study or He-liKe Bystemn,
Weisheit17 used the universal formula

1.6 » ]D~ 5 {2t'*l) iV <. 7)

0 it' > 7 ) .
(301)

DIP-MAX
= (6.31* 10

-1 , -sec J <; (103)

The chief defect of (89) - (99), which are inter!-! OP i l lus-
trations rather than working formulae, is the Coulomb nrj ri-iciaiRtion
in evaluating J. If distorted vaves are used for q > 3, the results
would probably be as good ac one could desire; for n i 3 cloEe-
coupllng calculations Eight be needed. Referring to (81*), Q^IR de-
pend* on Ga, which muBt be calculated, only through the one-third
power; 0 is visually aval3»Me in the large body of c r i t ica l ly
assessed oscillator strengths. If (9B) is applied to the He*
sequence. G =» 7.U « 10-5 and QpiB^fyy r (1-55 * 10~^?

cn3 aec'Mq-"-33, in good agreement with the test calculation;1 8

201 cones Trr-n the Ppnp aeries. For most applications, the seni-
empiricnl universal fonaula of Hargess1^ 1B recommended.

In Fig. 7 we show the bent available calculations
2 ?l

11* • o f
aDIfi ^or ! Ic*' c+2> anI^ Fe**^ coapsrei in fRch ctv9e vlth the radia-
tive rate on- The coi-e tronsiticn In He* has u » 1 (lB*2p) and
tiiat in C^ tms u = 0 (?s*5p); in F> t2l tvo tronsitlonn contribute,
one u * 0 (2s»?p) and one u = 1 (2p-*3d). aince anjp fall* off vith
q, albeit slowly, and Q'̂  - q3, the la t te r eventually catches U]>, aa
can be seen in Fe+^-.

Though outside the scope of the.ne lectures, collisions with
third bodies may have an Important effect on PTR. In dense plinnas



values or i ' are populated, thereby stabilizing

n

2

I i

7 x

i

i

.1 .

1

—

-

lofld '

Fig. 7- Variation of DIR rate with temperature• The full linea
•re ai)TR *n^ *-ke dotted lines are ap. Two transitions contribute
in Fe*2l a$ indicated. The results for He+ are from close-
coupling18 and fur C+2t Fe*21 froa distorted-vave calculations.1 ' '

Bates and MasBey in

3.1. l:.t:vdLCtlon

-̂.ibi.Mit iv-n (£:<) is the i-r^jesB suggested by
9*7 tc acr^^nt tor the removal of Oj in the

vhere one or both products Is usually excited. ?t;e process Is :c-
port»nt at temperatures telov 1 eV where Eclec-lar ior.s are »fcur.-
d»nt. I t i rapid r u e is explicable If the dissociating s t i le cf Ac
croigei the lcr.ic state in the >Va;:ci,-Cor.don (FC) region cf trie
ground vibratior.sl state (Tig. S). ?zr Eost ay&tes.s vith core tl.ar.
four electrons, one car. alcogt always fir.d an ele^trcnijally d^jbly
excited surface A&i- aat lsfylr.g t.̂ .i s reHUirect-nt. The few e^cjircr.
syateaa of specinl interest Jr. ne.itral beas technology prcviJe ex-
ceptions to this ^ule. Accurate potential energy curves15 f.T
Ht{log) and H^tlo^ JE*) ftre shiw.. ir. Yi&. ?. The crcsslr.(j ^̂  i i.t .\
l ies within the FC regico for in i t ia l vibratW.al i tates v ^ fc\ In
H* a similar situatlor. prevai 1 s;2 J at least 0.5 eV of excii.it ici: is
required to reach the lowest Jlaaj^iating surface frca the grJur.J
vibritlonal state. The only aclec-iiar lot. fcr which dissociative
recoabir.ation Is never aignificar.t =ay be HeJ. The colecular arbi-
tals log, ldy bssed on 1» atoaic c r t i t a l s axe fully occupied :r.
ground st*te H«2'» thui , the lowest doubly excited stnte involves two
orblta-ls based on 2s,?p s'vCiclc states and lies • 16 eV above the
ionic ground state (relative to 2Me+, He t He* - -26 eV, while
He?1 -• Slle* ^ -10 eV).

