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Point ‘J9rfex Cy~amics:
Recenl Resul!s ●nd Open Prohiems

Va

i.o IG Ihe fuil co~, plex,ly c1 VISCOUS forces As such II has enjoyed considerable
o~vebpmenl boIh PUWIY lheorel~al Bachelor (1967. Ch 7) uses lhe head’n9 ‘Flew
Of e! feclwely mv!scld fluld wdh Votllclij- for his discussion of Ihls 10pIC and (Ia{er) as a

bas, s for a va!!ely of numencal procedures for flow slmulahon, now commor.ly referred
IO under lhe rubric wrle.z mefhods For general reviews see. f~r example. Afef (1983.

1965} ard (eonard (1980. 1985)
The point vcrlex eaua!lons wllh wh~h we are concerned here are mosl elegamly

slafed by consderlng the lwo-Gmenslonal fbw plane 10 be the complex zplanh and
“ellifig Ihe vcmces be represented by lime dependenl po’nls Za(l) in [hat plane. vorle-

(1.1 rJ carries a cocslanl circulation OF slfemyh la The W.rallons of mollon are

dz.>=_LL&
dl , @.,

(1)

The prime an !he summallon sign denotes ormsslon of Ihe Singular Ierm ~=m Ihe

aslerlsh denoles complex conpgahon
These equallnns conllnue 10 spawn m!ngumg new solutions. and Ihereby term a

useful brdge b~lween fluld mechanics and developments m olher areas of physics

and apphed mathema!lcs, nolably Ihe theo~ ot dynamical systems The exploration of
such connections has oflen bean sllmulaled by Cenam modellmg $Iluabons For

erample, bafore Ihe aavenf ot quanlunl mechanrcs W Thomcm, Ihe later Lord Kelvin,
advocated s!a!loca~ .orfer Petlorns as modelo of atoms and molecuks This led to
delalbd lnvesl)gatlons by J J Thomsoo ●d others of lho existence and Slabihty of
stales ot lhls Iype Much Ialer, la boralo~ observations of such voflex equlhbrla In
supamu,d 4tie (see Yarrnchuk, Gordon and Packard 1979] led 10 furlher work along

lhese hnes (Campbell & ZIft 1978, 1979) Wa shall repofl irn went developments later
[n lhls paper Slmllarty lhe obsema!lon 01 ‘wmlex clreet” wakes shmulated research mlo

Ihe exlslence and slabhly of umlormly Irandating conhguralions of vorllces starling
~!h von KArmAn”s well known analyw In 1912 (see Lamb 1932. Ch 7) and continuing
Icday.

Many currem experimental rasds on vorter fiows do nol ●lbaf facde explanation in
terms 01 potm votlex dyrrarwc unca efleds of Ihreadrmansionaldy atior vKmsIty ara
Imporlant on Ihe other hand. some of fhe rewtls that we * have aboul the behavitar of
~int vomces may protide lns@alion for exparlmemal sluckas. Ceflainly saveral of Iha

mosi iniarestlng are Iday wdhoul any clear letmralo~ realization In Ibis conlexl Ihe

Iwo-dimensional soap hlm expanmenls 01 Carder eml collaborators (et Couder 6

Basdevant 1966) are wotlh menliom~.
Th,s paper concentrates on two lopbs: First we discuss racanl work on sfeisddy

mov{ng (Including completely slalionary) poinl vofler conhguralrons We locus

pr~marlly on exisisnce questions. Several open problems arlsa. Second, we repofl

numerul resutts on Ihe colhs!on of Ibw vorfex paus We mlroduce Ihe nchon 01 chaollc

s~rfermg. or chaffer~ng, ot one vortex pair off anolher. and discuss conjectures on Ihls
Iype of behawor Again a number of unresolved queshons arise

We ccnclud~ by brlelly menl,onlng IWO other areas where Ihe concepts of
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!JCW using lhal each l-m is eohef * 1 w .1 we gel (m n“12=m+n. and selling Mn=l gwes

!Iw resulf slaled .>

The smallesl such conhgurahon (j-1) IS a single Pod vofiex. The nem (1=2) is one

Vorlez of one sign surrounded by an equilateral triangle of Opposlle slgnad vorhces
~Fg I)

For larger j the delermmaflon and characlenzafmn of such slates IS nol so simple.

