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ENDOCHRONIC THEORY OF DYNAMIC VISCOPLASTICITY

by

Hsuan—-Chi Lin

ABSTRACT

This report summarizes the work completed on a project
concerned with engineering models in dynamic plasticity. The
concept of the endochronic theory of viscoplasticity and its
subsequent improvement are discussed briefly. Applications and
extensions of the theory to various dynamic problems are

presented. In particular, the strain-rate effect 1in the
improved endochronic theory and 1its application to wave
propagation problems are discussed. Comparing the numerical

results with other calculations and experimental data, it
appears that endochronic theory  provides a promising
representation of realistic material behavior. At the same time
endochronic theory is often numerically more efficient than
other formulations. '



1. INTRODUCTION

The general objective of this work was to develop a conceptually sound
and computationally efficient continuum basis for describing the dynamic
plastic deformation of metals subjected to short-duration, high-intensity
loading. Specific attention was directed at refinements and extensions of
endochronic viscoplasticity theory [1], that is, on formulations that
replace clock time with time-like deformation measures that are intrinsic
material broperties, and that describe both elastic and plastic response

without introduction of a yield surface. Endochronic theory 1is a
phenomenological rather than microscopic approach, with irreversible
thermodynamics as d ralluunale. To maximize the cventual utility of

theoretical models, the correlation  belweeu derived constitutive -
representations and available conventional materials data was explored.

Endochronic theory describes material behavior during deformation in
terms of an intrinsic time-like variable that 1s not measured by a clock,
but is itself a material property. . It has the advantage of representing
" qualitatively different deformation regimes in terms of one consistent set
of field equations. For example, there is no need to introduce a yield
criterion to differentiate between elastic and plastic response, although
yield can be modeled in the improved theory [2].

This report first provides a brief introduction to the theory, then
describes various analytical examples wused to validate the derived
constitutive laws. A brief discussion is given concerning the work on rthe
stability and uniqueness of the simple endochronic theory in dynamic
applications. Next is the improved endochronic theory [2], which eliminates
or mitigates the criticisms [3,4] leveled at the earlier formulation about
unloading behavior and consequent stability problems. With the
accommodation of the strain-rate effect into the improved theory and its
application to viscoplastic wave propagation, it 1is then shown that the
improved theory does widen the predictive scope of the original theory.
Some' recommendations for future work also are discussed, based on the
experience gained during the course of this work. For convenience, a list of
publications generated during the course of this project is provided in the
Appendix.



2, FUNDAMENTAL ENDOCHRONIC THEORY OF VISCOPLASTICITY

- The endochronic constitutive ‘equations for isotropic materials under
isothermal and small-strain conditions can be written as follows:

‘ i
sij=2f§ u(z—z')widz', S
and
okk = BlKekk , (2)

where sij and ey are deviatoric parts of the stress and strain tensors g
and g and u(z) and K are the heredity functions and the bulk modulus,
respectively. The symbol =z denotes a'positive monotonically increasing
intrinsic time scale with respect to a time measure Z such that dz/dz > O,
and

2 _
dg Pijkz deijdekz R (3

where Pijkz is a positive definite fourth-order material tensor that is a
metric in strain space. Let the heredity functions be represented by an

exponentially decaying function such as u(z) = uoe-az to accommodate for the
fading memory, and u, and a being positive constants. Furthermore, let
dz = dz/(1 + Br), where B is a positive parameter, to account for the

friction aspect of the internal variables for strain-hardening materials.
Then the above constitutive equation (1) becomes k

de o5, ds, o
— e 4
o TTFectar 4

Equations (2) and (4) form the basis of the simple endochronic theory. All
the material parameters involved can be obtained from the uniaxial stress-—
strain curve. ' '

As the theory progressed, it was found that the definition of intrinsic
time in Ey. (3) led to difficulties in describing the material behavior
“during unloading. Since then, Valanis [2] has proposed an improved concept
of intrinsic time to overcome these difficulties. In the one-dimensional
case, the improved intrinsic time increment dz is defined as
do

dg = dE"'kl‘E— ’ ‘ ’ ) (5)
. o .



