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Christogher huticher
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Gak hilge National laborstory
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§ 1. HADGIATIVE RECOMRINATICN
hecunbinaticn is the removal of ck.nr{u.‘. jerttcles by the asso-
cfatian of jpusitive and rnegative charges. huck proce.ses can take
pince In liquils ant dclids or cn surfeces, bul we confine curuelves

te the gas phase. If x*,y" mre charged todies {(umall letters stand
for stoms, molecules, electrans, or photuns),

" - R
x *ty =+¢ (1}

is ippoasible, aince by time-reversal ¢ is uustable., icwever,

* -

x +y +atbh (2)
or

* -

ey rzexry sz (3)

are possible. The rate of disappearance of x’ or y  is described
by the rate equations

. -
Jniz ) _s%%.i = - anlx'ely") )

-

Hesearcn sponsured Ly the Div,.icn of Basic Energy Sclerces,
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traoma!od fln owe.

e dtafuEauyie lerzs

where 0 s e teo.n ot
velooity, and (re tractkets
T.

v Lhe xry reiative
ooaverage at testjerstire

Paunples o f (L oate paaal
1 and 2 are Jdevuted, anl Lon, teowb
Clapter 3 is devoted I Chugter « we lokhe up threa-body »
natton defined bty (3}, Toe tojies of Jhapters ! and 2 sre of over-
whelzing leportance fn (. nfined plusxas where bare or kighly stripped
fors pregezinate. 28 of Cropters 3 and b are nlso tm-
portunt to fusion wcience in the 2esign of iun sources and the pro-
duction of intense reutral leazy. We Snall not discuss zutual
neutralization,

o whilt

d tiative e

+

A vy saey (6)
wvhich 18 eometizes clasued us & recombination pru.ess.

Unlras wtherviae steteld, we soually ezpluy atomic units. It
18 cunventent to lisl tne converaiona:

a.U. lenglhow = S.0u0) 2 LU [
“
&a.u. tize 2 2kt A Ly sec

3 -1
a.u. veloclty = C2.1877 » 107 oz sec

speed of light = a;l {u, 18 the fine siructure constant)
ln a.u. & s
= 137.837
1ev = 11,685.7 deg ¥
1 a.u. energy = 27,21 eV = 315,790 deg K
N ) Y
a.u. of crcss sectian nu; = 0.5757 = 1C 16 m.z
- o3 .
a.u. of rate u!t bl £.10%e « 1077 e’ et
o Q



1.1. Formulme for the Rudiative Rare

The simplest, end perhaps must importent, recomvination mechan-
ism is single electron radtutive reccobination into a hydrogenic
(Rydverg) orbit,

¢+ H + Hintz) + hv. (n

Scaling to a hydrogenic lon ia trivial (c.f. just below {49}). The
cross sectioa for {7) is readily derived frcm the Einateln A-
coefficieat for s transition from a continuum atate, labelled by the
wvave-vector k, to a bound etate ntm,

2
. (8)

Y 3wl
spliinta) = § (220, )7 &kl lnts>

The electron initially nas energy ¢ = l'.7/2. while the angular
frequency of the ezitied photon w = £ + 1/{2n2); ¢ is the position
vector (@ipole morent) of the electron. We now replace the Coulcmb
wave by an expunsion in eigenstates of angular zomenturm, Average
over all directions of k and sum uver all states m to find

Bn2a 33

= rs < + »2
oﬂ(l,nl) * JELR? [tent-lirint> + {241} <kt+l{rint>"]1.(9)

The kets Inh, |xt> sre assucisted with the reaial bouni and energy=~
normalized continuum arbtitels., The rate of recombinstion into at
is then from (5), {9)

uﬂ(nl,T) [ [ ¥ nR(v.nl)f(c.TNn {19}
o

vhere v2 2 2¢ and the Maxwelllan distridution

oe/T (11)
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£
rle,T) = 2 {"-;"T ]

Tc evaluute (9). we feed cutrix elecents of r Letween hydro-
denic wavefunctlons., Most textlooks express the wavefunctions of
tound hydrogenic states as Leguerre polynomials, and of continuuz
stuates a3 lypergeczetrie functiornc. These representatiuns are not
very useful fur the precent protlem, and we turn instead to semi-
classical methods which sre wost sizply intrcduced throush the JWEE
approximation.

.. Fadisi Matrix Elements

For the n state of h.ircgen the JWKB approximation? to the
radlal vavefunction is

. -1 -1/2 L
By =k, T F sin {r + [ Pdr] (12)
T
where
2. 2 2 A 1
P 2sn'r-;7,;n-57.x-1+3, (13)

Anp 48 a rormalization constant aad r{,r; are tte {nner, outer
classical turning points., We recast F in the form

2 p] A
(arP)? = o%e? - (ron2)?, 0307 = 2 _ 32 (%)
S0 that € 1s the eccentricity of the clussical crbit. The substi-
tution
r? - r = fccos o
J elost {15)

is suggested Ly {14}, Then the tize tu move on the clussical orbdit
freo perigee {1 = C) 45 given by N

r .
t = J T 53 (1-esina). (1o}

1

The w2izutnsl angle swep! vul from perigee can be obtained froz con-
gervatico of atgolar mimegtun

a4
7 Zx A
riar e (17)
vhence
[ 3y 1
voa Jr TETN J et fa8d
1 <

Feplacing z by 2 = wan{z/2), =e 210d that

tan{$/2) = ‘(—l-':‘-c-yuu.(x,u}. (19)



or equivalently
x = rcosq = n? (cost-c), ¥ = rsiny = oinsint. (<01}

1n classical mechanicad 1 is the eccentric nmuumaly, and (16), (19},
and {20) define the clussical mction in the (r,p) or {x,y) plane.

Returning to gquantal cechatics, the radial catrix elecents of
an operator F{r) are denoted by

H{nt,n"t') = <nt{F{n'1'>, {21)

From {12) this is cn integrul over the product of two rapidly oscil-
lating functions sinasina' which we replace by -i- cos{n-a') 20 that

r
1 dr,
' = ar
M(nt,n't'} = CR L Jr : cos(nnﬂn + nlAl)F(r). {e2)
&n ® n-n' , &L = 2-°, (23)
The zcelficients L &, ere given by
|
T - r
-3 dr 3 dr .
aq =L = = - L 21
.. n Jr P t{t), uy A Jr P (1) {ah)

frie (16) ant (18). As & sjeciul cuse of (22}
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su tuat for n »> an, L »> ax, (22) becomes

- x
M{an,sL) = f' J dt(()l"[r(()]cca[uot(t)nn—o(x)M.] {26)

L]

where u, 13 2n/orbital pericd (cluesical) or the separation of ad-
Jacent levels (gqusntal).

We have derived one of a large cluss of resulte kncwn as
correspundence principles. For an = 8t = 0, M reduces to the ex~
pectation value of F, while {26) gives the time average of F over a
classical orbit. When off-diagzonal (transition) matrix elements
are conaidered, the argument of the cosine in {26) is the differ-
ence Letueen the classical actions in the initial apnd final ordbits.
In general, this quautity 1s of the form

slactivid - wylrhal

\:},cl'c 4y ols s vanndesl cwerdinetle ard AE’J is the clurge $n the
conddenle Boficniul SUring the transition, the sum {ucludes & terx
for the juir ¥ = t, P = E. For s dipcle trarsition F = r and a8 =
t 1, 85 that ve .rly tave to cslculate

M{z,:1) « !"~A(;) T ¥ A
2

{2t}
vhere
W n
Hx - =5 } ysingdu, o = et {29)
o
snd x, y were defined In (20). Integrating (29) by parts (c.f.
{73)), ve fira
L .o
- . i A
L T I stnd{tlaxly;, My - I censut Myt v 23}
v o

Ingserting (tu) 1o {30], we Litain inlegrs.s whick can be eafressed
i teros of Bessel functichs, ac tuatd.9.8

M () Jlted), ¥l = vt}
We usually require the rodlal satrix elewenta tyuared nnd
averaged over I,
. p-l
Dlayed = x| (ote,-1) + (ee1dMle,m1)?]
fmg
(32)

1
a2 Io cdc [Mx(c)2 + My(C)z).

