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ABSTRACT 

The research topics covered include a study of the nonlinear behavior 

of the drift cyclotron loss-cone instability in mirror machines and a study 

of the longer time behavior of the nonlinear O'Neil trapped particle 

saturation. The saturation amplitude for a single dominant mode near the 

stability onset boundary was determined for the drift cyclotron loss-cone 

instability for a variety of mirror-like distributions. The results are in 

good agreement with computer simulation studies of Cohen and Maron. 
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INTRODUCTION 
This past year's research (September 1978-August 1979), under this 

contract, was concentrated in two topics. One was the nonlinear behavior 
of the drift cyclotron loss-cone instability (DCLC) in mirror machines, 
while the other was a study of the longer time behavior of the nonlinear 
0'Neil trapped particle saturation. 

The major effort related to the DCLC. The entire nonlinear 
analyses, using what we call Model I, was completed and a detailed 
account has been submitted for publication. Model I has no mirror losses 
or particle sources and thus is dominated by radial transport. The 
nonlinear D.C. potential is negative and increases negatively as the 
saturation level of oscillation increases. This is opposite to the 
way a laboratory experiment behaves, since electron losses through the 
mirror dominate over radial transport. The magnitude of the Model I 
potential is also much lower than in laboratory observations. Neverthe
less, comparison is possible with "experiments" carried out on a computer. 
Simulation studies by Cohen and Maron show good agreement with the 
saturation levels predicted by the Model I analysis, for the single 
mode situation. 

Calculations using Model II, which does incorporate mirror losses 
and particle sources, are well under way. The D.C. potential is now 
positive in equilibrium and increases positively with the saturation 
level of oscillations. The magnitude of the D.C. potential is now in 
general agreement with laboratory observations. Detailed comparison 
with PR-6 data is just beginning. 
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The second topic is motivated by the appreciable difference between 

the early-time saturation behavior of the bump-on-tail instability (or 

damping of a single finite-amplitude wave in a Maxwellian plasma) 

predicted by O'Neil, and the long-time behavior predicted by Simon and 

Rosenbluth. We are attempting to determine the time-scale on which the 

O'Neil solution might cease to be valid. It is known to be accurate for 

times of order T, where T is the "trapping time." We have obtained 

a more convenient expression for the time behavior of the damping 

coefficient and nonlinear frequency shift in the t = T range, and we 

are now extending the time range by including nonlinear behavior of the _ 

non-resonant electrons. 

1. Nonlinear electrostatic oscillations and D.C. potentials in mirror 
machines. 

The onset of drift cyclotron loss-cone instability (DCLC) is believed 

to be the factor limiting the density in modern mirror machines, e.g. 

2XIIB,2 PR-63 and PR-74 . The onset of this instability can be delayed 
5 by various techniques such as axial injection of cool plasma. Even when 

the instability does occur, it is observed to stabilize at some steady 

level of oscillation. The nonlinear evolution of this instability has 

been described by a quasilinear model which has had considerable success 

in fitting the observations on 2X1IB. 

Nevertheless, some observations of the nonlinear saturated state in 

mirror machines have shown that the fluctuation spectrum is limited to a 
8-9 yery narrow band near the central ion-cyclotron frequency . Indeed 

the observed bandwidths (2% of the ion-cyclotron frequency) are instrumental. 
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Measurements of the azimuthal mode structure are often characterized by 
a single value of the perpendicular wave number k. These observations 
have motivated studies of ion motion in the presence of a single, 
azimuthally propagating wave. 

These considerations led us to study the time-asymptotic nonlinear 
saturation level, near the stability boundary in parameter space, of a 
single dominating unstable wave. We used a variation of the Bogoliubov 
procedure and one which has been applied in the past to a variety of 
plasma instabilities. [For a list of these applications, see Ref. 11, 
or the list of "previous publications under this contract," included 
below.] 

During this year, we completed an analysis of the DCLC instability 
using a highly simplified model of a mirror machine denoted as Model I. 
In this model, the ions and electrons are described as collisionless 
and governed by the Vlasov equation. The oscillations are electrostatic 
and the Poisson equation completes the set. No mirror sinks or particle 
losses are included, the local approximation is used, and there is no 
variation in the magnetic field direction. A loss-cone equilibrium with 
a simple exponential density gradient~is assumed. In many respects, the 
calculation is the nonlinear extension of the model used by Post and 
Rosenbluth. 

Using this model, we first determined a linear stability boundary 
in n, e space, where n is the central number density and e is 
the spatial inverse e-folding length of the density. This was done for 
a variety of loss-cone-like distributions including a delta-function 
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[6(v - v n ) ] , a "broadened delta," and subtracted Maxwellians. In every 
case, the boundary for onset of the instability was determined by a 
mini-max analysis of the dispersion relation, just as in Ref. 1. We then 
assumed a slightly unstable system obtained by increase of the parameter 
e above its critical value e by the amount Ae , where A « l . 
Expansion of the final oscillating state in powers of A 2 was carried 
out, assuming a single dominating mode at the critical wave number and 
frequency. In second order, we obtained the D.C. modified distribution 
functions and nonlinear D.C. potential. In third order, we obtained an 
equation which can yield a secular solution. The requirement that a 
secular solution be absent determined the amplitude of the saturated 
oscillating potential. The nonlinear frequency shift remains indetermin
ate in this simple model. 

