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Abstract

We aredevelopingnew and more efficientnumericalmethods forprob-

lems in quantum fieldtheory.Our principalgoalistoachieveradicalre,._
ductionsincriticalslowing-down.We areconcentratingatpresenton three

new familiesof algorithms:multi-gridMonte Carlo(MGMC), Swendsen-

Wang (SW) and generalizedWolff-typeembeddingalgorithms.In addition,
we aremaking a high-precisionnumericalstudyof thehyperscalingcon-
jecturefortheself-avoidingwalk,which iscloselyrelatedto thetriviality
problem for _o4 quantum field theory.

During calendar year 1991, the principal investigator and his collaborators

pursued the following investigations into new numerical methods for quantum
field theory:

1) Multi-grid Monte Carlo for the two-dimensional O(4)-symmetric tr-model.

We implemented the multi-grid Monte Carlo algorithm for the two-dimensional

O(4)-symmetric tr-model [= SU(2) principal chiral model], including vectoriza-
tion yielding 100 MFlops on a single-processor Cray Y-MP. Production runs on

lattices up to 256 x 256 were completed in spring 199i and analyzed during the

summer. We found a dynamic critical exponent z_,_t._ = 0.60 4-0.07 for the W-

cycle and z_,_t,_a2 = 1.134-0.11 for the V-cycle, compared to z_,,t,_2 = 2.04-0.15 for

the single-site heat-bath algorithm (subjective 68% confidence intervals). Thus,

for this asymptotically free model, critical slowing-down is greatly reduced com-

pared to the z _ 2 of the traditional local algorithms, but not completely elimi-
nated. (For a 256 x 256 lattice, W-cycle MGMC is about 35 times as efficient as

a single-site heat-bath algorithm.) We are able to explain this behavior as aris-

ing from the logarithmic violations of scaling characteristic of asymptotically-free

theories; but unfort.unately our theory is unable to make a quantitative prediction

for the dynamic critical exponent z. Obviously some interesting nonperturbative

physics is at work here, which bears further investigation. To test our theory, a

graduate student (Tereza Mendes) has modified our MGMC program to study

the one-dimensional 0(4) model, which is superrenormalizable and hence has

power-law (rather than logarithmic) violations of scaling. If our theory is cor-

rect, this model should exhibit dynamic critical exponent z = 0. Production runs

are planned for the near future. [Work in collaboration with Robert Edwards,

$abino Ferreira and Jonathan Goodman.]



2) Generalized Wolff-type embedding algorithms. We have studied a class of
Monte Carlo algorithms for the nonlinear _r-model, based on a Wolff-type em-
bedding of Ising spins into the target manifold M. We have argued heuristically
that such an algorithm can have dynamic critical exponent z << 2 only if the em-
bedding is based on an involutive isometry of M whose fixed-point manifold has
codimension 1. Such an isometry exists only if'the manifold is a discrete quotient
of a product of spheres. We first tested our theory by studying the codimension-2
algorithm for the two-dimensional O(4)-symmetric a-model, for which we predict
z _ 2; numerical simulations yield zi_t._2 = 1.5 4- 0.5 (subjective 68% confidence
interval), in reasonable agreement with our heuristic argument. Our next test is
to study the codimension-1 algorithm for the two-dimensional RP 2 a-model, for
which we predict z _ 0 in spite of the frustration in the induced Ising model.
Production runs are currently in progress, but very preliminary data indicate an
exponent z _ 0.5 for the "idealized" embedding algorithm and z _ 0.9 for the
"practical" embedding algorithm with one Swendsen-Wang hit per iteration. If
these data hold up, they would indicate that our heuristic theory is qualitatively
correct (codimension is important) but quantitatively incomplete (z is not sim-
ply _ 2 or _ 0). If so, interesting new nonperturbative questions are opened
up. [Work in collaboration with Sergio Caracciolo, Robert Edwards and Andrea
Pelissetto.] I

3) Swendsen-Wang algorithms for Potts models. %'e are endeavoring to un-
derstand better the dynamic critical behavior of the Swendsen-Wang (SW) al-
gorithm, which plays a key role in practical implementations of the embedding
algorithms. This research has several parts:

(a) Rigorous analytical proof of lowerbounds on the autocorre!ation time, both
for the original SW algorithm and for the Kandel et al. multi-level SW
algorithm.

(b) High-precision numerical studies of the dynamic critical behavior.

(c) Numerical and analytical investigation of the Curie-Weiss (mean-field) case.

(d) Attempts to generalize the SW algorithm to mixed ferromagnetic/antiferro-
magnetic Ising models. This work haz important applications to generalized
Wolff-type embedding algorithms, as well as to spin glasses.

We succeeded in proving rigorously that a large class of multi-Ievel SW algorithms
(including the Kandel et ai. algorithm) has nonzero (and in some cases quite
severe) critical slowing-down, contrary to the original claims of Kandel et al..
Indeed, we showed that these algorithms obey the same lower bound z >_c_/t, as
the original SW algorithm. We conjecture that their dynamic critical exponent
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z is equal *o that of the original SW algorithm. Work,on all these problems is
in progress. [Work in collaboration with graduate students Xiao-Jian Li (a,b,c)
and Claudio Parrinello (d)].

,, , j.

.... 4) Hyperscaling in the self-avoiding walk. We are employing the pivot algo-
rithm to make a high-precision test of the hyperscaling conjecture for the self-
avoiding walk [equivalent to the N = 00(N)-symmetric nonlinear a-model] in
space dimensions 2, 3 and 4. This problem is closely related to the triviality
problem for qo4 quantum field theory. Preliminary results on the 3-dimensional
case, based on walks of length up to 40000, indicate that hyperscaling is obeyed,
with a critical exponent v =0.588 :t=0.001 and an interpenetration ratio _ =
0.248 -4-0.001. Both of these quantities are universal and experimentally measur-
able; we are currently investigating possible collaborations with polymer experi-

mentalists. [Work in collaboration with graduate student Bin Li.]

In addition, the principal investigator deli.vered an invited lecture series at
the Winter College on "Multilevel Techniques in Computational Physics" (Inter-
national Centre for Theoretical Physics, Trieste, January-February 1991) and an
invited plenary lecture at the 1991 Italian national conference on Current Prob- i

lems of Theoretical Particle Physics (Isola d'Elba, May-June 1991); and he has
written an invited review on Bosonic Algorithms for the book Quantum Field
Theory on the Computer (edited by Michael Creutz, to be published 1992 by
World Scientific).

We are in compliance with all requirements of the project agreement. Ap-
proximately 75% of the principal investigator's time since the beginning of the
current term of this agreement (7/15/90) has been devoted to the investigations
outlined above, and we expect that a similar percentage will devoted to these
investigations during the remainder of the current term.

....
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