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Abstract 
An evolutionary process in linear acceleration test methods and test doctrine began 
about 1960 in Sandia's development test laboratories. This evolution is traced over the 
years with highlights given to the more significant test methods used to test inertial de
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Small Centrifuge Test Methods and 
Operations: A Primer-Reader 

With Historical Anecdotes 

1. Introduction 

The field of Applied Mechanics is well covered 
in the reasonably complete environmental test 
laboratory. 

Vibration is well represented by the old standbys 
of sinusoidal and random tests, and by the newer 
disciplines of shock spectra testing and modal analy
sis. Mechanical shock covers a wide gamut of sine, 
haversine, square, triangular, sawtooth, pyrotechnic, 
and other pulse shapes, using a battery of equipment 
ranging from standard impulse and impact machines 
to shock tube, flyer plate, and light-initiated explosive 
facilities. Static testing provides stress and strain 
measurements using high-quality loading equipment 
capable of providing hundreds of thousands of pounds 
of force and pressures of tens of thousands of pounds 
per square inch. Linear acceleration can be provided 
from 0 g to more than 50 000 g. Modern programmable 
centrifuges can simulate acceleration-time curves of 
almost any shape. 

Environments have been combined—some with 
ease, some with difficulty. Temperature conditioning 
can usually be combined with any of the above envi
ronments. Vibration has been combined with linear 
acceleration. The various disciplines have moved to
ward each other in such a way that traditional bound
aries have become blurred: the vibration lab can do 
quality shock spectra testing, and the shock lab must 
know a bit about vibration to analyze pyrotechnic 
shock test results. Knowledge of the dynamics of both 
vibration and linear acceleration is necessary to a 
successful environmental combination. Modal analy
sis uses shock-induced vibrations to determine the 
modal responses of the test item. It is no wonder that 
there is copious literature available to the test engi
neer. The vibration engineer can, with ease, put to
gether a bookshelf of quality volumes describing vi
bration dynamics at any level of complexity. Perhaps 

the shock engineer has a smaller choice of books, but 
good volumes on shock and impact are available—and 
shock and vibration symposia are held with regularity. 
The static test engineer can take advantage of the 
overwhelming volume of literature on advanced 
strength of materials and stress analysis. Bound vol
umes are available on the proper use of strain gages. 

When it comes to linear acceleration, the silence in 
the literature is deafening. Occasional papers appear 
discussing isolated facets of centrifuge dynamics and 
test hardware. But no one has ever published a defini
tive text on linear acceleration as provided by a centri
fuge. The neophyte centrifuge test engineer soon finds 
that undergraduate texts on dynamics are about the 
only literature available. Even then, not all texts are 
really helpful. Quite often the derivation of the equa
tions of motion in cylindrical coordinates is found as a 
text problem for homework assignment. No university 
ever offered a course in advanced linear acceleration; 
it sounds funny even to suggest it. 

The reason for the dearth of literature is obvious. 
Classic linear acceleration testing is dull. Not many 
theses can be squeezed out of a steady state accelera
tion test where the only measurement made is "accel
eration equals R omega squared." 

About 1960, this situation began to change at 
Sandia National Laboratories. The appearance of 
increasingly precise, accurate, and complex inertial 
devices put great pressure on the Laboratories' centri
fuge capabilities to provide better equipment and an 
improved test doctrine. The 5% -accuracy test of 1960 
has given way to the struggle for a 0.01 %-accuracy 
test today. In the attempt to achieve 0.01 % -accuracy 
testing on programmable centrifuges, an intimate 
knowledge of the effect of centrifuge performance 
capabilities on the dynamics of test becomes 
mandatory. 
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What seemed at the time to be a slow, evolution
ary process in the provision of better centrifuge test 
techniques now appears, after a quarter century, to be 
a revolution in centrifuge environmental test meth
ods. This paper is written to provide some documenta
tion of a part of this change. It is not the definitive text 
that may be published someday; it is, as the title 
states, a primer in some facets of centrifuge lore and a 
partial history of some test methods attempted. 

There are three large categories of centrifuge work 
at Sandia: small centrifuge component development 
testing, small centrifuge component production test
ing, and large centrifuge system testing. Each has its 
own special problems and solutions. 

The small centrifuge component development test 
group must emphasize flexibility and economy. The 
test group must be able to subject small quantities of a 
particular design to any test possible. This generally 
requires very flexible software and inexpensive fixtur
ing. Because the test quantities are small, there is little 
need for data processing. If the total expected test 
quantity is four units, it is hard to justify a $10K 
fixture. This small-quantity testing is the subject of 
this report. 

The engineer in the small centrifuge component 
production test group must prepare to subject large 
quantities of components to a limited number of tests 
over a time span of years. Repeatability is the goal—it 
must be possible to compare the data collected on the 
last production unit with that collected on the first. 
Software will be fixed and rigid; quantities of data will 
be very large and subject to intelligent analysis. Fund
ing is available for high-quality fixturing. The prob
lem solutions found by the production engineer may 
be totally different from those found by the develop
ment engineer. That is their tale to tell. 

The large centrifuge system test engineer has the 
worst of the two worlds above. The number of tests 
may vary from a single development test to repetitive 
tests performed over a time span of decades. Data 
channels can number in the hundreds. The system 
test engineer is faced with the data base problems of 
production testing at the same time that equipment is 
wearing out or becoming unrepairable through obso
lescence. Solutions to system test problems would 
make interesting reading. 

Although small centrifuge development testing is 
easiest, the development test engineer gets the first 
crack at new problems. 

10 

k. 



2. Fundamentals 

The steady state centrifuge test, in which the 
radius and angular velocity are constant, can be de
scribed by the ancient and honorable "acceleration 
equals R omega squared." Tests in which the radius 
and/or angular velocity vary require more information 
to understand and explain the test situation. Eight 
basic relationships are fundamental to understanding 
the test centrifuge. Each is considered in some detail. 

2.1 The Equations of Motion 
The cylindrical coordinate system is specially 

suited to the general test conditions on the centrifuge 
because the forces, displacements, velocities, and ac
celerations of interest can be easily resolved into radi
al, tangential, and vertical components. The equations 
of motion in this system are derived in Appendix A. 

The set of equations is presented in the usual form 
of force, mass, and acceleration. The very useful accel
eration form is found by dividing the equations 
through by the mass, m. These two sets of the equa
tions of motion follow: 

Force Acceleration 

F, = m(r - Td^) A, = r - rfl̂  (1) 

F„ = m(r0 -I- 2f0) A« = rS -h 2id (2) 

F, = m z A, = z (3) 

On the centrifuge, the z axis is usually taken to 
coincide with the axis of rotation and is positive 
upwards.* The r axis is a radius vector extending from 
the z axis to the point of interest on the centrifuge or 
test item; r is positive outwards. The 6 axis, perpendic
ular to the z and r axes, leads the r axis by 90°and is 
positive in the direction of centrifuge rotation. (For a 
reversible machine programmable through zero, an 
arbitrary choice of positive 6 must be made.) 

* Vertical spindle machines are assumed throughout this 
paper. However, horizontal machines have been built. In 
1967, I saw a collection of high-speed horizontal machines 
used for artillery fuze tests at Harry Diamond Labs. 

Three of the acceleration terms have names. The 
term -rd'' is properly the centripetal acceleration. 
However, in the jargon of environmental testing, it is 
also known as radial, normal, and (improperly) cen
trifugal acceleration. The minus sign of this term 
indicates that the acceleration vector is directed in
board to the center of rotation. The term T6 is the 
tangential acceleration, and the term 2f6 is the accel
eration of Coriolis. It should be noted that both the 
tangential and the Coriolis accelerations are positive 
in the direction of increasing B. 

For a steady state test, both r and 6 are constant. 
Therefore 

r = 0 ; r = 0 ; ^ = 0 , 

and Eqs (1) and (2) reduce to 

A, = -Td^ and A, = 0 . 

This is the familiar term used to compute the value of 
acceleration in steady state testing. 

Two things should be mentioned. First, acceler-
ometers used on a centrifuge will "read" A„ A ,̂ and A .̂ 
Second, A, and A^ are coupled—a change of accelera
tion in one direction always results in a change in the 
other. 

In the past, another valid coordinate system has 
been used occasionally to obtain the equations of 
motion for a centrifuge. The equations of motion for 
the tangential and normal component system are de
rived in Appendix B and are given here. 

Ft = ms 

and 

I'll = • 
P 



These equations, although complete, are difficult to 
use. To make them usable, the simplifying assumption 
of constant radius is made. With the radius constant, 
then (from Appendix B), 

p = r; s = r(9; and s = rS, 

from which, by substitution, 

Ft = mr^ 

and 

F„ = -mre^ . 

Because of the assumption of constant radius, the 
above equations are incomplete. They are Eqs (1) and 
(2) with constant radius. 

2.2 Angular Acceleration 
and Torque 

In the consideration of test feasibility or perfor
mance, the relationship between input drive torque 
and output angular acceleration must occasionally be 
known. Consider a mass, m, rotating about a point as 
shown in Figure 1. 

Figure 1. 

Because m is a rigid body, the radius to the differential 
element of mass, dm, is constant. The equations of 
motion for dm reduce to 

F, = -Td^ dm 

and 

F,, = rfl dm . 

The drive torque, dT, needed to accelerate the 
mass element, dm, is equal to the forces applied to dm 
multiplied by the moment arm from the center of 
rotation. Since F, is colinear with the radius vector, r, 
its moment arm is zero. Therefore the torque equation 
becomes 

dT = rF, = T^edm . 

Integration over the body m gives 

T = UT = 0 [r̂  dm . 

However, the integral of r̂  dm is defined as the 
moment of inertia, Î , giving the final relationship: 

T = I,^ . (4) 

This equation describes the torque required to impart 
a needed amount of angular acceleration to the centri
fuge; it does not describe all torques. Torque must be 
supplied to overcome drive friction and windage losses 
even though the angular acceleration is zero. (The 
"windage" torque required to drive long-radius and/or 
high-speed machines usually controls the drive power 
requirements in centrifuge design.) 

Other, more unusual, forces can generate torque 
requirements. For instance, Coriolis forces, as will be 
seen, can put heavy demands on the centrifuge drive. 

2.3 Angular Momentum 
Considerations of angular momentum rarely enter 

into computations regarding individual tests on the 
centrifuge. But the angular momentum of certain 
fixture types can cause a change in centrifuge speed. 
Also, angular momentum is involved in very basic 
considerations of centrifuge safety. For that reason, 
the principle of angular momentum is developed in 
Appendix C and presented here. The angular momen
tum of the centrifuge is 

H, = i,e . (5) 

Also, the time rate of change of angular momentum is 
equal to the sum of the net moments or torques acting 
on the centrifuge. 
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This equation might be compared to Eq (4). It should 
be noted that nothing in the derivation requires Î  to 
be constant. 

Conservation of momentum is one of the bedrock 
laws of physics. Mother Nature is very conservative 
and resists change. This causes problems when pro
gramming a centrifuge. 

2.4 Gyroscopic Torque 
A high-speed rotating element, such as a drive 

motor for a mechanical timer or air blower, can have 
additional bearing forces imposed because of gyro
scopic torque. These forces can be significant. The 
equation of gyroscopic torque is developed in Appen
dix D and presented here. 

F£ = Ii 1̂ ^ sin (8 , (7) 

where £ is the distance between the bearings. 

This is a peculiar equation; the test engineer will 
rarely need to evaluate it in detail. But, by being aware 
of the meaning of this relationship, he can avoid 
making fixture design mistakes, can avoid making test 
setups that are unfair to the test item, and can, on rare 
occasions, draw the customer's attention to potential 
disaster. The meaning and application of Eq (7) will 
be discussed elsewhere. 

2.5 Velocity Change 
As acceleration is derived from a velocity function 

by taking the derivative with respect to time, velocity 
is related to acceleration by taking the time integral of 
acceleration. However, the integrated acceleration is 
not the velocity of the test item, but is the velocity 
change. The absolute velocity depends on the bound
ary values assigned to the problem. The velocity 
change is defined as ~* 

AV = a (t) dt . (8) 
JT, 

In the case of constant acceleration, Eq (8) becomes 

AV = a(T, - T.) . 

Centrifuge testing of inertial devices often requires 
measurement of the velocity change. Also an aware
ness of velocity change occasionally enables the test 
engineer to correct test specification errors made by 
the customer. 
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3. Centrifuge Hardware and Test Criteria 

There are a number of relationships and perfor
mance measurements that can give guidance in the 
selection of centrifuge hardware and allow objective 
evaluation of centrifuge test operations. In the follow
ing discussion, it is assumed that centrifuge accelera
tion is computed from the fundamental measurement 
of radius and angular velocity. Furthermore, it is 
assumed that angular velocity is measured by using a 
digital counter to find the frequency or period of the 
output pulse train of a shaft encoder. 

3.1 Shaft Encoder Performance 
A centrifuge shaft encoder can be either of two 

fundamental types: magnetic or optical. 
The magnetic encoder is the older type. It takes 

the form of a toothed wheel. Near the rim of the wheel 
a magnetic pickup is placed in line with an extended 
radius of the wheel. As a tooth passes the transducer a 
voltage pulse is generated that triggers a counter. The 
older versions of the magnetic pickups have two 
faults: 

• The air gap between the teeth of the wheel and 
the head of the transducer is critical. If the 
toothed wheel is not sufficiently round or if the 
center of the wheel does not coincide with the 
center of rotation, a sinusoidal variation in the 
amplitude of the transducer output occurs. This 
variation can get so bad that the transducer may 
not have any output during part of a rotation. 

• They have no dc output and are therefore 
sensitive to velocity; the wheel must be moving 
past the head to obtain an output. For this 
reason, the older version is not reliable in low-
acceleration tests. 

The more recent versions of the magnetic trans
ducers do have a zero speed (dc) output; they sense the 
presence or absence of the wheel tooth. They are 
therefore not sensitive to velocity and can be trusted 
to low accelerations. 

The optical encoders have a dc output and are 
not as sensitive to the run-out problems of the mag
netic encoders. There are two fundamental types of 
transducers: 

• One has a built-in light source that, if reflected 
by a near surface, returns to the sensor head. 
This sensor can be mounted in the same manner 
as that for the magnetic pickup. In fact, the 
same toothed wheel could be used to give alter
nating reflective and nonreflective surfaces. 

• The other has a separate light source that shines 
through a photo-etched glass disk onto the light 
receiver. Alternate transparent and opaque re
gions allow the position encoding. 

The biggest advantage of modern optical encoders 
is their resolution. If a tooth (or matching gap) of the 
toothed wheel is 0.050 in. wide, the circumference of a 
600-tooth wheel is 60 in. and the diameter is 19 in. 
Modern commercial optical encoders can pack more 
than 30 000 pulses per revolution (ppr) into half the 
diameter of the 19 in. of the 600-ppr metal wheel. 

The relationship between encoder ppr, centrifuge 
speed, and measured frequency is easy to find. Let the 
ppr be written as a power of 10: 

ppr = p X 10" , 

where p is an integer. 

For a system intended to measure speed in rpm, the 
frequency is 

M^) X (P X 10") (^ 
f(Hz) = ^ " " ^ , 0 , / • / " ' ^ • 60 (sec/min) 

If p = 60, then 

f = N,„„ X 10" (Hz) . 

Thus an encoder intended to measure angular velocity 
in rpm should have a ppr of 60, 600, or 6000. (The 
next choice, 60 000 ppr, if available, might not be 
reliable at high speeds.) 
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If the intended speed readout is to be in rps, the 
frequency becomes 

f(Hz) 
\ s e c / 

X p X 10" f P H ^ ) 
\ rev / 

If p = 1, then 

f = N,„, X 10" (Hz) . 

The encoder to be used in an rps system should 
therefore have 1, 10, 100, 1000, or 10 000 ppr. (No 
100 000 ppr encoders are known.) 

The unit of angular velocity in the SI system is the 
radian/second. The number of ppr for such a system 
can be found as above: 

f(Hz) 
N ( ^ ) x p x i O " f P H ! ? ^ ) 

\ s e c / \ rev / 
2 w rad/rev 

For f to "read" in rad/sec, p must equal 2ir: 

2ir = 6.2831853-f . 

This cannot be done, as the number of ppr must be an 
integer. If it were decided to make an approximate 
encoder, the following choices would be best: 

ppr 

6 
63 

628 
6283 

% error 

-4.5 
+0.27 
-0.051 
-0.0029 

This is as large as is feasible, as the next ppr is 62 832, 
which is probably not possible for a high-speed 
encoder. 

This exercise in finding an SI encoder is not 
totally academic. If the SI encoder were available, 
then -K would not be used in computation of accelera
tion. The systematic error caused by using ir in obtain
ing acceleration from N ,̂,, and Nj,,,^ would be traded 
for the systematic error resulting from hiding -K in 
the encoder. The trouble is that modern computers 
or pocket calculators can give v with much more 
accuracy than the encoder can ever approach. There 
may never be a useful SI encoder. 

Note: Requiring an encoder to provide read
ings in rpm and rps is strictly a convenience 
for the human data taker. If data are taken by 
computer, the only upper limit on ppr is maxi
mum frequency. A 36 000 ppr encoder was 
once used on the Goerz 452 centrifuge. At the 
peak centrifuge speed of 500 rpm, the output 
frequency was 300 kHz. This encoder fed 
transmission lines ~ 3 0 ft long, and data were 
never reliable at the higher speeds. 

3.2 Acceleration Measurement 
Accuracy 

Given an existing or proposed shaft encoder and 
radius system, it is proper to ask what accuracy can be 
expected in the resulting acceleration computations. 
The complete answer to this question requires a de
tailed study of the system hardware. How accurate are 
the widths and spacings of the wheel teeth of the 
magnetic system or of the photoetched lines of the 
optical system? How accurate is the counter? Does the 
counter clock drift with time? How well is the centri
fuge center of rotation known? If using a computer for 
data output, is the output rounded or truncated? 
These questions, and more, must be answered for a 
detailed study of a specific system's accuracy. How
ever there is an easy way to determine the limit of 
system performance—an accuracy number that can
not be beaten. 

3.2.1 Manual Centrifuge Operation 
When the centrifuge is being run in a manual 

mode of operation, the readout counter is used in the 
frequency mode of operation. There are two reasons 
for this: First, manual mode implies constant accelera
tion testing or, at worst, very slowly changing accelera
tion. (The operator must have time to read the 
counter.) Frequency measurement is slow because a 
full and proper reading takes a second; this slowness 
matches the speed of the control operation. Second, 
frequency readout in this situation is "human engi
neered." An increasing centrifuge speed gives an in
creasing frequency reading. If the counter is used in 
period mode, an increasing speed gives a decreasing 
counter reading; this is a very error-prone situation for 
the centrifuge driver. 
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For constant acceleration, Eqs (1) and (2) reduce 
to 

A, = -r^2 

and 

Since the manual test will be using a readout in N,p„ or 
N,p„ A, can be written (neglecting the minus sign): 

A, = CrN^ . (9) 

Now take the differential with respect to r and N: 

dA, = CN^ dr + 2CrNdN . 

Divide through by (9): 

dA, CNMr 2CrNdN 
A, ~ CrN' "*" CrN^ 

And, finally, by canceling terms, writing as finite 
elements, and expressing as a percentage. 

This equation shows that the fundamental accu
racy of the acceleration is equal to the sum of the 
accuracy of the radius measurement and twice the 
accuracy of the speed measurement. The term AN, in 
this equation, is " 1 " as an encoder and counter system 
can never be better than plus or minus one count. 

The accuracy also changes for each value of accel
eration because N increases with increasing accelera
tion. 

The use of Eq (10) to give a quick evaluation of 
test accuracy is shown in Table 1. In this table five 
centrifuges are evaluated for a 10-g acceleration test 
setup, with the test item at each centrifuge's nominal 
test radius. Radius is measured with a steel rule to the 
nearest 1/16 in., giving Ar as ±0.030 in. 

Table 1 

Centrifuge Name/Model 

Goerz Genisco Genisco Sandia Sandia 
452 E185 1079 HiOnset CA15 

Nominal Radius 
Encoder ppr 
10-g Speed (Hz) 
(Ar/r)100 
(2AN/N)100 
Accuracy (%) 

24 
6000 

12112 
0.125 

0.0165 
0.142 

72 
600 
699 

0.042 
0.286 
0.328 

30 
600 

1083 
0.100 
0.185 
0.285 

6 
60 

242 
0.500 
0.826 
1.326 

By using this quick method of accuracy evalua
tion, it is easy to see that the CA15 should never be 
used for 10-g tests. That, of course, is sensible as the 
CA15 has a peak speed of 20 000 rpm and is intended 
for very high accelerations (up to 42 000 g). The 
performance of the HiOnset could be improved to 1 % 
by improving the radius measurement to ± 0.010 in., a 
not-so-difficult task. The HiOnset is a special-purpose 
machine intended to give very short rise times to peak 
acceleration (max jerk achieved of 8 g/ms to 1000 g). 
This machine would not ordinarily be used for simple 
steady state testing. The numbers for the Genisco 
machines are good, although radius-measurement ac
curacy could be improved a bit for the 1079. The 
Goerz radius measurement could be improved to 
± 0.001 with reasonable effort, giving a best effort of 
0.021% for this test condition. It must be emphasized 
that Eq (10) is an accuracy limit; actual acceleration 
accuracy will be worse. 

Two more comments should be made about this 
topic. 

Accuracy Eq (10) can be written in terms of 
acceleration and radius by solving (9) for N and 
substituting into (10). The result can be differentiated 
with respect to r, and set equal to zero. The value of r 
that satisfies the zero derivative is an optimum radius 
that minimizes the accuracy equation for a given 
acceleration, radius accuracy, and speed measurement 
system. This is generally of little interest, but can be of 
value in the study of new centrifuge specifications. 

If everything else is equal, speed measurement 
accuracy is the controlling factor in long-radius test
ing, and radius accuracy is the controlling factor in 
short-radius testing. 
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3.2.2 External (Computer) Centrifuge 
Operation 

Modern programmable centrifuges are machines 
that can be driven to simulate acceleration—time 
functions that are experienced by test items during 
their expected use. Such functions can originate from 
missile launch, reentry, parachute deployment, or 
from any other source of time-variable accelerations. 
Some curves may be pure invention, designed by the 
test requestor to provide some useful information 
about component response. The usual items tested by 
programming are inertial switches and accelerometers 
or test items containing such devices. The inertial 
data taken are the accelerations, times, or time inte
grals of unit function. 

