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INTRODUCTION

The problem of determining the dynamic plastic deformation of a long, thin-wailed tube or shell

caused by a deliberate or accidental energy release over a small section of its interior has many

practical applications. Because details of the energy release and the resulting time-dependent

internal pressure distributions are not well known in most situations, parameter studies must

be used to bound or approximate the distortion of the tube. Consequently, there is a need to

develop methods for correlating the permanent deformation of the tube to simple parameters of

the loading, without resorting to detailed solutions for numerous particular cases.

This paper treats the problem of a long tube loaded by a time-dependent pressure distribution

P(z.t) which is applied over a time-dependent region 2L(t). The plastic deformation is a

combination of localized circumferential stretching and axial bending of the tube wall, which

depend on the history of the applied force F(t) and the applied moment G(t) about z - 0

associated with the pressure distribution. The final plastic deformation depends on an effective

applied force Fe , an e"nctive applied moment G e , an effective length of the loaded region 2Lg, and

the deformation which would be attained if the loading were applied as a pure impulse. All the

effective values involve only simple integrals of the loading. Consequently, they do not depend on

details of the loading functions and eliminate the need for obtaining time-dependent solutions for

the deformation.

Two features of the solution are of particular interest. First, the pure impulse solution depends

not only on the value of the applied impulse and an effective length of the loaded region, but also

on the pulse shape and the shape of L(t) if the loaded region is growing. Second, loading applied

over a non-zero interval can produce a larger deformation than the same impulse applied

instantaneously if the loaded region is very narrow and growing. This occurs because the length

of the deforming region does not grow as fast as the length of the loaded region, and the fraction of

the impulse applied outside the deforming region does not contribute to the deformation. The

ineffective fraction increases as the load amplitude increases and more than compensates for the

increased momentum imposed by the higher load amplitude if the loaded region is very narrow.
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STATEMENT OF THE PROBLEM

Consider a long, thin-walled, circular tube of radius R, thickness H, and surface density p,

which is made of a rigid, perfectly plastic material with yield stress oy . Let the tube be loaded

by an Internal pressure P(z,t), where z is the axial coordinate and t is timo, such that P is

symmetric about z « 0, is applied to the axial region |z| £ L(t), and vanishes after some time t-|.

To simplify the subsequent analysis, we will take P(z.t) to have the form

P ( Z , t ) = P Q ( t ) [ i - - j - 2 - - ] , O S Z S L ( t ) , O S t S t , . ( 1 )

For this pressure distribution, the velocity pattern which corresponds to the limited interaction

yield condition and associated flow rule is

V ( z . t ) = V 0 ( t ) | i ~ - ^ - j . O s z s C ( 2 )

where V0(t) • V(O.t) and £(t) is a moving hinge. The application of the governing partial

differential equations and boundary and initial conditions results in expressions for the bending

moment M(z,t). velocity V(z,t), and deformation W(z,t), along with differential equations for

V0(t) and CO)- Details of the solutions for various types of loading are given elsewhere

(Youngdahl, 1989).

Let F(t) and G(t) denote the applied force and moment resulting from the entire pressure

distribution, and let tp and \Q be the corresponding impulses applied by the whole pulse. Define

a dimensionless quantity w corresponding to W0(t(), the final deformation at z - 0, by

' F



with p i s y H / R , Ds V 3 R H ; p is the uniform pressure that would cause circumferential

yielding of the entire tube and D is a convenient length parameter. The final deformation is a

functional F of the loading; i.e.,

( 4 )

where F y is the applied force at initial yielding.