3 2 F '""mal i«io

The formal thejj*y of doM is an interedtir.g probleo on which
a large li terature has accumulated-1? •2li> We only present a ampli-
fied account here, confined to diatomics for the aost part. Rather
than consider the crossing state as the final (adiabatic) channel,
we define i t tc be a dlabatic state which crosses the true final
state, as Illustrated ID Fig. S,



6. Sch.iae of d i s s o c i a t i v e recombinat ion ( l o U , (1051.

The bv.rn-iJH.er.heii=cr e lect roMc WHVI-1 .met i^t.a at given l n t e n ; u c leu.
se[ ( i ra t i^n fi uf the th ree Btate= lr. {105) a re der.oted by i t U ) , 1
*,-. lr. the fir.-it r . a c e , ve s~iji .se that the Incoming e l e c t r o n t.ns*r- c, t i : ta l ar.fular x^ar.ciitus t^ ttr.d [.rejected ar.gular
c^centLiz ui. the i;.ternui; lcar aAii Xj. The r o t a i j ^ n «f the Ion U
ignored as it f.ers:l eall i le at e i c r e i e s t j >> r s t a t l o i i a l sepurnt Ions .
I t la v i t a l u r t t l l i e t ha t Ah*" car. decay ty e jec t ing e l e c t r o n c of
energy L /* t j , the alnch heli.g tnkcn up by the nuclear (vl b ra t lotial)
x o t i c n . Much of the l i t e r a t u r e Is cs-.cerned wilh the d e f i n i t i o r . of
the reSi,i,ance ati t te * r which ve take as I n t u i t i v e l y ki.cvr,. The
e l e c t r c n l c - v i t r a t i c r . a l vaveTur.ii let; of the Bystea: {10J>) cai^ Le ex-

F (fill

If the p o t e n t i a l s are c ' W
V r i ( t ) , V rf, ve o t t » l n the

<s-K-w,)rr - v, r

Wr M.d tl.e a i a t n t l r
lr-t aet of ccupieJ e-

cu .11 i {[.£:,
uat I..1.5,

Fig. 9, Accurate potential eherny curves19 for Hjllo ) and

a! (lo£). Inset are the width C of the ll" d a t t l or"i "'" J1ul""e'1

nucleir uavefunctlon |i| of the dissociating state H • H (c.f.

(119)).

(t-K-Wr)Fr - V r f ? f . j dc V r l ( l | ( l ( l | (10,)

where E la the tital (electronic \.)^a viLrat tur.ai J e:.erty ar.d K the

nuclear kinetic energy operator (H la the reduced cass)

(110)

If V r l ( e ) va r i e s slowly v l t h R mid F r I s a j ^ r - x i c a t e l y an
e l g e n s t a t e of K+Wr, i . e . I f t he r i g h t s ide of {109> la neg lec ted to
a f i r s t apf.roxlsiution, (1C8) hus a p a r t i c u l a r i n t e g r a l equal to F
tin.ea & slowly vnryir-g function of h. To t h i s i n t e g r a l n u i t be
added ft e e l J t l o r . zt the hcs-^peneCuL e,,i&tion

. t.!f tie. ir.ft-ii.jf :n l^ii. Tr.js

( i n ;

(!::•)



• r l ( R ) " H
r - "j (113)

is the "vertical ejection energy". If AB was in the state r with
the nuclei filed at R, it would autolonize to AB* by ejecting an
electron of energy c r j ( R ) . The positive imaginary term in the de-
nominator of (112) Insures that only outgoing waves appear In the
final channel. Substituting (115) in ( 1 0 9 ) , we find that

31 nil
R (120)

where 6r is a complex phase shift. To obtain the DR amplitude F,

we have to combine solutions like (112) to form an Ingoing plane

wave snd then look at the outgoing waves. The total wavefunction

will satisfy

1-1/2 .„

k"1 / 2 (121)

(115)

neglecting a principal value Integral. The "vertical" or "local"
vidth Gr is now incorporated in a complex potential

V . W - i 0
r r 2 r (116)

where the asymptotic form of t^ is

,1/212k 1
-~\ it (X1r)V1 • outgoing waves. (122)

Expanding the plane wave in (121) into functions like (122) which
connect to outgoing waves (113), we find that

Fie) • -^ I A(n,c ()i
l P.lcGse)

* 1 H

(123)

Solution of 1107) and (117) leads to the amplitude cf the outgoing
wave in Ff and hence to the DR cross section. Generalization to
•any final states Is obvious. Back lonizatlon into the initial
•tate is described by the conplex potential U>r.

