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Recent calculations (Ref. 3), however, have extended Apjp to well beyond the LNG 

maximum, to values of 5 or so. In some of these cases, the lack of global mass conservation 

(and, as a consequence, a lark of species mass conservation) has been both noticeable and 

sometimes rather deleterious. 

The purpose of this report is therefore to show how global mass conservation can be 

addod to the existing FEM3 model and to recommend a procedure for doing so. 

Before embarking on this path, however, it may be well to pause and address the 

question: "Why should or would one even consider or use an anelastic model rather than 

a fully compressible one when A.p/p >> 1?" The answer to this cogent question is partly 

historical, partly physical. The historical part is easy: we already had incompressible 

flow experience and codes, and a generalized anelastic model was thus a reasonably simple 

extension. The "physical answer" is more difficult, but is basically the same as that offered 

earlier (Ref. 4): it is believed that most of the fluid dynamic phenomena of interest in LNG 

and related heavy gas "spills'1 are essentially incompressible in their behavior. This means 

of course that we must exclude from consideration/simulation those few phenomena that 

aren't. Thus, e.g., we do not propose to model exploding sources (or explosions of any 

sort) or any other physical situation in which sonic waves are relevant. Another 'exclusion 

area" would be the addition of mass thru a boundary to an otherwise closed system. 

We seem to have accumulated sufficient experience via field test verification (Refs. 5-9) 

that our anelastic model is indeed reasonable — at least for Ap/p < 0(1). Herein we show 

how it can be extended to situation in which mixtures of ideal gases are present such that 

Ap/p >> 1 (owing to differences in molecular weight and temperature •— not pressure) 

but that shocks are not present and that flow is still "basically incompressible." 

2. S U M M A R Y O F T H E S O L U T I O N 

The key observation for the generalized anelastic equations is that the equation of 

state — the ideal gas law in our case — relates density to pressure. Thus, the "average" 
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density (and hence total mass) is proportional (all else fixed) to the average pressure 

a situation thai is quite different from the conventional Boussinesq fluid, in which density 

is a function of anything but pressure — e.g. temperature and composition. This fact, 

coupled with several others, allows us to conserve mass by introducing an explicit equation 

for this purpose an option not present in a Boussinesq model. 

To set the stage, let us first recall a Boussinesq fluid model and see how it fails to 

conserve mass (yet is used very heavily!): the Boussinesq fluid obeys, e.g, the equation 

of state of a 2-component system, p = p0\\ - 0T(T - T0) - &C{C - C0)\ where p0 is the 

reference density at the reference temperature [T0) and the reference concentration (C 0), 0T 

is the volumetric expansion coefficient and flt is an analogous coefficient for concentration 

changes. The global (total) mass in a domain of fixed size f! is m = / n pdV. Now the mass 

conservation equation for this same fluid is V • u — 0 where u is the velocity; i.e., the 

fluid is assumed to be incompressible. This divergence-free constraint leads immediately 

to the global conservation law, / r u • ndA = 0, where r = dU is the boundary of 0 and 

n is the outward-directed unit normal vector. Consider now a situation with inflows and 

outflows with variable temperature and composition — i.e. with variable density: The true 

net outflow of mass is then given by | r pu • ndA and the true global mass conservation 

equation is 

But, as is well known, this equation is not included (and cannot be) in the Boussinesq model 

and is thus generally not satisfied. Rather, this model gives (implies) the non — physical 

results: ^ = -p0^(3T /n T d v + 0cfacdv) ^ independently, / r n • udA = 0, both 

of which are quite independent of actual mass conservation, since T and C are each ob

tained from their respective conservation equations (typically advection-diffusion equa

tions). What makes the above model "work" at all is that Ap < < pB is an inherent re

quirement for its validity and utility; this leads directly then to the necessary consequence 

that both LHS and RHS of (1) are (negligibly) "small," though not generally equal. 
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For the anelastic model used in FEM3, the (local) mass conservation equation is 

V • (/iii) = 0, (2a) 

which implies 

f pn • n dA = 0; (26) 

ro net mass flow is allowed to leave (enter) the domain. But the equation of state for this 

(generalized) anelastic model is the ideal g!fc law, 

p = PM/RT (3) 

where the molecular weight (M) is a function of gas composition. Hence, since m = J n pdV 

(still) it is clear that global mass conservation — Equation (1) — along with the anelastic 

fact of no net influx given by (2) implies that we need dm/dt = 0 or, what is equivalent, 

m = m 0 , where m0 is the initial mass contained in fi. The global mass conservation law 

that needs to be added to the FEM3 model is thus 

rn = fngfdV = rn0 = fnPodV=fn™dV (4) 

where m„ and p D(x) are (must be) considered to be known. It is thus a consequence of 

the new anelastic model that 2 separate and somewhat independent statements of global 

mass conservation are in effect; (2b) and (4). The old model had but one — given by (2b). 

(Note that this is at least better than the Boussinesq model, which displays 2 separate 

"non-conservation laws.") 

In the remainder of this paper, we show how to incorporate (4) into the model and that 

the manner of so doing is (not surprisingly) a function of the velocity boundary conditions 

(BC's) on T. For alternative ideas in this direction, and different equations, see Paolucci 

(Ref. 10). 

Remark. Just as the Boussinesq model can be abused (e.g. by employing it when the 

density changes are not small), so too could the new anelastic model; and we give one 
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example here: If a large mass of dense fluid were to leave the lomain (by gravitational 

spreading thru an outlet boundary for example), and be replaced by light fluid entering 

from the 'other end", then the use of (4) would be wrong since in fact the total mass in 

ft would not remain constant. Here (4) would cause an unrealistic pressure increase in 

order to preserve the initial quantity of mass. In this case both (2a) and (4) would be poor 

simulation models. The job of the modeler (i.e., code user) is to employ the model only in 

situations that are sufficiently close to those assumed by (inherent in) the model, 

3 T H E C O N T I N U U M E Q U A T I O N S 

We assume that the generalized anelastic equations of the type used in FEM3 (Ref. 1) 

apply, we assume ideal gas behavior of all species (this seems to imply that liquid water 

or other liquids must be assumed to occupy zero volume), and we assume that initial 

conditions (lC's) are given in terms of momentum (pu), temperature, and mass fraction of 

species, and in such a way that (2) is satisfied (in order to have a well-posed problem; see 

Ref. 11) and that m 0 is computable from (4) once the initial pressure and density fields 

have been determined. 

