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Abstract
Tm3 cI-cept ' ot bCed molten. a classca’ model in the thecrv of 1wo-
o—e-scra. ~IoToress e Tud mechanks, was niraduced bv Helmhowz in 1858

Ziz'cratcr ctme scout ors 10 [hese equalnions Ras made ftfut progress since that 1me
as '@ ¢t vS7ex molel ~a3 been brought 10 bear o vanous physical situatons
2:2C $TLCTLre. 27QQ SCRie weather SATaTS. “vGriex sire@l” wakes. vorex Watces in
s.Ce™_:Zs a~c s_cesccnductors, etc. The pa'nt vortex equations also provide an
~'ar@si “g @xa~c'e CI !rarsiica lo chachc behavor. '‘Ne g've a trigt histoncal
~TSGLCT SR NS These 'o0CS and deve'op twa of them n particular 1o the pont of current
-~ce-srara~g .- Steady —cwrq confguratons of pont vortices, and (x) Coll'sion
Jytam s otlCrevzars

MYRQOUCTION

'~ a se™ral paper pubished n German :r 1858, and in an Enghsh transiation by
2G Tat a‘ew years 'ater, Heimhcz st oCwn the BasC laws of vorter dynamcs. Ore
2’ "es8. 'he Statemert tha voriex hnes a78 Matenal 'nas - or 10 quote Tar's transiation
"Tach scren-hme -emairs contirually composed cl ihe same elaments of fiud. and
sar$ ‘crward eeth hem n the fusd” - . eflect estackshas vortices as 'he “paricies” of
‘.3 Tecma~ics Trs s nowhere MCre lrue 1han . two AMeNsIONS, w @re the vormcly
2t eac™ Tuxg e€mert 's corservad 'n ume. and where 0n@ can_ thus. ¢ ,nsider a model
T aTiCt sy atrie ~uTber cf pcartcles have any voraty at afl | eimhofz. indeed.
“rTiC.ced LSl ST A Sl J»omex model 0 §5 cr Tis paper Rt prowides @ methed by

A= CS rm@cortstratts of roraroral fow 1mecry €an e e aied while rol hawng 1o face

T LSl IiTeC antt ronre of Gextvecs and Panetary > yics
TLlel FTNBIeT mert reIre tor Ncr L redr SCece

Genernl Ltcluf!_’ U AM S\ljm,pojl'um on Vortex Meotion
'TBkjo, Japan , Seyt. 1987 Fluud Dyn. Res (toappear)

.0 1¢ the fuil complenty ¢l viscous forces. As such i1 has enjoyed ccnsiderable
gevelopment bolh purely theoretcal - Batchelor (1967, Ch 7) uses the heading "Flow
of eftecivety inviscid tluid with vorticiiy” for tus discussion of this lopic - and (later) as a
bas's for a vanety ol numencal procedures for flow simulation, now commorly referred
ta under the rubnc vorte: methods For general reviews see. fur example. Arel {1983,
1965) and Lt eonard (1980, 1985)

The point vcriex eauations with which we are concerned hera are most eleganily
stated by considering the two-cimensional fiow plane 10 be the complex z-plané and
‘eling the vorices be represented by lime dependent ponts z (1) in that plane, vone~

a=1. Hcarnes a corstani circulaton or strength I . Tha equations of motion are

di° & T
a . |- B . (")
[o}} 2ry P zu' zﬂ

The prime an the summaton sign denotes omission of the singular term f=at the
aslensk denoles complex conjgation

Thesa equalinns conlinu@ 10 spawn Ininguing new solutions, and thereby form a
uselul bndge beiween fluid mechanics and developments in olher areas ol physics
and apphed mathematcs, notably the theory of dynamical systems The exploranon of
such connections has oflen been suimulated by cenain modeling situabans. For
example, bsfore the advent of quantum mechanics W Thomscn, the later Lord Kehvin,
advocated statorary vortex patierns as models of atoms and molecuies. This led 1o
detailed invesugations by J J Thomson ard others of the exisience and stabilty ol
statez of this type Much later_ laboratory observatons of such voriex equihbna in
superfiuid “He (see Yarmchuk, Gordon and Packard 1979) led 10 turther work along
these knes (Campbell & Zit1 1978, 1979) We shall repon dn recent deveiopments later
in 1his paper Similarly the observation of “vortex sireet” wakes slimulaled research inlo
the exisience and slabiity of uniformly translating conliguralions of vortices starling
with von KArman's wall known analysis in 1912 (see Lamb 1932, Ch 7) and continuing
foday.