To calculate the cross section, we return to the representation
In which Wr crosses Wf so that r Is Itself the final channel, and
V r f Is dropped frci the right side of (117). It Is readily shown
fret Green's theorem that as R •» «•,

as.]
•f I

Uiually a air.gle value cf * ; p^dnmint i tes . *•&• tlic l a^ s t a t e cf Hi
I t coupled t o a do wave, £i * 20.

The t o t a l cross sec t ion (12*. i UI~H jei-..-nl5 or. the m i n x e l e -
oentB C l 8 ) . Notice that the argument of V r l is c » c J ( not t r l .
Some ii<;a »-f the cress nes t le , . ia o b t i i n e i ty i n se r t i ng JWKB
apprcjtlicBtiQiiS to c , Cj U: (US) an-l evaluating the i n t e g r a l by
the oetlioi cT a t6t ici .ery y h t s e , with the r e su l t t ha t 1

v.- vTFTTv;' if-

wl.ere C ifl a solution 01' the

<E-K-#r)er • o

T t i e c u r v e ! i i > r r M . ; \.;.m-.J ' • v r :\. til

v(B) ifi the lw«i velocity of the i
(119) (d/JS)(Wr-W. J, ue in the vllrulicM

R (c) « h ia the jcir . t «t wMc».

H t \f\izi,d which r ie tiLatle,

1 freQiser.L-y cf AB+ and



The "lurvivel factor" e is the J-I ol.iili 1 ity thai Ab Jt-eb r.t :
autcionlie between Bx and R3- The reduced truss enters (125) or.Iy
in D - M1/2, so if P > 1 an isotope effect that o D R la larger for
light specks Is expected. The semi-classical formula is only valid
If Bf lies in the FC region of tj. All too often H, is on the edge
of the FC region and a fully quanta1 description of the nuclear
motion ii required. In Fig. 9 we sketch the nuclear wavefunctlon
squared U r(R)j at a given total energy. As c increaiea, the
classical turning point moves to smeller R, sweeping acrois the FC
region. Thus below some pseudo-threshold QQR la snail; then it
rises rapidly varying with Increasing c as Tc| varies with in-
creasing R.

The general features Just outlined are ' ell illustrated by the
case of Kt for which experiments and detailed calculations are
available? Figure 9 shows the potentials W'r, Wj and width Gr. We
have plotted in Fig. 10 theoretical aD«(v) against energy for Hj
Initially In the v • 0, 1, and 2 vibratlona! states. The FC oscil-
lations describe-! In the preceding paragraph are clearly seen. The
dip in O£)f,(c) at £ » 0.5 eV appears In recent experiments.21 The
cross section averaged over a knovn distribution of many Initial
vlbratlonal states la cocpared with the measurements of Peart and
Dolderas lc Fig. 11. The cross section for producing H(n • 2) is
also shown in Fig. 11. The distribution of final Rydberg states la
predicted'3 over a vide range of energy and initial vlbrational
states to be

P(n) » 25.8 n'-'['•[?)• (127)

where a • 1*»5» in hnivony with the scant experimental evidence.^
The final state atons are not, as repeatedly stated without sup-
porting arguments, concentrated In a singl* low-lying level (e.g.
0 * 2 , 3), but are fairly evenly distributed over the levels n < 10.
Within one level the population of each 1,10 substate - 1/(21+1),
since a t resonance can only couple to final states whose angular
•oturntua projection on the internuclear axis Is zero.

3.3. Very L^u Energies: The Indirect Mechanism

and Large Molecular Ions

At thermal cnerties (<< 1 eV) the matrix element A defined in
) tends to a constant nonzero limit.