RESULTS

Basic Mode Response

If the region of load application is fixed at the value D, then it can be shown that £(t) - D for the

entire response. The velocity distribution given by Eq. 2 becomes a basic mode (Martin and

Symonds, 1966) which applies for ty£,t«;tf. The differential equations can be integrated to give

= ^ j ] (t-f)[Rf)-Fy]df. (5)

Define an equivalent rectangular pulse, having amplitude F e and duration te, as one which has the

same impulse Ip and centroid t m p as the applied pulse F(t) for the interval ty £ t £ t f . Then

tnF

and the dimensionless linal deformation at z = 0 is

w-JatL.il.i-i
"[F.. "| F

( 7 )
e

Rectangular Pulse Applied to a Fixed Region



Consider a constant load Fo applied to a stationary region L,, over the interval 0 £ t s t i . The

final deformation at z = 0 has the dimensionless form

where the dimensionless function U is

The initial hinge location £ 0 and the A-j and A2 are functions of F0 /Fv and L Q / D . The functional

relations depend on whether LQ is greater or less than D (Youngdahl, 1989). Letting UK(L0 /D)

denote the dimensionless final deformation produced by a rectangular pulse with impulse Ip as

F o - • OP and t̂  -> 0, then

Figure 1 shows U^. As expected, the final deformation produced by a pure impulse decreases as

the region of load application increases.

Arbitrary Pulse Applied to a Fixed Region

A closed-form solution for £(t), V0(t), and W0(t) does not appear to be feasible for arbitrary

F(t) and fixed L(l) - LQ * D. However, computer solutions for a variety of pulse shapes indicate

that

( 1 1 )



with Fe defined by Eqs. 6 and U defined by Eq. 9. That is, if L(t) - LQ, the solution for an

arbitrary pulse F(l) can be approximated by the closed-form solution for the equivalent

rectangular pulse applied to the same region. Similar results have been obtained for other

structural configurations (e.g., Youngdahl, 1971). Consider, for example, F(t) given by

(12)

where b is a positive constant. For LQ - 10 D and b - 1/2, 1, «>, Fig. 2 shows w as a function of

y. The set of curves agrees at Fe - 7 Fy to five significant figures.

Pure Impulse Solution for a Changing Load Region

Represent F(t) and L(t) by

F(t) - F0V(t) . L(t) - Da(x) , x - Ify . (13)

Determining the response to a pure impulse with given pulse shape function \y(x) applied to a

changing region L(t) requires taking the limit in the governing equation as Fo -> » and t-t —> 0

with Ip held constant. The resulting differential equations can be integrated in closed form to

obtain V0(t) and £(t) for arbitrary y(x) and a(x). The solutions are simpler if the region L(t)

always grows or always shrinks, so these special cases will be discussed here. Define an

effective length Le of the time varying load region L(t) by

L e - - p - (14)

Then, letting w n denote the dimensionless final deformation for a pure impulse loading,



Therefore, the final deformation produced by a pure impulse applied to a shrinking region is

proportional to I <! (see Eq. 3) and depends on the effective length of the region but not on details

of V(T) or a(x).

The dependence on the pulse shape function y(i) and load region function a(x) is more complex

if L is growing. Consequently, the specification of just the impulse Ip is not adequate to define

the initial state resulting from a pure impulse loading if the loaded region varies during the

application of the impulse. The limiting process does not eliminate the effect of pulse shape or

load region variation on the final results. Figure 3 shows the final deformation produced by

Rt) = F, ( 1 6 )

applied as a pure impulse. Results are shown as a function of the ratio of final loaded length L}

to initial loaded length LQ for various values of the constants b and c. The value of LQ is varied so

that Lg » 10 D at each point. The curves are constant and coincide for L̂  s LQ, but diverge as

increases.

Arbitrary Pulse Applied to a Changing Load Region

Although particular cases can be solved in closed form it is necessary to solve th? governing

differential equations numerically for general pulse shapes F(t) applied to changing load regions

L(t ) .

For growing loaded regions with small values of Le, some loadings can produce larger

deformations if the impulse is applied over a non-zero time interval than if it is applied as a

pure impulse. Consider the case

F ( t ) - F 0 > U t ) = L 0 + ( L r L 0 ) J - . ( 1 7 )



Figure 4 shows final deformation as a function of F 0 /F y for various values of L^/Lo with Le <•

