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Abstract 

Positron range blurring can be removed from P E T pro­
jection data by Fourier deconvolution. The method uses previ­
ously measured positron range spread functions whose 'cusp­
like' shape retains some of the higher spatial frequency infor­
mation. Although the deconvolution process amplifies the sta­
tistical noise, especially for for narrow projection bins and for 
isotopes with high positron energy, it can significantly improve 
the ability to estimate the amount of positron activity in each 
region of quantitation. 

1. Introduction 

Positron Emission Tomography is being used increas­
ingly for the determination of flow and metabolic rate con­
stants in well-defined regions. However, many factors can blurr 
the reconstructed activity distribution from one region to an­
other. Among these are detector resolution, /? + range, devia­
tions from 180° emission, off-axis penetration, limited linear or 
angular sampling, Compton scatter in the detectors, and or­
gan motion. 1 Recent advances in detector resolution 2 _ u have 
made it important to examine the other factors. 

In this paper, we investigate the possibility of mathe­
matically removing the blurring caused by /? + range. It is the 
goal of this process to nearly eliminate the systematic errors 
caused by the blurring, although the statistical uncertainty in 
the projection measurements will be increased. 
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2. Previous Measurements of Positron Range Distributions 

In previous work, we measured the positron range 
distributions for 1 B F , " C , 6 8 G a , and 8 2 R b sources. 1 2 The 
sources were deposited on thin mylar foils, surrounded by 
polyurethane foam, and placed in the Donner 280-Crystal 
Positron Tomograph 1 3 (Fig 1). Parallel ray projection data 
were measured in 5 mm bins with a resolution of 8 mm FWHM 
(Full-Width at Half-Maximum). The foam density was 0.02 gm 
c m " 3 for 1 8 F , " C and ^ G a , and 0.05 gm cm" 3 for 8 2 R b , and the 
corresponding resolutions were 0.16 mm and 0.4 mm FWHM 
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Figure 1: Placement of positron source, polyurethane foam, 
lead shielding, and detectors for the measurement of the pro­
jected positron range point spread function (PSF). 

water equivalent. The same sources were also surrounded by-
aluminum to measure all broadening effects other than positron 
range, such as source size, detector size, deviations from 180° 
emission, and scattering in the foam or aluminum and lead 
shielding. 

For each isotope, the aluminum projection data were 
convolved with an empirical positron range function 9(2): 

q(z) = A • EXP(-z/B) + (1 - A) • EXP{-z/C) (1) 

The three parameters A, B, and C were varied to give 
the best fit to the foam projection data (Table 1). In all cases, 
the fit was excellent. 1 2 The analytical expression for q(z) thus 
describes only broadening due to positron range (Fig 2). 
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TABLE 1: MEASURED PROJECTED 
POSITRON RANGE DISTRIBUTIONS 

The LSF for each isotope was determined by integra­
tion: 

ISOTOPE M Ga M Rb 

Maximum fi+ Energy (MeV) 0.64 0.96 1.90 3.35 

Best fit parameters of equation 1 (see text) 
A 0.851 0.905 0.808 0.873 
B (mm) 0.054 0.058 0.166 0.222 
C (mm) 0.254 0.440 1.15 2.55 

Projected Point Spread Functions: 
FWHM (mm) 0.13 0.13 0.31 0.42 
FW(0.1)M (mm) 0.38 0.39 1.6 1.9 
rms (mm) 0.23 0.39 1.2 2.6 

Projected Line Spread Functions: 
FWHM (mm) 0.22 0.28 1.35 2.6 
FW(0.1)M (mm) 1.09 1.86 5.92 13.2 
rms (mm) 0.38 0.69 1.60 3.8 

S(z) = Jq{z!)dx, where z1 = y/z* + z* (2) 

The projected line spread function is the projection of a 
line source of activity oriented along the axis of the tomograph 
(Fig 3). 

