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ABSTRACT

Inelastic neutron scattering experiments performed on the 3-d
transition metal ferromagnets have revealed striking behavior asso-
ciated with the magnetic excitations found in these materials. Of
particular importance is the disappearance of the spin-wave mode above
a certain cut-off wave vector and the existence of spin-waves well
above the Curie temperature. These phenomena can be understood if the
"magnetic electrons" are assumed to be itinerant. At low tempera-
tures, quantitative predictions of the itinerant electron theory based
on KKR energy band calculations have been found to be in excellent
agreement with experiment. In addition, these calculations predicted
the existence of an optical spin-wave mode in nickel which was
recently observed. A comparable numerical investigation at higher
temperatures must await the developnent of a realistic finite tem-
perature theory, which is currently under investigation.
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INTRODUCTION

In order to develop a suitable theory of magnetism
for metallic systems one must first investigate the
detailed behavior of the relevant electrons. For
example, if the electrons are known to be reasonably
well localized around lattice sites then one can
develop the theory in terms of localized spins coupled
to each other by "exchange integrals". This type of
phenomenological model, or Heisenberg model, has been
quite successful in describing the magnetic properties

of insulators. This model is also applicable to the
heavy rare earth series where local moments, which
arise from tightly bound 4-f electrons, are coupled by
means of an indirect interaction mediated by the con-

o
duction electrons.

The applicability of the Heisenberg model! to the
3-d transition metal series has, however, been a source
of controversy for many years. On the negative side
it is difficult to justify from first principles since
the concept of local moments generated by localized d-
electrons is incompatible with the reasonably success-
ful energy band description of the 3-d transition metal
series in which electrons occupy Bloch states and are

free to move throughout the lattice. The existence of
well defined Fermi surfaces, non-integral magnetic
moments and, as we will see, the disappearance of spin-
waves is further evidence in support of the itinerant
nature of the "magnetic" electrons in transition metal
magnets. On the other hand, a Curie-Weiss like suscep-
tibility above the transition temperature is certainly
indicative of local moment behavior. Even though this
controversy cannot be resolved unambiguously it appears
from the experimental evidence we have to date that
while some sort of "effective" Heisenberg model may be
useful in describing certain magnetic properties of
transition metals it cannot be used as the basis of a
fundamental theory.

We turn, therefore, to an itinerant, or band,
theory of magnetism. This theory is based on the con-
cept that the electrons responsible for the magnetic
properties of a system can be described, at least in
first order, by an energy band theory. This theory,
however, must go beyond a conventional energy band
description in which the electron spin states are
degenerate. The reason for this is obvious, since
there can be no net moment in such a system. Even if
a spin were to exist on a lattice site at some point in
time it could not persist for long because of the ran-
dom motion of opposite spin electrons. It is clear,
therefore, that in order to sustain a spin in a given
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direction on a lattice site the motion of opposite spin
electrons must be highly correlated. This correlated
motion will in turn lead to an explicit spin-dependence
of the electronic energies and wave functions.

These strong correlations between opposite spin
electrons have also been shown to lead to some
interesting predictions concerning the spin dynamics of
itinerant systems. Not only were spin-waves found to
exist but the theory predicted they might exist only
over a restricted region of the Brillouin zone. This
unusual prediction of the disappearance of spin-waves
was subsequently confirmed by neutron scattering
experiments carried out on the transition metal ferro-
magnets nickel and iron, thereby adding considerable
credence to the theory.

The itinerant model appears? therefore, to be a
good qualitative model for describing the magnetic pro-
perties of'3-d transition metal magnets. The important
question i,s how good of a quantitative model is it
Unfortunately, realistic numerical predictions are dif-
ficult to*obtain because, unlike the case of localized
spin models, experimentally observable quantities turn
out to be. explicitly dependent on the electronic
energies and wave functions. This implies that from the
outset Wf! are faced with large scale computer calcula-
tions. '

The relatively recent availability of fast, large
core computers coupled with the development of accurate
and efficient computer programs for carrying out energy
band calculations and Brillouin zone integrals has made
possible a "realistic" numerical investigation of the
itinerant, electron model. The purpose of this paper is
to review in some detail the itinerant electron theory
and to present some numerical results for the dynamic
properties of the 3-d transition ferromagnets nickel and
iron.

The paper is divided into four main sections. The
first section contains a brief outline of the theory.
Various approximate solutions are discussed in the
second section. Numerical results are presented and
compared with experiment in section three and section
four contains a discussion of results and conclusions.