Tkachecko (1964} suggeslad mlrcducing ‘genoratmq fumlions- for Indwdzal spec!es

of Point vomces This IS again ctma by considering the flow plane 10 be the complex
z-planq. and defmng poIyrsomlals ‘(z) and O(z) of degree m and n. respecovefy. such

lhat fhe roofs cf P ((3) define lha ~sdlons of the vomces of strenglh -1 (+1 ) Thachenko
showeo l~,a! P and {3 Ihen musl sa!dy Ihe dfterenual equallon

Po + OP”’ . 2P0’ (2)

A era lhe primes mduste danvalwes wllh respecf 10 z For a direcf derwaiion of (1)

from lhe pmnt vorlex equations sea Afel (1986) Tkachenko solved i 1) analytically for

j=l 2.3.4 Beyond Ihat r%recf analytical soluhon appears 10 become qu!te revolved,
Campbell & Kadshe [ 1987. see also Katihe 6 Campbell 1987) solved (2) by cornpufer

agebra for la~oer values of j and also Qenerahzad the melhod 10 arbdra~ speees of
singularities moving according IO a vek-mty held thal can be expressed as a

~~nomlal m z

~z: Is there a correspotiinq “generaflng Iuncflon- formahsm lor lhe
sleadIfy ro!ahng conf~urahons of Idenmcal point vorhces? (For collinear conflgurallons
rho genera!mg funcnons aro Herml!e polynomials )

Remarkably E Wsfernetic nnafyfid prm~re exisfs for Sofvirbg Eq (2) [Adler 8

Moser f 97&1. Barfman 1983): Congder Ihe reams! on.dlfferenllaf aquattons

(3)

(The ongmal dafinmon has a prefacfor ?n+l on Ihe righf hand swle ) We may show lhal
,f (3) IS sallsfred for n=m and n-m+l and

fl.p.. ,● P“y, ,- 2P”P”, , = o (4)

IS Sallsfled for n=rn. then i4) IS also frue for n=m+l Thus, solutions of (2). P= P., 0= Pn, ,
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!WO C!menslonal analog of !he vorlex ring One can naturally Inquire into

generahiahons cl Ihls slluafion Are lhe(e slmiar sla!es wdh IWO vamces o! either sign?

*9Jlh ltwe, elc ~ R IS clear on general grounds Ihat Ihere muSf be an e,m~l number of
+ I acd 1 ~odlces for such a confrgurallon 10 Irandale unllOfmlY II ‘i easY 10 show

sr~ecf~ trom the poml vorrex aquanons (1J Ihal for any Conf,gurallon of POICI vomces 10
!ransla!e as a r:gIcl boc~ lhe Ioial crcublr~n must vanish

p~l Ass.me that all lhe Iell hand wcfes m (1) are equal 10 Ihe same non zero

ZO-Pp~I number V. Muh,p:y by I“mand sum on a The doubb sum on the nghl hand

sad var.,shes by am!sym~e!~ ~nlhe indices n, f! We are krff WIlh Ihe ~esutl that

However 1 s apparently dItfIcuh 10 ellracl lhe number 01 vortices of euher sign. or,

,ndeed Ic see l~al !here shouti ba a~y reslnc!lon on Ihm numbef
For Ih,e case ?i Iranslalmg womces we can apaln mlmduce Polynomial generalmg

fur!cvcns for !~e two species, P and Cl, Iha! are now of equal degree n They sabsfy a
-ntilfted fc~m Lt 421 wz

P,2- . GP-. 21.( Pa-oP”) - :P”u’ [5)

where 1. IS relaled 10 lho velody 01 lranslanon of lha configuration and Ihe common

magnmde of fhe clrcdsmon, I_, of tho vomces: I=?mv. T. The polynomial sotuhans 10
Ihm equanon again mvatve lhe Adler. Mosar potynomlals (Bamnafs 1983).