where k; 1is a positive scalar such that 0<k1<l, and E; 1s the elastic
- modulus. When kl = 0, the‘ improved intrinsic time reduces to the original
- definition of 1intrinsic time, and the theory reverts to the simple
. endochronic theory.. When k; = 1, Eq. (5) reduces to dg = |de - do/Eol,
which is the plastic strain increment. Thus the conventional concept of
yileld can be obtained within the framework of endochronic theofy. ,



3. NUMERICAL EXAMPLES

The simple endochronic theory of viscoplasticity has been applied to

predictions of the 1inelastic dynamic response of structural systems
subjected to various 1loading conditionms. A summary of these efforts
follows.

3.1 SHALLOW SPHERICAL CAP SUBJECTED TO STEP UNIFORM PRESSURE LOADING

The example studied is of a clamped spherical cap subjécted to suddenly

applied uniform pressure (4.134 MPa or 600 psi) on its convex surface [5].

The problem is solved by assuming that either a plane stress or a plane

strain condition exists in the direction normal
The "constitutive equations are derived from
both plane stress and plane strain conditions.
results in terms of the apex displacement of the
classical elastic,

cap.

classical elastoplastic,

laws for the plane stress case.

to the midsurface of the
the éndoghronic theory for

Figﬁre 1 shows typical
cap obtained by using the

and endochronic constitutive
The results using endochronic constitutive
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Figure 1 Dynamic response of spherical cap under uniform
' external step pressure of 600 psi (plane stress)



law compare favorably with the conventional elastoplastic isotropic work-
hardening assumption as far as dynamic response at the apex of the cap is
concerned. However, the mean value of displacement. is higher and the
amplitude of vibration is smaller in the endochronic results than in the
classical theory. In other words, the use of the endochronic theory
produces a softer model compared to the models generated by the classical
theories. This, 1in a sense, would make the endochronic theory more
conservative than the classical approach in many design situations.

3.2 CLAMPED CIRCULAR PLATE. SUBJECTED TO EXPLOSIVE LOADS

A hardening structural system was examined on a clawped circular thin
plate loaded laterally over a circular central région with sheet explosive-
‘[5,6]. Figure 2 shows the resulting nondimensional apex displacement versus
time for 6061-T6 aluminum with applied impulse equal to 1.67 N.s. The
experimental results together with the finite-differenceé results of the
DEPROSS code also are shown in the figure. All numerical results presented
here are in good agreement with the experimental data during the initial
loading stage.  However, the displacements using endochronic theory are
consistently higher than both experimental and DEPROSS results after the
initial peak. This is attributed to the larger unloading slope of the
stress-strain curve based on simple endochronic theory compared to that for
elastic unloading. )
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Figure 2 Dynamic responses of impulsively loaded clamped
circular plate (6061-T6 aluminum, Inp = 1.67 Nes)



3.3 HIGH-VELOCITY IMPACT PROBLEM

This example considered a nickel cylinder impacting on an aluminum
plate at 500 m/s [5].- The cylinder was assumed to be bonded to the plate
such that no slippage could occur between the two surfaces, and the material
was not' allowed to fracture. Because severe distortions are expected for
this type of problem, the constitutive laws relating the volumetric stress
and strain were modified using the nonlinear M e-Gruneisen equation of
state, which relates the hydrostatic pressure and volumetric change. This
was done both for the elastoplastic and endochronic models. The problem was
solved using the corotational finite element method. The comparisons of
results for various time integrations stepé are shown in Fig. 3 up to the
time the models failed. ("Failure” is defined as the point when an element
is so severely deformed that its area or volume becomes a negative value.)
The deformation patterns of the elastoplastic model are highly sensitive to
the time steps used. When a large time step (say, A& = 0.1 us) is used, the
deformation pattern looks clearly like a plug formation type. As the time
step decreases, a new line of severe distortion occurs along a line about
45° from the axial direction. In other words, the severe deformation
. patterns are composed of only one "slip line” when the time step 1is large
and two "slip lines"” when the time steps are small. ' v
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Figure. 3 Comparisons of deformation of impact system for various
constitutive laws and time steps