GENERAL THEORY

The second quantization form of the general
Hamiltonian for a system of electrons can be wr i t ten in
terms of any complete set of s ta tes. To develop an
i t inerant theory we choose a complete set of spin-
dependent Bloch functions {ty . ( r )> with corresponding

creation and destrubtion operators C . _ and Cn!> . In
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th is representation the Hamiltonian becomes

H" Y (nkoj - # + U ( r ) 'mka
n,m
k,o

e2

where U(r) is the electron-nuclear interaction.
In order to investigate the dynamics of the spin

system we calculate the transverse part of the fre-
quency and wave-vector dependent susceptibility,

X-r(q,ti>). The total n.agnetic susceptibility, X(q,w),
is defined as the linear response of the magnetization
to a small applied magnetic field, and it is straight-
forward to show that

to

XT(q,«o) = k / < SqWStq(°) > ^ ^ &
— CO

where S* = Sx + iSy are the spin ladder operators. One
of the most important properties of the susceptibility
is that i t can be experimentally determined from
inelastic neutron scattering experiments. In fact , at
low temperatures the transverse part of the inelastic
neutron cross-section for scattering into the solid
angle dn is directly proportional to the imat'-nary part
of X T (q , u ) , 5

A, Im XT(q,a)) . (3)dftdw

This can, of course, provide a direct and sensitive
test of any proposed theory. VJe wi l l return to this
point later on.

There are a nunber of different approaches which
one can use to calculate Xy. The one presented here is

based on the Green's function formalism. In order to
calculate XT we need the Green's function
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6j(q,t) = -i <T Sjj(t)S+q(o)> (4)

where T is the time ordering operator and < > repre-
sents a canonical ensemble average. Substitution of

the second quantization form for S"(t) into Eq. (4)
yields M

Gj(q,t) = £ (nk+| e " i q " r |mk+q+)G2(nk,mk+q,t) (5)
n,m
k

where

G2(nk,mk+q,t) = -1<TC*k+(t)Cmk+q+(t)S*q(o)> . (6)

The procedure used to solve for G? is based on the
equation of motion method which generates an in f in i te
set of equations that couple G2 to higher order Green's
functions. This system of equations is decoupled by
using a generalized random phase approximation in the
equation for Gp. This approximation restricts the
theory to low temperatures because i t neglects spin-
wave/spin-wave iteractions as well as certain spin-
wave/electron and electron-electron terms. Attempts to
go beyond this approximation introduce considerable
complexity and i t seems prudent to examine the theory
at this stage before attempting a more ambitious treat-
ment.

The resultant equation for G« can be simplified con-
siderably by requiring that the electronic wave func-
tions and energies satisfy the following Hartree-Fock
l ike equation.

f-1 + u<r>+I v f w 1 > r^pt w 1 )d3r<

mpct

mp

Wr' )d3r' =
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where U ( r , r ' ) is a self-consistently screened
electron-electron potential and f L is the Fermi occu-
pation number. The theory also yields an explicit set
of equations, including Eq. (7), which must be solved
to determine Uc_(r,r ') .

I f Eq. (7) is multiplied by ¥ . (r) and integrated
on r we find KCT

E(nka) = (nka | -
2m

+ U( r ) I nka)

'2
mpa

mpa nka)

mp

n k ° '

Equations (7) and (8) demonstrate the explicit spin-
dependeiice of the electronic energies and wave-
functions which we expect from the correlations between
opposite spin electrons.

With the assumptions made thus far, the time and
space Fourier transform of the equation for Go becomes

jz - E(mk+q+) + E(nk-OJ G2(nk,mk+q,z)

nk+)

ij.P

G2(ip,jp+q,z)

In order to determine the dynamics of the spin system
we must solve Eq. (9) using electronic wave-functions
and energies determined from Eq. (7). This cannot be
done as these equations stand because of the complexity
introduced by the interaction matrix elements. If we
are to procede, some reasonably accurate approximation
for these matrix elements must be found. This problem
will be investigated in the next section.

APPROXIMATE SOLUTIONS

The simplest approximation we can make is to
replace the Usc(r,r') matrix element by a constant,
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say I , and consider the special case of a single band.
Then (suppressing the band index) i t is t r i v ia l to show
that

where

X (a r\ = 1 Y V " fk+9 f

V q ' z ; NZz-E(k+q+)+E(nk+)

is the susceptibil ity of a non-interacting system of
electrons, and F(q) is an atomic-like form factor. This
result is equivalent to that found originally by
Izuyama, Km, and Kubo.