A remarkable ansaquerte of Ihzs observation IS Ihat Ihe common degree n, I ●.
the number of VOrmces 01 eifher species, rmaf again b a triangular number, n.~+ 1 )@

for some j= 1,2,3. Thus, try as we may. no umformty Iransiatlng stales of a Syslem of

fwu . I vomces ati two - I vorsices can be Iound. (This parlmbsr resuis ia, of course,
no! loo chffcuh 10 verify direcf~. ) However. far three vofltis of ●fiher kmd such slale$

cb emsf For four or fwa vcmices of ●dtw spdes Ihere are again M translating stales
For SIX there are, elc. In lad. br ●~h Ulowm nUmbOr ● One-parameler family has

been fwrd (see FIg 2) For Iarg@ VSbes of fhrs parameter a Canfgurallon becomes a

syslem of well separafed pairs of ●pproximalofy fhe same slza and orientation
Nevertheless. Ihe rasul’ls IUSI slaled show thaf one cannof mnslrucf a unllormly

wans@.tmg stafe from M ●rbdrary num’-r 01 such pairs. even II they ●ra spaced very far

aparf This remarkabb s#kfion prqrerry for prMf vorfer sfafes suggasls Ihal similar
resulw must hoid for me full 1~-dimensional Euler aquallons. and m Ibis way pomls !O
a~ unezpecred aspeWY Of the dynamics of umformly propagating vorfek configurations



more closely

Ftgure 4 shows .= simdar se! of magmficalions bul al Ihe upper edge 01 lhe spIhy
reJIo~ The s:ale abq lhe abulssa in Fq 4(a) corresponds to !hal of Flg 3(c) The

quahta!we impres~on IS lhe same. Howewr. fhe peak scattering limes Ihal one IS able
!0 ‘h,l- al a given resohmon are suL3stanlialtylonger

Fgure 5 begrns 10 ezplain in terms of real space tra@IOfieS of the voflices how lhe

structure m Figs 3 and 4 appears. When lwo vonex pairs *f_ and *1- Impinge on one

anmher al C!OS9 10 head-on concfmcns lfwy usualw first suffer an elchange scarpering

,n which non-neutral patrs (+ f_,-r) and (-r.+r] are formed. SiIWe Ihose paws ha%a a

net clrculatmn Ihey propagale abng (approximately) circular trajectories In general,

Ihese circles mtersecf again, and at this point one of two lhi~s may happen: (E) Ihe

vorhces can exchange back 10 their or~inal parlners, wfih which they Ihen f~ OH fo
Infmrty. of (D] a dracl scafferirrg can lake placa in which the non-neutral palls manage
10 negoliate on. anolher Md slay fogelher. This ergumenl can fUJW be repealed unfd

oplron (E) IS realized (If ever). Al each slep m such a hierarchy there IS a cerfam
fracrion of the drecf scattering avenls !hal wilf fead to one more such event; the rest WIII

be absolved by an exchange back 10 Ihe original pairs One would expect this ffactlon,

~. 10 become mdependenl of the bvel m the hierarchy so Ihal lhe measure of incommg

s!a’es, in al level n m this hierarchy Ihat leads 10 further direct scallermg sallsfles

1... =fl”

This ,mplies a smxfure of an n wrsus 1 graph of Iha type famlfiar m the Camor set The

difference in scale abng Ihe ordmale 01 Frgs 3 and 4. however, suggests lhal j is nol
irdapandent of where we are elong tho impacf parame!er ●xis.

There are several additional de!ads of Ibis scenario, in large parf envisioned

already by Manakov 6 Shchur (1383), that we have e@ored A comprehenswe

-unf appears in Ihe racem paper by Eckhard & Amf (1987): see also Eckhardf
(1987b) Trajaciory pbls beari~ out tho analytical pidure above are shown in these
papers. The spiky nature of the graphs in FwB.3 and 4 is due 10 the availability for

dffarenf values of fhe imped parameler of s~erwas ED% with differem infagerc k,
?md Iho observation from the trajectories that each additional facfor D adds essentially

● fixed hme increment 10 Ihe scaltanng fimo. Thus. Ihe plateaus in Figs 3 and ;
correbfa with lhe axponcal k Iri Ihe ssqranca E&E.

In Fig 5(a-c) we show fhrae sample ffss~ofies wftfs Iarga Wels:s uf k. Erampfas

wilh k-l .2,3.4 may ba Iound in Eckhardl & Arof {!257). The @ potli!tn of these

Iralecfo:es IS made up 01 sequences Gi three typical interachon patterns shown m
Fq 5(ct.f). The panern m Fq.5(d) is parthbrty cWrspicMus. h occurs once in Fq.5(a),
~ra m Fig 5(b). We led to Ihink of the imo~ion in Fq 5(d) as being ‘stronger Ihan
lhaf in 5(e] whti in turn iS ‘stronger than tha one shown in 5(l).