D/4. Since D is less than the tube radius for thin-walled tubes, the loading is applied to a

narrow region. Larger values of L^/Lo correspond to more growth in the size of the loaded

region, with the effective value Le, which is equal to the average of LQ and Li in this case, being

held constant. For constant impulse Ip - FQt-|, the deformation decreases toward its pure

impulse value as F o increases if L-J/LQ is large. As F o increases, the hinge spends a larger

fraction of the time interval ti inside ihe loaded region. Consequently, a smaller fraction of the

applied force then accelerates the deforming part of the tube. Figure 5 shows I'p/lp as a function

of FQ/Fy for various values of l - | / l 0 , where I'p is the impulse resulting from the portion of me

applied force inside the moving hinge. The influence of the hinge being inside the loaded region on

the final deformation diminishes as the effective length Le increases and is not significant for

LQ > D. In particular, the peak value of w exceeds the pure impulse value by less than 10% for

L1 > 16 LQ and Lg - D.

If the region of load application shrinks, i.e., L-) < Lg, then £(t) > L(t). All of the impulse is

effective then, and the associated deformation curves resemble the one shown for L̂  - LQ in

Fig. 4 .

As examples of results for general pulse shapes applied to changing load regions, the solid lines

in Fig. 6 show computer calculations of w as a function of F e /F v for the loading given by Eq. 16

with b - c - 1 /2 ,1 . 2. The effective loaded length Le is 10 D while L-j - 5 LQ. The curves do not

collapse together as they did in Fig. 2 because the applied moment G(t) for each curve shown

varies differently during the response, while G(t) - F(t) LQ/3 in Fig. 2.

Define an effective value G e of G(t), analogous to Fe , defined in Eq. 6. Based on extensive

numerical studies with families of loadings, it was determined that w is approximately a function

of Fg/Fy, Ge /Gy, and Le/D. A good correlation of the results is given by



w
w_

( 1 8 )

with U and U«, given by Eqs. 9 and 10, respectively. In the above equation, F | is defined in

terms of FQ and G e as

_£JL (19)
"y %

with, (or dL/dt 2 0,

and, for dLJdt < 0,

2 , L e > 2 D . ( 2 1 )

It is assumed that L(t) is either a monotonically increasing or monotonically decreasing

function. The parameter \ is defined such that X - 0 if L(t) is constant. The approximation

given by Eq. 18 reduces to that given by Eq. 11 when X - 0, since F j - Fe , Le - LQ, and w M -

Uoo then. Results for w approximated by Eq. 18 are shown in Fig. 6 as dashed lines.

Computations for numerous combinations of b, c, Le, and L | / L Q indicate that the approximation

gives a good estimate of the final deformation predicted by the numerical solution of tho exact

equations and ranks the curves for various pulse shapes and load region variations In the correct

order.

ACKNOWLEDGMENT



This work was supported by the U.S. Department of Energy, Office of Basic Energy Sciences,

Engineering Research Program under Contract W-3i-109-Eng-38.

REFERENCES

Martin, J. B., and Symonds, P. S. (1966) Mode Approximations for Impulsively Loaded Rigid-

Plastic Structures. ASCE Eng. Mech. Div. J., Vol. 92, pp. 43-66.

Youngdahl, C. K. (1971). Influence of Pulse Shape on the Final Piastic Deformation of a Circular

Plate. Int. J. Solids Struct, Vol. 7, pp. 1127-1142.

Youngdahl, C K. (1989). unpublished information.

20

0.011 1 I i I nut i t i i mil
100

IS

10

i I i i i r

Fig. 1. Final deformation produced by pure Fig. 2. Final deformation as functions of
impulse applied to a fixed load region effective amplitude for various
with a rectangular pulse shape. pulse shapes and a fixed-load region.



0.034 -

0.030 -

1

0.026 -

0.022 -

0.018 I I I I I 1 I I I

10 100.
F 0/F y

1000

Fig. 3. Final deformation produced by a pure Fig. 4. Final deformation as a function of pulse
impulse applied to a varying region amplitude for various values of L-J/LQ,
for various pulse shapes. with Lg « D/4.
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Fig. 5. Fraction of applied impulse inside
loaded region as a function of pulse
amplitude.

Fig. 6. Exact and approximate final deforma-
tion for various pulse shapes and load
region variations with Le » 10 D and
M - 5 LQ.