Although the programmable centrifuge can be 
driven by any sort of programmable function genera
tor, the data discussed here are taken by a computer 
that reads a digital counter that is set up to measure 
the period of the incoming encoder pulse train. 

Period is measured because frequency is too slow. 
Consider a simple inertial switch test on the HiOnset 
centrifuge. The HiOnset is to be programmed to rise 
to 1000 g in 0.2 s, to hold at 1000 g for 0.6 s and to re
turn to 0 g in 0.2 s for a total test duration of 1 s. It is 
desired to measure switch closure during the rise and 
switch reopen during the fall. If a full 1-s frequency 
measurement is made, only one reading of speed could 
be made during the complete test. The single data 
point would be useful only in determining the fact 
that the centrifuge was rotating. 

The steady state speed measurement is always the 
most accurate. To determine the limiting accuracy 
equation for period readings, start with the same 
radial acceleration term as before (neglecting the 
minus sign): 

A, = C, rN=̂  . 

From Section 3.1, 

f = CjN 

and 

-I-
By substitution of terms, 

A. = C 3 ; ^ . (11) 

Now, take the differential with respect to T and r: 

Cgdr 2C3rdT 

Divide through by (11): 

Cgdr 2C3rdT 

dA, T^ T^ 

X^'c^F c ^ • 
rp2 rp2 

Again, by canceling terms, writing as finite elements, 
and expressing as a percentage (and, again, neglecting 
the minus sign), 

A A, ^ /Ar 2AT\ 

_ : ( , „ . i o o ( - + — ) . ,12, 

This period accuracy equation looks the same as 
the one for frequency, but it is different in meaning. In 
frequency measurement, a variable number of pulses 
are counted in a fixed time. AN is one count. In period 
measurement, there are a fixed number of pulses, 
usually one or ten, counted in a variable time. AT is 
therefore the time resolution of the counter. If the 
counter has a 1-MHz clock, AT is 1 /its. 

Table 2 has been prepared to compare three pro
grammable centrifuges measured by period instead of 
frequency. As in Table 1, acceleration is 10 g and the 
test radius is centrifuge nominal. The time for ten 
periods will be measured and the counter will have a 
10-MHz clock, giving AT = 0.1 /us. Ar will remain at 
0.030 in. 

Table 2 

Centrifuge Name/Model 

Goerz Genisco Sandia 
452 1079 HiOnset 

Nominal Radius 
Encoder ppr 
10 Periods (/is) 
(Ar/r)100 
(2AT/T)100 
Accuracy (%) 

24 
6000 

825.6 
0.125 
0.024 
0.149 

30 
600 

9230.9 
0.100 

0.0022 
0.102 

6 
60 

41282.0 
0.500 

0.0005 
0.500 
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The new numbers listed in Table 2 change the 
accuracy numbers considerably from Table 1. The 
Goerz has not changed much, but the Genisco now 
looks to be the best of the three. The HiOnset would 
become very respectable with improved radius accu
racy. Since the Goerz is reputed to be the most accu
rate of the three machines, something must be wrong 
with the data. There is. The data are based on steady 
state, and steady state accuracy is edways the best. 
Also, the ability to get good program data depends on 
how fast the speed reading can be completed. Remem
bering that the HiOnset can change at a rate of 8 g/ms, 
the acceleration could change 330 g in the time listed 
for the ten-period measurement above. A better com
parison is made if the accuracy is based on equal 
rotation of the centrifuges. The best that can be done 
for the HiOnset is one period, or 6° of rotation. Table 
3 is a portion of Table 2 with the period data based on 
6° rotation for all three machines. 

Table 3 

Cr 

(0.9T)2 
1.2346 

Cr 

Centrifuge Name/Model 

(Ar/r)100 
Pulses for 6° 
10-g Period for 6° 
(2AT/T)100 
Accuracy (%) 

Goerz 
452 

0.125 
100 

8256.4 
0.0024 

0.127 

Genisco 
1079 

0.100 
10 

9230.9 
0.0022 

0.102 

Sandia 
HiOnset 

0.500 
1 

4128.2 
0.005 
0.505 

In terms of speed measurement accuracy, the Goerz 
and Genisco are now shown to be comparable. Radius 
accuracy controls for this 10-g situation. 

It is tempting to think that programmed data 
accuracy can be improved by reducing the number of 
encoder ppr; that is what the data in Tables 1 and 2 
seem to show. This is not true. The encoder ppr should 
be maximized and a counter with better resolution 
found. 

One special source of data error exists when read
ing period. It has been found that counters will occa
sionally count one less, and very rarely two less, 
periods than the counter is set for. The most common 
event of this type has been the reading of nine periods 
instead of ten. The computer, reading the data from 
the back plane of the counter, does not know the 
counter has short-changed the period reading by 10%. 
Since period is in the denominator of the acceleration 
computation, the delivered data will be high. If T is 
the true period reading, from (11): 

These high data readings can be salvaged by multiply
ing the value delivered by 0.81 quite safely if the time 
of the data event is known. 

Suppose a test is to be made as follows: The 
centrifuge is to be brought to speed and stabilized at 
5 g. Following stabilization, the acceleration is to be 
increased at 0.5 g/s until an inertial switch actuates. 
Actuation is expected in the vicinity of 10 g. The 
computer time clock starts at the beginning of the 
acceleration ramp. 

From the above, the acceleration applied to the 
test item can be written: 

A, = 5 -h 0.5t . 

If t = 10 s. A, = 10 g or the expected actuation point. 
If the delivered value of acceleration is 12.346 g at 10 s 
into the program, a nine-period error has occurred. 
For this, and other diagnostic reasons, both the accel
eration and time into the program should always be 
printed. 

This problem was studied intensively in the mid-
1970s, and some general statements can be made. 

1. For the particular counter studied, the error 
rate seemed to be ~ 1 error/600 readings. (This 
error rate led to a fruitless search for a defective 
output in the 6000-pulse encoder. Ten periods 
were being measured and 10/6000 = 1/600.) 

2. While the 1/600 rate seemed valid for random 
readings of period up and down the scale, the 
errors were not random with respect to individ
ual period readings. Some specific periods had 
a very high rate, while others never showed a 
single miscount. 

3. The preference shown by the counter in mak
ing errors for a specific period seems to show 
that the problem is one of synchronism. Each 
counter has a "dead" time, during which the 
counter prepares itself for a new reading. Ap
parently the incoming pulse train somehow 
subtracts 1 from the register that counts the 
number of periods if the pulse arrives at 
exactly the wrong time. 

4. The problem is not restricted to counters of a 
specific manufacturer. 

The observation in 2 above causes some compo
nents to show a high error rate in their data, whereas 
others seem immune. If a component is repeatedly 
actuating at a speed centered on one of the "preferred" 
periods, a high error rate will occur. 



Very rarely only eight periods will be read. In this 
case the acceleration is l/0.8^ or 1.5625, times the 
correct value. The correction factor is 0.64. 

Velocity change to actuation is measured by com
puter on the HiOnset machine. One period is mea
sured instead of ten, and the period is read at 2-ms 
intervals. If some integrals overflow the summing 
register, it may be found that the counter is making 0 
period errors. And one single period of zero (1/0) 
makes the acceleration integral very large indeed. This 
is corrected by substituting the average of the preced
ing and following reading for the infinite value(s) of 
acceleration. 

One comment about the use of the counter in 
computer data application: The counter can be set up 
in two ways. 

The counter can be held at reset until an incoming 
event line says to take a reading. It can then be 
released and allowed to take a reading. Since a finite 
time, ten periods, is required to complete the reading, 
the gathered data will always be a bit high on a rising 
acceleration curve and a bit low on a falling curve. 

If, on the other hand, the counter is in a "free run" 
situation, the incoming event signal-to-read can arrive 
anytime during the period measurement time. If the 
event signal arrives just as the counter starts, the 
computer will have to wait ten periods for the data, 
which will therefore be high on a rising curve. How
ever, the event signal can arrive a few microseconds 
before the completion of a period count. Since the 
computer does not have to wait at all, the data will be 
a bit low on a rising curve. Therefore, the free-running 
counter will give average accelerations much closer to 
the true event average than the delayed counter first 
described. 

ioo( , ) 

1% 
0.1% 

0.01% 
0.001% 

Table 4 

Parts per 
Million 

10000 
1000 
100 
10 . 

Ar for 10 in. 
(in.) 

±0.100 
±0.010 
±0.001 
±0.0001 

As can be seen, 1% is easy. Almost any kind of 
ruler can read within the limits shown, which is almost 
±1/8 in. The next value, 0.1%, is tougher because 
1/64 in. is 0.016 in. But vernier calipers with a good 
centrifuge reference surface can be used. To reach 
0.01% takes care, but it is possible. In this regime, 
temperature effects begin to cause serious difficulty. 
The last, 0.001%, takes special and extraordinary 
methods. 

The coefficient of linear expansion for aluminum 
at room temperatures is ~ 13 X 10"̂  per "F. The Goerz 
452 has an aluminum arm, and most tests are run at a 
nominal 24-in. radius. The protective tub of the ma
chine is also a temperature chamber. Tests are rou
tinely run at -65°F and + 200°F. If the radius were to 
be measured at 67.5°F, there would be a swing of 
±132.5°F about the temperature of measurement 
while at the temperature extremes. The change in 
radius would be 

Ar. Temp = 13 X 10-̂  X24 X ±132.5 = ±0.041 in. 

In terms of the 10-in. radius for Table 4, the term 
reduces to 

3.3 Radius Measurement 
Radius accuracy appears in both the frequency 

accuracy equation (10) and in the period accuracy 
equation (12) as an independent term. In fact, no 
matter how acceleration is measured, radius accuracy 
will stand alone. It might be well to take a moment to 
look at how difficult it is to measure a radius to 
achieve a desired test condition. 

Table 4 has been prepared to show how well Ar 
must be known to reach a desired radius accuracy. 
Remember that the acceleration accuracy will be 
worse as the radius term is only part of the story. The 
table is prepared for a 10-in. radius. Others can be 
obtained by simple proportion. 

Ar. Temp ±0.017 in. 

This means that, if the radius were measured to 
± 0.001 in. at the start of the test to achieve 0.01 % 
accuracy, the accuracy would degrade to ±0.18% at 
temperature extremes if the radius were uncorrected 
for temperature effects. 

As it turns out, nothing is easy. The Goerz has a 
bearing heater with the thermostat set to just-not-
operate with the centrifuge stabilized at -|-200°F. As 
the temperature drops below -|-200°F, the duty cycle 
of the theromostat increases in order to maintain 
proper bearing preloads. The heater has enough heat 
output to significantly raise the arm temperature at 
lower temperatures, which makes the Ar̂ ^̂ p computa
tion not nearly as easy as implied because the arm 
temperature will vary with radius. 
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For room temperature tests, 0.1% is not difficult 
and 0.01% can be reached. But temperature effects 
can cause great difficulty. 

Measuring radius to ±0.001 in. can be done on a 
general purpose centrifuge by a sum and difference 
method, if centrifuge structure does not interfere. 

General use machines will have some sort of 
mounting hole pattern arranged symmetrically at op
posite ends of a centrifuge diameter. Location pins of 
precise diameter are threaded in diametrically oppo
site holes of the mounting patterns. The diameter over 
the pins is measured with a proper micrometer or 
vernier caliper. The difference in radius is measured 
with a dial indicator (Figure 2). 

D=Ri+R2-
^LOCATION PIN Cj_5 

DIAL 
INDICATOR 

Figure 2 

The first measurement, D, will give the sum of ri and 
Tj. The second measurement, AD, will give the differ
ence between r, and T^. If it is assumed that r^ is greater 
than rj. 

have a special, very rigid, centrifuge arm. This arm 
would feature very precise reference surfaces to obtain 
the initial room temperature radii of test. A commer
cial laser interferometer would be mounted on the 
arm. As the arm stretched under inertial loading, or 
changed dimension because of temperature changes, 
the computer would monitor these changes of dimen
sion and continually update the radius for both con
trol and data purposes. For steady state testing and 
calibration of the then-embryo, very accurate acceler
ometers proposed for development, the centrifuge 
would be brought under feedback control. Estimates 
of accuracy that could be achieved showed that accel
eration data could be better than 0.01 % and velocity 
integrals better than 0.1%. 

This system reached the point of demonstration. 
A crude centrifuge arm was built as shown in Figure 3. 

LASER 
INTERF 

OPTICALLY 
FLAT FRONT 
SURFACE MIRROR 

^ 
r r tT LASER BEAM PATH 

CORNER 
REFLECTOR 

CENTRIFUGE ARM 
a 

c> 
Figure 3 

h + 

and 

i - i - i 

rj = D 

-2 = AD , 

from which 

1* — 
D-h AD 

and 

D-AD 
rj = 

2 

The radius to the center of the location pins is 
found by subtracting each pin's radius from ri and rj. 
Having found an accurate radius, it is an easy task to 
design fixtures that locate on the pins and that locate 
the test item in relation to the pin with any desired 
accuracy. 

For a really reliable radius accuracy measurement, 
the radius must be corrected for temperature and load 
strains. As originally envisioned, the Goerz 452 was to 

The laser interferometer was mounted coaxially with 
the centrifuge spindle to minimize acceleration loads 
on its internal parts and to allow independent heating 
or cooling air to be brought in through the existing 
port in the centrifuge tub roof. The laser light path, 
mirror, and corner reflector were built in a "tunnel" so 
that a dry atmosphere could be maintained to prevent 
dew or frost at low temperature. 

The demonstration system performed as intended 
and design definition work was begun to prepare a 
working system, but the project was stillborn—in
creasing workload and unrepaired losses of key per
sonnel prevented any further activity. 

One interesting bit of qualitative information 
emerged from the laser trials. The centrifuge tub has 
two ports through the tub wall to allow input and 
exhaust of the hot or cold gas for temperature condi
tioning. These ports are about 2 ft apart and have an 
inside diameter of about 4 in. The centerline of the 
ports is almost the same height as the centerline of the 
centrifuge arm. The laser data revealed clearly that 
the centrifuge arm showed a radius change every time 
the end of the arm passed an open port. Since there 
are two ports and two ends to the arm, four radius-
change pulses occur per revolution. 
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This implies that a rotating centrifuge structure 
should always present a constant surface, such as a 
turned cylinder, to its protective enclosure if truly 
quiet operating conditions are to be achieved. 

3.4 Problems in Geometry 
Up to this point, all discussions of the centrifuge 

have assumed that the axis of test has always been 
perfectly aligned with a radius, both in the rd and in 
the rz planes. No mention has been made of the fact 
that a test item has finite dimensions whereas accel
eration is a point measurement. The z axis has exactly 
coincided with the local gravitation vector. The fol
lowing will explore the effects on test measurements of 
misalignments and offsets, of static and dynamic arm 
deflections, of test item size, and of tilted centrifuges. 

3.4.1 Angular Misalignment 
If a test item is set up with its desired axis of test 

at angle a with the radius vector in the id plane, 
the effect on the equations of motion can be found 
(Figure 4). 

e ^^\y\ 
' ^ ^ ^ a x 

Figure 4 

Both A„ Eq (1), and A ,̂ Eq (2), will have compo
nents in the axial direction and in the direction per
pendicular to the axial direction. 

For the axial direction, 

Agj = Aj cos a + kfi sin a 

= (f - r'e^) cos a -h (r^ -I- 2W) sin a . (13) 

For the side load direction. 

As = -Ar sin a -I- A„ cos a (14) 

= -(r - r¥) sin a -|- (r^ -|- 2ih) cos a . 

For this general case, failure to align complicates a 
precision test. 

For the simplest condition of constant radius and 
angular velocity, Eqs (13) and (14) reduce to 

Aĝ  = -rfl^ cos a 

and 

Aj = xd'^ sin a . 

At this point, the maximum value of a that allows 
Aĝ  to stay within the limits given in Table 4 will be 
given in Table 5, along with the measurement of 
additional side loading at the limit. 

Aax 
(% of A,) 

99 
99.9 
99.99 
99.999 

Table 5 

Max 

8° 6' 
2° 33' 
0° 48' 
0° 15' 

a 

35" 
45" 
37" 
22" 

A. 
(% of A,) 

14.1 
4.47 
1.41 
0.447 

As seen before, accurate testing requires attention 
to all details of test. If, instead of the simple case of 
steady state above, the test performed is a reentry 
acceleration test of an inertial switch, the outside case 
of the switch may have a constant radius, but inside 
the case the inertial mass is moving. Because most 
inertial switches at Sandia are highly damped, one 
simplifying assumption will be made. Namely, it will 
be assumed that r = 0. Now Eqs (13) and (14) become 

A3, = -r^2 cos a + (r^ -I- 2x6) sin a 

and 

A, = x¥ sin a + {x'e + 2x6) cos a . 

As far as inertial switch function is concerned, A^, 
is the important term. With a as shown, not only is the 
radial acceleration reduced by the angle error, it is 
further reduced by the components of the tangential 
and Coriolis accelerations along the component axis. 
Things are even more complicated when the sign of a 
is changed. If a becomes -a, then, 

A,, =-r^2 cos i-a) + (xd +2x0) sin (-a) 

= -r^^ cos a - {x6 + 2xd) sin a . 
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If the angle error is made on the other side of the 
radius, tangential and Coriolis acceleration compo
nents will increase the actuation acceleration. 

This is not an imaginary effect; it has been seen 
during deliberate testing at large angles to set in 
desired side loads. Furthermore, these tests were done 
at constant angular velocity (d = 0) so that Coriolis 
was the only variable direction vector active. 

3.4.2 Offset Misalignment 
It sometimes happens that a test item will arrive 

to be accelerated while mounted on a fixture plate in 
such a way that the desired axis of test cannot be made 
to coincide with a radius. The component axis will 
mount parallel to the true radius, but offset to the 
right or left. It will be seen that the desired accelera
tion is not changed, although side loads will be 
changed (Figure 5). 

Figure 5 

In this development, constant radius and constant 
angular velocity will be assumed. From Eq (1), 

A, = -xd' . 

As seen in Figure 5, the component axis BB' is parallel 
to the radius vector, r, but offset to the left at distance 
L. Because of the offset, point B now has a radius r'. 
This new radius makes an angle, a, with the desired 
radius, r. From this 

r = r' cos a 

and 

A', = -x' e^. 

By substitution, 

-rr A, 

The component of A'̂  in the direction BB' is 

Ag = A', cos a 

A,cos a 

cos a 

AB = A, . 

However, there is a side load component at B equal to 

As = AB tan a . 

Because a centrifuge is a circular machine, it is not 
possible for L to be large compared to r. If L gets too 
large, one runs out of mounting surface. 

3.4.3 Static and Dynamic Arm Deflection 
A centrifuge arm is a beam supported in the 

middle and loaded at one end in the z direction by the 
test item and fixture weights and at the other end by 
the counterbalance (which often is another matching 
test item and fixture). If the center of gravity of the 
test setup is above the neutral plane of the beam, a 
dynamic bending moment will be present. Both the 
weight and bending moment will combine to bend the 
arm downward. The mounting surface at the end of 
the arm will therefore be at an angle to the true radius. 
In Figure 6(a), the inertial reaction forces to A, and A^ 
are shown, and in Figure 6(b) the vector diagram 
resulting from the slope of the end of the arm is 
described. 

6 

E 

CG 

-« r »• 

- ^ F , 

w=ing (b) 
(a) 

A' = 
cos a cos a 

Figure 6 

Assuming constant radius and constant acceleration, 

A, = -x0' 

and 

A, = z = g . 

In this instance z is the acceleration of gravity, g. 
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The axial acceleration, A^̂ , is the sum of the radial 
and gravitational acceleration components projected 
in the axial direction. 

A Q V COS a - g sin a 

In like manner, the side load is 

A, = -xd^ sin a -I- g cos a 

where a is positive. 
Ordinarily, a is so small that this effect can be 

ignored. But, if the setup is massive and the height, h, 
a significant fraction of r, arm bending can be detected 
in side load tests of precision inertial devices. 

It would seem that the acceleration of gravity 
would become insignificant compared to the radial 
acceleration at higher levels, but the dynamic bending 
moment, F,h, increases continuously with radial accel
eration, causing a steady increase in a. The way to 
minimize these effects is to have an arm that is stiff in 
the z direction to resist the weight moment and have a 
mounting surface that minimizes the dynamic mo
ment arm, h. Many commercial centrifuges are built in 
exactly this way. 

3.4.4 Component Size and Acceleration 
Gradient 

Because any test item has finite dimensions and 
because the acceleration is a point measurement, the 
magnitude and direction of the acceleration vectors 
are continuously variable over the entire body of the 
test item. 

Along the radius, the applied acceleration is pro
portional to the radius at the point of measurement. 
The change of acceleration over the test item has long 
been called the "gradient" of the acceleration and is 
usually expressed as a percentage of the acceleration 
measured at some designated point on the test item 
(Figure 7). 

e 

cb CG 

-H 

In this figure, a test item of the simplest geometry is 
shown mounted with its center of gravity at radius r. 
The innermost surface is at x^, and the outermost at x^. 

For steady state conditions, the accelerations at 
the three radii can be written as 

A„ = -r,e' , 

A, = -xd' , 

and 

A., = -r,e' . 

The difference in acceleration between the points is 

AAi = -xe' - i-x^e') 

= {r^ - x) ¥ 

and 

AA2 = -re^ - (-r2^= )̂ 

= (r2 -r)¥ . 

In the simple geometry above, let Ar be defined as 
follows: 

Ar = Tj - r = 

Therefore, 

AAi = ~^x¥ , 

AA2 = Ar^' , 

and 

AA = ±Axe^ . 

- ( r : - - r ) . 

Dividing through by the acceleration at the center 
of gravity and expressing the result as a percentage. 

AA 
(%) 

: lOOArg' 
x¥ 

Gradient (%) = ±100^=-
r 

= gradient (%) 

Ar 
(15) 

Figure 7 

This is a familiar term. It is the radius accuracy term 
used previously to define the accuracy of the point 
measurement of acceleration. Now it is used to define 
the accuracy of test over the body of the test item. 
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Sandia recommends in various specifications that, 
in general testing, the gradient be limited to ±10%. 
However, for accurate testing of inertial devices the 
gradient must be held much tighter, or the accelera
tion must be measured at more than one place. Con
sider an example. 