The inelastic neutron scattering cross-section for
this single band model is

d2a •v Limit Irn XT(q/fi«+iTi) (12)
T TH3 '

ii

IX0(q,(o)X0

where

k

and

(13)

. i . p i \ fk̂  " f k+q* ....
' ~ Y M / -fiu-E(k+q+)+E(k+) u ^ ;

The functions X and XQ are respectively the real and
imaginary parts of X, P represents the principle value
operation, and 6 is the Dirac delta function.

In order to fu l ly understand these results we need
to consider the corresponding expression for the
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electronic energy. From Eq. (8), we have

E(ka) = e(k) + Kn_o-no)/Z (16)

where n is the total number of electrons with spin a,
and e(k) is the spin independent part of the energy.
One interesting aspect of this result is that i f the
system has a net spin {n.t n.) then the doubly degen-
erant electronic band, e(k), spli ts into two singularly
occupied spin-dependent bands which are r ig id ly
separated from one another. The difference in energy
between electrons of opposite spin at the sama wave-
vector is called the spin-splitt ing parameter, A, and
for this case

A = E(k+) - E(k+) = I(n+-n+) = constant . (17)

We are now in a position to understand the results
for the neutron scattering cross-section given in Eq.
(13). The shape of the cross-section is controlled by

X0(q,t.O which, from Eq. (15), is just the density of
states for single-particle spin f l i p transitions across
the Fermi surface from a given state k+ to the corre-
sponding stata k+q+. Such excitations are called
Stoner excitations. One important feature of this
approximation is that Stoner excitations do not exist
for a l l energies. In particular at q=0 we find

X0(q=0,o)) = * (nrn+)5(u-A) (18)

which is non-zero only for o> = &. For q i 0, X wi l l
be non-zero between some minimum and maximum energies

ii

which depend on q, The region in which X is non-zero
is called the Stoner continuum and is shown schemati-
cally in Fig. 1. The actual shape and location of this
Stoner continuum depends on the details of the band
structure.

Now i f the point (w,q) is outside the Stoner con-
tinuum then the neutron cross-section wi l l be zero
unless

1 + IX^q.o.) = 0 . (19)

For this case an appropriate l imit ing procedure must be
performed and we find a delta function singularity.

_
dndu

sw (20)
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where Ec^^Cq) is the solution of Eq. (19) with q fixed.

For q small it is straightforward to show that

Esw(q) = Dq
2 . (21)

This result is also plotted in Fig. 1. This singu-
la r i t y in the susceptibility is due to an elementary
excitation of the spin system, the so-called spin-wave.
In this theory the spin-wave corresponds to a bound
state between an electron of a given spin and a hole of
opposite spin. „

For (u,q) inside the Stoner continuum, where X is
•I

non-zero, the delta-function wi l l broaden, and i f X is
large enough the peak wi l l disappear altogether.
Whether or not this happens wi l l depend on the details
of the band structure. The physical explanation for
this unusual prediction is quite simple. I f the spin-
wave is in the Stoner continuum then this bound
electron-hole pair is degenerate in energy with Stoner
excitations (single particle excitations) and we know
from quite general arguments that the bound state - i i l
decay.

Unfortunately, a single band, constant matrix ele-
ment approximation is simply not real ist ic for the 3-d
transition metal series. In order to obtain a solution
for G« which is appropriate for this series we must

find a reasonably accurate approximation for the band
and wave-vector dependence of the U ( r , r ' ) matrix
element. The approach used in this paper is based on
the Korringa-Kohn-Rostocker (KKR) energy band expansion

o

of the electronic wave-function

where the {$ (r)} are products of radial functions and
spherical harmonics, {a (k)} are expansion coeffi-
cients, RMT is the muffin tin radius, and p is a sym-
metry index corresponding to the usual angular momentum
indices {im), We assume that this result can be extra-
polated to the unit ceM boundary without much error,
and we neglect the relatively small energy dependence
of the radial function',. Substitution of this result
into the electron interaction matrix element gives, for
example,
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U sc i n 3 k 3 a ' n4k4a) =