The integral over ¢ cen be evaluated using the second-order differ-
ential equation satisfied by J:. vith the result that

" i
D(n,c) —?;—JC(C)Jé(c). (33)

For ¢ »> 1 but still << n, we have



By b
Jc(c) a %17&*‘9, Jé(c) s O—C-;’,g—ei (3%}

whence
21’.‘7n'l &
D(n,e) = —x— + 0(e), €, = 0.28277. {35}

The asymptutic formule {35) is essentially the much-quoted Gsurt-
Krmmers result.f Even for szall ¢, the sccuracy of (34) is ressan-
atle, as Table 1 shows. The n * n + ¢ oscillator atreagth la

2

c, 2
flo n*c)a= -3%; O(a,c) = ‘—,.\:7 [%] , (-‘2 = 0.L9007. (3]

Motice that the statistical weight of the initial level, 2n%, s
explicitly displayed.

We now rewrite (36) in such a form that the final state n' can
Ye extrapolated into the continuum. This will lead to the recozti-
nation cross section into n, summed over :. From (9) this total
cross section is

2
- 2 3 [pw d{;n.:!
aﬁ(l.n) Ly aps [k] m [E4D]

where df/dc 1s the usual oscillator strength density out of the
tound siate,

‘”d%d.’ -5 Tt antrixe-1>? » (0013 <ntfrfreep?]. (38)

La,

By definitiun the quuntity 2r.7r(n,n') shculd be symmetric in n,n' so
that (36) can be written as

zn2r(n,n’) = C,,(nn'm)_3 (39)
Table 1
i JC(C\Jé(c) Cl/c
1 0.14308 0.18377
2 2.07%900 0.0918%
3 0.05L71 0.06126
L 0.0L190 0.0L594

Each Hydberg state n' 1s acsocisted wilsn an cLergy intarval 4 oa
(n')=3 8o thut (38) 1s equivalent to

2nt d—r-gx?‘z—l - Cj(n...»)_jA

(L0)
The recombinetior cross se:ticn
KT a'? C,
uh(k,n) Rl b St (b1)

It 1s worth notlng thet the c1oss section for pl.otaiux:izlns' & high
0 state, the ipverse process to recoctinaeticon, is given by

figd
0u(n} = n?a arle,e) | o a!‘sCP
prvtt o L

s de n’ wt (s2)

Thus at threshold opl(n) = itn ML, However, the tand vidth is pro-
portional to the binding energy so that the total cscillator strecgt
in the continuux

{c a C2 a . {%3)

Most of the oscillatur strength sus rule 1s exhausted by transitions
to adjacent bourd states.

1.5, Tutal hates

The rate uf recortinaticn 36to & 18 obisined by lnaerting {h1)
in (10},

c 12

oy o 2159 = 307 ( v ] "% eapl-ki/ 0Tk .
uﬁ(n,x) Py 3 Q—A——T-[y—“ Fany s . (&%)

Introducing the new varlatle a = nik?, we find

& a2
agle.T) = ﬂiﬁ—nL L%) #{x), X = 1/(2aT) (L5)
vhere
X .
#(X) = Xe El(x) (L6}




3 -1
and E; is the exponential integral.™ As X - v ¥ 1. Inem” sec N

degk units the coefficient in (L5) is replaced by 1.254 » 10-11,
In practice, the mast needed quantities are the total rates®

(t) = | ag(m,T) (b7)

B=n

c‘l(‘n)

vhere n = 1,2 for plasmus vhich are optically thin, thick in the
Lyman-a line. Thus, wve write

. -11 3 -1
2.0t = 19 o 5
oy () = 2000 107 (s sy () (+8)
where
T 1.5786 « 105 -
1,(X = 12783 x 10° I
'n(x’)a Z =t [n‘J' X T degk =9

&=n

Figure 1 shows the variation of ¢, $2 vith X, Fur o hydrogenice
ion of nuclear charge q, {L8) 14 zultiplied by q?. ¢ & Pears from
(45) that the favored values of  are those for vhieh zn*7T . ). gh:
asymptotic formulae (b1), ete. shouid not be used for T >> 3 x 10

q? degk.

O%eL-Dwe 19-13839

obol ]
9 [ 2
1og 4%,

Fig. 1. varistion of functions $1a2%2 delined iy, (49).

We now turn v

1.4,

the more recond

ameng L-substatey, This {s often n

the t-s vil} pe atatis
Usion vith & charged

field, low-
cozbination

tion would overestimate tj,

the rates on t wag firat
venient table far n-1

These nanbers were Se;

First, corst
depend on ¢,

M{c,21) = 52 wole),

re

[

CRERS ML

LI

Vuriation of e
Notice t

{

Farticle.
t states mre preferent
favors just these gta

cerated ty
asycptotic forzulae for LLe bess

5 =

-t

However, {n ap
lally pho
tes, the assumptio
¢ number of neutrals,
discussed {n det
v L1l and T e o

n
e

len

va.

Fartial hates

totonized

Jder how tle Sound-bound mutpgy elexenty

in Fig, 2 ve piot ", € for

2 b, where

(50)

(1-c > 1/8 273y, (s

intense radiation
» and since re-
0 of redistribu-
The dependence or
afl by Burgesa.$
V 16 given ip Rer, 1.

A con-

1

(28) - (a1)

evalunting {0} tuzerically, Using
el fucctions (31), ve fina that

)



The accurate calculations and asymptotic formulae agree that, ex-
cept for wa(1), all the matrix elements + O rapidly as € + 0, {.e.,
as the classical orbits become circular. It {s not possible to ex-
trapolate (51) into the continuuz, though it correctly suggests that
very lov t-s are favored.

We can revrite {9) irn terzu of efther velucity or soceleratiun
gatrix elecents. Fur exact eigenstates,

‘1‘5‘“) a (m)'l <t|pir> {velocity)

(52)
-2
= (1u)™ <1]r/r%> (acceleration).
Then the dipole mutrix elements in (9) can be replaced by
-2
!x(n‘ll) = <nt|r “|uLl> (53)

tines 0-2 Since the acceleration matrix element welghs the reglon
of space near the nucleus, it is possible to replace the high-n
orbital by a continuum ordbital of 2erc energy

1ia 03/2 <rfnt> = Lm <r{kt> (54%)
ore k+o

whes |kt> ia energy naorzelized. Thea {53) becames
1(a,kt) = 0732 5 (k1), J (k1) = <nt|r~?fotsl> (55)

vhile the recombinution cross gsection

'z ﬂrs

aR(k,nl) = T m? Sl(k) {56)
1 2 2

$,4) = g [e2_(k)" + {12)3 (R0)%). {57}

This ia equivalent to (k1) if

I (2te1)8 ) = Six) {58}

fs constent snd close to 2C; over 4 reusonasble range of k. This is
verified to be so by direct numerical calculation (Fig. 3). In Fig.
L we shov histograms of

ORMG-OwG TH-~139%6
o> T 17T T T
04} /\ -
2¢y
03 }- ~
=
0.2 H— -
Os f— —
) L L | 1 {
o] [sR] 0.2 Q3 0.4 as 0.6

Fig. 3. Variation of S{k) defined by {57}, {58} with k.

ORNL-DWG 79-139%5

o | JJHI olll!lllé \()illll.e 0”\[‘.1; OH‘J?

Fig., 4. Histcgrams cof Pl, the distritutions defined in (»g).