An inertial switch is to be subjected to a simulated 
reentry acceleration curve. As the inertial mass moves, 
it will open a reset contact at 6 g, close a first-actuate 
contact at 12 g, and close a final contact at 18 g. The 
total motion of the mass is 1 in. (6 to 18 g), and the 
12-g closure occurs at midtravel. The test will be set 
up such that the radius for control purposes will be 25 
in. measured to the point of midtravel. Measurement 
accuracy for the reset contact can be relaxed to 5%, 
but the 12-g and 18-g contacts must be known to be 
0.1%. 

With the test radius set to midtravel, the gradient 
will be Eq (15), 

Ar = ± 0.5 in. 

„ ,. . , ^ , ± 100 X 0.5 in. 
Gradient (%) = -—. = 2 % . 

25 in. 

With proper care, the 12-g measurement can be 
made at 0.1% using the control radius. The accuracy 
of the 6-g measurement will be within the desired 
tolerance using the same radius, but the writer of the 
control software must put in the true radius to the 
18-g contact in order to meet the data accuracy 
needed. 

3.4.5 The Misaligned Centrifuge 
When the centrifuge axis is truly vertical, that is, 

parallel to the local gravitational vector, there is no 
component of gravity in the radial or tangential direc
tion. This is not true when the centrifuge axis makes 
an angle with the true vertical (Figure 8). 

Figure 8 

In Figure 8, the centrifuge is tilted at an angle, a, 
from the vertical. The components of gravity in the z 
direction and perpendicular to the z direction are 

ĝ  = g cos a and ĝ  == g sin a . 

Now consider a radius vector rotating from 1 to 2 
(near side) to 3 to 4 (far side). In positions 1 and 3 
vector gs is in line with the radius but with reversed 
directions. In 2 and 4, ĝ  is perpendicular to the radius. 
The component of ĝ  in the radial direction can be 
written 

g, = gj cos 6 = g sin a cos 6 

where d is defined as the rotation angle of the centri
fuge with 0 equal to zero at position 1. Therefore the 
acceleration in the radial direction is 

Ar + gr = i"' - r6^ -I- g sin a cos 0 . 

In a similar manner, g, has a component in the 
tangential direction. Using the sign conventions of 
Figure 8, 

S(i = -gs sin d = -g sin a sin 0 , 

and the acceleration in the tangential direction is 

Afl + gf =^ x0 + 2x0 - g sin a sin 0 . 

In practical terms, if the centrifuge axis is not 
vertical, both the radial and tangential accelerations 
will have superimposed on them a sinusoidally varying 
acceleration of maximum amplitude, g sin a, whose 
period is exactly that of one centrifuge rotation. 

Inertial switches and accelerometers can and do 
react to this sinusoidal acceleration, even though a 
may be quite small. In trouble shooting centrifuge 
acceleration noise problems, a tilted machine can be 
detected by the two characteristics of the sinusoid 
given above. 

Horizontal-axis machines are rare because of this. 
When horizontal, a = 90° and a 2-g peak-to-peak 
"vibration" is present in every test run. 

3.5 Centrifuge Speed Variability 
No rotating device runs with a true constant 

angular velocity. Even the earth is slowing down and 
wobbling a bit. All centrifuges, no matter how precise 
their control system, show some form of short-term 
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speed variation, which has been called by the ambigu
ous name "wow," and a longer term variation called 
"drift." Wow and drift will be examined and their 
effects on centrifuge function and accuracy explored. 

3.5.1 Wow 
The word "wow" probably originated in the re

cording industry. The rising and falling tones in the 
output sound of an audio playback system, caused by 
speed variations in the turntable (or by a miscentered 
record), could be heard as a "wow-wow" sound. The 
period of the wow sound is associated with the period 
of rotation of the turntable drive system. 

In like manner, when speaking of centrifuge wow, 
one is referring to cyclical speed variations put there 
by the drive motor and drive train. The periods of all 
wow frequencies are some exact multiple of the period 
of revolution of the system (not necessarily that of one 
centrifuge rotation period). This last is easily seen. 
Suppose a centrifuge is driven by a dc motor with a 
pulley and belt drive with a 3-to-2 speed reduction. 
For both the motor and centrifuge to get back to a 
"starting point," the centrifuge must rotate twice and 
the motor three times. 

Wow is caused by torque variations in the drive 
train. Figure 9 shows a grossly exaggerated source of 
cyclical torque in a belt drive (or gear drive) system. 

Figure 9 

The number of poles in the drive motor directly 
affects wow; the fewer the poles, the more torque 
variation between them. Gear-type hydraulic motors 
can show this very unambiguously. 

Generally, only the lower frequencies of torque 
variation are of interest. Higher frequencies, such as 
those present in spur gearing, are limited in output 
effect at the end of the centrifuge arm by the 
frequency response of the mechanical system. Such 
higher frequency variations usually disappear into the 
background noise at the location of the test item. A 
rule to use might be: If the speed variation can be seen 
and measured clearly, it is wow; if not, it is noise. 

There are some cyclical sources of torque or accel
eration variation which are not wow. The sinusoidal 
acceleration caused by the tilted centrifuge (Section 
3.4.5) and the four-per-revolution trauma found by 
the laser interferometer (Section 3.3) have nothing to 
do with the drive system. A dc motor being driven by a 
silicon-controlled rectifier (SCR) dc power supply will 
show torque pulses at the SCR firing frequency (60, 
120, 180, or 360 Hz depending on full- or half-wave 
rectification, single- or three-phase input power). This 
is a constant frequency problem not associated with 
centrifuge speed; thus it is not a wow problem.* 

An off-the-topic note: Any dc-powered rotary 
system is going to see torque pulses if powered 
by an SCR system. SCR systems are relatively 
inexpensive and have just about eliminated 
competing power sources, such as motor-
generator sets. If very quiet, accurate, and 
smooth operation is an equipment necessity, 
the person who budgets the equipment had 
better be resigned to pay the increased costs 
of an alternate power supply. 

A centrifuge with small wow will have certain charac
teristics. The drive motor will be colinear with the 
centrifuge spindle to remove all gears and pulleys. The 
drive motor will have many poles, such as a modern 
permanent-magnet motor. The centrifuge will have a 
large moment of inertia so that the remaining torque 
variations cannot cause large angular accelerations. 
Refer to Eq (4). This last requirement is the antithesis 
of the needs of a programmable centrifuge. Program
mable machines will always be less stable than those 
designed especially for constant acceleration. 

3.5.2 Angular Velocity Rectification 
A centrifuge operating with a true long-term aver

age angular velocity, N, but having cyclic variations in 
the instantaneous velocity, will apply an average 
acceleration to the test item higher than that cal
culated from N. Because the angular velocity is 
squared in finding the acceleration, a portion of the 
variable velocity is "rectified" and appears as in
creased acceleration. 

*I have seen this called "cogging" in commercial literature. 
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Consider a centrifuge operating at an average 
angular velocity, N, but having n sinusoidal wow 
variations simultaneously superimposed on the aver
age. Each sinusoid has an amplitude, N„ and a fre
quency, f,. The instantaneous angular velocity is 

n 

N = N -H ^ N , sin 2irf,t . 

1 - 1 

For a steady state test, as before, 

A, = CrN^ . 

Therefore, 

Cr rj N -I- ^ N , sin 27rf,t j 

A, = c J N^ -I- 2N^N, sin27rf,t -I- j ^ N , sin2irf,t j 

The equation for acceleration can be rewritten 

A, = CrN' + 2CrN(N, sin 2xf,t 

-I- N2 sin 27rf2t -|- ... + N„ sin 2irf„t) 

+ C r ^ j N, sin 27rf,t^N3 sin 27rfjt j . 

By examining the trigonometric identity 

cos(x - y) cos(x -I- y) 
sm X sm y = =^ , 

it can be seen that all the sine products in the third 
term of Eq (16) become a sum of cosines: 

(16) 

N,Nj sin2irf,t sin2xfjt = (17) 

cos2.(f ,-f ,) t cos2x(f, + f,)t 

To find the true average acceleration over some 
time period, it is necessary to find the average of the 
right side of Eq (16). The mean value of all the sine 
and cosine terms approaches zero for an integration 
time long compared to each term's period, with an 
exception: if i = j , then, from Eq (17), 

N,H 
cos2x(f, - fj)t Nf 

These terms do not average zero. The true average 
acceleration now becomes 

i, = Cilw + 
N? 

+ + ... + B- (18) 

Each wow frequency contributes its bit. For rea
sonably stable centrifuges, this rectification error is 
very small. If a machine has a single wow variation 
with an amplitude that is 1 % of the average speed, the 
acceleration increase is 0.005% by rectification. This 
is small, but is significant in high-accuracy situations. 

Some software once written to diagnose centrifuge 
performance shows this rectification effect. This soft
ware was written to take 160 readings of centrifuge 
speed in one centrifuge rotation, print each reading if 
desired, and then find and print the mean, maximum, 
minimum, range, and standard deviation. A typical 
set of these data is shown in Table 6. 

Following the speed printout, the operator has the 
option of printing the acceleration data in the same 
format as computed from each speed reading. The 
acceleration data computed for a nominal radius of 
24 in. using the speed data of Table 6 are shown in 
Table 7. 

Table 6 shows that the speed of the source centri
fuge is very stable, with no large wows. The accelera
tion calculated from the mean speed of 0.12112 E-|-03 
is 0.10000 E-l-02, which is 0.001 g less than the true 
average acceleration shown in Table 7. This is 0.01 % 
indicated rectification, for a very quiet centrifuge. 

The reader can object that this minute difference 
in acceleration values is an artifact of the rounding 
process (the data are rounded upon output). This is 
a legitimate complaint and the 0.001-g difference is 
probably smaller. However, no data run taken 
with this software has ever shown an acceleration 
calculated from the mean speed that was equal to or 
greater than the true average acceleration. 

In this software, the ratio of three standard devi
ations in speed to the mean speed is computed and 
printed. The same is done for the acceleration data. 
From Tables 6 and 7, these ratios, in percent, are 
0.071385 and 0.14271. If the acceleration ratio is 
divided by the speed ratio, the result is 

0.14271 
0.071385 

= 1.9992 

This is as predicted by Eq (10) or Eq (12). 
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Table 6 

You have loaded the WOW TAKER control routine, call code "CAB". 

This routine requires manual centrifuge control. Satisfied? SI 

Allowed answers to "CONT" are: NO; SI,; R: 

Sense switches used are 6, 7, and 8. 

Set left-hand margin 8 spaces from edge of paper. 

Enter No. of encoder PPR 6000. 

Enter clock overflow time (100, 1000, etc) 1000 

Stand by; RC70 is calibrating internal clock. 

Data are ̂ always output in RPM, do you also wish data in "G"? SI 

Enter Radius (inches 24.00) 

All data? 

.12117 

.12108 

.12118 

.12114 

.12108 

.12111 

.12114 

.12115 

.12115 

.12108 

.12114 

.12109 

.12109 

.12117 

.12115 

.12112 

.12115 

.12109 

.12118 

.12111 
,12111 
,12115 
,12111 
.12114 
.12114 
,12111 
.12117 
.12109 
,12111 
.12112 
.12112 
.12107 

SI 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 

.12114 

.11214 

.12109 

.12111 

.12108 

.12112 

.12114 
,12109 
.12112 
,12109 
.12114 
,12120 
.12111 
.12109 
.12109 
.12109 
.12117 
,12115 
,12115 
,12115 
,12112 
.12109 
.12112 
.12112 
.12112 
.12115 
.12109 
,12112 
,12115 
,12114 
,12121 
.12114 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 

,12109 
,12111 
,12115 
,12112 
,12111 
.12108 
.12112 
.12114 
,12108 
.12111 
.12107 
,12111 
,12114 
,12112 
.12111 
,12118 
,12115 
.12109 
.12109 
.12111 
.12115 
.12112 
.12109 
.12114 
,12108 
,12115 
,12112 
,12112 
.12112 
.12108 
.12109 
,12111 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 

,12117 
,12109 
,12115 
.12109 
.12114 
,12114 
.12111 
,12111 
,12112 
,12112 
,12115 
,12111 
,12108 
,12115 
,12108 
,12114 
,12114 
,12109 
,12118 
,12112 
,12111 
,12117 
.12115 
.12114 
.12115 
.12114 
.12117 
.12112 
.12111 
.12118 
.12112 
.12111 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 

,12109 
.12109 
,12112 
,12114 
.12111 
.12111 
.12114 
.12109 
.12114 
.12114 
,12114 
,12117 
,12111 
.12115 
.12114 
.12111 
.12111 
,12111 
,12111 
,12115 
.12114 
.12108 
.12112 
.12111 
.12109 
.12115 
,12111 
,12117 
,12111 
.12112 
.12118 
.12109 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 

Mean Maximum Minimum Range Sigma 
(RPM) (RPM) (RPM) (RPM) (RPM) 

,12112 E+03 ,12121 E+03 ,12107 E+03 ,14674E+00 ,28822 E-01 

Ratio, 3 sigma/mean (percent) = ,71385 E-01 



Table 7 

All G Data? 

.10008 

.99937 

.10011 

.10003 

.99937 

.10006 

.10003 

.10006 

.10006 

.10003 

.99961 

.99961 

.10008 

.10006 

.10001 

.10006 

.99961 

.10011 

.99986 

.99986 

.10006 

.99986 

.10003 

.10003 

.99986 

.10008 

.99961 

.99986 

.10001 

.10001 

.99913 

E+02 
E+01 
E+02 
E+02 
E+01 
E+02 
E+02 
E+02 
E+02 
E+02 
E+01 
E+01 
E+02 
E+02 
E+02 
E+02 
E+01 
E+02 
E+01 
E+01 
E+02 
E+01 
E+02 
E+02 
E+01 
E+02 
E+01 
E+01 
E+02 
E+02 
E+01 

Radius (inches) 

Mean 
(G; 

.10001 

Ratio, 3 ! 

) 

E+02 

3igma/m 

.10003 

.10003 

.99961 

.99986 

.99937 

.10001 

.10003 

.99961 

.10001 

.10003 

.10013 

.99986 

.99961 

.99961 

.99961 

.10008 

.10006 

.10006 

.10006 

.10001 

.99961 

.10001 

.10001 

.10001 

.10006 

.99961 

.10001 

.10006 

.10003 

.10016 

.10003 

E+02 
E+02 
E+01 
E+01 
E+01 
E+02 
E+02 
E+01 
E+02 
E+02 
E+02 
E+01 
E+01 
E+01 
E+01 
E+02 
E+02 
E+02 
E+02 
E+02 
E+01 
E+02 
E+02 
E+02 
E+02 
E+01 
E+02 
E+02 
E+02 
E+02 
E+02 

= .24000 E+02 

Max: Lmum 
(G) 

.10016 E+02 

ean (percent) 

.99961 

.99986 

.10006 

.10001 

.99986 

.99937 

.10001 

.10003 

.99937 

.99913 

.99986 

.10003 

.10001 

.99986 

.10011 

.10006 

.99961 

.99961 

.99986 

.10006 

.10001 

.99961 

.10003 

.99937 

.10006 

.10001 

.10001 

.10001 

.99937 

.99961 

.99986 

E+01 
E+01 
E+02 
E+02 
E+01 
E+01 
E+02 
E+02 
E+01 
E+01 
E+01 
E+02 
E+02 
E+01 
E+02 
E+02 
E+01 
E+01 
E+01 
E+02 
E+02 
E+01 
E+02 
E+01 
E+02 
E+02 
E+02 
E+02 
E+01 
E+01 
E+01 

Minimum 
(G: 

.99913 

» 

E+01 

= .14721 E+00 

.10008 

.99961 

.10006 

.99961 

.10003 

.10003 

.99986 

.99986 

.10001 

.10006 

.99986 

.99937 

.10006 

.99937 

.10003 

.10003 

.99961 

.10011 

.10001 

.99986 

.10008 

.10006 
,10003 
.10006 
.10003 
.10008 
.10001 
.99986 
.10011 
.10001 
.99986 

E+02 
E+01 
E+02 
E+01 
E+02 
E+02 
E+01 
E+01 
E+02 
E+02 
E+01 
E+01 
E+02 
E+01 
E+02 
E+02 
E+01 
E+02 
E+02 
E+01 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+01 
E+02 
E+02 
E+01 

Range 
(G: 

.24237 

) 

E-01 

.99961 

.99961 

.10001 

.10003 

.99986 

.99986 

.10003 

.99961 

.10003 

.10003 

.10008 

.99986 

.10006 

.10003 

.99986 

.99986 

.99986 

.99986 

.10006 

.10003 

.99937 

.10001 

.99986 

.99961 

.10006 

.99986 

.10003 

.99986 

.10001 

.10011 

.99961 

E+01 
E+01 
E+02 
E+02 
E+01 
E+01 
E+02 
E+01 
E+02 
E+02 
E+02 
E+01 
E+02 
E+02 
E+01 
E+01 
E+01 
E+01 
E+02 
E+02 
E+01 
E+02 
E+01 
E+01 
E+02 
E+01 
E+02 
E+01 
E+02 
E+02 
E+01 

Sigma 
(G) 

.47577 E-02 
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If the test engineer had the problem of calibrating 
a very accurate accelerometer, the methods of the 
software described above point the way. If a very 
accurate integrating digital voltmeter that could be 
controlled and read by a computer were available, very 
good data could be obtained. After the centrifuge was 
brought to speed and stabilized, the computer could 
release the DVM to begin its measurement. At the 
same time the computer would take and store speed 
readings as fast as possible. When the DVM's print 
command came back, indicating the completion of the 
voltage reading, the computer would stop reading 
speed. The true average acceleration then computed 
would be a very good measure of the acceleration 
applied during the time of the DVM integration. 

How fast can a speed reading be taken? To deter
mine this, three independent times must be known: 
the time Tp to complete the period measurement; the 
time T(, to take and store the data and do the necessary 
housekeeping chores in the software, and the dead 
time Tj of the counter. Thus the total time is 

T = Td + T, + Tp . 

To determine Tp, first find the frequency of the en
coder pulse train. If speed is measured in rpm, as 
before. 

f(Hz) 
\ m m / 

X ppr (pulse \ 
rev / 

60 sec/min 

Period is the reciprocal of frequency, 

rp, , 1 60 
T(sec) = — f N X ppr 

If n is the number of periods to be measured, the total 
measurement time is 

Tp(sec) = nT = - ^ 5 5 _ 
•̂  N X ppr 

The total "cycle" time of the reading process becomes 

60n 
T = T -fT. + 

N X ppr 

T^ depends very much on the computer. If the com
puter requires very little housekeeping, then T^ can be 
less than 50 na. If so, T^ is much shorter than T^ -|- Tp, 
meaning that the computer can pull in the data, store 
it, and complete housekeeping before the next reading 
is ready. In this case T^ can be neglected and 

T = Td + 
60n 

N X ppr 

For the Goerz 452 centrifuge, equipped with a 6000-
ppr encoder and with an RC70 computer reading 10 
periods from an HP5325 counter that has a dead time 
of 100 fis, the cycle time becomes, at the maximum 
speed 0^,500 rpm, 

T(sec) = 0.0001 + 
60 X 10 

500 X 6000 
0.0003 

Thus 3333 speed readings could be taken in a 1-s 
DVM integration time at 500 rpm. Slower speeds 
result in fewer readings. However, if the number of 
periods were one instead of ten, and the counter dead 
time 50 fis, as available, then 952 readings would be 
possible in 1 s at the very low speed of 10 rpm. This 
gives a respectable data base for acceleration 
averaging. 

3.5.3 Drift 
Most centrifuges show a steady change in angular 

velocity with time if the control settings are held 
constant. The phenomenon is called drift and may be 
caused by temperature changes in the centrifuge drive 
and control system. As a system reaches temperature 
equilibrium, the drift rate will usually get smaller and 
will eventually disappear at equilibrium. 

Hydraulic centrifuges show a large drift when 
started up cold. As the oil warms up, the speed set
tings continually change. The magnetic field strength 
of modern permanent magnet motors changes with 
changing temperature. Thus the control sensitivity 
will gradually change as the machine warms from a 
cold start. 

Drift causes no problems in manual control opera
tions or in programmed operation using feedback 
control. In both cases, angular velocity can be continu
ously corrected by either the human operator or the 
computer. 
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In open loop programming, drift is, at the mini
mum, an irritation and, at worst, a cause of significant 
deviation from the desired test level. 

The HiOnset centrifuge requires continuous re-
calibration and readjustment of its servo amplifier 
gain to maintain quality test performance. The 
HiOnset is a hydraulically powered centrifuge and is 
open-loop programmed. 

The Goerz 452 has a permanent magnet motor 
and is also programmed by open loop. In this case, 
drift is more of an irritation. It is embarrassing to call 
for a ramp and dwell at 10 g only to end up with 
something like 9.95 g upon stabilization. 

The Goerz software assumes a control sensitivity 
of 20 mV/rpm with a zero intercept. Neither assump
tion is true before temperature equilibrium. To im
prove the accuracy of performance, a self-calibration 
software routine has been in use for a number of years. 
In this routine, the centrifuge is exercised over an 
acceleration range selected by the operator. Actual 
speed performance is compared to expected speed 
performance, and the actual slope and intercept are 
computed by the method of least squares. These val
ues are printed out for reference and also stored in 
reserved memory locations to be used by the next 
control software loaded. 

Table 8 shows a typical calibration-run data 
sheet. Note that the slope computed is 20.612 mV/rpm 
instead of 20 and that the intercept is 7.9086 mV 
instead of zero. The positive value of intercept means 
that this reversible machine is running backwards at 
zero volts output from the computer D-A converter; 
7.9 mV must be added to reach zero speed. This is an 
observed phenomenon caused by line noise picked up 
in the voltage control line between the computer and 
the centrifuge console. The source of the noise, which 
has a negative dc component (-7.9 mV!), has never 
been found. However, the amplitude was reduced 
greatly by electrically floating the computer, estab
lishing a solid ground between the computer and 
centrifuge console, and using triaxial cable for the 
control voltage lines. 

Software can also be used to measure drift. Table 
9 shows the output data sheet for a routine similar to 
that which produced Tables 6 and 7, but with small 
modifications. With, this software, only the speed 
summary is output. However, up to 999 consecutive 
runs can be measured and printed. Because it takes 
about 15 s to take and output the data, drift as a 
function of time can be obtained. In Table 9, two 10-
run sets of data are presented, one for a nominal speed 
of 121 rpm and the other for a nominal speed of 86 
rpm. 
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Table 8 

You have loaded the control voltage calibration routine, call code "CAL" 

This routine requires external centrifuge control. Satisfied? SI 

Allowed answers to "CONT" are: NO; SI; SI,; R; 

Sense switches used are 6, 7, and 8 

Set left hand margin 8 spaces from edge of paper. 