Fig. 10. Croaa sectk.r.s f.,i Lh t.f !i-(v)

of laj.act energy.
o a function

1

} PEART

i

/ \ . „.;
1

1 1

AND DOLDES

\TOt*L

1

|

1

-

1

A(tA.O) • Hie (126)

Fig. 11, Cross sections fcr DR ol' H J ( & 1 1 v) •» H t H(i.) as a func-

tion of impact energy. Total (all n) cocpsrtd with experiment.22

H(n - 2) contribution ttlso shown.



This limit is a consequent:* o: tLe lcit.^-rar.e'c C^ui^ab mtractK i.
between the ion and electron. Then the cross section (12M beco

(129)

:i. t:.c :::.!:,^JI i_t-i:l.ai.i »B ut I:H, firm disrussed in dotnil
Entdhley, It.e electron elves uy i t s ei.ergy in vibrational exjlla
tion, settling in a Rydterj t ta te until dissociation or reverse
icnlzatlon take* place,

The sue fora follows from the semiclassical approximation {125)
since R, • flg u t •• •. From (129) we get the ̂ sll-itnovn rate

G - ( 1 . 7 1 7 » ID" » 3 s e c " 1 ) ° d ^T ^ K ) | y ; . (130)

Since G - 2 cV fcr a broad molecular resonance, aDR - 2 x 10
cx-i sec-1 at ÔO degK, as observed in many species.20

The fora of (130) is more fundamental than ic often supposed
as we can see by developing a classical model.ZH Suppose the i
electron approaches the ion on a trajectory defined by the initial
kinetic energy cA • k|/2 and impact parameter b; the distance of
cloaeit approach is r» the velocity there being v. We assume that
within r < r0 recombination takes place with probability PR. The
electron will almost always lose kinetic energy Ae and angular
•ossntua 4j to the ion, especially to a large Ion- The conservation
of energy and angular momentum require

k.b » vr + ti H3D

- 2/r

t'-hence recombination is possible if b < b given by

k l b o - 4 J • (£ro)"'2 [1 * raUru)\U2. (1J3)

We are only Interested In Cj << 1 eV while ro < h for even the lar-
gest Ionic cluster, so the square brackets in (133) can be replaced
by unity, leading to a cross section

(2r (13M

The probability cf antiilur mi>ratr.tuD transfer £J is denoted by N.(iJ)
while the SUJB Is over all aj > - ( i r Q ) l / 2 . If E>T is - 1 fJr 4J '- 1,
and ro . 2, (131.) is consistent with (125) if Srfi - JnG, I . e .
Pp - 0.01*. Thus, unless i j >> 1, a situation discussed below, the
temperature dependence (130) ia Inescapable.

Rotat ional e x c i t a t i o n i s p o s s i b l e fcut d^es not L!-ca to be of p rac -
t i c a l importance. The theory of (135) ; s s i= i l ! i r to t.'.at of DIH. ' 9

The i n d i r e c t r a t e i t of the fora (130) with G replaced bv a sum
l i k e (75 ) ,

"inn ~ - ' r d.nl » r t.:n\ "* |- ~^T~I • (136)

Relative to the initial state, the reacnance energies are given by

The d i s soc ia t ion width rd i s analogoui to r . in ( 7 5 ) , except that
i t depends on n,

Blv ). (133)

The present aut^i-:.! ;al !„[. v'.Jll; l'a is entirely analogous to the
earlier ra, t:;J o n be re»otej lo the threshold vtbratlonal eiclta-
tion cross section in the c.ar.r.trr of (77),

r(s,n) = i."' G (v )

In se r t i ng ( i i y ) n.-;d ( l r .O i;. ( i i c l , -u^-t. t ei"s. va r i e s as n"
sun over n can t e dune sr . t i iyt icui ly so tha t

I- .(V.)G ;v )

G ( v )s

(139a)

(139b)

