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Abstract 

A description is given of an experiment performed at the PEP electron-
positron storage ring, using the DELCO detector, to measure the formation of 
charged particle pairs from interactions of pairs of virtual photons radiated from 
the colliding electron beams. The final states which are measured are electron-
positron pairs, charged pion pairs, charged kaon ptt;rs, and proton pairs. 

Electron-positron pairs are separated from other data by use of gas Cerenkov 
counters. The shapes of all kinematic distributions are found to agree with 
predictions of quantum electrodynamics. These data also are used as an accurate 
normalization for subtraction of the muon-pair background and for measurement 
of the cross sections of the three hadronic channels. 

Pion pairs are measured in the mass range from 0.6 to 2.0 GeV, where 
production of the /(1270) resonance is observed to interfere with significant 
continuum production. The continuum is well described by single-pion exchange, 
allowing a measurement of the / two-photon partial width of 3.47 ± 0.37 keV. 
No a priori assumption is made about the ratio of helicity amplitudes, and the 
phenomenologicai model used in fitting the data is constrained to satisfy elastic 
unitarity. If unitarity is not required, then the .'.'.ted partial width is a factor of 
0.83 lower than the quoted value. The Q2 dependence of the cross section is found 
to be consistent with predictions of the Generalized Vector Dominance Model. 

Kaon pairs and proton pairs are identified by time-of-flight measurements. 
Kaon pairs are measured in the mass range from 1.3 to 2.0 GeV, where production 
of the / ' (1520) resonance is observed. The continuum background is estimated 
by extrapolation, allowing a m r ..ient of the / ' two-photon partial width of 
0.07 ± 0.04 keV. The LHO of the / and / ' two-photon partial widths is found to 
' ..itubtent with SU(3) quark model predictions with a mixing angle of 28 ± 4 
degrees. Twenty-three proton pairs are observed, and the average cross section 
for their production from photon-photon collisions in the mass range from 2.2 to 
2.9 GeV is measured over the angular range -0.6 < cos 8 < 0.6 to be 1.2 ± 0.5 nb. 
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1. The Two-Photon Particle Production Process 

1.1 INTRODUCTION 

The quantum theory of electrodynamics (QED) predicts that photons, the 

quanta of the electromagnetic field, will interact with each other through the 

exchange of virtual electron pairs—a phenomenon which necessarily is absent in 

the classical field theory of Maxwell. However, such processes are not observed 

from usual sources of electromagnetic radiation because the cross sections are 

prohibitively small except at photon energies well above the electron mass. But 

in the energy realm of modern accelerators, interest in photon-photon interactions 

goes well beyond the relatively simple QED processes. Photons interact with many 

particles other than electrons, so at high energies many possibilities are expected 

for two-photon interactions, with hadrons as well as leptons in the final state. 

Unfortunately, there are no sources of free, masaless photons in the energy 

ranges of interest to high energy particle physics which are intense enough to 

produce observable photon-photon collisions. Instead, such collisions always have 

been studied indirectly as interactions of virtual photons. The first methods to be 

used, such as the Primakov effect for two-photon production of x° and rj, involve 

the interaction of high energy photons with stationary atoms. An incident photon 

interacts with a virtual photon from the electromagnetic field around the atomic 

nucleus to produce a ir% for example. A more recent method, and the one most 

widely used, involves the use of the high intensity electron-positron colliding beams 

available in present-day storage rings. 

The most simple process by which two oppositely charged electrons can 

interact to produce a hadronic final state is through annihilation into a single 

virtual photon with an energy equal to twice the beam energy. That is contrasted 

with the process of interest to two-photon physics, in which a photon is radiated 

by each beam. Schematic diagrams for both processes are shown in Fig. 1.1. The 

second is of higher order in the small electron-photon coupling than the first, but 

the cross sections for two-photon processes can be very large in spite of that. 
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Figure 1.1. Production of non-leptonic final states in e + e~ collisions. 
Two possibilities: (a) single-photon production and (6) two-photon 
production. 

The reason is that single-photon production requires a spacelike photon with a 

mass equal to twice the beam energy, while the two-photon proce^ proceeds with 

timelike photons of generally lower energy and very low mass. Thus the two-photon 

processes can have relatively large cross sections in certain kinematic regions. In 

particular, the two-photon process favors the production of states X which have 

much lower energies than are available in single-photon annihilation. Also, the two 

processes produce states with differing quantum numbers, so tKey are in many 

respects complimentary. For example, the two-photon states have positive C-
parity, while for single-photon production the C-parity is negative. Also, a single 

photon always has spin-one and parity negative, while two photons can couple to 

resonances with a variety of spin-parity combinations. 

Since two-photon collisions at e+e~ storage rings are dominated by interac

tions of photons of low invariant mass (small Q2)t they resemMe the interaction 

of two real photons. The electron beams act essentially as intense sources of 

bremsstrahiung radiation, which interact as would two beams of high energy pho

tons. This line of thought is developed mathematically in Chapter 2, where we 
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calculate the spectrum of colliding photon pairs expected from an e+e~ storage 

ring and thereby justify the statements made here regarding the scales of Q 2 and 

energy involved in the photon-photon collisions. 

DELCO is an experiment which has taken data at the PEP electron-positron 

storage ring of the Stanford Linear Accelerator Center (SLAC). The emphasis 

of the detector is on tracking and identification of charged particles. In the 

momentum range pertinent to two-photon physics, electrons are identified by a 

threshold gas Cerenkov counter, and charged kaons and protons are identified by 

time-of-flight measurements. For both identification methods, a measurement of 

the particle momentum 1B essential, and that is made by drift chambers positioned 

within a magnetic field. A moie complete description of the detector and its 

performance is given in Chapter 3. 

The detector components used for particle tracking and identification cover 

about 603$ ot the solid angle, in a region centered about a plane perpendicular to 

the beam line. That is not sufficient for studies of inclusive particle production, 

especially since the two-photon state is preferentially boosted along the direction 

of the beam, causing moat of the particles to escape out the ends of the detector. 

The detector LB suitable for studies of exclusive states of low multiplicity, where 

aJl of the particles produced from the two-photon interaction are detected and 

identified. In particular, the ability of the detector to identify low momentum 

electrons gives special advantages in the study of two-photon interactions which 

produce only two stable particles in the final state. In this thesis, the reaction 

channels which are studied are 

e+e~ -+e + e~e + e~ , 

e+e" -*e+e-K+K-t 

and e+e~ -*c+e~pp. 

For the QED channel, the kinematic distributions measured from data are 

compared in shape with theoretical calculations. Also, the QED channel is used as 
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an accurate normalization for subtraction of the e + e~ —» e + e ~ / i + / i - background 

from the remaining data and for measurements of the cross sections of the hadxonic 

channels. In the 7r+jr~ channel the two-photon partial width of the / (1270) 

resonance is measured, and in the K+K~ channel the two-photon partial width 

of the / ' (1525) is measured. As the measurements of these partial widths is 

a principle object of this research, this chapter concentrates on discussiag the 

meaning of the two-photon partial width and its theoretical significance. Chapter 7 

elaborates at length on the specific theoretical models used in the analysis of the 

x+n~ channel. 

1.2 HADRON PRODUCTION FROM P H O T O N - P H O T O N INTERACTIONS 

Since hadrons are believed to be composed of point-like charged quarks, the 

interactions of ph.otor.tj with hadrons should ultimately be described by a QED 

type of coupling of photons to spin-j point fermions. The interactions of the 

quarks among themselves should then be described by Quantum Chromodynamics 

(QCD), in which the strong interactions are mediated by vector bosons called 

gluons, with additional small contributions from electromagnetic and weak effects. 

However, we know that hadrons are tightly bound within regions with dimensions 

smaller than lfermi = 5 G e V - 1 . Therefore, it is clear than a photon must have 

an energy much greater than 0.2 GeV before it could effectively resolve any of the 

detailed structure of a hadron.f Otherwise, it may be ^est to consider a physical 

description of photons coupling to point hadrons, with the addition of some form 

factor to describe deviations from point-like behavior. In principle, the form factor 

might be calculable from QCD; however, all that is possible at this point in time is 

to calculate perturbative expansions which are valid only at very short distances 

in space-time. Thus it is consistent to calculate scattering amplitudes in which 

photons couple to quarks and quarks interact through gluon exchange, but only if 

t That u not to say that the hadron structure cannot have a large effect on the strength of the 
coupling to photons. In fact, it is important, especially when the hadron is neutral, as we will see 
in Section 1.5. 

http://ph.otor.tj
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all of that takes place on a very small time and distance scale. What that means 

is that the wavelengths of the photons must be small on the scale of a hadron, and 

there must be a large momentum transfer between photons and quarks. 

Even then, after such a hard-scattering interaction occurs, the quarks 

remaining in the final state continue to interact over a long time interval, and 

the interaction, in fact, grows stronger as they separate from the point of collision 

with the photons. So one can not get away from the fact that the low-energy 

non-perturbafcive strong interaction effects must be modeled phenomenologically. 

The best that one can hope for is a factorization of the hard-scattering effects from 

the non-perturbative part, so that they may be dealt with .separately, and even 

measured separately to some extent. That has been done for the production of 

hadron pairs by two real photons by Brodsky *nd Lepage1 and extended to include 

virtual photons by Gunion, Millers, and Sparks? If the hadron pairs are observed 

at targe angles with respect to the incoming beams, which is experimentally 

necessary for most present experiments, anyway, then for sufficiently large two-

photon invariant mass, the photon energies and the momentum transfer are large 

enough that the perturbation expansion and factorization make sense. The first 

available experimental results indicate agreement, of low statistical precision, with 

the theory for pion pairs 3 ' 4 and kaon pairs? for pair masses as low as 1.5 GeV for 

kaons and 2.0 GeV for pions. 

In any case, DELCO is restricted by its methods of particle identification to 

pair masses below 2 GeV (or 3 GeV for proton pairs). Therefore, in the DELCO 

data neither do the photons have enough energy to finely resolve hadronic structure 

nor is QCD perturbation theory valid. Instead, the hadrons and hadron resonances 

must be considered to be the elementary particles, and their couplings to photons 

and to other hadrons are described according to phenomenology whî -h is well 

known from low-energy (by today's standards) hadron physics. For the ir +7r _ 

final state, the relevant phenom anology is presented in Chapter 7. 

0 

1.3 RESONANCE FORMATION 

The energy range accessible to DELCO ie, in fact, dominated by resonant 

effects from the / (1270) in the ir+ir~ channel and the / ' (1525) in the K+K~ 
channel. These resonances both represent tensor mesons of zero isospin and have 

been studied extensively in purely hadronic interactions. They are closely related 

to an iBovector tensor meson called the Ai (1320). Some of the information already 

known about the three is shown in Table 1.1. 

Table 1.1. Particle properties for the tensor mesons. The data are taken 
from Ref. 6 and represent averages of many experimental results, except 
for the / ' branching ratio to 77, which is from Ref. 7, the only published 
measurement to date. No DELCO results are included. 

Particle Ia(Jp)C Mass 
(MeV) 

Width 
(MeV) 

Decay 
mode 

Fraction 
% 

/ 0+(2+) + 1274 
±5 

178 
±20 

KK 

-n 

84.3±1.2 
2.9±0.4 
2.9±0.2 

0.0015±0.0002 

M l - ( 2 + ) + 1318 
±5 

110 
±5 

KK 

•*! 
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70.1 ±2.2 
14.5±1.2 
10.6±2.5 
4.9±0.8 

0.27±0.06 
0.00075±0.00016 

V 0+(2+) + 1525 
±5 

70 
±10 

KK 

IT 

dominant 
0.00016±0.00006 

The cross section for producing a resonance X from two photons is propor

tional to its two-photon partial width T 1 7 . Also, the probability for a resonance 

to decay into two photons is proportional to T 7 7 . So if the total width of the 
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resonance is represented by I\ then the two-photon partial width is related to the 

branching ratio to two photons by T7-, = BR(X —• -y-y) • T. Thus the two-photon 

partial *vidths of the tensor mesons are, according to Table 1.1, 

I / _ , 7 7 = 2.7 ±0.3 keV 

IU 2 _» 7 7 = 0.82±0.18keV (1-1) 

r / ,_ r 7 = o.u±o.or 
Tl e;te values all have been measured by two-phot*. > _uon at e + e — storage 

rings, so they all suffer from the same kinds of systematic effects as do the DELCO 

measurements. For example, 

•» The measurements are made with virtual photons, so an extrapolation must 

be made to Q2 = 0. We will see that for the usual experimental situation 

this effect is small. 

• Generally the resonance is not produced in isolation. Usually there is 

substantial continuum production which interferes with the resonant effects, 

and it must be modeled ^roperly in order to extract the resonant cross 

section. 

• The tensor mesons have widths which are large on the scale of the typical 

experimental resolution. Therefore, the energy dependence of the cross 

section must be appropriately modeled, leading to partial widths which are 

not constant with energy. One must be careful to understand how the final 

number given for the partial width is defined. This is closely related to the 

previous point—interference with a background would be no problem if the 

width were negligibly small. 

• A tensor meson may be produced from photon pairs with a total helicity of 

either aero or two with respect to the axis along which the photons travel in 

the center-of-m&SB system. Therefore, the angular distribution of the decay 

products is not known o priori but depends on dynamics of the production. 

This problem is discussed at length in the following section. 
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• Moat experiments have not been optimized for studying the relatively 

low energy two-photon production processes. This complicates the always 

difficult problem of understanding the detection efficiency. 

1.4 ANGULAR DISTRIBUTIONS OF TENSOR MESON DECAYS 

Consider a spin-2 meson in its rest frame with spin component A = 0, ± 1 , ±2 

in the z direction. When it decays into two spin-0 mesons, the angular distributions 

are given by the squares of d-functions, dj^o(0), where $ is the angle between the 

momentum of one of the decay products and the z axis. Figure 1.2 shows plots of 

the three angular distributions, using 

< & , ( « ) = ! c o s 2 S - | 
d 10( 8 ) = - \ / | s ' n 9 c o s f f (1-2) 

4o{6>=^ sin2». 

Also shown is the shape of the experimental acceptance for pairs produced at the 

angle 8 in the meson rest system, assuming that the mesons are produced by -77 

collisions in an e + e~ storage ring and observed by a detector with a laboratory 

acceptance of cos0i4b < 0.6 (appropriate for DELCO). 

If the experiment ia done with photons which are almost real, as is usually 

the case, then tensor mesons can be produced only with helicity A = 0 or 2, 

assuming an axis of quantization parallel to the photon momenta in the center-of-

maas system. Unfortunately, the angular distributions for these two possibilities 

are rather similar in shape in the experimental region of greatest acceptance, so 

the experiment is severely limited in determining the fraction of each component 

in the data. If that fraction is incorrect, then it is clear that an extrapolation to 

the fu!l solid angle, which is necessary to determine the two-photon partial width 

of the meson, can be greatly in error, since the two angular distributions are not 

at all similar near cost? = ±1 . Therefore, it is useful to have some knowledge of 
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Figure 1.2. Angular distributions for the decay of a tensor meson into 
two spin-zero mesons for helicities A = 0,1,2. Also shown is the shape of 
the acceptance of the DELCO detector. 

the ratio of the helicity amplitudes either from theory or from other experiments 
with greater angular acceptance. 

The Crystal Ball collaboration, using a detector with a maximum acceptance 
of 98% of the solid angle, measured the angular distribution for 77 —• / -• x°ir° 
within the limit |cos0| < 0.9 and determined that9 

rA=o 
= 0.12 ±0.39. (1.3) 

Theoretics! limits are even more stringent. In Ref. 10, elastic TT scattering is 

considered, and a sum rule is derived from nxed-t dispersion relations by invoking 

crossing symmetry. When partial wave expansions are inserted into the sum rule, 

with the partial wave amplitudes approximated by a series of narrow resonance 
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contributions, then the following inequality is obtained: 

V TL-i > « > —— : n - i + positive Je = 4 + contributions, 

(1.4) 
where the sums are over all of the tensor mesons. Because of the factors of l/mji, 
only the / , / ' , and the A§ contribute significantly, and from quark-partoiwnodel 
predictions, one expects the main contribution to be from the / . Therefore, the / 
partial width into -7-7 with kelicity-zero is expected to be suppressed by at least a 
factor of six relative to the helicity-two partial width. 

The authors of Ref. 8 and Ref. 5 claim that a six-to-one ? lppreasion of the 
helicity-zero amplitude may be c iculated from Clebsch-Gorr in vector coupling 
coefficients. They show that if the -77 system is presumed o have an angular 
momentum given by only the sum of the photon spins, then the J = 2, M = 0 
component of the -n system is six times smaller than the J = 2, M = 2 component. 
But that says nothing about how strongly the meson couples to the two helicity 
amplitudes. The two-photon width is a dynamical quantity related to the tensor 
meson structure. 

We describe the photon pair and pseudoacalar-meson pair by helicity states 
because that is a proper and convenient description of & pair of relativistic 
particles. For J = 2 there are live such states, but symmetry requires that the 
coupling be the same for +A as for -A, leaving only three independent amplitudes 
for an interaction. In a nonrelativisti'. case, one might find it convenient to make 
an LS decomposition and describe the two-particle state by the total spin a and 
the orbital angular momentum (, such that J — 7 + 1 . One easily can see that 
for J = 2 there are five possible combinations of A and /. Symmetry must again 
reduce the number of independent couplings to three, but it no longer is so obvious. 
Hence we talk in this case of some sort of orbital angular momentum amplitudes 
rather than helicity amplitudes. One could make the dynamical assumption that 
only / = 0 contributes, but some sort of justification must be given. Then the 
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number of amplitudes would be reduced to one. But when the relativists regime 
is approached, it does not seem to be of air greater advantage to make an ad 
hoc assumption that f = 0 than to assume that A = 2. Furthermore, it is a fact 
that an LS decomposition cannot be made for a pair of massless particles such as 
photons (see Section 7.1). 

Finally, let us consider what modifications of these ideas are necessary for 
an experiment done with virtual photons. We wish to measure the two-photon 
widths of tensor mesons for real photons, which requires a small extrapolation 
of the result obtained from scattering of photons generated by colliding electron 
beams. For real photons, the helicity-one amplitude is exactly zero, but it is 
possible for experiments done with quasi-real photons to see some contribution 
from helicity-one in addition to the helicity-zero and helicity-two contributions. In 
malting the extrapolation to real photons, one would want to isolate the helicity-
one contribution and drop it. We will not be concerned about this problem, 
though. First of all, the TY collisions observed by DELCO are from photons *hich 
are sufficiently close to being real that the helicity-one component must already be 
negligibly small.f Second, it is clear from Fig. 1.2 that the acceptance of DELCO 
is small for the helicity-one component, relative to the others, so not much of that 
component would be observed even if it were produced. 

1,5 UNITARY SYMMETRY AND THE TENSOR MESON NONET 

The theoretical importance of the two-photon width <-•? a meson stems from 
the general utility of electromagnetic probes. At a fundamental level, photons 
are known to couple only to charged particles, and the nature of the coupling is 
known in full detail from QED. Therefore, the only missing information about how 
the meson is produced from photons is the detailed structure of charged currents 
within the meson. The structure depends upon the composition of the meson and 
the strong interactions of its constituents, and it is what is of theoretical interest. 

| Tb»t is, for the untagged experiment (see Chapter 2). 
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The most basic theoretical model is the quark-par ton model, which assumes that 
each meson ia composed of two spin-g quarks of flavor u, d, or a. The only 
dynamical assumption made is that of (slightly broken) SU(3) symmetry under 
transformations of isospin and hypercharge. The u, d, and s quarks form a 3 
representation of SU{Z), and their antiparticles form a 3 representation, as shown 
in the weight diagrams of Fig. 1.3. The mesons are formed from combinations 
of quark and antiquark. Superimposing the two weight diagrams immediately 
generates the nine possible combinations of the / and Y quantum numbers, 
but there is an additional quantum number, spin, which must be considered. 
Spin singlet states are formed when the quark and antiquark have their spins 
anti-parallel, yielding the pseudoecalar nonet (t/,n\jr,K), while the vector nonet 
(<£, w, p, K*) is formed when the spins axe parallel. The intrinsic spin of the quarks 
should not be the only source of angular momentum, so we expect higher spin 
states. The 7 = 2 nonet has been observed, and the particles of which it is 
composed are shown in Fig. 1.3. We can consider these mesons to be composed of 
massive spin-\ quarks in a /'-wave state of relative angular momentum. 

The 3 ® 3 representation of Fig. 1.3 may be reduced to a combination of octet 
and singlet irreducible representations, 8 © 1. The charge neutral Ai obviously is 
a member of the octet. It is represented in terms of the direct product quark-pair 
states by 

M2,Q = 0) = ^ ( | d 3 ) - l u f i ) ) . (1.5) 

One of the other neutral states is in the octet, while the last forms the singlet. 

They are respectively 

U 8>=^(M+l<fl)-2|S!>) 

\h)=Js(Wa) + \<Q) + \,3)). 

The fact that the mesons of the octet in Fig. 1.3 do not all have the same mass 
is a clear indication that SU(3) symmetry cannot be exact. The strange mesons 
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Figure 1.3. 5U(3) representations formed by the u,d,s quarks and their 
antiparticles. I3 is the third component of isospin, and Y IB the hypercharge. 
The electric charge is given by Q = I3 + Y/2. The K states shown in the octet 
representation are the K"*[1430). 
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generally have larger masses than the others, which suggests that the s quark is 

more massive than the other two. In that case, the symmetric combinations of 

Eqn. 1.6 are unlikely to be realized in nature. In fact, from the branching ratios 

to KK of the observed mesons / and /' , one might guess that the / has almost no 

s-quark content, while the / ' is almost completely composed of 9 quarks. Let us 

define these physical states in terms of the / j and f\ through a mixing angle 6: 

|/> = cos6 | / 1 ) + , in6| / 8 > 

|/'> = - s i n e | / 1 > + cose | / 8 ) . 

Then the situation called ideal mixing, in which the / ' -is purely S3, occurs for 
6 = 35.2S°. 

The coupling strength g of 17 to a 99 pair is proportional to the square of 
the quark charge:8 

<«91TJ) « «? • *t(°) (S - wave) 
(1.8) 

< ? ? | n ) « e ; - * i ( 0 ) (P-wave) , 

where * 9 (0) and *^(0) are the radial quark wave function and its derivative at 

the origin. Assuming that the *^(0) are independent of the g$ flavor, the 77 

couplings of the tensor mesons then are proportional to coherent sums, given by 

equations 1.5 and 1.6, of the squares of the quark charges: 

ff(A2-.-n)oc^(e5-«J) = - 1 / ( 3 ^ 2 ) 

9(/s - 11) « -^('l + 4 - *£) = l/fSv'S) (1-9) 

S(/1 -* n) « ^ ( 4 + «S + «?) = 2 / < 3 ^ ) • 

SU(3) requires that the constant of proportionality in Eqn. 1.9 be the same 

for the Ai and /g. The singlet state is not necessarily related that simply to 

the octet states, however. If one does assume that the wave functions of the 



singlet and octet states are approximately equcl, then that implies approximately 

equal binding energies?1 That in turn implies, when SU(3) symmetry is broken 

by the a quark mass, nearly ideal mixing of the /B and f\. That is consiutent 

with the observed tensor meson nonet (but not the pseudoscalar nonet), so it is 

reasonable to use Bqn. 1.9 along with Eqn. 1.7 to relate the *n widths of all three 

of the physical mesons. With the widths related to the coupling constants by 

r-,-1 oc m3g2, we havet 

3 / _ . ^ . _ \ 2 r(/' — -n) _ f^ULy / cose-2y/2sine 
r ( / -»11) ~ \m/ ) ^sin0 + 2\/2cos0 
r(/ --n) 

T{A2 -»7ir) 
= i ( - ^ £ - j ( s ine +2v/2 cos©) 

(1.10) 

These relations give a reasonable fit to the data summarized in Eqn. 1.1, but 

we postpone any more consideration of them until the results of the DELCO 

experiment have been presented. 

Finally, the importance of the 77 width goes well beyond these simple 

predictions of the quark model. First, one would not expect Eqn. 1.10 to be 

satisfied to a high degree of accuracy, but any clear deviations from it could 

provide useful experimental input into the problem of meson structure. Second, 

the 77 width has a better potential of being understood theoretically than most 

nonperturbative phenomena associated with mesons. In fact, in the case of the 7r°, 

the 77 width has been rigorously calculated," due to the fortunate occurrence that 

it proceeds through a fermion loop, the axial anomaly, which is dominated by large 

loop momenta. Similar success has not yet been achieved for the tensor mesons— 

the theoretical predictions for r^_, 7^ range from about 1 to 20 keV. 1 3 Nonetheless, 

the strength of the 77 coupling is an important fundamental parameter of any 

t Kolanoiki points out in Ref. 8 that there does not appear to be a rigorous proof that this 
expreuion for the phaae apace factor is valid—in tome publications the width is taken to be 
proportional to m, rather than m3. Fortunately, there is not a large variation of mass in the tensor 
meson nonet. 
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resonance, and except for the 7r̂ , the best way to measure it is by 77 scattering 

at e"*>~ storage rings. 
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2. Two-Photon Interactions a t e+e Storage Hinge 

2.1 KINEMATICS 

The object of this research is the s tudy of cross sections for particle production 

from two-photon collisions. B u t the photons are produced over a range of momenta 

by electron beams, ao the CTOSB sections of interest always are convolved with a 

two-photon flux having a continuous energy spect rum. Also, t he center of mass of 

the two-photon s t a te generally is not the laboratory system bu t is boosted wi th a 

range of velocities relative t o the laboratory. Thus the kinematics and the cross 

sections bo th are complicated, so i t is essential t o unders tand fully t h e scattering 

of the b e a m particles a n d production of the two photons before dealing wi th the 

interactions of the photons themselves. 

Fi rs t , some conventions mus t be established for the nota t ion used to describe 

the kinematics. Figure 2.1 shows a schematic diagram of the collision with some 

of the variables t o be used, which are listed in greater detail be low: | 

Pi four-momenta of the electron beams (t = 1,2). 

E the storage ring beam energy. 

pj- four-momenta of the scat tered electrons. 

Et = pj° energies of the scat tered electrons. 

me = p? the electron rest mass. 

<p angle between the scattering planes. 

cosv =* (pi x p[) • {02 x pQ 

$i polar angles with respect to the beam axis. 

<f>i azimuthal angles. 

1i = Pi — pj momenta of the virtual photons. 
xi — 9?/^- energies of photons relative to the beam energy. 

t Factors of h and c are omitted from formulu and kinematic expressions, and the electron volt 
ia ueed aa a unit of mu«, momentum, energy, and, often, of inverse length. Also, the term electron 
is uied to refer to both the electron and its antiparticle, in the same way that the terms moon 
and pion commonly are used. Positron, or e + , is used for the antipartkle when the distinction is 
important. 
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Figure 2.1. A collision of two bremsstrahlung photons. This schematic 
diagram shows the notation to be used for a description of the kinematics. 

Q? s — <$ is always positive. 

Ei polarization of the photons. 

Jfey momenta of the j t h particle from the 77 system. 

kx = \&i± + fcjjjj total transverse momentum of the 77 system. 

Ex = £ / *J total energy of the 77 system. 

W = y/s = y/{q\ + 92)2 invariant mass of the 77 system. 

Z ~ W/2E 

y == t a n h - 1 0 rapidity of the 77 system in the lab frame. 

, = cosfl,- = cos 6V] &i is the polar angle of particle j in the 77 c m A 

The kinematics of the production of the two photons is determined by the 

four-momenta of the incoming and outgoing electrons. The z axis is defined in 

the laboratory such that the two incoming beams travel along it with equal and 

opposite momenta and with energy E (14.5 GeV at PEP). The beams at PEP 

are unpol&rized, so there can be no overall azimuthal dependence. Also, the 

polarization of the outgoing electrons is not measured, BO the total number of 

variables to be used to describe the kinematics of the mattered electrons is only 
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five. These are commonly defined in the laboratory system to be 

• two energies, E[ and E^ of the scattered electrons, 

• two angles, 6[ and 6'2, that the momenta of the scattered beam electrons 

make with the beam axis, 

• and one angle, <p, between the two scattering planes of the beam electrons. 

From these variables, the kinematics of the -n system are readily calculated. 

The energies of the virtual photons are 

E^ = Exi = E - E[, (2.1) 

and their invariant masses are 

*? = (* - P i ) 2 

= 2m2

e - 2EE\ U - y/l - (mtfE)* y/l - (m e /£ | )2 cos $\ 

For all angles 0|, qf is less than zero, BO the photons have spacelike momenta. 

Hence it is customary to define the positive quantities Qf ~ —9?. Since me/E <G 1 

(3.5 • 10" 5 at PEP), most kinematic formulas can be simplified by neglecting terms 

with it as a factor. One must be careful, though, in the region of very small-angle 

scattering, where the cross sections are the largest. In that case, 1 — costfj » i(?{2 is 

the order of m%/E2, so the electron mass cannot be neglected. In fact, substituting 

&{ — 0 into Eqn. 2.2 gives the minimum possible value for Q2: 

Q?m;n = ">lT^7. + 0(m*/Ei). (2.3) 

On the other hand, if the tth scattered electron is detected at large angle (tagged), 
then it is possible to use the simple formula 

Ql = 4E2{l-zi)Sm*(%e'i) < ? ; > m e / £ . (2.4) 

• 
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For both tagged and untagged events, the invariant mass of the i*i system 

can be calculated accurately by neglecting all factors of me/E. UBing p[ = 

E't + Oiml/E2), we find 

<S 2 , = («i + 12)2 = E2[Xi + xtf- {p[ + ptf 

= 4E2[x1X2 - \{1 - xi)(l - l 2 ) ( l + p[ • p'2)] , 

where pi • p 2 = cos <p sin S\ sin fl2 + cos ffx cos fl2 is the cosine of the angle between 

the two scattered electrons. Since in most cases the electrons scatter through small 

angles, yielding photons with small Q2, a good first approximation for untagged 

events is to use the simple formula £ 2 = (W^/2.E) 2 « a?ix2. 

2 . 2 CROSS SECTIONS 

The diagram of Fig. 1.1-b divides naturally into three parts, two of which are 

electron-photon vertices and are understood completely. The well understood 

factors can be written out explicitly and reduced. Figure 2.2 shows a single 

electron-photon vertex with the QED Feynman rules included.^ It contributes 

the factor u(p,«)(-i'e-j f l)fi(p',s') to the scattering amplitude, where u(p,s) is the 

momentum-space spinor wave function for a free electron with momentum p and 

spin s. When the amplitude is squared in order to calculate the cross section, and 

the spins of the unpolarized electrons are summed over, a factor like 

'"" = iE f i(i /.*' ,«(MWMh''«(P^') (2.6) 
q «' 

results , where l /(—9 ) is a normalization introduced for later convenience. Using 

twice the formula 

EMP,*)MP.*) = ( ^ ) a / (") 

t The rules may be found in Appendix B of Ref. 14. The conventions used for the metric and 
other notation associated with field theory are those of Bjorken and Drell. 



\u(p',s') 

q=p-p' 

Mp.s) 

Figure 2.2. An electron-photon vertex with external electron lines, 

where j = •fyp*,i gives the spin density matrix for the virtual photon: 

' (2-8) 

where gfty is the metric tensor for flat apace-time wit i trace - 2 . The density 

matrix is not diagonal, so the photons are polarized oven though the electron 

beams are not. 

Now, consider the full amplitude for the reaction of Fig. 1.1-b, The 

components are the two electron-photon vertices, the propagators of the virtual 

photons, and the amplitude for the coupling of two photons to the final state X. 

The latter is not specified at this point and simply is denoted by M**v, so the 

expression for the full amplitude becomes 

S 

(2.9) 

where the limit e -* 0 is to be taken. To form the cross section, this amplitude must 

be squared and sumnrad over all final states relevant to the experiment, averaged 
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over all initial states, and multiplied by the incident Sux. The various initial states 

are the spins of the unpolarized beam electrons, while the final state consists of a 

number of free particles, including the scattered beam electrons and the particles 

resulting from the ̂ n reaction. The latter have continuous spectra of momenta, so 

the sum over final states becomes an integration, weighted by the density of final 

states, as well as a discrete sum over the spins. For the normalization we assume 

for plane-wave particle states, the density of final states for a single particle is i ? " 1 , 

and the incident flux is 4[(pip2)2 — m^m^\ ' 2 / ( 2 i r ) 6 , or to sufficient accuracy for 

an electron storage ring, simply 7 = 4£?2/(2jr)6. The factor of 4 comes from a sum 

over all possible electron polarization states. Define Sfi = S/i + if>*[Pf — P%) Tp. 

Then the cross section for two-photon particle production at an e + e~ storage ring 

is given by 

(2.10) 
where Aira = e 2 . 

As is shown above, the invariant mass and momentum of the - n final state 
are determined by the momenta of the scattered beam electrons. Therefore, it is 
useful to differentiate Eqn. 2.10 in order to obtain the distribution of momenta of 
the scattered electrons. The resulting expression contains the tensor 

Wt-w = H2*)2JM'af>Ml>"6{qi + « - Ei*<) J ] ^ . (2.11) 

It must be true that WaP'i"' can be expanded into a sum of the various products of 

the available vectors, q\ and o 2i and the metric tensor, ?'"'. Budnev et ai'.1 5 carry 

out the expansion in such a way that the result is explicitly Lorentz invariant, 

invariant under time reversal [afi <-» /if), and gauge invariant (q%W°P'f"/ = 



jBWapfpv = q»Wa0tiu> _ qt^w^Pw = 0). When multiplied by the density 

matr ices for the two virtual photons and summed over aflfiis, the differential cross 

section b e c o m e s 1 6 

+ 2\p+-p+-\rTTcoS2ip + 2pi+p^<TTL + 2 / > S ° 4 + 0 r £ r ^'^ 

where (p is the angle between the scat ter ing planes of the two beam electrons in 

the - n center-of-mass system, and the aab are the cross sections for interactions 

of longitudinal photons {a,b ~ L) and transverse photons (a, 6 = T) . f The 

terms containing T^ are interference terms arising from polarization of t he virtual 

photons . The quanti t ies p * 6 , with superscripts referring to the photon helicities, 

can be expressed as functions of only the scattered electron momenta , and they are 

given explicitly in equation 5.13 of Ref. 16. T h e one which is of special significance 

for untagged experiments is 

++ = j rcy* • « - « • « ) » +1 + ^ 1 . {2.i3) 

Equat ion 2.12 shows t ha t the c + e - —v e+e~X cross section consists of the cross 

sections for T ? —• X convolved with known luminosity functions describing the 

product ion of the vir tual photons . In t h e next section* we will see t h a t under 

certain experimental conditions only afT I S significant and the luminosity function 

factors into two par ts—one describing each photon . 

t The term longitudinal photon refers to the component of the virtual-photon field with zero 
helicity (longitudinal polarisation of the electromagnetic field), while transverse photon refers to 
the component with helicity ±1 (transverse polarization). 
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2 . 3 THE EQUIVALENT PHOTON APPROXIMATION 

Because of the factor of l /g jg£ in Eqn . 2.12, it is evident t ha t the cross section 

is domina ted by quasi-real (low Q2) pho tons , which are associated wi th very small 

sca t ter ing angles of the beam electrons. If no requirement is m a d e to t ag the 

scatter*^ electrons a t finite angles, then the observed spec t ra mus t be dominated 

by . , j isi-real photons . In such a case it is advantageous to use an approx imate 

form of t h e cross section. 

Near mass shell, the cross sections for scat ter ing of longitudinal photons 

van i sh? 7 leaving only '.wo terms in Eqn. 2.12. Since the scattered electrons are 

no t tagged In this case, then the az imuthal angles are not known, resulting in 

an averaging over p. Therefore, the interference t e rms average to zero, and all 

polarization information is lost. Finally, the approximat ion q2 < W2 simplifies 

t he densi ty-matr ix e lements , resulting in a factorization of the cross section such 

t h a t there is a separate factor for each photon: 

d a = ff77d2n!d2n2 , (2.14) 

where o^ is the cross section for scat ter ing of two real, unpolarized photons . This 

is equivalent to an expression for scat ter ing of two beams of real photons with the 

flux of each given by 

(1 - *.• + £*?) - (1 H)-(i-*.-)%p (2.15) 

W h a t we have arrived at is an equivalent photon approximat ion (EPA) for two-

photon product ion, in which the electron beams have been replaced by equivalent 

fluxes of real photons . 

Equat ions 2.14 and 2.15 are intuitively meaningful and are especially useful 

for doing simple calculations. However, it is impor tan t to keep in mind the 

approximat ions involved. Firs t , all te rms of order Q2 jW2 in the expressions 



25 

describing the kinematics have been neglected. Second, contributions from 

longitudinal photons have been neglected. For the case of lepton production, 

*t*i —* /"*"/"", the cross sections are known, and one finds that the ratios oi/ifoTT 

and anjaff are the order of Q2/W2, The third approximation is the neglect 

of the Q a dependence of the - n cross sections. Again, for leptonic final states 

the variation from the cross section at zero Q2 is only the order of Q2/W2. The 

relevant cross sections are not known for the case of hadronic final slates, but 

experience with hadronic form factors and 7*p collisions suggests that longitudinal-

photon contributions and Q2 variations become important only when Q2 becomes 

the order of the square of the p mass? 8 

Therefore, EPA should be good as long as Q2 <£ W2 and, for hadronic final 

states, Q2 <t m2. If the events are not tagged, then the vast majority of the 

observed events will satisfy these criteria. If effective antitagging is not available 

to restrict severely the accepted range of Q 2 , then part of the observed cross section 

may not satisfy the criteria sufficiently well. This part will be small enough in most 

cases, relative to the peak at minimum <? 2, that distributions which are integrated 

over the range of Q2 still will not be stro .gly affected by the approximation. 

In Appendix A some techniques and examples are given on how to numerically 

integrate TY cross sections with the EPA spectrum over a typical detector 

acceptance. And in Appendix B there is a discussion of how to do such integrations 

by Monte Carlo methods over an arbitrarily complicated detector acceptance. 

There the results from using the EPA spectrum are compared with a Monte Carlo 

integration of the first-order QED cross section made without any : pproximations. 

One finds that for untagged events the results of the two calculations cannot be 

distinguished within the statistical precision of the DELCO data. 

2 . 4 LUMINOSITY FUNCTION FOR TAGGED EVENTS 

The equivalent photon approximation of Section 2.3 is expected to be of 

limited usefulness for tagged events because of the neglect of terms of order 
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Q2/W2. In DELCO, tagged events must have at least one photon with Q2 greater 

than about 0 . 1 3 G e V 2 , so with W as low as 0.6GeV, factors of Q2/W2 are not 

necessarily small. Therefore, let us consider again the exact differential cross 

section of Eqn. 2.12. We are not concerned with double-tag events, in which both 

scattered electrons are observed, because the cross sections are too small to be 

useful in the present experiment. Therefore, the terms containing TTT c o s 2<p or 
f T I . c o s £ > both average to zero. As for the rest of the terms, the p° h are known 

functions, but that is not so useful unless one also has detailed knowledge of o^/p 

and o^i as well as OfT- Except for purely QED processes, such knowledge is very 

limited. 

One expects that for small angle tags, the OTT term still dominates. Certainly, 

if one photon is antitagged, as in the DELCO experiment, then at least terms 

with 011 still are heavily suppressed. Thus there are only two relevant luminosity 

functions, which can be related by CLT = C C T T - The polarization parameter e 

may be expressed, for a slng/e-tag experiment, a s 1 0 

c - P? . , 2(1 - V ) 
~WT 2-2V + V" ( 2 . 1 6 ) 

P2I1 

where electron number 2 is tagged at an angle 6-2- F ° r DELCO, cos 2 (02/2) ~ 1 for 

al! tagging angles, so e w 2(1 - 1 2 ) / ( l - (1 - 1 2 ) 2 ] , which is within experimental 

errors almost constant and unity over the kinematic region typically of interest. 

In practice, 0{/r cannot usually be distinguished from OTT\ SO what one measures 

is o"exp = OTT + z°LT-> f°T which the luminosity function simply is CTT- Even 

then, one rjust have some way of parameterizing the Q 2 dependence of o*eXp, but 

that problem is deferred to the next section. Here we discuss only how to calculate 

CTT without mating the assumption used in EPA that Q 2 / W ! is small for both 

photons. 
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In Ref. 20 the calculations of Bonneau el al.21 are used to derive a single-

tag luminosity function in which the Q2 dependence of the untagged electron has 

been integrated out analytically, from the minimum given by Eqn. 2.3 up to the 

maximum of 4E2[1 — x) sin 2(S/2), where 9 is the minimum tagging angle. As a 

result, Eqn. 2.12 is approximated by 

&Xlil2A92

 = i*l£itt'"*ki'(®' < 2 1 7 ) 

trT i& *h* desired tagged luminosity function: 

(2.18) 

where K = (W2 + Q%)/iE2. Electron number 2 is assumed Is h° the one which 

is tagged. 

It is difficult to estimate the effects of the approximations leading to Eqn. 2.18, 

but some idea of its validity can be obtained by comparing with the Vermaseren22 

Monte Carlof calculation of e+e~ —* e + e ~ e + e ~ . The Vermaseren program does 

an exact calculation of the matrix element for the two QED Feynman diagrams 

corresponding to Eqn. 2.12 and also includes four more diagrams which contribute 

to the same final state in leading order QED. Those four additional diagrams, 

however, play a minor role within the phase space covered by DELCO'e acceptance. 

This comparison has been made by using in Eqn. 2.17 a formulafor o^_t+t-
which really is completely valid only for Q1 = 0. The acceptance is denned 

such that one of the final-state electrons scatters within 27 mrad of the beam, 

another is in the tagging range 27 < 6 < 93 mrad, and the remaining two are 

within the central acceptance -0.6 < cos0 < 0.6. Also, the two electrons in the 

Refer to Appendix B for a discussion of how the Monte Carlo calculation! are done. 
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Figure 2,3. The distribution of fcj_ for tagged Monte Carlo events, com
paring the simplified calculation (solid line) with that of the Vermaseren 
Monte Carlo. The two distributions are normalized to contain equal 
numbers of events total. 

central acceptance must have an invariant mass in the range 0.6 < W < 2.6 GeV. 

Obviously, the approximation used for o^T i 8 not good since it contains no 

Q2 dependence. Nonetheless, the shapes of the invariant-mass and angular 

distributions for the two electrons in the central acceptance are indistinguishable 

within the statistical precision available to the experiment. Even the distribution 

o( the total transverse momentum of the two electrons in the central acceptance 

agrees quite well, as seen in Fig. 2.3. However, the integrated cross section IB about 

10% higher than that calculated by the Vermaseren program. Such a discrepancy 

is to be expected, since the Q 2 dependence of ffyj- is neglected. 

2.5 EXTRAPOLATIONS OF CROSS SECTIONS TO LARGE Q 2 

Some simple models are available to predict the Q2 behavior of cross sections 

in Ty —* hadrons. We consider just the case in which only one of the two photons 

has non-negligible q2, so for example, Q 2 = -q\ and q\ «s 0. The vector dominance 



model (VDM) predicts that for small Q 2 , relative to mj, for example, such cross 

sections are proportional to a />-pole form factor:2 3 

-H) FAQ1) = I 1 + ^ j I • (2.19) 

This model is extended in Ref. 24 to be valid for somewhat larger Q2 by including 

contributions from the w and 4> vector mesons plus a terra designed to approximate 

the higher resonances and the continuum. Also, for large Q2 it is important to 

include effects from longitudinally polarized photons. That is done by assuming 

terms for aj/p identical to those for ffrr» only suppressed by a factor of Q2/4my-, 

where my is the relevant vector meson mass. Overall, the prediction for the 

measured cross section is given by a generalized vector dominance model (GVDM): 

<?exp =0TT + EULT 

^ ( • ^ ( • • s r - O ' S r ] ••*«•-
(2.20) 

The five parameters are determined by fitting to lepton-nucleon scattering data, 

for which this model does give a good fit. The numbers given in Ref. 24 are 

rp = 0.65, r w = 0.08, r$ = 0.05, re = 0.22, and m 0 = 1.4 GeV. 

The GVDM prediction may be used to extrapolate the measured two-photon 

partial widths of the / and / ' to Q2 ~ 0. However, a Monte Carlo calculation of 

the model for *n ~* *+n~ described in Chapter 7 reveals that the cross section 

integrated over the acceptance for an untagged experiment decreases by only 1.4% 

when the form factor of Eqn. 2.19 is introduced, which almost cc-rtainly is an 

overestimate of the effect. Such a correction is less than the typical experimental 

uncertainty and thus is not critical. It is of interest, however, to compare 

the prediction of Eqn. 2.20 with the ratio of results from untagged and tagged 

experiments. 
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3. Description of the Appara tus 

The DELCO experiment is a collaborative effort of groups from California 

Institute of Technology, Stanford University, and Stanford Linear Accelerator 

Center (SLAC). The DELCO detector accumulated data in one of the six 

interaction regions of the 2.5 km circumference PEP electron-positron colliding 

beam storage ring for a period of three years.t The beam energy was 14.5 GeV, and 

the luminosity ranged from about 10 3 0 to 1 0 3 1 c m ~ 2 s - 1 , giving a total luminosity 

integrated over the running time of about 170 p b " 1 . 

Figure 3.1 and Fig. 3.2 show longitudinal and transverse cross sections of 

the detector. The most important detector components are designed to intercept 

particles which scatter at large angles (> 45°) from the beam line. Travelling 

outward from the interaction point, such a particle first passes through the wall of 

the vacuum pipe and into the inner tracking chambers. Just outside of those are 

Cerenkov counters, followed by additional tracking chambers, a system of time-of-

flight counters, and a shower counter system. 

The reference coordinates used to describe the experiment assume that the 

positive z axis is along the beam line in the direction of the positrons (southward). 

The positive y axis points upward, and the positive x axis points toward the center 

of the storage ring. The origin is at the detector center, where the beams collide. 