Enter number of PPR encoder 6000. 

Enter clock overflow time (100, 1000, etc.) 100 

Stand by; RC70 is calibrating internal clock. 

Enter radius (inches) 22.375 

The upper calibration accel. must be at least .10000 E+02 G. 

Enter maximum calibration acceleration (G) 10,1 

Is the centrifuge fully reversible? NO 

Nominal maximum speed will be .12606 E+03 RPM 

Set overspeed control(s) properly. 

Enter nominal control sensitivity (MV/RPM) 20 

Is the centrifuge ready? SI 

Control Sensitivity: 

Slope = .20612 E+02 MV/RPM 

Intercept = .79086 E+01 MV 

Therefore: 

Voltage (MV) = .79086 E+01 plus .20612 E+02 (RPM) 

Cont? NO 
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Table 9 

You have loaded the WOW TAKER II control routine, call code "CAC" 

This routine rquires manual centrifuge control. Satisfied? SI 

Allowed answers to "CONT" are: NO; SI; SI,; R; N= 

Sense switches used are 1, 6, 7, and 8. 

Set left hand margin 8 spaces from edge of paper. 

Enter number of encoder PPR 6000 

Enter clock overflow time (100, 1000, etc.) 1000 

Stand by; RC70 is calibrating internal clock 

Number of runs means the number of consecutive non-stop data sets made 
without changing the centrifuge speed. 

Enter number of runs (1 through 999 allowed) 10 

Bring centrifuge to speed; stabilize. 

Mean Maximum Minimum Range Sigma 
(RPM) (RPM) (RPM) (RPM) (RPM) 

.12112 

.12112 

.12113 

.12113 

.12113 

.12113 

.12114 

.12114 

.12114 

.12114 

.85680 

.85678 

.85681 

.85682 

.85684 

.85685 

.85681 

.85682 

.85684 

.85684 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 

.12117 

.12118 

.12118 

.12118 

.12120 

.12121 

.12120 

.12120 

.12120 

.12121 

.85719 

.85726 

.85741 

.85741 

.85741 

.85734 

.85726 

.85726 

.85741 

.85749 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 

.12104 

.12105 
,12107 
.12105 
.12107 
.12105 
.12107 
.12108 
.12108 
,12107 
.85624 
.85631 
.85624 
.85631 
.85631 
.85624 
.85638 
.85638 
.85638 
.85624 

E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+03 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 
E+02 

,13199 E+00 
.13203 E+00 
,11737 E+00 
.13203 E+00 
.13205 E+00 
.16141 E+00 
.13205 E+00 
.11739 E+00 
.11739 E+00 
.14674 E+00 
.95413 E-01 
.95428 E-01 
.11746 E+00 
.11014 E+00 
.11014 E+00 
.11011 E+00 
.88089 E-01 
.88089 E-01 
.10280 E+00 
.12482 E+00 

,24481 
.25198 
.25294 
.25896 
.27839 
.27867 
.27020 
,28443 
.25803 
.27746 
.18225 
.18160 
.19028 
.17780 
.18216 
.19382 
.17460 
,16004 
.17980 
,18910 

E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
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The first set of data shows a clear, small drift 
upward in speed. The second set, being much noisier, 
is not so obvious. These data were examined by the 
method of least squares, assuming 15 s for each read
ing, with the following results. 

Ni2, = 121.119 rpm -|- 0.0091 ^ ^ X t(min) 
mm 

NgH = 85.6794 rpm -j- 0.0020 ^HE. x t(min) 
mm 

3.6 Data Significance 
Acceleration data, computed from angular ve

locity, contains TT in the calculation. It is thus impossi
ble to obtain a value of acceleration that is exact as 
long as the angular velocity measurement value has a 
finite number of digits. Because data output by a 
computer is generally relied upon to be exact, the 
programmer should be careful to limit his output to 
the number of significant figures justified by the 
measurement process. (If the output has ten signifi
cant figures, someone may believe that the data are 
precise and accurate to that value.) 

In the 10-g, 24-in.-radius data presented in Table 
2 for the Goerz 452, the ten-period time is given as 
825.6 MS. This is the output of the counter, in binary 
coded decimal, that is received by the computer. This 
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period information can change only in increments of 
0.1 lis. Table 10 shows the effect of such incremental 
changes on the computed acceleration. 

10-Period Time 
(MS) 

825.8 
825.7 
825.6 
825.5 
825.4 

Table 10 

Acceleration 
(g at 24 in.) 

9.996142 
9.998563 

10.000986 
10.003409 
10.005833 

Acceleration 
(5-digit scientific) 

0.99961 E-hOl 
0.99986 E-f 01 
0.10001 E-l-02 
0.10003 E-h02 
0.10006 E-H02 

It can be seen that the step-function nature of the 
period data causes a corresponding step function in 
the calculated acceleration. By the ordinary rules of 
significance, only four digits would be justified in the 
acceleration data. However, four digits would mask 
the change between the periods of 825.6 and 825.5 in 
the scientific notation. For that reason five significant 
figures are used. The seven and eight digits of the 
decimal printout are not justified. Data output should 
reflect the precision of the data input. 



4. The Square Wave Problem 

The impetus to better centrifuge test methods, 
which continues to this day, began at the end of the 
1950s with the need to define the acceleration-velocity 
change map of the type of inertial switch intended to 
measure velocity. 

There have always been two basic types of inertial 
switches: those intended to react to acceleration and 
those intended to integrate acceleration and thus re
act to velocity. The dividing line between the two is 
not always distinct. If the acceleration is increased 
slowly enough, the integrator will act like a g-switch. If 
the acceleration is increased fast enough, the g-switch 
will delay a bit £md show some of the character of an 
integrator. 

Inertial switches of both types began to appear in 
the mid-1950s. The first devices could be tested with
out the use of a centrifuge. The inertial mass could be 
reached through its housing by ports provided for the 
purpose. Weights of various measure were attached to 
the inertial mass and actuation times measured. This 
type of device underwent rapid development, and 
soon rather complex deadweight testers, some of 
which are still in use, evolved to measure performance 
with accuracy. 

At the end of the 1950 decade, a new type of 
switch made its debut. This new type was hermetically 
sealed and used gas (in one instance) or oil as a 
metering or damping medium. There now was no way 
to reach the inertial mass, and testing, of necessity, 
required a centrifuge. Most of the early switches of 
this type were integrators. As test methods improved, 
two distinct types of testing evolved: 

• The first required bringing the centrifuge to 
speed very slowly to obtain a measure of the 
lowest possible actuation acceleration. (Too fast 
a rise causes delays in actuation because of the 
switch damping.) These tests came to be called 
"operational" tests, and that nomenclature has 
persisted. 

• The second type came to be called "functional" 
testing and included all other methods designed 
to exercise the device. 

An ideal integrator would have an acceleration-
velocity change map as shown in Figure 10. 

0 9© 
ACCELERATION (g) 

Figure 10 

This ideal switch would have some acceleration 
value, go, below which actuation would never happen. 
It would also have some value of velocity change, V ,̂ 
below which the switch would never actuate no matter 
what the applied acceleration. Thus the ideal integra
tor could never actuate in the shaded region of Figure 
10, but would always actuate to the right and above 
ABC. Unfortunately, simple passive devices cannot 
follow an ABC curve, but instead follow some other 
curve as represented by the dashed line in Figure 10. It 
became a major test problem to define the functional 
curve of Figure 10. 

The test problem is simple to understand. In order 
to define the velocity change at some point, as D in 
Figure 10, the centrifuge has to be brought to the 
desired acceleration and stabilized. Then the actua
tion time is measured and the velocity change or "g-
second product" calculated to define point D. 

This is easy to understand but difficult to execute. 
The problem is obvious. Once the acceleration is 
above g ,̂ the switch begins to actuate. Without some 
way to prevent switch function, the switch could 
activate before the centrifuge could reach a stabilized 
acceleration. 
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What was needed was a way to supply a square 
wave acceleration to the inertial switch as shown in 
Figure 11. The area under the acceleration value from 
application, Tj, to actuation, Tj, is the simplified 
integral given in Section 2.5. 

AV = g(T2 - T,) . 

Ti T2 
TIME (s) 

Figure 11 

The problem with the square wave is that it 
requires doing two things nature has forbidden. There 
is no way to obtain a zero rise time and no way to 
obtain a square corner as at point E in Figure 11. 

The various ways attempted over the years to try 
for the square wave and the surviving methods still in 
use will be discussed. 

NOTE: This type of testing has tended to 
disappear in favor of the more realistic and 
more productive programmed acceleration 
testing. However, designers of new switches 
usually wish to have the functional map de
fined during early development. The older 
test techniques may remain useful for the 
development test engineer. 

4.1 The Slide Fixture 
Perhaps the first device used to attempt the 

square wave was the slide fixture. A table was built 
on which the component and its fixture could be 
mounted. The table was free to move along a radial 
track after being released by a solenoid actuator from 
an inboard radial position. The "slide" would be ended 
at an outboard radial position by a suitable mechani
cal stop. 

If the initial position of the center of gravity of the 
table with its fixture and component were at a very 
small radius and the mechanical stop at a large enough 
radius, various test accelerations could be applied at 
the outboard position without exceeding the opera
tional acceleration value at the inboard position. 

The first component to be tested on the slide 
fixture was the only gas metering switch ever built. 
The initial-position acceleration had to be held to 2.5 g 
or less to avoid actuation at the operational accelera
tion level. If the initial radius was 1/2 in.* and the 
fixture had a 12-in. slide, the final radius would be 
12 1/2 in., or a 25/1 ratio. With this ratio 62.5 g (25 X 
2.5 g) could be applied outboard without exceeding 
the inboard limit. 

The reason the slide fixture was attractive is 
shown in Figure 12. 
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Figure 12 

In the absence of friction, the radial forces would 
drop to zero during the slide. At the stop the rise time 
would be short, as on a shock machine. Because the 
slide velocity would be dissipated at the stop, there 
would be an initial overshoot of the final acceleration 
value. It was felt that the overshoot, which was a shock 
pulse, could be controlled by shock mitigation 
padding. 

This fixture was used extensively during early 
development of this pioneering component. All testing 
was done at low values of acceleration, and there were 
no test problems. However, this component turned 
out to be a great one, still in use today. Test accelera
tions began to edge upwards as the component was 
tried out for new applications. Soon the component 
began to show the same kind of damage that could be 
seen after deliberate mechanical shock overtests. 
Clearly this simple little fixture was capable of high 

*The actual dimensions of the slide fixture are unavailable. 
The numbers presented are approximations to provide 
numbers for illustration. 
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velocities, giving high shock amplitudes. It was time to 
analyze the dynamics of the fixture. In the analysis, 
two assumptions are made: 

1. The slide is perfectly radial and frictionless. 
2. The angular velocity of the centrifuge is 

constant. 

With these assumptions, Eqs (1) and (2) can be 
written as 

1-10^ = 0 

and 

A„ = 2i0 . 

(19) 

(20) 

The solution to the radial equation is derived in 
Appendix E, problem 1, and is presented here: 

r = rg cosh dt (21) 

The radial velocity and acceleration are found by 
differentiation: 

f = rn^ sinh 6t 

and 

i" = r i ^ cosh k 

(22) 

The tangential acceleration can be written by substi
tution of Eq (22) into (20): 

A„ = 2ro0^ sinh ^t (23) 

The absolute velocity of the fixture is the vector sum 
of the tangential velocity, r^, and the radial velocity, 
Eq (22). 

V = [{Tey + iT„eamhk)Y'' . 

From Eq (21), 

V = [(ro^coshk)^ + {rJsmhkfV'^ . 

V = ro^ (cosh^ k + sinh^ k)"' . 

V = ro^ (cosh2 kY'^ . (24) 

Equation (21) is deceptively simple, with a peculiar 
property. Because of Assumption 2, the following is 
true if time is counted from fixture release. 

^ = ^t . 

By rearrangement and substitution, Eq (21) can be 
written: 

r 
— = cosh 0 . 

The ratio of the final to the initial radius is a function 
of the angle through which the centrifuge turns, re
gardless of centrifuge speed. In the real fixture, the 
radius ratio was 25/1. The corresponding angle is 3.912 
rad, or about 224°. And this angle is the same whether 
the slide is from 1/2 to 12 1/2 in. or from 1 to 25 ft. 

To determine if the slide fixture is a good velocity 
generator, Eqs (21), (22), and (24) can be evaluated. In 
Table 11, the 1/2 to 12 1/2 in. slide fixture is evalu
ated for the initial condition of 2.5 g at r̂  equal to 
0.5 in. The values of the equations have been extended 
to ridiculous extremes to make a point. 

Time 
(s) 

0 
0.089 
0.143 
0.215 
0.286 
0.358 
0.429 
0.465 

*C = 

e 
(rad) 

0 
1.25ir 
27r 
STT 

4ir 
5ir 
6ir 
6.51ir 

the speed of 

Table 11 

Radius 

0.5 in. 
12.5 in. 
11.2 ft 
258 ft 

1.13 mi 
26.2 mi 
606 mi 

3008 mi 

light. 

Radial 
Velocity 

0 
45.7 ft/s 

334 mi/h 
2.15 mi/s 
49.7 mi/s 
1150 mi/s 

26620 mi/s 
0.71 C* 

Absolute 
Velocity 

1.83 ft/s 
64.7 ft/s 

472 mi/h 
3.04 mi/s 
70.3 mi/s 
1627 mi/s 

37647 mi/s 
1.0 C* 

When it became apparent what a great velocity 
generator the slide fixture was, it was instantly 
abandoned. 

To carry the analysis further, it is necessary to ask 
what is wrong with the equations; no mass can reach 
the speed of light. As it turns out, the problem is not 
with the equations, but rather with the assumptions. 
Assumption 1 is certainly marginal. Friction is always 
present, but for a practical fixture, such antifriction 
devices as ball bushings can reduce friction values so 
as to have little influence upon performance. 

The real problem is with Assumption 2. To under
stand the difficulty of maintaining constant angular 
velocity, it is first necessary to understand clearly 
what is happening. If the original equations of motion 
(19) and (20) are examined, it is clear that there is only 
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one acceleration (or force) acting on the slide fixture. 
Coriolis, acting in the tangential direction, is the 
source of the force that is continually accelerating the 
mass of the slide fixture in the radial direction. To 
provide the Coriolis force, the centrifuge drive must 
supply additional torque just to maintain angular 
velocity. By reference to Figure 1 and to Eqs (21) and 
(23), 

= ro cosh k X 2mro ^̂  sinh k 

= 2mrg 0^ sinh k cosh k 

= mrg 0^ sinh 2 k . 

If Table 11 is redone in terms of torque, the problem of 
maintaining constant angular velocity is apparent. 

Table 12 

Torque 

(s) 

0 
0.089 
0.143 
0.215 
0.286 
0.358 
0.429 
0.465 

(rad) 

0 
1.25Tr 

27r 
37r 
47r 
57r 
67r 
6.5l7r 

Radius 

0.5 in. 
12.5 in. 
11.2 ft 
258 ft 

1.13 mi 
26.2 mi 
606 mi 

3008 mi 

fixture) 

0 
1.30 X 10' 
1.49 X 10^ 
8.00 X 10' 
4.28 X 10^ 
2.29 X W 
1.23 X 10̂ ^ 
3.03 X lO^^ 

Short stroke fixtures are feasible; longer stroke 
fixtures are beyond imagination. 

The effect of friction can be examined easily. With 
friction, there are forces in opposition to the radial 
motion. Eqs (19) and (20) can be rewritten 

m(r- - T0^) = 2F, (25) 

2mri9 = SF, 

and, from Eq (3): 

mz = 2F, . 

There are two friction terms, one associated with 
gravity in the z direction and one associated with 
Coriolis in the 0 direction. Usually, the coefficient of 
friction will be different for the two directions. The 
friction forces are 

Gravity: F, = -^^mz = -fi^vag 

Coriolis: F, = -fif2rat0 . 

From this Eq (25) can be rewritten 

m(r - r^') = -ixjng - fi^2Ttii0 . 

By canceling terms and rearranging, 

r + 2ne k - kr = -n,g . 

This equation of motion is solved in detail in Appen
dix E, Problem 2. The thing of interest at this point is 
the Coriolis friction term. 

Friction forces acting in opposition to radial mo
tion on a centrifuge, caused by Coriolis accelerations, 
are proportional to the radial velocity. These friction 
forces thus act in the same manner as viscous damping 
in more familiar problems in dynamics. 

Although the slide fixture is gone, the dynamics of 
the slide might contain a solution to the unsolved 
problem of combining linear acceleration with me
chanical shock. 

One might imagine a fixture plate capable of 
holding a test item mounted on a centrifuge at the 
desired radius of test to give the linear acceleration 
part of the combination. This fixture plate would have 
a resilient mount allowing radial motion. An inertial 
mass, held inboard, could be released upon demand to 
move outboard to impact the fixture plate. This iner
tial mass could provide the velocity change necessary 
for a shock pulse to be superimposed on the linear 
acceleration. 

4.2 Spring-Driven Flop Fixtures 
The story of the spring-driven flop fixture is one 

that should properly be told by the production test 
engineers. Great effort was made to provide high-
quality fixtures in the 1960s and early 1970s for pro
duction tests of myriad inertial devices. The spring-
driven flop fixtures used in development testing were 
general purpose devices that, in comparison to the 
production fixtures, never graduated from the 
CSSBD&G* School of Fixturing. 
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The development fixtures, however, saw yeoman 
service, and a few examples survive today to maintain 
test continuity for older components still under sur
veillance. 

The flop fixture is a fundamentfdly simple device. 
A structure, capable of holding the inertial device and 
of providing proper electrical connections, is free to 
rotate about a horizontal axis perpendicular to the 
centrifuge radius. In the initial, or "cocked," state, the 
fixture holds the inertial device's sensing axis 90° or 
more from the radius. After the centrifuge has been 
brought to speed and stabilized, the flop fixture is 
released, usually by a solenoid mechanism, and the 
fixture is "flopped" by a torsion spring into alignment 
with the centrifuge radius. A mechanical stop provides 
final alignment positioning. The inertial device is now 
positioned to react to the radial acceleration, and 
functional measurements can be made. These motions 
are shown in the functional schematic of Figure 13. 

BIAS 
SPRING 

INERTIAL 
MASS 

COCKED 

FLOPPED 
Figure 13 

In preparing a flop fixture for a new component, 
two design rules are usually followed: (1) in the cocked 
position, the inertial mass of the device is downward 
so that gravity aids in maintaining the reset condition; 
(2) the fixture pivot is placed to coincide with the 
midstroke position of the inertial mass. The velocity 
change of an integrator is usually measured by using 
the average acceleration applied to the inertial mass, 
which normally is the midstroke acceleration. Having 
the midstroke at the pivot aids in radius measure
ment. A bonus from this geometry comes from the fact 
that the centripetal acceleration of the fixture itself 
aids in maintaining component reset. 

In the development laboratory, the first flop fix
tures began to appear in the early 1960s, before the 
demise of the slide fixture. They ruled supreme for 
about 10 years and then began to decline in use in the 
early 1970s, when programmable centrifuges began to 
appear. 

At first glance, the decline in use of flop fixtures 
might seem to be an economic mistake. The fixtures 
were well understood, used simple instrumenta
tion, and could take advantage of the availability of 
any reasonably good centrifuge. Flop testing used a 
smaller capital investment than programmed centri
fuge testing. 

However, the spring-driven fixture had two major 
problems that ended its general use. Because the 
fixture was spring driven, it had a constant rotation 
time (flop time). As test levels rose, the flop time 
became an increasingly significant fraction of total 
test time, causing an increasingly significant deviation 
from the ideal square wave of Figure 11. To give an 
example, consider an ideal integrator (one that follows 
line BC of Figure 10). Let this ideal device have a 
velocity change to actuation of 10 g-s. It is proposed to 
test this device by using a fixture with a flop time of 
0.100 s. 

Table 13 lists actuation times as a function of 
acceleration for this ideal device, given a perfect 
square wave. The flop time as a percentage of the 
actuation time is also given. 

Acceleration 
(g) 
1 
10 
20 
50 
100 

Table 13 

Actuation Time 
for 10 g-s 

10 
1 
0.5 
0.2 
0.1 

(s) 
Flop Time 

(%) 
1 
10 
20 
50 
100 
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As test accelerations worked their way upward, 
the components began to actuate during the flop itself 
and the definition of the actuation time began to 
suffer. A rule of thumb developed: The flop time 
should never exceed 10% of the actuation time for 
quality testing. 

One way to solve the first problem of flop fixturing 
was to increase the torque of the torsion spring and/or 
reduce the moment of inertia of the fixture so as to 
shorten the flop time. Shortening the flop time re
duced the first problem but exacerbated the second 
problem, flop shock. 

The fixture, upon release, accelerates about its 
pivot continuously until it hits the stop. This shock 
impact can be severe* and can hammer the test item. 

Some of the latter-day development fixtures are 
real nut crackers. The test operator soon learns to 
keep his fingers clear when cocking the fixture. 

The spring-driven fixture was never used for test
ing much above 100 g and was generally restricted to 
25 g or less. However, it was a workhorse and remains 
a viable test option for small-quantity development 
test work. 

4.3 The Borman Centrifuge 
During the mid-1960s, Sandia's development test 

lab obtained the Borman^ centrifuge from the Naval 
Test Station at China Lake, California. Significant 
testing and centrifuge experiments were performed 
over a period of 4 or 5 years, until the machine 
demonstrated an unsolvable problem for high-
accuracy inertial device testing. Usage then declined 
and the machine was eventually salvaged. However, it 
was an interesting centrifuge and was the first try by 
the lab to functionally test inertial integrators by 
changing centrifuge speed. 

Superficially, the Borman was a programmed cen
trifuge. However, the shape of the acceleration curve 
between the initial and final levels of test was not 
controllable; in addition, the centrifuge could only 
increase in acceleration. It was thus a member of the 
square wave generator family. 

•Significant work was done by the production test engineers 
to minimize flop shock. 
t l am not sure whether "Borman" referred to the designer or 
to the manufacturer, or both. 

