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CHAPTER 1

BACKGROUND

In topological dynamics, a dynamical system (X,G) consists of a Hausdorff space X
together with a group G of homeomorphisms of X. The dynamical system is called free

if g(x) # x for every x € X and every non-identity ¢ € G, and it is called minimal if

{9() | g € G} = X for every z € X. In 1938, G. A. Hedlund and M. Morse began a
movement to better understand a tool known as symbolic dynamics and to furthermore view
this tool as an object of study in its own right ([5]). As a tool, symbolic dynamics arises
through the following process. Take a dynamical system (X,G) with G countable, and
choose a partition of X consisting of finitely many sets Ay, A1,..., A,. We define ¢ : X —
{0,1,...,n}Y by setting ¢(x)(g) = k if k is the unique number for which g(z) € A;. One
can define an action of G on {0, 1,...,n}% which makes ({0,1,...,n}% G) into a dynamical
system (with the product topology) and which also makes the action of G commute with
the function ¢. With this action {0,1,...,n}% is called a symbolic flow, and ¢(X) is called
a subflow. The purpose of this method is to study ¢(X) in order to reveal properties of the
original dynamical system.

Traditionally, emphasis in symbolic dynamics has been placed on subflows of symbolic
flows of the form {1,2,...,n}%. This has left much to be unknown about subflows of more
general symbolic flows. In particular, the existence and properties of free subflows and free
minimal subflows, which are central notions in dynamics, had not been investigated until
only the last few years.

In 2007, E. Glasner and V. Uspenskij investigated which countable groups G had the
property that {0,1}¢ contained a free subflow ([4]). They concluded that abelian groups,
residually finite groups, and a few other groups have this property, but they could not
draw any conclusions for more general groups. Similarly, in 2007 A. Dranishnikov and V.
Schroeder also did work on this problem. They were only able to conclude that torsion free

hyperbolic groups have the property ([1]). Around the same time, a complete solution to this



problem was found by S. Gao, S. Jackson, and the author ([2]). They proved that {0,1}¢
contains continuum-many pairwise disjoint free subflows whenever G is a countably infinite
group. With Zorn’s Lemma it is true that every free subflow contains a minimal free subflow.
Therefore their result reveals that {0,1}“ contains continuum-many pairwise disjoint free
minimal subflows when G is countably infinite.

The purpose of this paper is to strengthen this last result. The main theorem is that
for countably infinite groups G the union of the free minimal subflows of {0,1}% is dense.
Actually, a stronger result is obtained which states that if G is a countably infinite group
and U C {0,1}% is open, then there is a collection of size continuum consisting of pairwise
disjoint free minimal subflows intersecting UU. The methods here are self-contained, however
they constitute an abstraction and strengthening of the methods found in [2]. In section 2,
notation is developed and combinatorial equivalents for dynamical properties are presented.
In section 3, general countable groups are studied and useful properties they posses are found.
Finally, in the last section it is shown how to construct free minimal subflows intersecting a
given open set. A much more in-depth study of symbolic flows using these methods will be

available in [3].



CHAPTER 2

PRELIMINARIES

We first give a more detailed description of general symbolic flows. We will work only
with {0,1}%, however all of our methods and results can be effortlessly modified to work for

{0,1,...,n}% We let 2¢ denote {0, 1} and

2<¢ = | J {0,1}".

HCG

Fix a countably infinite group G, and let G be enumerated without repetition as 15 =

90, 91, 92, - - . - Define a metric on 26 by

27" if x # y and n € N is the least such that x(g,) # y(gn),
d(z,y) =
0, if v =y.

The metric d is an ultrametric on 2¢ compatible with the compact product topology on 2¢.

The action of G on 2¢ is given by

(g-z)(h) = (g~ h).

One can easily check that each map z — ¢ - z is a homeomorphism of 2¢. For each = € 2¢

let [z] denote the orbit of z, i.e., [z] ={g -z | g € G}.

REMARK 2.1. The action defined above is the left shift action of G on 2¢. The action

referred to in the previous section was the right shift action of G on 2¢, which is defined by

(g-z)(h) = x(hg).

Using the left shift action is not a problem because as dynamical systems 2¢ with the left

shift action is isomorphic to 2¢ with the right shift action.

DEFINITION 2.2. Let G be a countable group. A subflow A of 2¢ is a closed subset of 2¢

which is invariant under the action of GG, meaning g - A = A for each g € G.



DEFINITION 2.3. Let G be a countable group. A subflow A of 29 is free if g-x # x for every
x € A and every non-identity g € G.

DEFINITION 2.4. Let G be a countable group. A subflow A of 2¢ is minimal if [x] = A for

every r € A.

The previous three definitions come from the general context of dynamical systems. The
useful thing about symbolic dynamics is that it brings combinatorics into dynamical systems.
The next three definitions are combinatorial in nature, and we will soon see that they are

very important.

DEFINITION 2.5. For a countable group G, a 2-coloring on G is a function ¢ : G — {0, 1}

such that for any s € G with s # 14 there is a finite set T' C G such that
Vg e G 3t €T c(gt) # c(gst).

DEFINITION 2.6. For a countable group G, ¢ € 2¢ is called minimal if for every finite A C G

there exists a finite 7' C G such that
Vge G 3t €T Va e A x(gta) = z(a).

DEFINITION 2.7. Let G be a countable group and let cg, c; € 2¢. We say that ¢y and ¢; are

orthogonal if there is a finite set 7' C G such that

Vgo,gl eGIHeT Co(Qot) 7’é Cl(glt>.

The following lemma appears in [2], but was also independently discovered by Vladimir

Pestov.

LEMMA 2.8. If G is a countable group and x € 2, then [z] is free if and only if x is a

2-coloring on G.

PROOF. (=) Assume [z] is free. Denote C' = [z]. Fix any s € G with s # 1g. Then for
any y € C, s7' -y # y, and hence there is t € G with (s™' - y)(¢) # y(¢). Define a function

7: C — G by letting 7(y) = g,, where n is the least so that (s™' - y)(g,) # y(g,). Then T is



a continuous function. Since C' is compact we get that 7(C') C G is finite. Let T = 7(C).
Then for any g € G, there is t € T with z(gt) = (g7 - 2)(t) # (s 'g~' - x)(t) = x(gst). This
proves that x is a 2-coloring.