Only the relevant equations are considered herein — thus we omit here the explicit 

representation of the governing equations for temperature and species conservation. In the 

next section, however, we will indeed present the equations for species conservation. For 

now. the only additional governing equation needed is Newton's second law of motion, 

^ ^ - + (pu.) • V u + V P = ^ V 2 u + pg inft (5) 

subject to a combination of Dirichlet BC's, 

(pu)n = pu • n = [pu)D on TD (6a) 

where (pu)/j is given, and Neumann BC's, 

^ - r = f» ™r«, (66) 
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where /„ (the '"normal applied traction force'') is given, and TQ + T^ = T. We have 

purposely presented only the norma] direction BC's on I \ since they are the only ones 

relevant to the issue of mass conservation. It is to be emphasized however, that "tangential 

BC's" are also required in order to complete the problem specification. Note also that (7) 

ia the appropriate BC derived from the Galerkin weak form of (5) and that both (6) and 

(7) are currently used in the FEM3 code. Also, the product of density and velocity, [pu), 

is the dependent variable in FEM3 [so that u = [pu/p)] and the ideal gas law, (3), is used 

to replace p in the gravitational term in (5). 

The initial condition for (5) is 

/>(x.o)u(x,o) = p 0 ( x ) u 0 ) x ) where V • (p 0 u p ) = 0. (7) 

Inherent in (i.e.. implied by) Equations (2) and (5)-(7) is the pressure Poisson equation 

(PPE) of this particular anelastic fluid (see Ref. 11): 

V 2 P + S | - ( P M / ^ r ) = - V • [ H • Vu] - M V • (V 2 u) i n n , (8) 

^ = n . [ ^ u + s r g - ^ - ( p u ) V u ] o „ r D , 

(9) 

and P = —fn + p. du„/dn on T\ ) 

where gravity is (as in FEM3) taken to act in the minus ^-direction. 

Note that even if pu , T. and M are known, (3), (8), (9), and u = (/m)//> comprise a 

nonlinear system for density, pressure, and velocity — a significant complication over the 

PPE for the Boussinesq case. But we shall assume herein that an adequate estimate is 

available for u — both initially and during the flow evolution so that (8) and (9) comprise 

a linear problem for P. We will ignore the fact that the "final" velocity, computed from 

the given momentum and the "final" density, computed from (3) after solving (8) and (9), 
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is generally different; i.e., we shall assume that it is close enough to the original estimate 

to ignore the discrepancy. 

A. Dirichlet Data and the Hydrostatic Eigenfunction 

Consider the case T/v = 0; i.e., all BC's on the normal components of velocity are 

Dirichlet (specified). For this case it turns out — in rather close analogy to the Boussinesq 

model — that a hydrostatic pressure "mode" exists. Also similar to Boussinesq, a proper 

specification of up is required in order that a solution exist; viz. from (2) and (6a), we 

need 

fT{pu)DdA = 0 (10) 

in order for a solution to exist. It seems worth remarking here that it may be true that 

the only sensible BC's for this case are those with up = 0, since the constraint (10) may 

not be easy to satisfy at a specified outflow portion of T — e.g. how can one specify the 

quantity (pu) • n (where p varies) at outflow that is consistent with the desired solution 

in n? 

When (10) is satisfied, a solution exists because the necessary form of global mass 

"conservation" (no net influx) is satisfied; but so does a hydrostatic pressure mode — 

a function in the null space of the pressure "operator" (which operator is no longer 

self-adjoint, as it is in the Boussinesq case). To derive and appreciate this important 

but perhaps subtle point, set u = O in the above equations, to obtain the following 

homogeneous system for P: 
PM 

from (5), 

from (8), and 

V 2 p + flo^W>=0 i n ° ( 1 2 ) 

dP PM „ „ „ x 

dK=n*TlT ° n r ( 1 3 ) 

from (9), which is clearly also just (11) applied in the normal direction on T. 
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The non-trivial solution of (11)-(13), which always exists in principle, even when T 

is of complex shape and M and T are "arbitrary" functions of position, is in fact an 

eigenfunction of the full system — one that has both the "velocity* component (of the 

eigenfunction) equai to zero and eigenvalue equal to zero; i.e., it is an eigensolution in the 

null space. 

Calling this solution Pp/, we see immediately that if we add this function, or a multiple 

of it, to P in the governing equations, (5), (8), and (9), it drops out from both sides of 

all equations and leaves the rest of the solution unaffected — or so it seems at this point. 

In this regard, the function P// is much like the constant hydrostatic pressure mode in 

the Boussinesq equations — any additive constant to the Boussinesq pressure leaves the 

velocity field unaffected. 

Remarks: 

1. For the special case of an isothermal fluid of uniform composition in a closed box. 

the solution of (11)-(13) is simply Pjv(y) = P0e~y^H, the simplest hydrostatic 

pressure function, where P0 is arbitrary and H = RT/Mg is the "height of the 

isothermal atmosphere." 

2. We shall use this hydrostatic eigenfunction to enforce global mass conservation. 

The key features revealed by the analysis to this point are: (i) The Dirichlet problem 

(e.g. contained flow) carries with it a hydrostatic pressure eigenfunction, once the solv

ability constraint, (10), is satisfied; (ii) a seemingly arbitrary multiple of this eigenfunction 

seems to be an inherent part of the pressure solution (see also Sani et al, 1981). 

While these features are quite welt known in the case a conventional Boussinesq fluid, 

they are certainly less known and even a bit paradoxical in this anelastic case, when it is 

recalled that density is proportional to pressure. Here we see the apparent possibility of 

an arbitrary amount of mass in fl depending on the value of the multiplicative constant for 

Pji/\ But in this paradox lies the solution to the problem: we use this null space solution 

to enforce global mass conservation by selecting a particular value of the multiplicative 
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constant. How? By the following simple procedure: replace the continuity equation (2) 

or, what is equivalent (Ref. 11), replace the PPE (8) by the global mass conservation 

constraint, 
f PM „ r 

j0TFrdV = m<> W 
at one point (location arbitrary) in fJ (or on T). This procedure will simultaneously 

remove the singularity, implicity set the value (no longer arbitrary) of the hydrostatic 

pressure mode, and ensure that mass is conserved globally. (Equation (2) ensures that it 

is conserved, in some sense at least, locally.) 