The Borman was a constant angular momentum 
machine. A large cylindrical mass, approximately 3 ft 
in dia by 3 ft in length, was brought to speed and 
stabilized. The centrifuge arm was connected to the 
mass by a magnetic clutch. When ready to test, the 
clutch was activated and the centrifuge arm would 
accelerate to a speed determined by conservation of 
momentum. Refer to Eq (5). If I^ and I^ are the 
moments of inertia of the cylindrical mass and of the 
centrifuge arm, respectively, then the following rela
tionship can be written. 

H = I J, = (IM + IA) k . 

Or, solving for the final centrifuge speed: 

Although IA was small compared to I^,, it was not so 
small that it could be ignored. Calibration runs were 
required for each setup in order to determine the value 
of i) that would give the proper final centrifuge speed. 

A first major use of the Borman was to calibrate 
the deadweight testers mentioned in Section 4 above. 
It must be realized that a deadweight tester operates 
by gravity. No matter how much test mass is hung on 
the inertial mass, the mass system cannot accelerate 
faster than 1 g (32.174 ft/s^). Because the integrator is 
highly damped by various means, the mass system 
usually moves at a constant, or nearly constant, ve
locity. It should be expected that the motion of one 
inertial mass at 10 g would be somewhat different than 
ten inertial masses tested at 1 g. For this reason, it was 
necessary to functionally test the integrators on the 
centrifuge during development in order to define the 
functional curve as described in Figure 10. Having 
defined the functional curve, the weights of the dead
weight tester could be adjusted to give the same 
performance as selected values of acceleration. 

The older components using deadweight testing 
were much larger and heavier than more modern 
components. For this reason, devices like the spring-
driven flop fixture were impractical. 

At first, the Borman was used as a simple centri
fuge with rigid fixturing and the test item was 
mounted radially. No particular problems were en
countered at low values of acceleration. But as test 
accelerations worked their way upward, the large tan
gential accelerations present as the centrifuge arm was 
jerked upward in speed began to damage the test 
items. The older components were not designed to be 
particularly rugged in their cross axes. 
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In an attempt to rid the test of the damaging side 
loads, a vector-seeking fixture was designed. At the 
start of the test, before the centrifuge arm was 
clutched in, the fixture was positioned so that the 
inertial component's test axis was tangential. When 
the arm began to move, the fixture would swing like a 
pendulum and try to align itself with the vector sum of 
the tangential and radial accelerations. If all worked 
perfectly, there would be no side loads on the test item 
at all. 

However, nothing works perfectly. Frequency re
sponse comes into play. During the acceleration rise, 
the fixture would lag its desired position. Then as the 
centrifuge reached its final speed and stabihzed, the 
fixture would swing past its desired final radial posi
tion and oscillate just like the pendulum it was. To 
minimize this oscillation, damping was added in the 
form of a friction plate on the fixed pivot. This friction 
plate effectively stopped the oscillation and the fix
ture performed more or less as intended. However, 
adjusting the friction plate with enough precision to 
obtain final perfect radial alignment was found to be 
impossible. The fixture would always stabilize at some 
angle with the radius. This, in turn, prevented accu
rate determination of the functional acceleration 
value. Refer to Section 3.4.1 for a discussion of the 
effects of angular misalignment on accuracy. 

For a time, the concept of using a servo-driven 
vector seeker was studied, but a basic characteristic of 
the magnetic clutch prevented any further work along 
this line. The magnetic clutch, as it pulled in, dis
played a stick-slip type of motion. Instead of showing 
a smooth rise to speed, the centrifuge arm actually had 
a motion as sketched in Figure 14. 

TIME 

The small oscillations on the speed curve had 
small effect on the radial acceleration integral during 
the short time of the rise. However, because the oscil
lations had both positive and negative slopes, both 
positive and negative tangential accelerations were 
present. A servo-controlled fixture would forever be 
hunting a vector solution, swinging right and left, but 
never finding alignment. Inserting damping into the 
servo fixture would result in a very expensive fixture 
that would not be significantly better than the one 
using simple friction. 

Although better methods were found to calibrate 
the deadweight-tested inertial devices and the Bor
man fell into disuse, a lot was learned from this unique 
machine. 

4.4 Miscellaneous Square 
Wave Methods 

A number of special test methods were developed 
to take advantage of component characteristics, many 
of which were designed specifically into the inertial 
switch to ease the problem of square wave tests. These 
methods are outlined below. 

4.4.1 Air Piston Detent 
Many of the larger devices normally tested by 

deadweight methods were finally and successfully 
tested (calibrated) by using an air-operated piston 
(illustrated schematically in Figure 15) to act as a 
detent to the inertial mass. This fixturing was used for 
many years. Although it has not been used very much 
since 1970, it still exists and has been used in special 
situations. 
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Figure 15 

Figure 14 

In Figure 15(a), the detent is shown pressurized. 
The piston, P, is held inboard by the pressure in 
volume V. Attached to the piston is a push-rod that is 
aligned to enter the port in the component normally 
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used to attach the rod from which the weights of the 
deadweight tester are suspended. The push-rod holds 
the inertial mass in the reset position. The force 
exerted by the air pressure has to be sufficient to 
overcome the combined inertial forces of the piston, 
inertial mass, and push-rod and also the force of the 
return spring shown in a compressed state in (a). 
When the air pressure is released, the piston moves 
outboard because of the spring force and the piston 
inertial force, freeing the component inertial mass as 
shown in (b). 

This is a very good way to define the inertial 
integrator's functional curve. There is no overshoot of 
the desired test acceleration and there are no shocks 
upon mass release. Rise time depends upon the speed 
with which the air can be dumped. Rise times on the 
order of 0.05 s are possible. If a small electrical contact 
is added to the push-rod, timing of the release of the 
inertial mass can be obtained very closely. 

This very good test method disappeared because 
the type of component that allowed it was no longer 
being developed. 

4.4.2 Magnetic Fixturing 
One of the earliest oil-damped integrators was 

designed with an inertial mass made of a magnetically 
soft material. Features in the reset end of the compo
nent case provided a constant alignment of the case 
with the poles of an electromagnet and also minimized 
the case thickness to shorten the nonmagnetic case 
portion of the magnetic circuit. This concept is illus
trated in Figure 16(a). 

This first magnetic fixture was nothing more than 
an old-fashioned horseshoe magnet that was powered 
with a dc electric coil. Magnetically, the geometry of 
this design was very inefficient. Because of this ineffi
ciency, the fixture could not supply a strong enough 
field at the pole faces to hold the inertial mass at high 
accelerations without burning out the magnet coil. 

A more efficient magnet design was developed to 
allow tests of this first component, and others that 
could use magnetic fixturing, at high values of accel
eration. This design concept is shown in Figure 16(b). 
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Figure 16 

The magnet in the second design is a solenoid-
wound cylinder with the only gaps in the magnetic 
circuit occurring at the component case. The magnet 
core and case were made of Armco Ingot Iron to assure 
a quick drop in the field upon removal of the coil 
current. All areas of the magnetic circuit were equal
ized to minimize the possibility that one part of 
the circuit would reach magnetic saturation before 
another. The diameter of the coil wire was selected to 
maximize the coil ampere turns for a given coil's 
operating temperature and supply voltage. 

These magnets were successful in allowing routine 
testing to 50 g or more and had all the "good" charac
teristics of the air-piston detent—no overshoot and no 
release shock. Removal of the coil power provided a 
convenient signal for functional timing. The major 
uncertainty involved the acceleration rise time, which 
really was the time required for the magnetic field 
to drop to allow component mass release. Rise times 
of 0.035 to 0.050 s can be expected from magnetic 
fixturing. 

It is ironic that the only magnetic fixture to sur
vive is the original horseshoe magnet design. A num
ber of the original components were placed in uncon
trolled temperature storage in a small locker-type 
ammunition storage igloo in 1964 to study long-term 
materials properties, and the old horseshoe-magnet 
fixture has been used for the yearly testing of these 
components. 

A small number of special versions of the design of 
Figure 16 (b) were made for special test requirements 
such as combined linear acceleration and vibration 
tests. In these special versions, the component was 
replaced with an Armco Iron cylinder. Attached to the 
cylinder was a push-rod that passed through a hole in 
the solenoid core. These fixtures were used in the same 
manner as the air-piston detent device. 

Magnetic fixturing has disappeared in develop
ment testing because of the disappearance of testable 
devices. From the centrifuge driver's point of view, 
it is a loss. The magnetics were the easiest of all to 
use. They remain a powerful option for special test 
situations. 

4.4.3 The Cam-Operated Reset Lock 
Most of the integrating inertial devices latch in 

the actuated position. Many have a bellows-enclosed 
mechanism to allow release of the latch for further 
testing while maintaining the required hermetic seal. 

One such mechanism has the property that when 
continuous pressure is applied to the bellows the 
inertial mass will lock in the reset condition. Removal 
of the force on the bellows allows the inertial mass to 
begin motion. 
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A special motor-driven fixture was used to test 
this device. The sequence of operation follows. 

Once the component was actuated, the centrifuge 
was slowed to give a value of acceleration below the 
operational level. The fixture motor was operated, 
rotating a cam, which operated a push-rod to apply 
force to the bellows and reset the component. The 
motor was stopped with the cam in position to main
tain pressure. The centrifuge was then brought to test 
speed and stabilized. When ready, continued rotation 
of the motor allowed the spring-loaded push-rod to 
fall off a step in the cam, giving a very fast mass 
release. 

This very good fixture, still in use for surveillance 
testing, probably was the best approach to the 
square wave. Rise time uncertainty was on the order of 
0.010 s. But it was a unique fixture using a unique 
component property. 

4.4.4 Burn-Wire Release 
In certain test situations, the components using 

deadweight testing were modified slightly to use burn-
wire detents. 

In these situations, a small hole was drilled in the 
reset end of the component case to allow access to the 
inertial mass. A small-diameter length of music wire 
was threaded through the hole and attached by suit
able means to the inertial mass. A small loop was 
formed in the free end of the wire, through which a 
length of nylon or other suitable cord was run. This 
cord was then tied tightly to an electrically insulated 
length of nichrome wire. 

With the centrifuge at speed, sufficient power was 
applied to cause the nichrome to heat rapidly and 
burn through the cord, releasing the inertial mass. 

Burn-wire releases can be used in many test situa
tions where the test quantity is too small to justify 
more expensive and sophisticated fixturing. 

The main drawbacks in burn-wire releases are 
their low productivity and the 0.05- to 0.10-s uncer
tainty in the time of release. 

4.5 The Inertial Flop Fixture 
The last important attempt to solve the square 

wave test problem for general use testing resulted in 
the inertially driven flop fixture. This test method 
originated in an unexecuted idea to replace the spring-
driven flop fixture with a device that would eliminate 
flop shock and shorten flop time in proportion to 
acceleration. The idea also promised to provide a 
square wave method usable to very high levels of 
acceleration, i.e., 1000 g or more. 

The idea for a fixture with no flop shock is illus
trated in Figure 17. This fixture is nothing more than 
a horizontal pendulum operated by centrifuge accel
eration rather than by gravity. In a conservative sys
tem, the pendulum would swing 180° from the cocked 
position to the test, or latched, position. The velocity 
of approach into the latched position would be small, 
reaching zero at the latch for a perfect 180° swing. 
Thus, the second problem of spring-driven flop fix
tures, flop shock, would disappear. Of course, for a 
practical system, the pendulum must swing more than 
180° to provide extra velocity to overcome friction and 
to provide a residual velocity at the final position 
capable of operating latch of some sort. 
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Another advantage of this fixture over the spring-
driven fixture is in the rise to the test acceleration. In 
the spring-driven 90° flop fixture, the sensing axis of 
the inertial switch enters the acceleration field at the 
minimum angular velocity of the fixture (Figure 13). 
With the inertial fixture, the sensing axis enters at the 
maximum fixture angular velocity. This results in a 
better rise characteristic for the inertial fixture, as 
sketched in Figure 18. 
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Because this device is a pendulum, although one 
of large amplitude, the dynamics of the pendulum are 
applicable. The equation defining the period of a 
small-amplitude pendulum is well known: 

where / is the effective length of the pendulum and g is 
the acceleration of gravity. 

For the large-amplitude pendulum driven by the 
radial acceleration of the centrifuge, the period can be 
written, by approximation, 

T = 2 . C ^ . 

For the case of steady state acceleration, from Eq (1), 

A, = -rk . 

By substitution, neglecting the minus sign, 

T = 27rC^/4-\ r02 

Thus, the period of the fixture is inversely propor
tional to centrifuge angular velocity. The fixture flop 
time shortens with increased acceleration, easing, but 
not fully solving, the first problem of spring-driven 
flop fixtures. 

This fixture was never developed. At the time that 
the characteristics of the ideal device were realized, an 
urgent need arose to provide square wave tests at 500 g 
and above. It was obvious that a reliable fixture re
lease and latch that would operate at such levels would 
take more fixture development time than was avail
able. In a series of fixture developments, the final 
version of the inertial flop fixture took form. 

A structure capable of holding the test item was 
built. This structure was free to rotate about the 
fixture pivot and was balanced about the pivot so that 
there were no torques acting to turn the structure 
when it was under centrifuge load. An independent 
pendulum was fashioned to rotate about the same 
pivot. A boss, or drive pin, attached to the holding 
structure extended downward in such a way that the 
arm of the pendulum could drive the holding struc
ture. After the pendulum accelerated 90°, it hit a 
mechanical stop and the holding structure was free to 
rotate the remaining 90° into a latch. Because the 
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structure was balanced, there was no force unbalance 
in the latched position, and the latch design was 
therefore much more simple. The holding mechanism 
(Figure 19) was a simple electromagnet which now was 
able to hold the pendulum at high accelerations be
cause the new geometry had very low starting torque. 

PENDULUM 

M A G M E T ^ I ^ M 
H- I^DRIVE ^ ~ \ y^ \ 
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Figure 19 

One version of this fixture type was used to test a 
device about 4 in. in diameter and 3 in. long to levels of 
800 g. This fixture featured a shaft encoder which 
permitted the computer to monitor not only centri
fuge speed but also fixture position. 

The various fixtures verified the dynamics of the 
pendulum discussed above. Flop time is indeed in
versely proportional to centrifuge speed. The smallest 
fixtures have the shortest flop times, as is predicted by 
Eq (26). A tiny fixture used for a very small compo
nent achieved flop times of 0.015 s at low values of 
acceleration. This final design did not achieve the goal 
of eliminating flop shock. It did allow operation in 
acceleration regimes previously untouchable. 

A peculiar observation was made while one of 
these fixtures was being used. The fixture had a flop 
time in excess of 0.100 s at low accelerations and times 
less than 0.035 s at high accelerations. It was noticed 
that the centrifuge would show a short period of 
reduced speed during fixture operation at high accel
eration, but would show increased speed when the 
fixture was operated at low acceleration. This did not 
make much sense. Many fruitless analyses were made 
before the effect of the frequency response of the 
centrifuge speed control was realized. 

The inertial fixture operates by borrowing angular 
momentum from the centrifuge during rotation and 
then returning the angular momentum at latch. This 
is exactly what was observed at high speeds. The 
fixture could complete its rotation before the speed 
control could intervene to maintain centrifuge speed. 
But at low speeds, the speed control could act to 
maintain speed during the flop, which was a low 
frequency event. At latch, a high frequency event, the 
returned angular momentum, caused an increased 
speed pulse which the speed control then removed. 



The original scheme for a fast, minimal shock 
fixture remains available for development if the need 
ever arises. 

4.6 The Pantograph Fixture 
One other device was studied in the search for a 

square wave generator. A prototype was built and 
tested enough to show that a usable device could be 
developed. However, the programmable centrifuges 
were coming on line, the older square wave methods 
were usable, and workload was heavy. Consequently, 
the design was never executed. It is presented here 
both for historical completeness and for the device's 
interesting properties. 

The device was an attempt to use some of the 
attractive properties of the slide fixture (see 4.1) while 
at the same time avoiding its bad features. The slide 
fixture was simple to use, easy to release, and had a 
fast rise time. The only real drawback was its terminal 
shock pulse. 

Figure 20 shows the pantograph fixture, so called 
because of its superficial resemblance to the more 
familiar copying mechanism. 

Figure 20 

As shown in Figure 20, two slide tracks are 
mounted on the centrifuge at right angles and crossing 
at the center of rotation. It is not necessary that the 
two tracks be in the same plane. Four identical slide 
carriages are mounted, two to a slide. Four identical 
rigid links, free to rotate about pivots on the carriages, 
join the carriages in the pantograph shape as shown. 

If the link pivots are at the center of gravity of 
each carriage, this fixture has a constant moment of 
inertia. The contribution to the moment of inertia by 
each of the four identical carriages, each with mass m ,̂ 
can be written: 

le = m, r? -I- m, r̂  -|- m, r? -h m, r̂  

= 2m, (r? + Tl) . 

However, thanks to Pythagoras: 

(r? + Tl) = P . 

Therefore, 

Ic = 2m,Z2 = constant . 

If the four links are identical and symmetrical, the 
center of gravity of each link is at its midpoint. The 
coordinates locating the CG from the centrifuge cen
ter are ±ri/2 and ±r2/2. The vector displacement, r, 
of the CG from the center is 

4 

However, from above 

r? + r̂  = /2 . 

Therefore, 

r^ = — = constant . 
4 

The CGs of the links follow arcs of a circle and 
thus have a constant moment of inertia. If each link 
has a mass mL, the moment of inertia of the four links 
is 

I,. = 4mL -- = constant , 
4 

and the total for the device is 

I = Ic + I I 

= 2 m / + mL l^ 

I = (2m, + mi)P . 
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Coriolis acceleration acting on the carriages is gener
ally different for each pair pf carriages. However, the 
net torque exerted by the Coriolis inertial forces on 
the centrifuge drive is zero. (Refer to 4.1 for a review of 
Coriolis torque.) 

The displacement of an adjacent pair of carriages 
is related by the following: 

, 2 ^ /2 _ _2 
r, — (. f j • 

The radial velocity of the paired carriages can be 
found by taking the derivative of both sides of the 
equation. 

ZTiTi = —2X^2 > 

from which 

*' = -*, (:j) • 

The Coriolis forces can be summed for the four car
riages. Refer to Eq (2). 

F„ = S2mW 

= 2(2mfi0 -t- 2mf2 )̂ . 

The torque required to balance the Coriolis iner
tial forces is equal to each Coriolis force multiplied by 
the moment arm from the centrifuge center to each 
carriage CG. 

T = 4m (ri0 X ri + T^ X T^ . 

By substitution of (27), 

T = 4 m e k r i - f i R j r 2 l 

^ 0 . 

Because the CGs of the links have a constant 
radius, the links have no net radial velocity and no net 
Coriolis force. 

Because the pantograph fixture has a constant 
moment of inertia and no net Coriolis torque, centri
fuge speed is unaffected by any fixture motion. 

The fixture would be used by mounting the test 
item(s) on a pair of carriages held at the inboard 
position by a simple electromagnet. Upon reaching the 
desired test acceleration, as measured at the outboard 
position, the inboard carriages would be released. 
With a conservative system (no friction), the carriages 
would swap radial positions. The inbound carriages 
could be captured by the same electromagnet that 
held the outbound carriages. 

The prptotype design, with the help of a couple of 
rubber bands to aid in overcoming friction, worked as 
intended. If the idea for this device had come 10 years 
earlier, in the late '50s or early '60s, it probably would 
have been fully developed and used routinely. 
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5. Programmed Acceleration 

Just as the appearance of the hermetically sealed 
inertial integrators forced the general improvement of 
centrifuge test doctrine, the more-or-less simulta
neous development of oil damped, hermetically 
sealed, inertial g-switches has led to today's program
mable centrifuges. 

The perfect g-switch would always actuate upon 
being subjected to some value of acceleration. How
ever, the perfect g-switch, as in the perfect integrator, 
does not exist; nor is it, in fact, a desirable device. 

The common g-switch is a spring-mass, lightly 
damped device. Because of this, each component has a 
natural frequency. If such a device is subjected to a 
series of acceleration-time curves of different rise 
times, it will be found that the actuation acceleration 
values are more or less constant for long rise times. 
But as the rise times shorten, damping and natural 
frequency come into play and actuation levels begin to 
rise, as illustrated in Figure 21. 

RISE TIME 

Figure 21 

As a general rule, it is desirable for a g-switch to 
behave in this manner. Actuation is delayed for short-
duration, short-rise acceleration pulses, giving protec
tion against accidental function during transportation 
or abnormal environments. 

The test problem for g-switches is to define the 
functional curve of Figure 21. It should be remem
bered that all of today's sophisticated test methods 
that provide precision duplication of launch, reentry, 
and parachute deployment curves, are really disguised 
methods of defining Figure 21. 

Programmed linear acceleration testing involves 
the application of controlled, repeatable, acceleration-
time profiles to inertial devices or to system assem
blies containing inertial devices. Inertial devices are 
emphasized because, as will be seen, there is very little 
need to program other devices. 

Today, programmed acceleration testing is done 
almost universally by controlling centrifuge speed by 
means of a digital computer operating by open or 
closed loop control. Some work is done by analog open 
loop input control. 

The precise, accurate, highly productive program
mable centrifuges have taken over so completely in the 
provision of acceleration profiles that it is strange to 
realize, now, that other methods were used for 15 years 
or more. 

5.1 Operational Testing 
The determination of an inertial switch's mini

mum closure level on a rising acceleration curve or of 
the maximum opening level on a falling acceleration 
curve is called operational testing, as stated above. 
This testing has been done as long as inertial switches 
have been tested on centrifuges. 

Before programmable centrifuges became avail
able, this work was done, of necessity, using manually 
controlled centrifuges. The workhorse machine for 
inertial switch tests was the Genisco AlOlO, which 
featured a very linear ball-disk transmission. Because 
of the linearity of the control, the centrifuge speed as a 
function of the position of the control handcrank was 
very predictable. 

The first testing on the Genisco AlOlO relied on 
the skill of the operator. An experienced operator 
could repeatably control the centrifuge acceleration 
rate of change in the vicinity of switch function in the 
range of ± 0.05 g/s. A skilled operator could do some
thing by manual control that he could do by no other 
control method. The centrifuge speed could be set so 
precisely that the component monitor circuit lamp 
could be made to flash on and off as the inertial switch 
responded to the variable radial component of gravity 
of a tilted centrifuge. (Refer to 3.4.5.) 
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As time went on, test requestors began to require 
more controlled rates of change of acceleration in the 
vicinity of the acceleration of actuation. This need was 
met by motorizing the control handcrank. If centri
fuge speed was measured in rpm, the relationship 
between centrifuge speed and control handcrank rota
tion angle, /3, can be written, because of the linearity of 
control, 

N = Ci0 . 