(<) Assume that z is a 2-coloring on G. Suppose z € [z], that is, there are h,, € G
with A, -x — 2z as m — oo. We must show g -2z # z for 14 # g € G. Towards a
contradiction suppose s-z = z for s # 1. Then by the continuity of the action we have that
s hy o — 5712 = 2 Let T C G be a finite set such that for any g € G there is t € T with
x(gt) # x(gst). Let n be large enough so that T'C {go, ..., g,} and let m > n be such that
AP - 2, 2),d(8 hyy - ,2) < 277 Now fix t € T with (hy, - 2)(t) = z(h't) # x(h;lst) =
(s hp - 2)(t). Then z(t) = (hy - x)(t) # (s hy, - 2)(t) = 2(t), a contradiction. O

This next lemma is a simple generalization of a well known fact for Z.

LEMMA 2.9. If G is a countable group and c € 2%, then [c| is minimal if and only if ¢ is

mainimal.

PROOF. (=) Assume [c] is minimal. Let A C G be finite, and let & € N be such that A C

c
{90, 91, -, gk} Since [c] is minimal, for every y € [c] there exists h € G with d(h-y,c) < 27

Define ¢(y) to be the least m € N such that d(g,, - y,c) < 27*. Then ¢ is continuous and [c|
is compact so ¢([c]) C N is finite. Let M € N bound ¢([c]) and set T = {go, g1, ..., gum}. It
follows that for any g € G there is t € T with d(t- g~ - ¢,c) < 27%. Therefore, for all a € A
we have c(gt™'a) =t- g~ - c¢(a) = c¢(a). Thus, T~ is the desired finite subset of G.

(«<) Now assume ¢ is minimal. Fix y € [¢] and let € > 0 be arbitrary. Let k € N be such
that 27% < ¢, and set A = {go, 91, .., gx}. By our assumption, we may let T C G be finite
such that for all g € G there is t € T with ¢(gta) = c¢(a) for all a € A. Let h, be a sequence
in G with h,, -¢ — y as m — oo. Let r € N be such that TA C {go,1,-..,9-}, and fix
m € N with d(h,, - ¢,y) < 27". Then we have for some t € T, c(h;'ta) = c(a) for all a € A.
But since d(hy, - ¢,y) < 277, y(ta) = hy, - c(ta) = c(h,'ta) = c(a) for all a € A. Tt follows

d(t™* - y,c) < 27% and therefore d([y],c) < 27% < €. But € was arbitrary and [y] is closed so



¢ € [y]. Additionally, [y] is G-invariant so [c| C [y] and therefore [¢] C [y]. Similarly, [¢] is

G-invariant and y € [c] so [y] C [¢]. We conclude [c] is minimal. O

The following lemma appears in [2].

LEMMA 2.10. Let G be a countable group and let cy,c; € 2¢. Then [co] and [c1] are disjoint

if and only if co and ¢y are orthogonal.

PROOF. (=) Conversely, suppose [co] N [c1] = 0. Since they are both compact it follows that

there is some § > 0 such that for any yo € m and y; € E, d(yo,y1) > 6. Let n be large
enough such that 6 > 27". Then in particular for any x¢ € [¢o] and x; € [¢1], d(xo, z1) > 27"
This implies that there is ¢ € {go, ..., gn} such that zo(t) # z1(t).

(<) Let n be large enough such that 7" C {go,...,9n}. Then for any xy € [co] and
x1 € [c], there is t € T such that xy(t) # z1(t), and thus d(zg,z1) > 27". It follows that

d(yo,y1) > 27" for any yo € [co] and y; € [c1], and therefore [co] N [c1] = 0. O



CHAPTER 3

FINDING STRUCTURE WITHIN COUNTABLE GROUPS

The sole purpose of this section is to study countable groups in their full generality and
develop the tools which we will use in the next section to prove the main theorem. Thus, no
mention of 2¢ will be made in this section. Our first definition will be central to our studies

for the rest of the paper.

DEFINITION 3.1. Let G be a group and let A, B, A C G. We say that the A-translates of A
are maximally disjoint within B if the following properties hold:
(i) for all v,9 € A, if v # 1) then yYAN YA = &;

(ii) for every g € G, if gA C B then there exists 7 € A with gAN~vA # @.

When property (i) holds we say that the A-translates of A are disjoint. Furthermore, we say
that the A-translates of A are contained and mazimally disjoint within B if the A-translates

of A are maximally disjoint within B and AA C B.

Notice that in the definition above we were referring to the left translates of A by A but
never explicitly used the term left translates. Throughout this paper when we use the word
translate(s) it will be understood that we are referring to left translate(s). Additionally, note
that in the definition above there is no restriction on A being nonempty. So at times it may
be that the @-translates of A are contained and maximally disjoint within B.

Let G be a group and let A, B C G be finite with 15 € A. Define
p(B;A) =min{|D| | DC Band Vg€ B (jAC B= gANDA # @)}.

This is well defined since B is finite. The definition of p was tailored so that the following

two statements hold:

(i) If A C B and the A-translates of A are maximally disjoint within B, then |A| >
p(B; A);
(ii) If A" C A then p(B; A") > p(B; A).



The reader should verify the truth of these two statements.

LEMMA 3.2. Let G be an infinite group and let A, B C G be finite with 16 € A. For any

€ > 0 there exists a finite C C G containing B such that p(C; A) > %(1 —€).

PROOF. Let A C G be countably infinite and such that the A-translates of AA™! are disjoint
and AAA'AN B = @. Let A\, Mg, ... be an enumeration of A. For each n > 1, define
Bn:BU( U AkA>.
1<k<n
Fix n > 1 and let D C B, be such that gA N DA # @ whenever g € B,, with gA C B,,. It

follows that for each 1 < i < n there is d; € D with d;ANNA # &. Then
d; € AAL.

Since the A-translates of AA~! are disjoint, the d;’s are all distinct. Additionally, d;ANB C
AAATYAN B = @ so that p(B,; A) —n > p(B; A). Therefore we have

A _ nlAl+ p(B; A)lA]

p(Bn; A) >
| B n|Al + |B]

Clearly as n goes to infinity the fraction on the right goes to 1. So there is n > 1 with

p(Bp; A)% >1—¢€and p(B,;A) > ‘fﬁ' (1 —¢). Setting C = B,, completes the proof. [

DEFINITION 3.3. A function f : N — N is said to have subexponential growth if for every

u > 1 there is N € N so that f(n) < u™ for all n > N.