Many current experimental resulls on vortex flows do not allow facile explanation in
terms of poin vortex dynami. s since eflects of three-dimensiorakly and/or viscosity are
imporiant On tha other hand, some of the results that we do have about the behaviar of
point vorices may provide inspiration for exparimental studies. Cenainly several of the
mos! ineresting are 100ay without any clear laboralory realhization. In this conlext the
\wo-dimensional soap him experimenis ol Couder and collaborators (c!. Couder &
Basdevant 19B6) are worth mentioning.

This paper concenirales on two topics: First we discuss recent work on steadily
moving (including complelely stalionary) poinl voriex configuralions. We locus
primanly on exisiance questions. Several cpen problems anse. Second, we repon
numencal results on the collision of Iwo voriex pairs. We introduce the nchon ol chaotic
scaltering, or chatlening, of une voriex pair o anolher. and discuss conjeclures on this
type ol behavior Again a number of unresolved questions arise

We ccnclude by brniefly mentoring wo other areas where the concepts cf
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2y-a~ car sys'e™s IFecry Tay srevde rew arpccaches o GCitt vIfter ~—Its” a3t
Lt TEey 'L TLTe ea T eSmRr e st ers

tx2TEN_JTATLS

@ 'erm sc @D lrd Wem acad e~traces a w9 varely ' somex MC 7S 1
TCTT A T3 TTrIe S5aMa' 2TeTSCTS ATe'd Tt LS guraton Cf ittty Siruar it
*Te 3~2-tans ates of "llates as A “§}@ ooy S.ch ccrligurators ate cf cone Jeral @
“"gres’ §-Ce I~ tre “and lre car “o£e !0 Ce'esm.ng them arawyncaly, and, cntt
I'-e- Zre Zan “cce hat be ~g s'eady :'a'es ey wil be seen errpincally Stat'e
L-'GgLtar oS ire cam™cu'ary cevrable. of ccurse. bul aven urstable ccrfguratons
a8 T ~lgrest An _rs'3pie ccnhguraton may Show up as a leng-isved 'rars.erl
5SLICn n 2 Cy-amca'y eveving system The vortex sheet s a highly .-s'az 9
Zetguranct yet 1 s aMcut o itk of ore more frequently studied!

E.gn ‘zr z&-t w2~ cos ™0 proolem Gf determenirg alt such paterns 's far {-=m
$TC@ 3732 51 | argety cre~ Computer experments Fave revealed rasy Lar Co ar
SSLTCTS Tt Tea ate sgrutcact §aps i1 our aralyrcal urderstarcing Let Us ‘rst
"eCIurt some S 'te scut ors ttat 379 avarlable

For ce~tcar wcrices Wehia JJ TRemscnr, Havelock and oiners studied smo'e.
_mferTry cniat rqg Son!GLraneTs such as '™e open and face-centersd vortex PCcygers
Sre~sve $7ac*y -asL'S ar@ ava:labe 'cr Inese stales (Mcrkawa & Swenson 1971)
‘c-e rece~ty Carcbed 8 241 ."978. 1379) nave procuced a catalog of the stable
Lortgoraiors 1o N Certcal vorices. where 1sN<30 As N .ncreases. the number of
sian«e corfgorators &t each N ncreases ragedly. Dut in the kmit ¢f an infinite vortex
‘a” e STy 7@ slat'e configuraren s hnown, ~amaely the 'rangular :amice. T
Srsosral’'e ~ergs’ N corcensac matter physCs 'S