( 2 3 )

where W is an integral which involves only U ( r . r 1 )
and the {$ } . Since in practice i t is v ir tual ly impos-
sible to obtain a reasonably accurate expression for
U s c ( r , r ' ) we wi l l treat the W . as a set of param-
eters which are to be chosen to provide a "real ist ic"
set of spin polarized energy bands for the particular
system of interest. Because of the separation of the
various band and wave-vector indices in Eq. (23) i t is
possible to obtain a closed form solution for XT and

7 1
the neutron scattering cross-section.

d2a
Im [1+ wr][J,(rF)L1 (24)

where L i s a combined symmetry index corresponding to a
unique set of (p,v) indices and,

rL)L.(q,z) =

I V
N Z,
nm

Z-E(mk+qi) + E(nk+)

FL(q) - (26)

Substitution of the result in Eq. (23) into the energy
band equation gives the general result

E(nka) = B(nk) (27)

mp
n
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The function hp refers to h evaluated in the para-
UV JJV

magnetic state (n+= n+) so that e(nk) would be the band
energy i f the system were not magnetic.

The expressions in Eqs. (24) through (28) are the
principle theoretical results of this^ paper. The size
of the matrices which must be calculated is N^xNg,
where N is the number of symmetry terms used in the
expansion of the KKR wave function. Even though this
result is more complicated than the single band theory
discussed previously the qualitative features are
essentially the same.

This can be seen by introducing the wave-vt-tor
and frequency dependent matrices which diagonal ize the
matrix I+Wr. I t then follows that i f there is only one
spin-wave branch we can write the neutron scattering
cross-section in exactly the same gt.ieral form as the
single band result except the expression for X is d i f -
ferent. In particular

Xo'tq.oj) =
nm
k

+ E ( n k + ) ) (29)

where K depends on the KKR wave function expansion
coefficients and elements of the diagonalization
matrix. By using arguments identical to those for the
single band result we find that spin-waves do in fact
exist and that they may disappear as one moves out into
the Bri l loi i in zone. One important difference in detail
is that the disappearance of the spin-wave is now
controlled by the function given in Eq. (29) rather
than the Stoner density of states. The result in Eq.
(29) can, of course, be viewed as a weighted Stoner
density of states.

I t should also be pointed out here that because of
the matrix form of our solution there is the possibil-
i t y of more than one spin-wave branch which would
result from both the multi-band and multi-symmetry
terms in the theory. The number and behavior of these
"optical" modes is dictated by the details of the
electronic band structure. Next, we consider a numeri-
cal investigation of these results.
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e(nk) and {a n (k)}frotn a KKR calculat ion for a

" r e a l i s t i c " paramagnetic potential and then simply
i te ra te Eqs. (30) and (28) to convergence by using the
parametric expansion coef f ic ients in place of the spin-
polarized ones. He have found e f fec t ive ly the same
magnetic band structure using both techniques.

Self-consistent results for the band structure for
nickel and i ron based on a paramagnetic potential pro-

IP 13
posed by Stocks, et a l . and Wood respectively are
shown in Figs. 2 and 3. Given {W } , the spin-
sp l i t t i ngs are determined by the self-consistent solu-
t ion of the band equations. For nickel the spin-
s p l i t t i n g was found to be strongly wave-vector
dependent because of the d i f fe rent sp l i t t i ngs obtained
for e and t0 symmetries (A ~ 0.1 eV, A. ~ 0.4 eV).

9 ^ eg t2g
Also, as a d i rec t resul t o f th is e f f e c t , we f ind only
one hole-pocket at X i n agreement with experiment.
Most other band calculat ions predict two such pockets
at X.

The resul ts fo r i ron are somewhat d i f f e r e n t . The
e and t~ sp l i t t i ngs are found to be approximately

equal ( ~ 2 eV) and, therefore, to a good approximation
the d bands are r i g i d l y s p l i t . I t should be noted
that the s-p-d hybridizat ion in these calculat ions also
lead to a k-dependent s p l i t t i n g , since the s p l i t t i n g of
the s and p symmetry terms i s neglected (W = W = 0 ) .

The f i na l step in evaluating the dynamic proper-
t ies o f nickel and i ron i s to evaluate the resul t given
in Eq. (24) using the resul ts of the energy band calcu-
l a t i ons . The Br i l l ou in zone suns were obtained using

both the Gilat-Raubenheimer and the tetrahedron
methods. The tetrahedron method i s more appropriate in
theory since i t can t rea t the Fermi factor difference
f . - f . exact ly , while the GR scheme can not.