(/3 was not restricted to 360°; ordinarily many revolu
tions of the handcrank were made.) If the handcrank 
was driven by a constant-speed motor, such as the 
low-speed motors built by Bodine, the crank angle as a 
function of time was 

^ = /3t . 

For a constant radius test, from (1), 

A„ = -CjrN^ . 

By substitution, 

A, = -C2rC?i8^ (28) 

= - C 3 T0H' . 

When the control handcrank was driven at constant 
speed, the resulting acceleration curve was parabolic 
in time. However, if the test component's expected 
operational level was known, the rate of change of 
acceleration in the vicinity of actuation could be set 
close to any desired value by control of /3. From Eq 
(28) above, neglecting the minus sign, 

A, = 2C3 r (8̂  t 

= 2C3r^^ 

A, 
B = — . (29) 

From (28), 

By using this relationship, Eq (29) can be written 

2yfC~FA; ' 

By determining the relationship between handcrank 
position and centrifuge speed (Cj, above), the speed 
required of the Bodine crank-drive motor was easily 
determined. Actually, a gearbox kit was used to adjust 
the drive speed, as the required speed rarely matched 
motor speeds available. In addition, adjustments in 
the radius of test permitted a small amount of adjust
ment in ;8. 

In one respect, the older, manual methods were 
superior to the modern, programmed centrifuge. The 
ball-disk drive was infinitely variable, resulting in a 
very smooth acceleration curve. With digital com
puter control, the smallest change in centrifuge speed 
that can be achieved is associated with the minimum 
voltage step available from the D-A converter. In the 
case of the old Redcor computer, the D-A converter 
was a 13-bit device for the voltage range of ± 10 Vdc. 
Thus, the least significant bit made a 0.005-Vdc mini
mum change in the control voltage. Because the Goerz 
centrifuge has a nominal control sensitivity of 0.020 
Vdc/rpm, the smallest change possible was 0.25 rpm. 
In low-rate («0.001 g/s) operational tests, the stair
step increase in centrifuge speed and acceleration is 
clearly visible when instrumented with a high-gain 
accelerometer. 

5.2 Rotary Fixturing 
One of the earliest of the oil damped g-switches 

was a two-channel device intended to function during 
parachute deployment. At the time this component 
was developed, the only way to subject an inertial 
device to a parachute deployment curve was to deploy 
a parachute. 

A rotary fixture was provided to exercise this 
component. (The test method was used in both devel
opment and production.) The fixture featured a 
rotary table whose pivot was at the radius of test on 
which the component could be mounted. At the center 
of the centrifuge were two constant-speed, ruggedized, 
reversible dc motors operating in parallel. The motors 
drove the rotary table by means of a toothed belt. 
Microswitches operated by cams on the underside of 
the rotary table allowed table position to be recorded 
on an oscillograph and controlled power to the motors. 
As the table rotated 180°, the sensitive axis of the 
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component was subjected to a more-or-less pure half 
sine->acceleration pulse of 0.80-s duration. The rela
tionship between fixture rotation and component cir
cuit function, as might be displayed on an oscillograph 
record, is shown in Figure 22. 
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Figure 22 

This fixture was operated up to 100 g and was 
used for the original component, as well as for a family 
of derivative designs. The fixture was used for about 
15 years, from the early '60s to the late '70s. Finally, 
unrepairable, routine wear and tear took the fixture 
out of service. 

Surveillance testing on this component and some 
of its derivatives continues to this day. Because the 
fixture is gone, testing is now done on a programmed 
centrifuge. Because it is impossible for a programma
ble centrifuge to provide a pure half sine curve, the 
test curve is more of a haversine than a sine curve. 
However, the top half of the old test curve is closely 
duplicated, and switch performance data are compa
rable to data obtained by the older methods. 

As a test note, parachute curves continue to be 
tough programming projects. The curve, as sketched 
in Figure 23, is of relatively short duration (3 to 4 s), 
has a short rise time requiring high torque, and has a 
wide frequency spectrum. It is the wide frequency 
spectrum that causes problems. Most of the ordinary 
programmable centrifuges' frequency responses are 
down far enough at the needed higher frequencies (the 
Goerz 452 is down 3 dB at 30 Hz) that the voltage 
control function becomes very nonlinear. Small 
changes in the control function made to adjust the 
shape of one part of the curve can cause large changes 
in other parts. 
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Figure 23 

In particular, small changes in the control func
tion made to adjust the shape of the rise portion of 
the curve can result in large changes in the peak 
acceleration. 

This is clearly an area for a bit of profitable 
research. When one considers the powerful modern 
tools of dynamic analysis and the strength of today's 
computational methods, it is possible to envision the 
day when a program might be called that would accept 
the desired acceleration-time curve, that would exer
cise the centrifuge as actually set up to determine 
frequency response, transfer functions, etc., and that 
would then compute the control function necessary to 
provide the desired curve. The software could also flag 
curves or the portions of curves that are not possible 
for a particular centrifuge. 

One last comment about rotary fixturing: It is not 
clear that rotary fixturing is obsolete; it may be a 
perfectly valid test method for development that has 
gotten lost during the change to programmed centri
fuge testing. Modern components are modeled so that 
proposed changes in design or test can be predicted 
before the changes are committed in hardware. It 
would seem that a modern rotary fixture capable of 
providing pure (almost) half sine waves of variable 
duration and amplitude would be an inexpensive, 
accurate, and precise way to verify expected compo
nent response. 

5.3 Manual Programming 
In the second half of the 1960s, the need to 

provide fairly accurate duplication of reentry accel
eration curves put heavy pressure on the development 
lab to do something, no matter how crude. At the time 
(1966-67), the need for programmable centrifuges was 
beginning to be realized; but no one had yet built one, 
and no one was yet committed to the necessary capital 
investment. 
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A method was devised to allow manual program
ming of the AlOlO centrifuge. A high-gain servo accel
erometer was mounted on the centrifuge table to 
provide a voltage proportional to the actual centrifuge 
acceleration. The accelerometer powered one leg of a 
bridge circuit. A Data-Trak function generator was set 
up to provide an output voltage-time curve propor
tional to the desired reentry acceleration-time curve. 
This output voltage was used to power a second leg of 
the bridge circuit. A center zero microammeter was 
used to detect bridge balance. The polarity of the 
microammeter was fixed so that rightward turn of the 
centrifuge handcrank (clockwise and increasing cen
trifuge speed) would cause a rightward deflection of 
the microammeter pointer. 

After the test setup was calibrated, the theory of 
operation was simple. The Data Trak was started, and 
it began to output the control voltage. The centrifuge 
operator, by observing the ammeter pointer, would 
operate the control handcrank so as to keep the bridge 
in balance. An ammeter deflection to the left meant 
that centrifuge acceleration was lower than the de
sired curve, whereas a rightward deflection meant the 
acceleration was higher than desired. 

For a smoothly rising or falling curve, an experi
enced operator could do a remarkably good job of 
programming the centrifuge. Practice and experience 
soon showed that the proper control strategy was to 
keep the centrifuge just behind the control at all 
times. By lagging a bit, the operator could continually 
and smoothly operate the control handcrank in one 
direction. If the centrifuge got ahead of the control, 
the operator had to stop and wait for the control to 
catch up. 

When the desired acceleration curve had a peak 
value, all operators temporarily lost control as the 
curve went through the peak. No amount of practice 
or experience could eliminate this. Apparently there is 
something in the human eye-brain-hand servo feed
back system that did not like this system when the 
control changed slope. 

This system provided a significant amount of data 
for a short period of time. The loss of control on a 
peaked curve was usually not important because the 
component events of interest generally occur well 
before or after the peak. 

The important limitation of this test method was 
critical for further use. Because of centrifuge perfor
mance limits, fast-rising reentry curves could not be 
programmed. And the need for fast curves was becom
ing urgent at this time. 

5.4 Radius Programming 
About 1967, a component design appeared that 

could be tested properly only with a programmed 
centrifuge. This need was recognized early. The first 
programmable centrifuge was specified and procure
ment procedures were begun to obtain a machine for 
production testing. 

Meanwhile, the component prototypes were being 
built. This inertial device was unique. It had two 
actuation levels, 12-g and 18-g. (Refer to Section 
3.4.4.) The end use of this device was also unique. 
Although the inertial switch responded to accelera
tion, the time interval between the 12-g and the 18-g 
closures was the controlling parameter in the end-use 
application. Therefore it became necessary to supply 
acceleration-time curves with fairly precise control of 
the time between the 12-g and 18-g actuation points. 

The development lab was asked to provide some 
method of subjecting the component to variable, but 
repeatable, rates of acceleration rise in order to test 
the prototypes on hand. The test method had to be 
inexpensive and of little permanent value because it 
would be used only until the first programmed centri
fuge came on line. As mentioned, there was no centri
fuge available that could rise fast enough in speed to 
obtain the acceleration rates needed. 

A test method was developed that took advantage 
of the centrifuge equations of motion and that harked 
back to the slide fixture device of Section 4.1. It was 
decided that a slide fixture should be developed that 
could be controlled to move at a constant radial 
velocity, f. Under this condition, the radius as a func
tion of time is easily written: 

r = ro -I- ft . (30) 

By differentiation, 

f = f 

and 

r = 0 . (31) 

The radial acceleration, from (1), is 

A, = f - T k . 

By substitution of (30) and (31), 

A, = 0 - (ro + Tt)k . 
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If the centrifuge speed is held constant (by differenti
ation), 

-id' 

Thus, if the radius could be controlled at a constant 
rate, the acceleration applied to the inertial switch 
would be exactly proportional to the radius and the 
rate of change of radial acceleration constant and 
proportional to the fixture radial velocity. 

A centrifuge was set up so that a slide fixture 
could be controlled from a nominal starting radius of 
6 in. to a final radius of over 30 in.* If the centrifuge 
was operated to give 18 g at 30 in., 12 g would be 
provided at 20 in. 

r,2 

30 
20 12 

By starting at a 6-in. radius, sufficient inertial force 
would be available to start the slide (3.6 g at 6 in.) and 
sufficient time would elapse before reaching the 12-g 
radius for any starting transients to damp out. 

Slide position was controlled by a small-diameter 
steel cable that was brought out of the centrifuge by a 
pulley-and-swivel arrangement and that was wrapped 
around a 3-ft-dia wooden drum built for the purpose. 
Slide radial velocity was controlled by regulating 
angular velocity of the drum. The drum was driven 
with a commercial electric motor/variable speed 
transmission. This operation is sketched in Figure 24. 

OFFBOARD 
PULLEY 

0[-«-SWIVEL 
ONBOARD 
PULLEY 

J3 CABLEst^ 

SLIDE 
FIXTURE STOP 

IE 
TRACK 

^ye r=20 ̂  r = 3 0 - H 
12 g I 8 g 

Figure 24 

Determination of the actuation acceleration re
quired the determination of the radius at actuation. 
To determine the radius at actuation, small-diameter 
pencil leads^ were set up so that the slide fixture 
would break the leads in passing known radial posi
tions. Pencil leads are electrically conductive, are 
brittle, and, in short lengths, break with small deflec
tion. By using current-viewing resistors in series with 
the leads, the condition of the leads, along with the 
status of the component contacts, could be displayed 
on an oscillograph. Based on the known position and 
time of the fixture and component status, the compu
tation of acceleration rate of change and actuation 
acceleration was easily computed with an accuracy of 
better than 1 %. 

The actuation tolerance of the component was 
± 5 % for both the 12-g and the 18-g contacts. In terms 
of radial displacement, the tolerance became ± 1 in. 
for the 12-g point at the 12-in. radius and ± 1.5 in. for 
the 18-g point at the 30-in. radius. Four pencil leads 
were positioned at the 19, 21, 28.5, and 31.5 in. radial 
positions corresponding to the tolerance limits. 

Although this test method was used for only a few 
months, it provided good data at a time when nothing 
else could serve. It is believed that this footnote in the 
development test log is unique. 

5.5 Programming Impossibilities 
The ability of a given centrifuge to provide a 

desired acceleration-time curve depends on the 
torque-speed characteristics of the machine, its mo
ment of inertia, and the system frequency response. 
One machine may fail completely to produce a desired 
curve, whereas another with a bit more torque or a 
wider frequency response may do the job with ease. 
However, there are easily recognized portions of accel
eration curves that no centrifuge can provide. 

Let a desired acceleration curve be represented by 
a simple power function of time (for the moment, let n 
be greater than 0). 

A, = C, t" . 

From (1), neglecting the minus sign, 

A. = re' . 

*Once again, the actual dimensions have been lost. The 
numbers given are from memory. 

tThis is a very old environmental test technique, used for 
years to determine position. 
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By substitution and rearrangement, 

A, = TO^ = Ci t" 

. /c,t"V/̂  

h = C^ t"'̂  (for constant radius). 

By differentiation: 

^ = i^c,t(^"). 
2 

The torque required for this simple curve is from 
Eq (4), 

T = I.S 

= L ^ C , t ( ^ ' ) 

(32) 

Examination of Eq (32) reveals that a simple parabola 
is a key curve. When n = 2, 

T = 2C3 . 

A simple parabola is a constant torque curve. If a 
centrifuge has sufficient drive torque available over 
the required speed range, then the centrifuge can 
follow the curve; if it does not, then it cannot. 

If the curve is not parabolic, different conditions 
apply depending on the value of n. 

If n is greater than 2, then the required torque 
increases with speed and time. This may cause a 
torque deficiency at the higher speeds. However, if n is 
less than 2, the centrifuge will have problems at the 
start of the profile. With n less than 2, Eq (32) can be 
rewritten. 

T = 
nCa (33) 

With n smaller than 2, time is in the denominator of 
the torque Eq (33). At the start of the curve (t=0), 
the required torque approaches infinity. The effect 
on the actual curve produced can be deduced and can 
be seen when the acceleration is displayed by an 
accelerometer. 

The most common acceleration curve requested in 
programming tests in development is the simple linear 
ramp (n=l) . The required torque curve for a ramp is 
shown as the dashed curve of Figure 25. The perma
nent magnet motor drive of the Goerz 452 centrifuge 
has the torque-speed characteristic shown by the solid 
line of Figure 25. 

o 
o 

A' \ B C 
- ^ 

c ^~~-_ 

SPEED 

Figure 25 

The torque curve required for the ramp starts at 
infinity and follows the curve A B C D. The centrifuge, 
unable to follow the curve needed, does the best it can 
by following the curve A' B' B C C D. Because the 
centrifuge torque is deficient at the start, its angular 
acceleration is less than desired, causing the centri
fuge to lag in speed. Thus when the demand curve 
reaches B, the centrifuge is lagging at some point B'. 
However, as the demand curve continues past B, the 
centrifuge can supply more torque than needed. It is 
thus able to answer the call of the servo system's error 
signal and begin to get back on track. The centrifuge 
continues on the maximum torque line until its speed 
begins to match the demanded speed, as at C. The 
supplied torque begins to decline until speed and 
torques are matched at D. From then on the centrifuge 
can track. 

Figure 26(a) shows what happens on the centri
fuge; the desired ramp is represented by a solid line, 
and the actual curve is represented by a dashed line. 

Figure 26 
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Because the centrifuge follows a constant torque 
curve from A' to C (Figure 25), the curve generated is 
parabolic, as shown in Figure 26(a). The point at 
which the demand torque crosses the available torque 
(B) is the point at which the slope of the parabola is 
equal to the slope of the ramp. This is the point of 
maximum lag in acceleration. 

When programming a ramp with negative slope, 
the curve of Figure 25 is followed in reverse. The 
demand curve is DCBA, whereas the centrifuge fol
lows DCBA'. The effect of this is seen in Figure 26(b). 
Once the required torque reaches the maximum at B, 
the curve becomes a parabola for the rest of the way 
down. 

Examination of Figure 25 shows that an increase 
in available torque reduces the speed at which the 
required torque curve intersects the available torque 
(point B); but no amount of increase can completely 
eliminate centrifuge lag when programming to or from 
a dead stop with n less than 2. 

In the real programming world, desired curves are 
not the simple time exponentials used in this presen
tation. However, the results of these derivations can 
be applied to any curve by realizing the meaning of Eq 
(32). If the slope of the acceleration-time curve is not 
zero at zero acceleration, no centrifuge can track the 
curve close to the zero point. 

Earlier it was stated that troublesome curves 
could be recognized by inspection. In Figure 27, five 
typical curves are sketched (not to scale). 

PARACHUTE 
PEPLOYIMENT 

It can be seen that only the reentry curves have no 
problems at low values of acceleration. Staged launch 
curves have a double jeopardy problem in the staging 
notches. The centrifuge lags on the fall and also on the 
subsequent rise. As implied by Figures 25(a) and (b), 
it is just not possible to reach 0 g in a narrow staging 
notch. 

This general problem can be eased by specifying, 
whenever possible, test curves that do not start at 
zero. This is especially true for the simple ramps used 
for operational testing. 

5.6 Tangential Acceleration 
Quite often a test requestor will specify a simple 

steady state acceleration test, but will add a restric
tion that the rise time to the test level be held to some 
minimum value. Often this restriction is added to the 
test request in order to minimize the tangential accel
eration applied to the test item. It is therefore reason
able to investigate the relationship between rise time, 
test acceleration, and tangential acceleration. 

As was developed in Section 5.5, the torque sup
plied by the centrifuge depends on the characteristics 
of the machine and the shape of the acceleration curve 
used to reach the test level. However, if the centrifuge 
is asked to rise at its best possible rate, which gives the 
maximum tangential acceleration, and if the centri
fuge has a flat torque-speed characteristic, such as the 
Goerz 452, it is possible to derive a first-order approxi
mation equation to allow estimation of tangential 
acceleration values. 

With a constant torque and constant moment of 
inertia drive, the acceleration curve will be parabolic 
in time. Therefore, 

A, = Ci t=̂  . (34) 

And, from Eq (1), neglecting the minus sign, 

A, = r6»2 . 

By combining, rearranging, and differentiating, 

iff' = Cit^ 

Figure 27 

V? 
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From (2) , 

A„ = r'e 

From (34) , 

With an average rise rate of 8 g/ms, the HiOnset 
will reach 1000 g in 0.125 s. From (38), 

(35) 

(36) 

If both A, and Â  are in units of "g", r is in inches, and t 
is in seconds, a constant of proportionality, G ,̂ is 
needed. For this set of units Ge is equal to 386 in/g-s^. 
With this, (36) and (35) can be rewritten as 

/ rA, Ŷ ^ 
1,386A,7 

/ rA. Y' 
V386t7 

(37) 

(38) 

Using Eqs (37) and (38), it becomes easy to esti
mate rise times, given a maximum allowable tangen
tial acceleration, or to estimate the tangential accel
eration given a rise time. 

Suppose it is desired to hold the tangential accel
eration to 1 g during a rise to a 100-g test level. If the 
radius is 24 in., what is the rise time? From (37), 

t = 
^24 X 100 Y 
^368 X I V 

t,i., = 2.49 s . 

Since very few centrifuges can reach 100 g in 2 
1/2 s, it is unnecessary to specify a rise time to 
control tangential acceleration levels for this proposed 
condition. 

On the other hand, the HiOnset centrifuge is to be 
brought to 1000 g at its maximum achievable jerk of 
8 g/ms, while being tested at a 6-in. radius. What 
levels of tangential acceleration can be expected? 

= / 6 X 1000 Y '̂ 
" " V386 X 0.1257 

and 

A„ = 31.5 g . 

This value of acceleration is not small, but is reason
able considering the test level. In fact, a 2° angular 
misalignment of the test item at 1000 g will also give a 
31.5-g side load. 

As a general rule of thumb, tangential accelera
tions can be ignored. During routine testing the tan
gential is small compared to the 1-g side load imposed 
by gravity. 

5.7 Curve Frequency Content 
In vibration and mechanical shock testing, the 

frequency content of the time-variable accelerations 
imposed on the test item is expected to excite variable 
responses in the test item or its component parts. 
These responses can be very destructive when the 
frequency of the input is near a natural frequency of a 
test item. 

A centrifuge-imposed acceleration-time curve is 
also a time-variable acceleration. In fact, a centrifuge 
curve can be thought of as a small-amplitude, very 
long duration shock pulse. A specific centrifuge time 
profile will be written as a Fourier series in order to 
find the frequency content of the curve, and the effect 
on a typical component will be estimated. The curve to 
be evaluated is one actually requested many times in 
the development lab. This curve requires a linear 
ramp from 0 g to 90 g with a 50-s rise, a 10-s dwell at 90 
g, and a 50-s linear return to 0 g. This curve is shown in 
Figure 28. 

5 0 6 0 
TIME (s) 

Figure 28 
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The equation defining the amplitudes of the vari
ous terms of the Fourier series is derived in Appendix 
E, Problem 3. Because it is derived for general curves 
of this shape, it allows evaluation of any desired 
symmetrical 3-ramp test. 

To review: A general function, f(t), can be written 
as an infinite series of sine and cosine terms. This 
series, as deflned below, is called a Fourier series. 

m = l n = l 
sin-

2nt 

where 

9 n+l n r 

ao = - [ f(t)dt,a. = | | 
2 r+'^.,^, 27rmt ,̂  f(t)cos ——— dt 

and 

, 2 f ' ' + T _ , . 27rnt , , 

In Appendix E, Problem 3, this curve is set up as an 
even function to more closely resemble the actual 
condition on the centrifuge. When a function is even, 

f(t) = f ( - t ) , 

and all values of b„ are zero. 
The equation for the general value of the a^ terms, 

evaluated for this problem, gives the following 
relationships: 

— = 45 g 
2 ^ 

43.771 irm 

m ̂  ^="^12 

= 0 

a„ odd (1, 3, 5, ...) 

a„, even (2, 4, 6, ...) 

fJHz)^ m 
T20 

Table 14 tabulates selected values of the cosine ampli
tudes, a ,̂, and the cosine frequencies, f̂ . 

m 

0 
1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
31 
61 

121 
12001 

Table 14 

f. (Hz) 

0 
0.008333 
0.02500 
0.04167 
0.05833 
0.07500 
0.09167 
0.1083 
0.1250 
0.1417 
0.1583 
0.2583 
0.5083 
1.0083 
100. 

an,(g) 

45 
42.279 

3.439 
0.453 

-0.231 
-0.382 
-0.349 
-0.250 
-0.138 
-0.039 

0.031 
-0.012 
-0.011 

0.0029 
0.3 XlO-' 

If a continuous series of the profiles of Figure 28 
were programmed on the centrifuge, the test could be 
thought of as a combined linear acceleration and 
vibration test. The linear acceleration part would be 
45 g steady state (ao) with a series of discrete sinusoids 
superimposed on the steady value with amplitudes a„ 
and frequencies f„. 