Open probiem ¢ 4:a '~e-e 0’ er stadls laT.ces ¢! Doint vortces than the 1r.angu'ar
c-e? T-e c-g-a~ge -arre c! I~@ wcrtex-.Criex .1187aclion makes the Quashion

ST v a

* 3 °C 2%t "0 shaw Crecty from the DOt vIrlax equatuns (1) 1hat fo- a
rigirares ot 1 wonces cf streng:h o1 and ™ -amces of sirergth -1 10 form a
LT ee Y STAlonary cTATQuranca, commerly re‘erred 13 o5 & vor1@x Squrkbrium, n
37C T TL.S T8 2 SUCCESI U@ 'm3~guar ~umibers. (e fml)-' T m=ije1;2 for se™e
-'ecer

B-22t Ass_~a@ 3l e% “ard sxes m i) van'sh Muply by r,2, axd sumona By

erc3mogl 7,387 2,-24+2, and rleTrang g NGICAS N the resLTNg SLT we see
a3 273y e corigLta et TCies e flnstaind

u

Neow using that each I is edher «1 or -1 wa get (m ni?=men, and seting m-n=) gwes
the resull staled 2

The smallest such conhiguration (j=1} 's a single pont voriex. The next (j=2) is one
voriex of one Sign surrounded by an equilateral tnangle of opposite sicned vorices
(Fig 1).

K;'For larger j the determination and charactenzation of such states i1s not so simple.
Tkacherko (1964} suggested intrc ducing “genaraung functions® for individual species
of point vortices This 1s again d>ne by censidering the fiow plane to be the complex
2-plana, and defining polynomiais “(z) and Q(z) of degree m and n. respectively. such
that the roots cf P (Q) detine the positions of the vorices of strength -1 («1} Tkachenko
showea 1hat P ang O then must sausty 1he differennial equation

PQ" + QP" = 2P QX 12)

wherg the prmes indicate derivatives with respect 1o z For a direct derivation of (1)
from the point voriex equations se3 Aref (1986) Thachenko solved (1) analyucally for
J=12.3.4 Beyond 1hat cirect analytical solution appears 1o become quite invoived.
Campbell & Kadina (1987, see also Kadike & Campbell 1987) solved (2) by computer
agebra for larger values ol j and also generalized the melhod 10 arbitrary species of
singulantes moving according 10 a velocity lield thal can be expressed as a
polynormialin 2

Open problem #2: Is there a correspaonding “generating function® formahsm for the
sleadly rotating configurations of idenucal point vortices? {For colhnear configurations
the@ generaung functions are Hermile polynomiais )

Remarkably a systematic analytical procedure exists for solving Eq (2) (Adler &
Moser 1978. Bariman 1983): Cons:der the recursion-differential aquations

PP P P oF (3)

1 ned =3 ndl n

(The onginal defintion has a prefacior 2n+1 on the right hand side ) We may show that
f13) 1s sausfied for n=m and n=m+1 and

PP
b I, TY

+PP 2PP =0 (4)

1s sanshed for n=m_then (4} 15 also true for n=m+1 Thus. soltions of (2). P-P_ Q:P, |
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Herce ¢ 2 s s'a“edcH atmmg ocyorvals Puat and P2z the soutsns can be
‘2@ recLrsivey By SCv~g a f-st sroer COE 1@ EQ(3)) at each step In th's way
SCLCrs ‘cr as3e <aves :f + can be gareraled it may a so be seen that there wili ba
7@ a'ntary i~start ‘or each riegraton Hence. 'or a given | the par satstying (2)
a7 GeTe"d y @C A Ore-Jdamele’ farmuty of scuho~S. We are glossirg over se\ ral
“CTITwa Se'a: s Te'e rCutrg ™e ras.? thai 13, can in fact be solved in terms of
SCymcr-a's  ~deeQ. enphc! 'ormuiae fcr the Dpelyncmials in terms of Wronskean
Zele ™ras s ~a.e Zeen 3btaned 'see Adi;r & Moser 1978 ) In Fig.1(b-d) we show
s1a—c es 2’ S.CM slaronary slates ‘or arger | Ncte tral anthough each vortex :s
ZTC ey sTacraty. (e crrfigurarcn as a whole has a neét crcuilanon so at large
ss5'aCes e "iw ‘ed Seccres 'ral cf a s~g'e vcmax Prysicaly this :s somewhat