However, i f both procedures are taken to numerical con-
vergence we f ind e f fec t i ve ly the same resu l t .

Results obtained for the neutron scattering cross-
section calculated as a function of OJ fo r f ixed q along
[100] are shown in F ig . 4 . The l ines in the low q part
of the f igure represent a narrow spin-wave peak. As q
increases the l ines broaden s l i g h t l y , the peak height
drops, and a second d i s t i nc t peak developes. A remnant
of the lower energy peak c lear ly persists out to the
zone boundary. The results for q along [111] are s imi-
lar to those found along [100] at low q . As q
increases, however, the peak continues to drop and i t
disappears fo r spin-wave energies above 100 meV.

A plot of the spin-wave dispersion curve along
[100] as determined from the posit ion of the peaks in
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the calculated neutron scattering cress-section is
plotted in Fig. 5. There are two branches, one "optic"
and one acoustic, which appear to interact. The
absence of any scattering intensity in the q=0
"optical" mode follows from an exact q=0 result for X,
which requires that a l l of the scattering must be in
the acoustic branch. The [111] dispersion curve is the
same as the [100] result except that i t dies out for
energies around 100 meV.

The calculated acoustic branch was found to be in
excellent agreement with the isotropic dispersion curve
obtained from the neutron scattering experiments of
Maok et a l . , as was the predicted disappearance of the
spin-wave branch along [111]. These particular
experiments did not detect the "optical" branch nor did
they show any indication of a weak spin-wave peak
existing out to the zone boundary along [100]. However,
because of the d i f f icu l t ies inherent in obtaining
accurate experimental results at these relatively high
spin-wave energies (> 120 meV) one could not rule out
the possible existence of these effects.

With"the aid of a larger crystal and the hot
source on the high flux reactor at the ILL Mook has
recently been able to carry out a more accurate
investigation of the spin-wave spectrun in this higher
energy region. The "optical" branch was not only
detected but was found to be in excellent agreement
with the predicted behavior shown in Fig. 5. The
weak spin-wave peak which persists in the calculation
out to the zone boundary was not. detected.
Unfortunately, because of the expense in carrying out
these calculations i t is not possible to fold in the
experimental resolution function and determine whether
the scattering from this part of the dispersion curve
is large enough to be detected.

The calculated scattering cross-section for iron
is plotted in Fig. 6 for q along [100]. The [111]
results are essentially identical to the [100] results.
Tht spin-wave peak is found to disappear around 100 meV
in both directions, in good agreement with

18experiment. The dispersion curve is plotted in Fig.
7 and, again, the agreement with experiment is

excellent.18

SUMMARY AND CONCLUSIONS

An approximate method for calculating the dynamic
properties of an itinerant electron system has been
outlined and numerically investigated. This method is
based on a generalized random phase approximation and,
therefore, restricted to low temperatures. A method
for treating the band and wave-vector dependence of
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relevent screened Coulomb matrix elements is proposed.
Self-consistent energy band calculations based on this
formalism have been shown to lead to a strongly band-
and wave-vector dependent splitting of the energy bands
for nickel and to a nearly rigid splitting model for
iron. The zero parameter calculation of the transverse
inelastic neutron scattering cross-section not only
correctly predicted the disappearance of spin-waves,
but also predicted the existence and behavior of an
"optical" mode in nickel along [100] which has since
been experimentally confirmed. It is clear, therefore,
from the results presented here that the itinerant
model of magnetism provides an excellent quantitative
as well as qualitative model for describing the low
temperature spin dynamics of the transition metal
ferromagnets nickel and iron. The extension of these
calculations to finite temperatures must await the
developent of a realistic finite temperature theory,
which is currently under investigation.
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FIGURE CAPTIONS

F ig . 1 . Magnetic exc i tat ion spectra for a single band
i t inerant ferromagnet.

F i g . 2 . Electronic energy bands for ferromagnetic n i c k e l .

F ig . 3o Electronic energy bands for ferromagnetic i r o n .

F ig . 4 . Inelast ic neutron scattering cross-section fo r
| ^ | ( i n uni ts of 2v/aQ) along [100] for n i cke l .

F ig . 5. Spin-wave dispersion curve f o r n i cke l . The n are
experimental resul ts of Mook et a l .

F i g . 6 . Inelast ic neutron scattering cross-section fo r | q |
( in uni ts o f 2ir/a ) along [100] for i r o n .

F ig . 7. Spin-wave dispersion curve fo r i r o n .
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