There is a good reason no one thinks of pro
grammed acceleration in this way. No component of a 
size that can be mounted on a centrifuge can ever have 
a natural frequency low enough to be excited by the 
frequency content of a centrifuge curve. Natural fre
quency is related to size; the larger the item, the lower 
the natural frequency. When the east wind blows in 
Albuquerque and excites the power lines along Eu
bank Blvd, the 2-Hz or 3-Hz frequency of vibration is 
associated with cable spans of 100 ft or more. To think 
of structures that might be excited by the frequency 
content of the curve of Figure 28, it is necessary to 
think in terms of structures the size of the Golden 
Gate Bridge. 

Even the fast-changing parachute deployment 
curve has a fundamental frequency on the order of 
0.2 Hz. The smaller components subjected to such a 
shock are not going to respond very strongly, although 
larger components might. 
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As a general statement, all devices testable on a 
centrifuge will respond to centrifuge acceleration as 
rigid bodies; therefore, the component should be 
stressed by the maximum acceleration to be seen in 
service or test, but the route to or from the peak 
acceleration is of little or no importance. 

If there were no exception to the above rule, 
programmed centrifuges would never have been built. 
The exception is the inertial device, which is designed 
to react to low-frequency accelerations, with the best 
performance being in reaction to steady state (0 Hz) 
acceleration. This is why the definition of pro
grammed acceleration testing in Section 5 emphasizes 
inertial devices. 

5.8 A Centrifuge Evaluation Tool 
The problem of evaluating the performance of a 

programmable centrifuge can be a very complex task. 
Determination of the linearity of control is not very 
difficult; the centrifuge can be exercised over its speed 
range by using a precision voltage source. But the 
determination of the ability of a machine to duplicate 
any desired curve in detail is another matter, because 
literally an infinite number of curves must be evalu
ated, as reflection on the curves of Figure 28 should 
reveal. 

There is a simple way to reduce all curves to a 
simple parabola—a much easier curve to evaluate. 

If the control is linear, the centrifuge speed will be 
proportional to the control voltage; that is the mean
ing of linearity. Because of this, Eq (1) can be written 

A, = CV^ . 

The acceleration is a parabolic function of voltage. 
If a precision, high-gain servo accelerometer is 

mounted on the centrifuge, a voltage proportional to 
A, is then available. If this voltage is used to drive the 
ordinate of an X-Y plotter and the control voltage is 
used to drive the abscissa, the plotter will show a 
perfect parabola for any curve that the centrifuge can 
follow perfectly. Furthermore, if the calibration of the 
accelerometer and of the X-Y plotter is held constant, 
the same parabola will be plotted for any curve 
attempted. 

If a very slowly rising acceleration-time simple 
parabola is programmed (constant torque of low value 
and low frequency content), then the X-Y plotter will 
plot the best acceleration-voltage parabola the ma
chine can do. If this is immediately followed by the 
launch, reentry, ramp, or other curve desired for test, 
any deviation from the ideal is seen immediately. 

This test method is a quick evaluation tool that 
uses equipment any reasonably well equipped test lab 
should have. It is realized that the computer driving 
the centrifuge has all the hardware to do the same job 
and that, with the addition of appropriate software, it 
also has the capability to analyze the results. 
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6. Miscellaneous Topics 

Up to this point, the items discussed in this paper 
have fitted into one of the four major section titles. 
This last section will cover a number of unrelated 
topics that can only be put into the miscellaneous 
pigeonhole. 

6.1 Simple Harmonic Motion 
One of the classic problems first studied in a 

course in dynamics is the motion of a simple, linear, 
undamped, single-degree-of-freedom, spring-mass 
system. The problem is typically set up as shown in 
Figure 29. 

/y////y/ 

(equilibrium) 

I "• I z=z 
I I (defected pos n) 

W4-kZ 

t 
m 

T 
w=mg 

Figure 29 

The spring constant, k, exerts a restoring force 
equal to kz, where z is the deflection from the equi
librium position at z=0. At equilibrium the spring 
force is exactly equal to the suspended weight, w, 
which is equal to the product of the mass and the local 
acceleration of gravity. From the free-body diagram, 
the equation of motion can be written 

mz w — (w -I- kz) 

Or, by rearrangement, 

z -I z = 0 
m 

The solution to this equation is well known. If the 
mass has a displacement and velocity of ZQ and z,, at 
time zero, the displacement can be written 

z = Z(, cos Wn t H sin cô t , 

where co„ is the natural frequency of vibration and is 
written 

In this derivation, the acceleration of gravity is 
constant. 

If, on the centrifuge, a similar spring-mass system 
is set to move friction-free along a radius, the situation 
is different; "gravity" is not constant. Different solu
tions are to be expected. Figure 30 shows the setup for 
this problem. 

c> M^ m m 

Figure 30 

In this problem, only one external force is acting. 
This force is equal to the force exerted by the spring 
when the mass is at equilibrium and by the additional 
spring force when the mass moves to position r. F̂  can 
be written 

F, = - m ro 0̂  - k (r - ro) . 

The equation of motion can be written from Eq (1). 

m(i= - hh) = F, 

= - m ro ^̂  - k (r - ro) . 
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By rearrangement, 

' + (^ - * ' ) ' = '»(^-»")- »'" 

The solution to this equation depends on the value 
of the term in the parentheses. There are three 
possibilities. 

Condition 1: When, 

--0^ = 0 , 
m 

then Eq (39) reduces to 

r = 0 . 

The solution to this equation is, by inspection, 

r = Ci -t- Cat . 

If r = ro and f = fQ at time zero, 

r = ro -f Tot f = fo . 

In this case, if the spring rate, k, is exactly equal to 
the force gradient of the centrifuge, rad^, the mass 
will not move unless given an initial velocity. 
Having been given that initial velocity, the mass 
will maintain it indefinitely in the absence of 
friction. In addition, ro is indeterminate; ro can be 
at any radius. 

This is a condition of neutral equilibrium. 

Condition 2: When, 

- - r > 0 , 
m 

then Eq (39) stands as written. Let 

co„ = J— - ¥ . (40) 
V m 

Then Eq (39) can be written 

The particular solution to this problem is, by 
inspection, 

fp = To • 

The general solution is the same as that for the 
classic case of simple harmonic motion: 

Tg = Ci COS ojn t -h Cj sin u„ t . 

The complete solution is 

r = rp -I- r̂  = ro -I- C, cos w„ t -f Cj sin w„ t . 

If the mass has a displacement of (ro -I- R) and a 
radial velocity of fj at time zero, the final solution 
to this problem is 

fo 
r = ro -I- R cos cô  t -| sin ŵ  t . 

CO 

This solution is periodic and bounded, and thus 
represents a condition of stable equilibrium. 

Condition 3. When, 

— -e'<o, 
m 

Eq (39) has a change in sign: 

'-{^-&'-"{^-^)-
By using Eq (40), the equation is written 

r — d}' T ^ — Co' Tn . 

The particular solution is the same as the case of 
stable equilibrium: 

The general solution is of the same form as found 
in Appendix E, Problem 1: 

r̂  = C, cosh u„t + C2 sinh w t̂ . 

This gives a complete solution: 

r = rp + rg = ro -I- Ci cosh w t̂ -|- Cj sinh cojt . 

If, as before, the displacement is (rg -|- R) and the 
radial velocity is fo at time zero, the final solution 
is 

fo 
r = ro -h R cosh oĵ t H sinh oû t . 

CO 
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Because any motion of the mass, either in an 
inboard or an outboard direction, will cause a 
hyperbolic "runaway," this is a condition of unsta
ble equilibrium. 

Eq (40) indicates that the natural frequency of 
vibration of a spring-mass system will be smaller when 
the vibration is along the radius of a centrifuge. If 
some device is vibrating with the centrifuge at rest, the 
frequency will get smaller until Condition 1, which is a 
singular point, is reached. Beyond Condition 1, vibra
tion stops. 

The effect is small. The frequency term, 8'^, ex
pressed in hertz, is equal to (N^pĴ  or (N,p„/60)^. A 
spring-mass system with a normal natural frequency 
of 30 Hz would reach Condition 1 at 1800 rpm. Al
though this is a second-order effect for an ordinary 
test situation, there is one situation in which the effect 
can be important. 

If a vibration machine is mounted on a centrifuge 
to provide the combined environment of vibration and 
linear acceleration, the inertial force of the shaker 
armature caused by the centrifuge acceleration must 
be balanced out. When the two machines Sandia used 
in the past were vibrating in the radial direction, air 
springs with servo-controlled air pressure maintained 
the armature centering. These air springs were soft, 
with a low natural frequency; there is an advantage in 
shaker operation if the spring frequency is kept below 
the lowest shaker frequency of interest, ordinarily 
10 Hz. The crossover frequency of Condition 1 must 
be considered when designing a centering mechanism. 

Thought has been given at Sandia to mounting a 
vibration machine that would operate at 300 g of 
linear acceleration at an 8-ft radius. The centrifuge 
speed for this condition is 332 rpm. Thus, the center
ing device must have an at-rest natural frequency 
greater than 5.53 Hz, but less than 10 Hz, for proper 
operation. 

The centrifuge force gradient, rar, can be thought 
of as a negative spring rate. 

6.2 Tip Speed 
The outside tip or rim of a centrifuge arm or table 

has a velocity that can be written 

V = r^ . (41) 

Solving for 0 , 

0 = ^ . 
r 

The centrifuge acceleration, for constant angular ve
locity is, from Eq (1), neglecting the minus sign, 

A, = 10' . 

By substituting Eq (41) and solving for velocity. 

and 

v = . / 7 A ; . (42) 

This relationship shows that, for a given value of 
acceleration, the tip speed increases in proportion to 
the square root of the radius. The higher the tip speed, 
the greater the windage losses in driving the machine 
and the more horsepower required. It is for this reason 
that high-acceleration machines have short radii. It is 
also for this reason that high-acceleration machines 
capable of testing large items while maintaining a 
reasonable gradient (see Section 3.4.4) are so rare. 
Sandia's 35-ft centrifuge operating at 245 g has a tip 
speed greater than 525 ft/s, which is one-half the 
speed of sound (0.48 M). 

High-speed/long-radius machines are great en
ergy eaters. 

6.3 Skew Tests 
In the jargon of development testing, a "skew" test 

is one in which an inertial device is mounted at various 
angles to the radius in order to determine either the 
effect of assembly misalignments upon unit function 
or the effect of expected in-use side loads on function. 
The adopted name for this testing is, of course, mis
leading. When a test item is mounted on a centrifuge, 
it is always possible to find a radius that intersects the 
inertial device's sensitive axis at the desired point of 
measurement. 

There are two methods of performing skew tests. 
In the older method (Method 1), the inertial switch is 
mounted in the T—8 plane and is rotated about an axis 
parallel to the z axis. In the newer method (Method 2) 
the component is mounted in the r—z plane and 
rotated about an axis parallel to the 0 axis. 

Mettiod 1. The first skew testing used a circular 
plate engraved in a suitable manner to indicate the 
angle with respect to the radius. The plate, having 
been set at the desired angle, could then be locked in 
position. The test item, installed in a suitable fixture. 
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was mounted on the plate so that the desired point of 
measurement of the acceleration applied to the com
ponent coincided with the center of the circular plate. 
This setup is sketched in Figure 31. 

COMPONENT 

Figure 31 

In Section 3.4.1, the general solutions for the 
acceleration along the component's sensitive axis, Aĝ , 
and perpendicular to the centrifuge axis are developed 
in Eqs (13) and (14) as a function of centrifuge accel
eration, A„ and set angle, a. 

Because this test method was rarely used with 
programmed acceleration, Eqs (13) and (14) can be 
simplified (neglecting Coriolis): 

Ag, = A, cos a , 

and 

A, = A, sin a . 

(43) 

(44) 

In the period that this test method was used, 
almost all components tested were integrators that 
required the general square-wave methods described 
in Section 4. Some operational testing (Section 5.1) 
was done on both the integrators and g-switches. 

The two test purposes described above, assembly 
misalignment and known side load, required different 
applications of Eqs (43) and (44) to determine the 
centrifuge acceleration set point, A .̂ 

If the purpose of the test was to determine the 
effect of assembly misalignment, the centrifuge accel
eration was held constant for all values of misalign
ment angle. In actual production, misalignment would 
be expected to be very small. In testing, however, the 
component was exercised over all values of a that 
would allow component function. The component ac
tuation acceleration would decrease with increasing 
angle until Â ^ dropped below the minimum func
tional value or until the side load got large enough to 
lock up the inertial mass. In misalignment tests, Eqs 
(43) and (44) were used as given. 

In fixed side load tests, the axial acceleration was 
held constant and the centrifuge acceleration and set 
angle a were adjusted to give the desired side load. 
This requires manipulation of Eqs (43) and (44) to 
obtain the desired test values. 

The needed value of centrifuge acceleration is 
found by squaring both Eqs (43) and (44) and adding 

A ,̂ = Ar cos^a 

A? = A^ sin^a 

A2, + A! = A? (sin^a + cos^a) = A^ 

A, = VAL + A,̂  . 

The set angle, a, is found by dividing Eq (44) by (43): 

A„ A,sin a 
= tan a 

A , AjCOS a 

a = tan-' (AJAJ . 

Test Method 1 has disappeared in favor of Method 2. 
The equations describing Method 1 ignore the 1-g side 
load imposed by gravity in the z direction. Neglect of 
gravity was not a serious test defect because the 
percent error in side load was small for routine values 
of desired side loading. If the desired side load is 5 g 
(from the centrifuge), the total side load with gravity 
is 

A, = V52 + 1' = 5.10 , 

which is a 2% error. 
Method 1 fell into disuse because test requestors 

began to ask for zero side load. These requests 
resulted in the development of Method 2. 

This topic would not be complete without refer
ence to the results of one misalignment type test: A 
test request was received to investigate the effects of 
assembly misalignment on the component that first 
used magnetic fixturing as discussed in Section 4.4.2. 
Although axial acceleration was symmetrical with a, 
from Eq (43), 

A,j = Ar cos 0 = A, cos {—0) . 

The side load changes sign with a change of sign of a, 
from Eq (44): 

A, = A, sin 0 = —A, sin (—0) . 
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It was decided to do a thorough evaluation with tests 
made using both signs of a. For each test made at -I-a 
an identical test was made at —a. However, to mini
mize the effect of the change of direction of A^ with the 
change of the sign of the angle, the component was 
rotated 180° about its sensitive axis when changing 
angle. Thus the direction of the side load vector was 
unchanged relative to the component case. The gravi
tational vector did change in relation to the unit case. 

Test results showed that the component perfor
mance was not symmetrical with the set angle. The 
minimum value of actuation time did not occur when 
a was zero, but was measured when a. was between 
4-5° and -hlO°. 

A perfect integrator with a constant velocity 
change operating along line BC of Figure 10 will have 
an actuation time as follows: 

Vo = A,, At 

From Eq (43): 

At = = -— sec a . 
AfCos a Aj 

This would be the actuation time for a perfect integra
tor unaffected by the sign of a. This time curve is 
sketched as the solid line of Figure 32. What actually 
happened is shown by the dashed line in the figure. 

I 1 1 1 I I I I 1 ^ I I 

-50 -40 -30 -20 -10 0 10 20 30 40 50 

a 
Figure 32 

The actual test results were skewed to the right as 
shown. The only simple explanation for this is the 
effect of Coriolis as discussed in Section 3.4.1. 

Method 1 has not been used in about 10 years, and 
misalignment tests have not been performed in about 
15 years. 

Method 2. Latter-day skew testing uses a fixture 
plate that can rotate about a horizontal axis perpen
dicular to the radius. The pivot fixtures turn in bear
ings that are also split clamps. When the fixture angle 
is set, the split clamps are tightened to lock the fixture 
in place. The fixture features a vernier to allow the 
angle to be set within 0.1° of the desired angle. The 
angle can be set anywhere within ± 90° of horizontal. 

The primary advantages of this method are that 
any side load, including zero, can be set and that 
Coriolis is always perpendicular to the component's 
sensitive axis. Disadvantages are that the test radius 
can vary greatly with test angle, fixturing is more 
complex, and there are two separate and distinct 
angles for each side load condition; i.e., /+a/^/—a/. 
The single exception to this last is the unique angle for 
zero side load. 

When an integrator is being tested there is no 
obvious reason to test at both the + « and —a angles; 
however, this is not true when a g-switch is being 
tested using programmed acceleration. The side load 
is "programmed" also, varying continuously in magni
tude and, perhaps, direction. The side load profiles for 
the two angles are different. Thus, a thorough evalua
tion of a g-switch requires tests at both set angles. 

Figure 33 shows the angular relationships for this 
test method between the "input" accelerations, A^ and 
A ,̂ and the "output" accelerations, A^, and A .̂ 

1 • 

\d 

r \' 
Ar \ 

Aax 

Figure 33 

If the inertial mass must climb uphill (gravity 
opposing actuation), a is positive. 

By observation of Figure 33, 

A3, = A, cos a — Aj sin a (45) 

Ag = A, sin a -H A^ cos a . (46) 
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To determine a, multiply Eq (45) by —sin a and Eq 
(46) by cos a, then add 

— Agx sin a = -A, sin a cos a + A^ sin'a 

Aj cos a = Aj sin a cos a + A^ cos^ a . 

Aj cos a — Agj sin a = A^ (sin^ a + cos^ a) = A^ . 

Rearrange and square both sides of the equation: 

AJ cos^a = A^ -f- 2A2Agj sin a + Al^ sin'a . 

Substitute (1 —sin^a) for cos^a and rearrange: 

(Al + Af) sin^a + 2A,,A, sin a + (A^ + A^ = 0 . 

Solve for sin a: 

~"-ax"-z — l A a x A j — (Agx -l- A J ( A 2 — A s ) J 
sin a = 

(AL + AD 

In units of gravity, A^ = 1, allowing some simplifica
tion: 

-A.. ± [AL-(A;. + A;)(I - A;)]'" 

™ " = (STT^S • '"' 

If the desired side load is zero, Eq (47) reduces to: 

- 1 
sin a = ——. 

To test an inertial integrator by square-wave methods, 
the test angle (s) must first be determined by evalua
tion of Eq (47). Eq (48) is then evaluated to find the 
centrifuge acceleration(s). 

To test a g-switch with programmed acceleration, 
the centrifuge acceleration curve must be modified 
to give the desired curve in the component axial 
direction. 

Let the desired acceleration profile be described 
by a general polynomial, 

A., = ao -(- a, t + ao t̂  + ... + a„ t". 

From Eq (45), letting A, = 1, 

A3, = A, cos a - sin a . 

By equating, 

ao -h ai t -h aj t̂  -|- ... + a„ t" = A^ cos a — sin a, 

from which 

an + sin a a,t a, t̂  a„ t" 
A, = — -f — ^ + —— + ... + —— 

cos a cos a cos a cos a 

By redefining the profile, 

A, = aj 4- a}t + ajt' + ... + ajt" , 

from which 

a,, = 
ao -f sin a 

cos a 

To obtain zero side load, a must be negative. The 
inertial mass moves downhill; gravity aids actuation. 

If the desired side load is 1 g, Eq (47) becomes: 

sin a = 0, 
-2A3, 

AL + 1 

A horizontal fixture does indeed have a 1-g side load. 
To find the value of centrifuge acceleration that 

will provide the required component axial accelera
tion, refer to Figure 33. By inspection. 

A, = A„„ cos a + A, sin a (48) 

a, = 
cos a 

Care must be taken to check aj when a is negative. If aj 
is negative, the required acceleration may be negative 
at time zero. If the acceleration is negative, the centri
fuge speed is imaginary. To solve this problem, the 
curve can be started at a time other than zero. 

During Method 2 tests performed on the most 
repeatable component ever built and tested, the ef
fects of static and dynamic arm deflection as de
scribed in Section 3.4.3 were detected. In this testing, 
the actuation acceleration difference between +a and 
—a testing was observed to increase with increasing 
acceleration. This divergence could be explained by 

62 



bending of the centrifuge arm under both static and 
dynamic loading. By performing a linear regression on 
the data, it was found that the best data fit could be 
made if the true test angle was 

±a = ±a' - 0.2905 - 1.537 X 10"^ A, , 

where a ' is the apparent set angle as observed on the 
fixture's vernier scale. 

This term contains a deflection by fixture weight, 
— 0.2905°, and a dynamic deflection term, —1.537 X 
10-^° A,. 

6.4 The Reality of Coriolis 
Acceleration 

The effects of Coriolis acceleration are discussed 
in a number of places in this paper. In addition, 
Coriolis is supposed to be the cause of the spiral form 
of the great storm systems and to be the determinator 
of the direction of turn of the vortices in sink drains. 
But a question remains. Is Coriolis real in the sense 
that it can be measured with an accelerometer or is it 
somehow a pseudo acceleration that appears as a 
mathematical artifact of the cylindrical coordinate 
system? 

One place that Coriolis might be measured easily 
is on a vibration machine mounted on a centrifuge to 
give vibration in the radial direction. Obviously, the 
vibration machine has a radial velocity that should 
result in a measurable Coriolis acceleration in the 
tangential direction. 

Assume that the vibration machine has a displace
ment as follows: 

r̂ , = ro -I- D sin 2xft , 

where f is the vibration frequency. The radial velocity 
and acceleration can be found by differentiation: 

f̂  = 27rfDcos 27rft (49) 

r; = -47r¥Dsin 27rft . (50) 

Eq (49) can be written in terms of the vibration 
acceleration by eliminating D from both Eqs (49) and 
(50). From (50), neglecting the minus sign. 

D = - I l -
4T'P 

i^ = 2xf (^^) 

'^ '= h • '''^ 
From Eq (2), the Coriolis acceleration is: 

A„ = 2f̂  . 