The

(HO)

i'iir ly ill i wiissi (.>:;- . :* II :• :'••. 1 J . ;VI . , i i y c e u r l y d i s c u s s i ons of
DIH, i n not bijijj.ir.j; o v e r m, t : : ! : • ; H>.i lert ; s c r i e s ; t h u s , t h e y l n -
c c r r e c t l y fv-m.J t h a t aa 'I - C, 0 - T " 1 , a r e s u l t wh ich l a s t i l l
q u o t e d . I f G >> G ,



the tat»l rate for vltmttonal excitation, vhicn dx
« a . However, if C >> C (lnJepenient of v ),

{U2)

where N Is the number of levels - for which G e xN s) >> G. U&1 > T.
Thus in a diatomic a ^ is usually aultlplied by two; this factor
has been Included in the cross, sections in Fig. 10 below 0.1 eV,
In polyatomic ion» W may be very large21* e.g. in clusters Y**^,
W - n. However, (Ho) s t i l l predicts a rate - T"c, c i j - .

Recent experiments of Biondl25 strongly suggest that anp - T
for large c lu t te rs . In the regiae where AJ Is small {c.f. Tl31) -
(13M) no reasonable assumption will lead to such a variation since i
neither r0 nor PR can - T. Nor can ve postulate that Gex - kt

(vbich is in any case impossible) since if Q^f, - GfiX, acfi »» °1DH»
BB explained above. However, a large cluster with rotational con-
stants B - 10 can absorb a great dettl of angular c^entus free:
the Incident electron. For a cluster Y**X[; of internal energy Ej,,
the Bean vibrational dipole Ci-mer.t*1'

. ,1/2
Kf> flit 1

U-.-H-T (H3)

where K - 1 and p , ue are the length and freijuency of an XY bond.
Since B - n~^, u should vary l i t t l e with n. At an impact parameter
bQ, th« electron dipolt Interaction can couple state* within a band
or quantum nuabers i j such that

<l Aj - A". (HI)

I n b ^ r t i i j ; ( l U ) in ( 1 3 3 ) ami nSEiiHine t U t i j » ( 2 r c ) ' " , i . e . ,
t h a t t h e e l e c t r o n l o s e s n-jat a f i t s ar .gul iu ' t tccentujE, we o b t a i n

, 1 / 3 . .1
i J ( n t 1 )

2 /3

(11*5)

Ue must cdjihasiic tliftt tt.ii. i^ rut lmii rect IJH since t t ^ - 0.01
only. I f Pp Is the probiibil l ty of exci t ing a v ib ra t iona l mode
which - r.,

f a i r l y cl^ae to the oLberved htlttivior - r.T°.
uE oDR - 10**

10C,

cal valuen, (H^) gives a cbjiiQi
•erved rates for large clusters
deg K, EB - I4OO Jeg K, (1H) slves b(

Trying suit nuaerl-
in accord with tlie ot.-

ec- ' . Vor T » 5000

6 deg K so that the model Is internally ccnMatent.

3.It. Other Topics

The reader i s referred to review a r t i c l e s 2 0 ' 2 6 and recent
papers 2 7 for nore infoncaticr.. A nuater of t heo re t i ca l s tud ies
have been made of CH+; while the po ten t i a l s are fa i r ly well under-
stood, the dynweica of the process are not . The c ro i i ing s t a t e i s
the fourth s t a t e cf 2H synaetry BO that a ae r i e s of curve-hopping
tranal t icr i5 are r.ceJed to rencl. t h t f inal dl fsocla t ion products .
Such mechanUa.fi ure prefliuLatlj1 cocmon in attnoapheric and a* t ro -
i'hyiiical Bpecieb and merit Invest iga t ion . We LHVC already
cer.tlot.ei the J i ! ftei.l ty of J i^u^c la t ing H3 from the ground v i t r a -
t lc i .a l attite at ti.erc-.al t::ej r ; lca. All extant ir,eti&urt'ffienl5 or. H3
have usf-3 ur.iel c.xc! lor.t) (li . trrnfil energy 2-1* eV) produced by the
K* t H, react i ce . While tr.ene (.•:(,'rricer.ts tire mutually cons is tent
tf,L-y eay nothli.e'. utout u.e ?r. .n,.l s t a t e i sn . «a f«r as exper i -
mental techniques go, it.e frt-tiX.eat obstacle ic proaress i s the in-
capacity to select the i n i t i a l vibrm.lor.al s t a t e .