LEMMA 3.4. Let G be an infinite group and let A, B C G be finite with 1 € A. If f :
N — N has subexponential growth then there exists a finite C C G containing B such that
20 > f(|CY).

PROOF. Let N € N be such that 224 > f(n) for all n > N. Let B’ C G be a finite sct
containing B with |B’| > N. By Lemma 3.2 there exists a finite C' C G containing B’ with

p(C;A) > %% Then C' O B and as |C] is at least N,

||C|

2/(CA) > 22l > f(|0)).



O

The following proposition is the key result of this section. Unfortunately, at this time it
is difficult both to express the importance of this proposition and to explain where it fits in

the overall proof of the main theorem.

PROPOSITION 3.5. Let G be a countably infinite group and let (H,)nen be an increasing

sequence of finite subsets of G with 1¢ € Hy, | =G, and

nEN

H,_1(Hy'Ho)(Hy 'Hy) -+ (H, ) H, 1) C H,

forn > 1. Then there exists an increasing sequence (F,)nen of subsets of G and a decreasing

sequence (A )nen of subsets of G such that

(i

(ii) 1¢ € F,, € H, for alln >1;

HO;

) F
)
(iii) 1 € A, for alln € N;
(iv) for allm € N the A, -translates of F,, are maximally disjoint within G
(v) for allmn > 1 the A,_1 N Fy,-translates of F,,_1 are contained and mazimally disjoint
within H,,;
(vi) for alln > 0 and 0 < k < n the Ax N Fy,-translates of Fy are mazimally disjoint
within H,,_1;
(vii) for every k € N and v € Ay, there is n > k with vFy, C F),;

(viii) vF, N Agf =~v(E, N Ag)f for alln >k, v € A, and f € Fy.

PROOF. Set Fy = Hj so (i) is satisfied. We will construct (F},),en. Choose 3 C H; so that
lg € &) and the §}-translates of Fyy are contained and maximally disjoint within H;. We
then define F; = Uweéé ~vFy. Note Fy C H;.

We will continue the construction inductively. Assume Fj through F,,_; have been defined
with £, C H,, for m < n. Again we choose ¢! ; C H, so that 1o € d;_, and the ]_;-
translates of F),_; are contained and maximally disjoint within H,,. Once ¢! ; through

0541 have been defined with 1 < k < n, choose ¢]_, so that the d;,_,-translates of F,,_



are contained and maximally disjoint within

B - U "Fem=Br— U 0 Fum

1<m<k ~ef” 1<m<k

n—m

where for r,s € N with r < s

B! ={g € G | {g}(F i Fr)(FisFrge) -+ (F Fao) © H

r

Note H,_1 C B; so B # @.

Finally, we define

0<m<n ~edér, 0<m<n

Note F,, C H,, since B} C H, for all 0 < k < n — 1. The construction of (F},)en is now
complete and satisfies (i) and (ii).

The use of the B}'’s plays a vital role in this proof. Their main function is to achieve
conclusion (iv). Let us reveal the important property of the Bi'’s. Fix n,k € N with n > k.
Suppose g € G satisfies gFy N F,, # &. Then gF, NI F,, # @ for some k < m < n (this may
be true for several values of m, some of which may be less than k). Let us show why this is
true. Suppose gF, N6 F,, = @ for all k < m < n. It will suffice to show gFj, N F), # 2.
As F,, = U0§t<n 0 Fy, there is 0 <t < k with gF, N0 Fy # . If t = k, then we are done.

So suppose t < k. We have
gFs C Oy R E Fy © 6t F(F Frn ) (FibFiga) - (B F)
and hence
9Fe(F )\ Frn) - (B Fosa) C O F(F G Fo) - (B Faa).

However, by definition 67" F} C B}'. So the right hand side of the expression above is contained

within H,,, and therefore gFj, C B}. Thus

gFe C By — | onFn

k<m<n

It now follows from the definition of 6} that gFj N 07 F) # @. This substantiates our claim.

10



The collection (6} )<, was useful in constructing (F,),en but is inadequate for our further
needs. For k < n we wish to recognize exactly how translates of F} were both explicitly and
implicitly used in constructing F),. For example, for £ < m < n we have ¢;'F; C F,, and
o F, C F, s0 0,0, Fy, C F,,. Thus informally we would say the 0, 0;"-translates of Fj, were
implicitly used in constructing F),. However if for g € F}, we only have gF}y C F,, we would
not necessarily want to say the g-translate of Fj was used in constructing F),. Hopefully we
have made the point that we only wish to consider translates which, in some sense, were
either explicitly or implicitly used. Informally, we wish to define D} to be the set of all ’s
in F, such that the y-translate of Fj was used in constructing F,,. We now give the formal
definition for this. For k € N define DF = {1}, Di™* = 6F™ and in general for n > k

Dp =80 Dyt usL Dy U U D UL = | Dy
k<m<n
The D}'’s are a discrete version of the A,’s which we will soon construct. First we must
spend the next few paragraphs proving that the D}'’s possess the following properties for all
k,m,n € N with k <m < n:

1) DpF, C Fy;

(1)

(2) Dy, DY € Dy;

(3) the Dp-translates of Fy are disjoint;
(4)

4) the Dj-translates of F} are maximally disjoint with B} .

(Proof of 1) Clearly D{Fy, = Fy. If we assume DLFy, C F; for all k <i < n, then

DiF.= |J oDy c | orF C F.
k<i<n k<i<n
The claim now immediately follows from induction.
(Proof of 2) Clearly when n = m we have D} D" = DD} = Dp. If we assume

n

D: D C Dj for all m < i < n, then
ppop= |J ero,,pprc | orppc | 67Dy = Dy
m<i<n m<i<n k<i<n

The claim now immediately follows from induction.

11



(Proof of 3) The Dj-translates of Fj are disjoint when n = k and when n = k + 1.
Assume the Dj, translates of Fj are disjoint for all k < < n. Recall D} = U<, 07 D}, If
k <r < s < n, then by the definition of §;" we have 6]'F, N} Fs; = &. It then follows from
(1) that o) D} Fy, N 67 D Fy, = @. Additionally, if £ < i < n and 7,1 € 0 are distinct, then
vF; N F; = & because the §"-translates of F; are disjoint by definition. Again by (1) we
have yD! F, Ny DL F), = &. Finally, by assumption the D}-translates of F}, are disjoint for
every k < i < n. It follows that the Dj-translates of F}, must be disjoint. The claim now
follows from induction.