3.1 TRACKING SYSTEM 

The inner tracking system consists of twoconcentric cylindrical drift chambers 

placed between the poles of a dipole magnet. The magnet produces a nonuniform 

field in the tracking volume. Its coiL are operated with a 3000 ampere current, 

which saturates the steel pole pieces at a level of about 20 kilogauss. The resulting 

field at the interaction point is 3.3 kilogauss, and the integral jB x df for a particle 

produced at the center and travelling outward to infinity is 1.8 kilogauss-meters. 

t The running period was divided into three time blocks, which we denote by 198S, 198$, and 
1984. Actually, each time block include! the Autumn running period of the previous calendar year. 



Figure 3.1. Longitudinal cross section of the DELCO detector. 

The drift chambers produce a maximum of 16 two-dimensional position 

measurements for each track. Eight are from layers of cells, called Z layers, 

arranged parallel to the beam axis, which measure only the coordinates in the 

transverse x-y plane. Eight more layers consist of stereo cells, arranged with a 

transverse angle of ±3° with respect to the Z cells. They are called U or V layers, 

depending on the sign of the stereo angle. When used in conjunction with the Z 

layers, they measure the angle out of the transverse plane (the dip angle A), as 

well as giving additional information on the x-y coordinates. The arrangement of 

the 16 layers is UUZZVVZZUUZZVVZZ. The total number of cells is 1214. 

Each cell is rectangular in cross section, with boundaries defined by 120 /im 

32 

FLUX RETURN 

BEAM AXIS SHOWER 
COUNTERS 

TOF COUNTERS 

FLAT MIRROR 

Figute 3.2. Transverse cross section of the DELCO detector. 
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diameter field wires and guard wires at high voltage. At the center is a thin 

(30 or 38 /.m) gold plated sense wire at ground potential. Figure 3.3a shows a 

cross section of a typical cell. The drift chambers are filled with gas mixtures only 

slightly above atmospheric pressure. For the first year of running, the mixture was 

55% argon and 45% ethane, and thereafter a mixture of 89% argon, 10% carbon 

dioxide, and 1% methane was used. 

A particle travelling radially outward leaves clusters of ionization in the cells 

along its path. Those which- are not too close to the cell boundary drift toward 

the sense wire along the electric field with a constant velocity of about bcm/fiBcc. 

The field intensity increases as the wire nears, so close to the thin sense wire an 

avalanche occurs, giving a gas gain of the order of 10 7. The time of the resulting 

signal is measured with respect to the beam crossing time to give the drift time. 

That is converted to a distance by a nonlinear relation determined by an iterative 

fit to actual data. Whether the track is to the right or the left of the sense 

wire by that distance must be determined from a global fit of all the individual 

measurements of a single track. The resulting single-cell resolution varies from 

layer to layer between 150 fan and 250 /*m. 

The outer tracking system consists of six planes of six layers each of drift 

chambers arranged in a hexagon about the Cerenkov counters. Four of the planes 

have cells parallel to the beam line, and two have large-angle (30°) stereo cells. 

Each cell is rectangular, as shown in Fig. 3.36, with a solid aluminum perimeter. 

Typical operating voltages are indicated in the figure. The maximum drift distance 

of A cm is much longer than that of the inner chambers. The single-cell resolution 

IB on average about 500 /*m. 

Tracking measurements in the x-y plane give the curvature K of a track, 

and that combined with the dip angle A gives the momentum. The full set of 

parameters used to describe a track are « and tan A, along with 4>0y ^o, and xt; 

respectively the <j> direction, z position, and distance from the beam line at the 

point of closest approach of the track and beam. A pattern recognition program 
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Figure 3.3. Drift chamber cell configurations. («) A typical cell of the 
inner cylindrical drift chambers. (6) A cell of the outer planar drift 
chambers. 
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associates the individual measurements, called hits, to form a track and does a 

preliminary fit of these parameters. A track fitting program then does a detailed fit 

of each track using all the information known about the nonuniform magnetic field. 

For the events considered in this thesis, this procedure is relatively uncomplicated 

and error free, because the tracks, being opposite each other, never interfere with 

one another. 

For electrons from Bhabha scattering, the tracking system measures the 

momenta with a resolution of op'p = 0.02 • p, where p is in units of GeV. For 

measuring such high momentum (p = 14.5 GeV) tracks, the outer drift chambers 

are essential, since even at that radius the total track deflection from the magnetic 

field is only about 2 mm. The errors come from single-cell time measurements 

and from survey measurements of the positions of the outer drift chambers. The 

opposite is true for two-photon events, where 0.5 GeV is a typical momentum. For 

them, the measurement error is dominated by multiple scattering of particles in 

the detector material. Due to the relatively large amount of material preceding 

and within the outer drift chambers, those chambers are not useful for momentum 

measurement in two-photon events. Consequently, their measurements are heavily 

deweighted in the tracking fit. In fact, no significant change in resolution is 

observed when they are removed from the fit entirely. They art useful for 

projecting the track into the time-of-flight and shower counter systems, which 

lie immediately beyond them. 

Since the outer drift chambers do not contribute to momentum measurements, 

the material which causes the multiple scattering limitation to the momentum 

resolution is that located between the beampipe vacuum and the drift chamber 

gas, plus the thin wall between the two inner drift chambers. Additional small 

contributions come from the gas and wires within the tracking volume. The 

thickness of the beam pipe plus the adjacent inner drift chamber wall was 0.029 

radiation lengths of aluminum for the 1982/1983 running period. Before the 1984 
run the beampipe was replaced, reducing the thickness to 0.013 radiation lengths?5 
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The wall between the two inner drift chambers was 0.005 radiation lengths thick. 

The detector simulation program calculates multiple scattering of individual 

particles according to a simple gaussian distribution. The angle of deflection in 

three dimensional space is distributed according to 

i»(M)dffd*= -L-t-Q2Wl sin0d0d<6, (3.1) 

where 9Q depends on the momentum and the material according t o 2 6 

14 1 MeV 
*Q = — ' - t f—ZincVL/ lR [1 + s 1ogio(£/£*)] (radians). (3.2) 

Variables p, 0t and Z; n c are the momentum (in MeV), velocity, and charge number 

of the incident particle, and L(LR is the thickness in radiation lengths of the 

layer of material through which the particle passes. Equation 3.1 is an accurate 

approximation to the body of the true distribution, but it lacks the small and 

slowly falling tails which are caused by single hard scattering effects. In the 

DELCO programs, the material itself is represented by simple concentric cylinders 

with thin walls. The gas and wires are approximated by the equivalent average 

amount of material and are treated in the same way aa detector boundaries. 

Measurement errors for single cells are approximated by smearing the 

expected drift times according 10 gaussian distributions of the appropriate width. 

Bhabha scattering events are used to determine the widths, which works well 

because the 14.5 GeV tracks suffer very little from multiple scattering. 

Such a Monte Carlo simulation of the process e+e~~ —* t+c~/i+ji~ predicts 

the resolutions given in Table 3.1 for the momentum measurement of the muons. 

These predictions are checked against the data by considering the distribution of 

the quantity k± = \p±l + p j 2 1 , which is sharply peaked toward kj_ = 0 and thus 

highly sensitive to measurement errors. One finds poor agreement; the Monte 

Carlo prediction is more sharply peaked (smeared less) than the data. If instead 
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of using the detailed detector simulation, the Monte Carlo generated variables <t>, 

tan A, and JC simply are smeared by gaussian distributions of the widths given 

in Table 3.1, th-n the same discrepancy is found. In fact, one finds that, for 

the 198S/1988 data, it is necessary to increase aKJK. to 0.08, with o"̂  and <r l M 1 j 

fixed, in order to achieve good agreement with the data. Various factors besides 

the momentum resolution, such as radiative effects and the intrinsic pj_ of the 

focussed colliding electron beams, have been checked to be sure that they cannot 

account for the discrepancy, so the problem does seem to lie with the momentum 

resolution. 

Table 3.1. Monte Carlo predictions for the momentum resolution of 
muons from the process e + e ~ —» e+e~ii+fi~ 

1982/1983 1984 

"* 0.0058 radian 0.0043 radian 

» t u J 0.0077 0.0060 

OK/K 0.056 0.053 

A useful process for checking the momentum resolution is Kg —* 7r~*~ff—. 

A clean sample of 18S such decays, in which the two pion tracks are well 

separated from any others in the event, were found in the 1982/1985 data by 

searching for the characteristic decay vertex. The resulting ir+ir - mass peak, 

along with a gaussian fit, is shown by Fig. 3.4. The width of the fitted gaussian 

a am = 19.6 ± 0.9 MeV. Generating similar decays by Monte Carlo, including 

the detailed detector simulation, yields a peak with am = 18.2 ± 0.5 MeV. And 

when the Monte Carlo resolution oK is increased enough to give good agreement 

with the Jfc_L distribution from two-photon pair production, then the Ka width 

increases to 21.3±0.7 MeV. Thus the width from data falls about halfway between 

the two Monte Carlo assumptions. Unfortunately, there are not enough K, to 

make the result highly significant. We conclude that, for low-momentum tracks. 
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Figure 3.4. The Treasured if, mass distribution for 198B/198S data. The 
solid curve is a gaissian fit. 

trKJK. =s 0.07 ± 0.01. This result also is adequate for the 1984 data. Figure 3.S 

compares the Jbj_ distribution from two-photon produced electron pairs with Monte 

Carlo predictions for a jaussian resolution O(OK/K = 0.07. The angular resolutions 

are fixed as specified in Table 3.1. It is clear that a gaussian resolution function 

does not reproduce the shape of the observed k± distribution very well. However, 

none of the other kinematic distributions of interest are nearly as sensitive to the 

momentum resolution The uncertainty of ±1% in the momentum resolution is 

taken into account w^ n determining the systematic errors in the analyses which 

follow. With the assumption CTS/K = 0.07, the resolution for the invariant mass W 

of a pion pair in the / resonance region (0.9 <W < 1.4 GsV) is o\y = 0.053 GeV. 

Finally, one can see from Fig. 3.4 that the K, peak is as much as 2% low. 

Measurements of the DELCO magnetic field, however, indicate that the energy 

scale of the experiment should be accurate to within ±1%. In any case, the analysis 

in this thesis is done in such a way that it i? insensitive to any such systematic 

shifts of the overall energy scale. 
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Figure 3.5. The measured distribution of k±. The points show 
1988/1988 data, which is compared with a Monte Carlo prediction 
assuming a momentum resolution of CK/K = 0.07. The smooth dotted 
curve shows the Monte Carlo distribution before adding resolution effects. 

3.2 CERENKOV COUNTER SYSTEM 

The DELCO detector was designed to accommodate a large system of highly 

efficient gas threshold Cerenkov counters with a minimal amount of material 

between the beam-beam interaction point and the Cerenkov radiator. This 

dictates, for example, the configuration of the magnetic field, with the coils placed 

outers the detector ends. The Cerenkov system consists of 36 cells covering the 

regies it J A < B < 3?r/4 and 0 < 4> < 2JT, which is about 70% of the full solid angle. 

There are 18 divisions of the azimuthal angle, and the polar acceptance is divided 

about the z = 0 midplanc of the detector, 

Two separate data sets were accumulated by the DELCO experiment. In 

one, the Cerenkov system was filled with atmospheric pressure isobutane. In the 

other, it was filled with atmospheric pressure nitrogen, which is less dense and 

therefore gives higher particle thresholds. The radiator path lengths range from 

55 to 110 cm. For the isobutane radiator and an incident high momentum electron, 
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this results in an average of 30 photoelectrons produced at the light detecting 

photomultiplier tubes. Consequently the efficiency is almost 100% throughout the 

active volume. Section 4.4 discusses in some detail this question of efficiency as 

related to the analysis at hand. 

The counter optical system is designed for efficient collection of light produced 

by straight tracks from the origin. That meann that if the particle is only slightly 

above threshold, so that the light is emitted in a cone of large angle about the 

track, or if the track is at such a low momentum that its curvature in the magnetic 

field is significant, then the light collection efficiency suffers somewhat. Figure 3.6 

*IB a drawing of the optical system. Large glass elliptical mirrors, one for each cell, 

are situated such that one focus is at the interaction point and the other is at 

the face of the phototube. Therefore, all paths from the interaction point to a 

phototube are of the same length. Winston cones 2 7 placed before the phototubes 

aid in the collection of light which is not focussed directly onto the photocathode. 

Each phototube is protected from the fringe field of the magnetic spectrometer by 

a small compensating coil and four concentric cylinders of ferromagnetic material. 

Both the pulse heights and times of signals from the phototubes are digitized. 

The system is calibrated by using electrons from the processes e + e~ —• e+c~ and 

e+e- ^ e + e ~ « + e ~ . The path length of each track through the counter is known 

from tracking measurements. The calibration procedure is designed to correct the 

observed pulse height associated with a given track for the track's path length and 

the collection efficiency of the particular cell. The resulting corrected pulse heights 

are normalized to a path length of 100 cm. The time corrections are adjusted suc'\ 

that the mean time is zero. See Ref. 28 for a complete description of the counter 

design, construction, calibration, and performance. 

3.3 BARREL SHOWER COUNTERS 

The barrel shower counters consist of six sextants arranged in a hexagon sur

rounding the other detector components. Each sextant contains four longitudinal 
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Figure 3.6. The optical system of a Cerenkov counter cell. 

counter modules, each with three 1/2 inch thick layers of lead interleaved with 

three 1/4 inch layers of acrylic scintillator. An aluminum structure supports the 

four modules with a 1/4 inch thick plane in front facing the interaction point, a 

1 inch plane in back, and 1/4 inch thick planes on the sides and between adjacent 

modules. The first scintillator of each module is read out by phototubes at both 

ends, while each of the second and third layers are separated by mirrors at z = 0 

into two counters which are read out at opposite ends of the detector. The total 

amount of material preceding the last layer of scintillator is 6.9 radiation lengths. 

The counter system may be used to distinguish electrons from minimum 
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ionizing particles, especially at high momenta. However, they are not used for 

that purpose in the analysis of two-photon events. Such events arc low in energy 

and have widely spaced tracks, which allows identification of electrons by the 

Cerenkov system. The only purpose of the shower counters in this analysis is to 

reject background from two-track events with additional particles not detected by 

the tracking system. Layers 7 through 16 of the inner tracking system have a small 

dead region at the y-z (vertical) plane which can allow some untracked charged 

particles into the barrel shower counter region. But for the most part the tracking 

coverage is more complete than the barrel shower counter coverage, so the main 

objective of the shower counters is to veto events with photons in the final state. 

The barrel shower counters cover the range in pola' .igle from about 

COB$ — —0.6 to COB9 t= 0.6 (the exact cutoff depends on <p, since the counters 

are planar). The azimuthal coverage is broken by 3/4 inch gaps between counters 

and larger gaps between sextants, so the total solid angle covered is only 0.52 ' 4ff 

steradians. Thus it is possible for many photons to escape detection. However, 

such background can be estimated, and as we will see, it is not a serious problem. 

The only other use of the barrel shower counters which is relevant to this 

analysis is in the detector trigger. In fact, all of the useful triggers have a 

shower counter component. That is unfortunate, for such a trigger is inefficient in 

the detection of low energy, low multiplicity events, and there is little trigger 

redundancy to exploit in understanding the trigger efficiency. Consequently, 

the most difficult and most important part of the analysis is to understand the 

efficiency of the shower counter system. 

The individual counters are said to latch when the phototube pulse height 

is above a low threshold near the beam crossing time. The threshold is a 

small fraction of the signal expected from a single ionizing particle, so one finds 

no noticeable inefficiency of the scintillation counters themselves. However, to 

produce a shower counter Iztch, the trigger logic requires two out of three of the 

layers in a single module to latch. Therefore, particles must pass through all 
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of the detector material between the interaction point and the second layer of 

scintillator before a shower counter latch can occur. That is a total of about 5 

radiation lengths or 0.3 interaction lengths. 

In later chapters the shower counter latch efficiency is determined for electrons 

and pions from the data by exploiting what trigger redundancy there is. However, 

it is important to check the results by calculation. That is done by using the 

Electron-Gamma-Shower (EGS) Monte Carlo 2 9 and the High Energy Transport 

Code (HETC) Monte Carlo 3 0 to predict the fractions of electrons and pions which 

will penetrate, in some form, through the material. Special code has been written 

for this analysis to interface these programs with the detailed geometry of the 

DEL CO barrel shower counters, plus the layers of aluminum, scintillator and glass 

which precede the shower counters. That in turn is interfaced with the rest of the 

detector simulation code for the tracking chambers and the Ccrcnkov counters. 

3.4 POLETIP SHOWER COUNTERS 

The magnet pole tips are covered by another set of lead-scintillator shower 

counters consisting of 0.53 cm thick layers of lead interleaved with 1/4 inch thick 

acrylic scintillator. The total thickness is 5 radiation lengths. Each poletip counter 

is divided into 18 azimuthal wedge-shaped segments, each of which is read out by 

BBQ wavelength shifter and a Bingle phototube. There is no radial segmentation. 

The counters cover the angular range 0.81 < |cos0| < 0.98, which is 17% of the 

total solid angle. 

In this analysis, these counters are used only as veto counters. No events are 

accepted which deposit energy above noise level in the poletip counters, whether 

the energy is from charged particles or photons. Combining the poletip counters 

with the barrel shower counters gives a total coverage of 0.69 • 4?r steradians for 

Vetoing events with photons and extraneous charged particles. 
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3.5 TIME OF FLIGHT COUNTERS 

A set of 52 1-inch thick by 8 inches wide acrylic scintillation counters are 

mounted on the face of the barrel shower counters with 8 or 9 per sextant. Each 

is read out at both ends by phototubes. They are used in this analysis to reject 

cosmic ray background (see Section 5.2) and to identify kaons and protons by 

time-of-flight measurement. The average time resolution for minimum ionizing 

particles is roughly 330 ps. Refer to Cha-aer 9 for a detailed discussion of their 

use and performance in particle identification. 

3.6 LUMINOSITY MONITOR 

The luminosity monitor is made of two sets of six lead-scintillator shower 

counters, with one at each end of the detector about 280 cm from the interaction 

point. Each set forms a hexagon about the beam pipe and is segmented into 

sextants. Each sextant is composed of 16 sheets of 0.56cm thick lead interleaved 

with 1/4 inch thick scintillator. All sixteen layers of a sextant are read out by a 

single phototube by way of a BBQ wavelength shifter bar. In addition there is a 

scintillator on the front of each sextant which is read out separately. The angular 

range covered by the counters is roughly 25-90 milliradlans with respect to the 

beam axis. 

The counters are designed to monitor beam luminosity by measuring the rate 

of Bhabha scattering. In this analysis they are used to determine the relative 

integrated luminosity of one run with respect to another, but no attempt is made 

to obtain from them an absolute normalization. The Bhabha scattering cross 

section varies like 1/8* at these small angles, which necessitates a very accurate 

knowledge of the counter acceptance in order to predict the integral of the cross 

section over the acceptance with sufficient accuracy to be used as an absolute 

normalization. It turns out that it is easier to normalize to measurements of QED 

processes in the central detector. 
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An important use of the luminosity counters in this analysis is to tag (or anti-

tag) two-photon events by detecting (or vetoing) the scattered beam electrons. 

They are not used to help veto events with photons in the final state because of 

the relatively large background of synchrotron radiation from the beams at those 

small angles- Beam electrons scattered with energies around 14 GeV, however, are 

well separated from the noise and are relatively easy to detect.t We defer further 

discussion of the tag analysis to Section 4.9. 

3.7 EVENT TRIGGER 
Signals from the various detector systems are processed by on-line hardware 

immediately after each beam crossing in order to determine whether anything 

interesting occurred and the data should be written to tape- This trigger process 

occurs in two stages. The first stage considers only information fram the various 

counters and is fast enough to make the necessary decision between beam crossings 

(every 2.4j*sec). There are several logical combinations of counters which can 

produce such a level-1 trigger, and for a high-energy, high-multiplicity event most 

of them are redundant. For detecting pair production by two photons, however, 

only three triggers are relevant, and there is not always a redundancy. 

Each of the three triggers, which we denote by KS, 2St and LS, includes a 

barrel shower counter requirement. The KS trigger requires at least one detector 

sextant to have one or more C:*renkov counters fired in coincidence with one or 

more shower counter latches. Recall that a shower counter latch is defined to be 

a coincidence of at least two layers of a single module. The 2S trigger requires at 

least two different sextants to have one or more shower counter latches, and the LS 

trigger requires that at least one of the two luminosity counters fire in coincidence 

with one or more shower counter latches. For all of these triggers, the coincidence 

time window is centered about the beam crossing time and is sufficiently large to 

accept all beam related events. 

f Such tagging cannot be done with the poletip counters, however, which are too thin to 
distinguish reliably between such high momentum electron? and photons at much lower energies. 
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The second stage of trigger processing considers the tracking information from 

the inner drift chambers and commences only if an event satisfies the level-1 trigger. 

There also is a leveI-2 trigger which depends only upon "neutral" energy, but it is 

not relevant for this analysis. We do not discuss in detail how the hardware defines 

a "track" but only mention that the definition can accommodate true tracks with 

momenta as low as 0.1 GeV. The level-2 requirement is for at least one "track" 

to be found in the inner drift chambers. For the 1084 data, there is also the 

additional requirement that it must point roughly toward a fired shower counter. 

If an event satisfies the level-2 requirement, then it is read into the computer and 

written to tape. The rate of events satisfying the level-2 tracking requirement was 

typically 1-2 hertz. 

The level-2 trigger introduces no loss of efficiency for event types of interest 

in this analysis—any event leaving two tracks roughly back-to-back in <f>, through 

enough cells such that they could be found by the full pattern recognition program, 

certainly will fulfil this part of the trigger requirement. That is verified by the fact 

that all such two-track events have two or more "tracks" found by the hardware 

processor. 

The level-1 trigger is more of a problem. Aside from the obvious geometric 

inefficiencies of the various trigger components, the only significant inefficiency 

which has been found is caused by actual absorption of particles by the material 

of the detector. That of course depends on the type of particle involved, so we 

defer all further discussion of trigger efficiency to the sections in which the reaction 

channels of interest are studied one by one. For a more complete discussion of the 

hardwwe of the detector trigger and data acquisition system, one may refeT to 

Ref. 31. 
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3.8 DATA PROCESSING AND REDUCTION 

3.8.1 Pass-1 Filter 

The first step in off-line processing of data is to analyze all events with a set 

of programs called the Pass-1 filter. This filter analyzes all the detector systems, 

starting with the most simple, and rejects after as little computation as possible 

those events which cannot possibly be of any use for physics. The cuts made 

generally cause no inefficiency for physics data beyond what is inherent in the 

trigger and the detector systems themselves. In this section, only those processing 

steps which are important to an understanding of the analysis in this thesis are 

considered. 

The first stage of processing considers the information from the shower 

counters and time-of-flight counters. There must be at least one counter of either 

system measuring a time-of-flight of less than 11 ns and greater than 3 ns. Such a 

measurement requires a counter with valid time measurements at both ends, but 

that much is almost certain for events satisfying one or more of the triggers, all of 

which require shower counter latches. Furthermore, in order to be eo identified, 

kaon pairs and proton pairs must have good timing information from the time-

of-flight counters for both tracks. The only potential inefficiency, then, is from 

the 11 ns cut itself. However, it turns out that kaon pairs and proton pairs with 

enough energy to satisfy the 2S trigger have times of flight to the counter systems 

which are short enough not to be affected by this cut. 

The next stage of processing considers the hits in the tracking chambers in a 

simple manner similar to what already has been done by the hardware processor 

of the trigger. The objective is to eliminate quickly events with not enough drift 

chamber hits to form at least two separate tracks and to eliminate events caused 

by large bursts of noise. These cuts introduce no inefficiency. 

The following stage involves the detailed pattern recognition necessary to 
associate drift chamber hits into complete tracks, each with measured curvature 

and direction. It is important that the preceding stages eliminate as many junk 
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Figure 3.7. The efficiency of the pattern recognition early abort feature 
used in the Pass-1 filter for two-track events. 

events as possible, because the pattern recognition is relatively time consuming. 

For the same reason, the pattern recognition programs are design to abort early 

those events which do not look promising. The programs look first for relatively 

straight tracks coming from close to the origin and having associated hits from 

both the inner and outer tracking systems. If no such tracks are found in the first 

pass, then the event is rejected. The result is that events in which no tra*-1: '.as a 

transverse momentum pt greater than about 0.2 GeV get rejected. Actually, the 

cutoff is somewhat soft, as shown by Fig. 3.7. 

The Pass-1 filter requires that each event have at least two tracks found by 

pattern recognition. Details of the pattern recognition are not discussed here, 

because although the procedure is complicated in general, for events with only 

two tracks it is relatively simple and not problematic. The only problem which 

occasionally arises is when a large amount of noise overlaps a track or mimics a 

track. 

After pattern recognition is complete, the resulting tracks are extrapolated in 

order to associate individual Cerenkov, time-of-flight, and shower counters with 
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each track. At this point, the Paas-1 filter requires that at least one track have an 

in-time time-of-flight or barrel shower counter associated with it in this manner. 

3.8.2 Event Classification 

After the Pass-1 filter has been applied, the results are passed through 

several filters designed to classify and separate the events into several physics 

and calibration categories. The categories are not exclusive, and the cuts applied 

generally are very loose. By far the largest physics data set is generated by the 

two-photon filter, which is the only one of interest here. 

All of the cuts of the two-photon filter are superseded by analysis cuts 

discussed in the following chapters. First, very obvious cosmic rays ai° rejected, 

but the cosmic-ray cut discussed in Section 5.2 is more severe. Second, all events 

with greater than 4 GeV of energy detected in the luminosity counters are accepted 

as tagged event candidates. The remaining events are projected to four additional 

loose cuts, designed to accept charged exclusive events: The total event charge 

must be no more than 2 in absolute value; the average of the z coordinates of 

the track origins must be less than 8 cm in absolute value; the sum of the track 

momenta must be less than 5.5 GeV; and the total transverse momentum fcj_ must 

be less than 0.6 GeV, 

3.8.3 Track Fitting 

After classification, events are passed through track fitting programs, which 

are designed to improved upon the fit obtained in pattern recognition by doing a 

more complete integration of each track through the non-uniform magnetic field. 

A track is described by the five parameters «, tan A, <£0, 20, and xt at the point 

nearest the beam. These parameters describe a helix, but because of the non-

uniformity of the field, the overall track is not helical. However, each step of the 

integration covers a small region in which the field is sufficiently uniform that the 

track segment is a helix to a good approximation. 
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After the track has been integrated through the drift chamber regions, for 

each cell through which it passes the distance of the track from the measured 

hit position may be calculated. A x value is formed by the sum of squares 

of such residuals, with each term divided by the square of the expected error. 

Correlations between layers are not included, though they can be caused by 

multiple scattering. For low momentum events, the expected errors for the outer 

drift chambers are expanded to large enough values that those chambers do not 

contribute very much to the momentum measurement. That is appropriate for 

two-photon events, since there is a relatively large amount of material before and 

within the outer drift chambers. The derivatives of x 2 with respect to the five 

parameters arc approximated analytically, which allows x2 to be minimized in a 

linear approximation. That gives a new set of five parameters to be used as a 

starting point of the next iteration. Also, in each iteration the program has some 

freedom to choose new hits and to change hits from one side of the sense wire to 

the other, in case such a solution is found which gives a better fit than the one 

determined by the pattern recognition programs. However, time does not allow 

all possible combinations of hits to be tried. 

When the track fitting results are complete, they are used as a basis for 

repeating the procedure of associating tracks *—ith counters. That is done because 

the fit results are more accurate than the pattern recognition results alone. Finally, 

separate summary tapes are made for the tagged and untagged analyses which 

include only events with exactly two tracks. The resulting data tapes then are 

ready for physics analysis. 
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4. The QED Channels 

4.1 COMPLETE CALCULATIONS OF THE CROSS SECTIONS 

There are two common processes in two-photon physics which involve only 

electromagnetic interactions. They are 

e+e~ —* e+e~e+e~ 
(4-1) 

and e+e —> e+e fi+fi . 

Figure 4.1 shows examples of the leading order (a4) diagrams which contribute 

to these processes. When all possible permutations are made, there are a total of 

thirty-six amplitudes for the four-electron final state and twelve for the e + e~ / i + | i~ 

final state, all of which must be summed together in each case before taking the 

square to calculate the cross section. It is prohibitively difficult to square the 

amplitude and reduce the result analytically to a manageable expression, so in 

practical calculations the amplitudes arc summed numerically before squaring. 

That makes the algebra more straightforward, but care must be taken to avoid 

numerical instabilities. 

The full leading-order calculation for both processes has been done with Monte 

Carlo integration by Berends, Daverveldt, and Kleiss. 3 2 The method which they 

use is described in Appendix B. Their calculations demonstrate that, for the 

experimental situation where only two of the leptons pass through the central 

detector, the first two diagrams of Fig. 4.1 (commonly called the multiperipheral 
diagrams) completely dominate the cross section. In Appendix B, another 

calculation is made which includes the complete multiperipheral amplitudes, 

except for interference of the beam electrons with those produced by the 

two photons, plus four (-channel radiative Bhabha scattering diagrams. That 

calculation is done to a level of statistical significance comparable to that of 

our data and shows not only that the multiperipheral diagrams alone can fully 

describe the cross section, but also that for untagged events the equivalent photon 

approximation can calculate them with sufficient accuracy. 
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Figure 4.1. The types of diagrams contributing to e+e~ -> e+c~I+l~. 
There are a total of 36 diagrams if / = e and 12 if f = //. 

Thus it is clear that an untagged experiment is sensitive to only two of the 

thirty-six diagrams for the process « + e — —• e~*~e -e+e -. That remains largely 

true even for an experiment with small-angle (« 25 mrad) tagging. These two 

important diagrams arc the type which are important to two-photon physics 

because they represent the interaction of two photons after each has been radiated 

by opposing electron beams. Therefore we expect the electron-pairs which 

are observed in the central detector to have kinematic properties which are 

similar to those of hadron pairs observed in the same manner. That makes the 

QED measurement especially powerful for normalization and calibration of the 



experiment. 

S3 

4 . 2 THE D E L C O EXPERIMENTAL ACCEPTANCE FOR r+e~ -> e + e - e + e -

In the untagged analysis, only two of the electrons are observed in the central 

detector. For such a configuration, the geometric acceptance is determined by the 

limits of the barrel shower counters, which are necessary for the trigger, and the 

Cerenkov counters, which are necessary for identifying the electrons. Actually, 

any track from the interaction point which hits a barrel shower counter will 

have passed through a Cerenkov cell, so the shower counters always give a more 

severe limitation. Their coverage of the polar angle is almost the same as that 

of the Ccrcnkov system, but they have many azimuthal gaps. The inner tracking 

chambers, which also are essential to the measurement, have two azimuthal gaps 

as well, since layers 7 through 16 separate into two halves along the y-z plane. 

However, all of the azimuthal gaps have no effect except to cause an inefficiency 

which is uniform with respect to all of the relevant kinematic variables. 

The coverage of the Cerenkov counters is complete within the range -0.6 < 

cos 9 < 0.6, which is used in the analysis to define sharply the fiducial volume. 

The barrel shower counters do not extend quite as far and, in fact, will not 

intercept all tracks in the interval 0.55 < cosfl < 0.60. Figure 4.2 shows the 

loss in efficiency incurred by requiring each particle to be tracked into a shower 

counter. Whether a counter is associated with a track is determined by using the 

fitted track parameters to provide a starting point for an integration through the 

magnetic field out to the shower counter module. The exact edge of the counter 

with respect to cos 8 will vary from track to track partly because of the spread of 

several centimeters in z of the beam-beam interaction point, but mostly because 

the counters arc planar—the edge is not at a constant radius from the beam. 

Only one electron is necessary for the KS trigger, which requires a Cerenkov 

cell to fire in coincidence with a shower counter in the same sextant of the detector. 

Also, it is only necessary to identify one electron before assuming the other particle 
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Figure 4.2. The angular acceptance of the barrel shower counters 
integrated over (fr. The points shows the efficiency for a track produced 
near the interaction point at a polar angle 6 to strike a shower counter. 

also to be an electron, so it would be possible to do the experiment within a 

fiducial volume which requires only one track to fall within the shower counter 

and Cerenkov acceptance. However, the trigger is easier to understand if both 

electrons strike a shower counter module, and the rejection of non-electrons is 

better if both particles pass through a Cerenkov cell. Since the number of events 

is so large that the measurement is dominated by systematic rather than statistical 

uncertainties, we choose to be conservative and require that both tracks fall within 

the range —0.6 < cos 0 < 0.6 and that both hit a shower counter. 

4.3 SEPARATION OF ELECTRONS FROM MORE MASSIVE PARTICLES 

Electron pairs are selected from the two-track data set by using only the 

Cerenkov counter information. Separation of electrons from more massive particles 

is much better for data where isobutane was used as a radiator than for data 

taken with a nitrogen radiator. That is because the denser gas radiates more 

light and thus gives a better efficiency for the low-momentum electrons. It does 

not matter that nitrogen has a higher Cerenkov threshold for muons, because 
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the isobutane muon threshold is above the momentum range relevant to this 

analysis. Since the isobutane data itself has a high enough statistical weight that 

the errors are dominated by systematic effects, there is nothing to be gained from 

including the nitrogen data, which would only introduce larger systematic errors 

from background and efficiency corrections. Therefore, the analyses of electron 

pairs and pion pairs are done with only the isobutane radiator. 

With the iaobutane radiator, the threshold for muons is about p = 1.8 GeV. 

The cross section for any of the particles produced from two photons to have a 

momentum greater than that threshold within a Cerenkov cell is not large enough 

to be significant to any of our measurements. Therefore, only electrons will fire 

the Cerenkov counters, which are used only for separating electrons from all of the 

heavier particles. 

As we will see, the separation of electrons from muons, pions, kaons, and 

protons is especially good for the events of interest, which consist of a small number 

of tracks spaced well apart in <f>. However, the small statistical uncertainty in the 

experiment requires that the efficiency and rejection be understood at the level of 

about one percent. To do so, the cuts must be chosen to give optimal efficiency 

and rejection, and an accurate method of determining the efficiency from the data 

itself must be found. 

The first step of the analysis is to plot the Cerenkov pulse heights and 

time residuals for both electrons and muons.f Since two-electron events have 

no ambiguities resulting from multiple particles traversing the same or nearby 

cells, then it makes sense to include the pulse heights of all cells which the track 

passes through or nearby. That is especially helpful near the z = 0 midplane of 

the detector. There the efficiency is relatively poor for a combination of reasons. 

The path length through the radiator is shortest there, the light falls on the 

mirror edges and ia divided between at least two cells, and there is a small dead 

f To simplify the discussion, the heavier particles &a a group are referred to as muona whenever 
the distinction between muoni, pious, kaom, and protons is not relevant. 
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region between the mirrors. It also is helpful between cells adjacent in <£, where 

the light tends to be shared between two cells, especially if the track is highly 

curved. Another important point is that near the edges one cannot be sure from 

the tracking which cell the particle actually went through. That problem is most 

severe at the z ~ 0 midplane because the dip-angle measurement is not as good 

as that of the azimuthal angle. A negative result of adding all associated cells 

together is that the level of random noise is increased, but the gain in efficiency 

outweighs the loss in rejection caused by noise. 

The events which are used to analyze the identification cuts consist of either 

two electrons or two muans. The QED process e+e~~ —* e + e~/z + / i~ can produce 

a muon and an electron within the central detector, but the cross section is 

relatively minutef and is further suppressed by the requirement of balanced 

transverse momentum {k±/W < 0.2). Another possible background iB from 

e+e~ —* e + e~r + r - ,but i t isheavilysuppressedbythekinematiccuts4 Therefore, 

we assume that in ail cases the two particles are of the same type. That allows a 

strategy to be used which makes the histograms easier to understand. One of the 

two particles, chosen at random, is classified as an electron or muon (or neither if 

the result is ambiguous) by the use of cuts which are designed to give high rejection 

of background at the expense of good efficiency. Subsequent results verify that 

cuts can easily be found which result in essentially 100% rejection of background. 

If the particle is in one of the two categories, then the other is assumed to be of 

the same type, and it is entered into one of two plots, depending on whether it is 

an electron or a muon. 

The Cerenkov time residual is used to reject background noise. Fast charged 

particles coming directly to the phototube from the interaction point produce times 

centered about zero, whereas the noise is distributed uniformly in time. Figure 4.3 

shows a histogram of the best time of all cells associated wit l an electron. The 

| See Ref. 32 for tome example calculations. Fcr an acceptance cut of 25° < 9 < 155°, for 
example, they calculate a^fa^^ = 5 - IQ~*. 

t The background from tau-pain ia estimated in detail in Section 4.6. 
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Figure 4.3. The distribution of Cerenkov time residuals from electrons. 

cuts for the remainder of the analysis are placed at i 1.65 ns and reject less than 

1.4% of actual electrons. 

When the Cerenkov counter is used to select particles with velocities above 

threshold, it is important for uniformity of the cut to consider the path length of 

the track through the radiator and the efficiency of the cell in question. On the 

other hand, if it is used to reject tracks with associated light, then the raw pulse 

height should be used because the noise level does not depend on the path length. 

Therefore, when selecting electrons one considers the path-length-corrected pulse 

height. Figure 4.4 shows the lower end of the distribution for particles which 

have been assumed to be electrons. About 1% of the particles give essentially 

zero pulse height. A small number of these may actually be muons, but we will 

see that the number of zeroes is consistent with the inefficiency near the detector 

z = 0 midplane. That fraction would be rejected by any useful cut, so the best 

possible efficiency is obtained with a cut requiring the pulse height to be greater 

than about 1.5 photoelectrons. 

When a single track in each event is identified, there is a contamination 
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Figure 4.4. The distribution of Cerenkov pulse height for electrons. The 
pulse heights have been corrected to cancel differences resulting from 
differing track lengths and different cells. 

of muons at the level of one half to one percent due to random noise which 

forms a narrow peak around a pulse height of one photoelectron. However, when 

muons with out-of-time raw Cerenkov signals at the level of one photoelectron are 

used to make a histogram of the path-length-corrected pulse height, the result is 

that the one-photoelectron noise peak is pushed up to the level of two to three 

photoelectrons corrected. A cut placed high enough to give complete rejection of 

muons will seriously compromise the electron efficiency. Furthermore, the analysis 

requires that both tracks in each event pass the identification cuts. That increases 

the rejection at the expense of lowering the efficiency. Therefore, the final decision 

is to require all electrons to have a corrected Cerenkov pulse height, summed over 

all associated counters with time residuals between —1.65ns and 1.65ns, which 

is greater than 1.5 photoelectrons. Then the contamination of muon pairs is less 

than 0.01 2 , which is completely negligible. 
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4.4 ELECTRON IDENTIFICATION EFFICIENCY 

The efficiency of the cuts chosen for selecting electrons can be measured in a 

unbiased way directly from data. The method relies on the fact that a cut on the 

Cerenkov pulse height placed well above three photoelectrons corrected, which is 

beyond the limit of the background noise, will reject 100% of muons. The analysis 

proceeds by choosing a random track from each event and rejecting the event if that 

track has an in-time (|Atj < l.Sns) pulse height of less than six photoelectrons 

corrected. The remaining events have an insignificant contamination of muon 

pairs, so the opposite track in each event can be used to study the efficiency of 

the analysis cuts. The six-photoelectron cut rejects only 3% of electrons overall 

and introduces no significant bias for the opposite track. 

In the following efficiency plots, the points represent for each bin the ratio 

of the number of electrons which are identified correctly, by the cuts detailed 

in the previous section, to the total number of electrons. The error bar for a 

single bin is the statistical uncertainty of the data in that bin only and represents 

95% confidence level limits on the ratio. Figure 4.5 shows the cos 0 dependence 

of the electron identification efficiency integrated over all momenta within the 

acceptance. For the isobutane radiator it is about 99.5% in all regions except near 

the 2 = 0 midplane. The same plot also is shown for the data sample with the 

nitrogen radiator, so one can see the serious loss of efficiency caused by the less 

dense gas. There also is some momentum dependence, with most of the inefficiency 

resulting from low momentum particles. That is a result of the large curvature of 

the tracks lowering the Hght gathering efficiency of the optical system, which was 

designed to focus light coming straight from the interaction point. 

Rathei ;an use a smooth two-dimensional parameterization of the efficiency, 

the angular range is divided into cosO bins and the momentum dependence is 

parameterized for the central bins by an exponential: 

e(p] = A • [l - 0.6exp ( ~ ~ ) ] • (4.2) 

60 
1.1 

1.0 

| : 

0.7 

0.6 

1.0 

Ss 0.9 

! • • 
0.7 

0.6 

a) 
g a O Q D Q Q Q O Q 

• • I • . • • I • • • • I • • • • l • • • • l • • • 

t + + + $j 
. + • • • • • • 

. . . I . . . . I 1 
- 0 . 5 - 0 . 2 5 0 0.25 0.5 

COS0 

Figure 4.5. The efficiency for electron identification as a function of 
cos 8 and integrated over all momenta, (a) with the isobutane radiator. 
(6) with the nitrogen radiator. 

The fitted parameter values are listed in Table 4.1. Note that these parameteri-

zations represent the efficiency for a single track, so the efficiency for both tracks 

to be identified, as required in the analysis, is lower. 

4.5 TRIGGER EFFICIENCY FOR ELECTRON PAIRS 

To determine the efficiency of the KS trigger, one somehow must measure the 

latch efficiencies of the Cerenkov and shower counters. Judging from the measured 

electron identification efficiency of the previous section, we expect the Cerenkov 
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Table 4.1. A parameterization of the electron identification efficiency. 
The symbols A, pa, and r refer to variables in Eqn. 4.2. 

l«<M*lnun l™»lm« A A> T 

0.0 0.05 0.975 -0.092 0.15 
0.05 0.10 0.990 -0.280 0.15 
0.10 0.60 0.995 — — 

latch efficiency to be close to unity except at the * = 0 midplane, since the 
latch threshold is lower than the cuts used for electron identification. However, 
the shower counter latch, which requires two of three layers to latch, will not 
firs unless the electron penetrates through at least five radiation lengths of lead. 
The probability for that is significantly less than unity in the lower end of the 
momentum range of interest. 

The Cerenkov latch efficiency is easily measured from data without any bias 

from the trigger itself. Only events with a 2S trigger are used. From these, electron 

pairs are chosen by identifying one particle, chosen at random from the pair, with 

tight cuts on the Cerenkov pulse height, just as was done for the measurement 

of the identification efficiency. In this case, though, the identified electron is 

required to be well away from the z = 0 midplane in order to avoid any bias from 

the identification cut. There is no possibility of bias in the region away from the 

midplane, because for |cos0| > 0.10 the efficiency is essentially 100%. 

The particle which is not identified is used to accumulate histograms of the 

latch efficiency. Figure 4.6 shows the cost dependence with the full momentum 

range included. It verifies that the efficiency is essentially 100% when away from 

the region near coat = 0 . Fitting the momentum dependence of the central 

coaf bins to the parameterization given by Eqn, 4.2 yields the set of parameters 

presented in Table 4.2. 

While we have seen that the fierenkov latch has only a small and almost 
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Figure 4.8. The Cerenkov latch efficiency u a function of cos 9. The full 
momentum range is included. 

Table 4.2. A parameterization of the derenkov latch efficiency. The 
symbols A, Po, and r refer to variables in Eqn. 4.2 

l«**lmln l«*'lmi* A PO T 

0.0 
0.025 
0.050 ill 

1 
1 
1 

0.134 
0.030 

0.072 
0.072 

negligible inefficiency, that is not the case for the shower counter latch. It is 

especially important to understand the shower counter efficiency because every 

trigger requires at least one shower counter to latch. It can be measured from the 

data because the trigger is redundant; only one of the two electron tracks must 

fire a shower counter. Therefore, the efficiency can be seen directly by selecting 

electron pairs in which both particles hit a shower counter and simply accumulating 

efficiency histograms using the latch information of both hit counters. The result 

is, however, biased by the trigger, because it is not possible to include in the 
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histograms any events in which both electrons have failed to latch a shower counter. 

That bias must be corrected by Monte Carlo calculations. 

For the moment we concern ourselves only with inefficiency caused by lack of 

penetration of electromagnetic showers. Geometric inefficiency is more simple to 

understand and does not have any momentum dependence. Therefore, histograms 

are accumulated using only events in which both tracks are projected to hit well 

within (> 3 cm) the boundaries of a shower counter module. 

Figure 4.7 and Fig. 4.8 show the trigger-biased latch efficiencies as functions 

of the measured electron momenta for the three individual shower counter layers, 

where only data taken in 1984 &re used.f Figure 4.9a shows the result for the 

shower counter latch, which requires two of the three layers to fire. Note that 

the trigger bias is such that the true latch efficiency is lower than that which 
; s observed. The measured efficiencies are compared with calculations of the 

same quantities using the EPA Monte Carlo for e + e^ —• e+e~e+e*" and a full 

simulation of detector effects. The shower counter response has been simulated by 

the EGS Monte Carlo?'' By using EGS one can do a reasonable job of simulating 

the propagation and development of the electromagnetic shower through the 

aluminum, lead, and scintillator. However, when dealing with a sandwich of 

thin layers of scintillator between sheets of lead it still is difficult to predict 

with high accuracy how much of the deposited energy actually is collected by 

the scintillator. Furthermore, there are a number of additional effects which are 

not handled in much detail. For example, fluctuations in light transmission and 

phototube response are not simulated at all, and the response of the electronics 

is treated in a simplistic manner. Therefore, one cannot expect perfect agreement 

of Monte Carlo with data, and it is the measured efficiency which is used in the 

ensuing analysis. Nonetheless, the extent of the agreement shown in figures 4.7 

t Daring the lunincr of 198St the gun of the phototubes v u lowered to reduce saturation front 
large pulse heights. The change was compensated by installing amplifiers in front of the latch 
electronics, bat the latch efficiency changed slightly nonetheless. 
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Figure 4.7. The shower counter Iayers-1,2 biased latch efficiency as a 
function of the measured momentum for electrons hitting well within the 
counter boundaries. Figure (a) is for iayer-1 and (4) is for layer-2. The 
smooth curves represent the EGS Monte Carlo calculations. 

through 4.9 is remarkable and indicates that the reason for the inefficiency is well 

understood and the measurements are correct. 