B, = {2041)8,(K)/S(k) (9)

wbich represent the distribution over t for different tnitial ener-
gien. As is vell kpown, Sp{k) cacillates as & function of % und k,
but this structure does not persist in the rates. Most recombina-
tion is into satatea t ~ k. In Fig. 5 we show the rates into all n
of a given t,

.
nR(I.T) = _Z nh,(x;.T) (60)
n=1+]
[SOIN.
for several l, owpmred with the total, ag " of (L8).

burgesa uscd the different approach of ealrtcting lhe approxi-
mate snalytic Jdepeandence on k frem the length catrix elements, so
that

-2 2 “n E:“)
M I:(n.kl) = n b:(nl) - . (61)
v, * 1/({2c?), n? E_.(nl) = <nt|rioil>.

ORML- D#G 7513934

- T T
T0tAL
=12 b~ o 7
T o-ul- -
Y
2
§ ‘T\
L oal- -
.
o 1
T sl \ -
“16 |— -
{ | 1
-1
B 4 s
tog LTk

Fig. 9. a;((l,'r) as defired in (60), vs. T. The totsl rate
into all bocund states is also shown.

e Tancttons o, o= 0B, 0wt
£ fon-1 45 li. Ints repte
values uf 8, ave - 2.0, whi
creases vith £, and B lave & slow

/1? are tataleted? ror

{s valid for w ¢« 3...“. T¥pienl
1.3, B_ 0.3. Mowvever, B, in-
variation with »,l such that

n-1 2 R
Dol (et e (o Gi)) @ donn, {e)
L=g -
We now rewrite (L.} as
R \.I‘,‘::“' " }t,(nlJz
lxlh.hl) B T] ST {63)

and insere ir Tt} Taping v, = ., wnich overestimates the contri~
bution of .erge £, (0] ivuis Lack to (k1) with 2C) replaced by
0.55. The variation of 8, with U is such that low %-a are highly
favored, as we shoula exgect,

§ 2. DIELECTHONIC RECOMBINATION

2.1. Introduction

1: Chapter ) we gaw tlat single electron radiative reccmbina-
tivon falls off resscuably rapidly with the energy of the free
electron, sizply btecause the matrix element connecting the free and
bound states must decresase as the deBroglie wavelength 2z/x de-
creases, (L), If, however, the recombining fon i. not a bare
nucleus, the incident electran can be slowed by eaciting some of the
bound electrons. Following this line of thought, cne {s led to con-
sider dislactronio recomlinuticn (DIR),

e(xt) + A"%a) 3 A'q_l(n.nl‘) (6lu)

- A‘l‘—lh,ni') + hv {6LL)
where B + v 13 an wllowed dipote transition of 2%, orven Y=a=
ground state, but y,a may te distinct excited states. In the first
stage of (6L) the originsl ion 13 excited sufficiently that the
electrcn is captured into a high hydberg state (Fig, 6). This state
1s unstable in that it may sutclordze tack to the initisl, or soze
other, channel. Recombinutiun is achieved if the excited corel

Thy “core" we alwmys nean A%, tne core of AN It is net tzplied
that iprer ahkelle of A9 are excited, though they might be,
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Fig. 6. Scheme of dielectronic recombination (6L).

decays radiatlively to produce & stable state {we shull not consider
the complicatici that {t could produce another unstable atute).
Typlcally, the rudlative 1ifetime - 10-10 sece, while the radistion-
less 1ifetize - 3 = 10-10 3 sec, 50 thet radistive decay {stabili-
zation) is more likely for n > ng - 70, lor a given electron ln the
bandwidth of the Rydbterg series, the protability of leing in s
resonance’ 1s - S0%, while the probability thet the resirance
stabilizes is - 1008 (u > ng) or the ratio of the liferimes {n < n,l,
whence the protatility of stabtilizetion

P x 0.5 MIN {1, (a/n )] (65)
n ©

where nt' is the Rydberg stute nearest in energy. Aversging (2(:5)
over energy (multiply B, by q’/na, sum over n and divide by g¢/2)
we arrive at & mesn probability

P= 1/ng. {66)

————

1‘l‘he autofonizing statcs are resonsnces in the electren scntterting
channel.

I the bulr Of the Maxwelllsn overlaps the Rydberg series und the
electronic temperature ~ 107 deg K, P 18 Just the rate in a.u

1R 210 12y cn’ sec 1 {&T)
where N s the number of Rydberg serles (8,1'). In_the most favor-
able ceses, appy reaches a few times 10711 ce3 gec™d. Since the
radistive rute at T = 3 x 105 Jegk {s ag * 3 = ;G'“‘ q2 cm3 sec-l,
dielectronic reccsbination dominstes wherever cere trarsitions

a » § are readily excited (at least for q < 20}, We shall see that
apyp has en intricate dependence on charge statp, temperature, and

species, though the renge of values spanned {s usually limited to
10712 - 1011 a3 sec-l.

The process (8L} was first suggested in the 1530’5 but early
discussions only consldered a single autoionizing state thus under-
estipating the rate by & factor -~ n,. In the early 1660'a discrep-
ancies in the temperature of the solar corona derived frow joniza-
tion equilibriux theory and that derived froz direct zeasuresents
of Dappler widths led to the search for a zissing recombination
process. By considering an entire Rydberg series, Burgess!) arrived
at DIR rates large enough to explain the coronal equilibrium.
Notable contributions were also aade by Shore!? and M:Caroll.!3 In
these lectures we can only present s rather sizpiified introdection
to the problexz. Ffor more Infcraation, the recent exceilent review
by Seaton and Storey!“ shculd be consulted.

2.2, Formal Theory

Since we wre ndt here o
we stall sizpiy quete the stas
theary vith cany chetnels. !

erned ®ith scattering thecry us such,
rd result of rescghant scattering

or & 8series of well-separated reso-
nances n, decaying into channels 1, the cross section { ~ § is
glven by

roT
o, =7 Lise (8), 0 (i):l;zL‘——‘)L;-——TT (68)
1) 1) 1) ¥ LT )T Ty

where L is the total mrguler oomentis wnd by the initial wavenuaber.

Each resonance has posttion o, partiel vidtts T, and total vidih
{also rate of decay in a.u.)

To = § Ty 169)

1 genersl depending on i, it neandng of (00) 38 clear:  each

reschnunce Lab the Oversll breit Wigner cnergy dcpendence, while the



branching ratios for different processes are prupurticsal to the
products of the eotrance and eaft partial wvidths.

It 1s straightforvard to apply (€8) 1o (€4). For s slngle
pair of angular mozenta L, t'
T Bt 0,000 (8,680 )

L] = 2 i
(e,e%) F,I, teme Woe tlent o/ )

%14

where the subacripts r,a refer to radiative und autcionizing decays.

Though angulsr momentum couplings ure not explicitly shown in (7C),
it is necessary to #wm over sll §nitial, interzediate, and final
substates, finally dividing by the statissical wvelght of a,

The
total wvidth

Fi,nt') = § F8,nt'50",0) ¢+ § T {5,00%y"). (71)
. aly a ¥ r
Certaln sizplifying mssunptions are made:

(1) the resonances ure narrav cuajared with their spacing;

(11) the energy levels ¢ do not deperd on L', f.e. quantum
defectns are small;

(114) only the decay channels o' = a, y' = y arc significant,

{1iv) the radiative decay rate is lndependent of nt' and is
sizply the A-ccefficient for £ + y In A'9Q,

1r we write

r lat) = E (zul)r.lﬁ.nl';u,n. F{nt') = ros r.(nl') (12}

for 6. ° and sum {70) over I, the contribution from A single
Rydberg series (f,t') becomes

. ra(m')rr .
)=
“Dm“ ) Fr{ (t-l:n)! + Mat')2/4" 1)
Te obtain & rate from {73), we must evsluate
a 1/2
apglt') = [;;7 IQ ' onmll')cxpl- ,%]dc. (74}
Replacing

.__IS.IL . Al y
(e 3 v Tk i AR
n

Ve Tind from (7 4) snd (6] tust
["H INEHRRL [ ]
L TR P -4 -2z -
Janlt 7 T ] 7s)

'
The energy levels tust le relerrel Lo the initia) state of A1, All
discusslons of Llh are tased o {7e).