(Proof of 4) Here one will see exactly why the Bj’s were defined. When n = k and
n = k + 1 claim is guaranteed by definition (we take B! = B ;, = H,). So fix k € N
and towards a contradiction suppose n > k 4 1 is such that the Dj-translates of Fj are
not maximally disjoint within B}. Fix g € B} such that gF}, C B} and gFy N D} F), = @.
Our argument will rely on inductively creating a finite sequence of natural numbers. We
first detail how the starting number v is determined. Recall that in the construction of F,
we defined d;,_; through 67, first and then chose 0 so that its translates of F} would be
maximally disjoint within By —J, _,.,, 0% F,,. However, 6 = 6Dy C Dy so gF,N6PFy = @.
So we cannot have gF, C B — U<, <n OmFm as this would violate the definition of 7. Since
gF, C By, we must have gFy N (Upcpmen OmFm) 7# @. Therefore there exists vy € N with
k < vy < nandy € 6, such that gF}, Ny F,, # @. Note that 4D,° C o, D,° C D
S0 v tgF: N D F, = v H(gF N YD Fy) = @. For notational convenience, we will set
v_; = n. Now assume vy through v;,_; have been defined and ~; € 55?’1 has been fixed for

each 0 < 75 <17 — 1 such that

(a) n>vg >vy > >v;1 >k,
() (o -+ -vim1) tgFR N E,,_, # @, and
(¢) (voy1---vie1) tgFk N D) ' F = .

We will find a new number v; and from here the sequence may either terminate or continue

further. By (b) and our earlier comment on the B?’s, we have that there is k < v; < v,

12



and y; € 6y, ' with
(Yo -+ vie1) " gFx N iy, # 2.

If v; > k then ;D' F), C 6,0 ' D} F), C D, F}, which, together with the induction hypothesis
(c), shows that (c) is again satisfied. Therefore if v; > k then (a), (b), and (c) are satisfied
and we can continue this construction further. As we are constructing a strictly decreasing
sequence with initial term k < vy < n, we will eventually have v; = k. But if v; = k then we
would have v F,, C 6, ' F}, = 6, ' D¥Fy, C D,""'F}, which contradicts (c) of the induction
hypothesis. This completes the proof of (4).

Considering (4), in particular we have for all n > k the D}-translates of F, are maximally
disjoint within H,,_; since H,_, C B. We remark that D} C Dyt since §"1D2 C Dt
and 1g € 0", For k € N we define A}, = Unzk Dy. As U, ey Hn = G, we have for each
k € N the Ag-translates of Fj, are maximally disjoint within G. Properties (iii) and (iv) are
immediately satisfied.

To finish the proof we will show that Ay f N~vE, = yDpf forn >k, v € A,, and f € F.
Since 1¢ € A, and 1g € Fj, this will give F,, N Ay = 1gF, N Aglg = Dj. Conclusion

(viii) will then be clear. Conclusion (v) will follow from the definition of 67", = D_,, and

n—1»
conclusion (vi) will follow from (4) together with the fact that H,_; C By. For (vii) just
note that if v € Ay then v € D} for some n > k and hence vF, C F,, by (1).

Fix k <n, f € Fi, and v € A,,. Then v € D} for some s > n. So
VDif € DiDLf € Dif © Avf

and YD f C yDRFy, C vF,. Therefore yDf C Apf NAF,.

For the opposite inclusion, let ¥ € Ay with ¢ f € vF,,. Let s > n be large enough so that
v € Dj and v € D;. We will prove ¢ f € yD}'f by induction on s. Clearly, if s = n then
v=1g and ¢ f € D'f = yvDj f. Now suppose the claim is true for all n < r < s. By the
definition of Dj and D, there are k < i < s and n <t < s with ¢ € §:Dj, and v € §; D}

However, if ¢ # ¢ then by the definition of 4] and d; we have
{fyNyF, CoDLfNO6DLE, CEF,NSF =2,

13



So it must be that i = t. Let A\,0 € &7 be such that ¢ € AD! and v € oD!. If A # o then

we would have

So we must have A = o. Then A" € D! C Ay, Ay € D! C A, and A" f € A71yF,.
By the induction hypothesis we conclude A1 f € A~y D7 f and hence ¢ f € YDy f. This

completes the proof. O

DEFINITION 3.6. Let G be a countably infinite group and (H,),eny an increasing sequence

of finite sets with 1¢ € Hy, U,y Hn = G, and
H,—(Hy ' Ho)(Hy 'Hy) -+~ (H Y Hy) C Hy

for n > 1. Let (F),)nen and (A, )nen be respectively increasing and decreasing sequences of
subsets of G satisfying the conclusions of Proposition 3.5. Set ay = By = 1g. If for each
n > 1 there are distinct non-identity o, 8, € A,_1NF,, then we call (H,, F,,, Ay, a, Bn)nen

a blueprint.

REMARK 3.7. Whenever we have a blueprint (H,, F,,, Ay, &, Bn)nen, the following symbols

will have a fixed meaning:
An = (An—l N Fn) - {1G>anvﬁn} (fOI n > 1)a

Uy = Qg -+ ap (for n € N);
bn = ﬁnﬁn—l ce 'ﬁO (fOl" n e N)

The following lemma consists of a collection of facts which are easily derived from Propo-
sition 3.5. These facts are frequently needed in the next section. This lemma serves the
purpose of collecting these statements together for easy reference for those times when one’s

intuition or memory is faltering.

LEMMA 3.8. Let G be a countably infinite group and let (H,, Fy, Apn, &, Bn)nen be a blue-

print. Then
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(i) AF,_1 C F, foralln>1 and all X € A,_1 N Fy;

(il) MFo1 N AoFy 1 =@ for alln > 1 and distinct A\j, Ay € A1 N E;
(i) ApA C A, foralln>1 and all X € A,_1 N Fy;

(iv) both Ana, and Ayb, are decreasing sequences;

)
)
)
)

(V) an, by, € F, for alln € N;
) an # by, for alln > 1;
) A
)

(vi

(vii) Apa, N Agby = @ for all n, k > 0;

(viii) forn >k eN

An(An—l N Fn)an—l N Aka g Akak

and

Ay (A1 N E)by 1 NALE, C Agby;
(ix) forn >k eN
Ap(An 1N E)an—1 N AL(Ar_1 N Fy)ag—1
C Agagag-1 = Agay

and

An(Anfl N Fn)bnfl N Ak(Akfl N Fk)bkfl
C Ay Bibr—1 = Agby;

(X) ﬂneN Anan = mnEN Anbn = .