The Boussinesq "analog," recall, is: omit V • u = 0 at one point, and set the pressure 

at any desired value at this same point. The differences, of course, are that the pressure 

"specification" for the anelastk model is not simply a local one, as this would not conserve 

mass — and that the value is not arbitrary. Thus, the interpretation of "replace the 

continuity equation at one point by a pressure specification there", which sets the pressure 

level in the system, must be generalized to "replace the continuity equation at one point 

by a global mass conservation equation" which also sets the pressure level. The former 

pressure level is arbitrary, but the latter is defintely not since it is set (though implicitly) 

by the global constraint. 

So, for the Dirichlet case, the problem of global mass conservation is now solved — at 

least in principle: replace the local continuity equation at one point by the global continuity 

equation. After considering the other relevant BC's, we shall show how these ideas carry 

over to the discrete (finite element) equations. 

B. Neumann Data and the Applied Normal Force 

When Tjv ^ 0, which is the more usual case for heavy gas applications wherein a 

BC of the form (7) is applied at "outflow" (or even lateral) portions of the domain, we 

no longer have a null space nor a hydrostatic pressure mode eigenfunction. We must 

therefore proceed differently in order to realize our goal of global mass conservation. To 

this end we need only to realize that the BC given by (6b) is very close to one of "specified 
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applied normal force (per unit area)". If we neglect the viscous term in (6b), which is an 

especially good approximation when the Reynolds number is large, this 3C looks like one 

of specified P on Tp/. Realizing this, we now need only to specify P "properly" — ie. so 

that we conserve mass by (again) setting the right pressure "level". 

So how should /„ be selected? This is a very good question whose answer, even for the 

Boussinesq case, is not yet really known. One common method that sometimes "works" 

there is to just set /„ = constant and, for convenience, set the constant to zero, ie. /„ = 

0 is often used for a Boussinesq fluid, in which case it is a fact that if /„ = 7, say, were 

used instead that the velocity and temperature fields would be unaffected and the pressure 

would everywhere be 7 units larger. This latitude in choosing the constant value of /„ is 

used up in the (mass conserving) anelastic model, in the obvious way, as we shall soon 

show. 

Another and often better specification of /„ for Boussinesq problems is to assume that 

the pressure field !s close to hydrostatic at the outlet (see, eg. Leone et al.(Ref. 14)) and 

to thus set fn to be the hydrostatic pressure there; ie take 

dP 

on T/v which can be integrated (in principal) to give P[y) at the outlet, and finally, set 

f„ = — P(y). Clearly this is an implicit BC in that P is part of the solution being sought 

. Note too that in performing the integration, one must chose another "constant" -— the 

constant of integration. Here too the selection of this constant is arbitrary for a Boussinesq 

fluid, but not for an anelastic fluid — as shown below. 
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C. Enforcement of Mass Conservation When FN ̂  0 

In the case where /„ = constant is selected, the proper procedure for the anelastic model 

is simple to state: consider the constant value of /„ on Ty as an additional unknown and 

add the global conservation equation, (4), to the system in order to determine (implicitly) 

this new unknown scalar. Easy to state, perhaps not so easy to implement (as for the 

hydrostatic pressure mode case) — a subject that we'll get to in due course. 

For the hydrostatic outflow EC, the solution is almost as simple — and may be obvious 

by now: Treat the constant of integration in (14) as an additional unknown scalar and 

add (4) to the equation set to determine (again implicitly) the value of this scalar. Eg. 

P[y) - P0- f% p(y')gdy', where of course we have assumed p{y) is known — and (4) is 

used to determine P0. 

4. CONSERVATION OF SPECIES 

While the additon of a global mass conservation constraint is important, so too is the 

assurance of global species conservation — and this too is a problem in the current version 

ofFEM3(Ref. 3). 

In this section we study the global species conservation in 3 ways: (i) as it now exists 

in FEM3, (ii) as it would exist if the global mass conservation equation were included, (iii) 

as it probably should exist. In all cases, we study the simplest case for global conservation 

analysis with a closed domain (u • n = 0 on T) that is also impermeable to mass diffusion 

(Dn • Vw, = 0 on T, where D is the diffusion coefficient and w, the mass fraction of species 

»•) 

A. Current Model 

The code now solves 

^ + 1 1 - ^ 0 ; , = -V-pDVu,,; i = l,2..N, (15) 
at p 

N 
where N is the total number of species; and, by definition of mass fraction, £ w, = 1. 

t=i 
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To study the inherent conservation properties of (15), we first rewrite it, using (2a), as 

Now we integrate over the domain, employing the divergence theorm and the conditions 

that n • u = 0 and n • Vuii — 0 on T, to yield 

JQP^V=0, (16) 

which is the "conservation law" built into the current model (and code). 

To assess this result, recall the rigorous species conservation equation, 

at 
+ V • ( W ) = V - (pDVui) (17) 

which would be equivalent to the simpler (advection - diffusion) equation given by (15) if 

the true continuity equation, 

^ + V . ( „ u ) = 0 (18) 

where satisfied. But (18) is not satisfied — either in the current version or in the one 

recommended herein. The integration of (17) over ft gives the proper equation for global 

species conservation: 

The stage is set. Let us see now how m,- = ^ / n pUfdV might vary in the current 

model. We have 

which, using (16), gives 

which is not zero since w, > 0 and dp/dt ^ 0 because p varies owing to (3) and the fact 

that P, M, and T one time-dependent. If, for example, dp/dt is largely negative (as seen 
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in Ref. 3), then (20) shows that the system will lose "species i" as well as the sum of all 

species- In fact, summing (20) over all species gives 

showing at least that the sum of spurious component masses does agree with the total 

spurious total mass. 