ISLTIET LT e0

Open problem #3 !s "er9 a7 a~a'y'< !"eatment possbie of the Stabibty of these
#5. 12737 NuTercal sat: °y -es.?s are "epcried by Xadtke & Campbet 1987)

Open pryblem §4° T~ «c~ex Crc'arcn consiraynt gcvem:ng [hese equikbra is the
337 as "“al "ecessary ‘cr se’ s —.ar c2apse 1~d exfansion motens (Arei 1879,
ez.vZ. 8 Sa0Cv "373 see as:c ire’ '3 's 'mere 3 generahzatcn St the above 10
2LIToCae S.Ch "Te-Cerem et £,2L 1L

A ~cst rreces ~g ere~c.cn ! Teacte~kc’s eQuaton 1 2) noted by Bariman (1983)
3-2 Za~cte! & Yactee °":E° s 'z '~@ zasé ! unar+iy rransiatng pownl worlex
IZtTzotaTtits Ttezasez*act-gaczat e ocs°ve ard cre negatve vortex cf e
PET3 GIEI LT £TreT T a3l 2SI stes arealy Dy He mrzitz (1859) as a simp'e.

'wo crmensional analog of the vorlex rnng One can naturally inquire 'nto
generanzatons cf this sifuation Are there similar states with two vortices o either sign?
W Ih thre@. elc ? It 1s clear on general grounds that there mus! be an equal number of
+1 ard 1 vodices fcr such a configuration to translate uriformly It «; @asy lo show
Jrrecty from the point vcriex equanons (1) that for any configuration of poit vortices 10
rrarslate as a r:ig'd bocy 1he tolal crculahon musi vanish

P.oc! Ass.me that all the lelt rand sides n (1) are equal 1o the same non zero
cgTpiex rumber v© Muhpiy by I’ and sum on a The double sum on the nght hand

sid@ varuiskes by anisymmatry :n theg in-ices i, B Wa are left with the result that

]
vzl'l=0

Tres, 1me s.™ =! 're vorex crcutabcns must var.sh for a ngid'y trznslating
cort-gurate™ -

However s apparently dithcu't to extract the number of vonices of e'ther sign._ or,
ndeed Ic see 1hal there should be ary rastnction on this number

For the case 2! translaing vorices we can apain introduce polynomial generating
functicne for tha two species. P and Q. that are now of equal dagree n They sabisfy a
moadited torm ot 21 w2

P« GP~« 20(PQ-QP) = 2P QY S

whera ).1s relaled 10 the velocy of translation of the configuration and the common

magniiude of the circulanon, I, of the vortices: A=2xiv° T. The polynomial solutions to
this equation again invalve 1the Adier-Moser polynomials (Bartman 1983).

A remarkable consequence of thus observation i1s that the common degree n, ' e.
the numbaer of vornces ol either species, must again be a triangular number, neij+1)/2
for some j=1,2.3. Thus, Iry as we may. no uniformly transiating states of a system of
two +1 vortices and two -1 vortices can be lound. (This particular result is, of course,
not 100 difficult 1o venty dirsctly.) However, lor three vortices of erther kind such staleg
do exist For four or five vortices of enther species there are again no franslating states
For six there are, etc. In fact, for each allowea number & one-parametar tamily has
been fourd (see Fig 2) For largs values of this parameter a configuration becomes a
system of well separated pairs of approximately the same size and orientation
Nevertheless, the resulis just stated show thal one cannot consiruct a uniformly
translating state from an arbitrary num’.r of such pairs, even il they are spaced very far
apart This remarkable selection property for point vortex states suggesls that similar
results must hoid for tie full two-chmensional Euler equatons, and in this way poinls ‘0
ar unexpected aspect of the dynamics of uniformly propagating vortex conhgurations
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Figure 4 shows a similar set of magnifications bul at the upper edge of 1the spiky
rejor The s:ale along the abscissa in Fig 4(a) corresponds 1o that of Fig 3{c} The
quaitative impression 1s the same. However. the peak scatlering times that one 1s able
1o “ht” at a given resolution are substantially longer.