2.7y Calouisiion of hates

The decay jrocess (tha) 1y closely relsted to the excitaticon
prucess

clrty ¢ A% ) etnriny v A7), (76)
The threshold croed sectiocn (X' - 0) and widths (o * =) cante
vritten in terzs of the same functions G&ikl,k'l'),

"

o (k) ==y

. - R -
o~ T (gieljo {wb,x'2t), (178}

e

rlatr) =673 { (2802)5 {x £,00"), {(170)

vhere ¥2/2 is the threshcld erergy. Henceforth we write &‘.u(kul.ol')
- G.(l‘ . We shell presently calculate G, in the Coulcmb-Born-Dipole
spproximation, but first {75} can be developed further.

It will turn out that G, is insensitive to q, vhile r‘_ varies
strongly,

T. %Qrs‘ IIPTIPALEN (18}

The dipcle operntor of A’q 1s D} {18) implies summatlon over the
substates of y and averaglng over the substate of 8. The dipole
matrix element - gq-1, while

W= Eb - EY s G q”ﬂ (19}

where ¥ = 0,1 If the principle juantux nunber changes by

13



[llB - n‘( =0, >1 so that
(80}

Juel
G .
rl" l'q

Inserting (TTt), (¥0} in {75} we see that a hey role i3 pluyed
by the priucipal quantus numker nc far which l‘r = I‘.,

1/3 1/3
N 1 G -3 K
ate) =)@ =0 . . {61)
r] r
Then the rate is given by

3r2
Flc \T) -

'y u = 1&n -e/T
GBXR“ )] Fr E m}-na—);]‘. Fle,T) [T] e . {82}

Most of the sum comes frem high values of n for which £ 2 w {ir
y = a for simplicity). Then (82) beccrmes

vy e . o
opplt') = 12T, o (E)FLW,T), {81)
and on using (80),

. 12
appltt) = 121 G"(z')q‘“ M S‘F(...,'r), 6 (1) = (a2, (1)) "

(8L)
The total rate is obtalned on sumsing over &' {the suz over Sub-
states of 1' is already contained in G‘).

apg =12 G, P 3 Flu,1, 6 = o (1 (85)

Tris function peaks at T = § w, a5 one might have expected, Lie
maximum value being

_ e -3/2 bu-t
O pomax - 0037 G G q 3 (£¢)
i.e. for v = 0, S g max ~ q-S/o and for w = 1, ~ q'l/J. Thus, in
Suha equilibrium y = 1 transitions are mcre important.

Before calculating G“, we must digress on &nguler mamentum
coupling. The state B {m usuaily specified by Ruasell-Sanders
quantum numbers SBLGJG' vhile the cuter electron couples to J,

giving & totul argfulsr mesentun . The fulil sel of quantur nusbers
f (8S,L J,nl‘.Y.M-r:). If we svernge over JKM, snd {gnore the small
differences in energy berween different JX states, the result is as
if we had used un uncoupled representaticn and averaged ovar the
zaghetic quantud sutkers (El.rh‘..nl':'). This procedure should be
good except {n sioe small energy ranges which do not significantly
affect the rate. Then the autcicnlzaticn width is glven by the
"golden rule”,

< . Slear , 2

AL I !\mnM‘,u:'n.']\lul.ub‘..kvlm\] - (87)
i

where we sum over Mu oand average over M'z'. The interaction

Ve Nf_{Jr‘ {B8a)

where r 1s the positicn of the cuter electron and § runs over the
electrons of A'S, To evaluate (B87) we retmin only the dipole tera

Vv = F.S/x.'z

{85b)
whenre .
G itt) = oy i L N SEE IO AN (89)
The sngulsr integral
cltrt) = max{r,'} (90}
J §s the seme integral intruduced in {5%),
J{e,0) = <kcl[r-2|0i'> (91}

and H is the radiel integral (fur a one-electron trsnsition -- more
generally it is & reduced patrix elewent),

R(a,n) = <alr|s>. (92)

Stnce Ty 88 8lso prof. Piionn: 1o W, we em, exjress {89) tn the form
r 1

X
L a1, 10 r (et e, (93)

1t & interesting thel according 1o {(9s) the radiaticnless
procens (6ha) {5 relsted to rudiative recomvination via the acceler-
ation matrix eclecents. The integral (91) can be scaled to g = 1,

20



Stk wq) = alg, kg0 ) {ab)
Since R ~ qu. an jorediate consequence 1s that On - qo. as stated
above. Then {93) becumes

. ., 7 rqz
G ') = 1217 v 10T e T (95}

vhere T{1) = (:!t))St(kolq). wnd Sy wns definel in (ST). From Fig.
L wve see that &, rzust fall off rapidly when E' > 5. From (79),
(Aa), (BL), (%3, ant (95),

~—1 123
G = 23060 + G, » Cy= g (1) = 2.0k < a). (96}

Thea the total rate

oy ® 278 Gt T 6 Flu, ). (o7}

Finally, Lhe penk Tate

- 70 Cygd ¥ 7 B SR .
oMy 1470 Cyq G Gr' (qR)

To §{llustrate the zoology of autolonizing sintes, we look in
detall at a series ln four-electron jona

A 067 opnp) + 179162 28) ¢ elks kd) {59}
which i3 strongly excited in fon-atem collisions.!d Thus a = 2s,
g=2p, ' = 1, L= 3,20 in (79}, v = O. Table 2 shovs the varia-
tisn vith g of w/q, qF, J{p+s) and J{p=d): «, R{29+2p) are the
best experimental and theoretical values!® and J vas calculated vith

Coulomd wavefunctions, The regularity of scaling with q is pleasing
From (R9) we ottain the reduced widths

b, =0 (a1 [3lpee)? + 23(pead?). {100)

Table 2 shows the querage vwidth of one multiplet (2pnp)SL, § G,.
The perturbstion theory is valtd!® ffr & 0, < 2n wnich is Just avout
satisfied. Because of the resonance oscillator strength, these
widths are unuanally large, e.g. in his study of He-like systems,
Weisheit!? used the universal formuls

onu‘) . 1.6 %1070 (20042) (p0 <7
=0 (' > 7).

(101)

Talle O Varistion with g +f matrix elopents entering DIB
q 1 2 3 s B 16

10 w/q c.680 O
aR 7.06 1
I(pes) 0.0826 0.
3{p) 0.0205 ©
G 0.268 0

723 C.T3S .36 0.7he 0719
90 8.20 8.48 8.¢7 8.76

1322 0.15k Q169 0.172  0.1fc
ob1l 0,05tk CLO5R0  D.0etR DLAGTY
. 906 1.36 1.17 1.96 1.Q6

A1l guantities refer to the process {93) - {1D3).
t

However, G,. is compensatingly small because of the w? factor. Using
the values at q » B, G = 0,074 and G, = 5.26 » 10>95 50 that

G n(” = 7.87 x 1070 and the total Gpg * 3.27 x 107 From {97)
t{zc total rate is
e = 22 0107 et nee™1% 6T vie.0mi,) (102
of whizh €' = 1 cortributes L%, Ihe maximum rate (8t T = 15,600 q
dext) 18
IS C I RS G
ureomar = {6.3L ~ 16 o osec )y 0 83. {103)

The chief defect of (89) - (48), which are interlsd ns i1llus-
trations rather than working formulae, {8 the Coulcsmb spproximation
in evaluating J. If distorted wvaves are used for q > 3, the results
would probably be as good as one could desire; for q £ 3 close-
coupling calculations might be needed. Referring to (84), apyp de-
pends on Gy, vhich must be calculsted, only through the one-third
power; Gr {8 usually avallable in the large Lody of critically
agaesned oacillator strengths. If (98) 1s spplied to the Hat
sequence, G 3 T.UL x 10-5 and appp ey * (1,59 = 10712
cmd aec'hq"a-l?:, in good agreement vitﬁ the Vest calculation;!?
20% comes frrm the Ppnp series, For most applications, the semi~
empirical unlversal formula of Hurgess“ lg recommended.