One expects some dependence of the efficiency on the angle of incidence A 

of an electron on the counter, because the amount of material that the shower 

must traverse increases with A. It is not obvious how much of an effect to expect, 

however, because once the electron enters the lead, the shower does not propagate 

only in the original direction of the electron. Further complications are that 
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Figure 4.8. The shower counter layer-3 biased latch efficiency as a 
function of the measured momentum for electrons hitting well within 
the counter boundaries. The smooth curve represents the EGS Monte 
Carlo calculation. 

the effect may be compensated to some extent by light attenuation and that A 

depends on the momentum through the curvature produced by the magnetic field. 

Figure 4.10 shows the measured efficiency as a function of the angle of incidence. 

There is only a small deviation from flatness at the largest angles, and in that 

region the number of events is relatively small. Variations in efficiency with the 

angle of incidence come from three sources. It varies directly with cosd, and it also 

varies with 4> because of the hexagonal shape of the shower counter. Then there 

is some additional variation due to the curvature of the tracks. The latter effect 

:B included in the momentum dependence and must not be double counted. It is 

not important to include the c> dependence of the angle of incidence in detail, but 

only as an effect uniform with respect to the relevant kinematic variables. That 

leaves only the dependence on cosfl to be concerned with, and in fact no such 

dependence can be seen in the data or Monte Carlo with the available statistical 

weight. There is, however, an additional inefficiency of a few percent in the cos 0 
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Figure 4.9. The shower counter latch efficiency as a function of 
the measured momentum for electrons hitting well within the counter 
boundaries, (a) The measured trigger-biased efficiency compered with a 
smooth curve representing the EGS Monte Carlo calculation. (6) The 
unbiased efficiency as calculated by EGS and fitted to an analytic 
function. 

bins nearest the center of the detector. That is understood to be primarily a 

geometric inefficiency resulting from the small gap at z = 0 in layers two and three 

between the scintillators covering the +z half of the detector and those covering 

the — z half. It is accounted for by treating separately the regions |cosfl| < 0.05 

and |cos S\ > 0.05. 

The Monte Carlo must be used to unfold the true latch efficiency from what 

has been observed. The goal is to arrive at a parameterization which describes 
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Figure 4.10. The measured tr ,ger-t>i»ie.' shower-counter latch efficiency 
as a function of the angle of iuence cf i. »electron on the counter. The 
smooth curve represents the £ J~ V....' Carlo calculation. 

the momentum dependence of the unbiased latch efficiency with an accuracy as 
good as the statistical precision of the data. That is done in two steps. First, 
the EGS Monte Carlo is used to calculate the unbiased latch efficiency as shown 
in Fig. 4.9b, and fitting it to the form of Eqn. 4.2 yields the results A = 0.995, 
Pa = 0.161, and r = 0.116. 

To achieve the required precision, the parameterization must be adjusted to 
give the best possible agreement with the histogram of the biased latch efficiency 
measured from data. As already mentioned, the efficiency varies slightly in the 
data over time, so what is done is to adjust the parameterization until agreement 
is reached with a histogram accumulated using all of the data. Thus the result 
represents an average efficiency. 

The trigger bias in the latch efficiency depends on the momenta of both 

particles, so it is not trivial to calculate the biased efficiency when given the 

parameterization of the actual efficiency. What is done is to use the EPA Monte 

Carlo event generator to produce events with the same momentum and angular 
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distributions as are observed in the data. For each Monte Carlo electron track, 

the efficiency parameterization is used along with a uniform random number to 

decide whether the shower counter will latch. Then a histogram of the biased 

latch efficiency can be accumulated, just as is done for the data, as a function of 

the electron momentum. That is done for each of 100 pairs of values for po and T 

forming a 10 x 10 grid about the values obtained from the EGS shower simulation, 

and the pair iB chosen which gives the best fit. Figure 4.11 shows the result, where 

the Monte Carlo distributions giving the best fits have been plotted over the data. 

The final values for the parameterization of the shower counter latch efficiency are 

given in Table 4.3. 

4 . 8 SUMMARY OP CUTS MADE ON UNTAGGED ELECTRON PAIRS 

Many cuts were made on the data, but only a few are very significant in 
the sense that they reject a sizable fraction of the events. No background of 
any Bort can be seen in the sample of electron pairs from data, and it is difficult 
to conceive of any source of background beyond the negligible contamination of 
muon pairs which sneak in due to noise in the Cerenkov counters. For example, 
let us consider radiative Dhabha scattering. For the two final-state electrons to 
be within the angular acceptance, the boost of the final t+e~ system must have 
-0.6 < 0 < 0.6. That limit is reached if one of the incoming beam electrons 
radiates 75% of its energy, and the resulting minimum invariant masa of the final 
e + e~ pair is 14.5 GeV—far enough above the 2.6 GeV cut used in this analysis 
to give absolutely no background. If both beams radiate photons of equal energy, 
then the final e + e~ pair could have a mass below the cut. That process is the 
same order in a as the four-election final state, but in order for both electrons to 
be scattered into the DELCO acceptance, the two radiated photons would have 
to have large and almost equal energies. Although a complete calculation has 
not been done, the cross section into the DELCO acceptance iB believed to be 
negligible. 
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Figure 4.11. The biased shower counter iatch efficiency as a function 
of the electron momentum, including all available data. The solid 
histograms are from a Monte Carlo calculation including a simulation 
of the trigger, -where the input unbiased latch efficiency is taken to be 
the parameterization which yields the best fit (a) for |cos0| < 0.05 and 
(6) for |cosfl|> 0.05. 

Another possible source of background is tau-pair pioduction. The Monte-

Carlo generator used to estimate it includes QED radiative corrections?3 weak 

interactions, and all known decay channels for the tau? 4 Of 4508 tau-pairs 

generated and simulated in the detector, only one produces an electron pair which 

passes all of the analysis cuts. When normalized to the integrated luminosity 

of the data, this gives an estimate of only four background events from tau-pair 
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Table 4.3. A paramctemation of the shower counter latch efficiency. The 
symbols A, po, and T refer to variables in Eqn. 4.2. 

|c°s»|mi„ l«*«lmax A Po r 

0.0 
0.05 

0.05 
0.60 

0.995 
0.995 

0.160 
0.154 

0.116 
0.110 

production, which clearly is negligible. 

Because there is no background, the cuts made after separation of electrons 

from muons have only two purposes. Most serve to define the kinematic region to 

,be observed and the usable fiducial region of the detector. Then there are some 

which only discard long, low tails in the distributions of some measured variables 

in order to avoid events with large, non-gaussian measurement errors. 

The last category is comprised of several cuts on the tracking of charged 

particles. Each track is required to have associated with its fit at least 12 total 

hits in the inner cylindrical tracking chambers, and track fitting must be completed 

without any catastrophic errors. Each track must project back to within 0.5 cm of 

the beamline, and the average of the z-positions of the points on the trackB closest 

to the beamline must be within 4.0cm of the interaction point. The cuts on the 

total transverse momentum, fcj_ < 0.3 GeV and k± < 0.21V, also reject poorly 

measured events. 

The fiducial volume is defined by requiring each track to have |cos fl| < 0.6 and 

to intersect a shower counter module. The cuts on kj_ along with the requirement 

that there be no more than 4 GeV of energy measured in the luminosity monitors 

restrict the measurement to events with quasi-real photons. The Pass-1 filter cut 

which requires at least one track with a rough pt measurement, from the first stage 

of pattern recognition, greater than about 0.20 GeV is superseded for simplicity 

by a hard cut requiring at least one track to have a fitted transverse momentum 

greater than 0.25 GeV. Finally, the kinematic range which is accessible without 
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unreasonably large trigger effects is W > 0.6 GeV. T h e upper limit on W is 

roughly determined by the decrease in statistics with higher energies and by the 

muon Cerenkov threshold and is set a t 2.6 GeV, Table 4.4 lists all of the cuts along 

with the number of events rejected by each. The cuts listed in Table 4.4 have been 

preceded by those of the Pass-1 filter and the two-photon classification-filter, but in 

all cases the Pass-1 and classification cuts are superseded by the final analysis cuts. 

4 . 7 T H E M O N T E C A R L O S I M U L A T I O N 

After making the cuts on the d a t a as listed in the previous section, it is 

possible to s imulate adequately all aspects of the detector response relevant to the 

kinematic dis tr ibut ions wi thout making a detailed s imulat ion of all of t he detector 

appa ra tus . T h a t has the advantage of requiring far less computer t ime, which can 

be significant when so many events are involved, bu t more impor tan t is t he fact 

t ha t no program exists which can properly reproduce, from first principles, the 

Cerenkov and barrel-shower efficiencies to the accuracy required. Ins tead , those 

have been measured from da ta , and it is a simple mat te r to pu t the resulting 

parameterizat ions directly into the Monte-Carlo integration. 

To proceed, the EPA Monte-Carlo program is used to genera te events of 

equal weight, using the cross section for product ion of relativiBttc electron pairs 

from pairs of real photons: 

do- 2 : ra 2 1 + u 2 „ , . 

The momenta are smeared by gaussian random numbers , using the widths 

determined in Section 3 .1 . The trigger is s imulated by using the parameter izat ions 

of tables 4.2 and 4.3 for the Cerenkov and barrel-shower latch efficiencies. In each 

case, a uniform random number is generated between 0 and 1, and the event is 

rejected if it is greater than the efficiency calculated from the parameter izat ion. 

Similarly, the electron identification efficiency is simulated according to the 
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Table 4.4. List of t he final cuts for e + e ~ -* t + e ~ e + e ~ . A total of 398,936 events 
were read from the t ape of skimmed two-particle events , and 41,328 pass all of 
t he cuts. Except ing the first and the last two cu ts , t h e fourth and fifth columns 
give respectively how m a n y events would be killed by the cut before all other 
cuts and how m a n y would be killed after all o thers . "BSC acceptance" refers to 
t he requirement t h a t b o t h t racks pass through barrel shower counter modules , as 
determined by the drift chamber tracking. 

Quant i ty Lower 
limit 

Upper 
limit 

Failures 
when first 

Failures 
when last 

Failures 
in order 

Cerenkov p h . 1.5 pe CO 217405 

z —4.0 «m 4.0 cm 408 86 408 

impact 

parameter 0 0.5 cm 5823 234 5773 

fit errors 0 0 220 22 150 

inner D C hits 12 16 3950 883 3129 

MAX(p(

l,p?) 0.25 GeV 00 S0120 1 47304 

*L 0 0.3 GeV 7541 257 6714 

kJW« 0 0.2 501S4 7273 29346 

COS0 -0 .6 0.6 29011 11598 15398 

W 0.6 GeV 2.6 GeV 105743 23155 23695 

P 0 1.7 GeV 815 3 3 

BSO acceptance 8253 

E,-«< 0 0 2 
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parameterization of Table 4.1, and the effect of requiring each track to intercept 

a shower counter is reproduced by the parameterization 

T ( (0.65-costf)-0.043M l A A . 
4p) = 0.092 • ̂ 1 - 0.6exp ( ^ ^ J j , (4.4) 

which is obtained from a fit to Fig. 4.2. 

Finally, kinematic cuts are made just as they were for the data. In summary, 

both particles must have —0.6 < cos 8 < 0.6, and at least one particle must have 

a transverse momentum greater than 0.3 GeV. The vector sum of the transverse 

momenta must satisfy fcj_ < 0.3 GeV and k±/W < 0.2, and the electron-pair 

invariant mass is restricted to the range 0.6 < W < 2.6 GeV. The histograms 

resulting from simulated events may be compared directly with those from data. 

As examples, Fig. 4.12 shows the electron-pair invariant mass distribution, and 

Fig. 4.13 shows the angular distribution of tho electrons in the laboratory and 

*n center-of-mass systems. Also, in Fig. 4.13, cos 0 l a b for each entry is multiplied 

by the measured charge to demonstrate the charge symmetry. There are 41,328 

events from the data sample and twice that from Monte Carlo. To compare the 

distributions, the Monte Carlo result simply is renormalized to the same number 

of events as in data, because there is no process hy which the integrated beam 

luminosity can be measured accurately enough to allow an absolute normalization. 

In fact, it is this QED process which is used to normalize all other measurements 

in this study. 

Figures 4.12 and 4.13 indicate that the data do agree well with the theory. 

However, it is desirable to present the final results in a way which is independent 

of the many small details of the acceptance which are peculiar to this experiment. 

4.8 UNFOLDING DETECTOR EFFECTS 

It is useful to present the measured spectra with corrections made for 

systematic detector effects. However, we do not wish to go to extremes and 
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Figure 4.12. The electron-pair invariant mass distribution with all 
detector effects included. The points are from data, while the line 
represents the Monte Carlo simulation. 

try to extrapolate the data to an acceptance of A-K steradians or down to the 

minimum invariant mass, for what has been measured is only a very small part 

of the total cross section of 10 7nb. Instead, it is appropriate to Bpccify only 

a minimal number of acceptance cuts within which the theoretical distributions 

are to be calculated. Then by correcting for all detector effects except for those 

acceptance cuts, the desired distributions are unfolded from the data. Since there 

is no absolute normalization which can be used, the results simply are normalized 

to the areas under the distributions. Therefore, the absolute scale of cross section 

displayed on a plot does not represent a measurement but only the theoretical 

calculation. Only the shapes of the distributions have been measured to high 

precision. 

For untagged electron-pair production, there are only five independent 

kinematic variables, which are taken to be the set Q], W, y, and cos0Cm»- The 

Q? contribute significantly only to the distribution of t x , but that one is very 

sensitive to resolution effects which are difficult to understand and dominate over 
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Figure 4.13. The electron-pair angular distributions in (o) the 77 center-
of-masa system and (6) the laboratory system, with all detector effects 
included. The points are from data, while the lines represent the Monte 
Carlo simulation. 

the Q1 contribution.f Therefore, no attempt is made to unfold the Q2 dependence 

from the fcj_ distribution. 

It is convenient to use instead of the rapidity, y, a related variable defined by 

cos 0j sin 02 + sin 0i cos 02 
BID 0i + sin 0 

(4.5) 

f See section Section 3.1 for a complete diflcusiion of t h u problem. 

1 
\ 
\ 
\ \ \ 
i 
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For the case of minimal Q2 and ultra-relativistic electrons, fi is the velocity of the j 

*n system, and y = t a n h - 1 0. It has the advantage of being defined nTt'.j in terms 

of angles, which DELCO can measure much better than momenta. " - I 

The IV and Q distributions are unfolded into the acceptance denned by • 

0 .6<JV<2,6GeV 

-0.6 < co3 0 j a b <O.6 

k± < 0.3 GeV 

fc1/IV<0.2. 

The EPA Monte Carlo and simulation discussed in the preceding section are used 

to generate an unfolding matrix for each kinematic variable. Each column of 

such a matrix describes the effects of the experimental resolution and acceptance 

on a single cubic basis spline. The unfolding program uses the matrix and 

the corresponding experimental histogram as input and produces the unfolded 

distribution from those.$ The results are compared with QED predictions 

obtained by running the EPA Monte Carlo (identical results are obtained from 

the Vermaseren Monte Carlo 2 2) with only the cuts defined by Eqn. 4.6. The data 

points which result from the unfolding procedure do not directly correspond to 

the bins used to accumulate the histograms of Monte Carlo or data and are not 

even equally spaced. So to compare with data, the Monte Carlo histogram first is 

interpolated by cubic splines and then integrated over each of the regions defined 

by the spacing of the points of the unfolded data. That produces Monte Carlo 

points which directly correspond to those in the data, and from these the x 2 is 

calculated to give a measure of the agreement. The difference of the data and 

Monte Carlo is plotted to give a visual display of the agreement, and the data 

points also are shown with an overlay of the smoothed Monte Carlo distribution. 

(4.6) 

X See Appendix C for a detailed description of the unfolding procedure. 
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Figure 4.14 shows the final results for the electron-pair invariant-mass 

distribution. Note that for all such plots, the horizontal bar associated with a 

point represents only the region spanned by the point and is not an error bar. 

The vertical bars give estimates of statistical errors, which vary from about 1% 

at W = 0.6GeV to 10% at W = 2.6GeV. For this case, x

2 is 19-4 for 14 degrees 

of freedom (one degree of freedom is lost because of the normalization), which 

is at the 85% level of the cumulative x2 distribution. If the QED calculation 

is assumed to give the correct description of the data and the errors truly have 

gaussian distributions with widths given by the error bars, then there is a 15% 

probability for the x value to be larger than what has been measured. 

For the shape of the invariant mass distribution, the dominant systematic 

error comes from the correction necessitated by the trigger inefficiency. That 

error is limited by the statistical accuracy to which the trigger efficiency can be 

measured by using all of the data and is about 1% for the first invariant-mass 

bin. That is, not surprisingly, the same as the statistical error on the first bin 

of Fig. 4.14. In fact, it is a good approximation to obtain the total error for 

each invariant-mass bin by adding in quadrature with each statistical error an 

equal systematic error. The agreement between Monte Carlo and data is fairly 

good even with only statistical errors included, so it is clear that after adding 

systematic errors there is no evidence for any discrepancy between the data and 

QED. 

Figure 4.15 shows the final results for /?, the velocity of the electron-pair 

system along the beam axis. This quantity is, to an excellent approximation, 

uncorrected with the invariant mass, so it makes sense to quote a value of \ 2 in 

addition to and independent of that already given for the invariant mass. For 14 

degrees of freedom, the x 2 is 10.4, which is at the 27% level of the cumulative 

distribution. 

For the costf distribution in the laboratory system, there are some systematic 

errors in the shape near the center and the two ends due to corrections for the 
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Figure 4.14. The electron-pair invariant-mass distribution with most 
detector effects unfolded, (a) The difference of the data and the QED 
prediction calculated by the EPA Monte Carlo. (&) The data points 
compared with a smooth curve representing the QED prediction. 

detections efficiency, which has significant variations in those regions. The errors 

in the corrections are only about 2% in the center (|cos#| < 0.05) and 1% at the 

ends (|cos 6\ > 0.55). Such errors have no observable effect on the shapes of the 

angular distribution in the center-of-mass syscem and the distribution of /?, since 

the limited region of error in cos0 gets mapped over a large region of the other 

variables. Therefore, we expect that the 0 distribution should agree well with 

QED after considering only statistical errors, and that is indeed the case. Again 
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Figure 4.15. The velocity, /3, of the 77 electron pair with most detector 
effects unfolded, (a) The difference of the data and the QED prediction 
calculated by the EPA Monte Carlo, (b) The data points compared with 
a smooth curve representing the QED prediction. 

there is no evidence for any discrepancy between the data and QED. 

The last result to present is for the center-of-mass angular distribution. For 

this case it is desirable to see the results free from the effect of the acceptance 

cut made on the laboratory angle. Therefore the results are unfolded into an 

acceptance the same as defined in Eqn. 4.6, except that the cut on the laboratory 

angle is replaced by a cut on the center-of-mass angle: —0.6 < coslcms < 0.6. 

Figure 4.16 shows the result, which is compared with the theoretical shape given 
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Figure 4.16. The center-of-mass electron-pair angular distribution with 
most detector effects unfolded from the data. The smooth curve is given 
by ( H - c o s 2 0 ) / ( l - c o s 2 0 ) . 

by Eqn. 4.3. It is clear that even with a severe acceptance cut made in the 

laboratory frame, the high statistics available allowB us to see quite clearly the 

center-of-mass angular distribution, which is in excellent agreement with QED. 

4.9 MEASUREMENTS OF TAGGED t+e~ -*e+e~e+e~ EVENTS 

The sample of untagged events is dominated by collisions of quasi-real photons 

with <52 not much larger than the square of the electron mass. In order to study 

collisions of more virtual photons without any contribution from pairs of quasi-real 

photons, it is necessary to be able to detect at least one of the scattered beam 

electrons, uecause of the factor of l/??^? ' n *^ e c r o s s section given by Eqn. 2.12, 

to get a reasonable level of statistical precision, the analysis is restricted to events 

with a single luminosity counter tag. 

1 . . . . 1 . . . . 1 • 
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4.9.1 An&lysia of the Luminosity-Counter Energy 

In DELCO, the only devices able to detect particles at very small angles with 

respect to the beam are the counters of the luminosity monitor. The inner and 

outer counter surfaces parallel to the beamtine form hexagons about the beam 

pipe, and the counter surface into which the scattered electrons are incident is 

perpendicular to the beamline and subtends a range of polar angles, with respect 

to the interaction point, from 27 mrad to 94 mrad.f That corresponds to a range 

of Q2 from 0.13 GeV 2 to 1.9GeV2. However, each counter is a lead-scintillator 

sandwich segmented into six azimuthal segments with no radial segmentation, 

and there is no tracking information in front of the counters. Therefore, it is not 

possible to measure from the luminosity-counter tag what is the Q2 of the radiated 

virtual photon, except to say that it is between the above limits. 

There is some noise background in the luminosity counters, primarily from 

synchrotron radiation, but even without any charged-particle tracking, the signal 

is well separated from the noise. The algorithm used to analyse the luminosity 

counter energy deposit is simple. For each counter, one at each end of the detector, 

a search is made over the six sextants to find the one with the largest energy 

deposit. The energy then is summed over that sextant plus the two adjacent 

sextants to give the quantity used in the analysis. Figure 4-17 shows a histogram 

of the luminosity counter energy deposit for four-electron events. The counters 

have been calibrated such that the position of the peak remains constant with 

time, but the absolute energy scale is somewhat arbitrary. In fact, the Vermaseren 

QED Monte Carlo 2 2 predicts that the median energy of the scattered electrons, 

for tagged events within the DELCO analysis acceptance, is 13.7 GeV, with Q5% 
of the energy deposits within 0.6 GeV of that value. A Monte Carlo calculation for 

Bhabha scattering, including radiative effectsp predicts that the median energy 

deposit for Bhabha electrons is 14.45 GeV, with 95% of the energy deposits above 

f These limits refer to the inscribed and circumicribed radii of the scintillation counter covering 
the entire shower counter face into which the electrons are incident. 
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Figure 4.17. The luminosity counter energy deposit. The points are 
four-electron events, while the solid line is from Bhabha scattering. 

13.45 GeV. Bhabha events do not suffer from much contamination of synchrotron 

radiation because they all have two back-to-back luminosity counter hits, while 

only a small fraction of the iour-electron events have even one luminosity-counter 

hit, Therefore, the Bhabha events give some idea of what the low-energy aide of 

the tag peak should look like. In Figure 4.17, a histogram of the measured Bhabha-

electron energy, multiplied by 0.95, is plotted as a solid line over the points from 

the four-electron data. 

Tagged events arc defined as those with one luminosity counter with energy 

greater than 7.5 GeV. Judging from the histogram of Fig. 4.17, we estimate that 

there is a maximum background from the tail due to noise of about 60 events and 

a maximum loss of about 50 events from the signal. There are 4051 entries above 

the cut (the histogram includes only about half of the data), so the conclusion is 

that the cut causes an uncertainty in the absolute normalization of no more than 

±1.5%. However, the relative normalization of pions, muons, and electrons is not 

affected, because all of the tagged events are analyzed with the same cut. 
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4.9.2 Measured Kinematic Distributions 

Once the cut on luminosity counter energy has been chosen, the remainder 

of the analysis of tagged four-electron events proceeds almost the same as the 

untagged analysis. All other analysis cuts are the same, except that there is no 

cut on the total transverse momentum, k±, for the tagged events. In this section 

we compare only the shapes of the measured distributions with those generated 

by the Vermaseren Monte Carlo program. 

The acceptance of the luminosity counters is not well known, both because 

of inaccurate positioning and edge effects of electromagnetic showers, so there is 

some error in the Monte Carlo program due to integrating over an incorrect range 

of Q 2 . In fact, the shapes of the invariant-mass and angular distributions for the 

two electrons observed in the central detector are not sensitive to that effect within 

the available statistical resolution. One distribution for the two electrons which is 

very sensitive to Q2 is that of the total transverse momentum Jfej_. In fact, fej_ is 

approximately proportional to Q2 for single-tag data. For untagged data, the k± 
distribution is dominated by the detector resolution, but that is not the case for 

the single-tag data, where most events have k± greater than 0.4 GeV. 

Figure 4.18 shows the measured k±_ distribution compared with QED 

predictions for two assumptions about the luminosity-counter acceptance: (a) 

using the measured size and location of the face of the counter, and (6) using 

the same geometry, but with the inner and outer edges moved radially inward 

by 0.9 cm. One can see that the effective inner edge is almost a full centimeter 

inside the nominal edge of the counter face. This acceptance, which gives the best 

reproduction of the observed kj_ distribution, is used for the following analysis. 

There is a change of 14% in the cross section when going from the acceptance of 

Fig. 4.18a to Fig. 4.186, but the shapes of all distributions other than that of k± 
are not significantly affected. 

To reproduce the lower edge of the fcj_ distribution in detail would require 

a complete modeling of the luminosity-counter response, which has not been 
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Figure 4.18. The k^ distribution for tagged events. The points show 
the measured distribution of k± of two electrons in the central detector 
for tagged four-electron events. No corrections are made for detector 
effects. The Bolid lines in (a) and (6) show the QED prediction for two 
assumptions about the luminosity counter acceptance. 

done. Also significant are measurement errors on the counter locations and QED 

radiative effects. It is important to emphasize that such a detailed analysis is 

not necessary for anything except to reproduce in detail the fcj_ distribution. In 

particular, the relative normalization between events with electron pairs in the 

central detector and those with muon or hadron pairs in the central detector is 

not at all affected by the lack of detail in modeling the luminosity counters. 

Figure 4.19 shows a comparison of the measured electron-pair invariant-mass 
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distribution with the QED prediction from the Vermaseren Monte Carlo. The 

points are unfolded from the measured distribution, into an acceptance denned 

by 0.6 < W < 2.6 GeV and -0.6 < costf^ ^ ° - 6 f ° r t n c P a i r °f electrons 

in the central detector. Also, one of the scattered beam electrons must pass 

through a plane perpendicular to the beam, 282 cm from the interaction point, 

within the region between two hexagons concentric with the beam, where the 

inner hexagon has an inscribed radius of 6.82 cm, and the outer hexagon has 

a circumscribed radius of 23.08 cm. Figure 4.20 shows the comparison for the 

laboratory-system angular distribution of the two electrons observed in the central 

detector. Both distributions are in complete agreement with the QED prediction 

within the statistical error bars. The systematic errors are the same as for the 

untagged analysis, and in this case they are completely negligible compared with 

the statistical uncertainty. 

4.10 MEASUREMENT OF THE INTEGRATED LUMINOSITY 

Up to this point, the discussion has been limited to comparing the measured 

shapes of various distributions with QED predictions. It also is possible to measure 

absolute cross sections as long as there is an independent measurement available of 

the colliding-beam time-integrated luminosity (hereafter often referred to simply 

as luminosity or represented by the symbol £). For DELCO, the best independent 

measurement of the luminosity comes from the process e + « - —* n+n~ • In 

this section, the luminosity is measured using untagged events from the process 

e + e - -* e+e~e+e~ and compared with the result from a measurement of 

The error in such a measurement is completely dominated by systematic 

effects, so it is of no advantage to choose cuts which allow in the maximum 

number of events. Nor is there any advantage even to use all of the data, so this 

discussion is restricted to the data accumulated during 1983. Some systematic 

effects differ slightly for other data, so it is more confusing to consider all of the 
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Figure 4.19. Electron-pair invariant mass for tagged events The data 
points are corrected for most detector effects, (a) The difference of the 
data and the QED prediction. (6) The QED prediction plotted as a 
smooth curve over the data. 

data simultaneously. The other data have been checked separately, and the results 

are consistent with those presented here. The 1989 data are specifically chosen 

because for them the most complete information is available on the e + e~ —» M+M~ 

measurement. 

Most of the cuts used are identical to those of Section 4.6. The most important 

exception is that here only those events are kept in which both tracks extrapolate 

to a point at least 1 cm inside of the edge of a shower counter, rather than just 
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Figure 4.20. Angular distribution for e-pairs from tagged events. The 
data points are corrected for most detector effects, (a) The difference of 
the data and the QED prediction, (b) The QED prediction plotted as a 
smooth curve over the data. 

inside. That is done in order to eliminate errors due to the detector survey or to 

the simulation by EGS of the edge effects. Also, the lower limit for W is taken 

to be 0.7 GeV, rather than 0.6 GeV, in order to avoid the region of the worst 

trigger problems, and events with either track within the region Jcos0| < 0.05 are 

discarded to avoid large corrections for the electron identification efficiency. The 

latter two changes are not essential, since the known corrections are adequate, but 

they are safe and do not harm the statistical accuracy. 
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After removing seven short runs for which no information is available from the 

luminosity monitors, the number of events from data which pass all cuts is 10,380. 

Several Monte Carlo tapes have been generated using the EPA Monte Carlo and 

a full simulation of the detector, including the use of EGS for the beam-pipe and 

drift chamber material and for the shower counter. The total generated luminosity 

is 26.5 p b - 1 , which yields 4621 events after all analysis cuts are made. 

Before quoting the measured luminosity, a number of small corrections must 

be made. They are due to various effects which are seen in the data but are not 

simulated in the Monte Carlo. The first concerns the requirement that exactly 

two tracks be seen in the inner drift chambers. Occasionally, extra tracks are 

produced either by noise hits in the drift chambers or by low momentum electrons 

from electromagnetic interactions in the beam pipe and drift chamber material. 

Such events can be found by considering all those with greater than two tracks 

and making pictures of those in which a subset of two tracks passes all of the 

analysis cuts. When that is done, 90% of the resulting events clearly are due to 

the hypothesized effects, and the remainder are consistent, but not certain. One 

finds that 0.7 ± 0.2% of the signal is lost due to extra tracks being produced in 

the beam pipe, compared with 0.65% in the Monte Carlo. Another 0.7% is lost 

due to tracks being produced from noise hits. That effect is not simulated at all, 

so a correction to the luminosity of +0.7 ± 0.3% is necessary. 

The electron identification has not been simulated in the Monte Carlo. 

Excluding the bins for -0.05 < cos 0 < 0.05, which are not included in this 

analysis, the efficiency found from Fig. 4.5 is 0.994. Since both tracks in each 

event in the data must be identified, then that efficiency must be squared. To 

account for this effect, the luminosity is corrected by +1.2 ± 0.5%. 

The noise in the luminosity counters is not simulated in the Monte Carlo, while 

there is in the data a small loss of events due to noise greater than the 4 GeV cut 

imposed to reject tagged events. That loss has been estimated by extrapolating the 

observed distribution, which yields a correction to the luminosity of +1.0 ± 1.0%. 
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As discussed in Section 3.1, the Monte Carlo appears to give a better 

momentum resolution than seen in data. That can cause less events to be cut 

in Monte Carlo by the k± cuts than in data and also may affect the lower cut 

on the invariant mass. To reproduce the fcj_ distribution seen in data, a gaussian 

resolution function of width 0.04K, where K is the measured track curvature, must 

be convolved with the curvature measured after the usual drift chamber simulation. 

When that is done, the number of Monte Carlo events passing all cuts drops to 

4576, resulting in a correction to the luminosity of +1.0 ± 1.0%. 

The cuts on the impact parameter and the average 2-position each reduce 

the data by only about 1%, but even fewer events are cut from the Monte Carlo. 

There is no known background which can be contributing to the tails, so one 

must assume that the lost events are really part of the signal. These effects are 

accounted for by applying a correction of +0.6 ± 5.6% to the luminosity. 

In addition to these corrections, 'here are a number of other sources of 

systematic error. The largest is due to uncertainty about the absolute momentum 

scale of the experiment, which is determined from measurements of the magnetic 

field. The scale is believed to be accurate to within 1%. Since the invariant-mass 

spectrum falls like l/W3, and since the luminosity is proportional to the area 

under the curve and above the lower cut, then the resulting uncertainty in the 

luminosity is ±2%. 

A related uncertainty is due to the EGS simulation of the beam pipe and inner 

drift chamber material. One finds that the calculated effect of bremsstrah lung 

and other radiative processes in the beam pipe and other material between the 

interaction point and the tracking chamber volume in which the momentum is 

measured is to lower the detection efficiency by 13%. Only an insignificant part of 

that loss is due to such things as the cut on the track impact parameter. About 

10% of the loss is due to worsening of the momentum resolution, resulting in 

more events being cut by the k_i cuts. But the major effect is just ? downward 

shift of the average momentum, causing more events to fail th<* lower cut on 
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Figure 4.21. The fractional energy loos of electrons passing through 
0.029 radiation lengths of aluminum between the beampipe vacuum and 
the innermost drift chamber gas volume, as calculated by the EGS Monte 
Carlo simulating 198S data. 

invariant mass. Figure 4.21 gives an idea of how that is possible. It shows the 

fraction of energy lost by electrons in the Monte Carlo when passing.thcough the 

0.0294 radiation lengths of aluminum between the beampipe vacuum and the gas 

volume of the inner drift chamber. Seven percent of the electrons lope greater 

than ten percent of their energy, and that is not including the additional 0.0054 

radiation lengths of aluminum between the two inner drift chambers. We make a 

conservative assumption that the EGS calculation is good to at least 15%. Since 

the correction is 13%, then the systematic contribution to the uncertainty in the 

luminosity is only ±2.0%. 

There is some uncertainty in the simulation of the drift chamber wire 

efficiency. After all of the other cuts have been made, the distributions of the 

numbers of hits look closely alike for data and Monte Carlo. In fact, the cut 

requiring at least 12 hits in the inner chambers reduces the data by 5.2% and the 

Monte Carlo by 6.3%. It seems safe to assume that the uncertainty from this cut 
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is no greater than ±1%. * 

There is an additional souri.: 01 systematic eiror due to theoretical consid

erations. All-calculations have been done only to leading order (a4) in QED 

perturbation theory. The two multiperipheral graphs by far dominate the calcula

tions, so it is important to consider possible radiative corrections to those graphs. 

Unfortunately, no calculations or Monte Carlo programs are available for the en

tire set of graphs for the order a 5 corrections. Those corrections include radiation 

of real photons from any of the seven electron propagators of the leading order 

graphs, which gives amplitudes of order e 5 , and all of the vertex corrections, elec

tron self-energy corrections, and vacuum polarization corrections, which interfere 

with the leading order graphs to give a 5 contributions in the cross section. Also, 

there are some entirely new graphs, with five-point functions, which should be 

included to be completely consistent, but those have been shown to contribute 

very little to the correction?5 

The most thorough calculation of these corrections has been done for the 

related process e+e~ —• e + e ~ / i + ^ - . 3 6 Even that calculation neglects the graphs 

with five-point functions and those with three vertices on the muon line.f As 

long as no cuts are made which depend heavily on the energies of the scattered 

beam electrons or on the total neutral energy, which is the case for this analysis, 

then the differential cross section at each value of W„+„- is found to increase 

by less than 1% when the corrections are introduced. It is not surprising that 

the corrections are small, because the Q of the photons are very small, and the 

momentum transfer is only the order of one GeV, Due to the impracticality of 

doing the complete calculation, we do not apply any radiative correction, but 

simply assume that the resulting error is ±1%. 

Table 4.5 summarizes all of the luminosity corrections and systematic errors. 

After adding the systematic errors in quadrature with each other and the ±1.8% 

t Twenty-six diagrams are included, so even with the approximations which are made, the 
calculation ifi far from simple. 

9 2 

statistical uncertainty, we arrive at the result: 

£i9B 3 = 6 2 2 ± 2.5 p b " 1 . (4.7) 

Carrying through the exercise for the full data set taken with the isobutane 

Cerenkov radiator gives a total integrated luminosity of 122.4 ± 4.5 p b - 1 . 

Table 4.5- List of the sources of error in the luminosity measurement 
from untagged four-electron data and the associated corrections. 

Source of Error Percent Correction 

two-track cut +0.7 ± 0.3 

electron identification +1.2 ± 0.5 

luminosity-counter cut +1.0 ± 1.0 

momentum resolution +1.0 ± 1.0 

impact parameter and z +0.6 ±0 .6 

momentum scale ± 2.0 

EGS simulation ±2 .0 

wire efficiency ± 1.0 

radiative effects ± 1.0 

statistical uncertainty + 1.8 

For each of the runs which have been analyzed, there is a luminosity 

measurement from the small-angle luminosity monitors. Those measurements are 

not absolute in themselves because of difficulty with understanding the luminosity 

monitor acceptance. But that acceptance is constant over each run-block, so 

the measurements do give the relative luminosity For each run. Using them ar.d 

applying a correction determined from the measurement of e+e~ —* /*+M i 

one find that the luminosity to compare with Eqn. 4.7 is ^ ^ + , . 3 - _ , u X a - = 
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69.8 ±3.5 p b _ 1 . If the error estimates for these two results are added in quadrature, 

then it appears that they disagree by 1.8 standard deviations. However, so far all 

the contributions to the error estimates have been added in quadrature, and that 

almost certainly gives an underestimate of the error, even though the individual 

contributions listed in Table 4.5 are conservative estimates. Adding all the errors 

in Table 4.5 linearly (« 11%) is certain to give -Ji overestimate of the error but 

would bring the two results into good agreement. It also is interesting that if it is 

true that the experimental momentum scale is in error by ~2%, as indicated by 

the measurement of K, -» *•+*" (see Section 3.1), then the result in Eqn. 4.7 must 

change by +4%, which would bring it into reasonable agreement with the muon-

pair measurement. These difficulties only underscore the important fact that when 

using electron pairs to normalize the pion-pair sample, most of the errors listed 

in Table 4.5 no longer contribute. In particular, any error in the momentum 

scale cancels. Obviously, none of the errors inherent in the measurement of 

e"*"e" —* M+/*~ contribute in that case either. 

4.11 INTEGRATED LUMINOSITY FROM TAGGED EVENTS 

The measurement of the luminosity can be repeated with tagged events, 

although then the error is dominated by the lack cf knowledge of the luminosity 

counter acceptance. The analysis of tagged four-electron events is repeated with 

the same changes that were made to the untagged analysis: the barrel shower 

counter acceptance is restricted, the center of the detector in cos 8 a cut out, and 

the lower limit on the e+e~ invariant mass is moved up to 0.7 GeV. For the 198S 

data, 1826 events pass all the cuts. 

Most of the corrections which apply to the untagged analysis apply here as 

well. One exception is that because no cut is made on k±, the uncertainty in the 

momentum resolution has very little effect. Also, the cut on luminosity counter 

energy obviously is changed, and it is appropriate to use the systematic error 

estimated in Section 4.9.1. Tsble 4.6 gives a list of the necessary corrections 
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and errors. Note that the error due to the luminosity counter acceptance is not 

included. 

Table 4.6. List of the sources of error in the luminosity measurement from 
tagged four-electron data and the associated corrections. 

Source of Error Percent Correction 

two-track cut +0.7 ± 0 . 3 

electron identification + 1.2 ± 0.5 

momentum resolution -0 .4 ± 0.4 

impact parameter and z +0.6 ± 0.6 

luminosity-counter cut ± 1.5 

momentum scale ± 2.0 

EGS simulation ± 2.0 

wire efficiency ± 1 . 0 

radiative effects ± 1.0 

statistical uncertainty ± 3 . 5 

When the measured location and size of the face of the luminosity counters is 

assumed for the acceptance, the measured luminosity is 76.3 ± 3.7 p b - 1 . However, 

we have seen that it does not seem reasonable to assume that acceptance. When, 

instead, the acceptance is used which gives the best fit to the measured distribution 

of k± of the two electrons in the central detector, then the measured luminosity 

changes to £t»g = 65.4 ± 3 . 5 p b - 1 . The latter result agrees with the untagged 

measurement. In spite of the uncertainty about the luminosity counter acceptance, 

we have seen that everything is in agreement if a reasonable assumption is made 

about that acceptance. The matter will not be pursued any further, because it is 

not relevant to the use that will be made of tagged events in the remainder of the 

analysis. 
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5. Measuring the Pion-Pair Spectrum 

After electron pairs have been removed from the two-track data sample, 

most of the remaining events are muon pairs and pion pairs produced by TY 

interactions. DELCO has no capability of distinguishing between pions and muons, 

but the majority of the events are in fact muon pairs. It is essential to be able to 

predict their contribution to all of the distributions in order to subtract it. The 

QED Monte Carlo programs are used with complete confidence to generate the 

theoretical spectrum of muon pairs. The only remaining problems arc to simulate 

the detector response and normalize the theoretical calculation. 

Fortunately, the detector response is easy to understand for muons, compared 

with electrons or hadrons. In particular, the only trigger effects which must 

be understood are the geometric limits of the shower counters and the effect of 

electromagnetic energy loss. The latter is easy to predict for massive particles and 

simply results in a sharp momentum cutoff, at about 180 MeV for muons. 

The normalization requires a know/edge of the luminosity of the colliding 

beams. That can be predicted from knowledge of the storage ring optics and the 

measured beam intensity, but not to sufficient accuracy to be of any use to most 

physics measurements. What generally is done instead is to measure a physics 

process, resulting from the beam collision, which can be predicted theoretically 

to the desired accuracy. The obvious candidates are simple QED processes. 

For studies of e"*>~ annihilation, Bhabha scattering and muon-pair production 

commonly are used. Those processes, however, result in electrons or muons with 

energies close to 14.5 GeV at PEP, compared with energies of less than 0.5 GeV for 

most particles resulting from two-photon production. As a result, the systematic 

effects involved in measuring the two-photon events are completely different from 

those encountered with finabha scattering or muon-pair production, and one can 

expect uncertainties when extrapolating from high to low energy which will greatly 

dominate all other errors involved in the pion-pair measurement. 

06 

DELCO has the unique ability to use the e+e~~ —* e+e~e+e~ process for 

normalization. The results of Chapter 4 demonstrate complete agreement of 

measurements of several kinematic distributions from this process with QED 

predictions. One general advantage gained is the similarity of the energy and 

angular distributions of the electron final state to those of the processes which 

require normalization. That is especially true for normalization of the process 

e + e ~ -+ e+c-fi+fj,-) since when well above the M+M~ threshold, the cross 

section i:, almost IdentU-.u to that of the four-electron process. Another important 

advantage is that the initial state is the same For all processes considered.! 

As a result, there are many specific sources of systematic error in the 

normalization which cancel. If the process e~*"e— —*• f*^~t*~ were used for 

normalization, there would be all of the systematic errors associated with the 

measurement of the high energy muon pairs plus all of the systematic errors listed 

in Section 4.10 for the measurement of the luminosity from untagged electron pairs. 

Instead, one finds that it is not necessary to understand completely many effects. 

For example, radiative effects related to the e+c~y vertices largely cancel. Plus, 

for normalization of the muon-pair channel, any final-state radiative effects differ 

only by small mass-dependent terms. Any errors in the knowledge of the detector 

acceptance cancel, and the efficiencies of the various noise cuts and tracking cuts 

need not be well known because they are almost the same for all channels. There is 

no need to worry about the momentum scale being slightly wrong, either, because 

the energy spectra for all of the processes behave almost the same and thus would 

be affected by the same amount. In summary, using a two-photon channel for 

normalization greatly reduces the error estimate and decreases the likelihood of 

additional errors from effects not considered. 

Of course, not all systematic effects cancel, but those which remain are 

small and relatively easy to pinpoint and understand. They result from differing 

t That u true Co the extent that only the multiperipheral diagrams contribute to the QED croM 
sections. Refer to Section 4.5 for a more complete discussion of this point. 
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responses to electrons and muons of some parts of the detector. The most 
important problems involve the shower counters, and hence the trigger. First 
of all, the latch efficiency depends on the particle type. It has been measuredf 
for electrons and is easy to predict for muons, so the necessary corrections can be 
made. Second,the geometric acceptance of the trigger is larger for electrons than 
muons because of the lateral spread of electromagnetic showers. That problem 
can be avoided by doing the normalization with only those events far from the 
shower-counter edge and then extrapolating to the full acceptance. Also, there 
is a small amount of material between the beam-beam interaction point and the 
drift chambers where the momenta are measured. As a result, electrons can lose a 
significant amount of energy through bremsstrahlung before being measured, while 
that is not possible for muons and pions. That effect can be corrected for by use 
of the EGS Monte Carlo. The only other significant problem is with the different 
efficiencies for particle identification by the Cerenkov counter. Those are measured 
from the data and may be corrected for with minimal error. The remaind - of 
this chapter concentrates on understanding these corrections and applying them 
to obtain the subtracted pion spectrum. 

5.1 REJECTION OP FOUR-ELECTRON EVENTS 

Events with no electrons in the central detector are easily selected by requiring 

that there be essentially no signal from any Cerenkov counter associated with a 

track. Since both of the muons or pions are required to pass through the acceptance 

region of the £erenkov system, then the rejection of electrons is close to 100% . In 

fact) & simple calculation using the efficiencies in Table 4.1 quickly shows that the 

electron background is completely negligible. There is, however, a small loss of 

efficiency due to random noise in the Cerenkov counters at the one-photoelcctron 

level. Such signals must be rejected as possibly being from electrons if they have 

time residuals close to zero. 

f Refer to Section 4.S for » discussion of the electron shower counter latch efficiency. 

08 

Figure 5.1 shows distributions of the total in-time raw Cerenkov pulse height 
associated with each track, where in-time means those cells with time residuals less 
than 1.65 ns. The first histogram includes all particles, while the second includes 
only particles for which the opposing one has been unambiguously identified as a 
muon or pion.t Such identification is accomplished by accepting only particles 
which pass through the highly efficient regions of the Cerenkov system with 
momenta greater than 0.3 GeV and have an associated raw pulse height of less 
than 0.1 photoelcctrons. The noise peak in the pion-muon data overlaps with the 
electron data, so a cut at 0.2 photoelectrons is chosen such that it is rejected. 
Figure 5.2 shows distributions of the total out-of-time raw pulse height associated 
with each track. Note that a single track may have entries in both figures 5.1 
and 5.2, so the efficiencies cannot be simply read from the histograms, though 
they do give a reasonable first estimate. The cut on the out-of-time pulse height 
is placed above the noise peak at 1.5 photoelectrons. 