From Eq (1), the radial acceleration, neglecting the 
minus sign, is 

A, = ro ^ ^ 

from which 

Coriolis can now be written, using Eq (51), 

If all accelerations are to be in gravitational units, the 
conversion constant is 

ge = 32.174 ft/s^-g. 

Coriolis can be written 

In 1970, Marlyn W. Sterk, of Sandia's Area III Vibra
tion, Acoustic and Centrifuge Division, published a 
Technical Memorandum* that gave a thorough evalu
ation of Sandia's combined linear acceleration and 
vibration facility. 

*SC-TM-69-161, The Sandia Laboratories 25-Foot 
Centrifuge-Vibration Facility, March 1970. 
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BEST AVAILABLE vA)rY 

As part of the evaluation of the vibration machine, 
side motion of the table top was measured in both the 
lateral (tangential) and in the vertical (z) directions. 
Two evaluations were made. One was a 10-g linear 
acceleration/10-g sine vibration test; the other was a 

30-g linear/nominal 20-g sine vibration test. The re
sponse plots for both the 0 and z directions for both 
tests are used as Figures 34 through 37. The nominal 
vibration control has been added to Figures 34 and 36 
as heavy solid lines. 
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The theoretical Coriolis accelerations for the two 
test conditions have been plotted on Figures 34 and 36 
by evaluating Eq (52) for the conditions of test. These 
plots are shown as the heavy dashed lines in Figures 34 
and 36. As can be seen, Coriolis is present, as expected. 
The plot in Figure 34 is good. But the plot of Figure 36 
is surprisingly close. 

Figures 35 and 37 are included to show that there 
is no sign of Coriolis in the vertical direction, which is 
as it should be. 

Coriolis is real and can be measured. All one has to 
do is get an accelerometer in the right place at the 
right time. 

6.5 Problems With 
Gyroscopic Torque 

The test lab once had a shop-built temperature 
box that could be mounted on a centrifuge to provide 
combined linear acceleration and temperature. This 
box contained electrical heating elements for high 
temperature and used dry ice for low temperature. An 
inexpensive blower was used to distribute the condi
tioned air. 

This setup worked well while the test item was 
being conditioned. However, once the centrifuge was 
brought to speed, the blower would stall, draw exces
sive current, and occasionally burn out. 

The spin axis of the blower was horizontal and 
perpendicular to the centrifuge radius. Thus, the 
simple bearings of this blower not only had to resist 
the inertial load of the motor and blower from the 
centrifuge acceleration, but also had to resist the 

maximum possible gyroscopic torque possible with 
this geometry. 

To review, the equation for gyroscopic torque 
(Eq 7) is 

F£ = 1^010 sin /3 . (53) 

In this case, fi equaled 90° or the worst geometry 
possible. When the blower was repositioned so that 
the spin axis was vertical (;8 = 0°), all problems 
disappeared. 

The test engineer must be aware of this situation. 
In routine acceleration testing, it is usual for a test 
request to require that the test item be subjected to 
acceleration in both directions of three orthogonal 
axes. If the test item contains a motor or other rotat
ing device and is to be functionally exercised during 
test, care must be taken that the test setup is not 
unfair to the test item. 

Consider a test item whose axes are defined by an 
X, y, z coordinate system. Internal to the test item is a 
high-speed motor whose axis of rotation is parallel to 
the component's z axis. 

When acceleration is applied in the ± z directions 
(z in line with the radius), the angle between the motor 
axis and the centrifuge axis is 90°. There is nothing 
that can be done to ease the gyroscopic torque. How
ever, when acceleration is applied in the ± x and ± y 
axes, the z axis can be vertical or horizontal. The test 
engineer must make sure that the axis of motor rota
tion is vertical so that /3 is zero. 

Most test requestors are unaware of gyroscopic 
torque. It must be drawn to their attention. 

; 
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APPENDIX A 

Derivation of the Equations of Motion 
in Cylindrical Coordinates 

The equations of motion for a particle of mass, m, 
in rectangular coordinates are familiar: 

Fj = mx; Fy = my; F, = mz , 

where F„ Fy, and F, are the x, y, and z components of 
the resultant force acting on the particle. 

A more useful system for the centrifuge is the 
cylindrical coordinate system r, 0, and z. In this system 
there are three mutually perpendicular components: 
one parallel to the z axis, one parallel to the radius 
vector in the xy plane, and one in the direction of 
increasing 0, as shown in Figure Al. 

Figure A2 

The three unit vectors for the cylindrical system 
are e ,̂ e„, and e^, in the r, 0, and z directions. These are 
analogous to the i, j , and k unit vectors for the x, y, and 
z directions of the rectangular coordinate system. 
However, there is a significant difference between the 
two sets of unit vectors: i, j , and k are constant in 
magnitude and direction, resulting in time derivatives 
of zero; only e^ is constant in magnitude and direction 
in cylindrical coordinates. 
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Figure A2 shows e, and e^ in the xy plane. Both e, 
and eg can be written in terms of the unit vectors i 
and J: 

Or = COS ^ i -)- sin 0 j 

e„ = cos(e-\-^\\ +s in^e + | \ j 

= — sin S i -I- COS ^ j , 

from which, by differentiating with respect to time, 

e, = - (9 sin e i -I- ^ cos e j 

= 0 ( - sinfl i -H cos^ j) 

e, = ^ e , , 

and 

e„ = —^ cos 0 i — ̂  sin 6 j 

= -0 (cos ^ i -f- ^ j) 

e„ = - ^ e , . 

The displacement of point M (Figure A I) can be 
written 

R = r ê  -I- z e^. 
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The velocity of point M can be found by taking the 
time derivative: 

R = f e, -I- r e, -H z e, -I- z e , . 

By substituting and by remembering that e^ = 0 , 

R = f e, -I- r ^ e^ -I- z e , . 

To determine the acceleration of point M, take the 
second derivative with respect to time: 

R = re, -I- f e, -h W e« -|- T0 e^ -I- r^ e^ -h ze^ -I- ze^ . 

By substituting and, again, by remembering ê  = 0 , 

R = re, -I- ideg -j- f^e^ -h r^e^ — r^^e, -|- ze^. 

After a final grouping of terms, 

R = (r _ 10^) e, -I- (re -|- 210) e„ ^- z e , . 

The equations of motion can now be written 

F, = m(r - T0') 

F„ = m(r^ -I- 2T0) 

F, = mz . 



APPENDIX B 

Derivation of the Equations of Motion 
in Tangential and Normal Components 

The equations of motion for the centrifuge can be 
stated in terms of the tangential and normal compo
nents of acceleration. Let s be the arc length along 
some curvilinear path of motion and let p be the 
radius of curvature at some point, m, along the path, 
as shown in Figure Bl. 

Figure B1 

From Figure Bl, it is seen that the velocity at point m 
is 

V = S Gt . 

The acceleration is found by differentiating with re
spect to time: 

a = se, -h §e,. 

To find the derivative of the unit vector, Ot, refer to 
Figure B2, where the two unit vectors e^ and e„ are 
plotted. The two unit vectors can be written in terms 
of the i and j unit vectors of the xy rectangular 
coordinate system, using an arbitary reference angle 0. 
This is the same vector diagram as is shown in Figure 
A2 of Appendix A. By similarity, the derivative of Ot is 

e, = - ^e„. 

Figure B2 

By examining Figure Bl, it can be seen that point M 
will move to M' after some small time interval, At. The 
arc length will increase by an amount As, and the 
radius of curvature will rotate through a small angle, 
A .̂ Because e^ is parallel and Oj is perpendicular to p 
at M and to p' at M\ the two unit vectors rotate 
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through the same angle as p. Because of this, the 
following can be written: 

Afl 
As 
p At p 

From this, by substitution, 

At 

e, = e„ 

And, again, by substitution. 

at = s e, e„ , 
p 

from which the equations of motion can be written in 
terms of tangential and normal components: 

Ft = ms 

F„ = 
m§^ 
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APPENDIX C 

Derivation of the Principle 
of Angular Momentum 

Consider a particle of mass, dm, located at point B 
and moving with a velocity, v, along a curvilinear path 
as shown in Figure CI. 

Figure CI 

Point B is located in the plane by the radius 
vector, r, and angle, 8. 

The momentum of the particle is defined as the 
product vdm. In the cylindrical coordinate system, the 
velocity, v, can be resolved into two components paral
lel and perpendicular to the radius vector, r. These 
two components are f and r^, as shown. The momen
tum can therefore be resolved into two components: 
fdm and rMm. 

The moment of momentum of the particle with 
respect to the origin, 0, is defined as the product of 
the momentum and the perpendicular distance from 
the origin to the vector, v. In terms of the components 
of momentum this is easily written as 

H = r (rMm) = r^Mm 

because the radial component of momentum has a 
zero moment arm. 

In a like manner, any force acting on the particle 
can be resolved into components F, and F .̂ The 
moment of the force about the origin is 

because, as before, the radial component of force has 
no moment arm. 

Now, take the derivative of the moment of 
momentum: 

^ = (r̂ e + 2rW)dm , 
dt 

= r (rfl -h 2i0) dm . 

From Eq (2), 

(r0 -I- 2t0) dm = F« ; 

therefore. 
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In other words, the rate of change of the moment of 
momentum of a particle with respect to any point in 
its plane of motion is equal to the moment of the 
resultant acting force with respect to the same point. 

This principle will now be used to find the angular 
momentum of the centrifuge. The principle of 
moment of momentum can be extended to the case of 
a rigid body. Consider such a body rotating about the z 
axis as shown in Figure C2. 

Xrd\ 
J^dm 

Figure C2 

A small element, dm, of the body is located by 
radius vector, r, and angle, 0. If the angular velocity of 
the body is 0, the velocity of the element is r ,̂ as 
shown. The moment of momentum of the element 
with respect to the z axis is 

H = r̂  ^dm . 

If the moments of momenta for all elements are 
summed, the rate of change of this sum is equal to the 
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net moment or net torque acting on the body about 
the z axis. That is to say. 

A|r^^dm = M.. 

As the angular velocity is the same for all elements 
of the body, 8 can be taken out of the integral. 

^0 [rMm = M, . 
dt J 

But the integral J rMm is by definition the moment of 
inertia of the body. 

The term 1^0 is defined as the angular momentum 
of a body rotating about a fixed axis. Since the angular 
momentum is the same as the moment of momentum, 
the following is true. 

H, = Ifi . 

And, as for a particle, 

^ " ^ Ayr 

-dr = ̂ -̂
The principle of angular momentum can be stated 

as "the rate of change of angular momentum of a 
rotating body with respect to its axis of rotation is 
equal to the net moment or torque acting on the body 
with respect to the same axis." 



APPENDIX D 

Derivation of the Equation 
of Gyroscopic Torque 

Before beginning the derivation of the equation of 
gyroscopic torque, it is necessary to define the method 
of symbolizing vectors associated with rotation. 

Angular displacement, angular velocity, angular 
acceleration, moment, or torque, etc., are vectors like 
their linear counterparts. They are "drawn" as vectors 
colinear with the axis of rotation. By convention, the 
direction of the vector comes by using the right-hand 
screw rule. With the fingers of the right hand curved 
in the direction of rotation, the right thumb will point 
in the direction of the vector. Two simple examples 
are given in Figures Dl and D2. 

M=arF 

Figure Dl 

Figure D2 

Figure Dl shows a disk rotating with velocity 8, 
but slowing down with an acceleration 8. By applica
tion of the right-hand rule, the direction of each vector 
is obtained as shown. Figure D2 shows the application 
of the rule to a moment. 

Such vectors can be added, subtracted, and other
wise manipulated like all other vectors. In particular, 
it should be remembered that two vectors must have 
the same magnitude and direction if they are to be 
equal. 

The vector derivation to follow is simplistic and 
not exact. However, as a reasonable approximation, it 
yields an explicit solution that can easily be used to 
gain insight to some test situations on the centrifuge. 

Consider some device rotating with angular ve
locity ^1, having a moment of inertia Ij, mounted on a 
centrifuge that is rotating with angular velocity 8. The 
axis of the device makes an angle, fi, with the centri
fuge axis, and its center of gravity is on the centrifuge 
axis (r = 0). This is illustrated in Figure D3. 
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Ore 
Figure D3 

The device has an angular momentum H = Ii^,, 
which is a vector of constant magnitude in the direc
tion of the device axis as shown in Figure D4. Also in 
Figure D4 are shown x and y coordinate axes that 
rotate with the centrifuge about axis z. Under this 
convention, vector H is always in the yz plane. The tip 
of vector H at B describes a circle parallel to the xy 
plane of radius, r. From this, 

r = H sin /3 = Ij 1̂ sin ff . 

X' 

Figure 04 

The tangential velocity of point B is 

V = rfl = I, 1̂ flsin /3 . 

This velocity vector, being tangential to the circle at 
B, is also perpendicular to vector H, which lies in the 
yz plane. Vector v is thus parallel to the x axis, and is 
also the rate of change of H. 

V = 
dH 
dt 

But, from Eq (6), and by substitution, 

dH 
dt 

= M = V 

M = I, 0, fein (8 . 

Because a moment vector exists equal to the vec
tor V, it is parallel to the x axis (Figure D4) and is 
generated by a force couple in the yz plane (Figure 
D2). These forces are the bearing forces F in Figure 
D3. The moment is thus 

M = F^ , 

and the equation for gyroscopic torque is 

Ye = Ii 1̂ ^sin (8 . 
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APPENDIX E 

Solutions to Sundry Problems 

Problem 1: Determine the radial position of a mass 
free to move along a centrifuge radius 
with no radial restraint. 

From Section 3.1: 

¥ - r̂ 2 = 0 . 

Boundary conditions: 

At t = 0 , r = To and f = fo . 

Let: 

r = Ce" 

f = CXê ' 

r = CX ê" . 

Therefore: 

CX̂ ê ' - C^^e" = 0 

x'̂  = e' 

X = ±e, 

from which: 

r = C,e"* + Cje-"' 

f = CM - Cz^e-"'. 

By substituting the boundary conditions: 

fo = Ci^ — Cj^, 

from which: 

By rearranging terms: 

Or, by definition: 

r = ro cosh Ot + -^ sinh ^t. 
0 

In the discussion in Section 3.1, TQ = 0. Therefore, 

r = ro cosh dt. 

Problem 2: Determine the radial position of a mass 
free to move along a centrifuge radius 
restrained only by friction. 

From Section 3.1: 

f -I- 2M, f̂ - eh = -M.g . 

Boundary conditions: 

At t = 0 , r = ro and f = fo. 

By observation, the particular solution to this equa
tion is: 

Mzg 
'-'<• = IT-
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To find the general solution, let: 

r = Ce'' 

f = CXe" 

i = CX^e''. 

Therefore: 

CX̂  e" + 2CM« eXe^' - C^^ e' ' = 0 

X- + 2n,ex-¥ ^Q 

x= -nfi± {nl + ife 

Let: 

A = M, and B = {nl + 1)"', 

from which the general solution is: 

r = r̂  = C, e'-^^^'^ + Cj e'"*-•'>'^. 

The complete solution is: 

r = r,. + h 

r = i ^ + Ci e'-^ + B'* + Cj e<-*-B"̂  

r = de (B-A)e'-* + "̂ '̂  - C^d (B-|-A)e'-*- '̂»', 

By substituting the boundary conditions: 

ro = ¥ + C, + C, 

fo = Ci^ (B - A) - C^e (B + A ) , 

from which: 

fo^ + (ro^^-M.g)(B-f A) 
C. = 

2B02 

-foe-f-(ro^^-M.g)(B-A) 

_ M.g froi 

¥ \_ 

2B«2 

,̂  + (ro0^-M.g)(B + A) 

2Be2 
1 e<-* +^ 

_ r fo^-( ro^^-M.g)(B-A)1 3,,̂  

[ 2B¥ J 

Rearranging terms 

r = — -I- ^''^'^ ( 
¥ B6 \ 

AW /gBW 

- ) 

+ 
/ '*^g\ A t̂rê ^ + e-̂ " , A/e'^'^-e-^^'M 

Mzg , r, 
r = -= h ° e-*'^sinh B0t 

-I- (.-f)e-»( cosh B k -I- - sinh B(9t (9ty 

Note that ro — iijglO'^ must be greater than or equal to 
zero for this equation to have meaning. In effect, 
Hjgli'^ is the radius at which the inertial body force can 
just overcome the gravitational friction. This can be 
considered as a "change of center" of the centrifuge. If 
a new radial coordinate is defined: 

Mzg 

r,' = To -

Then: 

Mzg 

-A«t 
A . r' = • sinh BOX, + rj e^*" ( cosh B9t + — sinh BM) 

06 \ B / 

Friction by gravity shortens the radius and friction by 
Coriolis reduces velocity. 

Problem 3: Determine the Fourier series that de
scribes a general 3-ramp symmetrical 
centrifuge acceleration-time profile. 

Let the centrifuge output a series of acceleration 
profiles of the general shape shown in Figure E l . 

TIME 

Figure E1 

The time between profiles at zero acceleration is 
made equal to the time spent at the peak acceleration, 
G. This sequence of profiles is perfectly symmetrical 
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and periodic. Let one profile be defined in Figure E2 Because the function is even, all values of b„ are 
with a better definition of the time coordinate. zero: 

0 

The frequency of the cosine terms can be found from 
the foUdwing: 

cos 27rft = cos 
2irmt 

f = m 

Figure E2 

First, define f(t) in the time interval 

Tn + T, 
0 < t ^ - ^ — — - : 

This function, as defined, is even, because f(t) = 
f(-t). The Fourier series is defined by the following: 0 ^ t ^ 

T. 

f(t) = f + x 
27rmt v-i, . 27rnt 

a„, cos - ^ -I- 2^b„ sm - ^ 
n = l 

where 

2 f'^+'T 

2 f^+'^p,,, 27rmt ,̂  

and 

b„ = 
f+'T,,,, . 27rnt ,̂  

f(t) sin - — d t , 

A = G 

where C and T are constants. 

T, 

2 

A 

2 

A 

T 

C 

^ t < 

G(T; 

(T2 

^ t ^ 

= 0 

T2 
2 

- 2 t ) 

- T , ) 

(T2 + T.) 

2 

= T2 -f T, 

= 0 . 
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Because of symmetry, all integrals will be done over the time interval 0 to (Tj -I- Ti)/2 and doubled. 

Second, find â ,: 

T2 + T1 
4 

ao = 
4 

T2 + T, 

4 
T2 + T, 

4G 
T, + T, 

4G 

^ 2 

,0 

f T, 
1 f 2 

• [tie' 

[ T ; 

f(t)dt 

Gdt + t • 
2 

4GT2 

Ti - T' 

4GT2 

G(T, 

T 2 -

T2 

1 T 

[T^ Tx] 4G 

2 

n , 

T.+ 

= 4G [T.T, T? Tj T,T, Tj T H 

Ti-T?L2 2 2 2 4 4J 

4G fTj TH 
T2 - T? L 4 4 J 

ao = G . 

Third, find a„: 

4 r^ + '^i,. . 27rmt 
^ J o f (t) cos =; =- dt 

T, _ 

4 f 2p, 2xmt , 4 f2p 
T, + T Jo "'"' % -h T / ' + T, -̂  Ti h "̂  (T, - T.) — T3 + T, 

2xmt ,. . 4 fT^ (T2-2t) 27rmt ,, 
cos tr; —- dt 

4G /T2 + Ti 
a™ _fli±ll\p/ 2^\eos-^^dt 

i)V 2xm yjo VT^ + T,^ T2 + T, (T2 + Ti) V 2xm 

4GT2 /T2 + T , \ (Y / 2xm_\ 27rmt 

+ (Ti + T?) l,-i;^iirj h [T, + TJ '''̂  T, + T, 

8G 
(Ti 

iG /T2- |-T,Y f T / 27rm V^ 27rmt ,̂  
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_ 2G r . 27rmt iZi , 2GT2 [ . 2irmt " |T 
- xm [''"T2 + T J + xm(T, - T,) ^ T T T T ; ] ! ! 

2G(T2-|-T,) r 2irmt , 2xmt . 27rmt 
xW(T2 

I- Tj) r 2irmt , 2xmt . 27rmt I T 
cos sm 

- T , ) | T2 + T1 T ^ - h T , T ^ - F T j l i 
-"2 

2G(T2 + T, 

xm2(T2 - Ti) I " " T ^ + Ti T,+ 

i . xmT, Tj r . xmTj . xmT, ] Tj sinxmTa 

r.) r xmT, cosxmTil 
— I cos 

roL T2 + T1 TJ + T J 

2G f . xmT. f ̂  T2 , T. 1 ^ . xmT, [ T, T, ]] 
- xm f "T,-h T. [' T , - T / T , - T J + '^"Trri\[TV:T;"TWI\Jj 

1) r xmTi xmTj 1 
— cos cos 
\)l T^ + T. T 2 - f - T j 

Sm — 

2G(T2 -I- T 

"*" x^m2(T2-T,) ["""Tj + T, 

2G(T2-I-Ti 

^m^(T2 

Tj) r xmT, xmTj 1 
C08-=: COS-=: 

-T,) [ T^+T, T2-hTj 

a„, has been found. Now simplify the cosine relationship. 

Let: 

x m T j 
cos = COl 

T2+T, 

rxm(T2-hTi) xmT, 1 

'\ T -̂hTj T^-^TJ 

/ xmTi \ 

= ^°«p-f-rT:j 
/ xmTi \ / xmT, \ / xmTi \ 
I Tm — — —- I = COS xm cosl —- | -I- sinxm sini ~ = - ) 
l̂  T ^ - H T , ; VT2 + T 1 / VT2 + T , ; 

But sinxm = 0 

Therefore: 

COS 
/ xmT2 \ / X m T i \ 
I T^ 7^ I = cos X m cos I — = - I 

- TO r / xmT, \ /^mT. W _ 2G(T2 + 

^"^ ~ x2m2(T2 



2G(T2 + TO / j rmT^N 
m̂ = „ „ , ^ 7=rT- cos I — —- 111 — cosxmj . 

x2m2(T2 - T,) \̂ T2 -I- TJ 

When m is odd, 

[1—cosxm] = 2 . 

When m is even, 

[1—cosxm] = 0 . 

Therefore: 

_ 4G(T2 + T,) xmT, 

^'" ~ xm='(T2 - TO ^°^ T2 + T, 

m = 1, 3, 5, 7, ... 

a„ = 0 

m = 2, 4, 6, 8, ... 
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