In Fig. 7 we show the best available calculatjons!®:18 or
apry for He', C*2, ond Fe*?l compared in each case with the radia-
tive rate ap. The core transition in He' has u = 1 {is+2p) and
that in C*'2 has v = 0 {25+2p); in Fe*2l tuo troansitione contribute,
one u = 0 (28+2p) and one u =1 (2p=3d), oince apg falls off vith
q, aldelt slowly, and ap - q’. the latter eventunlly catches up, as
can be aeen in Fe*?l,

Though outside the scope of theae lectures, collisions with
third bodies may have an impertant effect on PIR.  In dense plancas
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Fig. 7. Variation of DIR rate with temperature. The full lines
are “?H and the dotted lines are ap. Two transitions contribute
in Fe as indicated. The results for He* are from close-

caupling“’ and for C*¢, Fe'2l from distorted-wave cnlculuv.!'ons.“‘

svuaamViLN, AbTdE values OF U are populated, thereby stadilizting
the state,

33, LIsLollATIVE RECUMBINATION

3.1, Inirodustion

Uisscoimtive recasbtinatic
Bates and Massey in 1547 to ac
ionosphere,

n {Zit} 18 the pr.ocess suggested by
20unt for the re=oval of 0; in the

e v aB' 4 A{m) v B{n) Ry
where one or both products i3 usually excited. The process is (m-
portant at temperatures teiov 1 eV where mclecular ions are atun-
dant, Its rapid rate is explicntle 1f the dlsscciatling state of Ab
crosses the fcnic state in the Pranca-Condon (F) reglon of tne
ground vibrational stare {fig. 8). For zost systews with gore Llan
four electrons, oneé can slzost aiways find an electronically duully
excited surfuce AE"® satisfying this requiremect. The few e.estron
systema of specisl dnterest in neslral beasm ted y provide ex-
ceptions to this fule. Accurste potentlisl energy curves!d for
H3{1g,) wnd 4 (1a] 1rt) gre shown o FiB. . The crossing pe

int n
lies within the FC reficn for initisl vilrational stetes v > 2. ©
HY a similar sjtuation prevails;?0 at least C.5 eV of excitaticn is
required to reach the loweat Jissocliating surface from the ground
vitrstional state, The only anclecalar 1o for which dissdciative
recombination 13 never significarnt zay te He;. The molecular orXi-
tals 105. la, based on 1s atozic orbitals are fully occupled :n
ground state He,; thus, the lovest Jdoubly exzited state involves twu
orbitals besed on 2s,2p stozic states and lies « 16 eV above the
ionic ground state {relative to 24e*, He « Het . -26 eV, while

Bel® « 2ne’ - 10 eV).

3.2, Furmaliss

The formal theory of (10Lk) is an interesting groblea on which
4 large literature hes wccuzulated. 13,29 ye only present & sizpli-
fied account here, confineld ¢0 diatomics for the most part. Rather
than consider the crossing state as the firal {adiadbatic) chanpel,
ve define it tc be a diabatic state which cresses the true final
state, as illustracted in Fig, 8,
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The burni-uppenhelner clectrunie wavelunctions 8t given ioternuclenr
separation R of the three states in {109) are deroted Ly .XLL), LIS
. In the f&rs( ;F.8ce, ve SUpPFuSe thAat the incoming electron has
energy ty k!’”" tetal engular zomentuz Ly snd prejected angular
meGentun of the liternuclear axis 3. The rotation of the ioa s
ignored as o perzissible at erergies ¢y >> rotational sepnrations.
' It {8 vital tu reclize that AR"® cen Jdecay ty electing electrons of
energy ¢ # by, the slack belug taken up by the nuclear {vibrational)
motich.  Muth of the l{terasture is councerped with the definttion of
the resirance state ¥ wvhich ve tahe as intuftlively kncwn, The
electrenie~vitraticnal wavefunaticn of the systez {10%) can Le ex-
panded as

- C HEGIUN
(arB),

'“x‘x) = Fo(R)e, + Fr(ﬁ)sr v Ia( Fi(t.R)Ss(()‘ (100)

If the potentisls are ¢ * Wiy Woy Wpoand the dlabetdyc couplings are
Voi{e), Vg, ve obtain the feliowing set of coupled cquatiuns,

Fig. 8. Scheme of Jissoctative recombination (104), (205). (E-K-H,)Fr v p e

- pwe Yo rerit

ke . i N L
S Sl e ey {E~g-} Ux)il(t)-\r“h) . 33
7| i-K-W )F_ =V _F_+ v {uiE (e 105
o L\/\ (E-k-W JF =V _F. Id& IR {10%)
A - CT where E 1s the total {electronic jlus vitrational) energy ard ¥ the
i nuclear kinetic energy operator {M is the reduced mass)
l as}- -
: . 13 (g2 3
b - - K* - ZR7 5 [“ aﬂ]' {210
_ If v ((c) varies slowly with R und Fp i35 approxicately sn

eigensiate of KW, i.e. If the right side of {109} is neglected to
A first approxization, (1C8) hus & particular integral equal to F,

3 times & slowly varylng Tunction of B. To thls integral must be
‘l added r polution of the hozogenecus equation
P (r l:‘f:—u)){‘ =0 (1115
L0 prurbde wn o fngoing weve in {(soby. Thas
Fig., 9, Accurste potentlal encryy curveslz for Hy{la,) and Fo(e) = :1“L~L) v e st v"“” (1:0)
H; {log). 1Inset are the widih G of the Hy date and The ::qnured 1 i i ; r
nuclesr wavefunction [cl of the dissociating state H + H (c.f.
{119)).

vhere




‘rl(n) =uo-w (113)

is the "verticul ejection energy". If AB was in the state r with
the nuclel fized at f, it would autolonize to AB* by ejecting an
electron of energy ¢ (R}, The positive imaginary term in the de-
ncainstor of {112) jneures that only outgoing waves appear in the
final chaunel. Substituting (112) in {109), we find that

(ER-HIF = vy (eydey + ViR v O, (114)
where
2
Vrl(t) ey 2
D= J ——-—:”_t,1° =30 Gom 2y (e ) (115)

neglecting a principal value integral. The "vertical" or “local"
vldth G, is nov incorporated in & cosplex potential

LR : (116)
®D that
(E-K-Ur)!'r = v“(:lltz1 VR (117)

Solution of (107) and {117) leads to the emplitude of the outgoirg
vave in Fy and hence to the DR cross section, Generalization to
sany final statea {s obvious. Back {onization {nto the initial
state is described by the complex potential Wr.

To calculate the cross section, we return to the representation
in which W, crosses Wy so that r {e itself the finsl channel, and
Vpr is dropped frez the right side of (117). It is readily shown
frow Green's theorem that as R » =,

121

]IIZ
“iM €
F - Al 3 e ) {555 LA
r it L9 ]

iR *
(11&j
Aepyieg) = e Ve Mo le )
where Cr is & molution of tle humogeneous eguutich
(E-K )00 {119}

¢ porealized that

& T R WA (220}

where &, 18 u» complex phase shift., To obtsin the DR azpiltude F,
we have to cambine solutions like {112) to form an ingoing plane
wave snd then look at the outgoing waves. The tatal wavefunction
will satisfy

1/2 ke e A0
= r — £ _ 2
'(h) -y e!.p(l)(lz).ll'1 + F(8) m ' (121)
vhere the asyzptctic form of 01 is
1/2
! )
- S . 22
LA - Jll (\lil')Y1 + outgcing vaves (1

Fxpanding the plane wave in (121} into functians like (122) which
connect to outgoing vaves (118}, we find that

Floy = 32 T atan,c, 1t P lesss) (123)
kl [ 2% =
vwhence
a(c, ) = 2x §lenafur,e) :, {12%)
[ AT ul