B. Current Model With Global Conservation. 

If we now invoke the new global constraint equation, it would help in that, while rh, 
N 

is still given by (20), at least the sum of all species equations would be conserved; i.e., £ 
t= i 

mi - 0 from (4) and (21). 

C. Suggested New Species Equations. 

If we change the FEM3 model from (15) to (17), the global species conservation equa

tion is the proper one — (19). But this conservation law also follows if we solve the simpler 

(and "consistent" with the momentum eqn) equation 

^ g ^ + /m • Vwi = V - pDVw]- (22) 

i.e., (2a) makes (22) equivalent to (17). 

Note that summation of (22) over all species yields 

| = 0, (23) 

and that a similar summation of (19) gives, consistently, the integral of (23) over the 

domain which agrees with (4). So while the recommended approach will conserve mass 

better, it may do so in a manner that is both "too strong" and somewhat inconsistent and 

therefore might even cause problems — i.e., rather than (18), the new model would imply 

that dp/dt and V • (pu) each vanish, separately. And the inconsistency is contained in the 

implied equation, (23), since in fact dp/dt ^ 0 because p varies implicitly with P, M, and 

T. 
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The change — from (15) to (22) — is, however, quite easy and thus recommended at 

least for testing. It may be well to perform the code change in 2 steps, though: (i) enforce 

global mass conservation first, (ii) change (15) to (22) later. 

To implement this equation in FEM3 in a way that resembles the treatment of mo

mentum, we might let C, = pui, and solve 

dCil&l + pu • V{Cilp) = V • pDV{Cjp) (24) 

for C, and then compute u>, = Cijp at each step. 

5. THE "DEPARTURE" EQUATIONS 

In FEM3 and in most CFD models, the equations are slightly simplified and numerical 

accuracy increased (the latter reason being the more important) if the basic, and largely 

hydrostatic pressure field is removed form the governing equations. Herein we do this by 

deriving the equations as departure from an isothermal "atmosphere" at rest, which is also 

the basis for the current equations in FEM3. 

Let T0 be a constant temperature. A quiescent ideal gas then satisfies the hydrostatic 

equation, 

T j£ = -* 9, (25) 

where 

Ph = -jgjr- (28) 

is the density of a gas (usually air) with constant molecular weight, Ma. The solution of 

these equations is 

Ph = Pae-y/» and ph=p^-*lH, (27) 

where H = RT0/Mag,Pa is the pressure at "ground level" (y = 0) and pa = PaMjRT0. 

Typically Pa will be taken as atmospheric pressure — at least for outdoor heavy gas 
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simulations; i.e. in the field. In any event Pa is a known fixed pressure (and pa a fixed 

density). 

We now introduce the departure (or deviation) quantities 

ST = T - T0, SP = P-Pk, 6p = p- P h , and SM = M - Ma, (28) 

and insert (25)-(28) into (5) to give 

^ ^ + (pu) - Vu + VSP « M V 2 u + 6pg. (29) 

We keep the full density in the pu terms and also in the continuity equation, which thus 

remains unchanged, 

V . (pu) = 0. (2a) 

Next, we use (3), (26), and (28) to eliminate Sp; ie, 

MSP + Ph SM - PhMa ST/T0 Sp = """ T ^ ^ ^ ^ . ^ / ^ 0 ( 3 0 ) 

where (recall) M and 6M are functions of gas composition; e.g., 

l/M=Zuj/Mj, (31) 

where ui} is the mass fraction of the j-th constituent gas with molecular weight Mj and 

there are N different gases (or species). 

Remark: The Sp equation can be rearranged and then approximated to read Spjp = 

SP/P + SM/M — ST/T from which the Boussinesq approximation can be seen to be close 

to the following: "Assume SP/P is much smaller than the other fractional changes and 

neglect it." 

The PPE corresponding to (ie implied by) the above equations is 

with associated BC's 

^ = n.(„v>u + ̂ ^« g -wr/ r , )_*JgL_ ( p u ) . V u ] o n r D ) ( 3 3 ) 
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and 

6P = (i^-6fn on rw, (34) 

where 

6fn = f„-f!l = fn+Pk; (35) 

ie., the "applied normal force" is now a departure from the hydrostatic pressure of the 

quiescent isothermal state. 

The global mass conservation equation, (4), becomes mo = fa(ph + SpjdV or 

fy 6 p d V = fn MSP+Ph6MR-PhMaST/T0dV = ^ ^ ^ ( 3 6 ) 

where TOO is given, pn is given by (27), and all other terms except SP are considered to 

be known. This equation may be more "useful" if all the known (though time-varying) 

quantities are transposed to the RHS; viz, 

/ MSP _ , t . ST TQ6M, _ v l H „ . .„_. 

which is now more easily interpretable as a global constraint equation on the pressure (ie 

on SP). 

Once we examine BC's and the manner of enforcing (37), we will move (finally) to the 

semi-discrete equations. 

If Ty = 0, we again first require that (10) be satisfied, after which we again replace 

(2a) at one point by the mass conservation equation, (37). 

If Tjv ^ 0, we must properly specify 6f„ in (34). If we choose the /„ = constant BC, 

then 6f„ in (34) is an unknown scalar and (37) is its corresponding equation; i.e., SP in 

(37) is considered to be — Sf„ in (34). If we use the hydrostatic BC, (14) becomes 

9SP 
^ - = -SPS (38) 

which is (in principle) to be integrated along y with the integration constant considered 

as an additional unknown that is to be determined from (37) — again rather implicitly. 

Details come later. 

17 



6. THE SEMI - DISCRETE EQUATIONS. 

The FEM equations, most of which are already in the FEM3 couc, arc bilsuy described 

next so that we can finally focus on and achieve the final goal: an algorithm for the 

computer. 

The momentum conservation equation, (29), becomes 

MU + [N{U) + Ke)u + C6P = M.j6p + F, (39) 

where U = "pu" is the vector of nodal momentum, 6P is the vector of centroid pressures, 

K = N{U) + Kc is the "advection + diffusion" matrix, M is the mass matrix (usually 

lumped and not to be confused with molecular weight!) and My the "vertical component" 

mass matrix (and includes g), bp is a vector of nodal densities computed from the appro

priate discretized version of (30), and F accounts for boundary conditions, especially the 

Neumann type, where it contains the important 6f„ terms. 