The positrons are emitted with a range of energies from 
zero to a maximum which varies from 640 keV for U F to 
3350 for "Rb. Due to the non-linear relationship between 
energy and range for sub-relativistic charged particles (such 
as positrons between 200 keV), a significant fraction of the 
emitted positrons travel less than 1 mm. The resulting dis­
tribution has a central spike that preserves some of the high 
spatial frequency information. In contrast, the Gaussian dis­
tribution that results from deviations from 180° emission is 
flat at its center and very poorly preserves the higher spatial 
frequencies. 

The positron range distributions have also been mea­
sured by Cho et a l M and by Hoffman et al i s . 

3. Gee ration of Simulated Data 

l.O in—i—r-|—i—i—i—]—i—i—i—|—i—i—i—|—i—i—rq 

0 . 0 0 2 ^ 2 4 6 
mm water equivalent 

In this work we generated test projection data T in 
150 projection bins 2 mm wide covering 300 mm. The test 
pattern consisted of three sets of hot spots on a 200 mm wide 
background (Fig 4). The first group has 5 hot spots 4 mm wide 
with 4 mm wide cold spots between them. The second group 
has 4 hot spots 6 mm wide with 6 mm wide cold spots. The 
third group has 3 hot spots 8 mm wide with 8 mm wide cold 
spots. 

0.01 

HBLBI8-4IZT 

2 4 6 8 
mm water equivalent 

10 12 

Figure 2: Best fit q(z) positron range projected point spread 
function (PSF) for the four isotopes, showing the effect of 
positron range only. 

Figure 3: Line spread functions (LSF), computed from the 
PSFs of Fig 2. 
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Note that the most commonly used reconstruction algo­
rithms work by first filtering the projection data to deconvolve 
the function 1/R, and then backprojecting. By modifying the 
filter (a multiplication in Fourier space), the positron range 
can be deconvolved during the reconstruction with no addi­
tional computational effort. 

Equivalently, the projection data S' can be convolved 
with a function K, called the range deconvolution kernel: 

T = K®S' K = 7-x\T(R)Y (6) 

The square of the increase in rms statistical error (the variance 
amplification) (Fig 6) may be computed as the sum of the 
squares of the elements of K. 

[B/BJbu\* = Y.«i 

5. Interpretation of Results 

(7) 

Figure 4: Test projection data in 2 mm wide projection bins of 
three groups of hot spots (1000 events per bin) added to a 200 
mm wide background (1000 events per bin). The first group 
has 5 hot spots 4 mm wide with 4 mm wide cold spots between 
them. The second group has 4 hot spots 6 mm wide with 6 
mm wide cold spots. The third group has 3 hot spots 8 mm 
wide with 8 mm wide cold spots. 

The projected line spread functions (Fig. 3) were in­
tegrated over each bin to produce the distribution R, which 
was convolved with the test projection data T to product the 
distribution S = T g> R. 

Si = E Tj-i ' Rj 
3 

Gaussian noise was then added (Fig 5A): 

3 = 5- + E<Ws 

(3) 

W 

where Qt is a random variable, uniformly distributed between 
-0.5 and +0.5. This added noise had a mean of zero and a vari­
ance equal to the number of events per bin St. The projection 
bin data were treated as independent measurements. 

4. Procedure for Deconvolving Positron Range 

The blurring due to positron range can cause a significant dis­
tortion in the initial distribution T. To describe the effect of 
range blurring only, we define a Systematic rms deviation be­
tween the initial projection data T and the burred projection 
data S: 

\ 
1 " 

- E 
(Si - T,) 

Ti 
(8) 

The addition of Gaussian noise further degrades the 
data, and this can be described by the familiar statistical 
rms deviation between the blurred projection data S and the 
blurred, noisy projection data S'~-

\ 
1 " 
i E 

[Si - Si) 
(9) 

Together, the difference between the S' and the initial 
distribution T can be described as a combined rms deviation 
between the initial projection data T and the blurred, noisy 
projection data S': 

E = gP^l (10) 

After the deconvolution process described in Equation 5, the 
systematic error is very small but the statistical error has been 
increased, as described by the rnis deviation between the initial 
projection data T and the deconvolved projection data 3": 