N
Usually & aingle value cf i3 predominates, e¢.g. the 1.7|_‘l state of Hp
is coupled to & dg weve, LA = 20,

The tota) crose seatten {13} thus 2epenls cn the zatria ele-
pents {I18). lotice that the argument of Vi 18 € = €;, not £py.
Some 1dms of Lhe cross sectici is obtained by inserting JWEB
approsizetions to Loy &y !n (118) and evalunting Lhe‘xm:grnl by
the method of staticnary phese, with the result that

Loe s G 4R
< L4 10g
FEEE s llraran » rrmr Fan SR J (105
iH R J(hx:ln“u.x)i N v
x
The Curven tre tuppenvd toaf oy et N Yeyond whleh 18 atollie,

v{Rk) e the luces velocity of the bejaruting stome, \'-h =
(874} (K =W, ], w, fu the vitruticnal frequency of At and
Rx(;) < K is the peint at whicl

e

o



W -W 3.
rl"

The "survivel factor” e "

ino- M/ s0ifp 21 an
light spec’.3 13 expected.

se
is the prohabllity that Ab
sutclonize tetveern R, and Ry

. The reduced mass enters
isotope effect that opy ia
The semi-classical formula

Jdees not
{125) orniy
larger for
is only valid

if Ry lies in the FC region of 4.

All too often Hy 1s on the edge

of the FC reglon and & fully quantsl description of the nuclear
motion ia rcquiied. In Fig. 9 we shetch the nuclear vavefunction
squared kr(ﬂ)] st a given total energy. A3 € increasea, the
classical turning peint moves to szeller R, awveeping across the FC
region. Thus below scme pseudo-threshold o R ;a small; then it
rises rapidly varying with increasing ¢ as ?;] varies with in~
cressing R.

The general featuresa Just outlined are 'ell {llustrated by the
case of EY for which experiments and detailed calculations are
available. Figure 9 shows the potentials h"_, LA and vidth Gr' We
have plotted irn Fig, 10 theoretical ap,(v) sgainst energy for H?
initially in the v = 0, 1, and 2 vibrational states. The FC oscil~
lations deacribesd in the preceding paragraph are clearly seen. The
d1ip in om‘(c) at ¢ = 0.5 eV appears in recent experiments.“ The
cross section averaged over a known distridution of many initfal
vibrational statea is compared with the measurements of Peart and
Dolder?? in Fig. 11. The cross section for producing Hin = 2) is
also showe in Fig. 11. The distribution of final Rydberg states is
predicted!? over a wide range of energy and initial vibrational
states to be

w11
-3 n
P(n) = 25.8 n 1+ [_l] (127)
n

where o = 4,5, in harcony with the scant experimental avidence,?3
The final state satoms are not, &s repeatedly stated without sup-
porting srgumeats, concentrated in a single low-lying level {e.g.

n = 2, 3), but are fairly evenly distributed over the levels n < 10,
Within one level the population of each i,m subatate - 1/{2L+l},
since a [ resonarce can only couple to final states vhose angular
momentum projection on the internuclear axis is zero.

3.3, Very Low Energies: The Indirect Mechanism
and Large Molecular Ions

At therzal criergies {<< 1 eV) the matrix element A defined in
(113) tends to a constant nonzero limit,

Altr,0) = ii’x; vt {128)

T o)

Fig. 10. <JCrose scotiuns fur LH of H;(v) av & function

of imjacl energy.

ORML-DOWG 7914217

25 T T T ] T

opalt0 ™ em?)

€ {ev?

Fig. 11. Cross sections fcr LR of H'(all v) » H + H{n) as & func-

tion of i{mpact energy. Total {sll ni cocpared with experiment.“
H(n = 2} contribution also shown.

i0



Tris limit is & consequence o the lurg-renge Coulitb atiraction
between the lon and electron., Then the cross section {124) becoues
i 2:1 [ 2

o ==, G = 2u|A{tr,0)]f, (129)
DR kl A

The same form followvs from the semiclassicsl approximation (125}
since Rx - R. as ¢ + =, From (129) ve get the vw=ll-known rate

3/2
= {2s) -10 3 -1, G degk
L 72 G = (1.717 = 10 cm” aec ) (T degk . {130)
Since G - 2 eV for a broad molecular resonance, apg - 2 X 10_1
cz3 sec-l at L0OO degl, as cbserved in many apecies,?0

The form of (130) is more fundamental than ic often supposed
as ve can see by develcping a classical model.?% Suppose the v
electron approaches the ion on a trajectory defined by the initial
kinetlc energy e » k}/? and impact parazeter b; the distance of
closest approach is r, the velocity there being v. We assuze that
wvithin r < r, recombipation takes place with probability Pp. The
electron will almost slways lose kinetic energy Ac and anguler
momentum A} to the lon, especially to a large ion. The conaervation
of energy and angular momentum require

kb= v+ a) (131)
ki = v+ 20 - 2r {132}

vhence recombination is possible if b « tz0 given by

kg, = 83+ (2r 12 (1w e (e pmac) 12 (153)

¥We are only interested in gq << 1 eV vhile r, < L for even the lar-
gest lonic cluster, so the square brackets in {133) can be replaced
by unity, lesding to & crosa section

aF. '
X oe (1242
o * I{-I PT(LJ)[“ . (;ro) 1. (13%)

The probabtility cf wngular mumentuo Lrugster 2} is dencted by !'T(:.J),
while the sum 1s over all a) » —(2rc)“‘. If Bpods - 1 for a3 = 1,
and r, - 2, {134) 1s conslstent with (12§) 1f Gop - 20G, i.e.

PH - 0.0k, Thus, unless 83 >> 1, a situstion discussed below, the
tempersture dependence {130) is inescapable.

othe tndipest pectaties of LR, first discussed in Jdetail Ly
Bardsley, ite elwciron gives L) LB erergy in vibrational excita-
tion, settling in a Rydberg state until dissociation or reverse
{calzation takes place,

elxt ) u’(",) b4 [e(hl:lkl)r\h'(vs)] . AE e aen. (135)

Rotaticnel excitation {s pussibie bt d3es not sres to be of Frac-
tical importance. The thecry of (135} s sizilar to trat of DIK,!9
The indirect rate 18 of the fora (130) with G replaced by

& s5um
like (75),
. r,{s,n)F {(5,n)
[ s Tt _“_(__)_E__i___)_“p[__\iﬂ)]. {138}
IDH s.n rd 5,ni} + I'a ,n T
kelative to the initinl state, the rescnance energies are given by
. 1
clap) =6, - T (137}

The dissociation width Iy 18 anelogous to I'_ in {75), except that
it depends on n, ¢

t{e,n) = o3 v, ). {138)

Tre present autclonizaticn wiath Ty is entirely analogous to the

carller Iy, wnd cen be reisted Lo the threshold vitrationsl excita-

tion ercess section in the sanner of {77),
-3

Pla,n} =« G

(s,0} =« ety {1398}

noo
ucx(vi - vs) * 't uc).‘vs) {1390)

PRI N -2
Inserting (3:v) snd (13w} 2 (146), »ach term varies as n °. The
sum over L can te dune anmlylically so that

~

sk TLGv Y+ G (v )
8 X 5

Giv 3G v )
£ 1) L .
5

- exp [- U—;’—n (1L0)

Eurly diccussions o0 IF Suwl, iike early discussions of
Hylleryg series; thus, they in-

T 'y & result which {s still

Teu
01R, 1 not sweodng over an entir
correatly fourd thot as € - (, §
quoted, 1 G »>> Ge

PR

2



Oypp * T Ceglv,) v oypg = oy (a1

the total rate for vibrational exclitation, which ax hypotheat

G d d,
<< %0a° However, if G:x »> {independent of y‘).