We now address the 6p term in (39): While ST,T,6M, and M are inherently "nodal" 

variables, the other terms in (30) are not. Ph{v) can, however, easily be evaluated at nodes 

via (27) — or even taken as constant if H is sufficiently large — but SP is definitely a 

"centroid variable" in the code; i.e. in the momentum equation and in the PPE. Thus 

before (30) — or any other equation needing SP at nodes, such as (37) — can be used 

to compute bp, the pressure must be "smoothed to the nodes" (represented hereafter 

symbolically by 6P = EbP) via the prescription described in Ref. 12 and already in the 

code. This step is also important in that it filters out any spurious pressure modes that 

might be present; i.e., we generally could not use centroid pressures in any form of the 

ideal gas law because they are often polluted by spurious modes (Ref. 12). 

The discrete analog of the continuity equation, (2a), is 

CTU = g, (40) 
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which is actually the discrete form of the time-derivative of (2a), d\V • (pu)\/dt = 0. g(t) 

represents specified "velocities" (ie pa.) on T. The discrete PPE now follows from (39) and 

(40): 

[CTMlC)bP = CTM~x\Myl>p+F - Ku] - g, (41) 

which also incorporates all BC's (as do (39 and (40)). If Tjy = 0, the pressure matrix, 

CTM~iC, is singular owing to, at least, the (constant) hydrostatic pressure mode; if not, 

it may or may not be, depending on the possible existence of spurious modes which in turn 

depend on tangential BC's. These facts will be of interest later. 

Remark. It is also of interest to note that the discrete form of (30), combined with (41) 

and u = (pu)/p again (as in the continum) comprise a nonlinear system (now algebraic) 

for density, pressure, and velocity. Again though we will assume velocity to be known. 

Actually, it may be worthwhile to digress a bit more at this point to discuss pressure 

modes and solvability — though perhaps somewhat abstractly. Viz, suppose for simplicity 

that T is constant (and so is the gas composition) and we consider solving the PPE (41) 

totally at centroids — via 6p — jffSP — and we expand 6P consistently into the piecewise 

constant basis functions. This would lead to a PPE of the form 

(^M^C + CTM~lM)6P = CTM-l{F - Ku) - g, (42) 

wherein M,j = ^ ? / n 4>tVj is a sort of mass matrix where <j>i is a (vertical) velocity basis 

function and <tj is the pressure basis function. We note first that A = CTM~}C + 

CTM~lM is unsymmetric, so that solvability issues relate to null vectors of the adjoint 

matrix; ie to AT = CrM~lC + MTM~lC. Note too, though, that all "conventional" 

pressure modes ala Sani et al. (Ref. 12) — ie. those vectors Pm such that CPm = 0,m = 

i,2 N, where N is the dimension of the null space of C — are also pressure modes 

for AT (though not necessarily of A). Then, since solvability of (42) requires the RHS be 

orthogonal to all null vectors of the adjoint system, we get the interesting result 

Pm9 = 0 m = l,2,...N (43) 
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which is the same set of solvability constraints that exists for a Boussinesq fluid. In 

particular, the constant hydrostatic pressure mode (for Tjy = 0), PH, can still be present 

in AT and Pjjg = 0 reflects (as for Boussinesq) the discrete requirement for global mass 

conservation in the sense of (10) for the continuum, even though PJJ is not now a null 

vector of A — as it is for the Boussinesq case, in which AT = A. The spurious CB modes 

(Ref. 12) are also present in this case. Finally, the (non-constant) hydrostatic pressure 

mode vector, the analog of (l l)-(13) for the continuum, is that obtained by solving (42) 

with the RHS set to zero — and, for the simple case being considered, this vector would 

approximate P0t~ylH, where PQ is arbitrary since global mass conservation is not present 

in the system represented by (42). But the bad news here is that the null space of the 

original matrix (A) would generally be polluted with one or more null space vectors that 

do not correspond to pure pressure modes, with the result that the final velocity field could 

(and generally would) be polluted and thus probably meaningless! In addition, if we were 

to replace one of the equations in (42) by the discrete form of (37), the resulting matrix, 

whose null space dimension would be reduced by one, would no longer even be banded — 

rather, it would couple all of the elements the mesh. 

Finally the appropriate global mass conservation equation, (37), is left in the continuum 

form for simplicity and convenience. It is clear though that the domain integrals there will 

be replaced by summation over elements, most likely via the usual 1-point quadrature 

approximation: all integrals in element j are evaluated at the centroid (note the "reverse 

smoothing" of the pressure from nodes back to elements — a necessary evil), the resulting 

expression is multiplied by the volume of element j , and a summation over all elements 

performed. 

Note that we have two new and complicating features not found in the current FEM3 

model: (i) bp in (41) is a function of 6P and so is F when Tp/ ^ 0, and (ii) all pressures 

in the mesh are coupled via (37). To solve the new system sim, ly and rigorously, but 

probably too expensively (there's no free lunch — especially in FEM), we would transpose 
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the "pressure part" of bp to the LHS of (41) and add the global conservation law, (37) 

to the equations of (41) as referred to earlier in the discussion of (42). The net effect 

would be a (much) modified pressure matrix. If I"jv = 0, one continuity equation would be 

omitted from the original equations, (39) and (40), and replaced by (37); and if T^ jt 0, 

the unknown part of F in (41) would also be transposed to the LHS as an unknown so 

that the augmented (by one) equation set has also an augmented solution vector. (For the 

T r̂ = 0 case, the total number of equations and unknowns would remain the same since 

one pressure equation is replaced by the global constraint equation.) 

But we shall try to solve the problem in a more cost-effective manner — as represented 

by (41); i.e., with 6p on the RHS. Toward this end, we devise (necessarily, it seems) more 

convoluted algorithms that do not change the existing pressure matrix (which then comes 

complete with its usual entourage of pressure modes — including, when Tjv = 0, the old 

constant hydrostatic mode) and can (it seems) cope with spurious modes. The scheme 

will be broken down into 2 parts: startup, and post-startup (the general step), and each of 

these parts will be subdivided according to the BC's on the normal momentum equation. 