Figure 5 begins to explain in terms of real space trajectories of the vortices how the
structure in Figs 3 and 4 appears. When iwo vorex pais I and 17 impinge on one
another at c'osa 1o head-an condtions thay usually first sulfer an exchange scattering
n which non-neutral parrs (+«[-F) and (-I",+I") are tormed. Since those pairs hava a
net circulation they propagate along (approximalely) circular trajectories In general,
these cucles nfersect again, and at this point one of two things may happen: (E) the
vortices can exchange back 1o therr original partners, with which they then Ity off to
nhnty. or (D) a direct scafering can take place in which the non-neutral paus manage
10 negotiate one another but stay 1ogether. This argument can now be repeated uniil
option (E) 1s realized (if ever). At each slep in such a hierarchy there is a cenan
fraction of the direct scattenng events that will lead 10 one more such event; the rest will
be absolved by an exchange back 1o the original pairs. One would expect this fraction,
1. 1o become independent of the lavel in the hierarchy so thal the measure of incoming
sta‘es. I_ at level nn this hierarchy 1hat leads 10 further direct scatienng satisfies

L,=N,

This implies a siructure of an n versus | graph of the type familiar in the Canlor set. The
differenca in scale along the ordinate of Figs 3 and 4, however, suggests thal f is not
indepandent of whare we are along the impact parameter axis.

There are several additional details of this scenario, in large panl envisioned
already by Manakov & Shchur (1383), that we have explored A comprehensive
account appears in the recent paper by Eckharct & Aref (1987); see also Eckhardt
(1987v). Trajeclory plots bearing out the analytical picture above are shown in these
papers. The spiky nature of the graphs in Figs.3 and 4 is due 1o the availability for
different values of the impact parameler of sequences ED*E with different integers k,
and the observation from the trajeciories that each additional factor D adds essentially
a fized tme increment 1o the scaitering time. Thus, the plateaus in Figs 3 and ¢
correlate with 1he expongl k in the sequence ED'E.

In Fig 5(a-c) we show three sample trajeciories with large vaiuss oi k. Examples
with k=1,2.3.4 may be lound in Eckhardt & Araf {*557). The D" portion of (hese
trajectoies is made up ol sequences of three typocal inferaclion patterns shown in
Fig 5(a-1). The panern in Fig.5(d) is panticularly conspicuous. t occurs once in Fig.5(a),
twir g in Fig 5(b). We 1end 1o think of the imeraction in Fig.5(d) as being “stronger” than
that in 5(e) which in turn is “stronger” than the one@ shown in 5(1).

One would ke 10 res! assured 'hal this compiex behavior is reliable as far as
numaerical accuracy is concerned. In the simulations leading 10 the scattenng data and
Irajectory piots shown here the four-vortex Hamiltonian is typically consenved 1o about
one part in 105. In order to verify thal this 1s sufficiently accurate we have sysiematcally



Zdegraced ‘=@ cacuarcn ‘Ae ha.e ass ncreased the accuracy ct cur 'Ta
~tggrarc- . T-a zr.ec’ 4@ S C Cre Pasd (o have a calcularcn that is suthces'v
acc.ra'e ‘cr 1~@ ccrrer teraycr seen 18 ba Inusiworthy. (1 the ¢ « hand. 'ca g
acoLracy —ames '@ IsMpuiatons vary cosiy The results shown here are al from fl 'y
~Cre@ ges Cac. avcrs N t-e se~se 1~al a~y ‘ncrease cf numercal accuracy does no!
rarge merm T~@ mar sgraicre cf a cw acc.racy caicu'asr s that the p'ateaus n
@ scararrg 'y £kt are rot M'at ¢ ceaws a'so shiit somewhat but are reta.red
g.e” A1~ 25! w@ acCuraces @ HaT 'c--27 as «ow as 15%%