PROOF. (i). By conclusion (viii) of Proposition 3.5
)\Fn—l - (An—l N Fn)Fn—l = An—lF’n—l N Fn - Fn

(ii). A\; and Ag are in A,,_;, and the A,_;-translates of F,,_; are disjoint.

(iii). By conclusion (viii) of Proposition 3.5,
An)\ - An(An—l N Fn) = An—l N Aann - An—l-

(iv). By (iii), Apan, = Apana,—1 € Ay_1a,—1. The same argument applies to A,b,,.
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(v). Clearly ag € Fy. If we assume a,_1 € F,,_1, then by (i)
ap = Quay_1 € aply_ 1 CF,.

By induction, and by a similar argument, we have a,, b, € F,, for all n € N.

(vi). From (v) we have that a, = aya,_1 € o, F, 1. Similarly, b, € §,F,_1. Since
lg € F,_1, the claim follows from (ii).

(vii). Suppose 0 < k < n. Since ay # by € F}, and since the Ag-translates of Fj, are

disjoint, from (iv) and (vi) we have
Anan N Akbk Q Akak N Akbk = .

The case 0 < n < k is identical.
(viii). Let n,k € N with n > k. Suppose v € A, ¥ € Ay, X € A,_1 N F,, and f € F}

satisfy
YAGy—1 =P f.
Then by repeated application of (iii),

G = YA _10p_3 ...y € Ay

Since gay = yYAa,_1 = Y f, we have gF, N Y Fy, # &. As the Aj-translates of Fy are disjoint,

we must have g = 1. Thus

vap = gap = YAap—1 =V f = ap = f.

With b, in place of a,, the argument is essentially identical.
(ix). This follows immediately from (v), (i), (viii), and the definition of a; and by.

(x). The A,-translates of F,, are disjoint and F,,_; C F},, so by (v)
Aya, NF, 1 C Apa, NEF, = {a,}.

From (ii) and (v) we have a,, = aya,_1 € F,_1 since 1 € A,,_1NFE,. Therefore A,a,NF,_1 =
@. Now choose any g € Agag. Then g € Ag since ay = 1lg. By conclusion (vii) of

Proposition 3.5, there is n € N with gFy C F,,. In particular, g € F), since 15 € Fy. As
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Api1a,1NF, = @, we must have g € A, 1a,41. It follows () _y Ana, = &. By an identical

neN

argument (), .y Apb, = @ as well. d
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CHAPTER 4

CONSTRUCTION OF SUBFLOWS

This section primarily consists of two long proofs. The first of these is Proposition 4.5
below. This proposition presents a rather general method for constructing elements of 2¢
with desirable properties. Definitions 4.1 and 4.4 below play a significant role in deriving

the main theorem from Proposition 4.5.

DEFINITION 4.1. Let G be a group, let 15 € A C G with A finite, and let R : A — {0,1}.

We call R locally recognizable if for every x € 2¢ with z|, = R
Va e A (Vb e A xz(ab) = (b)) = a = 1g).
R is called trivial if [{a € A | R(a) = R(1¢)}| = 1.

DEFINITION 4.2. Let G be a countably infinite group and let (H,, F,,, Ap, i, B )nen be a
blueprint. If R : A — {0,1} is locally recognizable, then we say (H,, F,,, Ay, i, Bn)nen
is compatible with R if Hy = A. If (p,)n>1 is a sequence of functions of subexponential
growth, then we say (H,, Fy,, A, 0, Bn)nen 18 compatible with (p,)n>1 if p(Hp; Hpq) >
3 +log, pn(|Hy,|) for each n > 1.

LEMMA 4.3. If G is a countably infinite group, R : A — {0,1} is locally recognizable, and
(Pn)n>1 1S a sequence of functions of subexponential growth, then there exists a blueprint

compatible with R and (pp)n>1-

PROOF. Let (A,)nen be a sequence of finite subsets of G with Ay = A and G = |, o An-
Set Hy = Ag. Once Hy through H,_; have been defined, apply Lemma 3.4 to find a finite

H, C G satisfying

H, 2 Hy1(Hy " Ho)(Hy "Hy) -+ (Hy 2 Hyy)

and p(H,; H,_1) > logy (8pn(|H,|)). The sequence (H,)en will then be compatible with R

and (pn)n>1- O
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DEFINITION 4.4. Let G be a group, ¢ € 2<¢U2% and A C G. We say ¢ admits an extension
invariant A membership test if there is a finite V' C G with AV C dom(c) such that for all

x €2¢ withx Dcandally € A
{g € G| VYveV x(gv) =az(yv)} = A.

Such a set V' is called a test region.

PROPOSITION 4.5. Let G be a countably infinite group, let R : A — {0,1} be a non-trivial
locally recognizable function, let (pn)n>1 be a collection of functions of subexponential growth,
and let (Hy, F, Ap, i, Bn)nen be a blueprint compatible with R and (py)n>1. Then there

exists ¢ € 2<Y with the following properties:

(i) (771 ¢)|la =R for all y € Ay;
(ii) ¢ admits an extension invariant A, membership test with test region a subset of
F,—1 Ndom(c) for each n € N;
(iii) G — dom(c) is the disjoint union (J,~; AnAnbp—1;
|An| > logy pn(|Hyl|) for alln > 1;
c(9) =1—R(1g) for all g € G — Ay Fy;
c(f)y=c(yf) foralln > 1, v € A,, and

(iv
(v

(vi

)
)
)
)

[ e Fy—{an bn} — U ApApby—1 = (F, — {a,, b, }) Ndom(c);

1<k<n

PRroOOF. By (v) of Proposition 3.5, the A,,_; N F,-translates of F,,_; are contained and

maximally disjoint within H,,. So
|An’ +3= ’Anfl M Fn| > P(Hn; anl) > p(Hn; anl) > log, pn(‘HnD +3

as F,,_1 C H,_1. Thus property (iv) is satisfied.
We wish to construct a sequence of functions (¢, ),>1 satisfying for each n > 1:
(1) dOIIl(Cn) =G — Anan - Anbn - Ulgkgn AkAkbk—l

(2) Cpi1 2 cp;
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(3) ¢, admits an extension invariant A, membership test with test region a subset of

F,_1 Ndom(c,).