There are a few "muons* with quite luge pulse heights. They are not 
likely actually to be electrons, but probably are pions passing through Cerenkov 
cells which have otherwise unseen photon conversions within. In that case they 
would have to be considered as background events, not as contributions to the 
identification inefficiency. To da this analysis, all possible cuts? have been included 
to reject background from processes with multiplicities greater than two, except 
for those which could bias the identification itself. The very low incidence of 
overlap with photon conversions is evidence in itself of the resulting cleanliness 
of the data, and, in fact, there are few enough such events that one need not 
be concerned about them giving a significant error to the measured identification 
efficiency. With that in mind, the efficiency, as determined from those particles 
whose partner has been unambiguously identified as a muon or pion, is 09.5% for 
each track and has no angular or momentum dependence. 

t There ire, of court*, tuso a few kaona and proto&i, but the distinction u of no nlevuec B«*. 
t The cuts are listed in Section 5.2. 
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5.2 ANALYSIS C U T S FOR THE UNTAGGED i r + iv _ SIGNAL 

The analysis cutB used on the untagged sample of pion and muon pairs are 

much the same as those used on electron pairs, with the addition of several cuts 

necessary for reducing background in the hadronic channel. The kinematic cuts are 

unchanged except that pion, rather than electron, masses are used for computing 

the two-particle invariant mass. There is only a slight change in the definition of 

the angular acceptance. Recall that for electrons, the 0 acceptance is denned by 

requiring the measured tracks to pass through where the shower-counter modules 
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are believed to be. However, the trigger for muon and pion pairs already requires 

that both tracks latch a shower counter, a requirement which is enforced in the 

analysis by ensuring that no other incidental triggers (from noise, for example) are 

allowed to contribute events in which one of the tracks has failed to latch a shower 

counter. An additional cut on the tracking and survey information ts not made 

because it would only confuse the understanding of the pion detection efficiency, 

due to lack of understanding of the effect of nuclear scattering on the extrapolation 

of the measured track. This point is discussed further in Chapter 6. 
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The cuts which are used in the electron analysis for selecting events with 

-well measured tracks are used here without change. However, many of them also 

serve to reject background processes, none of which are present in the electron-pair 

sample. All of the remaining cuts serve only to reject background. 

The first background to consider comes from cosmic-ray muons. If they 

happen to pass near the detector center within about 20 ns of the beam crossing, 

then they can mimic colincar pairs of muons produced by the beams. Simply 

rejecting pairs which are almost colinear is not a desirable solution because pairs 

from untagged events already arc nearly colinear in the transverse plane, and such 

a cut would be applied just where the detection acceptance is a maximum. The 

0.5 cm impact-parameter cut and the cut on the average z of the tracks near the 

origin immediately remove a large fraction of the cosmic-ray events present on the 

data tapes. The rest can be tagged effectively by measuring with the time-of-flight 

counters and shower counters the time required for the muon to pass from one side 

of the detector to the other. 

The timing information is considered only if the angle between the two tracks 

is greater than 168.5 degrees. A time-of-flight counter is used on a given side if 

one is hit and has times at both ends which are consistent within three standard 

deviations.f Otherwise, a shower counter is used if one is found which passes the 

same requirements. Only 0.5% of the events considered have no usable timing 

information; they merely are assumed not to be cosmic rays. Figure 5.3 shows the 

distribution of the time difference, made before most of the analysis cuts, including 

vertex cuts, are applied. The separation of cosmic rays from the signal is clear; 

the cut is chosen to reject all events with a time difference greater than 8.0 ns. 

Another background source is scattering of beam electrons on residual gas 

inside the beam pipe. Such events have a flat distribution of the z position of 

their origin, while the beam-beam interactions occur within about 3 cm of the 

detector center. Figure 5.4 shows the distribution of the average z of the track 

f Refer to Chapter 9 for a detailed discussion of the time-of-flight analysis. 
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Figure 5.3. Cosmic-ray rejection. At is the difference in time of a time-
of-flight or shower counter associated with one track and that associated 
with the second track. The total number of events entered is 58,940. 
51912 (all in the bins from zero to two nanoseconds. Events which have 
an angle between tracks less than 168.5 degrees are entered with a zero 
time difference. 

points closest to the beam line in each event. All other analysis cuts have been 

made—in particular, cosmic rays have been rejected. A cut rejecting events with 

\'z\ > 4.0cm eliminates the flat tail without cutting appreciably into the signal. 

The tail itself gives an upper limit on the contamination from beam-gas scattering 

in the signal region, because the detection efficiency for tracks a few centimeters 

outside of that region is approximately what it is within. 

The remaining background is from genuine beam related events, either by fy 

production or e+e~ annihilation. Many hadronic final states can mimic a pair of 

pions if all other particles in the final state escape detection. The analysis must 

rely on the cut on fcj. to reduce such background to a low level. The tracking 

resolution does not allow a cut on k± any tighter than what has been used for the 

electron analysis without causing an unacceptable loss of the signal. Therefore, 

some background remains, and its level must be estimated. 
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Figure 5.4. The z position of the interaction point. It ia calculated by 
averaging the z coordinates of the points of closest approach of the tracks 
to the beam-line. Only events with two non-electron tracks which have 
passed all of the JT + T~ analysis cuts, except for the cut on 2, are used. 

It is important that if any extra particles are detected by any means that 

the event be rejected. Therefore, cuts are made on the pulse heights of shower 

counters and Cerenkov counters which are not associated with either of the two 

tracks. The total pulse height of the pole-Up counters must be less that 0.1 GeV, 

and the pulse height of the barrel shower counters, summed over all counters 

not hit by a track and not adjacent to one hit by a track, must be less that 

0.15 GeV. Any event with a Ccrenkov counter which has a time residual less 

than 1.65 ns and a raw pulse height greater than 3.0 photoelectrons is rejected. 

Finally, a search is made for track stubs in the planar drift chambers. If a stub 

is found with at least one stereo wire, two axial wires, and four total wires 

and has a x 2 par degree of freedom less than 4.0 from fitting a straight line 

to the hits, then the event is rejected, unless the stub is found to be sharing 

wires with one of the two tracks or using any wires adjacent to one used by a 

trafk. 

104 

These noise cuts are designed primarily to detect photons, which may leave 

a signal in a shower counter or convert in material in the Cerenkov counters or 

planar drift chambers. They also serve to reject events in which a charged particle 

has been missed by the tracking system but still hits a shower counter. The cut 

values have been tuned and tested by looking at single-event displays as well as 

histograms. Their effect on the actual signal can be checked by applying the same 

cuts, except for cuts on Cerenkov pulse height, to electron pairs, since there is no 

significant background to the four-electron channel. After all other analysis cuts 

have been made, the noise cuts reduce the e + e~ sample by only 1.2%. 

The analysis commences with summary tapes including two-track events with 

no cuts on particle type, since the electron-pairs must also be present to provide 

the normalization. A total of 398,936 events are input, and the trigger requirement 

eliminates 2,969. Before separating the particle types, most of the other cuts are 

made. Those cuts and their effects are listed in Table 5.1. Of the 138,590 remaining 

events, 61,798 are positively identified as electron pairs and 75,094 as pairs of non-

electrons. The 1698 events which fail the cuts for both categories are rejected. 

Considering now only the category of non-electron events, the requirement 

that each track at least pass near to a shower counter rejects 1180 events. The 

cuts on planar drift chamber stubs and barrel-shower and Cerenkov noise reject 

1413 events, and requiring both tracks to latch a shower counter rejects 1670 

events. The latter cut is made in order to ensure that both tracks are within 

the barrel-showar acceptance and that the trigger for the event is not from some 

random source. That is necessary if the acceptance and the trigger response are 

to be understood. Finally, 72 events are rejected because the two tracks are of the 

same charge. The result is a sample of 70,759 events, including muon and pion 

pairs with a small fraction of background from kaon and proton pair production 

and other hadronic processes. To produce the p'an-pair spectra, the corresponding 

muon-pair spectra must be calculated and subtracted, and the level of the other 

backgrounds must be estimated. 
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Table 5 .1 . List of some of the cuts for t he 3r+7r~" analysis. T h e remainder 
are listed in the text . T h e fourth and fifth columns give respectively how 
many events would be rejected by the cut before all other cuts and how 
many would be rejected after all o thers . 

Quan t i ty Lower 

limit 

Upper 

limit 

Failures 

when first 

Failures 

when last 

Failures 

in order 

poletip E 0 0.1 GeV 1S389 3112 18389 

inner DC hitb 12 16 21938 3779 18892 

fit errors 0 0 3537 92 822 

2 —4.0 cm 4.0 cm 6149 427 2996 

impact 

parameter 0 0.5 cm 24786 1370 11327 

COB0 - 0 . 6 0.6 74593 33699 62128 

Www 0.6 GeV 2.0 GeV 156867 24206 114480 

kJWnn 0 0.2 96288 27134 27140 

* L 0 0.3 GeV 23080 241 250 

M A X ( p ( \ p (

2 ) 0.25 GeV 0 0 85606 782 783 

cosmic 0 0 4626 170 | 170 

5 . 3 SUBTRACTION OF THE M + /*~ BACKGROUND 

Once the proper normalization has been determined, it is s traightforward to 

calculate how many muans are present In each bin of any distribution. QED is used 

to calculate the physical distr ibutions, by means of the Vermasercn Monte Carlo, 

or in t he untagged case, equally well by t he EPA Mon te Carlo.f We continue here 

with the untagged sample, bu t the methods also apply to the tagged sample. 

•f For the cue of muon-paJr production, w well as the four-electron final state, the EPA program 
has been checked to give reaulto identical to those of the Vermaseren program wh«n an untagged 
analyaia is made. 

1 0 6 

Detector effects are especially simple to s imulate for muons . The identification 

efficiency has no kinematic dependence within the fiducial volume, and the shower 

counter latch efficiency is affected only by electromagnetic range-out . The amount 

of mater ial traversed by muons going in various directions does not vary greatly, 

and range fluctuations a re small (they actually are neglected in the Mon te Carlo) , 

so the result of the electromagnetic effects is simply a ra ther sha rp cutoff where 

the efficiency drops to zero below a par t icular value of the initial momen tum. This 

cutoff can be predicted by using the full s imulation of the detector , including the 

program for detailed s imulat ion of the shower counter geometry and materials . 

To check the program, the calculation is m a d e for a combinat ion of tagged 

Monte Carlo muon pairs and pion pairs in approximately the proport ion found in 

the da ta . Only tracks which pass through a counter well away from the edge are 

used, so the his togram shows the probabil i ty of the particle actually s topping in 

the material before t he second layer of scintillator. Tagged events are used because 

their LS tr igger, which requires a coincidence of a luminosity counter and a barrel 

shower counter , allows events t o be seen in which one particle fails to latch the 

shower counter . Therefore, the Monte Carlo can be compared directly with the 

da t a as long as t he trigger is s imulated. Figure 5.5 shows t ha t the sha rp edge seen 

in the Monte Carlo agrees well with t ha t seen in t he da t a , a l though, as expected, 

the d a t a show an addit ional and more slowly varying inefficiency due to nuclear 

interactions of pions. 

Electron pairs are used t o provide the normal isat ion, b u t care mus t be 

exercised to correct for differences in acceptance of the trigger for electrons and 

muons . I t is of no help simply t o require the same trigger for the two types, because 

the 2S tr igger has a dramatical ly different response for electrons a s compared t o 

muons . Ins tead, electron events with only a KS trigger still are accepted, and the 

inefficiency caused by ranging ou t of electromagnetic showers is corrected for by 

using the measurements of Chapte r 4. Likewise, the effect of range-out on the 

muons is corrected for by using the cu*ve in Fig. 5.5. There is the addit ional 
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Figure 5.5. The Monte Carlo shower counter latch efficiency for a mixture 
of tagged pion and muon pairs (points) is compared with that measured 
from tagged data (solid histogram). The Monte Carlo does not include 
nuclear interactions. The smooth curve represents Eqn. 4.2 with the 
parameters A = 1, po = 0.177, and r = 0.0219. 

problem of edge effects, however. Electrons have a larger acceptance in the 

shower counters than do muons, because showers in the aluminum surrounding 

the counters c^n spread into the scintillator. To some extent, that is simulated 

by EGS, but it is best not to rely on a complicated Monte Carlo calculation. It 

also is not a good idea to try to use the tracking information to specify when a 

particle \B within the shower counter edge, because of inherent tracking and survey 

errors. The approach that is taken is to define a muon or pion as being within the 

acceptance if it latches a shower counter. That means that the few events must be 

discarded which rely on triggers from some source besides the two shower counters 

actually hit by the muons or pions. Electron pairs, on the other hand, are kept 

only »f both tracks are determined by tracking to pass through a shower counter 

at least 4 cm from the edge. That gives a large enough margin for error that the 

survey and tracking errors do not affect the acceptance (see Fig. 5.6). The only 

remaining problem is to determine the difference in geometric acceptance for muon 

1 0 8 

m O O O O Q O O O Q Q Q Q Q G Q Q Q Q Q G ) 

"3 
o 

• 1 
"3 

* 5 

. i . . . . i . . . . i . . 

0 10 20 
Ax (cm) 

Figure 5.6. The resolution of the shower-counter edge for electrons. The 
efficiency for the first layer of the shower counter to latch is plotted as a 
function of the distance from the nearest edge of the counter. 

pairs between the case where the 4-cm cut is made as for the electron pairs and the 

case where only two latches are required. After making all of the analysis cuts, the 

muon-pair Monte Carlo with full detector simulation gives an acceptance ratio of 

1.469±0.020, while the non-electron data gives 1.450±0.007. The fact that the two 

agree shows that the width of the counters is correct in the Monte Carlo and that 

there is not much of an edge effect from pion-nucleus interactions; the more precise 

value is used for the analysis. Note that the corresponding ratio for electron pairs 

is found to be 1.493 ± 0.010. Thus the edge effect from electromagnetic showers 

could cause as much as a 3% increase in acceptance. 

Of the 61,798 electron pairs, 6455 are rejected because one track docs not have 

an associated shower counter. The cuts on planar drift chamber stubs and barrel-

shower and Cerenkov counter noise reject 678 events, and 20,366 are rejected in 

order to satisfy the 4-cm fiducial cut in the shower counters for each track. Of 

the remaining events, 14 ha\e two electrons of the same charge and are rejected. 

Since the final n+n~ invariant-mass spectrum must be calculated by assuming 

pion masses for both particles, then the cuts should be made for all particle types 
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by assuming pion masses. However, the cut of Wnv > 0.6 GeV is lower than the 

invariant-mass cut made in the analysis of Chapter 4. For that reason, the region 

between Wnir = 0.6 GeV and Wn„ = 0.7 GeV cannot reliably be corrected for 

systematic effects. Only the 23,645 events in the range from 0.7 GeV to 2.0 GeV 

are used for normalization. 

To proceed, the same number of Monte Carlo events are generated, and 

all detector effects arc included as in Chapter 4, including the trigger and 

identification efficiencies. One finds that the data represent an effective luminosity 

of 64.07iO.42pb" 1. It is not the true beam luminosity because not all inefficiencies 

of the detector have been included in the calculation. In particular, many with only 

a <p dependence are neglected. Effects which differ between etectrons and muons, 

such as the electron identification efficiency and the electron shower counter latch 

efficiency, have been included. The one exception is the effect of the beam-pipe 

and drift-chamber material. 

We have seen that the material in the shower counters and in front of them 

affects the normalization by reducing the trigger efficiency for electrons relative 

to muons. In that regard, the material in the beam pipe and the inner drift 

chambers is insignificant. However, the innermost material that the particles must 

pass through is unique in that it affects the particles before their momenta are 

measured. There are two layers of aluminum which are important in this respect: 

The first iB the material of the beam pipe and the inner wall of the innermost 

drift chamber, comprising 0.029 radiation lengths for 1982/1988 data and 0.013 

radiation lengths for 1984 data, and the second is the material between the two 

inner drift chambers, comprising 0.0054 radiation lengths. The materia] between 

the inner and outer drift chambers is not relevant because the outer drift chambers 

play little part in the momentum measurement for low-momentum tracks. 

Electromagnetic interactions of electrons in the aluminum cause several losses 

in addition to those incurred by muons. In about 0.3% (in 1984) t o °- 6% (in 

1982/1988) of the events, extra electron tracks are produced with high enough 
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momentum to be found by pattern recognition. Energy loss from bremsstrahlung 

causes several other effects. The impact parameter distribution is broadened 

slightly, as is the distribution of fc^, resulting in the loss of an additional couple 

of percent of the events. But by far the biggest effect is simply due to a slight 

shift in the energy scale caused by the average energy loss incurred by electrons 

before reaching the region where their momenta are measured. Of all of the cuts 

made, most are placed well out in the tails of distributions and hence are not 

very sensitive to any effects. The exceptions are the cuts defining the angular 

acceptance, which are not affected by the energy loss, and the cut on invariant 

mass, which is very sensitive to any shift in the energy scale. 

The EGS Monte Carlo is used to determine the effect of the material on 

electrons. Figure 4.21 shows the fractional energy loss of electrons in the first 

layer of aluminum for the 1983 data. The average IOBS is 3.3%, and 7% of the 

electrons lose greater than 10% of their energy. Since the invariant-mass spectrum 

falls as 1/W 3, a downward shift by x% in the energy scale will decrease by 2x% 

the number of events above any given cut, so one can see that the bremsstrahlung 

must have a drastic effect on the normalization. 

The bremsstrahlung is found not to affect noticeably the shape of the 

invariant-mass distribution, so all that is necessary is to calculate a constant 

correction factor for each of the data sets. That is done by taking the ratio of 

the efficiency found from the Monte Carlo with full detector simulation, including 

EGS where necessary, for muon pairs with respect to electron pairs. The results 

are 0,889 ± 0.008 for 1982/1988 data and 0.946 ± 0.009 for the 1984 data, or 

0.908 ± 0.008 overall. 

There also is some unknown systematic error from the EGS calculation. EGS, 

along with the rest of the detector simulation software, does predict correctly 

the number of extra tracks produced by electromagnetic interactions, which is 

0.7 ± 0.2% in the 1982/1983 data. It also has been shown to predict correctly 

the latch efficiency in the shower counters, but of these two checks, the first 

http://64.07iO.42pb%221
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is not very significant statistically and the second is not directly related to the 

beampipe. However, EGS has generally been found to be reliable, and calculating 

the energy loss of an electron passing through a thin sheet of aluminum is 

a relatively simple application of the program. Therefore, it is reasonable to 

assume that it gets the correction right to at least 15%, and since the correction 

itself is about 10%, then the resulting error in the normalization is about 1.5%. 

Including this correction, along with systematic errors from the trigger and 

electron-identification corrections and the statistical error from the sample of four-

electron events, results in a corrected effective luminosity for the four-electron 

sample of £*ffC = c*£ = ' ° - 5 ̂  1 - 6 P D _ 1 - Here, c e represents the part of the 

detection efficiency, such as gaps in <;!», which are not included in the Monte Carlo 

calculation. 

The analysis of muon pairs does not require the 4-cm fiducial cut, so including 

the corresponding correction factor leads to £p = e-n = 1.450 - ee and an effective 

luminosity for the non-electron sample of 

^Sr*" =^nM~ - * , . £ = 102 .3±2 .3pb- 1 . (5.1) 

The quoted error LP the sum, in quadrature, of the errors listed in Table 5.2. 

Another conceivable source of error is from radiative corrections to the 

leading-order QED graphs. One may suspect that the corrections could be different 

for the e+e~fi+n~ final state compared with the e+e~e+e~ final state. It has been 

shown that the only significant contribution for either final state in leading order 

is from the two multiperipheral graphs, so we need only consider corrections to 

those two graphs. Therefore, the only difference in the calculations for the two 

final states comes from the muon-electron mass difference. The matrix elements 

are otherwise exactly the same. Now, the part that the mass plays in the result 

depends on kinematics; at high enough energy it should have very little effect. 

In fact, for the leading order cross sections, in the energy range and geometric 

1 1 2 

Table 5.2. Sources of error in the normalization derived from the electron-
pair sample. 

Source of Error Percent Error 

trigger efficiency ± 0.8 (syst.) 

electron identification ± 0.5 (syst.) 

pre-tracking radiator ± 0.9 (stat.) 
± 1.5 (syst.) 

barrel shower counter 
acceptance correction ± 0.5 (stat.) 

size of e+e~ sample •J: 0.7 (st&t.) 

Monte Carlo ± 0.5 (stat.) 

acceptance considered in this analysis, the difference of the two cross sections 

is only 3.7%. Since the mass effect is so small for the leading order, and since 

the overall radiative corrections are known to be only of the order of l%,f then 

it is reasonable to expect that the difference of the radiative effects for the two 

processes is much less that a percent and can be neglected. 

Monte Carlo muon-pair events are analyzed just as electron pairs are, except 

that the effect of the Cerenkov identification is simply an overall loss of \% of the 

events, and the shower counter latch efficiency is given by Fig. 5.5. The effect've 

luminosity of Eqn. 5.1 yields 49,775 Monte Carlo muon pairs within the analysis 

cuts. Subtracting those from the data sample of muons and pions leaves a total 

of 20,984 pion pairs, with some remaining background, as seen in Fig. 5.7. The 

prominent peak around 1.2 GeV is due to the / (1270), and one can see that there 

also ; s a significant number of pion pairs produced in the continuum. In Chapter 8 

this spectrum is fit to the theoretical model developed in Chapter 7. 

\ Refer to Section 4.10 for more discussion of the radiative corrections. 
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Figure 5.7. The pion-pair ard muon-pair invariant mass, (a) The data 
sample of pairs of non-electrons is represented by the points, while the 
smooth curve shows the predicted muon-pair spectrum. (6) The pion-pair 
spectrum which results after subtracting the muon-pair prediction. 

.4 CONSIDERATION OF OTHER BACKGROUNDS TO ~ri-*n+ir-

Muon pairs are by far the largest background to the selection of pion pairs, 

but their are a few other minor sources of background which must be considered. 

First let us consider cosmic-ray muons. Most of them have been removed by cuts 

on the timing, but due to the resolution of the time-of-flight counters, there is a 
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small tail toward short times which contributes some background. An upper limit 
on such background is estimated by roughly extrapolating the lower edge of the 
cosmic-ray peak below the cut at 8.0 na. For that purpose, Pig. 5.3 is not useful 
because it shows the time distribution as it is before other cuts have been made, of 
which many preferentially reject cosmic rays. To study the background, the same 
histogram is reproduced, but the data are entered only after making all analysis 
cuts not related to the timing. The result shows that only 0.31% of the events 
have times above the 8.0 ns cut, and an upper limit on the cosmic-ray background 
not removed by the time cut is 15 events. That is an insignificant background, 
even when considering the distribution of /3, where all the cosmic rays fall in the 
one bin about 0 = 0. 

Next, we consider the background from beam-gas scattering. It should be 

characterized by a roughly uniform distribution of the 2-position of the interaction. 

Figure 5.4 shows a histogram of the z-poaiUon of the estimated interaction point 

for events passing all analysis cuts except for the z cut. Note the long, low tails 

outside the cut at ±4.0 cm. They are partly due to tails in the distribution of the 

colliding beams and tails in the tracking resolution, but they can be used to give 

an upper limit on the beam-gas contribution. It is reasonable to assume no more 

than five events per bin coming from beam-gas scattering, which is a background 

of no more than 0.6% of the pion pairs. 

The background from e+e~ —* hadrons is estimated by use of the Lund string-

model Monte Carlo?8 with radiative corrections included for the QED vertices?3 

The cutoff energies for photons radiated from the incoming beams are set from 

0.8561^6 to 0.9801 £{>, depending on the quark flavor produced, and the total cross 

section is 1.276-3-y ffe+e__ + _=0.4817nb. Of 46,378 events generated and 

simulated in the detector, only three pass all of the analysis cuts for "n -* JT +JT - . 

When normalized to the integrated luminosity of the data, that means that the 

background from this source is only about five events total, which is negligible. 

For the same reason that Bhabha scattering does not contaminate the 
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electron-pair sample, the process e+e~ —* n^~t*~ does not contaminate the pion-

pair sample. The contamination from tau-pairs is estimated in the same way as 

for the electron-pair analysis, and it is found to be at only the level of eight events. 

Again, such a level of contamination is small enough just to ignore. 

Probably a larger source of contamination than e+e~ —» hadrons is inclusive 

hadron production, not including exclusive pion pairs, from 77 interactions. The 

77 interactions produce events of low energy and multiplicity, so such events can 

more easily mimic pion pairs. Unfortunately, there is no simple model which can 

be used to estimate the background, and the cross section for 77 ~*" hadrons is not 

even known in detail empirically. However, one can estimate the background from 

the combination of all processes which produce at least four charged piona (plus 

beam-gas scattering) by observing the number of like-sign pion pairs in the data 

sample after all cuts other than the charge cut have been made. There are 70 such 

events, so one might expect approximately 70 more from the same source, but 

with a pair of oppositely charged pions detected. However, there are an estimated 

116 beam-gas events in the data sample, which tend to have non-zero charge and 

might alone account for the 70 like-sign events. In fact, there are more events with 

charge -1-2 than —2, as one would expect from beam-gas collisions. On the other 

hand, we have not yet accounted for background events with two charged pions 

and several neutral pions. There should be fewer of them than events with several 

charged pions, so it is reasonable to set an upper limit on the total background, 

including beam-gas events and 77 —* hadrons, of ISO ± SO events, which is only 

0.7% of the sample of pion pairs. 

Not yet accounted for are two specific backgrounds, both of which can be 

accurately estimated and subtracted. The first is resonance production from two 

photons, where the resonance decays into two pions plus one-or-more photons. 

The only such resonance which can in that way contaminate the pion-pair data is 

the 17'. In particular, the decay mode rj' -4 p°7 often produces two pions which 

pass all of thf. cuts, and the photon usually is of too low energy to be detected, or 
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else it escapes through cracks in the detector. 

The background from 77' production is estimated by Monte Carlo, using as 

input the measurements of 77 - • rj' by the PLUTO collaboration?9 The tj' state 

is generated as a Breit-Wigner resonance according to 

s w 7 7 r 7 7 r„, 

with m, , = 0.357 GeV, r 7 7 = 3.80 ± 0.26 ± 0.43 keV, and r , , = 200±34keV. 

When it is allowed to decay through any of its possible modes by using the decay 

programs of the Lund Monte Carlo? 8 then one finds that only the p°i channel 

contributes any background. 

The Lund programs do not take into account the large width of the p° or its 

polarization, so it is necessary to study that channel in more detail. The p° has 

such a large width that a completely accurate description of the rj' decay should 

properly include the three-body phase space. An adequate approximation for this 

purpose is instead to model the decay as a two-step process. After selecting the 

p mass according to a Breit-Wigner distribution, the p and 7 are produced in 

a uniform two-body phase space. The Breit-Wigner simply is cut off at the TJ' 

mass, which is another simplifying assumption, but is not a large effect. The p°, 

which must, like the 7, have helicity ± 1 , then is decayed into two pions with a 

center-of-mass angular distribution of sin21?. 

Of 6251 such events generated, corresponding to an integrated luminosity of 

89 pb"" 1, a total of 340 pass all of the analysis cuts for pion pairs, giving the mass 

spectrum shown in Fig. 5.8. The reason that the peak is not centered about the p° 

mass is because the efficiency for such events is rising sharply in that energy range. 

Including the uncertainties of the PLUTO measurement, of the measurement of 

the pion efficiency, and of the DELCO luminosity (122.5 ± 4 . 5 p b _ l ) , gives a total 

of 468 ± 87 events to be subtracted from the measured JT+7T~ spectrum. 
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Figure 5.8. The t]' -* P°1 background JT+TT- mass spectrum correspond
ing to an integrated luminosity of 86 pb~*. 

The last background to consider is that due to the processes 77 —» K+K~ 

and 77 —* pp. Such events often can be identified by time-of-flight measurements. 

However, only a fraction of the events in the data have usable timing information 

for each track. The approach used here is to consider only those events which do 

have good timing information available for both tracks and measure the fraction 

of kaon pairs plus proton pairs for each mass bin.f The number found of pairs of 

heavy particles is corrected for background and inefficiency induced by the timing 

cuts, and the result is scaled for each bin, by the ratio of the number of all pairs 

to the number with good timing, to give the background of the whole data set. 

Figure 5.9 shows the final result for the K+K~, pp background. Both it and 

the rjf background are subtracted from the data in Chapter 8 when fitting the 

spectrum to theoretical models. However, these backgrounds are small enough 

that the change in the spectrum from what is seen in Fig. 5.7b is hardly visible. 

| Refer to Chapter 9 for 1 complete discussion of the lime-of-flight analysis procedures. 
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Figure 5.9. The K*K~ plus pp background to the if -» JT+JT~ 
measurement, as measured from the data and corrected for the time-
of-flight acceptance and efficiency. 

5.5 THE TAGGED PION-PAIB SPECTRUM 

The tagged analysis proceeds much the same as the untagged, and the analysis 

of the luminosity counter tags is done exactly the same as for the four-electron 

channel. The cuts are the same as for the untagged analysis, except for the cut 

on the luminosity counter energy and the cuts on the total transverse momentum 

jbj_ of the two tracks observed in the central detector. Because a strict cut on 

Jt_L cannot be made, the rejection of background is a more serious problem than 

for the untagged analysis. Therefore, the cuts on noise in various counters and in 

the outer drift chambers become more important. They reduce the final sample of 

non-electron pairs by 5.5%. Using the fact that 2.0% of the final sample of electron 

pairs is eliminated by the same cuts and assuming the same effect on muon pairs, 

we estimate that the cuts reduce the sample of pion pairs by about 15%. 

An attempt is made to use the measurement of ij_ to reduce the background 

a little further. Assuming that only one of the beam electrons scatters at a large 

angle, then the transverse momentum of the tagged electron should balance that of 

the two particles observed in the central detector. Unfortunately, the luminosity 
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Figure 5.10. Transverse momentum cut for tagged data. Aif> is the 
angle in the transverse plane between the direction of the sum of the 
momenta of the two electron tracks and the direction of the center of the 
hit luminosity counter. 

counters do not give a good measurement of the transverse momentum. They 
tell only whether it is larger than about 0.3 GeV and what the azimuthal angle 
is within ±60 degrees. Therefore, the only cuts made are to require that the 
measured k± be larger than 0.1 GeV and that the angle A0, between the vector 
f>t + Pt measured >n the central detector and the $ direction of the center of the 
hit luminosity counter, be larger than 0.6TT radians. Figure 5.10 shows a histogram 
of &$ for tagged electron pairs, made before any of the noise cuts. Only 1.8% 
of those events are eliminated by the cut, while it eliminates 3.7% of the tagged 
non-electron pairs. Thus it is evident that even such a loose cut helps substantially 
to reduce the background. 

Because of the requirement of a high energy tag in the luminosity counters, 

backgrounds from all sources other than two-photon scattering are greatly reduced. 

For example, when the time difference from one side of the detector to the other 

is plotted before other cuts are made, only 5 of the 989 events with an angle 
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between tracks greater than 168.5 degrees have At > 8.0 ns. Thus the cosmic 

ray background is negligible, and likewise the beam-gas and e+C -> hadrons 

backgrounds are negligible. The remaining background, except for that from n 

production and charged kaon and proton pairs, is estimated from the number 

of events found with non-zero charge. There are 227 such events after all other 

cuts have been made, compared with only four electron pairs of non-zero charge. 

There should be an equal number of zero-charged events from the same background 

source, and there could be as much as about half that many again of events from 

the same background but with extra neutral, rather than charged, pions. The 

charged background is relatively certain, while we can only guess at the number 

of neutral pions which may have escaped detection. Hence the background from 

multi-hadron production is estimated to be 560 ±112 events. 

The backgrounds from IJ' production and from charged kaon and proton pairs 

are determined in the same way as for the untagged analysis. In this case, the 

number of proton and kaon pairs (45 total) is completely insignificant compared 

with the statistical precision of the pion-pair sample, amounting to no more than 

four events in any single bin. The calculation of r/' production assumes a p -pole 

form factor, 1/(1 - « 2 / m J)> which has been found by the PLUTO collaboration to 

give an adequate description of their data?9 The number of rj' yielding pion pairs 

to be subtracted from data is only 72 ± 16. 

In order to obtain the normalization for subtracting muon pairs, the tagged 

electron pairs are analyzed within the trigger acceptance defined by the fiducial 

cut 4 cm from the shower counter edges. The number found in the range 

0.7 < W** < 2.0 GeV is 3719 events. Again, a correction must be made for 

bremsstrahlung energy loss in the beampipe and drift chamber material. Using 

again the full simulation of the detector, including the EGS Monte Carlo, the loss 

of electron pairs relative to muon pairs is 0.931 ± 0.016 for the 198S/19SS data, 

0.966 ±0.017 for the 1984 data, and 0.943 ± 0.016 overall. The effect is less for the 

tagged analysis than for the untagged partly because for the former there is no cut 
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on k±. In general the two differ kinematically, so some difference must be expected 

in any case. Comparing the data with a calculation from the Vermaseren Monte 

Carlo and applying the correction gives an effective luminosity of 62.7 ± 1.6 pb~ l . 

For tagged non-electron pairs, the 25 trigger is redundant to the bS trigger, 

which requires only one shower counter in coincidence with the luminosity counter. 

Therefore, there are some events in which only one pion or muon has hit and fired 

a shower counter. But both particles still are required to fall within the Bhower 

counter acceptance. In cases where one of the particles does not latch a shower 

counter, the tracking information is used for that particle to determine whether it 

is within the acceptance. When the acceptance is so defined, there is an increase of 

the number of non-electron pairs by a factor of 1.501 ±0.024 over the number found 

within an acceptance defined by the 4-cm fiducial cut. Including that correction 

results in an effective luminosity for the tagged non-electron sample of 

^ g - 9 4 . 1 ± 3 . 3 p b - 1

I (5.3) 

where the quoted error is the sum, in quadrature, of the errors listed in Table 5.3, 

Table 5.3. Sources of error in the normalization derived from the tagged 
electron-pair sample. 

Source of Error Percent Error 

trigger efficiency ± 0.8 (syst.) 

electron identification ± 0.5 (syst.) 

pre-tracking radiator ± 1.7 (stat.) 
± 1 . 5 (syst.) 

barrel shower counter 
acceptance correction ± 1.6 (stat.) 

size of e+c~ sample ± 1.6 (stat.) 

Monte Carlo ± 0.9 (stat.) 
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From the data, a total of 9366 tagged non-electron pairs pass all of the cuts. 

The invariant-mass spectrum for those events, calculated with an assumption of 

pion masses, is displayed in Fig. 5.1 la. Using the luminosity of Eqn. 5.3, the 

muon-pair spectrum is produced as for the untagged analysis, except that in this 

case it is essential to use the Vermaseren Monte Carlo generator. The calculation 

yields 6654 muon pairs, and subtracting those leaves 2712 pion pairs. Subtracting 

the estimates of the other backgrounds leaves the 2034 events for which the Tr+ir~ 

invariant-mass spectrum is displayed in Fig. 5.116. 

As in the W+TT~ mass spectrum from untagged events, a peak near the / 

is prominent, and there also is a large amount of continuum production. As far 

as data analysis is concerned, what remains to be done is to measure also the 

angular distribution for pions pairs and to correct the observed distributions for 

resolution and efficiency effects. Then, to finish the measurement, a model must be 

constructed which includes both continuum and resonance production, and it must 

be fit to the data. But first, let us finish the analysis necessary for determining 

the detection efficiency for pion pairs. 
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Figure 5.11. The invariant mass spectrum for tagged non-electron pairs. 
(a) The points represent the measured data, the smooth curve is the 
prediction for the p+i*~ background, and the histogram drawn as a line is 
the estimated of the random background, obtained from the spectrum of 
pairs with nonzero charge. (6) The points represent the TT+TT- spectrum 
obtained by subtracting all background. The histogram around the p° 
mass is the calculated background fr"m n' production. 
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6. Measurement of the jr+jr~ Trigger Efficiency 

A good understanding of the trigger efficiency for electrons and muons has 

allowed an accurate subtraction of the background from the sample of non-electron 

pairs. But before any information can be extracted from the resulting *+*" 

spectrum, it must be corrected for the trigger inefficiency of pion pairs. The 

necessary correction differs from that calculated for muon pairs because of nuclear 

interactions of the pions with material between the beam-line and the scintillators 

of the shower counters. In order to latch a shower counter, an incident pion, or 

its decay or reaction products, must penetrate, when at normal incidence, roughly 

6 cm of aluminum, which is 0.15 nuclear interaction lengths, followed by 2.5 cm of 

lead, which also is 0-15 nuclear interaction lengths. It is apparent that a significant 

fraction of the pions must undergo some sort of inelastic nuclear interaction, but 

it is impossible to make a simple estimate of the effect on the trigger efficiency. 

The best approach is to try to measure it from data, as has been done for the 

electron pairs. 

6.1 SHOWER COUNTER LATCH EFFICIENCY FROM TAGGED DATA 

It is unfortunate that there is no trigger redundancy to exploit in the sample 

of untagged non-electron pairs, but it is possible to use tagged data for measuring 

the shower counter latch efficiency, albeit with less statistical significance. The 

luminosity counter tag in coincidence with a single shower counter latch provides 

an LS trigger, which is partially redundant to the 2S trigger. Since in all cases 

at least one shower counter is required to latch, then it is necessary, as in the 

analysis of the electron pairs, to unfold the true efficiency from the trigger-biased 

efficiency plotted from data. However, there is an additional problem in this case 

which even further reduces the statistical significance of the measurement. About 

3/4 of the non-electron sample consists of muon pairs, so their contribution must 

be accounted for when unfolding the pion shower counter latch efficiency from the 

data. 



125 

In this chapter we are concerned only with the inefficiency caused by pions 

stopping before reaching the second layer of scintillator—inefficiency due to gaps 

between counters already has been accounted for. It is useful to review why that 

is so. Recall that for non-electron pairs, no cut is made on the extrapolation 

of the drift chamber tracking information out to the shower counter region. To 

do so would cause errors due to limitations of the survey accuracy and tracking 

resolution and to multiple scattering in material preceding the shower counters. 

Survey and tracking errors cancel when normalizing pions and muons to the 

electron measurement, but scattering, which may include nuclear interactions, 

and electromagnetic showers depend on the particle type. 

The problem of electromagnetic showers is resolved by analyzing the electron 

pairs, for the purpose of normalization, within a fiducial cut placed 4 cm from 

the edges of the shower counter modules. For that it still is necessary to use the 

tracking information, but the cut is fax enough from the edge that the errors have 

no effect. For non-electrons, no cut at all is made on the tracking information; the 

acceptance simply is defined by the trigger, which requires both particles actually 

to latch a shower counter. Thus the geometric acceptance is guaranteed to be the 

same for pions as for muons. Even though pionB may scatter more than muons, 

because of nuclear interactions, just aa many must scatter into the acceptance as 

scatter out, so that is not a problem. There may be a slight difference coming 

from inelastic nuclear interactions of pions in the aluminum adjacent to the shower 

counters, but it must be a much smaller effect than for electromagnetic showers. 

That is because whereas every electron hitting the aluminum produces a shower, 

only a small fraction of the incident pions produce a nuclear or electromagnetic 

avalanche. Such effects change the acceptance for electrons by only a couple of 

percent, so they are believed to be negligible for pions. 

Therefore, the effect of nuclear interactions on the pion efficiency can be 

analyzed completely separate from edge effects. To do so requires making a fiducial 

cut inside the shower counters, and as one can see from Fig. 6.1, a 4-cm cut is 
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Figure 6.1. Resolution of the shower counter edge for non-electron tracks. 
The shower counter latch efficiency for each particle from tagged non-
ckctron pairs is plotted as a function of the measured distance from the 
nearest edge of the counter. 

adequate. Except for the region within 4 cm of the counter edge, the efficiency 

is flat, and the only explanation for the cause of the observed inefficiency is that 

a fraction of the piona in the sample are stopped before traveling far enough to 

latch a counter. 

To produce efficiency plots from data, tagged events are analyzed just as in 

Chapter 4, except that some cuts are made on the time-of-flight information in 

order to reject kaon and proton pairs. Since kaons and protons range-out with 

lower initial momentum than do pions and muons, their presence could confuse the 

efficiency measurement. Both tracks in each event are required to be within the 

acceptance of the time-of-fiight system, as determined from tracking information. 

It is not possible to cut on the timing information of all tracks, however, because 

to do so would require all particles to produce a significant signal in the time-

of-flight counters. Since almost half of the material of concern here, in units of 

nuclear interaction lengths, is in front of the time-of-fiight system, that would 

cause a large bias in the result. However, it is possible to reject thoee events with 
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particles which do have good times and are consistent with being kaons or protons, 

and doing so removes most of the problem. Of the non-electron tracks with good 

timing information, 2.1% are kaon or proton candidates, compared with 0.06% for 

the electron sample. The remaining number of kaons and protons is too negligible 

to have any noticeable effect on the efficiency plot. 

From the resulting sample of non-electron pairs, a histogram of the shower 
counter latch efficiency is accumulated using all those tracks which satisfy the 4-cm 
fiducial cut, resulting in the 12,175 entries shown in Fig. 6.2. Using the electron 
pairs for normalization, the fraction of muon pairs in the sample is determined to 
be 0.72 ± 0.02%. Their contribution to the efficiency plot is calculated by using 
the Vermnseren Monte Carlo and the efficiency parameterization given in Fig. 5.5. 
Recall that for muons the efficiency is 100% for momenta well above 0.18 GeV, 
below which they range out before reaching the second layer of scintillator (see 
Fig. 5.5). Well above that threshold, the only conceivable source of inefficiency is 
from light collection and the electronics. That possibility is removed by analyzing 
events from the reaction e+c~ -» A*+M~, for which the muons always are above 
Cerenkov threshold and therefore have redundant triggers. Of 3379 such muons 
which satisfy the 4-cm fiducial cut on the shower counters, only three fail to 
latch a Bhower counter. Thus the counters are essentially 100% efficient for single 
minimum-ionizing particles which actually pass through the scintillators. 

In order to model the contribution of pions, the form used to parameterize 
their shower counter latch efficiency is 

Kp)-a«».[i-(M..«p(-E^I)] x [ i -oa .^ -Pz* . ) ] . ( 6 i l ) 

The first exponential factor serves to produce the sharp cutoff due to electromag

netic range-out, and the second is adjusted to reproduce the efficiency observed in 

the data. For the same reasons as in the measurement of the electron efficiency, it 

is only necessary to parameterize the momentum dependence. However, one must 
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Figure 6.2. The shower counter latch efficiency for non-electrons as 
a function of the particle momentum. The points with error bars 
are measured from the tagged non-electron pairs, and the overplotted 
histogram is the best fit from a Monte Carlo calculation. The solid 
smooth curve is the parameterization used in the Monte Carlo for the 
pion shower counter latch efficiency, and the dotted curves show the 
range of uncertainty in the fit. 

be sure that the Monte Carlo reproduces reasonably well the actual momentum 

distributions for the pions, so that the trigger bias is accurately reproduced. That 

is accomplished by using the 77 luminosity function appropriate for single tagged 

events in conjunction with the model for 77 —*• 7r+7r~, which is introduced in 

Chapter 7. 

The fitting procedure begins with generation of an efficiency histogram with 

35,000 entries from Monte Carlo muon pairs. Then the pion-pair Monte Carlo 

is run, and for each of 100 pairs of trial values for pn and r of Eqn. 6.1, an 

efficiency histogram is produced by adding 13,611 pion entries to the existing 

muon histogram. Comparing the 100 Monte Carlo histograms with the one from 

data produces a 10 x 10 matrix of x 2 values. Those entries which are no more than 



120 

one unit of x 2 above the minimum roughly form an elongated ellipse, showing an 

expected large negative correlation between po and T. The center of the ellipse 

(po — 0.070 , r = 0.270) is taken as the best fit and the resulting efficiency curve 

is shown as the solid smooth curve of Fig. 6.2. The set of dotted curves represent 

the pairs of values forming the perimeter of the ellipse and therefore indicate the 

one-standard-deviation uncertainty limits of the efficiency measurement. 

This result includes, in addition to losses from J uclear and electromagnetic 

interactions, some losses resulting from those weak decays of pions which occur 

after leaving the inner tracking chambers. However, one expects the effectB of 

such decays to be small. In fact, when plon decays are added to the Monte Carlo 

simulation, which does not include nuclear interactions, the detection efficiency 

decreases overall by less than 1.5%. With nuclear interactions included, the effect 

could be of the opposite sign. Because of the small difference in mass between 

the pion and muon, such decays usually result in a muon going in about the same 

direction as the initial pion. Therefore, it LB conceivable that decays could actually 

increase the trigger efficiency, since the latch efficiency for muons is very high. 

Whatever the case may be, the effect is almost negligible and most of it already is 

included in the efficiency measurement. The remaining effect from decays which 

occur within the tracking volume and result in a loss of the track itself is negligible. 

6.2 CALCULATION OF THE SHOWER COUNTER LATCH EFFICIENCY 

It is worthwhile to attempt a direct calculation of the pion shower counter 

latch efficiency just to check that what has been measured makes physical sense. 

However, the result of the calculation cannot be expected to agree with the data 

to the extent that the ECS calculation reproduces the electron shower counter 

latch efficiency. In the electromagnetic case the details of the physical processes 

are well known, but for nuclear interactions one must rely on relatively crude 

models which try to reproduce features of physical processes which are not so well 

understood and which are great in variety. Furthermore, a determination of the 
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Figure 6.3. HETC calculation of the shower counter latch efficiency 
for pions. The points show the results of two HETC calculations, 
covering two momentum ranges, and the smooth curves show the range of 
uncertainty in the measurement from data, including both the statistical 
uncertainty and the uncertainty in the normalization of the muon 
contribution. 

latch efficiency requires a very detailed calculation, because it takes only one of 

many possible charged particles produced from a reaction to latch a counter. 