A. Startup/Initialization 

The scheme to be described below could (and perhaps should) also be used at each 

time step, but would probably be too expensive. It may also be expensive at startup 

wherein no good initial guess is available — and, unfortunately its not even guaranteed to 

work (converge) then. Nevertheless, it is probably crucial that it be done and done well 

at t = 0; ie the initial pressure (and density) field must be consistent with the total mass 

in fi. Ii; (or a similar one) will probably work. 

We must first (in principle) be given a momentum field that satisfies the discrete form 

of (7) [CTU0 = flr(O)] and BC's that satisfy (when TN - 0)Pg g = 0 which is the discrete 

version of (10), a temperature field, and concentration (mass fraction) fields. But since it 

seems improbable that one will be easily able to specify a divergence-free initial momentum 

21 



field in the general case, a "mass-constant adjustment™ will probably be a necessary "pre

processor" step: viz, given U0 that does not satisfy CTU0 = g0 and g[t) that does satisfy 

Pjf g = 0 when Tjy = 0, project this vector onto the nearest divergence-free subspace by 

first solving [CTM~lC)X = gB — CTU0 for the Lagrange multiplier and then computing Ua 

that does satisfy CTU0 — g0 from U0 — U0 + M~1CX. (Note that this machinery is already 

contained in FEM3.) 

A common way to "preinitialize" may thus be: 

i. guess an initial velocity field; 

ii. solve for the hydrostatic pressure and density fields by solving (3) and (14), 

iii. compute the initial (non-divergence-free) momentum field, U0, 

iv. project this momentum field onto the divergence-free subspace to give U0, 

v. use the initial (hydrostatic) density field to compute the initial (and final) mass 

(m 0 ) in the system — via (4) — and 

vi. compute the final the initial velocity field by dividing the initial mass-consistent 

momentum field by the initial (hydrostatic) density field. 

(Note that we require and assume that the true initial density field — to be computed 

next — will always be close to hydrostatic . . . ) 

We now must solve the linear system, given by (30) and (41), for P0 and p0\ i.e., the 

initialization step, with m0 known. We consider Dirichlet data {Tfi = 0) separately, again, 

from other cases. 

1. "Contained" flows (pu - n is given on F; Tjf — 0) As mentioned earlier, the only 

practical applications of the Tjy = 0 case seems to be contained flows, with u • n = 0 

on F; but the discussion below applies more generally. For this case we must deal with 

a (constant) hydrostatic pressure mode in C'rM~xC and usually also with some spurious 

CB modes ( 1 in 2D, many, though usually countable, in 3-D, at least when "pure"; see 

Ref. 12). Once the (known) RHS, of (37) is computed, which we shall call m'0 and regard 
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as fixed, the proposed algorithm is as follows, with (37) written as 

j^dV^mo,: (44) 

1. Set 6P = 0 and compute 6p from (30) for use in (41) 

2. Set 6P = 0 as a BC for (41) on those elements associated with pressure modes; eg. 

if all CB's are present, set 6P = 0 on 2 adjacent elements along the ground (2D) 

or in a!! elements "lying on" the x-,y—, and z-axes in 3D — plus one more; see 

Fig. 8 of lief. 12. If fewer (or not any) CB's are present, reduce accordingly the 

number of pressures pegged (The CTM~lC matrix is now no longer singular.) 

3. Solve (41) for 6P; filter to nodes (SP = E6P) to get 6P (and to kill CB's). 

4. Determine an additive constant AP, the same for all elements, such that (44) is 

satisfied; ie solve 

M 

where of course the donu Hi Jitegrals are approximated by "summation" over ele

ments. Set (5P(n»w> = 6P + AP. 

If | A P |< cPc (where P c is some "characteristic" pressure and ( is a to-be-

determined-by-trial-and-error user input parameter), stop. Else, 

5. Using 6P = i p ( r e H ) , compute hp from (30) and then compute a new RHS for (41). 

6. Update the pressure BC for (41) by changing the value of the specified elements 

to ^ p ( n e w ) obtained from the neighboring nodal values of £ P ( n e w ) (by averaging). 

Go to 3. 

Remarks: 

((») Here wc must hope that convergence occurs rapidly enough that 

the "pressure diffusion" caused by smoothing is not too serious. 

(ii) The pressure pegging seems to be necessary to gain control over the 
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hydrostatic mode; ie the pressure level. 

For an example of a simpler ( U 0 = 0) case, consider a zero wind case in the Thorny 

Island "trials" (Ref. 13); and the heavy gas is initially contained in a topless and bottomless 

box with collapsible "curtain" walls. The best approximation here seems to be that the 

pressure at the top of the box (some few meters above the ground) is the same for both air 

and heavy gas — and given approximately by P{h) = Pa — p0gh, where Pa is atmospheric 

pressure, pa the air density (at ground level), and h the box height. The pressure at 

the bottom of the inside of the box would then be similarly approximated by P{0) = 

P{h) + pgk — Pa + (p — pa)gh, where p is the heavy gas density. The total mass, m0, 

can then be computed and saved for later use in (37). Note that this hydrostatic pressure 

distribution will be valid only up to the time of "starting" the experiment — ie dropping 

the curtain. Note too that we could almost as easily account for the exponential rather 

than linear decrease with height — the results would differ little, however. Now at t = 0 + , 

the (new) pressure field must be obtained by solving (41) wherein u is known (it is zero) 

but 6p is not. The density will change because the pressure will — ie it is no longer a 

hydrostatic system (even within the "box"). (Eg. whereas the pressure at t — 0 was 

discontinuous across the curtain, it must be continuous (though Sp is not, owing to SM) 

at t = 0 + . ) The PPE (41) must be solved simultaneously with (37) and (30), wherein the 

only unknowns are 6P and Sp. This solution will be obtained by the iterations described 

above. 

2. Flow - thru domains. (TN £ 0) 

This case seems easier since the /„ BC sets the (hydrostatic) pressure level and the 

filter removes any CB's that might be present; i.e., there seems to be no reason to "peg 

pressures." We also distinguish between the 2 /„ BC's as: constant or hydrostatic — 

only the former of which is currently available in the code for 3D simulations and would 
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probably be most heavily used in any case. After setting 6fn = 0 on IV for computing F 

in (41) and computing m'0 as in the first algorithm, the remainder of these algorithms is: 

2a. 6fn = constant. 