GIDR a NG, a = (1+ N)BDR {1L2)

where N 1s the nuster of levels & for which G:l(v!) >> G, Ugy 2 T,
Thus in & diatomic apy i1a usually zultiplied by two; this factor
has been included in the cross sections in Fig. 10 below 0.1 eV,
In polyatomic lons N may be very large?“ e.g. in clusters bARD S
N . o. However, (140} still predicts a rate - T°¢, ¢ 2 ¥

Recent experizents of Biondi?® strongly suggest that app - T°
for large clusters. In the regize where 8) is small {c.f. 1(313” -
(13%)) no reasonable assumption will Jead tc such a variation since:
neither ry nor Py can ~ T. Nor can wve postulate that G =~ hy
{vbich im in any case impcasitle) since if aypy - Gucs Opg > SIpK,
as explained above. However, a large cluster with rotational con-
stants B - 10'7 can absorb s great deal of angular momentus frec
the incident electron. For a cluster Y'-)Zr_ of internal energy Eg,
the mean vibrational dipole mumeptl*

172
KDE hE._‘
woa === (143)
.

where K - 1 and Per We are the length and frequency of an XY’ tond.
Since B - n'lI u should vary little with n. At an impact pareceter
b,, the electron dipale interaction cean cauple states within a tand
of quantus numbers A) such that

L 1/2 \
BEy = 2(Big) % 2y fg (3LL)

Inserting (14L) 1n (133) and wsswsing that &) >> (Erc)llz, f.e.,
that the clectrorn loses naxt of {ts drgulur somentum, we obtain
2/1
b 203 w g )
. . e (145)
1/3 1/3 ju ’
{ney) e

(ﬂbEh:‘)

Uk

We must emphasize that this f= not indirect DR since &y ~ 0.0 ey
only. 1f PR i3 the probability of exciting a vibrational mode
which ~ &,

13 L0/e .
R (146)

fairly clise to the observed belavior - nT°, Trying some numeri-
cal values, (1L3) glves & mexioue o R." 10" v in accord with the ob-
served rates for large clusters - 18-5 crd sec~l. For T = 5300
deg K, Eg = LOO deg X, (144) gives by -~ 10G, 43 - kyb, - 10,

&Eg - 6 deg K 10 that the model is internally ccasistent.

3.L. Other Toptlcs .

'!‘R_}e reader is referred to reviev articies?%1%6 ard recent
pnper:‘7 for more inforzaticn. A nuzbler of theuretical studies
have been made of CHY; while the potentials are fairly well under-
stood, the dynuxics of the process are not. The crossing state is
the fourth state of 2N synuetry so that s series of curve-hopping
transiticns are nceded to resch the finel dissociation products.
Such mechuniuzs wre presunatly common in atmospheris and asatro-
rhysical species and merit {nvestigation. We Lave already
zerntioned the diiticulry of diusscelating H'; from the ground vitra-

icral stute st trermal energies., All extant measurements or. HY
Lave used unrelexed fone (funternal energy 2-b eV) produced by tke
HY o« H, recacticn. HWhile thene exje~riments are zutually conaistent
ticy 58y nothing atout tie pr.oand state icn. As fur as experi-
zental technigues go, the greatest obstacle te progress ls the in-
capmcity to select the initisl vibretionsl stete.

§ L. THhEE-BCDY HECOMBINATIUN

Lol Laroduetion

He now turn Lo three-bo i (0r to be eqadite, terner,) jreceuncs
which dominate atl high dewsitica. ine rote of suck a process as
(2) 18 descrited Ly a gunntity £ . ¢ dimension LOD™! suct that

anx’) Jr

.t P Py
v T TavTT e oseixandy oeleds {147}

We cun equivslently use arn effective ternery rate
Gg = n{z}§. (1.8}

Many three-vody resctions are of grest practical icportance, e.g.
recobination in sir,
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o, ¢ 02‘n + {N3,0;) + (@*n}0; + (N;,0;) (149)

vhere m,n ¢ h. Hut we begin with the electronic process y = z = ¢
which, e.g., predominates in a nelium afterglov X = He,

ete+ X ~evxip) {150)

L.2. Electronic Three-Body Recombination

To arrive at @ "rate" for (150), one must consider all the
processes {llustrated in Fig. 12, The quantity one really wvants to
knov is the net increasc in ground itete neutral atces per unit
time. We first descride the rate equation approsch of Bates
at 21.28:29s1 5 plasma i3 considered with predominantly singly
charged fons X'. The number density of free electrons is n(®) and
of neutrsls i{n the Rydherg level p is n{p), all number densities
being acsled to n(X") = 1, We suppose (call this assunption A-1)
that the free electrons are in Saha equilibrium and that all rates
can De averaged accordingly. The processes considered in an
optically thin medjum, with their rate coefficients, are as follows:

ey -0wS 73-4a1l4
SRS A SRS R LY

PR S
B Qg

Alp gl

Fig., 12. Scheme of electrotiv tiree-budy recuzbiunntion:

quantities occurring in (152).

'

(1)
(11)
(141)

(1v)

3o

relfative recozlitation a i),
b
spuntaneous exlssion Alp,q), b > 4,
collisional excitsution snd de-exzitation, C{p,3),

collissonal lonfzstion O{p,") and its inverae, terpery
recombination.

The last-centioned rute can be written ss in (148),

Cl0p) = BlpIn(*) = o (p). (151)
The rate equation governing the relaxation of n{p) s
(2] x oe)aglp) + n(®)8(p)] + [ n(a)(Clasp) + A(a,p)]
- alpME(E) + Alp)) ts2)
Ep) = c(p,®) + [ clpuq) . Alp) = § alp,a). {153)

We make & second assunption {A-2) that levels p > 2 are in & stealy

state

dn{p) =0

dt

If Doy levels are explicitly considered, and those with p »

v P22 {154)

Frux

are in Sahe equilibrium {A-3), [15%) provides Prgx~l equaticna for
n(2) ... nlpg,) vhose soluticn is written

a{p) = R(p) + n(*)R (p).

{155)
Substituting (155) ia (152) for p = 1, we find that
S L aonll)  y =y - agn(1)/a(0) (15€)

vhere vy is a ground recombinstion coefficient, nade up of
collisional-radiative and collisicnal-fonization parts, given by

Bay *

fos]

ay CliY - §oulgiictu, 1) + aty, 0}

a0 s #(n(0) + T 0 TE) v alg 1))

(157}

(153)

Tre eaning of each tevo in {19t {130

139) is renifly grasped.
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At low n{®), ruughly < W00 (T deg ), agy = ag(l). 1o the
other limit one resches & purely collisional regime where

vrag =g it (159}

The sslutions at moderste and high densities are largely determined
by the ckoice of 8(p) snd Clp,*). Eates et ail.?® used tinary en-

counter expressions. The energy transfer cross section for
efc) + et {c*) » efe-U) + &' is

o hrdy {160}
a(c,U)dU e

For {opization of & state with binding energy Up. {160} leads to
the cross section

LI (161)
Opegt¥) o

and the rate

. 1/2
v /2
3

cip.*) = (is2}

The condltiun for recontipation tntou p s that U lies Letween
FAE 2N VN LR ) .1 while e {5 vithin the radius of the p state,
Tre cross setugn for e fixed is

/2
R
{e'e )
C

-

n

!

fa get a terunery rate, oné pust lutegrate over the velocity distri-
buticre of e,e', the lopect parametera of e {already done in (163))
«nd the configuration space of &', to obtain,

R L L Q6w
P g )
P P

Suzzing {16L) over p such that U, 2 T, i.e. over levels which are

unlikely to be re-ionized, we arrive at an estimate of v,

0.98 1165}
Yse 7 jaf1

L
<3

which {a surpridingly close to the results of elatorate calcula-
tiors. Numerlcal results will be discussed after considering the
alternative approsch of Reck et al. 39