To deconvolve the positron range blurring for each iso­
tope, the 1-dimensional discrete Fourier transform of the ar­
rays 5' and R were computed. 1 8 The deconvolved projection 
array 7" was computed as the inverse Fourier transform of the 
quotient (Fig 5B): 

r = 7-x[T{S')l7(R)\ (5) 

Because the positron range distribution has a significant 
fraction of annihilations in the central 1 mm bin, the decon­
volution process is able to recover frequencies on the order of 
0.5 cycle per mm, but only by amplifying the noise component 
at these higher frequencies. The result is an increase in the 
statistical uncertainty, as shown in Table 2 and Fig 6. The 
increase is less for emitters that have lower positron energy, 
and less for wider projection bins, because the positron range 
distribution best preserves the lower spatial frequencies. 

\ 
(T! - TO' 

Ti (U) 

As seen in Table 2, by reducing the systematic error, 
the mathematical deconvolution of positron range can reduce 
the rms deviations between the initial and deconvolved distri­
butions, even though the statistical component is increased. 
For example in the case of B G a , 2 mm bins, and the projec­
tion data of Fig. 4, the positron range blurring causes an rms 
deviation from the initial data of 14.5%, which is increased to 
14.9% by the addition of Gaussian noise. The deconvolution 
procedure reduces this rms deviation to 8.1% due to the de­
crease in systematic error, even though the statistical errors 
have been increased in the process. It will be the subject of 
future work to determine the effect of this procedure on re­
constructed images as a function of bin width, isotope, and 
number of events. 
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Figure 5: 
(A) Test data of Fig 4 convolved with the LSFs for "C, B G a , and E 2 Rb (Fig 3) and added to Gaussian 
noise with mean = zero and variance = number of events per bin. Light lines show original data. 
(B) Data from B after deconvolution of the positron range LSFs. 

4 



I ' l l 1 ' 1 1 1 
Rb-82 

' 1 

20 
Ga-68 

-

10 - CI 1 \ -

5 

F-18\ 
^ \ ; 

2 

I ^ T - — I . T 1 . 1 1 
0 1 2 3 4 5 6 

Projection Bin Width (mm) 

Figure 6: Plot of the variance amplification (7) that results 
from the positron range deconvolution process 

TABLE 2: CHANGE IN SYSTEMATIC AND STATISTICAL 
ERRORS DUE TO THE FOURIER DECONVOLUTION OF 
POSITRON RANGE 0 

Isotope W 
(mm)' 

E,y. 
(Eqn 8) 

E,tat 
(Eqn 9) 

E 
(Eqn 10) 

E' 
(Eqn 11) 

18p 1 
2 

2.4% 
0.4% 

2.9% 
2.4% 

4.0% 
2.5% 

3.3% 
2.5% 

n C 1 
2 

6.0% 
2.6% 

2.7% 
3.0% 

6.7% 
4.1% 

4.4% 
3.3% 

6 8 G a 1 
2 

16.1% 
14.5% 

3.2% 
2.8% 

16.5% 
14.9% 

20.0% 
8.1% 

"Rb 1 
2 

25.3% 
24.8% 

2.7% 
2.6% 

25.8% 
25.0% 

47.2% 
22.5% 

° For the projection data of Fig. 4 
* Projection bin width, usually one-half of the geometrical spa­
tial resolution FWHM. 

6. Conclusions 

(1) Positron range blurring can be mathematically removed 
from PET projection data by Fourier deconvolution. 

(2) The deconvolution process amplifies the noise, and this 
effect is greatest for narrow projection bins and for positron 
isotopes with large maximum positron energy. 

(3) The method significantly reduces systematic errors due to 
positron range blurring, and improves the quantitative accu­
racy of the amount of positron activity in each projection bin. 

(4) This method will be most effective for l l C data at resolu­
tions from 2 to 5 mm FWHM and for S 2 Rb data at resolutions 
from 5 to 15 mm FWHM. It does not appear as important to 
deconvolve the position range blurring from 1 8 F and n C data, 
because it is less than other factors such as deviations from 
180° emission. 
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