1. Set 6P = 0 and compute 6p from (30) for use in (41). Set 6fn = 0 in F in (41). 

2. Solve (41) for 6P\ filter to nodes (6P = E6P) u> get SP. 

3. Solve for AP as in the first algorithm (step 4) and test its size as there. 

4. Set £ P l M W ) = 6P + AP and compute Up from (30) and its contribution to the RHS 

of (41). 

5. Set Sf„ = - 6 P ( n e w > and recompute F in (41). Go to 2. 

Remarks: 

(i) If the initial pressure field happens to be hydrostatic, this approach will not find 

it. (A similar remark, often applies to a Boussinesq model, however.) 

(ii) To compute 6 / „ , ^P ' , 1 ' w l should probably be re-evaluated at (boundary) the ele

ment centroids, since it has been determined (Ref. 14) that this generates more 

accurate results. 

2b. Hydrostatic 5f„. 

This case differs from case 2a in that we apply the discrete form of (38) on Tf/. 

So, rather than setting 6f„ = — 6PVatwi in that algorithm, we proceed as follows: Set 

6P(0) = AP at the starting point of the (vertical) integration and use the current value 

of 6p to integrate (38) for 6P = -6fn(y). Update F via this 6fn on the RHS of (41). 

For 2D cases, the integration could easily start at the bottom element at outflow, for 3D 

(not in code), it might be better to set 6P[0) = AP at all top outflow elements (assuming 

them to be at the same elevation) and integrate each column of elements downward to 

the ground. This scheme appears to have the advantage that it could properly find a 

hydrostatic solution. 

In conclusion, the converged iterations from any of the above (or other) algorithms 

provide a proper Initial pressure (and density, via p — Ph + 6p) field, which is used to 
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provide a portion of the acceleration to the momentum field, via (39); i.e. this initial 6P 

is used to advance the velocity field and we're on our way. 

Remarks: We could just call this one inner iteration by now updating the initial velocity 

field — i.e., divide the momentum by the new density. We dispense with this step herein, 

however, in the interest of simplicity, and simply assume that it is neither necessary nor 

important. 

B. Post Startup. 

We shift gears after getting started since the iterative procedures discussed above are 

probably too expensive to perform at each step, even though they would probably converge 

in fewer iterations since a good starting guess (of 6p) is available. 

Rather, we suggest a "dragged" 6P approximation, in which the RHS of (41) is always 

one step behind in the 6P portion of Sp. 

Given a newly updated momentum (pu), temperature, and concentration (and thus 

molecular weight), the general procedure for advancing to the next time step is as follows 

(after-computing p — Pfc + dp and u = (pu/p): 

1. Update 6p via (30), using the most current information — which includes 6P from 

the previous time step; ie, 6P is dragged in (30) and on the RHS of (41). 

2. Solve (41) for 6P and filter to nodes to get 6P. 

3. Update the RHS of (37) and solve for the pressure correction as before; ie. 

(0 «t = « o - f c / 0 ( l - ? + $^)e-«"-K 
and {«.•) A P = K - / n ^ P d V ) / / n g ? d V 

4. Set £ P ( n s w ) = SP + A P 

The completion of the time step depends on BC's: 

5a. If Tjv = 0, re-set the pegged element pressures to i p ( n e w ) ; i.e. each centroid value 

is updated based on £P( n e w ) at the surrounding nodes. These values are used to 

update the specified pressure BC for the next solution of (41). 
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5b. If Tjv / 0 i\nd Sfn = constant is the cnosen BC, reset 6f„ to - * P < n e w ) on Tjf and 

update F on the RHS of (41) for the next pressure update. 

5c. If Tpt ^ 0 and the hydrostatic BC has been chosen, update the "constant of 

integration" to AP, integrate (38) to obtain the appropriate pressures on T r̂, set 

6fn = -6P there, and update F on the RHS of (41) for the next pressure update. 

6. Update the momentum via (39) and the temperature and concentrations by their 

respective equations, compute p = ph + 6p, and u = (pu)/p. 

This completes the general time step — or at least the first pass at same. No doubt 

certain subtleties have been overlooked and certain refinements can and will be added. One 

key uncertainty that would be nice to resolve before embarking on a code modification 

would be an analysis of the stability of the dragged 6P approximation; i.e. are there 

perhaps systematic errors in the process that eventually cause problems? Hopefully not, 

and the best test may well be to try it — and this is the recommendation. If necessary, 

occasional iterative updates, aid startup, could be performed — but hopefully this wilt not 

be necessary. (Once A P 0 has been found, A P should be small during time integration.) 

7. S O M E T E S T P R O B L E M S 

The problems described below may be useful in both checking/debugging and to help 

better understand the generalized anelastic model. 

^- Lid — Driven Cavity The interesting issue here is the effect of the ideal gas law on the 

solution — especially near the lid-wall intersection, which is known to cause a l /r pres

sure singularity in the incompressible case. The steady-state anelastic equations are 

somewhere in between the steady compressible equations and the steady incompressible 

equations: 

(i) The incompressible solution is isothermal and displays corner singularities. The 

velocity is independent of gravity. 
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(ii) The compressible solution probably is not isothermal (owing to adiabatic heating) 

and does not (I believe) exhibit corner singularities. The velocity is a function of 

gravity, 

(iii) The generalized anelastic solution is isothermal and gravity-dependent, but does 

not exhibit singularities. 

The physical question is: how in fact would air (say) behave in such a (low Mach 

number — always pressumed herein) laboratory experiment? How does it differ from 

an incompressible fluid, as a function of, Reynolds number (even Stokes flow may he 

rather different!), cavity average pressure, and cavity temperature? Perhaps in fact, these 

physical questions are tough enough to render the numerical simulations of questionable 

value. (Has the driven cavity simulation been performed with any truly compressible 

codes?) Hopefully, if 6pfpa << 1 (SP/Pa « 1), the anelastic model would behave close 

to the incompressible one . . . but how can pressure vary like 1/r and still be "small"? 