Let us first dwell for a moment on (1). Condition (1) is consistent with condition (2)
because A,a, and A,b, are decreasing sequences and A, 1A, 16, C A,b, by conclusion
(iii) of Lemma 3.8. After considering conclusions (vii) and (viii) of Lemma 3.8, we see that

for n > 1 we desire dom(c,) to be

dom(cn—l) U (An—lan—l - Anan) U (An—lbn—l - An[AAn U {Bn}]bn—l)

It is important to note that these unions are disjoint. This tells us that given ¢, _;, we can
define ¢, O ¢,_1 to have whichever values on A, _ja, 1 — Apa, and A, _1b,_ 1 — A,[A, U
{5 }|bn—1 without worry of a contradiction between the two or with ¢,_;.

Define

C . (G — Alal — Albl — AlAl) — {O, 1}

R(f) if g=~f where vy € A;and f € A
alg) =
1 — R(1lg) otherwise
for g € dom(cy). Note that ¢; satisfies (1) since by = 1¢.

We claim ¢ satisfies (3) with test region A. Since Ay, Ajay, A1by, and A Ay are pairwise
disjoint subsets of Ay, we have that A;A is disjoint from Aja; U A1y U AjA; (since 1g €
A= Fy). Thus AjA C dom(c;) and A C Fy Ndom(cq) as required.

To finish verifying condition (3), we let ¢ € 2% be an arbitrary extension of ¢;. Since
lg € Ay, it is enough to show g € Ay if and only if ¢(ga) = ¢(a) for alla € A. If y € Ay, then
vA C dom(cy) (see previous paragraph) and hence ¢(ya) = R(a) = c(a) for all a € A. Now
suppose g € G satisfies ¢(ga) = c(a) for all @ € A. This implies (¢7' - ¢)|4 = R. Note that
c(h) = c1(h) =1— R(1g) for all h € dom(c;) — AA. As ¢(g9) = ¢(lg) = a1(lg) = R(1g),

either g € A1A or g € dom(c;). But g cannot be in G — dom(c¢;) € Ay, for then since the

20



Ap-translates of Fy are disjoint we would have
gA —{g} = gFy — {9} C dom(c;) — A Fy = dom(cy) — A A.

Then c(ga) = ¢1(ga) =1 — R(1g) for all 1 #a € A and R = (g7 - ¢)|4 would be trivial, a
contradiction. So g € AjA. Let v € Ay and a € A be such that g = ya. By construction,

(v '-e)la=(v'ca)|la = R, and we have that for all b € A

(v - e)(ab) = c(yab) = c(gb) = c(b) = R(D).

Therefore, it follows from the definition of a locally recognizable function that a = 14 and
g c Al-
Now suppose that ¢y, ca, ... cx—1 have been constructed and satisfy (1) through (3). We

pointed out earlier that we desire ¢, to have domain
dom(cg—1) U (Ap—qak—1 — Agag) U (Ag_1bk—1 — Ag[Ax U {8k }Hbr—1)-
We define ¢, to satisfy ¢ O ¢,_1 and:
cr(Ap—1ap-1 — Ap{la, axtar—1) = {0};

cr(Arar-1) = {1}
cr(Arbp-1) = {1}
cr(Aparby_1) = {0};
cr(Apoibrot — Ap[Ay_y N Fibeoy) = {0}

From our earlier remarks on (1), we know ¢ is well defined. It is easily checked that ¢
satisfies (1) and (2) (recall that Agap = Agagag_1).

Let V' C Fy_o Ndom(ck—1) be the test region referred to in (3) for n = k — 1. We claim
that ¢, satisfies (3) with test region W = V U {aj_1,bx_1}. Clearly W C Fy_; N dom(cg).
Also, AV C Ap_1V C dom(ck_1) C dom(cg), and clearly Ag{ag_1,br—1} C dom(cg). Thus

AW C dom(cg) as required.
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Let ¢ € 2% be an arbitrary extension of ¢;. Since 1o € Ay, it suffices to show that for all
g€G@G,

g €N, = YweW clgw) = c(w).

Suppose g € G satisfies the condition on the right. Then for all w € V' we have ¢(gw) = c(w),
and since 1¢ € Ag_; we must have g € Ag_1. Now c(gax_1) = c(ag_1) = cx(ar—1) = 1, and

gar—1 € Ag_1ax_1 € G — dom(c,_1). From how we defined ¢, we have for h € G
h € Ag_1 and c(hag_1) =1 = h € Ay or h € Ayay.

However, g & Agay, for then ¢(gbx_1) = cx(gbg—1) = 0 # 1 = ¢(bg_1). We conclude g € Ay.
The converse, that each v € Ay, satisfies c(yw) = ¢(w) for all w € W, is easy to check (recall
A € Ag_1). Thus ¢ satisfies (3).

Finally, define ¢ = {J,,5, ¢,. Properties (i) and (v) clearly hold due to how ¢; was defined.
Property (iv) was verified near the beginning of the proof. Property (ii) holds since ¢ D ¢,
for each n > 1, and property (iii) follows from (1) and conclusions (ix) and (x) of Lemma
3.8. We proceed to verify property (vi).

The second equality in (vi) is easy to verify since F,, — {b,} is disjoint from AzAby_; for
k > n (use conclusion (viii) of Lemma 3.8). Fix n > 1, v € A,,, and f € (F, — {an,b,}) N
dom(c). Then f & {a,,b,} and hence f,~vf & A,{a,,b,} since the A, -translates of F,, are
disjoint. However, dom(c,,) — dom(c,) € Ay{a,,b,} for m > n, and since f,~vf € dom(c)
there must be a m < n with f,vf € dom(e¢,,). Let kK < n be minimal with either f or v f in
dom(cg). We proceed by cases.

Case 1: k = 1. Let B be a subset of Fj. From conclusion (viii) of Proposition 3.5, we
have

feA B~ fe A\ BNF, < ~vfe~v(ABNE,)
<:>’}/f€A1Bﬂ’yFn<:>’}/f€AlBl.

By looking back at the definition of ¢; and using the above result for different choices of

B C Fy, we concluded that both f and «f are in dom(c;). More importantly, c¢(vf) =
a(vf) = alf) = c(f).
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Case 2: 1 < k <n. By the same computation as above, for each i <n and each B C F;
we have that f € A;B if and only if vf € A;B. It follows that both f,~vf € dom(cg). After

considering the five equations defining ¢, and using the above note, we conclude ¢(vf) =

c(Vf) = alf) = c(f). N

We are now ready to prove the main theorem. Just as the proof of Proposition 4.5 relied
heavily on Proposition 3.5, the proof of this theorem will rely heavily on Proposition 4.5.
Conclusion (i) is used for density. Conclusions (ii), (iii), and (iv) are used to get 2-colorings.
While conclusions (v) and (vi) aid in achieving minimality, minimality is actually quite

tedious to get, and it is the requirement of minimality which makes this proof so long.