HETC 3 0 is used along with the EGS 2 9 code to simulate nuclear and 

hadronic interactions in the detactor material. EGS is called only when a 

7T° is produced from a nuclear interaction. HETC uses what is called the 

Intermediate Energy IntranucIca.r-Casca.de~Eva.pora.tian Model for pion-nucleus 

inelastic collisions (except for wp reactions, which are not relevant here). Running 

the Monte Carlo model for e + «~ -* e+e-Tr+jr" with the HETC-EGS simulation 

results in the histogram of Fig. 6.3. The efficiency from the calculation is 

consistently a little low, but it does show the same trend as what is observed 

in the data. 

Since the HETC calculation does reproduce the general features of the 

inefficiency seen in the data, it is interesting to look a little more deeply into 

http://IntranucIca.r-Casca.de~Eva.pora.tian
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the calculation to see what types of physical processes are responsible for the 

loss of efficiency. One finds that a few of the pions which fail to latch a shower 

counter have undergone a charge exchange reaction such as x~p -» ff°n, and 

the resulting electromagnetic shower has not penetrated far enough. Then there 

are a few other low-multiplicity reactions for which a neutron has carried off 

most of the momentum. However, most of the cases of latch failure are due 

to reactions in which several protons and neutrons more-or-less share equally the 

momentum in the final state. The neutrons seldom produce any interactions in 

the scintillators, and the protons typically do not have enough momentum to 

penetrate through much lead. In general, the reactions responsible for the loss 

of efficiency are, at least in the Monte Carlo, quite complicated, and the result 

of whether the reaction products can latch the counter depends critically on how 

the momentum is distributed among the protons and pions of the final state. 

Therefore, it is enough to conclude that the calculation does verify the momentum 

dependence, and approximately the magnitude, of the inefficiency seen in the 

data—the measurement is what is actually used in the following analysis. 

6.3 TRIGGER EFFICIENCY FOR PION PAIRS 

When fitting the invariant mass spectrum of the pion pairs to a model, it is 

necessary to know the uncertainty in the trigger efficiency as a function of the 

pion-pair invariant mass. That is obtained by using the Monte Carlo to transform 

the upper and lower limits on the 3hower counter latch efficiency, shown in Pig. 6.2 

as functions of momentum, into upper and lower limits on the trigger efficiency. 

It also iB necessary to include the uncertainty from the normalization of the muon 

Monte Carlo, as obtained from the electron-pair measurement. If e is the efficiency 

measured for the sum of pions and muons, and / is the fraction of muons, then 

the efficiency of the pions alone is approximately 

- & • 

(6.2) 
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Figure 6.4. The pion-pair trigger efficiency as a function of invariant 
mass. The upper and lower sets of points, through which smooth curves 
are drawn, are generated by Monte Carlo, using as input the measured 
upper and low limits of the shower counter latch efficiency. 

Using the predicted fraction / for each momentum bin along with the estimated 

2.9% uncertainty in / , this equation is used to find the error in e* for each bin. 

That error actually already is included in the limits shown by the contours in 

Fig. 6.3, and using those contours in the Monte Carlo produces the result shown 

in Fig. 6.4. The percent difference between the two curves gives the uncertainty 

in the efficiency measurement for each invariant-mass bin. It can be adequately 

parameterized as a parabola with zero slope at the upper end of the mass range: 

e[W) = e\ -W + ^W2 

+ 4 ; + W -4"" (6.3) 

where a = Wi = 0.6GeV, b = W 2 = 2.0GeV, ef == 0.10, and e j = 0.05. 

When fitting the model for - n -* i r + j r _ to the jr+ir - invariant-mass spectrum 

(Chapter 8), Eqn. 6.1 with pc = ".070 and r = 0.270 is used in the Monte Carlo 

for the pion shower counter latch efficiency, while Eqn. 6.3 gives the uncertainty 

in the pion-pair detection efficiency. 
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7. Theoretical Models for *yy -* ir+x~ 

In principle, the process *n -* fl"+7r~ should be described by QED coupling of 

the photons to quarkB, with the interactions of the quarks and gluone within the 

mesons calculated from quantum chromodynamics (QCD). In practice, however, 

such calculations may only be carried out in the perturb at ive regime of QCD. 

If the pion-pair invariant mass is large enough.and the pions are produced at 

large angles with respect to the incoming photons, then the amplitude factors 

into two parts? 0 The first consists of a parton distribution amplitude $(xi,Q) 
for each pion—the probability ampli ude for finding valence quarks in the pion, 

each carrying a fraction x+ of the pions momentum, integrated over transverse 

momenta up to k±i ^ Qi where Q is the momentum transferred in the process. 

The second is a hard-scattering amplitude T for scattering the clusters of collinear 

valence partons from each pion. Thus the amplitude is 

where Qx » min(a:, 1 — ij^/sjaintfl and AA' are the photon helicities. 

Brodsky and Lepage1 have carried out this calculation with leading-order 

QCD- The parton distribution functions are determined by relating them to the 

known pion form factor J*V(s), and the hard scattering amplitudes are calculated 

from the diagrams shown in Fig. 7.1. There remains some unknown x dependence 

of ^>(a;,Q) for which assumptions must be made. However, the result is almost 

completely independent of those assumptions and takes the form 

da 4|F„(a)! 2 da , , _ , 

where Fn(s) « 0.4 GeV 2 /s, and $ and ( are the usual Mandelstam invariants.t 

] For th« r t a t t i o n a + b ~* e +• d, one defines the Mandelatam invar iant i as g = (pa + p^,) 2, 
( = (p e - p „ ) a , and u = (p.i - p „ ) 2 . The tlitce ore re l i tcd by the simple exp los ion s + t + u = 
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Figure 7.1. Leading-order QCD diagrams contributing to the process 
*H ~* " , + 7 r ~ - The amplitudes are calculated with the quarks collinear 
with the incoming and outgoing pions 

Equation 7.2 is a beautiful and simple parameter-free prediction, but it is 

valid only when .s-channel resonance effects can be neglected. We have seen 

that the energy range accessible to DELCO is in fact dominated by resonance 

effects. Furthermore, that energy range probably is too low to give momentum 

transfers large enough to place the process in a regime where QCD perturbation 

theory becomes valid. Unfortunately, it is not possible to extend the DELCO 

measurement to higher energies, because there is no way to separate pions from 

muons. As seen in Eqn. 7.2, the pion-pair cross section at high energies falls like 

l/s2 relative to the muon-pair cross section. Therefore, the background quickly 

dominates the signal to such an extent that there is no possibility of subtracting it. 

It is clear that a more phenomenological model must be used to study ihe 

low energy pion-pair spectrum. The physical picture of single-hadron exchange 



1 3 5 

and formation has been useful in some low-energy phenomenology and may be 

expected to work well for this case. One expects a large contribution from single-

pion exchange in the (-channel, 7?r* -+ 771"*, which may be used to describe 

the low-energy continuum production, and the ^-channel resonance effects can be 

modeled according to a relativistic Breit-Wigner shape. Such a model has been 

used by a number of experiments*3 and it has been found to give a good description 

of the data when interference between the single-pion exchange and the resonance 

production is included. We will see that such a model also gives a good description 

of the DELCO data. But first it is important to consider the motivations for the 

model, its theoretical problems and limitations, and also some possible extensions. 

7.1 DESCRIPTION OF THE INCOMING TWO-PHOTON STATE 

It is necessary first to describe the initial two-photon state in such a way that 

the conservation laws for angular momentum and parity are easily incorporated 

into the matrix elements. The formulas used for partial wave expansions can be 

found in the textbook of.". Werief2 and the phase and normalization conventions 

used here are the same as his. Let R(oc,0t~f) represent the operator to produce a 

rotation through the three Euler angles about, respectively, the z axis, the y axis, 

and the new z axis, and let L£{v) represent a Lorentz boost in the z direction to a 

relative velocity v, with no rotation of the coordinate axes. Then the basis states 

for a single particle are written as 

\ms\p\) = \ma;$9p\) = i2(<M.O)Lz(v)|m5;OOOA) - (7.3) 

This notation represents a particle of mass m, Hpin s, and helicity A, moving as a 

plane wave with momentum p in the direction given by the polar angles <j> and $ 

(from here on, the notation ms will be suppressed). The state |0O0A) is just the 
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particle H rest, with its spin component in the z direction given by sx — A. The 

important phase convention assumed is*3 

[OTrpA) = (00 -pA> = «-,"**B(jr,jr,0)Z/,(w)|OOOA) , (7.4) 

and the normalization is (p'A'JpA) = E€5{p' -p)Bk,Xi where E = \ A " 2 + P2-

A state with two particles may be formed as a direct product of the two single-

particle states. In the center-of-mass system, for particle 1 going in the direction 

(<M)» the appropriate definition is 

\P = 0;<t>dp\1\2) = J^- iZ^.MJIOOpAOIOO-pAs) , (7-5) 

where W2 = P^P^ and P = pi 4- p2- The normalization follows from that of 
Bqn. 7.3 and is found to be 

(P'ifl'A'jAi I PitlX^i) = 6ylXl6x,2XsS*(P' - P) * 2 (fl ' - fl), (7.6) 

where we have made use of the identity 

One should note that the basis vectors of Eqn. 7.3 are not defined properly for 

the case of real photons, which have mass zero and, hence, no rest system. They 

may still be defined the same way, however, if one assumes as a starting point 

the vector |0Opo[A]) rather than [OOOA) and keeps in mind that in this case A is a 

property of the particle, with a value of +s or —a, and does not change from one 

Lorentz frame to another. Then the two-photon state may be defined exactly as 

in Eqn. 7.5. Note, however, that whereas Eqn. 7.5 may usually be expanded in 

another basis represented by /, the relative angular momentum, and oy the total 

spin, that cannot be done for the case of two massless particles. 

file:///ms/p/
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Another technical point is that the two photons, heing identical bosons, must 

be in a state which is symmetric under interchange of the two. Interchanging 

the two particles in Eqn. 7.5 is equivalent to interchanging the helicities and then 

rotating about the y axis by JT radians. Therefore the four possible incoming states 

for the two photons are, in their center-of-mass system traveling in the z direction 

with momenta ±q, 

</>},=(> = \ / j |1 + «(0,»,0)]|P = 0;00(, + +> 

i*3.=o =\[i\i + R(°,*,o))\P = 0;00? - - ) 

<l>j.=2 = V i [ l p = °'°°i + -> + R(o,*,o)\P = o ;oo, - +>J 

*J ,=-2 = \ / i [\p = 0 i M 7 - +) + R(0,x,Q)\P = 0;00 7 + - ) ] . 

Our goal is to project out components of the incoming 7^ states which have 

definite spin and parity. A state of definite angular momentum may be formed 

from the basis defined in Eqn. 7.5 according t o 4 4 

\P = 0;M[WJJA1A2) = y/^ij?1 fdnDMxfahO)}? = 0 ;<WA,A 2 ) , (7.9) 

where X = X\ — X2 and 

°L'Ja'^) = e i m ' Q <,<m(' 3 ) e * m 7 = OW I «(<«,/?, ,)!>«>. (7.10) 

If P is the operator for space inversion and A\ 2 is the exchange operator, then 4 5 

P\P = 0;M(WJ|AiA2> = rnr)2(-l)J-Sl-''i\? - 0;M{WJ\ -Xj. -X2) 

AU2\P = 0;M[WJ]XiX2) = (-l)J-2'\P = 0;M[WJ\X2Xi), 

where nj and n 2 are the intrinsic parities and the second equation, of course, 

applies only to identical particles. If the two are identical and Xi = — X2, then both 

operators have the same effect, which means that for a state to be an eigenstatc 
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of both operators, the parity eigenvalue must be positive for bosons and negative 

for fermions. Hence we immediately get two of the desired components of the TY 

state: 

V>Af=±2 = \fl[\P = 0; M= ±2{WJ] + - ) + (-l)J \P = 0;Af = ±2|WV| - +)] , 

(7.12) 
for which J > 2, The other two possibilities are easily seen to be 

*M=0 = yfll^^^) [\? = 0;M=0\WJ) -f +> ± \P = 0;M = D\WJ} - ->] . 

(7.13) 

Note that equations 7.12 and 7.13 immediately yield Yang's theorem 4 6 which says 

that a state of two real photons with definite parity cannot have J = 1. Also, for 

J = 0 and for all odd parity states, M = JM = 0 is the only possibility. 

Using Eqn. 7.9, the four incoming states can be expanded in terms of the 

partial waves of equations 7.12 and 7.13: 

*K* = r V / I£I-D»(0.°.O) [*£, ± *£*] 
1 . (7.14) 

J 

where the D functions with the glv^n arguments all actually are unity. Overall 

the result is simple and obvious, except for the important limitation on J fur the 

helicity-zero states. 

7.2 THE SCATTERING CROSS SECTION 

Consider the process a + b ~* c-¥ & in the center-of-mass system. The initial 

and final states may be described as in Eqn. 7.5, and with the normalization given 

in Eqn. 7.6, the density of final states within the phase space d 3 p c d 3 p d is 
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Let Sji be the matrix of scattering amplitudes, and define the transition matrix 

by Sti = S/i + ie*{Pj - P{)Tfi. Then the probability per unit time and volume 

for the transition is 

= 7531 E j i3Pc^PiW(pcPd)\(fd;pcpi\cXt\T\ah-<papbX„\b)\i S*(P; - i>) 

= J^TZ E fn*diP>=0;Wp\e\t\T\abiP = OiOOp\a\i)\2dn. 

(7.16) 

The integration over the total momentum has been facilitated by the use of 

Eqn. 7.7. For the initial state, the relative flux density is the number of states per 

unit volume d 3 p f l d 3pj times the relative velocity va + vy. 

Hence the differential cross section is given by 

^ = E I W = ^ E K«d;^pA«^|r|a&i00pAoA,>|» . (7.18) 

Now consider the process -y-y —*• »rirt where the initial state is as described 

in the previous section. The final state may be described by Eqn. 7.5, with 

Ai = A2 = 0, and expanded into states of definite isospin I: 

l^oo^v/fK+O-VJkV) 
K2o) = ̂ K + o + Vli , r0'r0>. 

where the notation on the left is |irir; JT3) and the charged pion state is 

|T+ir-) = yfl\r,l +l>|)Tj 1 -1) + y ^ |ir; 1 -1) |» ; 1 +1) . (7.20) 
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Define /jf(s,t), where A = |Aa + A&|, to be the amplitudes for - n —» mr, with the 

normalization as specified in Eqn. 7.18. Assuming no polarization of the incoming 

photon Seams, the cross section for f t —* n+n~ is expressed as an average over 

the two 1 ossible relative polar'zations: 

d<7 

dfi (TT - *-•>-) = k\/5(s,t)\2 + M(s,t)\2, (7.21) 

w h e r e / ^ y f / J + ^ / J . 

Using Eqn. 7.9, these amplitudes are easily expanded into partial waves of 

definite angular momentum: 

/oM = E ( 2 J + 1R {o(«)/ioM 
J=° . (7.22) 

where f$x(s) = ^ ;TJ A ( s ) and TJ A(s) = l(mr\aJI\T\rr,*l»J]\a*b)- In °° 'h of 

these sums, only even J contribute. That is because, from equations 7.12 and 7.13, 

the -n states of odd J all have even parity, but the parity of a mt partial wave 

is, from Eqn. 7.11, (—])•'. Also, the relative phase e - 2 ' * of the two helicity 

amplitudes is of no consequence for unpolarized beams and is dropped henceforth. 

7.3 DESCRIPTION OF T7T ELASTIC SCATTERING 

Let us apply the same formalism as in the previous section to the process 

?rjr -+ 7T7T. With g («,() denned to be the isospin amplitudes, the partial wave 

expansion is 
1 °° 

9 ; (« .0 = ~ 52{2J + l)A'A3)Pj(cos6), (7.23) 
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where Pj{x) are the Legendre polynomials. The partial wave amplitudes Aj may 

be written in terms of phase shifts as 

*jM-- i« [*5M-« M , J W - l ] . (7-24) 

For elastic scattering the Vj[s) a r e unity. 

Now let us briefly consider some of the general knowledge of TTTT partial waves. 

For 5 < lGeV 2 and J > 2, a very good approximation is &j(s) w 0. For 

J = 0 the situation is somewhat confused. The phase shift 6Q(S) appears to 

pass through resonance in the region y/& = 0.5 ~* 0.7 GeV, but there is lack 

of good direct evidence for the so-called a resonance at that energy. In any 

case, the BQ{S) are substantia] from the WTT threshold on u p ? 7 , 4 8 We will not be 

concerned with the 6[ (s), which arc dominated by the p resonance, but <5j ($) above 

5 = 1 GeV 2 is of particular interest, due to the relatively narrow / resonance at 

y/9 = 1.274 GeV. These strong-interaction effects have important implications for 

the process 77, —* TT+T", as may be understood in detail by studying the general 

unitary and analytic properties of the matrix elements. 

7,4 UNJIARJTY, ANALYTJCJTY AND THE MODEL FOR 77 -• *•+*— 

The scattering matrix S(s,t,u) is believed to be an analytic function of the 

Mandelstam variables d, (, and u. Also, it is required by conservation of probability 

to be unitary: S^S = 1. In terms of the transition matrix, T = ~i{S ~ 1), the 

unitarity requirement is 

{(ft -T) = T^T. (7.25) 

These properties can be used to provide a number of useful constraints on any 

model of hadronic interactions. A brief review of how that is done is provided 

here, but for a much more complete discussion, one may refer to Ref. 49. 

Consider T, for the process a + 6—^c + d, asa function of 5 at a fixed value of 

r = t't All of the singularities in T of the first Rwmann sheet are believed to lie on 
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the real $ axis, which is compatible with the unitarity requirement. Considering 

Eqn. 7.25, the right hand side requires a Bum over all kinematically accessible 

channels, so it changes drastically with s as additional channels open, Therefore, 

there must be a singularity in T at each point s > [ma + mb)2 where a reaction 

threshold is. Perturbation theory shows that the singularities take the form of cuts 

with branch points at the thresholds and extending to s = 00, so possible values of 

s can extend over many Riemann sheets. The sheet containing the real axis below 

the first branch point is called the physical sheet, and the physical amplitude is 

defined for real s = &' in. the ^-channel physical region (a > (m a + m^)2 and t < 0) 

by 

Tab-tdW**) = HmT nft_^(a' + te,() . (7.26) 

Furthermore, if there is a particle with the quantum numbers of a + b but with a 

mass mo < f^a 4- ***&» then there is a pole on the real axis at s = s 0 = m%. The 

contribution to T of such a pole is called the Born term. 

But that is not all. The same analysis may be applied to the crossed reaction 

a+ d —* c + bt called the u-channel. Since with t fixed at t = (', s and u are directly 

related by the expression s = J^m? — i' — u, then all of the poles an ; cuts in the 

u-channef must appear on the unphysicaf portion of the real 5 axis, with the cuts 

extending to s = —00. Thus the complex 5 plane looks something like what is 

shown in Fig. 7.2. 

7.4.1 The Born Term and Fixed-t Dispersion Relations 

Let us consider how these generalities apply to 77 -+ 7T+jr~. There can be no 

pole in the ^-channel, but certainly there is one in each of the £ and u channels, 

^7r± _• -y7r±( from single-pion exchange. The residue of the pole is calculated From 

the first term in a perturbation expansion for a field theory with point coupling of 

photons to charged spin-zero mesons. Figure 7.3 shows the three relevant Feynman 

diagrams. A vertex of two pions and one photon contributes to the S-matrix a 
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Figure 7.2. The complex s plane for the transition matrix T(ayt) at 
constant t — t'. The contour C is that used to derive the fixed-* dispersion 
relations. 

factor — ie(p + ff1)^ where p and p? are the pion momenta and }t 3s the Lorenfcz 

component of the photon.14 The vertex of two pions and two photons contributes 

2ic2ffpi*, and the meson propagator is */(p 2 — TO*)* Otherwise the calculation 

proceeds as in QED, and the result i s 5 0 

^ J I A P + l l * ! 8 

helicitjr-0: 

helicity—2 : 

- 0 2 COS* 

n - a fa P2*™2" 
IT ' 

2T yfi 

(7.27) 

where /? = \Z(a — 4ra^)/« is the pion velocity. The reduced amplitudes F 0

 a r | d 

/2 are defined such that they are free of all kinematic singularities6 1 and may be 
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Figure 7.3. The Feynman diagrams for the Born term in the process 
-n- ir+Tr 

written in terms of the Mandelstam variables as 

™2 JPP - •2xa 

F£ =2ira i 
W - 0("»i - u) ' 

(7.28) 

To include formally the contributions of the cuts, fixed-i dispersion relations 

may be used. Figure 7.2 shows an integration contour C in the complex s plane. 

Consider the 'integral 

/ 0

£ ^-«M- ' *w>] (7.29J 

which has been evaluated by using Cauchy'a theorem and including the residue 

of the single pole of F within the contour. By letting the arcs of the contours go 

to infinity, the integral may be evaluated from only the contributions along the 

real axis. Using the property of nermitian ana/yticity, T(s + ittt) = T"(a - ie,t), 

results in the dispersion relations 

^.t') = ̂ ( v K i r * w ' ) ^ + i r *w'>^', (, 3 0 ) 
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where the first of the two integrals has been rewritten as an integration over 

u' = 2m% — t' — a' and 3 denotes the imaginary part. The two integrals, which are 

the contributions respectively of the left hand and right hand cuts of Fig. 7.2, are 

defined for real s by approaching the real axis frorr. above. They are exceedingly 

complicated, so the equations cannot be solved without making some explicit 

assumptions about the form of 3f.F(.s,l) in the region of integration. 

7.4.2 Resonant Partial Waves 

The approach to be taken is to ronsider only contributions from exchanges, in 

the s or u channels, of single resonances. Since a resonance has definite spin and 

parity, then only a single partial wave must be considered. The analytic properties 

of a partial wave amplitude follow directly from those of the full amplitude and 

the D{ A functions?2 In particular, there are puts along the positive real s axis 

extending from the first threshold to a = oo. Since there is no fundamental 

difference between a resonance and a stable hadron besides the mass (assuming 

all other quantum numbers to be the same), then one expects the exchange of 

a resonance to result in a pole in the complex a plane near the real axis, but 

above the first branch point, i 1». pole can neither be on the real axis nor on the 

physical sheet, so hermitian analyticity dem. ^s that there be in fact two poles, 

placed symmetrically on opposite sides of the real axih .. nd on an unphysical sheet. 

Only the one which is below the real axis is close to the physical she?* -'nee the 

unphysical sheet is reached from the physical sheet by crossing the real axis u^. 

above. Assuming that this pole, located at sr = m P —im r r , dominates the behavior 

of Tj(s) for a near sr, so only the first terra of a series expansion of Tj(s) about 

s = sr need be kept, gives the relativistic Breit-Wigner shape for the resonance: 

Tj[*)= 2

m ' Y . p . (7.31) 
mf—s — imTT ' 

Such a formula may be improved by including contributions from other 

singularities. In particular, consider the branch point at the two-particle threshold 
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H = (ma + rrn) 2 .t If the branch point is not too close, then the amplitude can 

be approximated by the first terms in an effective range expansion about -st.52 

This results in an energy dependence for the width V. In particular, T contains 

a threshold Factor p2J+s. In Ref. 53, Lyth suggests the parameterization, for 
/ —* 7T7T, 

\PoJ VW \s + aj £ 7 i 3 2 j 

p S \y/9 - Am\. PO = 5 \A° " 4 m * » 

where so = m\ and a ~ ml. This is the form assumed in the remainder of this 
analysis. For the / resonance® 

m r = my = 1.274 ± 0.005 GeV, T 0 = 1/ = 0.178 ±0.020 GeV, (7.33) 

and we use a = 0.5 GeV 2 . The resulting irir phase shift for the J = 0, 

J = 2 amplitude is given by tan6~£(s) = mjT(s)/{m2f - $), and this gives a 

favorable comparison with measurements from pion-nucleon scattering, as shown 

in Fig. 7.4. 5 4 

Another modification of Eqn. 7.31 is necessary to include inelastic effects. 

Note that it is only the position of the pole which is characteristic of the resonance 

itself, and that is all which remains constant for the resonance when observed in 

a<:vor;»l different reactions. What needs modified is the residue. That depends on 

the coupling of t}m resonance to the initial and final states. It can he factored 

into a product of two partial widths, of which one depends on only the initial state 

and the other on only the final state. For example, for 11 —> f -* 7r+7r~, the 

* In general there could be several such thresholde. For example, the / Teoonanct; in affected by 
the jnr, 4JT, and KK thresholds. We neglect the latter two, because the branching ratios of the / 
to those channels are relatively small. 
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Figure 7.4. The / = 0, J = 2 -.rir phase shift as measured from 
pion-nucleon scattering. The solid curve is the best lit, by varying the 
parameter a, of Eqn. 7.32, for which a = 0.5 GeV 2. The dotted curve 
shows the BreH-Wigner shape with no energy dependence for the width. 

appropriate expression for the amplitude is 

* m» — a — trrtfl (a) 
(7.34) 

where r „ =BR(/ — TT) • T 

and r** =BR(/ -UTTT) • T. 

The factor of y | is from Eqn. 7.19, and A denotes the fact that there are separate 

amplitudes for each of the two possible fy helicitieg, The s dependence of IV* (s) 

should be the same as that of V(s), since irir is by far the dominant decay mode. 

For the a dependence of T^[s) we assume the same form as in Eqn. 7.32, except 

that m„ is replaced by m 7 = 0. 

A little reflection on the meaning of the constants m.t and Tt is in order. 

Ideally they should give the position of the resonance pole as sr = m? — '">/Tf = 
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1.62 - 0.227i, since that is the quantity, given in Eef. 6, which characterizes the 

resonance. However, when the form in Eqn. 7;32 is used for the width, then the 

pole moves to the position sr = 1.59-0.225», which is a change of the order of one 

percent. Changing my from 1.274 GeV to 1.284 GeV is enough to return the pole 

to the position given in Ref. 6, but one must keep in mind that all experiments from 

which those measurements were taken had to do a similar sort of extrapolation to 

determine the pole position. Hence there is a lot of potential for \% errors caused 

by the parameterization of the resonance shape, t 

7.4.3 Estimate of Contributions from the Left Hand Cut 

Now let us use the parametemations for resonance exchange to estimate 

possible contributions from the left hand cut in Eqn. 7.30. To do so, we consider 

the reaction "fir —* "/it (these calculations are by Lyth in Ref. 51). Using the inverse 

of Eqn. 7.9 with A 7 = ±1 and A„ = 0 gives the description of the iur state, which 

leads to the partial wave expansions for the amplitudes, aside from overall phases 

of e**, of 

r±K') =2f ; (4± l )d / ± 1 (« ) r J ± ( s ) , (7.35) 
J=o 

where the + or — refers to the relative helicity of the photons. 

Consider the contribution of vector resonances to the J = 1 partial wave. 

From Eqn. 7.11, one can see that a J = 1 partial wave with negative parity 

is formed by the combination !Ti+(s) — Ti_(s), so the resonance must couple 

equally to the two helicities if parity is to be conserved. Hence 

Tl + (s)=Tl-{s)= Jm'T1" . (7.36) 
mf — s — : m r l r 

f Note that the change in mj ia significant, since it is greater than the error quoted for m/ in 
Ref. 6. However, even that error estimate is said to be no more than an educated guess. 
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When the pion m u i and the finite resonance width are neglected, then the 

imaginary parts of the J = 1 resonant contributions to Eqn. 7.35 are 

These relations are rewritten in terms of the reduced amplitudes (see Eqn. 7.27), 

after which crossing symmetry is used to give the corresponding amplitudes for the 

reaction 77 -* TTW. T- becomes the helicity-zero amplitude and T+ the helicity-two 

amplitude: 

™' 1 (7.38) 

Inserting these into the first integral of Eqn. 7.30 yields the estimates for the 

resonance contributions to th.? left hand cuts; 

*1 —wt 5—= . 
m f m* m* - u 

In Ref. 51, these expressions are used to estimate the u-channel resonance 

contribution relative to the Born term. The result is that the resonance terms are 

completely negligible near the mr threshold but may be significant in the region 

near one GeV for large-angle scattering. But that estimate is very conservative, 

using TrjWfmr » 0.1a, which is about eight times greater than the experimental 

value now found in Ref. 6 for th" p. For the helicity-zero amplitude, the 

contribution from p exchange may oe as much as half the Born contribution in 

the / region at large angles. But that is not important since even the helicity-

zero Born term is negligible in that region, compared with the helicity-two Born 

term. Figure 7.5 shows the effect of p exchange in the helicity-two amplitude. At 
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Figure 7.5. The effect of p exchange on the » + * " continuum in e + «~ -*• 
e +e -7T +7r~. The solid curve shows the contribution from single pion 
exchange, while the dotted curve includes the ^-exchange contribution. 
The photon flux is calculated from EPA. and the final pion-pair state 
is integrated over the acceptance defined by -0,6 < cosfl < 0.6 and 
kxJW < 0.2. 

W = 0.6 GeV theu is an increase of only 0.5% over the Born term; at W = my 

the increase is 5.3%; at W = 2.0 GeV the increase in 17%. Thus the /^-exchange 

contribution is almost completely negligible compared with pion exchange. 

The w, which has a relatively large 7* width, does not contribute to the 

charged channel, and one expects the heavier vector mesons, such as the Aj, to 

contribute considerably less than the p, since their masses place them further 

from the physical region. Also, higher partial waves give even more negligible 

contributions, so all indications point to complete dominance of the Born term in 

the t and u channels. 

7A.4 Corrections Required by Unitaxity 

It is a useful exercise to write explicitly Eqn. 7.25, the unitarity relation, for 

the process 77 -* nir. To simplify the discussion, it is best actually to work with 

the pure isospin states of Eqn. 7.19. Let AT{4>$; 4>'Q'\ A) be the amplitude for elastic 
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*T sc&ttering in the center-of-mass system from the initial angles (4>', 0') to the 
final angles («M). T((^;«) IS the amplitude for photons incoming along the z 
axis and pions outgoing in the directions given in the center-of-mass system by 
the angles (<!>,<>). Amplitudes for purely QED processes like 17 -* -n ate small 
compared with hadronic amplitudes, so any term including them may safely be 
neglected. Then the unitarity relation is (with the isospin index / suppressed) 

, [r j(tfM-T A faM] =/°Vi<JV2»v(»y2) 

x AtfoM's'i'toWWi^Vi +P' 2) ( 7 - 4 0 ) 

+ inelastic contributions, 

where pj refers to one pion of the pair crjresponding to the angles (^ /,tf /). 

The only significant inelastic contributions to Eqn, 7.40 are those coming from 

Btrong interaction processes, such as Ty —* K+K~t and of those, only the ones 

energetically accessible are included, depending on the value of ». 

Now we may use Eqn. 7.7 to transform to the center-of-mass variables 
(p',^',0') and integrate out the o"*(pi + pj). Also, let us substitute in the partial 
wave expansions of Eqn. 7.22 for r/(cW;j), using the definitions /j[ = Tr^x 
(Eqn. 7.18) and S']x = ffix (Eqn. 7.22). For A!{4t;4'$'\s) we substitute the 
expansion of Eqn. 7.23, suitably rotated: 

A'W;W;,)=2f; £ (2J±1) ^ 0 («)^ 0 (« ' )e , M ( *-* ' '^W. (V.41) 

A er these substitutions, the angular integrations become trivial, and we are left 

wi .h a separate requirement for each partial wave: 

Th(s) + inelastic contributions. (7.42) 
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If the inelastic contributions are negligible or zero, as they must be for small 

enough s, then Eqn. 7.42 may be solved. Using Eqn. 7.24, one finds 

^ W = |r^(s)|e«iW. (7.43) 

This is equivalent to Watson's theorem for photoproductionf 5 and essentially says 

that the phase of the 77 —• inr amplitude is given by the tnt phase shift if the 

energy is low enough that no significant inelastic channels are open. One can 

consider this phase to be due to final-state interactions of the pions after they are 

produced from the photons. 

7.4.5 Justification of the Bom Approximation 

From the discussion of Section 7.3> below the / region the only significant 
phase shifts are 6^. There are no inelastic contributions in that region, so Eqn, 7.43 
must be considered to be exact. In Kef. 51, the rough measurements available for 
£Q, along with the fixed-* dispersion relations of Eqn. 7.30, are used to calculate 
the necessary corrections to r ^ a ) , and one finds that, although large corrections 
(» 30% enhancement) are necessary near threshold} from non-resonant effects, 
they become negligible above ^/s = 0.4GeV. S 6 When nearing the / region, the 
phase shifts of the 6% partial wave begin to become significant. We will see that, to 
a good approximation, Eqn. 7.43 must be satisfied even throughout the / region, 
up to about 1.4 GeV, leading to corrections to a simple model of the Born term 
combined with a resonant amplitude. 

Such corrections, though, are well defined by Eqn. 7.43. Furthermore, we 
have shown that contributions from vector meson exchanges axe negligible with 
respect to the pion exchange, so the Born term, with unitarity corrections, is 
all that is needed to describe the continuum production itself. The remaining 
question concerns to what extent the Born term actually is described by the 
diagrams of Fig. 7.3. We have assumed that the pions are point particles. That 
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seems physically reasonable for low enough photon energy, since the actual size of 

the pion will be small compared with the photon wavelength. A fairly rigorous 

justification for the applicability of the point-coupling calculation near threshold 

may be arrived at through the hypothesis of a partially conserved axial current 

(PCAC) and current algebra?7 which are theoretical ideas that have met with 

much success in describing phenomena of low energy pion physics. The result is 

that the point-like coupling is valid up to the addition of terms with a relative 

magnitude of approximately &jm2

p. In fact, we will see that a good description 

of the data is achieved for the entire region below the / , which agrees with the 

typical theoretical prejudice that such approximations can be expected to be good 

up to energies of about 1 GeV. 

The Born cross section falls like l / s , whereas from Eqn. 7.2 we expect at high 

energies that the cross section must fall a / .s 3 , due to the l / s behavior of the 

form factor. However, since the Born term agrees well with the data below the / , 

it is reasonable to use it as an extrapolation through the full range of the / . up 

to about 1.4 GeV. It only is necessary to make an estimate of what errors this 

extrapolation might cause for the measurement of the resonant part of the cross 

section. 

7.4.6 Constraints on the Coupling of 77 to the f Resonance 

We have determined that for the region well below the / resonance and above 

•y/* = 0.4 GeV, the cross section should be adequately represented by the Born 

term alone, unless there happens to be some large direct coupling of 77 to low-

mass scalar resonances. For the region near the / , the resonant contribution to 

the J = 2, I = 0 partial wave must be included. 

In general there are two amplitudes to consider for the / , with one for each 

possible helicity. However, in Chapter 1 we have seen that there is considerable 

evidence that the helicity-two amplitude is strongly dominant. For now, let 

1S4 

us assume zero coupling for helicity-zero, so the cross section is written, for 
7 7 —• Tr+Tr -", as 

| ^ = j |Bo(5 , t ) | 2 + h\lh{s,t) + « \ / | d io (e ) i J§2W| 2 , (7.44) 

where the Bx are as defined in Eq i. 7.27, and the / = 0 resonance contribution is 
defined as in Eqn. 7.34: 

Suppose that the inelastic channels still are small in the / region. Then the 

J = 2 partial wave should satisfy the unitarity constraint of Eqn. 7.43. It is 

interesting to see what that implies for the phase of g in Eqn. 7.45.t The J = 2 
component of £2(^10 is 

^822(41) = IJ ^2(^)4 0{»)dcOSe, 

** w = T V T [2fiT-ln (n^J - W + 1 J • 
(7.46) 

Consider the sum of the J = 0, J = 2 amplitudes, \/2]zhi{") + ^ j W ' f o r 

3 = m\. Equation 7.43 requires that the sum have a phase of e 1 *' 2 at that energy, 

so setting the real part of the sum to zero constrains the imaginary part of g; 

-0.00025 GeV 2. 

As for the real part of g, the experimental data definitely require Rg > 0, since the 

/ peak is shifted downwards in \/s relative to its position when observed without 

interference with the Born term. 

t This analysis closely follows that of Ref. 56. 
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Equation 7.47 essentially means that the sum of the J = 0, J = 0 amplitudes 

may be written as 

*8a<«) = \ / f 8 " W + *?*« = —r g'- r , . . (*•«) 
Y reij - s — *m|r(3) 

with 3 ' = % 4 - ^/2/3(mJ - s)#2 2(s). This has the form of a resonance pole with 

an energy dependent coupling g' and explicitly satisfies Eqn. 7.43. The difference 

here from a more typical resonance amplitude is that g' has a relatively rapid 

variation across the resonance, due to the 1/t/s energy dependence of the Born 

amplitude. This phenomenon causes difficulties when measuring the 77 width of 

the / from charged pion pairs. The problem results both because of the large 

resonance width F and because of the large J = 2 contribution from the Born 

term. If either of those quantities were small, then from Eqn. 7.47 it is clear that 

g would be essentially real and there would be no issue about whether the energy 

dependence is properly described. 

The process 77 —» / —• 7r°jr° has no Born term from pion exchange, so 

one expects that the Crystal-Ball measurement does not suffer from any serious 

theoretical ambiguities. Therefore, assuming that their measurement of the 

7r°7r° spectrum yields a value for the magnitude of g, as denned above, then 

Eqn. 7.47 may be used to predict the phase of g. The Crystal-Ball result? 

T 7 7 = 2.7 ± 0.2 ± 0.6keV (assuming only helicity-two coupling) yields \g\ = 

0.00080 GeV 2 , and hence we predict a phase for the coupling of 77 to the / of 

4> = s i n - 1 ( % / \g\) w 0.32 radians. 

7.4.7 Further Consideration of the Unitarhy Condition 

The prediction for the phase of the 77 —» TTTT amplitude relies upon the 

assumption, implicit in Eqn. 7.43, that the contributions from other inelastic 

processes in the J = 2, / = 0 partial wave are negligible. The validity of 

this assumption can be checked by a method due to Lukaszuk?8 He writes the 
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inelastic contributions to Eqn. 7.42 as J2n^trir °n&«» where an is the J = 2, 

7 = 0 partial wave for 77 - • n, and bn is the corresponding partial wave for 

7T7T —• n.f Only states n which are hadronic and kinematically accessible at the 

energy y/s are included in the sum. In this case, for s = m^, the possibilities are 

n = {ifif,47r,K3T7r,i7n,»?7r7r}, of which only the first two have been measured in 

two-photon scattering. 

First let us consider how the inelasticity n^ of Eqn. 7.24 is related to the 

reaction cross section. The result of squaring Eqn. 7.23 and integrating over the 

full solid angle is the total elastic cross section 

"S2« - /to°(..OI2** = 7 ^ B 2 J + i)li5W • <™Sw - if. (^9) 

where so = ' •mj . The reaction or inelastic part of the cross section then is 

identified as 

from which it follows that the bn have the property 

Ew'-}[i-MP]' < 7 - s l ) 

Similarly, the total 7 = 0 cross section for 77 —*• STTT may be calculated: 

4 = /|//|»dn = ^ 5 > J + i)irf»la • (7-52) 

If we let o^ denote the total "n cross section for / = 0, J = 2 and a^^,^r the 

part of that cross section into two pions, then the an have the property 

£w 2 - is<«#-«#-»>• < 7 - 5 3 > 

I Actually, Lukassuk considers the form factor for the process e + e " — irirt but the calculation 
is closely analagous to that presented here. 
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After substituting Eqn. 7.24 and T$2(s) == |7^ 2(s)|e»* | ,( a), then Eqn. 7.42 may 

be written as 

Lukaszuk's bound now follows from taking the absolute value squared of this 

equation and applying Schwartz's inequality to the right hand side: 

P j a l I ) ( l - »%Y + l o s i n g - * 0

2)] < £ Kf £ [fr„|2. (7.55) 

Using equations 7.51 and 7.53, this may be written in the convenient form 

\ (l - vtf + r&*?{* - *2) < \ [l - (»?)2] • [r - l] , (7.56) 

7 7 / 7 7 -

Now, at s = m?, the inelasticity is known to be •("("ly) = Tm/T = 0.84, 

so we have the limit sin2(ti> - 6$) < 0.088(r - 1) - 0.0076. In Ref. 53, Lyth uses 

the present-day results from 77 physics to estimate r and arrives at the result 

r — 1 < 60nb/240nb = 0.25, which in turn implies that the phase of the J = 2, 

7 = 0 amplitude for 77 —» TTIT must be within about 0.1 radians of the value of the 

corresponding 7nr phase shift. Relating this to the analysis of the previous section, 

we find that the imaginary part of g must be within the range 

9ff = 0.00025 ± 0.00007 GeV 2 , (7.57) 

and the phase of the 7 7 / coupling, assuming the Crystal Ball result for 1"^, is 

predicted to be in the range <j> = 0.32 ± 0.10. 
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7.5 T H E M O D E L O P MENNESSIER 

Mennessier has produced a complete model for meson pair production from 

two photons 5 9 which is similar to the model presented in the previous section 

but considerably more complicated in some respects. He begins with an effective 

Lagrangian, so there is the usual pion-exchange Born term, but also additional 

vector-meson exchanges. The vector-meson exchanges, which give contributions 

to the left hand cut in the complex 8 plane, are determined from the crossed 

channel reactions, so the coupling strengths of the vector mesons to at are taken 

from the known radiative partial widths. That is the same approach taken in 

Section 7.4.3, except that there the effects of the crossed channels are estimated 

from the fixed-u dispersion relations, while Mennessier introduces terms such as 

CftvaphfH • [diiPu — dvi>ii}Fai! into the Lagrangian density, f Although such point 

couplings often work well for single pion exchange at sufficiently low energy, it is 

well known that form factors must be introduced, when using such a formalism 

for the heavier mesons, in order to describe hadronic scattering data. Mennessier 

himself states in Ref. 59 that his model must overestimate even the ^-exchange 

contribution. Therefore, the analysis of Section 7.4.3, which is due to Lythf' may 

be more correct. There, we saw that the ^exchange contribution is negligible 

when compared with pion exchange, so when considering the Mennessier model, 

we always will neglect all of the vector-meson exchanges. Only pion exchange is 

included for the t and u channels. 

Corrections required by unitarity are made for the t and u-channel contri

butions through an analytic, coupled channel if-matrix formalism for final state 

interactions, in which both pion and kaon intermediate states are included. All 

partial waves for the Born term are included, but only the S and D waves are uni-

tarized. The solutions for these lowest partial waves of the K-matrix formalism 

are obtained by fitting to available hadronic scattering data. It is interesting to 

\ In this expression, hfi is the l*p coupling constant, * is the pion field, where the arrow refers 
to the three isospia components, p is the p field, and Fap is the electromagnetic field strength 
tensor, which is composed of the photon field. 
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Figure 7.6. The Mennessier model at 6 = ir/2 with and without unitarity 
corrections for final state interactions. The dashed line shows the simple 
Born term, which is identical to Eqn. 7.27, the dotted line includes 
unitarization of the D-wave, and the solid line includes unitarization 
of the iS-wave us well. No direct resonance couplings are included. 

see the effect of unitarization on the Born term. Figure 7.6 shows the invariant-

mass spectrum at $ = TT/2 with no terms in the Lagrangian for coupling of 77 to 

c-channel resonances. We find that even with no resonance coupling, the S* (980) 

scalar resonance forms a quite prominent peak. The effect of the / = 2, 7" = 0 

phase shift in the / region actually is a dip Tather than a peak. This is similar to 

the result obtained in Section 7.4.4. From equations 7.45 and 7.47, one can see 

that the additional term, involving the imaginary part of g1 which was added to 

the J = 2, / = 0 part of the amplitude in order to satisfy unitarity, is negative at 

the resonance peak with respect to the Born term. In fact, it precisely cancels the 

J = 2, I ~ 0 part of the Born term at a — m?f. 

Finally, there are direct s-channel resonance contributions, for both scalar and 

tensor mesons, which have 77 couplings to be adjusted at will. These couplings are 

the only parameters in the model which are not determined by strong interaction 

data, so they may be measured by fitting the model to data. 
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7.6 COMPARISON OF THE TWO MODELS 

In this section we look at the shapes of the invariant-mass and angular 

distributions of the models for 77 —• 7r+7r~ presented in the previous two sections, 

which we refer to as the Lyth model and the Mennessier model. When fitting these 

distributions to the data in Chapter 8, it is necessary to convolute them with the 

two-photon luminosity function and to integrate over the detector acceptance. 

Here we simply present the 77 —* 7r+7r~ predictions for the invariant mass 

spectrum at a fixed angle of Q = IT/2, which is the center of the DELCO acceptance. 

First, consider the Born term, which is, before unitarity corrections, exactly 

the same in both models. As must be the case for two photons annihilating to form 

two particles of spin zero, the helicity-two cross section goes to zero at cos 6 = ± 1 . 

However, as the energy increases, the angular distribution becomes more and 

more flat, and the points where it begins to fall to zero move closer to cos 6 = d=l. 

In contrast, the helicity-zero amplitude is sharply peaked toward small angles. 

However, it falls rapidly with increasing energy, compared with the helicity-two 

amplitude, and Is not very significant within the DELCO acceptance, as one can 

see from Fig. 7.7. Thus the Born term is, within the DELCO acceptance, rather 

well approximated by a l / s energy dependence and a uniform angular distribution. 

The /(1270) resonance contributions are not identical for the two models. 