The comparison of elastoplastic and elastic models reveals that this
anomalous behavior is caused by the plasticity of the model, because almost
identical results are obtained when the elastic constitutive law is used
with different time steps. The second row in Fig. 3 shows the results using
the endochronic constitutive law. Almost identical results are obtained for.
the entire range of different time steps used in the endochronic case; the
deformation patterns observed in the endochronic model are always composed
of two "slip lines”, one along 45° and another along 90°, irrespective of
the time steps used. Therefore, a larger time step can be used in the.
endochronic theory, thus reducing the computational time compared to the
conventional elastoplasticity model. It has been ‘shown that using the
endochronic theory results 1in about 30% savings in computational time
‘compared to classical elastoplastic models for the same accuracy [5].

3.4 CRACK PROPAGATION IN A PRESSURIZED CYLINDRICAL SHELL DUE TO
DUCTILE FAILURE '

The endochronic theory was applied to the study of dynamic motion of a
longitudinal through-crack along a pressurized -cylindrical shell [7].
Numerical calculations were carried out for a suddenly introduced axial .
through-crack in the wall of the pressurized pipe that is subsequenfly
allowed to propagate according to prescribed ductile fracture criteria. The
finite-difference method was used for numerical éomputation. Figure 4 shows
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the profile of one—quarter of the crack opening displacement at various time
steps just before the crack tip extended for an internal pressure of 3.474
MPa in an AS533B steel pipe. The resulting profile is smooth in both spatial
and temporal coordinates; this 1is in good agreement with many reported
results. There are no intermittency phenomena occurring 1in this
calculation. This is in contrast to some other investigators who have
reported the existence of such intermittent motions. Crack tip movement and
the hoop stress resultant history also were presented in [7] at various °
times. Due to the assumption of a constant internal pressure, no crack
arrest was observed in the example.

3.5 APPLICATION TO MULTIDIMENSIONAL STRESS CASES

The simple endochronic theory was successfully applied to the study of
axially symmetric motion of a finite circular cylindrical shell snhjected to
an arbitrary pressure transient acting at its inner surface [8]. The
endochronic constitutive laws for thin shells were derived. The governing
equations were then solved by means of the characteristics method. The
problem of a thick-shell was also studied and solved numerically by the
method of nearcharacteristics [9]. Many numerical results were obtained
[8,9] for specific boundafy conditions and prescribed pressure loading
histories.

Multidimensional stress—state endochronic theory formulations were used
to study the transverse behavior of a rod subjected to uniaxial loading and
to analyze the behavior of a pIéte subjected to an in-plane biaxial stréss
state under static conditions [10]. Again, very satisfactory results were
obtained. Therefore, in general, it can be sald that the simple endochronic
model with a simple relaxation function can ‘be applied successfully to
certain problems, although it may exhibit undesirable behavior for other
problems.
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4, UNIQUENESS AND STABILITY OF ENDOCHRONIC THEORY

As the endochronic theory developed, it was found that the unloading
slope of the uniaxial stress-strain curve is _larger than the elastic
unloading curve, as observed in most of the experiments for metallic
materials. As a result, Sandler [3] and Rivlin [4] argued that the theory
does not satisfy Drucker's postulate and hence the material would be
unstable and nonuniqueness of solutions could result. Several numerical and
analytical analyses were performed [l11] to evaluate the uniqueness and
stability of solutions using some simple mechanical models whose material
behaviors are governed by endochronic plastigity; It was found that the
simple endochronic material “creeps” undet the actlun of applied forces for
dynamic problems, which leads to "instabiliry"™ in the sense of Sandler's
argdment. However, it was also shown that the endochronic solution 1is at
least as unique as that of the classical elastoplasticity. It is also
evident from all the above-mentioned works that there are no numerical
difficultiés' assoclated with "the endochronic theory. Edelstein [12]
reviewed the main criticisms of the endochronic theofy by Sandler and Rivlin
and the response of its defenders. As stated in Reference'.12, - the
observations and analysis of Sandler and Rivlin, while very ingenious, were
addressed only to the simplest, special case of the 1971 theory, namely,
that of a single term hereditary modulus. Even with this, the endochronic
theory does not seem to have been fatally discredited. To the contrary,
Sandler and Rivlin may actually have helped promote the theory by raising
those questions, the answers to which will ultimately put it on a sounder
physical and mathematical foundation.
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5. IMPROVED ENDOCHRONIC THEORY