THEOREM 4.6. Let G be a countably infinite group, x € 2%, and € > 0. Then there is a

perfect set of pairwise orthogonal minimal 2-colorings in the e-ball about x.

PROOF. Let r € N be such that 27" < e and let By = {90, 91, - - -, 9-} where go, g1, ... is the
fixed enumeration of G used in defining the metric d on 2. Choose any a # b € G — B;
and set B, = B; U {a,b}. Next chose any ¢ € G — (ByBy U ByB; ') and set B3 = By U {c} =
By U{a,b,c}. Let A= B3B3 and define R: A — {0,1} by

z(g) if g€ By

R(g) = § z(1¢) if g € {a,b,c}

[1-2(lg) ifge A—Bs

We claim R is a locally recognizable function (it is clearly non-trivial). Towards a con-
tradiction suppose there is y € 2¢ extending R and 15 # g € A with y(gh) = y(h) for all
h € A. In particular, y(g) = y(1g) = R(1g) so g € Bs. We first point out that at least
one of a, b, or ¢ is not an element of gBs. We prove this by cases. Case 1: g € By. Then
¢ & gBy C ByBsy and ¢ # gc since g # 1g. Thus ¢ ¢ gB;. Case 2: g € By — By = {c}.
Then g = c. Since ¢ € BoBy ', it must be that a,b & cBy. If a,b € ¢Bs then we must have
a = c® = b, contradicting a # b. We conclude {a,b} ¢ cBs = gBs.

23



The key point now is that {a,b,c} C {h € A | y(h) =y(1g)} C B;s but {a,b,c} Z gB; C
A. Therefore

[{h € B3 | y(gh) =y(la)} < {h € A | y(h) =y(1c)}|
=|{h € B3 | y(h) =y(le)}| = [{h € B3 | y(gh) = y(1c)}|.

This is clearly a contradiction.

Forn > 1 and k € N define p, (k) = 4k°. Then (p,),>1 is a sequence of functions of subex-
ponential growth. Apply Lemma 4.3 to get a blueprint (H,, Fy,, Ay, &, Bn)nen compatible
with R and (p,)n>1, and let ¢ € 2<% be as in the conclusion of Proposition 4.5.

For each n > 1 let '), be the graph with vertex set A,, and edge relation given by
(v,v) € E(T',) <=~y "We H,H,'H>H  or v~ 'y € H,H,'H>H".

This graph is not to have loops, so (v,v) € E(T',,).
We proceed to reveal an important property the graphs (I',),>1. Recalling that the

sequence (H,),en satisfied certain conditions, we calculate
HTLHJIHrQLH;l - HnHﬁHanH;l C Hn.HHnHT:l

g Hn+1Hn+1 g Hn+2 g Hn+3)

and

(H, Hy H2H) ™ = H Hy Hy H HCOHy o By H L G H
g Hn—&—QHan_il g Hn+3~

Therefore if (v,¢) € E(I',,), then either v € ¢ H, 3 or b € yH, 3. Since H, 3 U Hn_jS C
H, .4, we have (v,¢) € E(T,,) implies v € v H, .4 and ¢ € YH,, 4.
Let 1 € N, 0 € Ayiryi, 7 € 0F, 1444, and suppose (v,v) € E(I',). Then

w € An N fYHn+4 - An N UHn+4+iHn+4 - An N UHn+5+i

and

an - UHn+5+iFn - UHn+5+iHn - UHn+6+i'
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By conclusions (vi) and (viii) of Proposition 3.5 the (A, N ok, 174;)-translates of F, are
maximally disjoint within 0 H,, 1¢1;. So ¥ F, N (A, NoF,i74:)F, # @. However, ¢p € A, and
the A,-translates of F), are disjoint. So we must have ¢ € o F,, 7.;. We have demonstrated

the following fact:
Vie NVo € A7 [(7,¢0) € E(Ty,) and v € 0F, 14 = 0 € 0F 1744

In particular, one important aspect of this conclusion is that if A # o € A, 70, v € AF 1414,
and ¢ € 0F,144; then (v,¢) € E(T,,).
Fix n > 1. Define m, (k) = n+ 4 + 3k for £ € N. We will construct a sequence of

functions (u!);>1 mapping into {0, 1,...,2|H, |’} satisfying for each i > 1:

(1) pity 2 s

(2) dom(p) = An N (Up<pes Amier 1) Fni));

(3) (v,¢) € E(I'y) = pi(y) # pi () whenever v, 4 € dom(p}');
(4)

4) pi1 (v) = piq (o) for all o € Ay and all v € Fpy) N A,.

We begin by constructing p}. Since every vertex of T',, has degree at most 2| H,,|*, we can
find a labeling of F},,4 N A, using only the labels {0, 1,...,2|H,|*} such that two members
are labeled differently if they are E(T',)-adjacent. Note that it is a simple consequence of

conclusion (viii) of Proposition 3.5 that for 7,9 € F,,;s N A, and 0 € A, 47

(/777,0) € E<Fn) — (0"7,0'?/)) € E(Fn)

We can therefore copy this labeling to every A, 7-translate of A, N F,, 4 to get the function
wh. Clearly properties (2) and (4) are satisfied. Property (3) also holds due to our earlier
comment.

Now suppose p; has been constructed. Again we note that for 0 € Ap,;41) and 7,9 €
A, N F), conclusion (viii) of Proposition 3.5 gives ov,0¢ € A,. Therefore for every

(S Am i+1)
(v, ¢) € E(ln) <= (07, 09) € E(T'y).
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Let v € A, N F4) and let 0 € Apyi41). Then for every 0 <t < i we have
Y € Ay Fny = 7 € A1) Fone) N Py = 077 € 0(AQus1) Fony N Frngiy)

(:>J’)/GA t+1F ()ﬂUF ()<:>0’)/EA t+1F (t)-

By (2) we conclude that v € dom(u) if and only if oy € dom(ul). Suppose it is the case
that v € dom(y). Let t < i and A € Ap,41) be such that v € AF,4. By conclusion
(viii) of Proposition 3.5, there is 1 € A, N F,) with v = M. Since p? 2 puit,,, we have
wi () = pit () by (4). By conclusion (viii) of Proposition 3.5, cA € Ay i41). Therefore by

(4) we have
i (o) = i (o ) = i (Y) = pi (Mp) = i (7).