B. Thermal Cavity This is the "Venice contest problem," using the Boussinesq model, 

well-documented by de Vahl Davis et al.). The issues here seem to relate to items 

other than corner singularities, viz: 

(i) How does air (the subject fluid in the reference — of least implicitly, since Pr = 0.71 

there) behave for Pa = 1 atmosphere and T0 = "cold" (say 200°K) or hot (say 

400°K)? 

(ii) How does the solution differ from the Boussinesq result if, instead of raising the 

temperature of the left wall by AT/2 and lowering that of the right wall by the 

same amount, the right wall (say) is held fixed (at To, or even some other constant 

temperature) and the left wall increased by ATI The Boussinesq model would give 

the same flow field and (simply) shifted temperature and pressure fields. 
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C. Thorny Island Experiment 

The simulations here involve an IC of a (topless & bottomless) box of heavy gas (say 

via large molecular weight, or via cold air) sitting on the ground in a quiescent atmosphere. 

At f = 0 f , the walls are removed. 

In each of the simulations discussed below, all 3 of the "far-field" BC's should be tested 

and compared (ie in one case the box of heavy gas (say 6p/pa = 5—10) is contained in a 

much larger box of air; in the other 2 cases, the side walls on the larger box are replaced 

by "flow-thru1- BC's.) 

1. i = 0. Here the test is just to be sure the code can obtain the proper hydrostatic 

solution, both inside and outside the "small" box. 

2. t > 0 but curtains (walls) still present and diffusive heat and/or mass transfer are 

permitted. The basic idea here is to verify that the time-dependent, but basically 

hydrostatic solution will properly conserve mass. 

Perhaps the simplest example here is to partially fill the box with a cold heavy 

gas — this is t = 0. Then for i > 0 remove heat from to this gas by conduction 

to the ground. The cooling gas should "shrink" and the average pressure in the 

full domain should decrease automatically in such a way that the mass at t = 0 

remains present for all t > 0. 

3. Drop the curtain at t = 0 + . The now continuous pressure field is to be compared 

for all 3 lateral BC's. 

4. Ditto except i > 0. Ie., finally, let the heavy gas fall and spread. Verify mass 

conservation and compare the 3 BC's. Here it may be a good idea to also go to a 

small 6p/pa case and see that the results tend toward those from the Boussinesq 

model. 

29 



S. ACKNOWLEDGMENTS 

Long before H. Rodean got our attention by pushing the original anelastic model a bit 

too hard. J. Leone was properly suspicious of both the full implications contained in the 

equations and in the manner in which they were solved in the FEM3 code. His astuteness, 

both then and rerrntly (ip during the preparation of this report) is much appreciated. 

9. REFERENCES 

1. Chan, S. T., (1983). TEM3—A Finite Element Model for the Simulation of Heavy-

Gas Dispersion and Incompressible Flow: User's Manual," UCRL-53397, Lawrence 

Livermore National Laboratory, Livermore, CA. 

2. Daly, B. J., and W. E. Pracht (1968). "Numerical Study of Density-Current Surges," 

The Physics of Fluids, 11, No. 1, 15-30. 

3. Rodean, H. C , (1987) "Mass Conservation for Instantaneous Sources in FEM3 Simula

tions of Material Dispersion," UCID-21226, Lawrence Livermore National Laboratory, 

Livermore, CA. 

4. Lee, R. L„ P. M. Gresho, S. T. Chan, and C. D. Upson, "A Three-Dimensional, 

Finite Element Model for Simulating Heavier-than-Air Gaseous Releases Over Variable 

Terrain,", Air Pollution Modeling and Its Applications II, Plenum Press (1983), 555-

573. 

5. Ermak, D. L., S. T. Chan, D. L. Morgan, and L. K. Morris, "A Comparison of Dense-

Gas Dispersion Model Simulations with Burro Series LNG Spill Test Results," J. Haz. 

Materials, 6 (1982), 129-160. 

6. Chan, S. T., H. C. Rodean, and D. L. Ermak, "Numerical Simulations of Atmospheric 

Releases of Heavy Gases over Variable Terrain," Air Pollution Modeling and Its Ap

plication III, Plenum Press (1984), 295-341. 

so 



7. Chan, S. T., and D. L. Ermak (1985). "Further Assessment of FEM3—A Numer

ical Model for the Dispersion of Heavy Gases over Complex Terrain," UCRL-92497, 

Lawrence Livermore National Laboratory, Livermore, CA. Presented at the 1985 J AN-

NAF S&EP Subcommittee Meeting, Monterey, CA. 

8. Ermak, D. L., and S. T. Chan (1985). "A Study of Heavy Gas Effects on the Atmosheric 

Dispersion of Dense Gases," Air Pollution Modeling and Its Application V, Plenum 

Press, 723-742. 

9. Chan, S. T., D. L. Ermak, and L. K. Morris (1987). "FEM3 Model Simulations of 

Selected Thorney Island Phase I Traits," to appear in J. Haz. Materials. 

10. S. Paolucci, "On the Filtering of Sound from the Navier-Stokes Equations," Sandia 

National Labs Report SAND 82-8257, UC-13; December 1982. 

11. Gresho, P. M., and R. L. Sani (1987). "On Pressure Boundary Conditions for the In

compressible Navier-Stokes Equations," Internationa! Journal for Numerical Methods 

in Fluid, Vol. 7 1111-1145. 

12. Sani, R. L., P. M. Gresho, R. L. Lee, and D. F . Griffiths (1981). "The Cause and Cure 

(?) of the Spurious Pressures Generated by Certain FEM Solutions of the Incompress

ible Navier-Stokes Equations: Part 1," International Journal for Numerical Methods 

in Fluids, Vol. 1, 17-43. 

13. McQuaid, J., "Objectives and Design of the Phase I Heavy GAs Dispersion Trails," J. 

Haz. Materials, 11 (1985), 1. 

14. Leone, J., P.M. Gresho, R. L. Lee, and R. L. Sani (1983), "Flow-Through Boundary 

Conditions for Time-Dependent, Buoyancy-Influenced Flow Simulations Using Low-

Order Finite Elements"/UCRL-88103. 

si 