As mentioned earlier, due to the larger unloading slope in the
endochronic uniaxial stress—strain curve compared to the conventional
elastic unloading, the simple endochronic theory failed to predict closed
hysteresis loops for small unloading-reloading processes under an uniaxial
stress condition. Later on, Valanis [2] discovered that the discrepancy
between endochronic prediction and the experimental observation was due to a
thermodynamic cause and specifically related to the intrinsic time rate of
dissipation at the onset of unloading "or reloading. The energy of
dissipation upon unloading is essentially zero for elastic unloading, and’
Valanis found that if the measure of intrinsic time is defined in terms of
the increment of plastic strain, the dissipation rate at the onset of
unloading and reloading is zero. Therefore, it is more appropriate to adopt
the plastic strain increment than the previous total strain increment as the
measure of intrinsic time. '

With the plastic strain as an intrinsic time measure, it was possible
to prove that a yield surface exists under special conditions, and that
kinematic hardening rules are a consequence of the improved endochronic
theory. To show the influence of parameter k; in Eq. 5, a set of stress-
strain curves for o-titanium is presented in Fig. 5 for k; ='0.05, 0.5, and
0.95 [13-16]. For k; = 0.05, it can be seen that the unloading-reloading
behavior is of the type expected in simple endochronic theory; for k; =
0.95, the unloading-reloading behavior approaches elastic behavior.
Therefore, kl‘ = 0.95 provides a good approximation for elastic unloading
behavior and subsequent reloading behavior.

600

STRESS , M~
SESITEERE
1
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Figure 5 Lloading-unloading behavior of various k; values for o-Ti
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6. STRAIN RATE EFFECTS

The influence of strain rate on the mechanical resporise of materials
has been studied extensively 1in the classical theory of plasticity. It is
. clear that many practical dynamic problems can be treated satisfactorily
only if the rate dependence of plastic material behavior 1is considered.
Although various constitutive equations have been proposed in the past to.
accommodate the strain rate effect by introducing the concept of dynamic A
overstress, more research is needed for a consensus among proponents of the - 4
~various theories. In the framework of the improved endochronic theory, we
‘have proposed [13, 16] a logarithmic law, in either linear or quadratic
.form, of strain-rate function to describe strain rate ranging from 107
to 103 s1, Figure 5 shows the‘ stress—-strain curves of a-titanium at
various constant strain rates using the proposed law. It is gratifying to
note that the proposed strain-rate function 1is adequate to desciibe a wide
range of strailn rates for many engineering materials.
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Figure 6 Stress—-strain curves of _aTi for
‘various constant strain-rate
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7. VISCOPLASTIC WAVE PROPAGATION UNDER UNIAXIAL STRESS

To validate the effect of the proposed strain-rate function on dynamic
material response using the improved intrinsic time measure, the problem of
longitudinal wave propagation in a thin rod was studied [13-16]. The
specific ﬁroblem is to have an elastic hitter impacting on a semi-infinite,
slender, thin—walled, o~titanium tube through a transmitter. The
constitutive law for uniaxial stress with strain-rate effect was derived to
‘solve the initial-boundary-value problem of wave propagation. The numerical
results (method of characteristics) using the improved endochronic time
formulation were compared"with theoretical and experimental results from the
literature; this comparison is showh in.Figure 7 in terms of strain-time
profile for a prescribed impact velocity on the end of the tube for u, =
37.34 m/s. The qualitative features of the computed and experimental"
profiles are clearly in good agreement. Note that not only the loading wave
but also the unloading wave compared favorably with the experimental
results, which could not be obtained using the simple endochronic theory.
For more detailed discussion on these matters see Reference 13.
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Figure 7 Strain-time Histories of Longitudinal waves
in oTi, (u, = 37.34 m/s)
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8. RECOMMENDATIONS FOR FUTURE WORK