I k. TiiKEt-K.I-Y HECOMBIMATIOB

'.. 1. 1.1 j-.-.luctior.

We i,,w tuin u . thr.-e-t- !.• ( . r to It e^ . t l t , -
Wliii;), dcDliihte a"t high Jei.ai'. 1 CL . ine rtite o- *
(3) la described L-y a .-.'.hr.tl'.y r. •• diatr.si.-i, LD

equl vblei.t ly use ui. effect i ve tcrnery rate

(U8)

Many three-body reactions are of greeit. practical importance, e.g.
reconbination ir. a i r ,



(H9)

where »,n * t . But we begin with ihe electronic process y~
which* e.g, , predominates in a helium afterglow X * He,

1.2. Electronic Three-Body Recombination

To arrive at a "rate" for (lf>0), one must consider a l l the
processes Illustrated in Klg. 12, The quantity one really wants to
know Is the net Increase In ground i t t t e neutral atccs per unit
t ia*. We f i r s t describe the rate equation approach of Bates
*t at .2 1*2 9*1 A pja&na is considered with predominantly singly ,
charged ions X*. The number density of free electrons Is n(M and
of neutrals in the Rydberg level p is n(p1, a l l mi»b»r densities
being scaled to n(X*) * 1. We suppose (call this assumption A-l)
that the free electrons are in Sana equilibrium and that a l l rates
can be averaged accordingly. The processes considered in an
optically thin medium, with their rate coefficients, are as follows:

(1) re.:ii»tive rec. s.t-.i.ni;. i. a i j ) ,

(11 ) sjo,ntar.eous e .̂id^iw.'. A(p,q), p > ii,

( i l l ) colllsionul excitation, and .ie-excitbtioft, C(p,q) t

(iv) collisjonal ionlsation dp,*) and i ts inverse, ternery
recombination.

Tht last-mentioned rate can be written as in [l!*S),

C(-.p) - 8(p)n(M - aTR(p). (151)

The rate equation governing the relaxation of n(p) is

*$! - nC)[aR(p) + n(»)S(p)J • I n(q)[C(q,p) + A(q,p)]

- n(p)(c(p) * MpJ] U 5 2 )

C£p) • C(p,») + I C(?tqJ , A(p) • I A(p,q). (153)

We maXe a second aasunption (A-2) that levels p * 2 are in a steady
state ~

If Vtxmx l*vels are explicitly considered, and those with p > ^ ^
are in Saha equilibrium (A-3), (151*) provides PB,W-1 equations for
n(2) . . . n(f. ) whose oolutUn i» written

n(p) • R(p) • n(«)H,(p). (155)

Substituting (155) In (152) for p - 1, we rind ttl«t

Fig. 1?. Si_-t,trr.e of electroi.lt: Uj-ee-boiy r e c a l l i.utlo
quantities occurring in (152).

where y is a ground reccctinaliGn coefficient, anje up of
colltslon&l-radlative and collislcnal-lGrW&tiun parts, given by

ucl) - o^C) . 8U)n(«) -. I K.(i)K-(.i,l) - A(«i,l)) (157)

.1^., • C(l) - I Hl,|;U(.,,l) • A(,i,i)J. (113)

T/.c L.fdnir.g of tfach tfcvc ir. { ict ' • ( ̂ : i) it. : t--(t J i ly ^ruspej.



At low n(*), roughly < MO (T deg K) , a;fc » <>„(:). Ir. the
other Halt one reaches a purely collistonal rec'iise where

which la s a r i J U i i j I j close to the results of elaborate calcula-
tions. Numerical results will te discussed after considering the
alternative approach of Keck et at. 3 5

The solutions at noderale and high densities are largely detetr.lr.ed
by the cLoice of 8(p) and Cfp,^). fcates et . l i . 2 a used btnnry en-
counter expressions The energy transfer cross section for
e(t) 4 e ' ( t ' ) » e(c-U) • e1 Is

(160)

For lonizatlon or a state with binding energy U
the cross section

, (160) leads to

Clf . ' l

(161)

(162)

•l'l.ia aCLVi.d u[.j r~ucl, Is L-lLser to the spiri t of s ta t i s t ica l
n.ccl.m.ics. The t-r.;tess by ui.ich n given electron trickles dotfn the
ladder of ejcltej states into tile grJuni state while interacting
with Uie third-bedy electron is treated as a single dynamic*!
process. Then the rate is fcund by averaging over a ternery hyper-
crOBS-se.-tion. A very slaiple argument of this type was used to
derive (161.) and (Ic5). The ternary approximation «hould be valid
for densities < 1C!9 -.:it"3.