However, they do have the same angular distributions, since a single resonance 

is produced only in a single partial wave. Both models allow the introduction 

of a resonance contribution to the J = 2 partial wave in both the helicity-zero 

and helicity-two amplitudes, for which the angular distributions are plotted in 

Fig. 1.2. In such a case, the two-photon width of the / must be described by two 

independent parameters, T* 7 {X = 0,2}, such that T 7 7 = r ° 7 + T ^ . The energy 

dependence of the resonance terms, however, differs between the two models. To 

see that, let us compare them for the most simple case, where unitarity corrections 

are neglected. 
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Figure 7.7, Prediction for the "n -* 7v + 7r_ zz^z section at 9 = ff/2, 
assuming a simple model of the Born tern", plus the helicity-two Breit-
Wigner amplitude, with interference of the helicity-two amplitudes. 
r^f = 3,0 keV is assumed, and the partial waves are not required to 
satisfy the unitarity condition. 

The energy dependence of T(s) in the Lyth model is determined by Eqn. 7.32. 

Note that it affectB both the phase and the magnitude of the resonance amplitude. 

The phase is consistent with the measurements shown in Fig, 7,4, which is the 

same data as that which Mennessier used to fit his model. However, the energy 

dependence cf f 7 7 in the numerator of the Breit-Wigner amplitude, Eqn. 7.34, 

need not be the same as that of T(s), which appears in the denominator and in 

the phase. Changing the energy dependence shown in Eqn. 7.32, by changing the 

parameter o, for example, actually produces only minor changes to the resonance 

shape itself. That is because although the tails are strongly affected, they already 

are small. With the interference shown in Fig. 7.7, however, the lower tail 

of the resonance plays an important part, and its energy dependence becomes 

significant. As a result, it is difficult to infer from the data whether any additional 
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contributions, from broad scalar resonances, for example, are necessary in the 

region between about 0-5 GeV and 1.0 GeV, unless one is very confident with 

the parameterization of the / . Fortunately, the fitted value of the two-photon 

width itself remains insensitive to the detailed parameterization of the energy 

dependence. 

Figure 7.8 shows a comparison of the invariant-mass distributions of the two 

models. Below the / the Mennessior model gives a significantly lower cross section 

than the other, even though the two use exactly the same formula for the Born 

term (no unitarization corrections arc included in either). When an additional 

energy dependence, or form factor, defined by 

a->rm2

t 

is introduced into the resonance contribution of the Mennessier model?0 then the 

two models agree quite well for o = 1.25GeV2. It turns out that the Mennessier 

model the data on the low side of the resonance peak very poorly without this 

modification. Therefore, all subsequent calculations made with the Mennessier 

model assume the energy dependent width given by Eqn, 7.58. 

Now let us consider the effects of requiring the models to satisfy the unitarity 

condition. Here is where some troublesome differences between the two appear. 

From Fig. 7-9, one sees that in the resonance region both models suffer a decrease 

in the cross section at the / peak when unitarity is required, but the decrease is 

much more severe for the Lyth model. We do not understand why that is so,f 

since one would expect about the same result from each. In the Lyth model we 

have required elastic unitarity of the amplitude. Mennessier includes in addition 

the effects of the coupled KK channel, but the branching ratio of the / to KK is 

only 3%, and the total inelasticity is but 16%, so it is hard to imagine how that 

could make much difference. Furthermore, the effect of unitarization when there 

t The Mcnnesdier model ia essentially a black box to ue, in the form of 700 line* or FORTRAN 
code. Only the detail* of the Lylh model can be given here. 
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Figure 7.8. Effect of the energy dependence of the / resonance on the 
mass distribution of the Mennessier model at $ = T / 2 . The parameter a 
determines the strength of the form factor, which goes at zero as a -* oo. 
Also shown for reference is the same calculation using the Lyth model. 

is no direct coupling of 77 to the / , as showi. in Fig. 7.6, does not seem to be 

consistent with what we see in Fig. 7.9 with T-g-j = 3.0 keV. This question has not 

been resolved, but there is yet another difference to consider. 

The two curves shown in Fig. 7.9 of the Lyth model differ from each 

other only by the addition of an imaginary part, according to Eqn. 7.47, to 

the unchanged real part of the coupling g. The real part of g thus remains 

tog = m / [ r 7 7 r f f f f ] 1 / 2 j w i t h r . p = 3.0keV. But Lyth defines5 3 the two-photon 

width by \g\ = m^[r! r

y .J hr ,i nr] 1/ 2 . Thus he considers the unitarity correction to be 

part of the coupling of the resonance to the two photons. 

Mennessier *B definition is different. The unitarity correction is considered to 

be part of the Born term, yielding the unitarized Born term, to which the "direct 

coupling" of the resonance to 77 is added. Thus in Fig. 7.6, we see an obvious 5* 

peak and a big effect from the / even though all direct couplings of resonances 

were se.v. to zero. Also, consider Ref. 61, in which the / signal observed with the 
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Figure 7.9. The effect of requiring unitarity for the D-wxve on both the 
Lyth and Mcnnessicr models. 

CELLO detector is fit by the model of Mennessier. The authors state, 

u... the only free parameter fitted to our data is r ^ f / a ) which describes 
the 'direct* 77/0 coupling. This does not correspond exactly with 
the observed /o signal since the helicity 2 projection of the Born 
term may give a small contribution to the fa signal by final state 
scattering effects... I \ 7 ( / o ) is the relevant parameter for comparison 
with theoretical predictions based on internal meson structure [e.g., the 
quark model), whereas in evaluating dispersion relations or sum rules 
the full partial wave amplitudes measured by the fit to the experimental 
distributions should be used." 
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It is true that in the quark model, the coupling of photons to a meson must be 

real, but then the quark model also has no provision for describing the finite width 

and associated energy dependencies of a resonance Recall that if the resonance 

width may be neglected, then the imaginary part of the coupling, as specified 

in Eqn. 7.47, may also be neglected. Thus it is clear that comparisons with 

quark model predictions, such as the SU(3) predictions for the ratios of two-

photon widths, always will be limited in validity by the simple fact that in reality 

the tensor mesons have relatively large widths, compared with the pseudoscalar 

mesons, for example. 

Perhaps a more important question about the definition of T-j-f is how to 

relate the charged and neutral pion-pair channels. The non-resonant part of the 

neutral cross section is small enough that whether the resonant coupling is complex 

becomes irrelevant—there simply are no significant interference effects. One would 

(ike to define T ^ such that, for both the charged and neutral cases, the resonant 

contribution to the cross section is proportional to it. In other words, the same 

quantity should be measured whether one studies ir+ir~ data or 7r°7r° data. 

Recall that the prediction for $tg was obtained [rom considering the sum of 

the / resonance and the / = 0, J — 2 projection of the Born term and requiring 

it to satisfy the unitarity condition. The Born term contains contributions to 

both / = 0 and / = 2, while the resonance is only 7 = 0. The unitarization 

procedure adds a contribution to the 1 = 0 amplitude, but the 1 = 2 amplitude 

is unchanged. The observed cross section then is calculated by taking the sum of 

the 1=0 amplitude and the unitarized 1 = 2 amplitude, projec+ing it onto either 

\ir+ir~) or [ff°Jr0), according to Eqn. 7.19, and squaring the absolute magnitude. 

The Born term, of course, vanishes for the neutral final state, but the contribution 

of the term required to unitarize the I = 0 amplitude remains for both the charged 

and neutral final states. Therefore, in order for the model of Lyth to be consistent, 

his definition of the two-photon width must be accepted when using his model. 

A simple physical picture of how the Born term can affect 77 -» 7r°7r° in the / 
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region is to imagine charged pion pairs being formed from the Born term and then 

resonating in the final state to 7r°ir0. 

It is not clear exactly how to interpret Mennessier's model. In particular, 

it is difficult to understand what is the physical significance of the distinction 

between "direct coupling" of 77 to the / and the contribution coming from 

unitarizat'ton. After all, the strong interactions occur on such a short time scale 

relative to the electromagnetic interactions that they cannot be considered in any 

meaningful sense to have occurred after and separate from the 7*7 coupling. In 

any case, in Chapter 8 we give results from data for both definitions and also 

for the case where no unitarization corrections at all are made. We will see 

that in fact the experimental errors are small enough for our ff+7T~ measurement 

that these problems cannot be neglected. Unfortunately, the statistical errors on 

measurements of the corresponding neutral channel are not yet small enough to 

check for consistency. 

As a final note, we should point out that the / peak observed in ir°ir° by the 

Crystal Ball experiment is about 40MeV, or 3%, low compared with the known 

value of 3274 MeV. That is about the same magnitude of downward shift as 

observed in the charged channel. However, it is not clear whether it is real, because 

the systematic uncertainty in the energy scale is as large as 2%, and the statistical 

error on the determination of the peak position is 1.1%.t Such a downwardshift in 

the neutral channel is not explained by either model so far considered- Presumably 

the neutral channel must have some continuum production from such processes as 

w exchange, but its level cannot be determined from the available data—certainly 

there is no obvious large continuum as in the charged channel. Mennessier includes 

vector meson exchanges in his model and predicts that the 7r°7r° peak is at least 

30 MeV above the T +TT~ peak.t 

t The fit of the resonance width in the Crystal Ball data yields Tj = 248 ± 38 MeV, which u 
almost two standard deviation! high and also is unexplained. 

} However, in Ref. 61, it ia stated that a calculation using the Mennessier model with all vector 
exchanges set to sero yields a 20 MeV decrease in the position of the JT 0* 0 peak. It is not clear 
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In a recent paper*2 a model has been proposed to explain why the 7r+7r~ and 

3T°ff° peaks might be identical. The model assumes some sort of J = 2 contribution 

in the / region, from a non-resonant process or an exotic resonance, in addition to 

the large 1 = 2 component of the it —* n+ir~ Born term. This additional I = 2 

component effectively cancels that of the Born term in the / region. Then the 

amplitude in the / region is purely J = 0, in which case the 7r°7r° cross section 

must be the same as that for ir+ff" in shape and half as large. 

Nonetheless, we shall continue to assume that the Born term describes the 

continuum for the charged channel. The deviation of the peak position in the 

neutral channel could very well be an experimental effect. 

whether that is consistent with Mennessier's conclusions. 
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8. Fitting the ir+5r"~ Spect ra 

8.1 SUMMARY OF THE -77 - • ir+jr - MODEL 

The 7r + j r - data is to be fit to the phenomenological model of Chapter 7, 

consisting of the Born term calculated from exchange of point pions (Eqn. 7.27) 

plus terms for the / resonance calculated according to Eqn. 7.34 with the energy 

dependent width of Eqn. 7.32. The resonance can be formed in both helicity-zero 

and helicity-two states, so there are two parameters to describe the coupling to 

two photons: T ^ and r 2

7 , where r 7 7 = T ° 7 + r 2

r The resonant partial wave 

amplitudes of Eqn. 7.34 must be multiplied by the appropriate angular factors, 

as given in Eqn. 7.22, in order to obtain the full amplitudes. Furthermore, the 

amplitudes are forced to satisfy the unitarity condition of Eqn. 7.43 by the addition 

of an imaginary part to the resonant coupling, according to Eqn. 7.47. However, 

no unitarity correction is made for the helicity-zero amplitude, because the 3 = 1 

part of the helicity-zero Born term is negligible in the / region. 

In summary, the cross section is given by 

|2 

|£(rr - *+*-) =J|B0(»,«) +5vf4o(fl)*?oM|; 

+^ 2( a ,e)+s v/f^ 0(«)ie° 2( 5)| 
where <^0{9) = § cos 2 0 - \ , 

4Q(6)=^Sm2e, (8.1) 

and «?*(<) =-7-*JjiW = 4 = - 5 9 M „ , , • 

9*U) =mf i r i W r ^ M ] 1 ' 2 + iJlm,T{,)B22{m}). 

Recall that T r f f ( s ) = 0.843 • T(i) and that the s dependence of F(s) is given by 

Eqn. 7.32. The s dependence of r 0 ( s ) and T 2(s) also is given by Eqn. 7.32, but 

with mn replaced by m 7 = 0. This cross section is multiplied by the appropriate 
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11 luminosity function to give the prediction for e + e - —> t+e~ir+7r~, and finally, 

the two-photon widths to be fitted are defined by the expressions 

|so | 2 =m}T^T„(m}) 

\gtf -mJr*„IW(»»/)-

Thus the complete two-photon width may be written as 

r T 1 _ r T J + r TT 

(8.2) 

= r 0 ( m j ) + r 2 ( m j ) +0.257 keV. 

(8.3) 

This corresponds to the definition by Lyth. The definition of T 7 -, used by 

Mennessier is roughly the same as that of Eqn. 8.3 without the additional 0.257 keV 

added (see Section 7.6). 

8.2 T H E F I T T I N G M E T H O D 

The fit itself may be done in two ways. Either the true n+ir~ spectra are 

unfolded from the data and then compared directly with the calculation, or else 

the detector effects are folded into the Monte Carlo calculation, giving Monte 

Carlo spectra to be compared directly with the data. We take the latter approach 

for reasons of convenience. The Monte Carlo prediction for the pion spectrum is 

added to the QED prediction for the muon spectrum plus the estimates of the 

other minor backgrounds. That sum is compared to the uncorrected data. The 

precise normalizations of the backgrounds are allowed to vary within experimental 

errors and hence depend on the results of the fit. 

There are several parameters which are adjusted simultaneously in the fit 

besides the two-photon widths. However, that does not mean that there is a lot of 

freedom available to fit the model to the data, because all parameters except for 
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the two-photon widths are considered to be known within certain error limits and 

are constrained to remain within those limits. That is done by adding a penalty 

function to the x 2 . f For n bins in the data and Monte Carlo and m constrained 

parameters, we have 

*-±<^ + ±<*j£. ,8.) 
.•=1 1 j = l Tj 

The «,- are the bin contents, and the pj are the adjustable parameters, p.- their 

nominal values, and <rp. their uncertainties. In addition, we will consider some 

fits in which the Born terms and the interference terms are multiplied by factors 

(most appropriately termed fudge factors) which are allowed to vary freely in the 

fit in order to judge the sensitivity to some assumptions made in the model. 

In cases where an assumption is made to constrain to a fixed value the ratio 

T ^ / r ^ , only the invariant-mass distribution is included in x 2 . When the ratio 

is allowed to vary in the fit, then it is necessary to include in x 2 the distribution 

of cos flcm, ?s well. 

The complete list of parameters which may be adjusted simultaneously in the 

fit is 

1. The - n width of the / . 

2. Ratio of widths. 

3. Helicity-one contribution. 

4. The unitarity correction. 

5. The / mass. 

6. Full width of the / . 

7. Effective luminosity. 

8. The IJ' background. 

9. The K+K~ and pp background. 

r-n 
r° /r 2 

1 7 7 ' 77 
r 7 7 / ' , 7 7 

%z(™}) = (2.5 ± 0 . 7 ) - 1 0 - 4 G e V 2 

m, = 1.274 ± 0.013 G e V 

T/ = 0.178 ± 0.020 G e V 

•£eff = 102.3 ± 2.3 p b - 1 

Nn> = 468 ± 87 e v e n t s 

J V t o [ 
= 342 ± 34 e v e n t s 

f Doing the fit by minimising x 2 assumes gaussian, rather than Poisson, distributions for the 
contents of each bin. In this case that is a very good approximation, because bhe number of events 
ts greater than 200 for every bin of the untagged data. 



•tyl.cl = ISO ± 5 0 events 

«? = 0 ± 0.10 

4 = 0 ± 0.05 

«f l = 1 

Of = 1 
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10. The remaining background. 

11. JT+?T"~ efficiency error at 0.6GeV. 

12. 3T +ir - efficiency error at 2.0GeV. 

13. Fudge factor for the Born term. 

14. Fudge factor for the interference. 

The values given here are appropriate for the u tagged ar ilysis, although nonzero 

r i - is considered only in the tagged analysis. The error on the / mass has been 

increased over the published value to account for uncertainty in the energy scale 

of the experiment. Parameter number ten refers to the hadronic background 

estimated from the number of pion-pair events found with non-zero charge. It 

and parameters eight and nine refer only to background normalizations; the 

shapes of the backgrounds are fixed. Note that these backgrounds are almost 

insignificant, especially in the / region, so the normalization parameters introduce 

little additional freedom into the fit. Normally CXB and a / are fixed at unity. 

Parameters ] 1 and 12 deserve some further discussion. They refer to Eqn. 6.3, 

which gi"es the uncertainty limits on the measurement of the detection efficiency 

as a function of the invariant mass. The fit allows the normalization of the T + J T -

Monte Carlo to vary within the limits given by Eqn. 6.3, but the individual bins 

are not allowed to vary independently. Only the normalization corrections at the 

upper and lower W limits may vary independently—the corrections for each of the 

bins in between are determined by those at the upper and lower limits by Eqn. 6.3, 

which represents a smooth parabola with zero slope at the upper limit. 

Since the theoretical model must be calculated by a large number of Monte 

Carlo iterations, then it is not completely straightforward to vary simultaneously 

all parameters for the purpose of doing the fit. But a method has been found which 

works well and is efficient. It relies upon the use of weighted events in the Monte 

Carlo. When generating events, the dominant 1/W 3 behavior of the cross section 

is produced by an analytic change of variables (see Appendix B for a discussion 

of importance sampling in Monte Carlo integration), and all remaining factors are 
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lumped together to produce an event weight. Instead of using a rejection algorithm 

to produce unweighted events, one may simply accumulate histograms of weighted 

events. Such an approach is the more efficient one, unless the detector simulation 

is very long and there is a large fraction of events with very small weights. 

The method also relies on the fact that, for all but two of the parameters, 

the )r+ir~ prediction plus background may be expanded into a sum of terms such 

that the parameters appear as factors multiplying various terms. That obviously 

is the case for the normalization corrections of the various backgrounds. Also, the 

correction to £ e(f is a factor multiplying both the n+it~~ and jr+ir - predictions, 

while the pion efficiency correction multiplies only the •r+it~ prediction. The mass 

and width of the / are exceptions and are handled by a special technique. For the 

other parameters! we define two more factors by To ^ "oXo and Tj => 0:2^, so 

the cross section in Eqn. 8.1 may be written as 

dS =aB~In + i " 0 9 " ^ + y/aoaBar9oB0Rocoa6 

+i"2(»S2) 2 ^2 + y/aiaB"A^32)B2R2 cos S 

+ l (^92] 2 ^2 - aBaI{9g2)B2R2BinS, 

where Rx S S ^ / M O W ^ [ H ~ B? + " > / » ) 2 ] ~ 1 / 2 , ( 8 ' 5 ) 

& - * ( * +4) . 
mi — s 

In the Monte Carlo calculation, a weight is calculated for each of the seven 

terms, assuming some nominal values for the two radiative widths. Furthermore, 

for all but the first term, a different weight is calculated for each of twenty-five 

combinations of values for the / mass and width. After the detector simulation, 

weighted histograms of both the W and cos 0 c m a distributions are produced for 

each of the total of 151 weights. To allow for the fitting program to have access 

to values of mi and Vj between those included in the S x 5 arrays, each array, 
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one for each bin of each of the six terms, is interpolated by bicubic splines before 
beginning the iterations of the fit. Thus the fitting program is able quickly to add 
up the cross section uefined by Eqn. 8.5 for any set of values of the 13 parameters 
(except that the values of mf and Vj are limited to the range of the spline fits). 
Since all of the weights are calculated in a single Monte Carlo job, and every 
weight in a single event is calculated for the same W and cos 0 c m l , then there arc 
no statistical fluctuations of one term of Eqn. 8.5 relative to another. Therefore, 
the statistical error of the sum of terms is just a linear sum of the statistical errors 
of the individual terms (the resulting error is the same as if all terms had been 
added together in the Monte Carlo job and accumulated into a single histogram). 
Finally, the general fitting program MINUIT'3 makes the job of fitting the Monte 
Carlo histograms to the data easy, convenient, and reliable. 

8.3 FIT RESULTS FOR THE UNTAGGED ANALYSIS 

In this section we compare the results for the fit of the / two-photon width 
under various theoretical assumptions. First, let us consider the most simple 
model, in which no unitaxization corrections arc made and the / is assumed to be 
produced only with helicity-two. 

8.3.1 Fit to the * + i r _ Model Without f/nitarization 

The theoretical model is almost identical to that used in the 1984 publication 

of DELCO results on 77 -* T + J T - . 6 4 There are only three differences: First, the 

pa.rameterizat.on of the energy dependent width is different. In Ref. 64 a form 

due to Blatt and Weisskopf65 is used, which gives a result for the phase shift 

almost identical to that obtained from Eqn. T.32 with a = lGeV 2 . However, 

using a = 0.5 GeV2 gives a better fit to the data shown in Fig. 7.4. The second 

difference is that Ref. 64 assumes an energy dependence for T 1 7 according to 

r*nM = ( \ /^ / m / )r -ni whereas the form used here is Eqn. 7.32 for both I"-,-, and 

rVir. Finally, Ref. 64 uses a value for the branching ratio of the / to JTTT which is 
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1.5% lower than the value now found in Ref. 6. These differences all are minor, 
and one finds that the two predictions cart only barely be distinguished from each 
other on a plot like that found in Fig. 7.7. 

The invariant-mass spectrum to which the Monte Carlo predictions are fit is 

shown in Fig. 5.7a. When only the two-photon width is allowed to vary in the fit 

and only the points in the range from 0.95 GeV to 1.40 GeV are included in the fit, 

the result is T , , = 2.68 ± 0.07 keV. The x 2 for the nine bins of data included over 

the range of the / peak is 6.7. Below the / peak the Monte Carlo prediction is on 

average about 7% higher than the data, but that is within the uncertainty limits 

on the trigger efficiency in that range. From this we conclude that the model gives 

a reasonable fit to the data even with the efficiencies and effective luminosity fixed 

exactly at the measured values. Also, the statistical error on the two-photon width 

coming only from fluctuations in the bins of the data and Xvioulc Carlo is 0.067 keV, 

or 2.5%. However, we know that the efficiencies and effective lumh-.osity, and even 

the / mass and full width, can be varied considerably about the measured values 

and still be within experimental errors. This reduces the predictive power of the 

model, allowing it to fit the data more closely and resulting In systematic errors 

on the two-photon width which are much larger than the statistical error. 

Table 8.1 shows in detail the results of allowing all of the experimental 

parameters to vary with'n their known error limits. The region below the / is 

included in the fit, and as usual, the two-photon width is allowed to vary freely. 

All of the parameters remain within their error limits, including the / mass and 

full width. Note that the fitted error estimates for mt and Vj actually are smaller 

than the constraints imposed on them in the fit. In fact, if mf and Tj are allowed 

to vary completely freely in the fit, they still remain within their error limits. 

However, the data in the low range of W prefer that the sr+sr" detection efficiency 

be almost S% lower at W = 0.6 GeV than it was measured to be, and the effective 

luminosity is decreased by 1.5% in order to predict fewer muon pairs and pion pairs 

in that region. Furthermore, by shifting the / mass down slightly, the Monte Carlo 

http://pa.rameterizat.on
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prediction fits in the peak of the / better. All of these changes are well within the 

respective error limits, but they together have the effect of increasing the fitted 

two-photon width by 4% over the value obtained when all other parameters are 

fixed. Nonetheless, this shift in T 7 1 , though greater than the statistical error, is 

well within the total error shown in Table 8.1 of ±7%. 

If only those bins with 0.95 < W < 1.40 are included in the fit, then the 

result is T 7 7 = 2 .7 l ig^keV, which is almost the same as the result obtained 

when all parameters but r 7 7 were held fixed, although here the systematic errors 

are included. Another systematic error which has not yet been included is the 

uncertainty in the momentum resolution of the experiment (see Section 3.1). The 

fits presented so far have assumed that the resolution of the track curvature is 

"K/K- = 7%. When it is varied from 8% down to 6%, the two-photon width from 

the fit varies by less that the statistical precision of 2.5%, while the fitted value 

of the full width varies from 0.164 GeV up to 0.187 GeV. Thus the result is not 

sensitive to the value assumed for the momentum resolution, and the observed / 

peak is completely consistent with the known value of the / width. 

A check is made on the validity of using the Born term to describe the 

continuum below and under the / by doing a fit with the coefficient aB left free to 

vary. The range in W from 0.6 GeV to 1.4 GeV is included in the fit, and the main 

effect is that erg decreases by 7% from unity, while the jr+ir - trigger efficiency 

returns to its measured value. The value for the two-photon width increases by 

only 1.4%, while the size of the error estimate increases by 0.01 keV. Therefore, 

within experimental errors the Born term describes the continuum adequately at 

least below the / peak, and the fitted two-photon width is not changed when the 

normalization of the Born term is allowed to vary freely. 

Figure 8.1 shows a histogram of the data with all of the background 

subtracted. It is compared with the 7r+ir- prediction as given in Table 8.1. Note 

that the fit is excellent for W < 1.40GeV, but above that and up to 1.75GeV 

the data are much higher than the prediction and are only slightly lower than 
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Table 8.1. ResultB of fitting the K~*~IT~ model with no unitarization and with the 
helicity-zero two-photon width of the / fixed to zero. More complete definitions 
of the parameters may be found in Section 8.2. 

Parameter Fit Value Lower Error Upper Error 

1. Tr width 2.82 keV -0.19 +0 .20 

5. / mass 1.262 GeV -0.004 +0 .004 

6. full width 0.169 GeV -0.011 +0.011 

7- £eff 100.7 pi.-'- -1.2 +1 .2 

8. tj' background 423 events -83 + 8 3 

9. Kit, pp background 336 events -34 + 3 4 

10. 0 ^ 0 background 150 events -50 + 5 0 

11. c\ -0.047 -0.085 +0.086 

12. £ J -0.003 -0.050 +0.050 

Covariance Matrix Correlation Coefficients 

1 5 6 7 8 9 10 11 

5 -0.056 

6 0.490 0.366 

7 0.011 -0.248 -0.073 

8 0.063 -0.064 -0.052 -0.037 

9 -0.043 -0.015 -0.026 0.004 -0.007 

10 -0.013 -0.017 -0.036 -0.023 -0.014 -0.009 

11 -0.324 0.297 -0.217 -0.803 -0.101 -0.002 -0.019 

12 -0.729 0.104 -0.082 0.021 -0.016 0.001 -0.004 -0.023 

Fit range: 0.6 < W < 1.4 GeV 16 bins 
X 2 = 11.8 
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Figure 8.1. The background-subtracted T + J T - invariant-mass spectrum 
compared with the Monte Carlo prediction (solid histogram) with no 
unitafiz&tion and with no helicity-zero coupling to the / . The smooth 
curve shows the prediction for JT+TT" from the Born term alone. The 
values of all the fit parameters are as given in Table 8.1. 

the spectrum predicted from the Born term alone. It is the interference with the 

resonance which makes the prediction so low in that region. Why the full effect is 

not seen in the data is not known. 

If the entire range of W Is included in the fit, then as expect*:'5, the effective 

luminosity is increased by almost 2% in order to reduce the data above the / peak 

by subtracting more muon pairs. To compensate then below the / , the jr+7r~ 

detection efficiency is lowered to the point of being two standard deviations below 

ie measured value. The net result is only a 2% increase in T7-y. The fit stiii is not 

gcod above the / peak, with x2 = 48 for the entire 28 bins of data. It is clear that 

this model cannot be used over the full energy range without some modification. 

This disagreement above W — 1.4 GeV is worrisome because it indicates 

that something is wrong with the description of the continuum background. It 

is important to assess what affect this has on the measurement of the two-photon 

width of the / . It is possible that son.e of the effect is from non-gaussian tails in the 
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momentum resolution which are not reproduced by the Monte Carlo simulation. 

However, the same effect is seen by the PEP~4/PEP-9 experiment? Most of the 

disagreement is believed to be genuine. 

In Ref. 5 the problem is handled by introducing an arbitrary parameter, which 

we call a/, to multiply the interference terms of the cross section. This does yield 

a good fit over the full energy range, but only with a/ as low as 0.5. When ctj 

ts allowed to vary freely in the DELCO fit, good agreement is achieved over the 

full energy range (x 2 = 26 for the 28 bins), but with aj = 0.72 for the best fit. 

However, the fit forces the / mass down to 1.249 GeV, which is getting rather far 

from the preferred value. That is to be expected, since the interference is necessary 

to shift the peak down to the observed position. The best fit for r 7 7 is raised by 

only 1.8% compared with the result for <xj = 1. 

The parameter ctj is justified in Ref. 5 by arguing that one really does not 

know if the continuum is properly described by the Born term, in which case 

one cannot be sure that it really is all in helicity two in the / region, However, 

multiplying the interference terms by a fudge factor is a perversion of the model 

which makes it difficult to interpret physically. Another possible explanation for 

the discrepancy is resonance production in the 5-wave (perhaps the f (1300)). To 

assess the effect of such a possibility, we try adding an additional non-interfering 

bp-e'eground to the fit. This is done with a gaussian curve centered at W^ = 1.5 GeV 

with arbitrary width and height: 

B ( W , = , e x p ( - ( ^ ) . (8.6) 

The best fit over all 28 W bins has x* = 15.0 with A = 126 events and 

a = 0.13 GeV. 1 ne best fit for T 1 7 is lower by 3.5% relative to the result fit 

only on the range W < 1.4 GeV and without the gaussian background. Note that 

adding the gaussian background changes the fitted value of T,-, in the opposite 

sense from the effect of the fudge factor in the interference term. 
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Taking into consideration all of the systematic effects, and in particular 
the effects of changing the region included in the fit and adding the gaussian 
background of Eqn. 8.6, loads to the result 

r 7 7 = 3.77 ± 0.31 keV, (A = Z, no unitarization). (8.7) 

Keep in mind that this result assumes a model which violates unitarity and also 
that the helicity-zero coupling is assumed to be exactly zero. Since this is Identical 
to the model used in the DELCO analysis of Ref. 64, we may compare the results 
directly. The result of the analysis of Ref. 64 is T-,, = 2.70 ± 0.21 keV. Only 
about half of the presently available data were used, but the actual reasons for 
the difference with the present result are systematic. First of all, the analysis 
of Chapter 6 has been done since then. Reference 64 assumes that the relative 
detection efficiency of pion pairs compared with muon pairs is independent of 
energy. Second, in Ref. 64 the correction to £tg necessitated by bremsstrahlung 
from electrons passing through the beampipe and drift chamber material was not 
made. These two corrections largely cancel each other with respect to the fitted 
two-photon width, but they do contribute significantly to the estimate of the 
systematic error. 

8.3.2 Effect of Requiring Unitarity 

The unitarity correction is added to the model by setting SJJJ nonzero and 
allowing it to vary in the fit. If it is allowed to vary completely freely, then one finds 
that the data give no constraint. That is expected from Fig. 7.9, where it is evident 
that the correction does not change the shape of the spectrum significantly but 
only lowers the peak a bit. Therefore, &S2 must be constrained to remain within 
the range of the theoretical prediction of Eqn. 7.57. That is done by using the 
bounds given by Eqn. 7.57 as gaussian error limits. Assuming such a gaussian 
distribution cannot be well justified, but the bounds seem conservative enough 
that the error estimate is not likely to be an underestimate in any case. 
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We continue to assume that there is no helicity-zero resonance coupling. The 

result of the fit is in all respects almost identical to that done with no unitarization 

except that the two-photon width becomes larger and has slightly larger errors. 

The fitted value arrived at for 1'y, when fitting over the range 0.6 < W < 1.4 GcV 

with aB = 1 is l y , = 3.44i„;U k e V - T n i s i s assuming the definition given by Lyth, 

as expressed in Eqn. 8.3. When all systematic effects, Buch as the dependence 

on the interval of W included in the fit, are accounted for as in the previous 

section, the final result for the unitarized model of Lyth, assuming zero helicity-

zero coupling, is 

r 1 7 = 3.34 ±0.35keV, (A = 2, unitarized). (8.8) 

8.3.3 Comparison with the Mennessier Model 

The Mennessier model may also be used to fit the two-photon width of the / . 

The procedure is similar to that discussed above, except that it is not possible to 

fit the / mass and full width simultaneously with the two-photon width in this 

case. It is not possible for us tJ separate the model into all of its separate terms as 

iB done for the more simple model in Eqn- 8.5. Therefore, MenneBsier's program 

was run once for each of several values of the two-photon width, and the result 

was interpolated by cubic splines. 

Table 8.2 gives the results of the fit when all data up to W = 1.4 GeV are 

included. The x 2 is not as low as that shown in the fit of Table d.l, but that is 

partly due to the inability to adjust the mass and full width of the / . Restricting 

the fit to only the region of the / peak has the same effect as with the model of 

the previous section. Taking that into account, plus the effects of changing mj, 

Tt, and the Monte Carlo momentum resolution within the allowed limits gives the 

final result for the Mennessier model: 

T 7 T = 2.93 ± 0.30 keV, (A = 2, Mennessier). (8.9) 



181 

Table 8.2- Results of fitting the Mennesaier model to the untagged fr+jr~ 
data with the helicity-zero two-photon width of the / fixed to zero. More 
complete definitions of the parameters may be found in Section 8.2. 

Parameter Fit Value Lower Error Upper Error 

1. TY width 3.01 keV -0.15 +0.16 

7. £,« 95.8 pb-1 -1.1 +1.1 

8. »' background 412 events -87 +87 

9. KK, pp background 342 events -34 +34 

10. 0 ^ 0 background 147 events -50 +50 

11. t\ -0.043 -0.076 +0.076 

12. c j 0.00 -0.05 +0.05 

Covariance Matrix Correlation Coefficients 
1 7 8 9 10 11 

7 -0.052 
8 0.109 -0.049 
9 -0.046 0.002 -0.009 

10 -0.003 -0.022 -0.009 -0.003 
11 -0.088 -0.844 -0.100 -0.004 -0.032 
12 -0.783 0.063 -0.037 -0.001 -0.002 -0.154 

Fit range: 0.6 < W < 1.4 GeV 16 bins 
X 2 =M.l 

Note that this fit does include Mennessier's unitarization corrections. How

ever, as we have seen in Chapter 7, those corrections have little effect. Further

more, the definition used here for T 7 1 is closer to that of the parameter I^fm?) 

in the model given by Eqn. 8,1 (Lyth's model) th?n it is to T^ as defined by 

Eqn. 8.2. The unitarization correction is not considered to be part of the coupling 

of *77 to the / . According to Eqn. 8.3, T2{ml) is 0.257keV less than r * r Com-
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paring the fitted value of ^ ( m j ) from Eqn. 8.8 with Eqn. 8.9, we find that the 

Mennessier result is about 5% lower. That is to be expected from the comparison 

of the two unttarized models shown in Fig. 7.9 and corresponds to more than two 

standard deviations of the statistical error (the systematic effects are the same for 

each model). 

In summary, the two models fit the data equally well. When no unitarization 

corrections are made, they give results for T 7 7 which agree with each other 

within the systematic errors. The principle differences lie in the definitions of 

r ^ when unitarization corrections are made and in the fact that unitarization of 

the Mennessier model produces little change whereas it lowers by several percent 

the / peak in the Lyth model. 

8.3.4 Including the Angular Distribution 

It is important to consider the effect of a possible helicity-zero contribution to 

the resonant coupling, since there is no theoretical justification to assume that it 

is exactly zero. To do so, it is essential to inclur? - into consideration the measured 

angular distribution. We use the distribution of cos 0Cmi integrated over the range 

1.0 < W < 1.5GeV, in order to be most sensitive to the angular distribution of 

pion pairs coming from the / resonance. 

First, let us consider the angular distribution alone. There are twelve bins 

of width 0.05 from cos 0CT1, LO the detector limit of cos "cms ~ 

0.60. The 

predicted distribution is a combination of the flat distribution from the Born 

term interfering with the d%Q(9) functions from the resonance decay, plus the 

approximately ( 1 + M K 2 6)/(1-COS2 8) distribution from the muon-pair background. 

The experimental acceptance, given for the most part by the single cut cos0| ai, < 

0.60, falls sharply from a maximum at c o s 0 c m s = 0 to zero at cosfl e m > = 0.60 

and strongly affects the observed shape. The result of fitting to only the angular 

distribution is that the data prefer essentially zero contribution from helicity-zero. 



The 90% confidence level upper limit is 
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r° 
=22 < o.i5 (90% confidence). (8.10) 

It is interesting that this ratio actually is constrained substantially by the 

invariant-mass distribution alone. It is easy to see why that is so. The spectrum 

is dominated by the interference effect, which enhances the cross section below 

resonance and decreases it above. Such an effect does not occur for helicity zero, 

because the>helicity-zero Born term is negligible in the resonance region. In fact, 

if the coupling is assumed to be only helicity zero, the model predicts far too few 

events below resonance and far too many above, and the best fit to the invariant-

masB spectrum has a x J of 1 S 0 f<» 16 bins (the two-photon width for that fit is 

6keV). 

Table 8.3 shows the results of fitting simultaneously to the invariant-mass and 

angular distributions. Both helicity amplitudes are included, and the unitarization 

corrections to the helicity-two amplitude are included. Figure 8.2 compares 

the fitted spectra to the data. The additional systematic effectB, such as the 

dependence on the range of W included in x 2 , are about the same as for the fit 

with only the invariant mass distribution included. Taking them into account 

results in 

T 1 7 = r ° 7 + r 2

7 = 3.42 ±0.37 keV (8.11) 

r ° 7 / r 2

7 < 0.14 (90% confidence). 

Here, Lyth's definition of T 7 7 (Eqn. 8.3) is assumed. 

We have found that the DELCO constraint on the ratio of helicity amplitudes 

is much better than the Crystal Ball result (compare with Eqn. 1.3). That may 

be surprising at first, but it is because of the relatively small number of Jr°jr° 

events observed by the Crystal Bail collaboration. Their advantage lies in being 
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Table 8.3- Fit of the complete model of Eqn. 8.1 to the untagged ir+n~ invariant-
mass and angular distributions. Definitions of the parameters may be found in 
Section 8.2. 

Paramete r Fit Value Lower Error Upper Error 

i. iv, 3.51 keV -0.22 +0.27 

2. r» 7 /r 7 1 0.01 -0.01 +0 .13 

4. 3 s r 2 ( m j ) 0.00026 G e V 2 -0.00007 +0.005. >7 

5. / mass 1.266 GeV -0.005 + 0 . 0 0 ; ^ ^ 

6. full width 0.168 GeV -0.012 ^ X ^ + 0 . 0 1 1 

T. £«ff 100.8 nV » J - * " " ' ' ' +1.2 

8. T7; backround 416 ever^sr -82 +82 

9. / f j ? , p p background ;>42 ^events -34 +34 

10. Q ^ 0 background I5£r events -50 + 5 0 

11. e", , ' -0.070 -0,085 +0,094 

12. c j -0.002 -0,050 +0.050 

Covariance Matr ix Correlation Coefficients 

1 2 4 5 6 7 11 

2 0.374 

4 0.133 -0.038 

5 -0.106 -0.286 0.099 

6 -0.537 -0.060 0.031 -0.380 

7 0.041 0.116 0.003 -0.251 0.062 

11 -0.265 0.091 -0.016 0.216 0.224 -0.781 

12 -0.641 0.034 0.005 0.124 0.067 0.030 -0.035 

Fi t range: 0.6 < W < 1.4 GeV, | c . i s 9 c m , | < 0.60 28 bins 
X 2 =17 .3 
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Figure 8.2. Best s imultaneous fit to the W and c o s 0 c m f l distr ibutions of 
the untagged 7 T + T ~ da ta . T h e points with error bars are the da ta . T h e 
values of t he fitted parameters ave given in Table 8.3. 

able t o observe the region | c o s 0 c m B ] > 0.80, where the angular distr ibutions differ 

greatly. However, their error bar in t ha t region is too large to provide a very good 

constra int . The region near | c o s 0 c m - j = 0.70 is not very helpful, since it is around 

there t ha t the angular distr ibutions cross. Thus DELCO is not at a disadvantage 

due to its acceptance limit of |eoa0Cma| < ° - 6 0 - Also, the Crystal Ball limit may 

be more s t r ingent if the A = 1 fraction (which must be negligible for an untagged 

experiment) were not included in the fit. 

If the rat io r ° 7 / r 2

7 is fixed at the Crystal Ball \-o upper limit of 0.51, then 

the best fit has a x2 from the 12 bins of the angular distribution of 16, which is 

an increase of 9 uni ts from the best fit with the rat io left free. This increase in x2 

comes from a systematic deviation which is quite obvious when p lo t ted—the Monte 

Carlo angular distr ibution with the helicity-zero contribution mixed in falls too 

rapidly in the region 0.2 < | cosdcmsl *̂  0.6 relative to the data . Pa r t of the reason 

for such a good const ra in t is t ha t all the systematic problems, such as the pion-pair 

trigger efficiency, have a small effect on the observed angular distr ibution relative 

to the effect of the actual decay angular distr ibution. The major experimental 

effect is the detector angular acceptance, which is well unders*ood. 

1 8 6 

8.3.5 Extrapolating r 7 7 to Q2 - 0 

For t he energy range subtended by the / peak, the EPA luminosity function 

predicts an average Q2 of Q2 = 0.006 G e V 2 , where Q2 is defined to be the 

max imum of - q2 for the two photons . To extrapolate the results of the untagged 

analysis for the two-photon width to Q2 = 0> we assume the GVDM form factor 

of Eqn . 2.20. It predicts t ha t all the untagged results for F 7 7 should be multiplied 

by a factor of 1.014. This change is small compared with the experimental errors , 

which are 1 1 % or more, so it is not critical whether or not such a correction is 

made . 

8 . 4 F IT RESULTS FOR THE TAGGED ANALYSIS 

For the tagged events , the principle interest is to see the Q2 dependence of 

the two-photon wid th of the / . To this end, we ignore for now the question of the 

unitari ty :orrection and simply compare the result for a simple model of interfering 

Born plus Breit Wigner ampl i tudes with the equivalent result obtained at Q2 = 0. 

T h e question of the ra t io of helicity contr ibutions takes on a greater impor tance , 

however. T h e average Q 2 for events with a single tag in the DELCO luminosity 

counters is calculated by Monte Carlo from Eqn. 2.18 to be Q2 = 0.44 G e V 2 , The 

au thors of Ref. 66 give predict ions, based on a non-relativistic quark model, for 

the Q2 evolution of the three possible helicity ampli tudes of the cross section for 

77 ~* / • At Q -- 0 the A = 1 cross section is, of course, zero, and the A = 0 cross 

section is zero as well. But for an experiment with a min imum tagging angle off 

0.25 milliradians, the A = 0 contr ibut ion is 5%, and the A = 1 contr ibution is 25%. 

To model the cont inuum we cont inue to use the same Born te rm as given in 

Eqn. 7.27, except tha t it is multiplied by the GVDM form factor of Eqn. 2.20. 

This is justified by the fact that the result gives a reasonable fit below the / 

peak The first bin, from W = 0 .6GeV to W = 0 .65GeV, is an exception. 

It appears to be a factor of two too low, unless either the cross section or the 
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detector acceptance has some unknown sharply changing behavior at that point, 

but a statistical fluctuation cannot be ruled out. 

Experiments in the pas t 5 , 3 commonly have analyzed tagged data with the 

assumption that the / resonance is produced only in helieity two. But thin 

the results for the Q2 dependence often are compared with the GVDM form 

factor, which is inconsistent. GVDM explicitly includes contributions for which 

one of the colliding photons is longitudinally polarized, which are suppressed 

only by factors of Q2fmy (see Eqn. 2.20) relative to the transverse-transverse 

contributions. These additional contributions necessarily have helicity one. That 

is not a serious issue for the description of the continuum, but to measure the 

resonant cross section accurately within a limited angular acceptance, one must 

assume the proper angular distribution for the resonance decay. A Monte Carlo 

calculation of the resonance term multiplied by the GVDM form factor predicts 

that on average for the DELCO tagging acceptance 

Furthermore, it is safe to assume within this acceptance that the transverse 

polarization parameter E of the if luminosity function (Eqn. 2.16) simply is unity. 

The parameters in the fit differ only slightly from those presented in. 

Sec^.jn 8.2 for the untagged analysis. The background from K+K~ and pp is 

negligible in this case and is ignored. The other parameters which differ from the 

untagged analysis are 

£ e f f =94.1 ± 3.3 p b ~ \ 

Ny, =72 ±16 events, 

iv" h a d =560 ± 112 events. 

In addition, the tagged analysis makes use of the helicity-one coupling. The 

helicity-one contribution is not shown in Eqn. 8.1, but it differs from the other two 

resonance terms only in the angular distribution. For simplicity, the continuum 
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production is assumed not to interfere with the helicity-one resonance amplitude, 

even though using the GVDM form factor implies some helicity-one contribution 

in the continuum. 

First, let us see how well the data can constrain the helicity ratios. When all 

three helicity contributions are allowed to vary independently, the result is 

T 7 7 = 1.42±Q.33keV, (Q2 = 0.44 GeV 2), (8.13) 

T ° 7 : T* 7 : T 2

7 = 40 : 0 : 60. 

Included in the systematic error are the effects of changing the range of W included 

in the fit, but for the tagged data the results are not very sensitive to that change. 

In fact, even the prediction above the / peak agrees well with the data, partly 

because the statistical errors are large compared with the untagged data. The 

explicit results of such a fit, with the W range restricted to 0.65 < W < 1.4 GeV, 

are shown in Table 8.4, and Fig. 8.3. The data prefer that there be no helicity-one 

contribution. If the fit is repeated with the helicity ratios fixed to the prediction 

of Ref. 66, then x 2 for the twelve cos 0 c m > bins increases from 4.8 to 10.7, so that 

prediction is not well supported by the data. On the other hand, the GVDM 

prediction of 8% for the A = 1 contribution is consistent with the fit shown in 

Table 8.4. The fit does not constrain very well the ratio of the A = 0 to A = 2 

contributions, since their angular distributions within the acceptance are relatively 

similar. If the A = 1 contribution is taken from GVDM and the A = 0 contribution 

from Ref. G6, and if the result is fit only over the mass spectrum, then x 2 for the 

angular distribution is 7.3 for 12 bins. The best fit for the two-photon width then 

is found to be 

IV, = 1.16±0.18keV, (Q 2 = 0.44 GeV 2), (8.14) 

T° : r \ L : T 2 - 50 : 75 : 875. 
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Table 8.4. A fit to the tagged w+jr~ data with all three hclicity amplitudes allowed 
to vary independently. Complete definitions of the parameters may be found in 
Section 8.2. 