We have verified the three following facts for v,v € F,) N Ay:
(7,%) € E(Ty) <= Vo € Apyigry (07, 09) € E(Ty);
v € dom(py') <= Vo € A1) 0y € dom(p;);

v € dom(py) == Vo € Apirry i (07) = 17’ (7).

By (4) we can find a {0,1,...,2|H,|°}-labeling of A, N F,,; which extends pf on
dom(p}) N Fy) with the property that if (v,v¢) € E(I',) then v and 1 are labeled dif-
ferently. We then copy this labeling to all A,,1)-translates of Fy,; and then union with
pi to get ;. Properties (1) through (4) are then satisfied.

For n > 1 define pi"* = (5, 1" and let {A7, A7, ..., AY,,)} be an enumeration for A,,. Note
that by (2) and conclusion (vii) of Proposition 3.5 we have dom(u") = A,,. For ¢ > 1 define
B; : N — {0,1} to be such that B;(k) is the i'! digit from least to most significant in the
binary representation of k& when k > 2~ and B;(k) = 0 when k < 2°!. Now for 7 € 2¢

(Cantor space) we let ¢, € 2¢ be such that ¢, D ¢ and satisfies

r (YA bn-1) = Bi(u"(7)) and
CT(’V)‘?(n)bn—l) =7(n—1)
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form>1,v€ A,,and 1 < i < s(n). As each ¢, D ¢, it follows from conclusion (i) of
Proposition 4.5 and our choice of R that d(c,,x) < 27" < e. Also, since the map 7 — ¢, is
continuous and one-to-one {c, | 7 € 2*} is a perfect subset of 2¢.

Fix 7 € 2¥. We will first show ¢, is a 2-coloring. Note that since |A,| > logy pn(|Hxl|)

we have
s(n) > log, (4|H,|").

So all numbers 0 through 2| H,|? can be represented in binary using s(n)—1 digits. Therefore
if "(7y) # p"(¢) then there is 1 <1i < s(n) with ¢ (YA?bp—1) # ¢ (YAb,—1).

Let 14 # s € G. Since Un21 H, = GG, we may let n > 1 be least such that s € H,. Set
T = F,F;'F,, and let ¢ € G be arbitrary. Since the A,-translates of F;, are maximally
disjoint within G, there is v € A,, with vF, N gF, # &. So there is f € F,F, ' with
gf =~ € A,. We proceed by cases.

Case 1: gsf ¢ A,. Let V C F,,_;y Ndom(c) be the test region for the extension invariant
A,, membership test admitted by c. Since ¢, D ¢, gf € A, and gsf ¢ A,, thereisv € V
such that ¢, (gfv) # ¢, (gsfv). This completes this case since fv € T.

Case 2: gsf € A,,. Then

(9f) “gsf) = f'sf € F,F,'H, F,F,' € H,H,'H2H,!

since F,, C H,. Thus (gf,gsf) € E(I'y) so u™(gf) # p*(gsf). Consequently, there is 1 <
i < s(n) with ¢ (gfAbn—1) # c-(gsfAlb,—1). This completes this case since fAl'b,_; € T.
We conclude ¢, is a 2-coloring.

Now suppose 7 # o € 29 and let n > 1 satisfy 7(n — 1) # o(n — 1). We will show ¢,
and ¢, are orthogonal. Let T' = F,F,;'F, and let g;,9, € G be arbitrary. Then there is
f e F,Ft with g f € A,,. We proceed by cases.

Case 1: gof ¢ A,. Let V C F,_; be the test region for the extension invariant A,

membership test admitted by c. Since g1 f € A, and ¢of & A, there is v € V with
cr(g1.fv) # co(g2fv).
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Case 2: gof € Ay, Then ¢;(g1 fAY,)bn-1) = T(n = 1) # o(n — 1) = ¢, (92 A5, bn-1). We
conclude ¢, and ¢, are orthogonal.

Fix 7 € 2¥. All that is left is to show that ¢, is minimal. Fix n > 1. We will show that
c-(vh) =c(h) forally € A, ;;3and allh € H,,. Let 1 <k <mnandlet ¢ € AyNF, 3. Then
there is m € N with n+7 < k+4+3m < n+ 10, and we know that p*(¢)) = p*(ov) for all

0 € Akiarzmes 2 Api13. Therefore we have
€ (G —dom(c)) N Fhis and 0 € A, 113 = ¢-(9) = ¢, (09g).

When we combine this with conclusion (vi) of Proposition 4.5 we find that ¢.(g) = ¢, (0g)
forall g € Fy, 13— {ani3,bny3} and all 0 € A, 13. Since Fy, 1o C Fji3—{an13,bn13}, we have
c-(9) = ¢, (og) for all g € F,, 15 and all 0 € A, 113.

Let h € H, — F,,15. It is enough to show that A, ;3h N A1F} = @. It will follow
from conclusion (v) of Proposition 4.5 that c¢(h) = ¢(oh) for all 0 € A,113. Towards a
contradiction suppose oh € A1 F} for some o € A, 13. Let ¥ € Ay be such that oh € ¢ F7.
Note v Iy, C ohF['F, C oH,H, C 0H,,,;. By conclusions (vi) and (viii) of Proposition
3.5, the A; N o F, o-translates of F} are maximally disjoint within o H,, 1. So ¥ F; N (A1 N
oF,.0)F1 # @. Since p € A; and the Aj-translates of F; are disjoint, we must have

¥ € Ay NokF, .o Consequently,
oh € @Z)Fl - (Al N O'Fn+2)F1 = AlFl N JFn+2 - UFn+2.

This implies h € F, 49, a contradiction. Thus A, 135 N A1 F} = @. We conclude ¢, (ch) =
c-(h) for all h € H,, and all 0 € A, ;13.

Now let B C G be finite. Let n > 1 be such that B C H,,. Set T = Fn+13F 13> and let
g € G be arbitrary. Clearly there is t € T with gt € A, 113 and hence ¢, (gth) = ¢.(b) for all

b € B. We conclude ¢, is minimal. O

The interested reader should consult [3] for an extensive generalization of these methods
and for further study of 2¢. In particular, each of the methods used in this last proof are

isolated and presented in a more abstract setting in [3].
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