Analytic formulas were obtained for the ratio of the square of the 
final amplitude |r| to A. Numerical evaluation involved carrying 
out some sums over Bessel functions and a velocity integral. This was 
done on a computer. The resulting values of |r| /A were determined 
for a variety of points on the linear stability boundaries. In every 
case, |r| /A was positive and small (the potential being in units of 
KT/e). The stability of each solution was checked and found to be stable. 

2 It was noted that |r| /A decreases with increasing density. 

The mechanism of saturation was also determined. The dominant 
mechanism was a slight filling-in of the loss-cone. The D.C. nonlinear 
potential which developed had a negligible effect. Incidentally, in all 
cases the nonlinear D.C. potential was negative, and the radial electric 
field was also negative. All this can be understood on the basis of simple 
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radial transport models. 

Of course, this Model I cannot be compared with laboratory experiments 
which have mirror losses and particle sources which are far more effective 
than radial transport. In these situations, electron end-loss is dominant 
and the D.C. potential and radial electric fields are both positive and 
increase in the presence of instability, whereas the potential in Model I 
is negative in the presence of instability. Furthermore, the magnitude of 
the D.C. potential in Model I is much smaller than that observed in laboratory 
experiments. Model II, which we discuss below, is more realistic and should 
be capable of comparison with experiment. 

However, it is fortunate that there is a way to compare this Model I 
theory with "experiment." A computer experiment, that is! Bruce Cohen 

2 and Neil Maron have used a particle-fluid hybrid simulation code to study 
the nonlinear properties of the DCLC instability. Simulation of the DCLC 
in a uniform magnetic field, with conditions similar to those of Model I, 
have shown good agreement with our theory for the single mode situation. 
It is interesting that this saturation amplitude was reached in only about 
20 ion-cyclotron periods. For further information, see Ref. 12. 

Further details on our Model I calculation are contained in a 
13 manuscript submitted to Phys. Fluids. A preprint is attached to this 

report. 

We are now working on the nonlinear saturation of the DCLC using a 
Model II. In this model, the electrons are lost by collisional scattering 
out the loss cone, using the Pastukhov loss-rate expression, while the ions 



degrade in energy into the loss-cone by slowing down on the electrons. 
There are also particle sources. We have determined that the equilibrium 
potential is positive, and that it increases positively when an instabil
ity is present. The magnitude of the potential is now in rough agreement 

3 with observations on PR-6. We have also established that the nonlinear 
frequency shift is now determinate. 

Further work on Model II is under way. We expect to evaluate the 
saturation levels and to compare both these and the D.C. potential to 
measurements on PR-6 and PR-7. A detailed analysis of the time-variation 
observed in these experiments, in the stable regime, should enable us 
to estimate the time-variation of the experimental ion distribution-
function, and hence the location of the stability boundary. This, in 
turn, should allow prediction of the coupled variation of the nonlinear 
D.C. potential and oscillation amplitude. 

2. Extended Time Behavior of Nonlinear Plasma Oscillations 
We have been studying the relation between the early time behavior 

of a weakly unstable single mode near saturation (or equivalently, the 
behavior of a weakly damped single wave) and the late-time prediction 

15 of Simon and Rosenbluth. The early time behavior is correctly predicted 
in the pioneering papers of O'Neil and Morales and O'Neil for times of 
order T, where T is the trapping time. This has been verified by 

18 19 
experiment and by some careful computer simulations done by Denavit. 
Since the saturation amplitude is quite different from that predicted in 



Ref. 15, it is of interest to inquire as to the time-scale on which the 
trapped O'Neil solution might break up. 

We are attempting to extend the Morales-O'Neil calculation to times 
well beyond x, by including nonlinear behavior of the non-resonant 
electron. We exclude "sideband" behavior by restrictive boundary 
conditions. In checking the time T analysis of O'Neil, we found that 
a much simplified expression can be obtained for the damping coefficient 
and for the nonlinear frequency shift. These expressions may constitute 
a more useful analytic description of the time-behavior than has been 
available previously. 

We are now evaluating the contribution of higher order terms in the 
Taylor expansion of the electron distribution function about the resonant 
velocity. Some preliminary analysis has suggested that the breakup 

2 
time may be of order (w x) x, where 10 is the plasma frequency. Some 
details will be presented in Boston (Nov. 1979). 

3. Personnel 
FACULTY -
Albert Simon (MAS and Physics) - Dr. Simon has devoted 20% of his time to 
this project during the academic year, and full time for two summer months. 
He supervised two graduate students, Richard L. Myer and Thierry DeWandre. 

GRADUATE RESEARCH ASSISTANTS -
(a) Richard L. Myer (MAS Department) - Mr. Myer, who completed his under
graduate studies at Stony Brook, is now in his fifth year of graduate study 



and has nearly completed his dissertation on the nonlinear saturation 
of the drift cyclotron loss-cone instability. 
(b) Thierry DeWandre (MAS Department) - Mr. DeWandre, who completed his 
undergraduate and master's level studies at the Catholic University of 
Louvain, Belgium, is now beginning his third year at Rochester. He is 
working on the extended time behavior of nonlinear plasma oscillations. 

Other Federal Support. None of the personnel working on this contract 
have other federal support. 
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