Parameter Fit Value Lower Error Upper Error 

i. r.„ 1.40 KeV -0.29 +0.34 

2. r^/Ty^ 0.66 -0.66 +1.09 

3. r>,/r„ 0.00 -0.00 +0.13 

5. / man 1.267 GeV -0.010 +0.010 

6. full width 0.172 (3eV -0.019 +0.018 

1- C.n 92.3 p i - 1 -2.3 +2.3 

8. q' background 72 events -18 +16 

10. Q ^ 0 background 538 events -112 +112 

11. ef -0.001 -0.095 +0.095 

12. e j -0.002 -0.050 +0.050 

Covariance Matrix Correlation Coefficients 
1 2 3 5 6 7 11 

2 0.876 
3 0.066 -0.033 
5 -0.464 0.504 -0.005 
6 0.245 0.110 0.120 0.152 
7 0.005 0.278 -0.021 -0.113 -0.094 

11 0.046 -0.011 -0.234 0.144 0.132 -0.443 
12 -0.211 0.000 -0.026 0.053 0.018 -0.029 -0.103 

Fit range: 0.65 < W < 1.40 GeV, | cosa c m , | < 0.60 27 bins 
X 3=I1.4 
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Figure 8.3. Complete fit of the tagged ic+ir~ data with all three helicity 
amplitudes allowed to vary independently. The results of the fit are 
detailed in Table 8.4. 

8.5 REMARKS ON THE FITTED / MASS 

Recall that in Section 7.4.2 we have predicted that the energy dependence of 

the resonance requires that the parameter mj actually be 1.284 GeV in order that 

the pole in the complex plane falls at the point specified in Ref. 6. Thus the best 

values for mt presented in the fits of this chapter could be typically 256 low. If that 

really is so, then it actually is consistent with the K$ mass peak, which is observed 

to be 2% low (see Section 3.1). The fitted value of T 1 7 , however, is not sensitive 

to the assumption made for a«w. The important point is that the uncertainty in 

the momentum scale does not affect the normalization of the /x+/*~ subtraction, 

because the normalization is derived from a measurement of :+e~ —• e + e ~ e + e " , 

which is affected exactly the same by systematic shifts of the momentum scale as 

are the measurements of muon and pion pairs. 

In this chapter we have seen the results of many fits for the two-photon width 

of the / under various theoretical and experimental assumptions. In Chapter 10 

the implications of these results a<e discussed, and the unfolded spectra for the 

untagged pion pairs are presented. 
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0. The Time-of-Flight Analysis 

The analysis of kaon and proton pairs differs from that of pion pairs only in 

that the time-of-flight counters must be used in addition to the other systems. The 

trigger is the same, although the response to the trigger differs. The tracking is the 

same* though for kaon* it is essential to include in the Monte Carlo simulation the 

effects of in-flight weak decays. And the Cerenkov counters are used in the same 

manner to reject electron pairs, although when analyzing kaons and protons they 

are not as important, since the time-of-flight analysis would reject most electrons 

anyway. So up to the point of actually analyzing the timing information, the 

analysis is almost identical to that of the pion pairs. The main exception is that 

the lower cut on the invariant mass is changed to WKK > 1-3 GeV, and no explicit 

upper cut is made. This chapter first discusses the performance of the time-of-

flight system and how best to extract the maximum amount of information from it. 

The resulting analysis then is used to measure the cross sections for 1+1 —*• K+K~ 
and 7if —* pp. 

The system consists of 52 plastic scintillators, 2.5 cm thick and of varying 

widths and lengths, mounted on the faces of the six aluminum boxes which house 

the barrel shower counter system and are arranged in a hexagon about the inner 

detector. Most of the counters actually are longer than the barrel shower counters, 

but two are cut a few centimeters shorter because of obstructions. Also, in addition 

to the gaps between sextants, there are a some (ft gaps which do not appear in the 

shower counters. Therefore, within the range —0.6 < cos 6 < 0.6, the time-of-flight 

acceptance is slightly smaller than that of the shower counters. The tracking is 

not used to define strictly the acceptance. Instead, since there are only two well 

separated tracks in each event, a fired counter is assumed to be associated with a 

track if the track passes near to it and there is a good time reading at both ends 

of the counter. 

102 

9 . 1 CALIBRATION OF THE TlME-OF-FLIGHT SYSTEM 

Calibration of the counters is done using the low-energy electrons from two-

photon events. In fact, the detector was allowed to be triggered by events with only 

a single electron detected (usually produced by the process e+e~ —* e+e~e+e~), 

so there is an abundant supply of such electrons for every few hours of data taken. 

That allows one to remove slight fluctuations in the timing which occurred on the 

time scale of a few days or less. Large fluctuations which occurred on time scales 

of several days or more divide the data into 30 run blocks, for which the entire 

calibration was done separately for each. 

Muons and pions, also from two-photon events, also were used in the 

calibration, but only for measuring light attenuation and pulse-height gain. The 

corrected pulse height for a particular phototube is calculated from the raw pulse 

height by the formula 

« , = . . , • » , • • « * * / * ! , ( 9 . 1 ) 

where </,- is the pulse-height gain for the tth phototube, Az is the distance from the 

hit to the phototube, and Xj is the attenuation length for the j th scintillator. For 

each run block, the g+ and Ay were adjusted such that the corrected pulse-height 

distributions from minimum-ionizing particles all consisted of relatively narrow 

peaks centered about a pulse height which is independent of the phototube and 

its distance from the position of the hit. Evidence of large variations in counter 

quality is found in the measured attenuation lengths, which vary from 70 cm to 

270 cm. 

Then, using electrons, plots were made of the average time residual for each 

phototube versus the measured pulse height and the distance of the electron hit 

from the tube, as measured by tracking. The time residual is the measured time 

minus the t ime predicted by t racking. Since the electrons travel with essentially 

the velocity of light, the predicted time is tp = t0 + tfc + AZ/VJ, where *o » the 

time of the beam crossing, t is the measured arc length from the interaction point 

to the counter, and y, is the effective velocity of light in the scintillator. Corrected 
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tides are determined from the measured times by adding a constant pedestal plus 

a term in l/\/a^ to correct for pulse-height slewing, where ar is tne uncorrected 

pulse height. An additional polynomial correction is made for very large pulse 

heights (greater than 15 times minimum ionizing), since there the l / v^ r behavior 

no longer holds. Also, a nonlinear correction is made for the z dependence when 

the hit is near the phototube, because in that region the z dependence cannot 

be fully described by a constant effective velocity. All of these constants for the 

pulse-height slewing corrections, non-linear z dependence, the pedestals, and the v+ 

were adjusted iteratively for euch phototube or scintillator until the time residuals 

formed a peak centered about zero and as narrow as possible. 

9.2 MONTE CARLO SIMULATION 

The performance of the various components of the time-of-flight system must 

be measured in order to calibrate the Monte Carlo simulation. The same results 

also are needed in order to calculate probability weights for particle identification. 

The first priority is that the Monte Carlo simulate the pulse height distribution 

well. There is no interest in measuring the velocity of electrons, so only the heavy 

particles need to be handled properly. 

For heavy charged particles, the energy deposit in the scintillator is approxi

mately given by 6 7 

where / is a phenomenological constant, fie is the incident particle's velocity, 

and n 2 = /3 2 /( l - fi2). Fluctuations about this mean energy deposit are given 

by a Landau distribution?8 which forms a peak with a width almost an order of 

magnitude more narrow than the resolution of the counter system and with a long, 

low tail extending to pulse heights more than twice as large as that of the peak. 

The proportionality constant for Eqn. 9.2 is measured for each counter from the 

position of the peak in a histogram of pulse heights, corrected for attenuation and 

the incident angle, of minimum-ionizing muons and pions. Also measured for each 
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Figure 9.1. Energy deposit of kaons in the time-of-flight counters. The 
points with error bars show the corrected pulse height distribution for 
time-of-flight identified kaons, and the so'ici histogram is the Monte Carlo 
prediction. The dotted histogram Bho'va the distribution for minimum-
ionizing muons and pions, for which the counters were calibrated. The 
units of the abscissa are arbitrary. 

phototube is the width of the pulse height distribution. In the Monte Carlo, the 

energy deposit is calculated from the path length through the counter by Eqn. 9.2. 

It then is smeared by a random number drawn from the Landau distribution, 

attenuated according to the distance from the hit to the tube, and smeared by 

a random number drawn from a gaussian distribution of the appropriate width. 

Figure 9.1 shows that the Monte Carlo performs well when predi :ting the pulse 

height distribution for incident kaons. 

Next, the time resolution must be simulated. There are not enough data 

to measure accurately the pulse-height dependence of the resn'ution for each 

phototube. Instead, what is done is to make a histogram of the time residual 

of each phototube using only those electrons which produce a pube height greater 

than 0.5 gx, where gx is an arbitrary unit defined by the calibration. Since above 

that cutoff the resolution is almost constant, then the resulting histograms are well 
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Figure 9.2. The pulse-height dependence of the resolution of the time-of-
flight counters. The points show the gaussian widths of the distributions 
of time residuals divided by phototube-dependent widths. Hence the 
units of the ordinate are arbitrary. The smooth curve is the best fit to 
the parameterization described in the text. 

fitted by gaussian curves. Then a new set of histograms is made by combining 

all phototubes and accumulating the time residual divided by the sigma of the 

gaussian fit for the particular phototube. One histogram is made for each of 

several ranges of pulse height, and each is fit to a gaussian curve. Figure 9.2 

shows & plot of the resulting gaussian widths versus the square-root of the pulse 

height. The smooth curve is a fit to a constant plus l/y/a^t changing to a straight 

line at about l.S gx. This parameterization is what is used in the Monte Carlo 

simulation and the analysis. As a check of the method, Fig. 9.3 shows a histogram 

of the time residual divided by the expected resolution for a sample of high-energy 

muons from the process e+e~ -*• ti+fi~~. The Monte Carlo agrees well with the 

data, and both samples are well fitted by a gaussian curve of width close to unity 

and mean close to zero. 

106 

1500 P\ 
1000 -

j 
500 - J> 

0 « • S ^ 
. 1 . 1 . . . . 1 . . . 

- 2 0 
s tandard deviations 

Figure 9.3. The time-of-flight phototube time resolution for 14.5 GeV 
muons, comparing data (solid histogram) with Monte Carlo (points with 
error bars). What are plotted are histograms of the time residual divided 
by the expected resolution. The smooth curve is a fitted gaussian curve 
with a. width of a = 0.964 and a mean of n = —0.037. 

9.3 TIME CONSISTENCY AND THE TIMING RESOLUTION 

The time-of-flight analysis relies heavily on tracking information. Especially 

the momentum measurement is important, because it must be used along with 

the time-of-flight in order to identify kaons and protons. The tracking cuts of 

Che pion-pair analysis are used again here, but with the addition of one cut. 

Both tracks in each event are required to have a x 2 P e r degree of freedom 

less than 2.5 for the fit to the drift chamber hits. This helps to reduce the 

incidence of measurements with large non-gaussian errors. However, the most 

powerful cut in that respect is one made on the timing information itself. The 

time is measured independently at both ends of the counter, so it is possible to 

have a cut which requires the two times to be consistent without biasing the 

average. 
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Let t\ be the time residual measured by the southern end of the counter and 

*2 the time residual from the northern end, where time residual is defined to be 

the difference between the measured time and the time expected for a particle 

traveling the speed of light. "With At n t^ - t2, the time consistency is defined 

to be M/o&f The main contributions to the error estimate o&t are the timing 

uncertainties, at, and *7t2, which are calculated from the measured pulse height 

by using the parameterization shown in Fig. 9.2. There also is a contribution 

from tracking which introduces a small anticorrelation between t\ and t^. The 

error in the prediction for the z-position of the point of impact of the particle 

on the tiroe-of-flight counter (denoted by z{) comes primarily from errors in the 

tracking parameter* ZQ and tan A. A is the dip angle of the track, and zo is the z 

coordinate of the track at the point nearest the beam line. The error estimate for 

Zt is expressed in terms of the tracking covariance matrix by 

»2 ( = ffx0 + pJff»?M A + 2PdTff20,tan A • (9-3) 

The parameter peff is the effective moment arm between where the measurement 

occurs (in the drift chambers—not at the origin) and the counter. It has been 

found from Monte Carlo to be approximately half of the actual arc length. Finally, 

the error estimate for the time consistency is 

"it = of,+of1+i"l/vi. (9.4) 

Figure 9.4 shows a histogram of At/o-^t for the entire sample of non-electron pairs 

used for time-of-flight analysts. The histogram is well fit by a gaussian curve with 

a = 1.05 and /i = 0.003, verifying the validity of the error estimates. Before 

continuing the analysis, all events are rejected which do not have two tracks with 

At/o&t < 2.5. Outside the 2.5a limit the gaussian curve begins to fall well below 

the data, which have a long tail extending as far as ±10a. This cut reduces the 

data sample by about 5%. 

198 

20000 

15000 

10000 

5000 

0 
- 2 0 2 

s tandard deviations 

Figure 9.4. Histogram of the time consistency of the two measurements 
of the time residual made for each minimum-ionizing particle hitting a 
time-of-flight counter. Each entry of t\ - ( 2 is divided by the expected 
error, as calculated from Eqn. 9.4. The smooth curve is a gaussian fit. 

Two more cuts fire made on the data to reject tracks with inordinately' large 

cxyected timing errors. Four of the counters consistently give time residuals more 

than twice as large as those of all the remaining counters, so events with tracks 

hitting those counters are not used. And those tracks which have a corrected 

pulse height, averaged over both phototubes, less than 0.2 gx are rejected because 

of the large timing errors expected from such a small pulse height. Also, events 

including tracks with pulse heights greater than 5.0 gx are rejected because they 

are suspected of being gssociated with some sort of noise contribution. 

The best value for the time residual is a weighted average of it and i 2 : 

Figure 9.5 shows a histogram of t for high-energy muons. One does not expect 
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Figure 9.5. The tlme-of-flight resolution. The histogram is of the time 
residuals measured from 14.5 GeV unions, and the smooth curve is a 
gaussian fit. 

the shape to be truly gaussian since the entries come from samples with varying 

resolution. However, as one can Bee, a gausBian curve does not fit too badly, and 

its width, o = 0.327 ns, can be considered to be the average time resolution of 

the system. When a histogram iB accumulated with the time residuals divided by 

the expected error, then the gaussian fit is excellent. One finds that 0.50% of the 

entries are outside of the ±3<r range, compared with 0.26% for a true gaussian 

distribution. Thus the non-gaussian tails are well suppressed. 

Consider now the two-photon data set, which contains kaons and protons as 

well as muons and pions. The difference in time of flight between particle types 

decreases as their momentum increases. This can be seen clearly in Fig. 9.6, which 

shows a scatter plot of the inverse of the measured velocity as a function of the 

measured momentum. Both tracks are included from all events which have passed 

all analysis cuts except for cuts on the time of flight itself. It is clear that kaons 

can be statistically separated from pions only in the region below p s ? l GeV. 
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Figure 9.6. The momentum versus the inverse of the measured velocity 
for tracks from events of the two-photon data set. The smooth curves 
show the expected trajectories for muons, pions, kaons, and protons. 

9.4 MASS DETERMINATION AND EVENT WEIGHTS 

The time-of-fiight mass measurement is calculated from the measured mo

mentum and time by 

(9.6) 
' ( * - ) • 

where pc = t/[t + tjc) is the measured velocity. The error in the momentum 

measurement comes primarily from errors in the curvature K and the dip 

angle X. The correlation between K and A is negligible, so we calculate from 

p = v T h tan 2 X/K. the linear propagation of errors: 

O^+G^A) 2 ' 1 

ap 
6V 

dp 

tan A » 

tan A 

(9.7) 

d '.an A K \ / l + tan 2 A 
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The error estimate for m2 is given by 

dm2 _ 2mz dm2 _ 2f?lt 
dp ~ p ' 91 ~ / 2 ' 

Figure 0.7 demonstrates that mass resolution is properly calculated and that the 

errors are very close to being from gaussian distributions. The histogram is of 

the quantity (m 2 — n^J/o^a, so one expects a gaussian shape centered about 

zero and of unit width.f That is found to be the case to within a few percent 
of one standard deviation. From the plot with a logarithmic scale, one can see 

well the non-gaussian tails in the data. They are very small. However, the overall 

cumber of muons and pions compared with kaozis is enormous, so the tails remain 

a problem. For the most part, their effects can be avoided by requiring both 
particles in an event to be positively identified as kaons before calling the event 

a kaon pair. When the m 2 histogram is accumulated without dividing by the 

expected resolution for each entry, then a gaussian fit is rather poor, due to a 
significant variation in the resolution from one event to another. Nonetheless! the 

a of the fit, 0.037 GeV 2, can be considered to be approximately the average m 2 

resolution of the system. 

To identify the particle type, a x 2 value is calculated for each of the four 

possible mass hypotheses mx> where x = {p,ir,K,p). The x 2 is calculated by 
comparing the expected time residual to both of the measured time residuals: 

2 

where tx is the expected time residual for a particle of mass mx traveling the arc 

of length t and is given by tx = {t/0*c)(l - /3x), with 0 Z = l / \ / l + m 2 / ? 2 . The 

t About * quarter of the events in the sample actually are pion pain. But mjj - m£ « only 
about 20?$ of th« average reaolution of m a , which U * relatively minor effect. 
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Figure 9.7. The time-of-flight m 2 for non-electron pairs. The histogram 
is of the difference of the time-of-flight m 2 and m j , divided by omt, 
the expected resolution. The solid curve is gaussian with a = 0.94 and 
(j = 0.16. 

covariance matrix a includes the effects of errors in the two time measurements 

and the errors from p, zo, and tan A. The non-diagonal terms come from only the 

last two variables, so a 2 x 2 derivative matrix is defined: 

dt. -Jrx /3?s in2A-M 

A 3*2 _ i A __£f2_ _. _ i r ns.i-ai + M. I ' 
(8.10) 
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where Tt = t/0tc = tx + l/c. Also needed are the derivatives of the times with 
respect to the track curvature: 

f £ - £ = r.(i-/»2)p«..A. (..u) 

Let V&{itj = 1,2} be the 2 x 2 covariance matrix for ZQ and tan A, as obtained 

from track fitting. Then the covariance matrix a takes the form 

(9.12) 

Finally, the weighs of a given track is defined for each particle type to be 
proportional to thi: gaussian probability that such a particle would produce the 
measured times: 

"'-?*&•"«-**>• ( 9 - 1 3 ) 

The event weight is determined by the product of the weights of the two 

tracks. To normalize it properly, however, it is necessary to determine roughly 

the relative abundance of the various event types in the data. To do so, a scatter 

plot is made of m a of the positively charged particle versus m 2 of the negatively 

charged particle. Figure 9.8 shows such a plot including all data after all analysis 

cuts have been made, excepting those cuts made on the time of flight itself. The 

concentrations of events consisting of pj>, x+P, and w~p are clearly separated 

from each other and from the rest of the data, so it is simple to determine the 

abundances of those event types. The irp events come primarily from beam-gas 

scattering, as is evident from the fact that more protons than antiprotons are 

observed. K+K~ events also are fairly well separated from muons and pions, so 

an estimate of their fraction is possible. Kit events are possible, though they must 

always come from interactions from which at least one final-state particle has been 
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Figure 9.8. Scatter plot of time-of-flight m% i» ml - The abscissae of 
each point is m 2 of the positive track, and the ordinate is m 2 of the 
corresponding negative track. The total number of entries is 37,536. 

missed by the detector. It is not possible to separate them from jr+Jr~ and /i /» 

data, so their fraction is simply a guess based on what can be seen in Fig. 9.8. 

The relative abundances of events types are 

!„„ = 0.7000, / „ = 0.2895, / „ K = 0.O005, (9.14) 

SKK = 0.0080, fa = 0.0005, and /» P = 0.0015 . 

Lsins these fractions, the wr 'ght for each event type is determined by multiplying 

the appropriate fraction by the product of the two single-particle weights. To 

normalize, the six weights are summed, and each weight is divided by that sum. 

Bcnce, the sum of all weights for a given event is unity. 
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Figure 9.0. The pp and K+K~ event weights for the time-of-flight 
analysis after the x2 have been made. 

9.5 SELECTING KAON AND PROTON PAIRS 

The first cut imposed on time-of-flight residuals is to require that for both 

trackB m? > 0.01 GeV 2. It is shown by two intersecting lines on Fig. 9.8, Clearly 

it does not reject any kaon pairs which could be separated with confidence from 

the background. The second cut requires that each track have a x | , as calculated 

from Eqn. 9.9, less than 6.0 for kaons and 8.0 for protons. There are two degrees 

of freedom, BO X2 = 6 is the 95% level of the x 2 distribution. 

The final cuts are on the event weights. Figure 9.9 shows histograms of the 

event weights for kaon pairs and proton pairs for only those events in which both 

tracks pods the corresponding x 2 cut. Keeping only those events with either a 

K+K~ weight or a pp weight greater than 0.7 results in the final samples of 

240 K+K~ events and 23 pp events. A sum over events of the difference of the 

event weight from unity gives background estimates of five background events 

in the K+K~ sample and none in the pp sample. Note that these background 

estimates Include only contributions from time-of-fiight misidentifteation and 

explicitly assume gaussian distributions for the errors. 
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9.6 BACKGROUND ESTIMATES 

From the way that the event weights are defined, it is simple to estimate how 

much background is present from gaussian distributed fluctuations cf the large 

pion-pair and muon-pair samples. The effect of non-gaussian tails, however, is 

more difficult to estimate. A rough idea can be had from looking at the size 

of the tail on the negative side of the time residual distribution. An easy way 

to do that is simply to repeat the analysis and look for particle pairs in which 

each has, assuming we are studying kaon pairs, a time-of-fiight mass squared of 

m 2 — ̂ m2x + m%- ^ *s reasonable to translate by mj. in this way because the 

expected time residual is approximately proportional to the square of the particle 

mass. The whole analysis based oa x 2 and event weights follows without change. 

One finds that 81 events pass the "kaon-pair" x 2 cut, but only 4 pass the cut 

on event weights. These numbers actually are consistent with gaussian tails, so we 

conclude that the background from time-of-flight misidentification in the kaon-pair 

sample is only the order of 5 to 10 events. The gaussian distributions predict zero 

background in the proton-pair sample, but 2 events pasB the cuts when analyzed 

for negative m 2 . Thus the corresponding background in the proton-pair sample is 

about 2 events. 

Another potential source of background is from beam-gas collisions. Only 3 

kaon-pair events with non-zero charge pass all of the cuts. Also, the distribution 

of the ^-component of the event vertex is completely consistent with assuming all 

observed K+K~ events to be from beam-beam collisions. For the proton p?.irs, 

there are 23 events consisting of two positively charged protons, but there are 

none with two antiprotons. The events of charge 2 have a vertex distribution 

which h consistent with being uniform in z, while the charge 0 events are 

clustered well within the beam-beam region. Since the probability for an incident 

electron to scatter two protons from a gas molecule is expected to be much 

greater than the probability fox pair production of protons in such a collision, all 

evidence indicates that none of the observed pp events are produced from beam-gas 
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collisions. Additional background from beam-beam events in which some particles 

axe not detected must be proportionally less than the corresponding background 

in the pion-p&ir sample and is completely negligible with respect to the statistical 

precision of the K^K~ and pp samples. 

9.7 ANALYSIS OP THE K+K~ MASS SPECTRUM 

9.7.1 Data Reduction and Normalization 

The K+K~ data are analyzed in the region 1.3 < WXK < 2.3 GeV. Below 

the lower cut the trigger inefficiency is too severe to be adequately modeled. 

Except for the invariant-mass cut and the time-of-flight cuts which have been 

presented, all other cuts on the data are identical to those used in the pion-pair 

analysis. 

Because of the dependence of the time-of-flight cuts on details of the detector 

geometry, and because of the greater importance of kaon decays compared with 

pion decays, all Monte Carlo results include the complete detector simulation. 

Simulation of the time-of-flight system has been discussed in Section 9.2. The 

decay products of kaons which have decayed in flight and of positive kaons which 

have decayed after ranging out in the detector material are included in full 

detail. The trigger is simulated in two ways. First, the dominant effect at low 

momentum is caused by electromagnetic range-out and is simulated during the 

detailed detector simulation by use of Eqn. 9.2. Second, the inefficiency due to 

nuclear interactions is assumed to be the same as for pions and is parameterized 

by Eqn. 6.1. While this surely is a crude approximation, the effect is not so 

important in the kaon-pair analysis because of relatively large statistical errors 

and because of greater importance of the simple electromagnetic energy loss. The 

error estimates on the efficiency are expanded by a factor of 1.5 relative to those 

for the pion pairs. Figure 9.10 shows a plot of the detection efficiency as calculated 

by the detector simulation for events generated within the cut |cos0iibl < 0-65. 
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Figure 9.10. The detection efficiency for K+K~ as calculated by Monte 
Carlo detector simulation assuming an angular distribution in the K+K~ 
center-of-mass frame of sin 4 0. 

The angular distribution assumed is appropriate for a tensor resonance produced 

with helicity two. 

The normalization again is obtained from the electron-pair data, To avoid 

a relatively difficult analysis of electron pairs In data taken with the nitrogen 

Cerenkov radiator, small angle Bhabha scattering data from the luminosity 

monitors is used to extrapolate the effective luminosity measured from data taken 

with the isobutane radiator. Within a given data-taking season the luminosity 

monitors remain in the same position relative to the beam, so they are reliable 

when used to obtain the ratio of luminosities for two data samples taken within 

the Bame year. 

The normalization from isobutane data is determined before making any cuts 

on the time-of-flight information, and it is measured within a fiducial cut requiring 

both tracks to pass at least one centimeter inside the edge of a barrel shower 

counter. Full detector simulation, including EGS for electromagnetic interactions 

in the beam pipe and drift chamber material and in the material preceding the 
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showei counter trigger, is made for Monte Carlo electron pairs in order to calculate 

the effective luminosity corresponding to the number of electron pairs observed 

in the isobutane data. Note that in this case the effective luminosity is close 

to the actual beam luminosity, since the detector simulation includes all known 

inefficiencies. The result from the 1988 isobutane data alone agrees with the result 

calculated in Section 4.10 for the same data but with different cuts. The total [or 

the combined data set is 

t = 169.6 ± 5.1 p b _ 1 , (full data set). (9.15) 

In Fig. 9.11 is a histogram of the K+K~ invariant mass from data. The 

spectrum in dominated by a peak centered about 1.525 GeV, which is identified as 

the / ' resonance. But there also is a relatively large number of eventB below the / ' 

peak, suggesting & significant background under the resonance. The overplotted 

histogram and smooth curve refer to the model which is presented and fit in the 

following two sections. 

9.7.2 Model for-n — K+K~ 

The model which is used to fit the data is a coherent sum of Breit-Wigner 

resonant amplitudes including all three tensor mesons. All resonances are assumed 

to be produced only with helicity two, as there are not enough data to consider 

seriously the angular distribution. The relative phases of the three resonances are 

taken to be real and positive, in accordance with SU(3) quark model predictions?9 

For the purpose of fitting the data, the cross section for n —• K+K~ is 

written in this convenient form: 

% =M + I**, + 1 4 + *t«A, «-(«/ - «„,) ( 9 i 6 ) 

+ RjRji cos[S/ - Sfi) + RA2Rft cos(6Ai - 6JI) , 
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Figure 9.11. The measured K+K~ invariant-mass spectrum. The points 
with error bars are data, while the overplotted histogram is the best fit 
of the model presented in Section 9.7.2. The smooth curve is an estimate 
of the continuum background, which is included in the histogram as well. 

The phase shifts are given by ta.nSr — mrV{s)/(m^ — s), and the resonance terms 

are 

Rr = S</l4aV) m r I \ . â __ 
v / 5 | ( m ? - < 0 » + m ^ r V ^ l 1 / 2 ' 

(9.17) 

The factor of \ / l / 2 comes from the fact that the isospin-zero amplitude is half 

K + K~ and half/C 0/^ 0 . The energy dependencies of the widths are parameterized 

as in Eqn. 7.32, except that mr must be replaced by m/r for T,(s) and r K j j ( s ) , 

and by m , = 0 for r 7 7(-s). The properties assumed for the / and Ai resonances 

are given in Table 1.1, except that the DELCO result, l ' / - , 1 7 = 2.77 ±0.31keV, 

is used. This is the result obtained when the coupling is assumed to be only in 

helicity two and the amplitudes are not unitarized. Questions of unitarity are 

not considered in the kaon-pair analysis, because the continuum production is not 

understood and, anyway, the statistical precision is t sufficient that it matters. 

In addition to the / , / 1 2 , and / ' there is another JF = 2+ meson called the 

6 (1690) in the relevant mass range which has been observed to decay to KK. 
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However, neither its branching ratio to KK nor to -7-7 are known. Furthermore, it 

is in a region which still is dominated by the other three tensor mesons. Certainly 

one can see no evidence of it in the DELCO data. We do not attempt to set a hard 

limit on the product of branching ratios, because any such result would be highly 

model dependent due to interference with the long tails of the other resonances. 

In Ref. 5 one finds the upper limit BR(rf -* K+K~) • T f l _ 7 7 < 0.08 keV. 

Figure 9,12 shows a plot of the resulting cross section with the two-photon 

luminosity function folded in. The spectrum is integrated numerically over the 

angular range -0.6 < cos 0 < 0.6 and assumes a cut on total transverse momentum 

of k^lWii < 0.2. Compared with that is a plot of the result with the / and A 2 

resonances not included. One can see that the interference has a large effect on 

the predicted / ' peak. That raises the issue of how dependent ia the spectrum in 

the / ' region on the parameterization of the energy-dependent widths of the / and 

^2* In tactt if the widths are given no energy dependence at all, then the cross 

section in the / ' region and above is decreased by 25% or more- However, when 

the parameter a in Eqn. 7.32 is changed from zero to infinity, the change in the 

spectrum is negligible with respect to the statistical errors of the data. Thus the 

results are not too sensitive to the details of the parameterization of the resonance 

shape, but it is essential to assume some reasonable parameterization. 

Some amount of continuum production must also be expected, but there exists 

no reliable prediction for it in the energy range accessible to DELCO. The Born 

term gives a prediction which is much too large to fit the data, as one can see by 

comparing Fig. 9.11 with Fig. 9.12. There are three reasons why that would be 

expected. First, the assumption of point coupling generally is worse for Itaons than 

for pions. Second, the KK phase shifts are known to be large even near threshold, 

so Watson's theorem (Eqn. 7.43) would require substantial modifications of the 

Born term. Third, inelastic effects are more important than for / —* 7r+?r~, so 

even Watson's theorem is not useful. Furthermore, the energy is too low to rely 

on QCD predictions. Therefore, we follow the procedure of Ref. 7 and introduce 
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Figure 9.12. Predictions for the K+K+ mass spectra. The solid curve is 
a coherent sum of the three tensor meson resonances. The dot-dash curve 
shows the / ' contribution alone. The two-photon widths are assumed to 
be as given in Eqn. 1.1. The dotted curve is the crosa section for K+K" 
production as given by the Born term (Eqn. 7.27 with m f f replaced by 
mK). 

arbitrary functions of WfCK to describe the background for the purpose of fitting 

the two-photon width of the / ' . The functions used are of the forms 

Bl(W) = A • exp (-S?Jp \ , W < 1.1 GeV, (9.18) 

and 

B2(W) = A-[W-Wo\"1, l < n < 1 0 . (0.19) 

The parameters A, Wo, and a are allowed to vary freely, and several fixed values are 

tried for n and W. Both forms give good fits to the data, whereas the resonance 

terms alone fail to describe the spectrum below the / ' peak. Also, both forms 

have a reasonable shape in the resonance region, since one generally expects 

the continuum spectrum to be continuously decreasing with increasing energy. 

Note that QCD predicts that at sufficiently high energy the spectrum should fall 
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as l / W 7 when convoluted with the EPA spectrum, while the Born prediction 

decreases as 1/W . Probably, the truth in the / ' energy range is somewhere 

between those two extremes. 

Events generated by this model are processed through detector simulation and 

the full analysis procedure. Because of the limited statistical precision of the data, 

it is not necessary to vary the resonance masses and full widths in the fit. It is 

important to be able to vary the two-photon widths of all three resonances. That 

is simple to do with the cross section expressed as it is in Eqn. 9.16. One simply 

retains throughout the analysis the fraction of the total event weight contributed 

by each of the six terms. Each term is proportional either to one 77 width or else 

to the square root of the product of two 77 widths-, so the fitting program can 

vary all three 77 widths independently by appropriately varying the contributions 

of the six terms to the sum. 

9.7,3 Fitting the Invariant-Mass Spectrum 

There are a total of nine parameters which may be varied within a single run 

of the fitting program; 

1. BR(/' - KK) • r,,_„ 
2. BR(^2 - . KK) • TA^„ = O.MO±0.013keV 

3. BR(/ - KK) • T / ^ 1 1 = 0.080 ± 0.01 IkeV 

4. Luminosity. C= 1(19.6 ± 5.1 p b - 1 

5. Norm, of ToF background. tfto!= 1.0 ±1.0 

6. Efficiency error at W = 1.3 GcV. £l=0:b0.14 

7. Efficiency error at W = 2.3 GeV. e 2 = 0 ±0.10 

8. Background parameter # 1 . 

9. Background parameter #2 . 

Parameter number 5 refers to the background estimate which follows from the 

gaussian event weights. That background is only a few events total and is confined 

mostly to the invariant mass range above the / ' region. This parameter allows 
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the normalization of that background to vary within reasonable limits and is not 

important. Parameters 6 and 7 account for the uncertainty in the trigger efficiency, 

which is assumed to vary linearly between the values, ej and C2i specified at the 

upper and lower limits of the invariant mass range. The last two parameters are 

those of the background parameterizations specified in equations 9.18 and 9.19. 

As a specific example, consider a fit in which the background parameterization 
of Eqn. 9.19 with n = 3 is assumed and all nine parameters are allowed to vary 
within the specified limits- Table 9.1 shows the explicit results of the fit, and 
Fig. 9.11 shows a comparison of the result with the data. A large part of the 
contribution to \ 2 cornea from the single low bin at W — 1.925 GeV. When only 
the first 10 bins are included in the fit, then x2 = Q - 8 ! and the fitted / ' two-photon 
width decreases by 0.003 keV. 

Such a fit as is shown in Table 9.1 assumes gaussian distributions for those 

parameters which mi constrained within known error limits. The resulting overall 

error estimate for the / ' t-.-^photon width corresponds to addition of the various 

error contributions in quadrature. Let us consider the contributions to the 

error individually. When only the / ' two-photon width and the background 

parameterization (with n = 3) are allowed 10 vary, ther the best fit for 

the two-photon width does not change, but the error estimate becomes only 

±0.017 keV. Fixing the background as well yields an estimate of the statistical 

error of ±0.015keV. Contributions to the error from the other parameters are 

determined by fixing them one by one at their upper and lower limits and then 

fitting the spectrum by varying all remaining parameters. Table 9.2 lists the 

individual contributions. That from the background parameterization takes into 

consideration the varying results obtained from using Eqn. 9.18 as well as Eqn. 9.19 

and also the effects of changing the exponent n between 1 and 10 and the mean 

of the gaussian between 0.1 GeV and 1.1 GeV. Hence the error is larger than in 

Table 9.1, where n is held fixed at n = 3. With all things considered, the final 
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Table 9.1. A fit of the model for - n -» K+K~ to time-of-flight identified data. 
The parameterization of the background is given by Eqn. 9.19 with n = 3. 

Parameter Fit Value Lower Error Upper Error 

1. BR(/ ' -> KK) • r / ( _ „ 0.070 keV -O.021 +0.025 

2. B R ^ j - KK) • T A ^ l y 
0.039 keV -0.013 +0.013 

3. BR(/ - KT{) • T,^ 0.080 keV -0.011 +0.011 

4. luminosity 169.5 pb~l -5.1 +5.1 

5. ToF background 1.4 -1.0 +1.0 

6. E 1 -0.03 -0.14 +0.14 

6. C2 -0.03 -0.10 +0.10 

8. A (Eqn. 9.19) 0.31 -0.22 +0.49 

9. Wo (Eqn. 9.19) 1.09 -0.10 +0.08 

Covariance Matrix Correlation Coefficients 
1 2 3 4 5 6 7 8 

2 -0.201 
3 -0.102 0.024 
4 -0.140 0.017 -0.048 
5 -0.012 -0.013 -0.006 -0.013 
6 -0.531 -0.004 0.034 0.030 0.004 
7 -0.155 -0.013 -0.079 0.005 -0.019 0.053 
8 -0.280 -0.234 -0.131 -0.054 -0.080 -0.132 -0.065 
9 0.330 0.139 0.090 0.035 0.080 0.057 0.062 -0.972 

Fit range: 1.3 < W < 2.0 GeV 14 bins 
X2=18-l 
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result for the / ' is obtained by adding the systematic errors in quadrature: 

I > _ 7 7 • BR(/ ' — KK) = 0.07 ± 0.04 keV. (9.20) 

Unfortunately, the branching ratio of the / ' to KK is not yet known to sufficient 

acci;r?r*- to quote a measurement of the two-photon width alone. 

Table 9.2- Contributions to the error on BR(/ ' -* KK) • I 7 > - 7 7 from 
the fit to the K*K~ invariant-mass spectrum. 

Source of Error Error in keV 

size of K*K~ sample ± 0.015 (stat.) 

luminosity measurement ± 0.002 (syst.) 

detection efficiency ± 0.015 (syst.) 

BR(/ -> K~K) • Tf-^i and 
BR(A 2 - KH) • r A , _ 7 7 ±0.015 (sysi.) 

background parameterization ± 0.027 (syst;.) 

9.8 MEASUREMENT OF ^ -> pp 

Not enough proton pairs have been detected to allow any analysis of the 

shapes of kinematic distributions. Therefore, we consider only a measurement of 

the average cross section for 77 —» pp over the range in which data are available 

(2.2 <W < 2.9 GeV), 

There is no large sample of protons in any data set which may be used to 

measure the detector response for protons, so the Monte Carlo detector simulation 

must be relied upon to calculate the detection efficiency for pp. The dominant 

systematic effect again comes from the barrel shower counter latch efficiency. 

The contribution from electromagnetic range-out is calculated the same as for 
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the K+K~ analysis, using Eqn. 9.2. For protons, the resulting momentum cutoff 
is predicted to be at about 0.6 GeV. Above that momentum, some inefficiency 
is caused by nuclear interactions. An HETC calculation predicts that the shower 
counter latch efficiency for protons incident on a counter is 02% at p = 0.7 GeV 
and rises slowly to 98% at p = 2.0 GeV. The HETC program does not handle 
antiprotons, so the same efficiency is assumed for them. Thus the loss of events 
from nuclear interactions is estimated to be about 15% overall. The error in this 
result can only be guessed, but even a very conservative estimate gives an error 
bar no larger than the statistical error. 

To measure the detection efficiency, Monte Carlo events of the type c+e~ -+ 
t+c~~pp are generated using the EPA luminosity function and a unit cross section 
for <r^-,Pp, Thus the Monte Carlo assumes a uniform angular distribution. The 
detector is simulated for the generated events, and the full analysis procedure is 
applied, just as for data. One finds that the predicted detection efficiency rises 
sharply from sero at W = 2.2 GeV and peaks at about 2.7 GeV, falling slowly 
above that point. The maximum efficiency '•* about 5%. 

The luminosity of the data is 170pb - 1 , and 23 pp events are found within 
the range 2.2 < W < 2.9 GeV. Assuming a uniform angular distribution to 
calculate the detection efficiency, this corresponds to a cross section for Try —• pp, 
integrated over the acceptance |cosflCm»l < 0.6, of 1.01 ± 0.2 lnb. The observed 
angular distribution may be taken into account by calculating with Monte Carlo 
the detection efficiency as a function of both W and cosd e m 8 . When such a 
calculation is used to correct the data event by event, then the result is a cross 
section of 1.25 ±0.32nb. The errors quoted are statistical only. Including a 20% 
uncertainty in the detection efficiency and accounting for the dependence on the 
assumed angular distribution, we arrive at the result 

<717_pp = 1.2±0.5nb |costfc m,| <0 .6 , (9.21) 

averaged over the region 2.2 < W < 2.9 GeV. 
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10. Conclusion! 

10.1 THE QED CHANNEL 

Kinematic distributions from a sample of over 43,000 events from the process 
e + e~ -» e+e~e+e~ have been compared with leading-order QED predictions. The 
shapes of the distributions for untagged (Q2 « 0) data are in complete agreement 
with leading-order (a4) QED predictions within statistical error limits which range 
over the histogram bins from 1% at Wnja, = 0.6 GeV to 10% at Wma. = 2.6 GeV. 
Figures 4.14 and 4.16 show comparisons between data and QED predictions for the 
invariant mass and angular distributions of the detected electron pair. The shapes 
of distributions from tagged data (Q2 — 0.4 GeV2) agree as well, with statistical 
errors ranging from 4% to 22%. Figures 4.19 and 4.20 show those results. Other 
experiments also have published results on this reaction channel, but only with 
far less statistical precision and only for relatively large 7 0 {W > 1 GeV) or small 7 1 

(W < 0.5 GeV) invariant masses. 

Absolute normalization of the measured cross sections has been obtained from 
the beam luminosity as measured from another QED process, e + e~ -» n+n~, but 
only within systematic errors of 1 to 10 percent. At that level the cross sections 
agree with QED predictions. The measurement of the four-electron final state 
is itself used to determine the normalization of the e+e~M"*"/J~ channel and the 
two-photon hadronic channels to an accuracy of better than 3%. 

10.2 CRCKji SECTION FOR T7 -> jr+ir~ 

10.2.1 Measurements from Untagged Data (Q 2 w 0) 

The cross section for 11 —< jr + i r - has been measured at Q 2 » 0 from 

a sample of 21,000 pion pairs plus 50,000 muon pairs within the laboratory 

acceptance 0.6 < W < 2.0GeV, |cosfl| < 0.6. DELCO has an advantage over 

previous measurements due to the fact that electron pairs need not be subtracted 

from the data and that the normalization for subtraction of muons pairs can be 
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obtained with an accuracy of 2.3% from a measurement of the four-electron final 
atate.f The normalization of the pion-pair cross section is normalized to the same 
QED measurement, but uncertainty in th* detection efficiency, due to nuclear 
interactions, contributes systematic errors of 5 to 10 percent. 

Figure 10.1 shows the differential cross section measured for the invariant 
mass of the pion pair, with all known detector effects, including the momentum 
resolution, corrected for by the procedure detailed in Appendix C. The prominent 
peak is due to production of the /(1270) resonance. Figure 10.2 shows the 
measured angular distribution of the pions in their center-of-mass system. It 
has been corrected for detector effects, of which the most important by far is the 
loss of acceptance caused by the boost of the 77 system in the laboratory frame of 
reference. The data are compared with predictions for helicity-two and helicity-
zero coupling of 77 to the / resonance. It is clear that the helieity-two assumption 
is preferred. A detailed simultaneous fit to both distributions, assuming that the 
continuum is described by the simple Born term prediction, gives a limit on the 
ratio of the helicity-zero to helieity-two 77 coupling (see Eqn. 8.11): 

pA=0 
J^P < 0 1 4 (90% confidence). (10.1) 

This is consistent with theoretical expectations and may be compared with the 
best previously published limit of 0.12 ± 0.39.° The latter result was obtained 
from 77 —* ?ru7r0 and is somewhat less model dependent, because of the lack of a 
significant continuum contribution to the neutral channel. 

In Chapter 2 we have seen how the cross section for e + «~ —• «+«~jr4"ff_ 

may be decomposed for untagged events into a luminosity function for quasi-
real photon pairs times the cross section ff_7_T+fl—. By using the equivalent-
photon approximation (EPA), the luminosity function is easily calculated as a 
function of W^j. Therefore, one can determine a K+w- from the data of 

f The recent reialti of the PBP-4/PEP-9 experiment5 hive roughly the iwne advantages. 
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Figure 10.1. The measured differentia! cross section for the invariant 
mass of pion pairs from e + e~ —* e +e~7r +jr~. The data have been 
corrected for all known detector effects within the acceptance defined 
by | cos* l l b | < ° - 6 . *±/W < °- 2i and *± <• 0.3 GeV. 

Fig. 10.1. First, the data are corrected for the loss of acceptance due to the 

boost of the 77 system in the ±z direction. That is done by using the EPA 

Monte Carlo to predict the distribution of the boost and then calculating the 

inefficiency from the cut [cos tffcbl < 0.6. The angular distribution of the resonance 

decay is assumed to be sin 4 6, as is appropriate for helicity-two production. Then 

the result is divided by the calculated luminosity function. Figure 10.3 shows 

the result. It is not extrapolated to an acceptance of 4TT steradians, so when 

comparing with a theoretical model, the cross section must be integrated over 

the range -0.6 < c o s 0 c m i < 0.6. Note that there is a small amount of model 

dependence in the result, because in order to correct for the effects of the detector 

acceptance, some assumption must be made about the angular distribution. It is 

assumed to be given by a coherent sum of the Born term and the / resonance in 

helicity two, which has been shown to give an excellent fit to the observed angular 

distribution. The angular distribution cannot be observed by PELCO outside of 
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Figure 10.2. The measured differential cross section for cos0Cmi of pion 
pairs from e + e~ —+ e+c~n+ir~. The smooth curves show predictions 
for helicity-two (solid curve) and hellcity-zero (dashed curve) coupling 
of 77 to the / resonance. The data have been corrected for all known 
detector effects within the acceptance defined by 1.0 < W < 1.5 GeV, 
kj_/W < 0.2, and Jfc± < 0.3 GeV. 

|cosfl| < 0.6, so to extrapolate to the full solid angle would be even more model 
dependent. 