Open probiem 47 Mure-cal expermer:s .ngicata that tha scattenng protlem for
‘Al 2" Zarss § "It z-actc rEchharat & Are! 'S8T E'vadale

Qpen probjem 88 Fzr ‘~¢ prcbiem of two =1 voriex pairs there are no steacly
1ra=s.3r-g s'ales Firire orcc'em cf [Rr@e z) vertex pars, however, such siates do
ers! is !~s c-¥ere~ce —ccnact n the ccrteat of vortex pair scatterrng? (Unstable
s'eady 5!3'@s ~a™ '@aC '3 asy ~LICKC “rapping” ‘n a scarenng process, ' @ play the rcle
cra-ever-e~cirg sece~ce £0DD

CONCLUDING REWARXS; QT~ER PRQBLEMY

T~@ 'wo Gr-t'em areas 2n w~fuch we have focussed above have knle in common
Coen croriem 88 beirqg a pess-bie excegticr). Yel o is ramarkable that in both of them
a ast.rct ard urerpeced oiscreuzed asoect of tha rasufts amarges: In the sroblem of
“C7@x Sla’ CS wa ‘oure Lnarnopated selecticn rules lor configurations wath triangular
~LTLe's !N !he vCrax scanenrg probiem we discovered a remarkable quantizanion ol
@.65 " ""@ scare-rg me s an intnguing Juesucn o what extent such results carry
cver '3 ~@ dy=a™ucs of smocth vorticty distnbutons. _

A aLTper ct prot-ers of ccnsiderable prachcal sigmficance seem (o involve ‘lows

¥ a'e OCcTIR3led By a small number of :ntensg vortices. N is ingvitable that in some of
1~€S8 Cases affec's dscernubie 11 the gynamicy of a lew point voriices will have close
cIurletans 1 a mere realistic setung. Flow-structu-e interaction problems, in
S37 C.iar pressure fuctuations assoCiared wih impingement, coms lo mind. A related
area n wheen chactuc meticn would aprear 1o have irportam consaquences s in 1he
-acrarcn cf soung from interacting vorices. The concept of vorter sound bas a long
273 >s. "Gu'Sr@a *istay (Powed, 196<) Regyular vorex moucn leads 1o vonex sound
sTecta Lorsshing of Gsce.y peans Chachc vortex mation, Dy contrast. should -2ad 1o
S°Iac tang sTecta, that can ageregrale’y e craractanzed as vorl@x noise.
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FIGURE CAPTIONG

Figurg 1:

Figure 2:

Figure 3:

Figure 4.

Figure S:

Vonex equilibria, i 8. completely stationary configurations ol point vortices.
{a) A simplg, well known examgle with one vortex of strength +1, three of
strength -1. (¢,d) Examples with 6 and 10 vortices of opposite sign. (b) A
contiguration with 10 and 15 vortices. For each pair of Iriangular numbess
there exists a one-paramaelsr family of gquilibna. (After Campbell & Kadike,
1987).

Steadily transiating vortex configurations made up of an equal number of
vonices of opposile sirengih. {(a,b) Two examples lrom a one-parameter
family of solutions with three vortices o} either sign. (c,d) Examples with six
vonices of either sign The number of vorlices of either sign must be
triangular. (Aler Campbell & Kadike 1987).

Scatiering fime versus impact parameler for the coltision of a 1 vortex pair
with a 0.4 pair. The scale along the abcissa s magnitied by a laclor ot 10
from panetl 1o panel. In panels (a)-{e) the enlire impact parameter inlarval
shown in tha next panel is indicated by a bold horizontal bar.

Data similar (o (hat in Fig.3 but for a region of the scattering ranga ciose to
the "upper edge” of the chattering reglon shown in Figs.3(a,b). The
magnification of the abscissa in panel! (a) corresponds 1o Fig.3(c) and
increases by a factor of 10 in the following panels.

(a-c) Two-palr collision sequancas ED'E with largs k. The D* portion of

thesa intgraction patterns is made up of direc! scallering processes such as
thosa shown in (d-).
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