The earliest tittitistictii mjjt-l31 wa& ihut »f J . J . Thv-ir.scn who
Introduced a characteristic energy an.i associated Bohr radius,

where T - 1 (the oritjliiul t -cs i w
quire tore poter.Lial energy thur,
the nucleus, are unlikely to l-.e K
Thomson further usGuised thai if t

(l6t)

i » 3,'iJ), Electrons which ac-
i .e . wnicfi com* within r^ of

Ked tt.cK into the continuum.
electrons* co".e within l).c sjjl.tre

r < r^, one is llxely to be s t a t i l i : e J . The rate

The cor.-lltlor. fcr recenhitiat ion Into p ia thut U lies between
c1 • U , t ' • U 1. while e is within the radius of the p s ta te .
The cross sectt&r. fcr e fixed ia

c;i ) 3/2

(163)

Tu (jet a ternery ra te , one must Integrate over the velocity d i s t r i -
buticr.E of e.e1 , the i™pnct parameters of e {already done in (163))
and the configuration space of e1 , to obtain,

...3/2

° I P J
 u3/2 T 1/2 ( T + U )2*

P P

Sujasine (161.) over p such that U > T, i . e . over levels which are
unlikely to be re-ionized, we arrive at an estimate of >,

YBE
1165)

where K - 1. A a^rc precise derlvuLK.n wus developed by Kei:kiu

from Winner's fcrEulfttion of checiicf.l transition state theory. lie
argued that the rate is exactly given ty

T * r. v (l-Q)iS (168)

(169)

where Hi, H2 are the total energies of the reromblnant m d apecte-
tor electrons. As ao defined YVar dlvergeB as rj •* *•• However,
very distant electrons da not transfer energy on average* if the

This is not a quantal condition. M&nsbach and Keck30 point out
that the *ame criterion is required in stellar dyn*altt.



1.0

interaction tlae r i / v 2 tices the classical orbital frequency
a mMto«r & - 1, i . e . unless

The resu l t ing

rT f l t ) l f l T )

(170)

(171)

where T" f(l) has a L.ir.imum value 11.5d fat t - S.'ji. Thus the test
estimate is

° P I (T leg K) i / !

The optimum surface Is often called the "bottleneck".

(172)

To obtain a better estimate, Mansbach and Keck sampled t r a -
jectories starting on 5 to see what fraction doubled back. With a
choice of d » 1/2, th i i fraction Q =• 0.36 ao that

Fig. 13. b" calculated by hates, Kir.^aton, «»S McWhirter28*29 coo-
pared V.th YMCarlo calculated by Mansbdch and Keck30 as functions
of temperature.

m-9/2 - l i
(T deg K)9 / 2

(173)

viiich is close to (165). In Fig. 13 we plot t" (c.f. (lf>9)) from
Bates «t aZ.2 a»2 9 against temperature for comparison with TMC^-IO"
The agreement is remarkable. The rate equation approach selects the
important physical processes, viz. those with fairly large energy
transfers, whl:h are not sensitive to the cutoff (170). Hence no
such adjustable parameters are required.