One would hka 10 resl assured !hat Ibis compiex Dahaviof is rehable as far as
nu~~al amuraq IS ~ccarnw. In the Smuletions faading fo the scaffenng dala and

frapclo~ pbls shown here lhe four-vortex Hamdlonian is fypicalfy consenied to about

one part in t Os. In order 10 verify Ihal this IS suffiiiantfy accurate we have sys!emahcally
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The ~~ ~Fc~q areas ~q ~ we have ~~sq a~ve have Lnle I“ ~onlfllon

-“ :rx-Ms~ 88 3elrg a VXSWO ems&lcfi I Yel It’s remarfmOle Ihal m both of !hem
a ~s:rcl ard u?ex~~ dwcreuzad ●soecl of !ho rdsuhs emerges: In Iha groblem of
.c-er s% cs we b-rc .na~rmpaed sekrim ruies far confrgura[ions vnlh Triangular

‘~-Ee’S ‘1 !Ye ‘Cnex ~an~g PrOMm we cb~vOred a remarkable @anfizaflon 01

e.es ~ .-* su!wng “me fr IS an Inlrqumg *esJoc9 :0 wtml exlenl such results carry
cker !J !?e dy-a-.a cf s,mxm vorftiy dstn~mons.

A 1~=.oer c1 pru04ef.Is of conaderable pracxal sgnfGnca seem 10 inmtve %ws

e! aa ~-m~~ :y a small number@ sfense vorfms. ff IS inetile that m some of
!?ese cases ●ffacrs o~mble m the oynarmcs of ● law poim vmrmces wdl have cbse
~k~!e~aes ,.I ● mere realis;tc emtmg Flow- stmctc-e interaction problams. in

~- Gmr g~esxure ~s •~ed wffh mpmgenwm. come 10 mind. A relate~
wea a wmcn cPactc mcrrcn wod ~ear 10 tuve irrpotlanr cunsaquances lS in Ihe
“adarcn d sauna from lnter~=mg ~rwes. The co-pi of VUfrax sound has a bng
a-e as, FGWS?M hsro-j :Pcwerl. 1964) Regular vorlex molIco leads 10 vonex sound

S:--a ~Pssmg :! GS:’S. I peaks C-ache vorlem mohon. ~y ccmfrast. should +ad IO
:-z= ~-a sc.acra, w an ~crc~ca:z , :+ c-aracfen7ad as Vmfes nofse.
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Figure 1: VorIeI equilibria, i e. camptalely stationary confiiuratiorm of point vorlices.

(a) A simple. well known example wilh one vcmax of slrenglh +1, Ihree of
slrength -1. (c,d) Examples with 6 and 10 vorliCas of oppasile sign. (b) A
configuration with 10 and 15 votl”ms. For aach pair 01 Irianguler numbers
fhere exists a ona-paramelar family of equilibria. (A!ier CamPbell 6 Kad!he,
1987).

figure 2: Steadily translating voflex configumflorrs made up or an equal number of
votlices of opposile slrengih. (a,b) Two axamples krm a ona-pararneler
family ot aol~tions wifh three vortices of efiher sign. (c,d) Examplas wilh six

vorhces of either sign Th9 number of voftlces 0! either sign must be
lriangttlaf. (Afier Campbell & Kdke 19E17).

~,gure 3: %.enaring lime VSrsus Impau parameler for the colflsion of a fI vortex pair
Am a N.$r pair. The scaks abng !he abdSS8 b magrdied by a Iaclor ot 10

from panel to panal. In panels [a)-[e) the enlire impact psramater inlarval
shown in the next panel is ir?dweted by a bold horizontal bar.

Figure 4. Data sknilar to lhat in Fq.3 br.rl for a region of Iha scattering ranga close fa

[he ‘upper edge. of the chattering region shown in Figs.3(a,b). The
magnification of Ihe abscissa in Panel (a) corresponds 10 Fig.3(c) and
increases by a fa+dorof 10 m Ihe Iolbwing panels.

Figura 5: (a-c) Two-pelr coltislon sequences E@E wilh large k. Tha @ porlion of
fhese irrferaction patlerns is made up of diracl scaflering processes such as
those shown in (d-f).
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