Tris second approench $8 ¢luser to the spirit of statistical
zectartcs.  The jracess by wiich a given electrom trickles down the
ladder of excited states fnto the ground state while {ateracting
with tine third-beody electron {6 treated as a single dynamicai
procesas. Then the rate is found by averaging over a ternery hyper-
eross-section. A very slaple arguk af this type was used to

derive {164) ard (1€5). The ternary approximation should be valid
for densitles < 10'% ag™3,

The earliest stutisticnd modeld! was that of J. J, Themsen who
introduced & charnzteristic energy an) associsted Bohr radius,

By s tT ., or v B {16%)

where 1 - 1 (the originul guess was 1t = 370), Electrons which ac-
quire eore potentisl energy than Ep, 1.e. wnich come within ro of
the nucleus, are unlikely to te knocsed tuck into the continuun.
Thomeon further sssumed that if twe electrons come within the splere
¥ < rp, One is likely to be stotilized. The rate

MRS N s (1ut)
where K ~ 1. A nore precise derivelion was developed by Keck39
from Wigner's fcrzulation of chemical transition state theory. fe
argued thst the rate is exactly given by

Yy * [ [ vn(l-i)JS (1468)

where 5 ia an eleven-dimensional Lypersurfuce in the phase spuce of
the two electrons, dividing the region of two frze electrons frox
that of one bound electron; n is the number density, v, the velocity
normal to S and Q the probability that the trajectory crossing S av
a given point later doubles back ncross S. An upper bound {the
"varistional estimate" yy,,) 1s obtained if Q = 0. Thomaon's
criteris provide a good cholice of surface

By = ~Ep . B,z By (169}

where Hy, H; are the tota) energies of the recombinany and spectae-
tor electrons. As so defined Yyar divergee as ry + «, However,
very distant electrons da nat tranafar energy on average! if the

1'l‘hh is not & quantal condition. Mansbach and Keck3® paint out
that the same criterion is required in stellar dynsmics,




interacticn time ry/v; times the classical orbital frequency exceeds
a number § - 1, i.e. unless

T .
r_z < st2, (170)
7

The resulting
Tygr * 0-470 T2 23 cl0), £(x) = 6% 1eT(108:71/%) ()

viers T f1) has & nicimun velue 11.58% at 1 = 2

Z. Thus the kLest
estimate ig

v = s.ag? poo/2 L f2.ML 1078 cmalsc;"Js‘
- (T deg K)*'?

op . (1712)

The optizmum surface is often called the "bottleneck".

To obtain & better cstimate, Mansbach and Keck sampled tra-
Jectories startiug on S to see what fraction doutled tack. With a
choice of & s 1/2, this fraction Q = 0.36 so that

-6 3 =1
. 2
= 0.67 T-e/z . 2.0210 cm-sec

(T deg K)¥/2 )

TMturlo

wnich 1s close to (165). In Flg. 13 we plot § {c.f. (159)) from
Bates ¢¢ al.?8+29 ggainst temperature for comgariscn with Yacorio-
The agreement {8 remarkeble. The rete equation approact, selects the
important physical processes, viz. those with falrly large energy
transfers, whi:h are not senaitive to the cutoff {170). Hence no
such adjustable parameters are required.

L4.3. TIonic Three-Body Recombination

+ -
We now consider processes c¢f type (3) where x ,y are fons and
% % neutral,

X YT ez (X7 e 2. xyez, (a7)

Harking back to the Thamson model, we suppose that X ,Y~ must first
approach within rq and then one or the other has to collide with a
2 to stabilize the complex [X*Y~). The finul step, whose details do
not affect the rate, is usually that [X*Y"] uniergoes a curve
crossing transition to a covalent &tute XY, either bound or

o et

Bates, Kingston, and MeWhirter?®,29 come
pared vith Yyopryp calculated by Manstoch and Keck3? as functions

The crossing sepuratiocn is typicelly - 5 s, corres-
ponding to & Cuouleab potential energy -~ 5 eV.
bility is determined by the X
denoted by oy, oy.

The collision proba-
= + 2 diffusion cross sections,
If 2 hus & dipole polarizabdility Fop, the gms
kinetic crose sectiors are closely given ty the Langevin model

A typlcal colliaion radfus -

The protability
of a collision within the ‘nm:.s\.nusph:re ig

vhere I’X-I"x’ are menn free jathys tor X,Y in The terpery recombl-




where Myy is s reduced massy rp &Ld 1 were defined by (166). From

{115), - Altrough the stcep dependence on t s disturling,
(177) is eany to apply.

The appreach of bates abd nis sullatorati b

3y gl pous
to trat used $n lie eclestron probles.  Hale egeatice lar to

{142} are set up (rodiative processes sre {ngigonificonnt here} sand
s3lved. The Rydlerg states p are now so close together that they
mignt as vell be treated as continuous. We have to introduce three
semi-arbitrary negative energies:

(4} E, (> T) is analogous ta pp,. in defining the edge of
the continuum. Higher levels sare in Saha equilibrium,

{11) E4 (< T) is the level above which populations are
stationary, analogously to p = 2 earlier.

(111} E; (< E4) s the stavilization level at which X*,Y-

reutralize by charge transfer. As stated above,
~Eg ~ 5 eV,

The equations analegous to (154) wre
ny J . e dEr = j an”dEr (178)

wvhere the kernel 1‘” = C(E - E ) gives the rate of energy transfer
to X* + Y~ by collisions ulth ?.. as before C r s calculated in the
binary encounter model. Once (178) has been solved for n(E), E

E > By, the recombination rate

E

°
8= ‘IE (p-n )c, QB> (179)
d

where the triungular brackets denote a Maxwellian average over Ei.
Rate coefficients have been cxtenaively tabulated as functicns of
the mass ratios and icn-neutral cross mections.?!:32

Butes and Flannery have asseased the validity of the Thomson
model.32 fn Fig. 1L we show their cslculation of the probability
P(t) that & system which reaches E = -1T does not return to the
continuum, As v + O, P + O rapjdly, but P + 1 when t > 2. For
equal masses (177) is very accurate if v = 1,89. The results of
culculations by Bates and Flannery32 on Of 4 03, Of + 07 + Oy are
cozpared in Fig. 15 with recent exper ~lments)? at densitlies below

Jme Say ty etz

R

;
an - /
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4
- LIV o -
.
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Flg. 1k, Prousbility t.)m n system which reaches -1T does not re-

turn to the conci?hnum Parazeters {c.f. (17;)) are T » 400 deg K,
oy "oy = 4 x 10

X s My = MY =1.17 M
I I I
20 |~ -
[ - ]
]
€
]
2 §0 -~
o
MACHLER
o 1 1 |
8 19 20 21
logtacm )
Fig. 15. Recocbination in oxyden over s wide range of densities.

At o« 32 10'% on”? the Butes-Fisnnery theory!? for tvo wechanism:
16 cospared with the measuresents of Medowan,3?  at higher densities
the transition to Langevin theory s described ty a semi-empirical

prescription and compared with the messurecents of Mdchler on air.



ne 3109 cad. The former mechmnise {s theooretically favored,

At densities o > 3 10'% co”? the sssunpticon of tevnery col-
lisions breaks down. At very high Jdensitfes n > 3 x 1020 cm™? re-
ccatination is descritiel by 8 theary due to langevin, He considercd
the fons diffusing towards each Oother under the influence of their
Coulcet utrractien. If the ionic mobilities of X',Y' in Z are
K,,K_, the zeun velocity of ajproach 8t s Jistance r is

VyT oz FEE v K {c.g.3. units). (180)

Then the effective two-body recombination coefficient is

oy = lux-zvl‘1 = Lake {c.g.s. units). (181)

t
Thus arg - [a(2){ay + Uy)‘ tnstead of [...]"! as at lov densities.
Many semi-empirical prescriptions have been suggested for Joining
{177) to (181) at intermediate densities, none very satisfactory.
In Fig. 15 such a theory has been used at high denmities, i.e. de-
yond the linear régime,and compared with very old experiments on
air.? A true unified theory, valid at all Aensities, would be a
copsiderable achievement.
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