U.3- Ionic Three-Body Recombination

We now consider processes cf type (3) where x ,y are ions and
% \ neutral,

X* + Y" + Z •* [X"V] + Z -* XY*-2. (17U)

Harking back to the Thomson modrl* we suppose that X ,Y must first
approach uithln r<j> and then one or the other has to collide with a
2 to stabllUe the complex (X+Y"l. The final step, whose detai ls do
not affect the ra te , is usually that [X*Y~] undergoes a curve
crossing transition to a covalet^t £tu.te Vi, either bound or

dissociating. The crossing sepuriit ion la typically - 5 ao corres-
ponding to a C-ulcttb potential energy - 5 eV. The collision proba-
bil i ty Is determined by the X + 2, Y~ + Z diffusion cross sections,
denoted by o^. oy- 11* 'I hnt> t> dipole pclari iabil l ty F2, the gas
kinetic cross yectior.a are closely given by the Langevin model

1/2

A typical collision railing * 10 ao <* r-p - 10 aQ. The
of a collision within the Tht.n.9-r. sphere l a 3 1 ' 3 2

where I
niition

CITS)

(176)

I'-j- are menu free j.«tl.:, !or X,Y in L\ The lernery recou.bi-
te lt>

(m)



where Myy is ft reiuce'i ffinssi ry lii.i i were >ic:"ir.e.i ty Ubo). >ru::.
(175), 3 - T . Although the sleep dependence or. t U disturlir.g,
(177) 1» easy to apply-

The aipr^ujl. of fchti-:. ul..l I..:- J.̂ 1 lull I'aL : r - J ' • J * L 111.I4I. t-̂ uti
to tri»t used In U c ricjtr.ir, pi-oLlctn. hiitt- f^^it Ui,;, isidlar to
(1S2) are set up (radiative p[\ cesbt-s are lmi^i.L f K-m.t here) aiul
sMvcl. The RydLerg states p are now so cluse together that they
•lent AS veil be treated as continuous. We have to introduce three
•e»i-arbitrary negative energies:

[ i j E (> T) la analogous to p t t a x in defining the edge of
the continuum. Higher levels are in Saha equilibrium.

(11) Ed (< T) is the level above which populations are
itationary, analogously to p « 2 ear l ier .

(Hi ) E9 (« Ej) is the stabilization level at which X+,Y"
r.euLralize by charge transfer. As itated above,
-E. - 5 eV.

The equations ar.nlugcua to (15U) use

(176)

where the kernel i*lf * C(E^ -» Ej-) gives the rate of energy transfer

to X+ + Y~ by collisions with Z; as before C j f is calculated in the

binary encounter model. Once (178) has been solved for n(E), E

E > £ d, the recombination rate

H79)

where the triangular brackets denote a Maxwellian average over £ j .
Rate coefficients have been extensively tabulated as functions of
the mass ratios and lcn-neutral cross sections.3 1<3 2

Fig. I1*. Probability that a sysleci which reaches -TT does not r e -
turn to the contlauuic.32 T'araaeterB (c.f. (177)) are T « t*00 deg K,

Fig. 15. Recombination in
At n < 3 * 1019 cm"3 the Batcb
1B cumpared with the ataburtcui
the transit ion to Langevin thc
prescription and compared with

/it higher densities
ia described ty a seal-eaplrlcal

<.' aettsurecerita of Mtichler on air.3"1



n • 3

11

* ca3. The former ceehnnism is theoretically favored.

A.t densities r. > 3 * 1019 ca-~3 the susuniption of ternery col-
lisions bre»k* iiywn. At very high densities u > 3 * IOJ0 cm"3 re-
ccoMnation is describe.! by 6 theory due to Langevin. He considered
the ions diffusing towards each other under the influence of their
Coulcmt attraction. If the ionic nobili t ies of X*,Y" in 2 arc
Kt,K_, the sean velocity of anji"Cmch at a distance r is

!! » K ( e . g . a . u n i t s ) .

Then the ef fec t ive two-body recombination coe f f i c i en t i s

o _ l l " 2 v « ItiKe l e g . ! , u n i t s ) .

(180)

( 1 8 1 )

Thui o ^ - [n(Z)(ax + Oy)!"' instead of [...)*' •• at low densities.

Many leal-eapirical preicrlptiona have been suggested for Joining

(ITT) to (lfll) at intermediate densities, none very intlsfactory.

In Fi^. 15 such a theory has been used at high densities, i.e. be-

yond the linear regime,and compared with very old experiments on

air.31* A true unified theory, valid at all densities, would be a

considerable achievement.
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