The smooth curve shown in Fig. 10.3a represents a calculation of the 

unitarized Lyth model (Eqn. 8.1) for o^ n + w - t integrated over the range 

-0.6 < costfcnu < 0.6 with 1^=!} = 0 and I / . , , . , = 3.34keV (from Eqn. 8,8). 

There appears to be substantial disagreement both below and above the / peak. 

However, systematic errors are not shown in Fig. 10.3. The uncertainty in the 

beam luminosity and in the x+n~ trigger efficiency is larger than the disagreement 

below the / peak. Also, there is some uncertainty in the energy scale of the 

experiment, and the agreement is better if the / mass is shifted downward by 

about 1%. The disagreement just above the / peak is not understood. Figures 8.1 

and 8.2 show how well the measured spectra agree with the model prediction 
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Figure 10.3. The cross section for 77 —* JT + JT - measured from untagged 
data for -0.6 < coslcmi < 0.6. The error bars include only statistical 
errors. The smooth curve in (a) is the theoretical prediction of Eqn. 8.1 
assuming purely helicity-two coupling to the resonance. The smooth 
curve in (b) is the QCD prediction for continuum production given by 
Eqn. 7.2. 

when systematic errors are taken into account. For reference, in Fig. 10.3b the 

QCD prediction of Eqn. 7.2 is compared with the data points between 1.4 GeV 

and 2.0 GeV. 

The two-photon width of the / has been determined from the data by 

fitting the observed mass spectrum with the theoretical model. With systematic 

errors accounted for, good fits are obtained up to W = 1.4 GeV, There is 

significant disagreement above that point, but it has been found to contribute 

only a minor amount of uncertainty to the measured two-photon width. Results 

have been presented in Chapter 8 for several different theoretical assumptions 

about the angular distribution and unitarity constraints. In order to compare 

with previous measurements, first the results are presented under theoretical 

assumptions common to most of the measurements. Most experiments have 

assumed a simple model of a coherent sum of the Born term (Eqn. 7.27) and a 

Breit-Wigner amplitude (Eqn. 7.34) with no corrections made to satisfy unitarity 
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constraints. The coupling of 77 to the / is assumed to occur only in the helicity-

two amplitude. With those assumptions, the DELCO result is, after extrapolating 

to Q2 = 0 by the GVDM form factor (see Eqn. 8.7 and Section 8,3.5), 

r 7 7 = 2.81 db 0.31 keV, (A = 2, no unitarization). (10,2) 

This is compared in Table 10.1 with previously published measurements. AD 

of the measurements quoted assume that the coupling is exclusively helicity-

two. The CELLO result assumes the Mennessier model (see Section 7.5), which 

satisfies unitarity constraints which are essentially elastic except for a small K~K 

contribution. However, as stated by the CELLO collaboration in Ref. 61, the 

unitarity constraint has negligible effect. None of Mennessier's options for vector 

meson exchanges and scalar resonances are used in the CELLO analysis, so their 

model is not significantly different from the simple Born term plus Breit-Wigner. 

The Mark II and PEP-4/PEP-9 results allow the normalization of the tetitr~~^ 

describing the interference of the resonance and continuum to float free in the 

fit, and the Mark II analysis of PEP data assumes that the continuum is described 

by a QCD prediction (see Equ. 7.2) above W = 1 Gt-V. However, these differing 

assumptions do not affect the results for the two-photon width significantly with 

respect to the stated error limits. The Crystal Ball result is unique in that it 

is from a measurement of e + e~ —* e+e~7r07r0, instead of the usual charged pion 

channel. The neutral channel has negligible continuum background, so the Crystal 

Ball result should be relatively model independent. 

When corrections are made to the simple model of the Born term plus a Breit-

Wigner amplitude in order to satisfy elastic unitarity constraints according to the 

prescription by Lyth (see Section 7.4.6), we find that the fitted two-photon width 

increases by 20% over the value quoted in Eqn. 10.2 (see Eqn. 8.8). When, in 

addition, the contribution from helicity-zero coupling is allowed to be free in the 

fit and both the invariant mass and angular distributions are fit simultaneously, 
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Table 10.1- Summary of published measurements of Tf—^ in chronolog
ical order. All measurements assume hclicity-two coupling. The DELCO 
result is without unitarity corrections. For each measurement quoted, 
the first error is statu,deal and the second is systematic. 

Collaboration Reference T,_„ |keV] Final State 

PLUTO, 1982 analysis 72 2.3 ±0.5 ±0.3 ff+jr-

TASSO 73 3.2 ±0.2 ±0.7 *+x-
Mark 11, SPEAR data 41 3.6 ±0.3 ±0.5 x+x-
Crystal Ball 9 2.7 ±0.2 ±0.6 *v 
Mark II, PEP data 3 2.52±0.13±0.38 TT^TT -

CELLO 61 2.5 ±0.1 ±0.5 7 r + 7 T ~ 

PLUTO, 1984 analysis 74 3.25±0.25±0.50 JT+7r"" 

PEP-4/PEP-9 5 3.2 ±0.1 ±0.4 7 T + 7 T — 

LVELCO, this '.hesis 2.81±0.07±0.30 7T+7T -

then the result is (from Eqn. 8.11, but extrapolated to Q2 = 0) 

Tj^ = r<[7 + r ^ 7 = 3.47 ± 0.37 keV. (10.3) 

The statistical contribution to the error is only ±0.07 keV and is included in 

quadrature with l:e systematic error. The systematic error includes contributions 

from the uncertainty in the ratio of helicity amplitudes and in the degree to which 

clastic unitarity should be satisfied (see Section 7.4.7), but it is dominated by 

the uncertainty in the pion-pair trigger efficiency. The result in Eqn. 10.3 is 

best compared with the Crystal Ball result with no constraint on the ratio of 

helicity amplitudes.9 Their result of T 7 7 = 2.9t%* ± 0.6 keV is in agreement 

with DELCO. However, it is unfortunate that the error estimates are PC Urge, 

because this result gives no information on the consistency of the unitarization 

procedure applied to the model for charged pion-pair production (see SecMon 7.6). 

When linearization corrections are not made, the result for r 1 7 is lower tnan that 

presented in Eqn. 8.11 by a factor of 0.83. 
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10.2.2 Measurements from Tagged Data (Q2 - 0.44 GeV2J 

The tagged data have been analyzed according to the same theoretical model 

as used for untagged data, except that the prediction for the continuum is 

multiplied by a GVDM form factor F{Q2) according to Eqn. 2.20. The Q2 

dependence of the single-tag luminosity function is given by Eqn. 2.18, and the 

range of Q2 is limited by the geometric extent of the DELCO luminosity counters. 

The average over the acceptance is Q2 — 0.44 GeV 2. This model is found to give 

an excellent fit to the data within statistical error limits. 

For tagged events, the incoming two-photon state consists of all three 

possible helicity states, and the theoretical expectations for <7yi—•«•« (<?2) are that 

the helicity-zero and helicity-one contributions increase rapidly with Q . The 

measured angular distribution of pion pairs constrains the helicity-one contribution 

to less than 15% of the two-photon width but allows the helicity-zero contribution 

to be as large as or larger than the helicity-two contribution. In Section 8.4 

one may find the results of fitting the two-photon width under two different 

assumptions about the angular distribution. In order to account fully for the 

uncertainty in the angular distribution, it is best to use the result with the ratio 

of helicity amplitudes left free in the fit: 

r 1 7 ( ^ 2 =0.44GeV 2 ) = 1.42 ±0.33keV, (no unitarization). (10.4) 

The result with the ratios of helicity amplitudes constrained to certain theoretical 

expectations (see Eqn. 8.14) is consistent with Eqn. 10.4, but the error bar is, of 

course, much smaller. Figure 10.4 shows a comparison of the tagged measurement 

with the untagged measurement. Both values assume the theoretical model without 

unitarity corrections. The decrease in cross section with Q2 is consistent with the 

prediction of the GVDM form factor. 
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Figure 10.4. The measured Q 2 dependence of Tf_>^ compared with the 
GVDM form factor (solid curve). The horizontal error bar indicates the 
large range of Q 2 over which the tagged measurement is made. The point 
are placed at the average value of Q 2 predicted by the appropriate -y-y 
luminosity function. The dotted curve shows for comparison a simple 
/j-pole form factor. 

10.3 MEASUREMENT OF THE / ' TWO-PHOTON WIDTH 

A sample of 240 events from the process e+e~ —» e+e~K+K~ have been 

identified by time-of-flight measurements in the kaon-pair mass range from 1.3 GeV 

to 2.3GeV. The mass spectrum may be found in Fig. 0.11. One can see clear 

evidence for production of the / ' resonance. There also is a relatively high cross 

section below the / ' peak. The spectrum has been fit to a coherent sum of 

three interfering tensor resonances, but it still is necessary to assume a significant 

amount of continuum production. Lacking a reliable theoretical description of 

the continuum production, the simple parameterizations given by equations 9.18 

and 9.19 are assumed. The branching ratio of the / ' to K'K is not known, so the 

result is expressed as (from Eqn. 9.20) 

r « _ T , • BR(/ ' - KK) = 0.07 ± 0.04 keV. (10.5) 
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Figure 10.5, Predictions for the resonant contribution to ff-n_#+^--
integrated over the center-of-mass acceptance defined by —0.6 < cos $ < 
0.6. The values used for ^f-*-fj and Tft^- are the DELCO measure
ments, while F > i 2 _ f - r 7 U taken from Ref. 6. 

The statistical error is 0.015 keV, and the principle contribution to the systematic 

error is from the uncertainty in the shape of the continuum spectrum. Figure 10.5 

shows the resonant contribution to the cross section assumed in the fit, including 

the fitted value of the / ' two-photon width. The resonances all are assumed to be 

produced purely with helicity two-

Table 10.2 compares the DELCO result with previous measurements. The 

DELCO spectrum has been analyzed in the same way as that of TASSO,7 so some 

of the systematic effects should be the same for the two experiments. Therefore> 

there may be some discrepancy between TASSO and DELCO. The PEP-4/PEP-9 

spectrum is analyzed without including interference between the three tensor 

resonances. Tf the same is done for the DELCO spectrum, then the data fit just as 

well as with interference included (assuming the same background shape), while 

the fitted two-photon width for the / ' is increased by a factor of 1.8 up to 0.13 keV. 

The ratio of the DELCO measurements for the two-photon widths of the / 

20 

a 

o 10 
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Table 10.2. Comparison of measurements and limits on TJI_,11 between 
several experiments. For each measurement quoted, the first error is 
statistical and the second is systematic. 

Collaboration Reference r / ( _ „ • BR(/ ' - . KK) [keV] 

Mark II, SPEAR di ta 75 <0.6 
TASSO 7 0.11 ±0.02 ±0.04 
PEP-4/PEP-9 5 0.12 ±0.06 ±0.06 
DELCO, this thesis O.070±0.015±0 035 

and fJ may be compared with the SU(Z) predictions expressed by Eqn. 1.10. To 

do so, the branching ratio for the / ' decaying to KK is assumed to be greater than 

0.5, as is consistent with the estimate ^ft_Kj^ = 55±22MeV from Ref. 76. Since 

the quark model does not consider any consequences of the finite width of the 

resonances, and since the experimental errors on the / ' two-photon width are so 

large that it does not matter anyway, the value of the / two-photon width obtained 

from the non-unitarized model is used. Figure 10.6a compares the DELCO results 

with 517(3) predictions as a function of the mixing angle. Two separate regions 

are allowed when solving for the mixing angle, but prior knowledge favors the 

solution most near to ideal mixing: 

0 = 28° ± 4°. (10.6) 

This agrees well with the prediction 0 w 2S° obtained from the mass differences of 

particles in the tensor nonet? 7 Figure 10.66 shows the comparison between 517(3) 

predictions and data for the ratio of the / and Ai two-photon widths, where the 

value for the A2 two-photon width is taken from Ref. 6. For a mixing angle of 

28°, the SU(3) prediction is outside of the experimental error limits, but only 

slightly so. Both theoretical and experimental uncertainties are large enough that 

one must conclude that the data are in agreement with these simple predictions 

of the nonrelativistic quark model and SU(3) symmetry. 
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Figure 10.6. Sf/(3) quark model predictions for the ratios of two-photon 
widths as functions of the mixing angle. The solid curves represent the 
predictions of Eqn. 1,10, while the dashed lines give the upper and lower 
one-standard-deviation HmitB on the measured ratios of partial widths. 

10.4 C R O S S SECTION FOR 7 7 - > p p 

From a sample of 23 events frcm the process e + e _ —> e + e~pp in the proton-

pair mass range 2.2 < W < 2.9 GeV, the average cross section within the angular 

acceptance -0 .6 < cos<7 c m, < 0.6 has been measured to be 

ff-n^up = 1.2 ± O.Snb, (2.2 < IV < 2.9CeV, jcos»| < 0.6). (10.7) 

The TASSO collaboration has published 7 8 results for this channel based on a 

sarriplc of 72 events, which are enough to see the forms of invariant mass and 

angular distributions. The angular distribution is flat, while the invariant-mass 

distribution falls from about 4 nb at IV = 2 GeV to less than O.Snb above 

W = 3 GeV. Averaging the TASSO points over the rane,e measured by DELCO 

gives a^^:ff w 1.8nb for -0 .6 < cosfl c n M < 0.6, which is in agreement with the 

DELCO result. 

230 

The Born cross section for -yj —» pp integrated over -0 .6 < c o s 0 c m , < 0.6 

is an average of 24.5nb over the range 2.2 < W < 2.9GeV, which is a factor 

of 20 greater than tlie DELCO measurement. That is not suiprising, Binee the 

proton is a poor approximation for a point Cine particle. QCD calculations 

for this process hav been attempted using methods which are similar to those 

discussed for meson 3airs in Chapter 7, but considerably more complicated, with 

many more Feynmar. diagrams and greater uncertainty about the wave functions 

and normalization. TASSO compares the calculations of Damgaard 7 8 with their 

measurements, and t tey find that the calculated cross sections are a factor of 3 to 5 

low. Another calculation of the same proct^s by Farrar it al?0 predicts that the 

cross section is a faejor of 30 to 100 lower than the prediction of Ref. 79 and has 

a Batter angular distribution, even though the same assumptions are made about 

thu proton wave function. Farrar et ai. estimate that the momentum transfer 

in the collision should be greater than 5 GeV for such calculations to he valid, 

especially with an asymptotic form for the proton wave function. Since that is at 

least a factor of two greater than the momentum transfers observed by DELCO 

and TASSO, they repeat the calculations with a proton wave function recently 

proposed hy Cherny; '< and Zhitnitsky 8 1 and find better agreement with the data. 

For example, they j edict a cross section of 0.17nb integrated over the angular 

range —0.6 < cosficnu < 0. 6 at W = 2.4 GeV. 
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Appendix A. Integration of the EPA spectrum 

The experimental implications of the EPA spectrum can be studied by 

making simple integrations with limits determined by only the most significant 

features of the detector acceptance. For two-prong production, if some additional 

approximations are made, then the integrations can easily be done analytically, 

with the nice result that the salient features quickly are exposed in an intuitive 

manner. Integrations of more complex final states and over more detailed models 

of the acceptance are done with Monte Carlo techniques. 

It is instructive to carry out an integration of the differential CTOSS section 

for e+e~ —* e+e~e+e~ over what is roughly the DELCO acceptance, in order to 

obtain the distribution of the invariant mass of the electron pair which is observed 

in the central detector. This exercise gives an understanding of the behavior of the 

invariant-mass spectrum for production of pairs of fermions and also provides an 

understanding of the effects of the limited detector acceptance. Electron pairs are 

of special interest because ultrarelativistic approximations can readily be made 

and because that is a channel which is easily observed by DELCO. 

A procedure for doing such integrations for general two-prong final states and 

a number of typical acceptance cuts has been given in detail by A. Courau?2 

Here we give just an outline of the calculation as it is done to obtain the 

in\;: iant-mass distribut'on of the electron pairs. The first step is to integrate 

over the Q2 dependence of the photon flux of Eqn. 2.4 from Q ^ i n up to some 

value Qmax,, which generally is determined by experimental constraints. Defining 

AMQLx.-<3L,)/<3L,.>°n<=fi^ 

d n , - = - S ( x f ) — , (Al l 

with 

S(ij) = ( l - X i + ^ ? ) l n ( l + A 2 ) - ( l - i , ) [ l - l / ( l + A 2)i , x 

M.2) 
« 2 ( l - x , + I x J j l n A - l l - X i ) . 
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Using this photon flux along with the cross section for ~rt —» c+c~, given for the 
case of relativistic electrons by 

OV-,., 25TO!2 1 + U 2 _ 

results in the differential cross section 

d 3 o _ a* S(xi)S(x 2) 2E 1 + u2 

dxj dxj du 2nE2 X1Z2 W 1 — u 2 ' (AA) 

In the limit of zero-angle scattering of the beam electrons, the relations 

Z2 = {W/2E)2 = zix2 and Xi = Zc** may be used, where y = tanh" 1 /? and 

0c is the velocity of the *n system along the beam axis. Changing variables in 

Eqn. A.4 gives 

Already it is evident that the behavior of the invariant-mass spectrum is dominated 

by a factor of 1/lV3. To complete the calculation, both v, and y must be integrated 

over the experimental acceptance. 

Let us define the acceptance in such a way that only the most significant 

limits of DELCO are accounted for. These are the angular acceptance in 6 and 

the lower momentum limit defined by the detector trigger. Neither quantity is 

cut off sharply at its limits by the detector itself. In the analysis, however, sharp 

cuts are made which are well inside the complicated boundary of the detector 

hardware. These cuts are made on cos0]at, and W, which is convenient for the 

integration. 

If first the rapidity, y, and then cosB are integrated over, the integration 

limits are as follows. The rapidity is limited by both the energy (since Zj < 1) 

and the angular acceptance (|cos0| < UQ), so the upper limit on y is the minimum 

of \n(l/Z) and ( t a n h - 1 u 0 - t a n h - 1 u). Because of symmetry in cosfl, it is only 
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necessary to integrate over half of the angular range, so the lower limit can be 
taken to be zero. Then the integration over u can be done from 0 to UQ. 

Finally, the upper limit on the integration over Q2 is yet to be specified. If 
the experimental limit is imposed by anti-tagging of the scattered electrons, then 

^i=^-i-~i^smem/2), (,4.6) 

where 0m is the minimum tagging angle. Usually, a more important limit is 
produced by cuts on the transverse momentum, k±t of the electron pair. When 
applying either of these limits to the integration, it is possible to assume that all 
of the contribution near the limits cornea from scattering of one beam electron, 
because the probability for both electrons to scatter at large angles is relatively 
minute. In that case, Q2 « k^, so a cut on A j_ is directly a cut on the Q2 of the 
virtual photons. 

For DELCO, some typical values used are tio = 0.6, Wminm =» 0.6 GeV, and 
fcj_ < 0.2W. Integrating the cross section of Eqn. A.5 over this acceptance yields 
the mass distribution of Fig. A.la. Because the integration region is rectangular 
for most values of W, there is little deviation of the mass distribution from the 
simple 1/W 3 behavior. Included in Fig. A.l are two additional curves for larger 
angular acceptances, so one can see the drastic reduction in the cross section due 
to the limited angular acceptance. 
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Figure A.l. The invariant-mass differential cross section for e+e~ pairs 
from tf+e~ —• e +e~e +e~". The acceptance for the pair observed in the 
central detector is defined to be k± < 0J2W and (a) |co*0| < 0.60, 
(6) |cosfl| < 0.80, (c) |costf| < 0.95 
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Append ix B . M o n t e Car lo In tegra t ion a n d Event Generat ion 

In Appendix A an Integration of the e + e - —» e+e~e+'~ cross section 

was done over a simplified detector acceptance by using the equivalent photon 

approximation. Any integration involving a more complex region or a more 

complicated spectrum is best done by Monte Carlo methods. This chapter first 

provides some general background about the use of Monte Carlo integration and 

then discusses the specific calculations used in the data analysis?3 

B . l THE MONTE CARLO METHOD 

The basis for Monte Carlo integration is the integral expression for the mean 

of a function: 

7=fJf{xi.-.Xn)dV, V-j&V, (S.l) 

Since the mean may be approximated by an average over many randomly selected 

points within the n-dimcnsional volume, then so may the integral. In practice, 

the integration region often is so complex that the integral V = fAV also must be 

done by Monte Carlo methods. The usual approach is to use a hit-or-misa method. 

One randomly chooses points from a uniform distribution in an n-dimensional box 

which contains the actual region. If a point falls outside the region, then it is 

rejected. The ratio of the number of points retained to the total number selected 

times the volume of the box gives the volume of the desired region. 

Extending this idea gives a method for generating differential distributions of 

f[x\ ...cn) in any variable v = v(x\ ...xn). Any bin in the range of v defines 

an n-dimensiona! integration region which is contained within the full region. It 

follows that each time a point is selected which gives a value for v which falls within 

the j'th bin, then that bin should be incremented by the amount //(Ac,-JV), where 

A«j is the bin width and TV is the total number of points selected. 

The Monte Carlo procedure gives only an approximation to the integral, so 

it is important to evaluate the uncertainty in the result. In contrast to most 
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numerical integration methods, this estimate is easy to produce. Its square is 

given by o= *= V{f)/N, where V{f) is the variance of the function / . Calculating 

it requires integrating the square of the function, which is done by Monte Carlo 

also. Thus the variance is calculated from the formula 

V(f) = 
rmM^zj^. {B,2) N 

If the volume of the region is calculated by the hit-or-miss method, then that 

introduces further uncertainty, tt becomes especially important for the case of 

small bins in a differential distribution, for which the number of counts in a given 

bin have a Poisson distribution. Then the additional uncertainty is approximately 

"i ~ 7i/\/'H, where /,• is the average of / over the ith bin and n< is the number 

of bin entries. 

It is clear that in all cases the uncertainty decreases like 1/V^V as N increases. 

It is remarkable that this remains true no matter how many dimensions are 

included in the integration. Even so, the variance may in fact be so large that an 

absurdly large JV is necessary to bring the error down to a reasonable level. That 

is bound to be a problem if the function to be integrated has one or more large 

peaks. In such cases, special methods should be used to reduce the variance. One 

way is to divide the region into a number of pieces, so the integral is a sum of 

integrations over small regions in which the function docs not vary greatly. That 

alone generally will reduce the variance, but a better reduction is obtained if the 

number of points chosen in each region is taken to be proportional to the average 

function value within that region. An iterative procedure can be used which uses 

the results of the integration from one iteration to provide the number of points 

to be calculated in each region for the next iteration. 

Such importance sampling often can be done analytically by using explicit 

knowledge about the behavior of the function to be integrated. The method 

simply amounts to a change of integration variables. Consider a one-dimertsional 
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case for simplicity. The trick is to find a simple function, g(x)1 which has the 
same behavior in the peaks as the more complicated f[x). For convenience, the 
normalization JA g[x) dx = 1 is assumed, where o and 6 define the boundary for 
the Monte Carlo integration. For each iteration a uniform random number Rj 
between 0 and 1 is generated, and a new variable Xj is calculated from 

Rj = f' a(y) <to, o < Rj < l. (5.3) 

After N iterations, an estimate of the integral is given by (1/Jtf) JDy f{xj)/g[xj). 

Note that if g = f then the variance is zero. To make use of that fact, however, 

one must already know the analytic solution to the integral. It is important to 

realize that, in the multidimensional cue, even if / = g the integral still will have 

some uncertainty if the region boundaries are so complicated that the hit-or-miss 

method must be used. 

In experimental physics, the most useful aspect of Monte Carlo integration 

is that it is a simple method for integrating over arbitrarily complex regions. In 

fact, the region may be taken to be defined by a very detailed simulation of the 

apparatus, with all sorts of inefficiencies and resolution effects included. Usually 

histograms are made of the various kinematic variables, just as is done with data. 

In such a case the analysis '•••; simplified if the histograms can be accumulated 

without including weights. That may be done by using the hit-or-miss method. 

The point in the space {xi} is chosen as usual, using some variance reduction 

technique if necessary. Let w represent the weight, which simply is f{xi... xn) if 

importance sampling is not used. A uniform random number R is selected, and 

with Wmuc. being the maximum weight over the region, the point is rejected if 

R * Wmax. > w. A lot of calculation time will be wasted if w has any significant 

peaks, so in practice it often is necessary to divide the region into many subregions 

and then estimate the maximum weight for each. 

An integration made without weights almost always is considerably less 

efficient than one which uses the weights, so it should be avoided unless there 
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is s good reason for it. The advantages of an unweighted event generator often 
can be more important, however. The simulated events can be treated just as the 
data are, and the uncertainty in each bin always is simply the square root of the 
bin contents. Furthermore, it is comm»- for the simulation of the apparatus to 
require much more computation than the event generation, so there is a danger 
of wasting a lot of time simulating events with very small weights if unweighted 
events are not produced. 

B.2 MONTE CARLO INTEGRATION OP THE EPA SPECTRUM 

A Monte Carlo program was written for the DELCO analysis to generate 77 
states according to the EPA spectrum of equations 2.14 and 2,15.** It can be used 
in conjunction with a variety of other programs for generating the final state from 
the TY system, and it is interfaced into the DELCO detector simulation software. 
Here the program is illustrated by considering the specific case of production of 
lepton pairs. 

We assume that the f y -» X cross section has the typical form 

d ^ = ^ / ( U , « ' ) . (B-4) 

For the EPA spectrum, a change of variables is made from the set {Q*, Qjj, x%, EJ} 

to the set {Z, y, l\, i j } , where we have defined 

The limits between which these variables muat be integrated should be chosen 

to be somewhat outside the acceptance of the detector. In particular. Z is only 

approximately proportional to W, so it is a mistake to set the Z limits exactly 

at the acceptance limits in W. For all the produced particles to be within the 

angular acceptance, it is necessary, though not sufficient, that (tanhyj be smaller 
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than u„, the upper limit on cos 6. Since the cross section b dominated by events 

with f2 dose to unity, while the experimental limits are well out on the tail of the 

distribution, then the efficiency is not unduly harmed by taking the limits on t2 to 

be large and rejecting events with scattering angles too large for the experiment. 

1 < f,- < E/me is chosen as the appropriate integration range. 

In the new variables, the cross section is 

* , - ^s(Z0,t\)S(zc-y,tl)^Miy^nu,w)iu, ( B . 6 ) 

where S(x,t2) = [(1 - i + § i 2 ) - (1 - x)/t*]. The 1/r, and 1/Z* behavior must 

be removed by importance sampling. To do so, the variables are generated as 

follows from four uniform random numbers fl,-. 

"\n{E-*mL* 
MKSF-SJ)) 7 3 

V =(2i? 4 - 1) • tanh - 1 u0 . 

, 1 = 1,2 

1 r Z A " (B.7) 

The Erst two expressions of Eqn. B.7 are easily inverted to give the formulas 

I? = exp(2RIn—) 

(B.8) 

MJrGriM 
Once the variables have been chosen, it is possible to calculate the momenta 

of the scattered electrons and of the 77 state. At that point, the event should be 

rejected if the scattering angle of either electron is larger than the maximum value 

allowed experimentally. The weight for the event, aside from additional factors 
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resulting from the cross section for 77 -» X, is 

WT> = ^rs(ZcyA)S(Ze~*A) 

x[.n(^?)] 2[|(A-^)] : 2t a nh- l u o,g. {Ba) 

The variance of this weight is small, especially compared with the variance of 
the original integrand, Eqn. B.6. Therefore, the Monte Carlo is efficient, and it is 
practical to use it for generation of unweighted events. To do so, first the maximum 
weight is estimated, and then all events with fl5 • w™f- > « ,„ are rejected. 

B.3 INCLUDING THE CROSS SECTION FOR 77 - » i + r 

The cross section for production of lcpton pairs from two real photons is, to 
leading order in QEDf5 

&o _ a 2 

5n ~ m 2(2-tf)-(l-/?,V)-2^J!>i 
1 — pfu2 * (fl.10) 

1 - /J,2U2 

where dfl = dud<j> is the volume element in the center-of-mass of the 77 system. 

The variable u = cos $ is defined with respect *o the axis made by the colliding 

photons in their center-of-mass system, but for untagged events, that is very close 

to being parallel to the laboratory z axis, along which the electron beams travel. 

Note that ft = \/l - (m, /* 0 ) 2 , where k° = W/2, so the cross section contains a 

dependence on W, which in turn is a function of both Z and y. Therefore, the 

integration does not contain the angular integral as a separate factor. When doing 

importance sampling in such a multidimensional integral, it usually is only possible 

to consider one dimension at a time. Since importance sampling is equivalent to 

a change of variables, if the transformation function used depends on more than 

one of the variables, one must be careful to include properly the Jacobian of the 

transformation. So far, all the changes of variables made to Eqn. B.6 have involved 
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only one variable at % time. Here we make a change of variables from u to R{y.) 
with a dependence on /?, which in turn is a function of both Z and y: 

tanh ftun 

In this case, the contribution to the Jacob ian simply is 

IjR'iy) = t a n h - 1 0 u Q ~Q- • {BA2) 

In other words, we can generate R uniformly from 0 to 1 and calculate 
u s tanh(^tanh - 1 ^uo)/A Then the overall weight for an event is Eqn. B.9 
times 

W [2(2 - f) - (1 - 0 V ) - z ^ j f f j ' ] tanh" 1 A«o , (B.13) 

where an. extra factor of 2 has been introduced so that the integration can be done 
on only half of the symmetric range of — UQ to UQ-

B.4 MONTE CARLO FOR THE SINGLE-TAG LUMINOSITY FUNCTION 

For the analysis of tagged events which are not entirely governed by QEDT the 

single-tag luminosity function of Section 2.4 is used in place of the EPA spectrum. 

The set of variables to generate are for this case {xi>X2i02}i where $2 is the 

scattering angle of the tagged electron. An equivalent set is {Z^yyB%}^ where Z 

and y are defined in Eqn. B.5. Again, Z and y are generated according to the 

formulas of equations 8-7 and B.8, but 02 is generated according to a cot j<?2 

distribution, between the limits 9min and 6max, by the formula 

82 = 2 sin" , { r f B ^—h(=te) l } ' (BM) 

where R is a uniform random number between zero and one. 
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The event weight follows from Eqn. 2.18 and is given by 

a2 . (sto\imj\ ( 1 1 V .-i 

X [£+*>£ +1] [(l*r'(-. + w»/«)')P + 1 ) (B.i5) 

where K = (W2 + Q | ) / 4 £ 2 , Bmin is the minimum tagging angle for the apparatus, 
and wx/W2 is the weight for the process fy —• X. Although it is by no means 
obvious at a glance, for the range of 8 available for tagging In DELCO this weight 
has a reasonably small variance, so it can be used for generation of unweighted 
events without any serious inefficiency, as long as v>x also is reasonably well 
optimized. 

B.5 CALCULATIONS WITHOUT EPA 

If it is necessary to investigate a region of Q2 in which EPA is not valid, 

then more complex calculations must be performed. Monte Carlo programs have 

been written to handle some specific cases. 2 2 ' 3 2 When the Feynman diagrams are 

complicated and large in number, it is prohibitively difficult to sum the amplitudes 

and square them analytically. Therefore, the programs calculate the complex 

amplitudes numerical}', add them together, and Bquare them. Much care must be 

exercised to avoid numerical instabilities. 

The program which we use is the one of Ref. 22 for the process e + e - —» 

e+e~/ + l~ . There are contributions to this process in addition to the two 

double-bremsstrahlung (muJtiperipheraJ) diagrams, but they give no significant 

contribution to the cross section in the experimental situation where only the /+/•" 

are observed in the detector?2 Six diagrams are included in Eef. 22, whereas for 

the four-electron final state there actually are a total of thirty sot. The six which 
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Figure B.l. Six diagrams for the process e+e~ —• e+c~l+l~. These are 
the diagrams included in the calculation of Ref. 22. 

are included are shown in. Fig. B.l. The diagrams in which the beam electrons 

annihilate are entirely neglected, and for the case of four final-state electrons, 

interference between the fermions originating in the beam and those originating 

from the *n interaction is neglected. A general purpose adaptive Monte Carlo 

routine called VEGAS 8 6 is used to do the integration. VEGAS works by the 

method of importance sampling, but rather than using continuous functions to 

approximate the integrand, which would Tequire prior knowledge of the integrand, 

it uses step functions, which are adjusted iteratively to adapt to the integrand in 

use. 
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The procedure is to divide each axis of the n-dimenslonal space into N 

intervals. Then the probability of choosing a point from any given interval is 

defined to be a constant. Initially the intervals along an axis are of equal length. 

During the first iteration a specified number of function evaluations are made. 

They give estimates for the mean values of the function in each interval, which 

are used to change the grid spacing for the next iteration. The intervals are made 

more narrow where the function value is relatively large, so in the next iteration 

more points will be concentrated there than where the function is small. 

All function evaluations in all iterations are used in the determination of 

the integral and its uncertainty. Individual iterations also produce a value for 

the integral and an associated error estimate. The x of all the values should 

not greatly exceed the number of iterations, or else one must suspect that the 

procedure has become unstable. Such an instability could be due to making not 

enough function evaluations in each iteration. That number and the number of 

iterations must be chosen by the user. A good choice will result in a reasonable X 2 

per iteration and a standard deviation per iteration which decreases at first but 

levels off before the last iteration is made. 

The program also can be used to generate unweighted events?7 To do so, 

VEGAS is run through several iterations just for the purpose of rinding the 

optimum grid spacing. At this time, the rough limits of the detector acceptance 

are included by denning the integrand to be zero outside of it. Therefore, after 

the initial iteration, points will not be chosen which lie outside of the acceptance. 

After the grid spacing is specified, another program considers the behavior of the 

integrand and estimates its maximum for each interval. After that, points are 

chosen according to the optimized grid and kept or rejected according the ratio 

of the function value to the maximum of the interval. This procedure provides 

for efficient generation of events within the detector acceptance even with such a 

complicated integrand. 

It is of interest at this point to compare the Vermaseren program with the 
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Figure B.2. Two calculations of the e+e~ invariant-mass distr ibution. 
T h e line h is togram U from the EPA Monte Carlo, and t h e points a re 
from the Vermaseren Monte Carlo. 

EPA Monte Carlo described in the previous section. Figure B.2 and Fig. B.3 

ahow for the electron pair observed within the DELCO acceptance the invariant 

mass and angular dis t r ibut ions. The acceptance has been simplified and is 

defined by only the cuts 0.6GeV < W < 2 .6GeV, - 0 . 6 < cosfl < 0.6, and 

k± < min(0 .2W,0 .3GeV) . Within such an acceptance, EPA calculates well even 

the distr ibution of total t ransverse m o m e n t u m (fcj_), as shown in Fig. B.3. It is 

clear t ha t as long as a strict cut is made on k±} one can expect the EPA to be 

valid for all of the untagged analysis. Any resulting theoretical errors will be much 

smaller t han the statistical uncertainty of the da ta . 

The full leading-order calculation, including all 36 diagrams^ has been done by 

Berends, Daverveldt , and Kleiss. They also use variance reduction techniques to 

handle the sha rp peaks t ha t the cross section makes in various regions of the seven-

dimensional space, bu t they do so explicitly, ra ther t h a n rely upon an adapt ive 

Monte Carlo integration rout ine. Different subsets of diagrams have differing 

peaking propert ies . For example, we already have seen from the EPA calculation 

of the first two diagrams in Fig. 4.1 (the mult iperipheral diagrams) t ha t they are 
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Figure B.3 . T w o calculations of the e+e~ kj_ a n d 0 c m s d is t r ibut ions. T h e 
line h i s togram is from the EPA Monte Carlo, and the points a re from the 
Vermaseren Monte Carlo. 

characterized by sharp peaks a t low invariant mass and low Q2.\ Other subsets 

have peaks in different regions of phase space. 

T h e procedure used works by separat ing the diagrams into six subsets , where 

all diagrams in a part icular subset give ampli tudes which have a sha rp peak, 

arising when the g2 of one or more of the propagators becomes small , in the same 

region of phase space of the external particles. In each Monte Carlo iteration, 

one of the subsets is chosen wi th a probabili ty proportional to its approximate 

contribution to the total cross section. An event iB generated according t o jus t 

the cross section for the chosen subset , so it is possible to choose the kinematic 

variables in a way which will cancel the peaks in tha t subset. T h e resulting sample 

of events is corrected by calculating for each the full cross section according to the 

entire set of d iagrams and applying a rejection r jgori thm. 

One result of their calculations is t ha t for the experimental si tuation where 

onty two of the electrons pass th rough the central detector, the two mult iper ipheral 

diagrams completely domina te the cross section. Therefore, for the D E L C O 

f For the four-electron final state, EPA includes only two of the permutations of the outgoing 
electron lines, thus ignoring interference between the scattered beam electronB and those from the 
YY system. 
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analysis it is a safe approximation to use the Vermaseren Monte Carlo, or even to 

use the EPA Monte Carlo when untagged events are analyzed. 
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Appendix C. Unfolding Methods for Experimental Distributions 

The procedure used in this thesis for unfolding kinematic distributions from 

the measured histograms is due to V. Blobel. In Ref. 88 he gives an excellent 

account of the justification and need for the method, a derivation of the equations, 

and an example calculation. Her* we provide only a brief summary of how the 

calculation is done. The principle difference from Blobel*s example is that, whereas 

his data is one dimensional, here we always must consider a multidimensional 

problem. 

Even here, though, only one dimension is considered at a time. The problem 

with the other dimensions is only that they must be modeled properly in order 

that the efficiency corrections for the variable under consideration be correct. 

As a concrete example, let us consider unfolding the two-particle invariant mass 

distribution. In this case, for example, it is clear that the result will be correct 

only if the angular distributions are correct in the Monte Carlo which is used to 

calculate the efficiency. Let W represent the invariant mass, and let Wa <W<Wf, 

be the range in which we are interested. /(1V) represents the function to be 

determined—the result of the unfolding procedure. 

The data is in the form of a histogram with n bins of equal width, where 

the value chosen for n depends on the number of events available and also on 

the experimental resolution of W, The extent to which f[W) can be resolved is 

limited by the statistical precision of the data, so it must be represented by a finite 

number of parameters a j , 012 • > - a n , , according to some expansion 

/(*)=f> l A{*). (C.l) 
i= l 

The number chosen for m must be less than n, but otherwise it is not critical, 

unless it is much too small, because the regularization procedure to be discussed 

will automatically adjust the number of independent coefficients in the final result 

to be consistent with the statistical precision of the data. 
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Figure C.l. A sequence of 20 cubic B-eplines. They have the property 
that at any point x between a and 6, the sum of all of the B-splines is 
unity. 

The functions used for the pt-(x) are cubic B-splines with equidistant knots. 

The range from Wa to Wj is divided into m - 3 intervals of equal length 

d = (Wb — Wa)/[m — 3), and each of the B-splines is non-zero over a range of 

•Id. Let (; represent the position of the ith knot, so tt = W„, t m + \ = Wb, and in 

general, t, =W„ + (i- 4)/d. Then the cubic B-splines are given by 

b 3 * = (x-t,-)/<j ti <x<ti+l 

lll + 3(l + z[l-z))z\ 2 = (x- t 1 + 1 ) /d *,-+i< i<*,- + 2 

M*) = U ( l + 3(1 + 2(1 - *))(1 - *)| * = (x - ti+i)ld t i + 2 <x< t i + } • 

£ ( 1 - * ] 3 z = ( x - < 1 + 3 ) / d t ( + 3 < * < < i + 4 " 

0 otherwise 
(C.2) 

Figure C.l shows an example of 20 cubic B-splines spanning the interval in x 

between a and b. 

Now let us represent the response function of the detector as A(y,x)t so the 

invariant-mass distribution which is observed is given by 

fwb J^ 
g{W) = I A(W,x)f{x)dx = £ M < ( W ) , <C3) 
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where the A{(W) are given by 

Ai(W) = / A(Wt x)Pi{x) dx. (C.4) 

The function g[W) is what actually is measured, but only as a histogram with a 

limited number of events, and therefore some statistical errors. The X^(M') also 

are produced as histograms from Monte Carlo events. The Monte Carlo events 

are generated according to some distribution /o(W)j and all detector effects are 

simulated. After analyzing the Monte Carlo events just as is don? for the data, 

m histograms of the measured invariant mass W are accumulated with weights 

given by N • p,-(W), where W is the generated invariant mass. N is an overall 

normalization given by the ratio of the integrated luminosity in data to the 

integrated luminosity generated by the Monte Carlo. 

Since this really is a multidimensional problem, in order for the efficiencies to 

be calculated correctly and efficiently by Monte Carlo, it is beat if /o is a reasonable 

approximation to / , and it if is necessary that all other kinematic variables are 

distributed in a close approximation to reality. That always may be checked by 

comparing the observed distributions with the Monte Carlo distributions after 

detector simulation. Thus the bin contents of the m histograms form an n-by-m 

matrix of elements Aiy, and Eqn. C.3 becomes 

m 
ft = £V,-. (0.6) 

)=l 

Actually, this is completely true only i." /o = 1; othcrwiso the resulting J4,3- are 

such that the /(W) produced by the unfolding procedure must be multiplied by 

/o(W) to give the desired result. 

Given £,-, the measured bin contents, Eqn. C.5 may be solved by a maximum 

likelihood method. The observed bin contents follow a Poisson distribution, for 

which the probability of observing the numbers, of events in the ith bin is P(9i\Si)< 
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where 

r('M = <-"% re {0,1... oo}. (c.6) 

The gi are the average or expected values of the bin contents, which we take to 

be given by Eqn. C.5; hence P(flj|fir,) is a function of the parameters ay. The 

likelihood function is formed from the product of the P(&|ff,-) for all n bins, and 

its negative logarithm is proportional to 

n n 

s{°) = £ s» - S &Ip ft • < c - 7 ) 
» = 1 1 = 1 

The desired solution IB the set of a,j which minimizes S(a). However, one finds 

that such a solution is dominated by large oscillations due to amplification of the 

statistical errors inherent in the data. 

To damp out the oscillations, a regularization term \T • r(a) is added to the 

log likelihood function, where r(a) is a measure of the curvature of the solution 

f(W): 

M = / [/" (*)l3d* = £ *&<& . (C.8) 
a U=i 

C is a constant, symmetric, positive-semidefimte matrix and is easily calculated for 

the cubic B-splines. The regularization parameter r is adjusted to an appropriate 

value as explained below. 

The solution is calculated as follows. First define the derivative matrices 

These must be calculated assuming some initial guesses a; of the parameters a;. 

What is done is first to calculate the solution assuming Gaussian distributions for 

the bin contents, in which case the log likelihood function is quadratic in a and 

no initial guess is needed. The Gaussian result then is used as a starting point 

for the first iteration of solving the problem with Poisson statistics. In practice, 
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few iterations are necessary—for high statistics the Gaussian approximation is 

itself good enough. Once the derivative matrices have been calculated, then the 

matrix Ui is found which diagonalizes .ff, and another matrix U<i is found which 

diagonalizes the matrix 

C-L^DrWvfCUxDrWt where D = ufHUl. (C.10) 

First consider the unregularized solution (r =• 0), which we denote by 

accenting with a bar. It may be written as 

7(W) = £>;-P;.(W), { c n ) 

where the pj (i) are orthonormai polynomials given by 

PiW^E^i^-^^JyiPytx), 
y=l (C.12) 

In this orthogonal space, denoted by accenting with a prime, the covariance matrix 

of the coefficients aj is simply the unit matrix. Therefore, any coefficient which 

satisfies (aj) 2 < 3.84 is statistically compatible with zero at the 95% confidence 

level. 

The contributions to the curvature of the individual orthonormal polynomials 

are given by S^, where S = U^CiU^. The coefficients a[ should be arranged in 

order of increasing S^, Let mo be the smallest integer such that for t > mo, all aj 

are compatible with zero. The coefficients of the regularized solution are given by 

(C.I3) 
* 1 + rSu 

so if we choose r such that 

mo • 
m 

•- Y , (CM) 
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then the coefficients are cut off smoothly at the point where they become 

statistically compatible with zero. The covariance matrix of the regulated solution 

is 

Vl"« = 5 T r V ' ( C-1 5 ) 

and both it and the coefficients a' may be transformed back to the original space 

by use of the matrix U1D1^2U2. 

The final task is to convert the coefficients to a set of mo data points by 
integrating the solution f{W) over small contiguous regions of W and dividing 
each integral by the length of the particular region. The regions are chosen as 
being between the extrema of the polynomial P*mo+i(W). Thus they are located 
about the mo zeroes of that polynomial, which has the effect of suppressing the 
contribution to the solution from the term Omn+lPma+l^) *°^ a ' 8 0 ' e n a ° *° 
give wider bins in regions of lew statistical precision and reduce the correlations 
between data points. Since the integrals over the function f{W) are linear 
functions of the coefficients a,, then it is straightforward to calculate the covariance 
matrix for the data points as a linear transformation of the covariance matrix for 
the coefficients. 

As mentioned above* if it is necessary, as is usually the case, that the Monte 

Carlo input distribution fo[W) not be uniform^ then the unfolded data points must 

be multiplied by /o(*V) to obtain the final result. In fact, for a multidimensional 

problem, /n is itself the result of an integration over several dimensions and is 

therefore usually not known analytically. What is done is to use the Monte Carlo 

generator itself to do the integration, giving a histogram representation of /r> 

That histogram then is interpolated by cubic splines and integrated over the same 

regions in W as was the solution / , which gives a set of Monte Carlo points to be 

directly multiplied by the mo points of the unfolded solution. 

Finally, one has a measurement of the physical distribution of interest without 

any distortion due detector effects which are unique to the particular experiment. 
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The procedure is complicated because it is necessary to smooth oscillatory behavior 
in a manner which is compatible with the statistical precision and therefore 
unbiased. But the complications are worthwhile, because the result is meaningful 
even to one who is not familiar with the details of the experimental apparatus 
and methods. Often the result does not contain is many points as the original 
histograms, and the error bars may be larger. But that also it> an advantage, 
because the points and error bars represent the true limitations of the apparatus. 
Resolutions effects inevitably decrease the statistical accuracy of an experiment, 
so the result should properly reflect those limitations. 
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