Because most of the work to date in applying the endochronic theory of
viscoplasticity is restricted to uniaxial stress or strain cases, it seems
logical to extend into multidimensional problems. As can be seen from the
previous discussion, wave propagation problems can serve as a rigorous test
for comstitutive laws under dynamic loading conditions; therefore, the
combined ‘multidimensional viscoplastic wave propagation will suit the
purpose. ' '

Many of the engineering materials are used at elevated temperatures
(nuclear power plant components, high—-temperature turbines, etc.). To
correctly model the mechanical response of those structural components at

"extreme load, we must study mechanical behavior under high-temperature
conditions. Again the endochronic formulations would be a good candidate
for those investigations. Once the temperature and high strain-«rate effects
can be modeled, then it will be possible to study interéction between
thermal and mechanical coupling (e.g. thermal stress problems in
solidification and melting, etc.). '

Another area in mechanics research that is attracting much attention is
the problem of fracture and fatigue. It seems ideal to utilize the concept
of intrinsic time measure to predict the fatigue 1life of structural
components, to relate the intrimsic time to fracture criteria, and to employ
it as a scale of damage accumulation.

» Concerniﬁg numerical technique, the endochronic theory has been used
with finite-diffefence methods, finite—element methods, and methods of
characteristics. For more complicated geometries, it appears that the.
finite—element method is most versatile. Tt is quite feasible to apply the
~developed endochronic formulations to all structural problems for which
conventional plasticity has been used. This would include limit analyses,
optimal design, shakedown analyses, and stability of elastic—plastic
equilibrium problems. The latter application 18 of importance in problems
involving fluid-structure interactions. -
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9. SUMMARY AND CONCLUDING REMARKS

Effort in . this project was concentrated on the development and
application of the dynamic aspects of endochronic theory. Specifically, the
following was accomplished:

° Numerical calculation for various dynamic structural response
problems were performed using simple endochronic theory and the
results were compared with classical plasticity theory and/or

. experiments.

[ ) Uniqueness and stability problems of the simple endochronic theory
arising from dynamic applications were studied.-

L The improved endochronic formulation was extended to include strain
rate effects and was applied to wave propagation problems.

The analyses that have been performed comparing classical and
endochronic theory have shown that in many cases the endochronic approach
can result in a substantial reduction in computational time, with equivalent
solution accuracy. This result, combined with the apparent accuracy of the
material representation, indicates that the use of endochronic plasticity
"~ has great potential in the evaluation of the dynamic response of structural
systems. It 1is anticipated that the saving in computér time noted in these
initial examples will also be realized in more complex cases. This
judgement is based on the fact that the numerical complexity associated with
the method does not increase as one " moves to more general or complex
problems. This is in contrast with classical plasticity, where complexities
associated with a multidimensional yield surface exist.

It has been shown that the endochronic theory of viscoplasticity can
uniquely predict many dynamic structural problems at least as well as the
classical plasticity theory without numerical difficulties or
instabilities. This was demonstrated in various numerical examples and by
theoretical analysis. As the theory evolved from the simple endochronic
formulation to the improved endochronic .theory. it was also shown that
although the imprerd theory can have an initial yield surface, one can
chose material parameters that approximate the classical elastic unloading
within accepted engineering accuracy yet without introducing a discontinuity
into the numerical cowmputation. Thus, the advantage of the simple
endochronic theory is preserved in the improved version, as was demonstrated
in the study of the wave propagation problems.
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